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Holonomy invariants of links
and nonabelian Reidemeister torsion

Calvin McPhail-Snyder

Abstract. We show that the reduced SL;(C)-twisted Burau representation can be obtained
from the quantum group U, (sl2) for ¢ = i a fourth root of unity and that representations of
Uy (s12) satisfy a type of Schur—Weyl duality with the Burau representation. As a consequence,
the SL; (C)-twisted Reidemeister torsion of links can be obtained as a quantum invariant. Our
construction is closely related to the quantum holonomy invariant of Blanchet—Geer—Patureau-
Mirand—Reshetikhin, and we interpret their invariant as a twisted Conway potential.
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1. Introduction

Let X be a space and G a Lie group. We can capture geometric information about X
by equipping it with a representation p: w1 (X) — G, considered up to conjugation.
(This data is equivalently described by a G-local system on X or a gauge class of flat
g-connections.) In this paper we consider the case of X = §3\ L a link complement
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and G = SL,(C). We call the pair (L, p) of the link L and representation p: 7y, —
SL,(C) a SL,(C)-link, where mry := m{(S3\ L) is the fundamental group of the
complement.

To extend the representation of links as braid closures to this context, we use the
idea of a colored braid. Express the link L as the closure of a braid 8 on n strands.
Topologically, we can think of 8 as an element of the mapping class group of an
n-punctured disc D,. Because 1 (D)) is a free group, we can equip the disc D, with
a representation p: w1 (D) — SL,(C) by picking colors g; € SL,(C), with g; giving
the holonomy of a path going around the i-th puncture.

The braid B acts on the colors by mapping p to the representation pf~1. If L is the
closure of B, the representation p extends to a representation of the complement of L
exactly when p = pB~!. This perspective is one way to obtain invariants of G-links.
The braid group (as the mapping class group of D) acts on the p-twisted homology
of Dy,. In particular, its action on Hy (D,; p) is the twisted Burau representation, which
can be used to define the twisted Reidemeister torsion of (L, p).

In this paper, we connect this story to the representation theory of the quantum
group U = U,(slz) at ¢ = i a fourth root of unity. When ¢ is a root of unity U
acquires a large central subalgebra Zy C U. Previous work [16,17,29] has shown that
the variety of SL,(C)-representations of D, is birationally equivalent to Spec Z?" .

1.1. Schur-Weyl duality for the Burau representation

We briefly describe this correspondence in order to state our first main result. For
more details, see Section 2. By work of R. Kashaev and N. Reshetikhin [16] and
C. Blanchet and N. Geer, B. Patureau-Mirand, and N. Reshetikhin [6, Section 6],
generic (in our terminology, admissible) representations p: w1 (D,) — SL,(C) cor-
respond to closed points of Spec Z&", that is homomorphisms Z?" — C. Any such
homomorphism is of the form y; ® --- ® yn, where y;: Zo — C. The braid group
acts on p (via homeomorphisms of D,) andon y; ® -+ ® y, (via an automorphism
R related to conjugation by the R-matrix) and these actions are compatible with this
correspondence.

Our first major result is the extension of this relationship to Burau representations.
We summarize as follows.

Theorem 1. Let p:1(Dy,) — SL,(C) be a representation and B a braid on n strands
that is nonsingular and admissible, and let p’ = pp~! be the image of the represent-
ation under the action of 8 on D,,. Then, for eachn > 2,
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(1) there exists a subspace $, C U[Q™1]®" and a family of injective linear maps
@, such that the diagram commutes:

B(B)
Hy(Dy: p)" D Hy(Dyip)t

[ [

A
Sn/Ker(1 ® -+ ® xn) 4B, S,/ Ker(y) ® -+ ® xb)

(2) the subspace $,, generates a Clifford algebra €, inside U®™ which super-
commutes with A(U), the image of U in UB" under the coproduct.

In this theorem, B(B) is the Burau representation, the braid action on homo-
logy coming from the braid action on D, by homeomorphisms (Section 3.1), while
A(B) is the braid action on U®" coming from the braiding R on U (Section 2.4).
We are specifically interested in the locally-finite (Borel-Moore) homology, denoted
Hi(D,; p)'f above.

We say that p is nonsingular if the holonomy p(x;) around a puncture never has
1 as an eigenvalue. This is a geometrically natural condition: it ensures that the tor-
sion is nonzero (Proposition 3.9) and that the Casimir element Q2 € U acts invertibly
(Proposition 2.15).

The condition that p, B, and p’ be admissible is related to the fact that the rep-
resentation variety is only birationally equivalent to Spec Z?" (see Section 2.2 for
details).

Because of (2), we interpret Theorem 1 as a Schur—Weyl duality between U; (s15)
and the reduced SL,(C)-twisted Burau representation. This extends a similar result
for U4 (gl(1]1)) and abelian SL,(C)-representations due to N. Reshetikhin, C. Strop-
pel, and B. Webster [23].

Usually Schur—Weyl duality is interpreted as a statement about modules, as in
Corollary 7.17. However, constructing the right modules for this to hold is somewhat
delicate: we need a G-graded version of the quantum double. For this reason we delay
it to Section 6 and Section 7. These issues are discussed in more detail in Section 4.3.

1.2. Gauge invariance

In general, we are only interested in the representation p: 1 (S3\ L) — SL,(C) up to

1

conjugation.' We call conjugation p > gpg~! a gauge transformation and say that p

!Changing the basepoint of 3\ L or changing basis in the space on which SL>(C) acts
should not change the geometry of S\ L, which is what p is capturing. Similarly, if we obtain
p as the holonomy of a flat connection it only defined up to conjugation.
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and gpg ! are gauge equivalent. A well-behaved invariant F of SL,(C)-links should
be gauge invariant, in the sense that

F(L,p) = F(L,gpg™ ")

for any g € SL,(C). (This terminology comes from thinking of p as the holonomy of
a flat s[5 connection.) The quantum holonomy invariant of Blanchet—-Geer—Patureau-
Mirand—Reshetikhin [6] is gauge-invariant, as is the torsion.

Gauge-invariance lets us deal with the admissibility hypothesis in Theorem 1: by
Proposition 2.12, every SL,(C)-link is gauge-equivalent to a link with admissible
representation. We can therefore conjugate away from the singular, inadmissible rep-
resentations that do not admit a description in the coordinates coming from U; (sl5).

1.3. The nonabelian torsion is a quantum invariant

As a consequence of the duality of Theorem 1 we show that the SL;(C)-twisted
torsion of a link can be obtained as a quantum holonomy invariant. To say what this
means, we first recall one definition of quantum invariant.

For H a quasitriangular Hopf algebra and V' an H-module, the Reshetikhin—
Turaev construction [24] produces a functor

¥:B — H-Mod

where we think of the disjoint union of the braid groups B =B; UB, U -+ as a
category with objects 1,2, . ... The construction also gives a family of quantum traces
try: Endg (V®") — C. If alink L is the closure of a braid f, then the scalar

F(L) = trg (¥ (B))

is an invariant of L (ignoring technicalities like orientations, framings, etc.)
A quantum holonomy invariant of G-links is obtained from a G-graded version
of this construction, namely a functor

F:B(G) —> H-Mod,

where B(G) is the G-colored braid groupoid, a variant of the braid group that keeps
track of the representations m;(D,) — G. Similarly, H needs to be appropriately
G-graded; in our case, this will come from the central subalgebra Z¢ of U, (sl5).

If B is a colored braid whose closure is the link (L, p), then the quantum trace
try (¥ (B)) will again be an invariant of (L, p). Actually, this is not quite true: in
general, try (¥ (B)) might depend on the writhe of 8, that is the framing of its closure.

C. Blanchet, N. Geer, B. Patureau-Mirand, and N. Reshetikhin [6] constructed a
nontrivial family of holonomy invariants for G = SL,(C) by using the representation
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theory of Ug(sl,) for & a root of unity. We denote the § = i case of their invariant
by F . In Section 6, we define a quantum holonomy invariant ~ which is roughly the
“norm-square” or “quantum double” of ¥, up to a change in normalization. To define
F and T we need to make an extra choice of square roots g = {u; } of the eigenvalues
of the meridians of L.

Theorem 2. Let (L, p) be an SLy(C)-link and p an admissible representation with
det(1 — p(x)) # O for every meridian x of L. Choose square roots u = {;} of the
eigenvalues of the meridian of each component L; of L. Then

T(L,p.p) =71(L,p),
where T(L, p) is the SL,(C)-twisted Reidemeister torsion of S3 \ L.

This theorem is a direct consequence of Schur—Weyl duality for the Burau repres-
entation (Theorem 1) and the definition of 7. Up to sign t(L, p) does not depend on
the extra choices g or on the framing of L, so neither does 7 (L, p, ).

There are two technical hypotheses in Theorem 2: the colored link L must admit
a presentation as the closure of an admissible braid (see Section 2) and p(x) cannot
have 1 as an eigenvalue for any meridian x of L. The first, which is related to the fact
that SL,(C)* is only birationally equivalent to SL,(C), is not particularly important,
because every (L, p) is gauge-equivalent (conjugate) to one with an admissible braid
presentation. The second condition is expected, because the torsion can be ill-defined
when det(1 — p(x)) = 0 for meridians x of L.

1.4. The relationship between ¥ and T

o~

In Section 6.1 we define F
definition that

as a dual version of ¥, and it is immediate from the

F(L.p.p)=F(L.p.p).

where L is the mirror image of the link L.

We would like to say that T (L, p, u) = F (L, p, 0)F (L, p, pt), but unfortunately
this is not true. For technical reasons detailed in Section 5.3, the R-matrix of quantum
sl, only defines a projective braid action on U;-modules. To define link invariants we
need to lift this to a genuine representation, but doing so is a rather difficult technical
problem.

C. Blanchet, N. Geer, B. Patureau-Mirand, and N. Reshetikhin [6] partially solve
this problem and show that the scalar ambiguity can at least be reduced to a fourth
root of unity (in the case § = i we consider in this paper). However, to obtain the
relationship with the torsion, we need to use a different normalization. This change in
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normalization can be captured by an invariant we denote /& which (Proposition 6.25)
satisfies

F(L.p.w)F(L.p.p)K(L.p) =T (L.p.p) (1)

up to a power of i. We can think of X as an anomaly, and it comes from a scalar
representation
K:B(SL(C)) — GL;(C)

as opposed to ¥ and 7, which we can think of as taking values in GLy (C) for N > 1.

We do not have a good characterization of KX other than (1). However, since it is
already rather difficult to compute the value of ¥ (other than numerically) an inde-
pendent definition of K is not particularly useful. We expect (Remark 6.26) that the
results of [19] will clarify this situation and allow us to choose a new normalization
F' of ¥ that resolves some of these issues. We discuss these issues in more detail in
Section 6.4.

1.5. Future directions

The results of this paper are mostly algebraic, not topological: we show how to repro-
duce a known invariant, the torsion, in terms of quantum groups. However, we hope
that future work in this direction could relate geometric invariants like the torsion
with quantum invariants like the colored Jones polynomial, with potentially signific-
ant topological consequences.

Many conjectures in this direction (such as the volume conjecture) concern the
asymptotic behavior of quantum invariants as m — oco, where m is the order of the
root of unity. It would be quite useful in this context to extend our results to other
roots of unity than i.

Conjecture 1. Let & be a primitive 4m-th root of 1. There is a Schur-Weyl duality akin
to Theorem 1 between Ug(sly) and the m-th twisted Lawrence—Krammer-Bigelow
representation.

The twisted Burau representation of Theorem 1 comes from the braid action on
the twisted homology of the punctured disc D,. It is generalized by the Lawrence—
Krammer—Bigelow representations [2, 18], which replace D, with the configuration
space of m points in D,. The case m = 1 recovers the Burau representation, and the
m = 1 case of our conjecture is Theorem 1.

1.6. Torsions of links

The untwisted Reidemeister torsion 7(L) of a link complement S\ L (which is
essentially the Alexander polynomial of L) is defined using the representation
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p: tr, — GL1(Q(?¢)) sending each meridian x of 7z to . More generally one can
send all meridians in component i to a variable #;, which gives the multivariate Alex-
ander polynomial.

The torsion is defined using the p-twisted homology of S\ L and still makes
sense for p a representation into any matrix group GL, (k) for k a field. (For the
torsion to be nonzero p needs to be sufficiently far from the trivial representation.)
When the image of p is nonabelian, t(L, p) is usually called the twisted torsion. We
prefer to call the two cases abelian and nonabelian torsion, since a twisted chain
complex occurs in both. Recently, there has been considerable interest in nonabelian
torsions of links; one overview is [11].

It is known [23] that the abelian torsion can also be obtained from the quantum
group U, (gl(1]1)) and in an essentially equivalent way from a certain quotient of
U; (s1,) (see [21]); see [28] for a comparison of these approaches. Our work extends
this construction to the case of nonabelian SL,(C) torsions.

1.7. The Conway potential as a square root of the torsion

We explain the interpretation of V as a nonabelian Conway potential. The classical
Reidemeister torsion 7(L) is only defined up to an overall power of ¢. It is possible
to refine the torsion to a rational function V(L, t'/2) of t'/2, the Conway potential,
which is defined up to an overall sign. In fact, for a knot K, the invariant V is always
of the form

ArL(t)
1/2y _ L
V(K,177%) = (172 _ y=1/2

where Ak (¢) is the Alexander polynomial of K, normalized so that it is symmetric
under t — ¢~ . Up to the denominator (which arises naturally in the definition of V)
we can think of V as a symmetrized version of A. A similar formula holds [25, Corol-
lary 19.6] for links, with a slightly different denominator.

One way to construct the Conway potential V is as follows: Instead of sending
each meridian to ¢, consider the representation « into SL,(Q(¢)) sending the meridi-

ans to
t 0
0 1)

Then the Reidemeister torsion (L, &) is defined up to & deto = +1. Furthermore,
(up to some constants depending on the whether L is a knot) it always factors as a
product

t(L,a) = V(L,tY?)V(L,—1'/?).

Theorem 2 says that the invariant ¥ (L, p, i) is analogous for the nonabelian case,

with the choice of square roots g generalizing the choice of square root ¢ /2,



C. McPhail-Snyder 62

Another perspective [25, Section 19] on the Conway potential is that it is a sign-
refined version of the torsion, because for an oriented link L the sign of V(L,1'/?)
is fixed, unlike the sign” of 7(L, ). Our extension ¥ (L, p, ) does not satisfy this
property, since even with an orientation of L it is only defined up to a fourth root of
unity. We expect that future work [19] will allow us to choose a definite phase of ¥
and fix this deficiency.

1.8. The quantum double and holonomy invariants

Theorem 2 involves two related functors?
F:B(SL,(C))* > € and 7:B(SL,(C))* — D.

We explain the notation and how to interpret 7 as the quantum double of % .

In the above expression, @(SLz (C)*) is a variant of the SL,(C)-colored braid
groupoid B(SL,(C)) (see Section 2.2 and Definition 5.8), while € is the category of
weight modules for the quantum group U = U; (sl,). Here a U-weight module is one
on which the center of U (in particular, the central subalgebra Z) acts diagonalizably.

In particular, for any simple U-weight module V' the action of Z, is given by
a character y: Zo — C, that is a point of Spec Z,. Since Spec Z is birationally
equivalent to SL,(C), the category € of weight modules is SL,(C)-graded. (More
accurately, it is SL, (C)*-graded, where SL,(C)* = Spec Z is the Poisson dual group
of SL;(C) in Definition 2.7.)

The new ingredient above is the category D, the double of €. Concretely, D is
the category of U ® U°P-weight modules that are locally homogeneous: modules W
such that for any central z € U and w € W,

z®)-w=>01&S(2) - w,

where S is the antipode of U.

Because the antipode defines the inverse of the algebraic group Spec Zy, we can
informally say that a locally homogeneous module is one that has degree g for U & 1
and g7! for 1 ® UP. A typical locally homogeneous module is (a direct sum of)
modules of the form V ®c V*, where V is a simple U-module. Later we will denote
these modules by V X V'*,

ZPicking an orientation of L gives an orientation on its meridians, so one can distinguish
between ¢ and # !, hence fix the sign of t1/2 — t=1/2 See also Remark 2.3.
3Strictly speaking there is a scalar ambiguity in &, so the codomain should really be €/(i).

See Proposition 5.10.
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We think of D as the tensor product € X €, where € is a “mirror” version of €
associated to U°P. This is a special case of the Deligne tensor product of categories,
hence the notation X. Similarly, we thinkof 7 = ¥ X ¥ as the tensor product of two
group(oid) representations.

1.9. Quantum doubles and the G -center

For the reader familiar with algebraic TQFT, the following discussion may help motiv-
ate the previous section. The invariant ¥ of SL,(C)-links in S3 constructed from € is
a surgery or Reshetikhin—Turaey invariant of link complements. This theory is anom-
alous because the representations involved are projective.* However, in the doubled
theory D, the anomalies from € and € cancel, and the corresponding invariant J~ is
defined unambiguously.

One could think of the invariant from £ as being the state-sum or Turaev—Viro
invariant associated to €. For the non-graded case, it is well known that the state-sum
theory on a fusion category € agrees with the surgery theory on the Drinfeld center
Z(€). For more details, see the book [26] by Turaev and the series of papers [3-5]
by Balsam and Kirillov, Jr. If € is modular (in particular, if it has a braiding), then
there is an equivalence of categories € X € = Z(€) (see [20]), so we can compute
the value of the state-sum theory from € by using the surgery theory from € X €.

In the G-graded case, V. Turaev and A. Virelizier [27] define notions of state-sum
and surgery homotopy quantum field theory (a.k.a. G-graded TQFT) and show that
the state-sum theory from € is equivalent to the surgery theory from Zg (€), where
Z(€) is a graded version of the Drinfeld center of €.

Conjecture 2. As in the non-graded case, there is an equivalence’
Zs1, )+ (€) = D,

so that we can interpret our surgery invariant from D as the state-sum invariant
from €.

In the context of this conjecture it would be useful to directly relate our construc-
tion of O to the more abstract construction of the G-center Zg (€). Objects of D are
of the form V' X V* for V an object of €, while objects of Zg (€) are pairs (V, oy )
with oy a half-braiding relative to the identity-graded component €; of €.

4Usually, the theory for link complements is not anomalous; the anomaly instead appears
for general manifolds resulting from surgery. In the holonomy case, the anomalies show up

earlier, because U; is no longer quasitriangular.
STechnically speaking € is SL,(C)*-graded, not SL,(C)-graded (see Section 5.1) so
SL,(C)™ here is correct.
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One difficulty in understanding this relationship is that the category € is not
semisimple, and the non-semisimplicity is concentrated in €; (see Proposition 5.2).
We expect that an appropriate semisimplification of €; will allow an application of
the theory of Turaev and Virelizier to the construction of . (A less serious issue is
that the braid action on the gradings of € is not simply conjugation, as it is in [27].)

In the non-graded case, it is well known that the Drinfeld center corresponds to
the Drinfeld double, in the sense that there is an equivalence of braided categories

Z(Rep(H)) = Rep(D(H))
where H is a (not necessarily quasitriangular) Hopf algebra.

Conjecture 3. There is a G-graded version Dg of the Drinfeld double construction
such that

D =~ Rep(DSLZ(C)* (‘u, (5[2)))
It is likely that this construction is related to the work of M. Zunino [30,31] on
crossed quantum doubles.

1.10. Overview of the paper

Section 2.  We fix conventions on colored braids and discuss the factorization struc-
ture used to relate SL,(C) and SL,(C)*-colorings. We also introduce
the algebra U = U; (sl,) and its relationship to colored braids.

Section 3.  We define the twisted Burau representations and the twisted Reide-
meister torsion.

Section4.  We state and prove Theorem | and discuss how to use it to prove The-
orem 2.

Section 5. We summarize the construction [6] of the BGPR invariant ¥ in our
notation.

Section 6. We construct the quantum double 7~ and discuss how it relates to ¥ .

Section 7. We prove a version (Theorem 7.13) of Theorem 1 for modules, which
gives Theorem 2 as a corollary.

Appendix A. We give some results on U-modules (in particular, on the projective
cover of the trivial module) used in Section 7 and Appendix B.

Appendix B. We apply the of the modified traces of N. Geer, J. Kujawa, and B. Pa-
tureau-Mirand [12] to the category € of U-weight modules and its
quantum double D.

Appendix C. We prove Lemma 6.21, which is used in the definition of 7.
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Figure 1. The braid 6105 '07.

2. Representations of link complements and colored braids

A holonomy invariant of links depends both on the link L and a representation
p:1(S?\ L) — SLy(C),
that is a point of the SL, (C)-representation variety
R (L) = Hom(m1(S> \ L), SL»(C)).

In this section, we describe some coordinate systems on Jt(L), emphasizing those
coming from a presentation of L as a braid closure.’ By doing this, we reduce the
problem to

(1) describing the representation variety : (D) of a punctured disc, then
(2) understanding the action of braids on our description.

This perspective motivates us to define variants of the braid group we call colored
braid groupoids.

In particular, we describe a correspondence between the SL;(C)-representation
variety Jt(D,) of a punctured disc and certain central characters of U;(sl,) due to
R. Kashaev and N. Reshetikhin [16]; the correspondence extends to the braid actions
defined by topology and by the R-matrix. Because of the structure of the quantum
group U;(sl,) it only gives coordinates on a large (in the sense of Zariski open and
dense) subset of the representation variety. We call representations lying in this open
set admissible, and every representation is conjugate to an admissible one (Proposi-
tion 2.12).

Conventions 2.1. The braid group B,, on n strands has generators o1, . . .,0,—1, With
o; given by braiding strand i over strand i + 1. Braids are drawn and composed left-
to-right. For example, Figure 1 depicts the braid o105 151 on 3 strands.

For the more general case of tangle diagrams, see [6].
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X1

X1X3 = X3Xp X1X3 = X2X1

X3 X2
X1X2 = X2X3
Figure 2. Wirtinger generators of the trefoil group and the relation at each crossing.

X1 xl_lxle

/
/

X2 X1

Figure 3. Braid action on the free group.

2.1. Colored braid groupoids

Let L be a link in S3. Given a diagram of L, we obtain the Wirtinger presentation of
the group w7, = m1(S3\ L). (See Figure 2.) This presentation assigns one generator
x; to each arc (unbroken curve) and one conjugation relation to each crossing. If we
represent L as the closure of a braid 8 on n strands, we can examine the interaction
between this presentation and the braid group.

Specifically, the Wirtinger presentation gives an action of the braid group B, on
the free group F;. We can think of putting free generators x1,...,x, € F, on the n
strands on the left and acting on them by the braid to get words on the right. Con-
cretely, the generators act by

X txiixi j =1,
Xj+0; =4 X; j=1i+1, (2)

X;j otherwise,

as in Figure 3. Here the braid action on the free group F;, is written on the right, to
match left-to-right composition of braids.
It follows that for any braid 8 with closure L,

L = (X1,..., %X | Xi = xi-B)
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gives a presentation of the fundamental group of S\ L. In particular, a choice of
representation p: w7, — G of the complement of the closure L is equivalent to a choice
of group elements p(x;) such that p(x;) = p(x; - B) for eachi.

Definition 2.2. A G-colored braid is a braid f on n strands and a tuple (g1, ..., gn)
of elements’ of G. The G-colored braid groupoid is the category B(G) whose objects
are tuples (g1, . . ., g») and whose morphisms are braids

@1ee e gn) B (01 B pin - B))

where p: F,, — G is defined by p(x;) = g;. In particular, braid generators act by

o1 _
(81.82) — (g7'8281.81)

One can think of the union B := |, B, of the braid groups as a category with
objects {1, 2, ...}, and links can be represented as closures of endomorphisms of B.
Similarly, links with a representation p: m;, — G can be represented as closures of
endomorphisms of B(G). B(G) is a monoidal category in the usual way: the product
of objects is their concatenation, and the product of morphisms is obtained by placing
them in parallel. In our conventions, this monoidal product is vertical composition.

Remark 2.3. The presentation of a G-link (L, p) as the closure of a braid 8 €
B(G) implicitly requires a choice of orientation. There are distinguished meridians
x; around the base of the braid, but choosing between p(x;) = g; and p(x;) = g; !
requires an orientation of the meridian x;.

The usual way to do this is to orient L and use this to obtain an orientation of the
meridian. For example, consider the result that the Conway potential is a sign-refined
version of the Alexander polynomial defined for oriented links.

We will usually leave this choice implicit going forward, but it will come up again
when we discuss the mirrored invariants ¥ in Section 6.1.

2.2. Factorized groups

To deal with the fact that the central subalgebra Z¢y of U;(sl5) is not (the algebra of
functions on) SL, (C) but on its Poisson dual group SL, (C)* we need to use a slightly
different description of SL,(C)-links.

"More generally, one could define the groupoid of braids colored by any quandle or
biquandle.
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Definition 2.4. A group factorization is a triple (G, G, G*) of groups, with G a nor-
mal subgroup of G, along with maps ¢, ¢_: G* — G such that the map ¥: G* — G

y(a) = ¢ (@)p~ (@)
restricts to a bijection G* — G.

Example 2.5. Set G = GL,(C),

S:z{(g K__ﬁ)}gGLz(C),
N 1 0 K €
s = (5 (5 ) <o <o

andlet 9+, ~: G* — G be the inclusions of the first and second factors, respectively.
Then (S, S*, G) is a group factorization, and the map ¥ acts by

A (I B !

In general geometrically interesting representations into SL,(C) are irreducible,
so their image does not lie in the subgroup S C SL,(C) above. To include these
representations we must consider a slightly more general notion:

Definition 2.6. A generic group factorization is a triple (G, G, G*) of groups, with
G a normal subgroup of G, along with maps ¢, ¢_: G* — G such that the map
V:G* > G

y(@) = ¢t @e (@)

restricts to a bijection G* — U, where U is a Zariski open dense subset of G.

That is, instead of requiring ¥ to be a bijection, we simply require it to be a
birational map. Our motivating example is:

Definition 2.7. The Poisson dual group® of SL,(C) is

SLz(C)*::{((:; ?)((1) i))}gGLz((C)xGLz((C).

Set G = SL,(C) and G = GL,(C) x GL,(C), and let ¢*, ¢~ : G* — G be the inclu-
sions of the first and second factors. Then the map i acts by

v ((w (1))((1) ))H(w ( —Zo)/x)' @

8SL,(C) is a Poisson—Lie group, so its Lie algebra s, is a Poisson-Lie bialgebra. There is

a dual Poisson—Lie bialgebra s[5, and its associated Lie group is SL»(C)*.
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The image of ¥ is the set U of matrices with 1, 1 entry nonzero, which is a Zariski
open dense subset of SL,(C).

We will show that every link admits a presentation with holonomies lying in U
so that we can use SL,(C)* colorings instead of SL,(C) colorings and thus use the
braiding on U; (s!>).

We first describe how to use the group factorization to associate a tuple

(g1,...,8n) € SL(C) x --- x SL,(C)
of SL,(C) elements to a tuple
(al, Ce ,an) € SLQ((C)* X oeee X SLQ((C)*

of SL,(C)* elements, in a way respecting the braiding action on the colors. This is a
special case of the biquandle factorization defined in [6].
Write a® for ¢* (a). Then ¥ extends to a map on tuples ¥ = (Y1, ..., ¥,) with

Vilar,....an) = (@) @ Dy (ai)ay ---a;” )7 “4)

where ¥ (a;) = al.+ (a;)~!. The formula is somewhat nicer in terms of the products
& 81

(Wi ---v1)(a,...,an) :af'---aj'(al_---ai_)_l, i=1,...,n.

This is best-understood graphically. For example, the blue path in Figure 4 cor-
responds to the image g, of the generator x, of the fundamental group of the twice-
punctured disc. As it crosses the dashed line above the first point from left to right,
it picks up a factor of af, then a;r for the next dashed line. When crossing the line
below, we get a factor for (a5 )~ ! because we are crossing right to left, and similarly
for (af)_l. We have derived the relation

g2 = Va(ar,az) = afaz (ay) " (@)™
We can think of the a; as local coordinates and the g; as global coordinates. As

«= (06 %)

for i = 1,2, then the expressions for the images

an explicit example, if

g1 = Vi(ar,a2) = af(ay)™",

g2 = Y2(ay.az) = a;ra;r(az_)_l(af)_l
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|
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da | L
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|
8281
|
|
|
a, 1aj
|

Figure 4. Derivation of g, = ai"a;' (a5 )~! (a?')_1 (denoted with a blue path) and gog1 =
afa; (az_)_1 (al_)_1 (denoted with a red path.)

of the Wirtinger generators are somewhat complicated, while the expressions for their
products

NS SN (.0 B
gr=ay(ay) = ( 1—81(01)’

?1 <1
= K1K2 —E&1K2 — &2
_ 4+ 1 _
8281 = al a2 (al aZ) - ( 1—(e1k2+82) (ko1 +¢72))
K201 + @2 s

are simpler.
If o:(a1,a2) — (a4, as) is a generator, the image colors are the unique solutions
to the equations

+ + + + - = - = -+ + - (5)

which we can read off by thinking about paths above, below, and between the strands.
For example, al_a;L = a[{a; follows from comparing the red (left) and blue (right)
paths in Figure 5.

Definition 2.8. Leta;,a, € SL,(C)*. When they exist, let a4, @3 be the unique solu-
tions of (5) and set B(a1,az) = (a4,as). We say that B and SL,(C)* form a generic
biquandle.

For a general definition, see [6, Section 3]. It is possible for the equations (5) to not
have a solution, so this is only a partially defined or generic biquandle. The general
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ay ay

~

e

an as

Figure 5. Derivation of the biquandle relation al_aiF = aja; in (5).

theory of this is dealt with in [6, Section 5]. We will simply restrict to colorings for
which the map B is defined.

Definition 2.9. B(SL,(C)*) is the category whose objects are tuples (ay, .. .,a,) of
elements of SL,(C)* and whose morphisms are admissible colored braids between
them, with the action on colors given by the map B. A braid generator 0: (a1, a,) —
B(ai, az) is admissible it B(ai, az) is defined (i.e., if the equations (5) have a solu-
tion) and a colored braid is admissible if it can be expressed as a product of admissible
generators.

We refer to morphisms of B(SL,(C)*) as SL,(C)*-colored braids. B(SL,(C)*)
becomes a monoidal category in the usual way, with the product of objects given by
concatenation and the product of braids given by vertical stacking.

Proposition 2.10. The map (4) extends to a functor V:B(SL,(C))* — B(SL,(C)).
Proof. This is a special case of [6, Theorem 3.9]. ]

Definition 2.11. We say that objects and morphisms of B(SL,(C)) are admissible
when they lie in the image of W. More concretely, let (g1, . .., g,) be an object of the
SL,(C)-colored braid groupoid, that is a tuple of elements of SL,(C). We say it is
admissible if fori = 1, ..., n the element

&i 81

has a nonzero 1, 1-entry, so that the factorization map is well defined.

Similarly, a braid generator o;: (g1, ..., 8n) — (g1,..., gn) is admissible if its
source and target are admissible, and a SL, (C)-colored braid 8 is admissible if it can
be expressed as a product of admissible generators.

The functor W is not an equivalence of categories because it is not onto, but it can
be shown to be a generic equivalence, in a sense made precise in [0, Section 5]. In
particular:
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a(a)

Figure 6. The colored Reidemeister I move. The map « is as in [6, Theorem 6.8].

Proposition 2.12. Every SL,(C)-link L is gauge-equivalent to one which admits a
presentation as the closure of an admissible SL,(C)-colored braid B, hence as the
closure of a SL,(C)*-colored braid.

Here two SL,(C)-links (L, p) and (L, p') are gauge-equivalent if there exists an

element g € SL,(C) such that o’ = gpg~!.

Proof. L is clearly the closure of some SL,(C)-colored braid f:(g1,..., &gn) —
(g1,...,gn). (It is closure of a braid 8, and the representation p makes 8 a colored
braid.) If (g1, ..., gx) is not admissible, we can conjugate p to obtain an admiss-
ible object. Now, by [6, Theorem 5.5] 8 can be written as an admissible product of
generators, hence is admissible. n

Later, we will construct functors of the form ¥ : B(SL,(C)*) — €, for € a pivotal
category. This means that we can take traces of endomorphisms of €, and if the
traces are appropriately gauge-invariant, we can use ¥ to obtain invariants of (framed)
SL;(C)-links by the following process:

(1) gauge transform the SL,(C)-link (L, p) to a link (L, p’) that is the closure of
an admissible SL, (C)-braid Bo;

(2) because By is admissible, it can be pulled back along W to a SL, (C)*-braid 8;

(3) take the trace of the image of 8 under ¥ to obtain an invariant of L:
F(L.p):=tuF(p).

For example, the BGPR invariant of Theorem 5.16 and [6] is of this type. As is
usual for the RT construction, the invariants can depend on the framing of our link
L, because the colored Reidemeister I move (Figure 6) may not hold.

2.3. Quantum s, at a fourth root of unity

The motivation for defining B(SL,(C)*) is its relationship to central characters of
U4 (sl2) for g aroot of unity, which we now describe.
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Definition 2.13. Quantum s, is the algebra U, = U, (sl,) over Clg, ¢~'] with
generators E, F, K*! and relations

KE = ¢%EK,
KF = ¢ °FK,
[E,F]=(g—¢ )K—-K).
We sometimes use the generator F = gK F instead of F.

Notice that our conventions are slightly nonstandard (in particular, they differ
from [6].) We want to view U, as a deformation of the algebra of functions on
SL,(C)*, not a deformation of the universal enveloping algebra of sl,. For this
reason, we choose [E, F] as above instead of the more common form [E, F] =

(K=K Y/(g—q7").
U, is a Hopf algebra, with coproduct

AE=1QE+E®K, AF=K'®@F+F®I1l, AK=KQ®K,
and antipode
S(E)y=—-EK™', S(F)=-KF, S(K)=K'.
The center of U is generated by the Casimir element
Q=EF +q'K+qK".

We will mostly work with the normalization 2 = q<e.
We consider the case where ¢ is specialized to a primitive fourth root of unity 7,
whichis £ = 4,r = 2 in [6]. The relations for U = U; (sl,) are then

KE = —EK,
KF = —FK,
[E,F]=2i(K—-K™").
Specializing to a root of unity causes U to have a large central subalgebra
Zo:= C[K? K2, E? F?.
The center Z of U is generated by Z and the Casimir €2, subject to the relation
Q> =(K-K Y —E*F2
We can identify the closed points of Spec Zy with the set of characters, that is

algebra homomorphisms y: Zy — C. The characters form a group with multiplic-
ation y1x2(x) := (1 ® x2)(A(x)). In fact, this group is SL,(C)*:
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Proposition 2.14. Let y be a Zy-character and set
WE) =e p(F?)=9/k, x(K*) =«

The map sending y to the group element

(6 (6 2)) s

is an isomorphism of algebraic groups Spec Zo — SL,(C)*. The inverse x~' of a
character is the character xS obtained by precomposition with the antipode.

From now on we identify Z,-characters and the corresponding points of SL,(C)*.
The image of a character y is the factorization of the matrix

K

L —&
0= (5 a1y €52©)

and we have that this identification is compatible with the factorization of SL,(C)
in terms of SL,(C)*. Here we have intentionally used the same symbol ¥ for the
defactorization maps SL,(C)* — SL,(C) and Spec Zy — SL,(C).

Remark 2.15. Under this correspondence, the Casimir 2 corresponds to the trace of
the matrix. Specifically, we have

X(Qz)=K+K_1—8(p-2=tr1/f(X)—2:tr(K —1_8 )_2
o Kk (1—¢p)

Equivalently, if the eigenvalues of ¥ () are 12 and =2,
A =p?=24+u7%=p—-pnH%

In particular, if () does not have 1 as an eigenvalue, y(£2)? # 0.

2.4. The braiding for U

Unlike Uy, the algebra U = U; is not quasitriangular. Instead, there is an outer auto-
morphism
RUQU— U U[(1 + K 2E?>® FAH)™Y

that satisfies the Yang—Baxter equations

(A®DRu V) = Ri3R23(AU) Q v),
(1IRA)RURV) = Ri3R12(u ® A(v))
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and

(e®@DRuU R V) = e(u)v,

(1®e)Ru@v) =e(v)u
where A is the coproduct, ¢ the counit, and JR;; means the action on the i-th and j-th
tensor factors.

In a quasitriangular Hopf algebra, R comes from conjugation by an element called
the R-matrix. This is not the case for U = U;, but there is a version of U, defined
over formal power series in /& (with ¢ = /) which has an R-matrix. The conjugation
action of this element is still well defined in the specialization ¢ = i, giving the outer
automorphism . For more details, see the paper [16].

It is well known that R gives a braid group action on tensor powers’ of U. We
think of a braid generator ¢ as corresponding to the map R :=TR. The Yang—Baxter
equations correspond to the braid relation

Ri12R23R12 = R23R12R23

which is the Hopf algebra version of the braid relation 010,01 = 02010,. From now
only we mostly work with R.

Lemma 2.16. Set
W:=14+K?’F?Q K 2E? € Zy ® Z,.
R is the unique automorphism of U ® U[W ~1] satisfying
RE®1)=KQE,
ROI®F)=F® K",
RKR1)=1® K—iKFQ®E,
and
R(AW)) = Aw),
for every u € U. The action ofﬂv? on Zo ® Zo[W™1] is given by
RK2@1) =1 K)W, R(1I®K? =K )W,
RE>’®1)=K*>®E>, ROIQE>)=E>®K>+E*®(1—K*‘W™),
ROIQFH)=F QK2 RF’@)=K?2@F*+(1-K*Ww e F2

9Technically we need to take localizationsat 1 + K—2E2 ® F2, so it is somewhat awkward
to state this formally with more than two tensor factors. Instead we prefer to work with quotients
of U at appropriate Zg-characters.
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Proof. See [16, Section 2.2 and Appendix B] and [6, Section 6.2]. [ ]

The action of R on the central subalgebra Z corresponds to the biquandle (that
is, the braiding) on SL,(C)* = Spec Z discussed in Section 2.2. Similarly, the loc-
alization at W corresponds to the fact that the SL,(C)* biquandle is only partially
defined. To compare them, we give the action of this biquandle in coordinates:

Lemma 2.17. Let ay,a;, as, aq be elements of SL,(C)* related by the braiding

o:(ay,az) — (as,as)

a=((2 062

Then the components of a4 and az are given by

and with components

K4 = €102 + K2, Q4= K102,
K1K2 €1

7’ 83_ 77
192 + K2 192 + K2

and
. = e1k3 + &2k + (e3k2 + €182) 2 — €1
K301 + €193 + (16201 — (kF — Di2) g2
¥3 = .
£1¢2 + K2
Proof. These follow from writing out the biquandle relations (5). |

Proposition 2.18. Consider a SL,(C)*-colored braid generator

o:(x1, x2) = (x4, x3),

thinking of SL,(C)* elements as Zg-characters. Then the map R is compatible with
the SL,(C)* biquandle in the sense that

(x4 ® X3)R = 11 ® x2.
In particular, R descends to a homomorphism of algebras
R: U/ Kery; ® U/ Ker yo — U/ Ker x4 @ U/ Ker y3,

where by U/ Ker y we mean the quotient of U by the ideal generated by Ker y.
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Proof. Under the correspondence of Proposition 2.14 we have
Xi(K?) =i, xi(E*) = & and  yi(F?) = g /1.
We have claimed that
(X1 ® 2)(K*® 1) = i1

is equal to
(14 ® x3)((1 ® K*)W) = &3 + paes.

By using the relations of Lemma 2.17, we see that

K1Kk2 K1928&1
K3 + @483 = + =K1-
g192 + k2 E192 T K2

One can check similar relations for the other generators of Zy ® Zy. In this context,
it is slightly more natural to use R ! and the equivalent relation

Xe®q3= (1 ® p) R

The formal inversion of W is not an issue, because

4€3 1€
(ra® xa) (W) = 1482 =1 4 22
K3 K2
is nonzero exactly when the SL,(C)* colors (y1, y2) are admissible. [

Definition 2.19. Consider the category Algc of algebras over C and homomorphisms
between them. We define a functor 4: B(SL,(C))* — Algc as follows:

o foran object (x1,..., xn) of B(SLo(C))*, that is an n-tuple of Z-characters, set
A1y xn) = U/ Kery1 ® -+~ ® U/ Ker xn = UE"/ Ker(x1 -+ yn);
 for a braid generator 0;: (y1,..., xn) = (X1.---, X), set
A(0;) = ﬁi,i-‘rl: U®"/Kef()(1 ® -+ xn) — U®”/Ker()(’1 "‘X;),

where #; ;41 acts on tensor factors i and i 4 1, and where the image characters
satisfy

(X ® Xit)DR = 1i ® Yi+1
and x; = yj for j #i,i + 1.
Let (L, p) be an SL,(C)-link. By representing L as the closure of a braid, we

identify L with an endomorphism 8 of B(SL,(C)). If 8 is admissible (and we can
always gauge-transform so this is the case) then we can pull it back along ¥ to an
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endomorphism of B(SL,(C)*). Finally, we can use #4 to associate 8 with an auto-
morphism of U®"/ Ker(y1 ® -+ ® xn).

We think of this construction as a (generic) representation of B(SL,(C)) in the
algebra U. In the next two sections, we will construct the Burau representations of
B(SL,(C)) and show that they are dual to this representation.

3. The Burau representation and torsions

Following A. Conway [9], we define the twisted reduced Burau representation of the
colored braid groupoid, which is obtained via the p-twisted homology

of the punctured disc relative to the boundary. To match the braid action on the
quantum group U, we need to take the dual. We achieve this by using the locally-
finite homology

Hi (Dy: p)"

and we call the resulting representation the twisted reduced Burau representation, or
simply the Burau representation 8. We then explain how to use B to compute the
torsion of a SL,(C)-link (L, p).

3.1. Twisted homology and the Burau representation

We have chosen to describe a link L in S3 by representing it as the closure of a braid
B. By doing this, we place L inside a solid torus 7. We can slice 7' open across a
meridional disc Dy, which we think of as having n punctures corresponding to the
strands of 8.

From this perspective, we can view the algebraic category B(G) of the previous
section as a model for a topological category Map(D,,, G). This category has objects
pairs (D, p), where D, is an n-punctured disc and p is a representation 71 (D,) — G.
The morphisms are

J:(Dn, f*p) = (Dn. p)

for f an element of the mapping class group of D,, where f*p = po f is the pull-
back. As 1 (D,) = F, is a free group, representations 71 (D,) — G are n-tuples of
elements of G, and since the mapping class group of D, is B,,, it is not hard to see
that Map(Dy,, G) is equivalent to B(G).

The point of this topological description is that we obtain a colored braid action
on the twisted homology of D,,. We recall the definition below.
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Let X be a finite CW complex with fundamental group 7 = 71 (X), and let p: 7 —
GL(V) be a representation, where V is a vector space over C.'” We think of this as a
right representation acting on row vectors, so that V' is a right Z[7]-module.

Let X be the universal cover of X . The group m = 1 (X) acts on the cells of the
universal cover, and this action commutes with the differentials. We take this to be a
left action, so that the cellular chain complex Ci ()? ) of the universal cover becomes
a complex of left Z[m]-modules.

Definition 3.1. The p-twisted homology H..(X; p) of X is the homology of the p-twis-
ted chain complex
Ci(X5p) =V ®z[z) C«(X).

We have given this definition in terms of a CW complex for X and a choice of
lifts, but it can be shown to not depend on the choice of lifts. In fact, the p-twisted
homology also does not depend on the CW structure. One way to see this is to give a
definition in terms of GL(V')-local systems.

The twisted Burau representation is given by the action of braids on the homo-
logy groups. Because a braid B acts nontrivially on the representations, it should be
understood as a groupoid representation.

Definition 3.2. The twisted Burau representation is the functor
B(GL(V)) — Vect(C)

sending an object p to the vector space Hy(Dy; p) and a colored braid 8: p — o’ to
the linear map
B:H1(Dn: p) = Hi(Dy:p)

corresponding to the action of 8 on D,. Here Vect(C) is the category of C-vector
spaces and linear maps.

Any braid 8 fixes the boundary of D,, so we can define the boundary-reduced
twisted Burau representation as the action on homology relative to the boundary:

BY(B):Hy (D, 0Dy: p) — Hy(Dy,dDy: p').
When passing to the reduced representation it is helpful to use a different present-
ation of 71(Dy). Set y; = x;xj_1 --- X1, so that the braid group on the generators
is

Vi op = {yi—lyi_IJ’i-H =]
j*0i = o,
Vi L7

"OMore generally this works for a module over any commutative ring; this perspective is
important when defining the twisted Alexander polynomial.
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Yn

Figure 7. Alternative generators y; = x; - - - x1 of the fundamental group 71 (D,;) of the n-punc-
tured disc.

As shown in Figure 7, y; is a path going around the first i punctures. Along with
a basis ey, ..., e of V we obtain a basis {y; ® e¢j:i =1,...,n,j =1,...k} for
the twisted homology H;(Dy; p), where we identify y; with its image in homology.
Dropping y, similarly gives us a basis of Hy (D, dDy; p).

Proposition 3.3. Choose a basis eq, . .., e of V, so that we can identify GL(V') with
GL(CK). With respect to the basis

yi®e:i=1,...n—1,j=1,... .k}

of Hi(Dy, 0Dy; p), the matrices of the boundary-reduced twisted Burau representa-
tion are given on braid generators o;: pg — p1 by

[ 1, 0 0
[B%(0)] = Li—a ® | Ik —po(i1¥7") po(yi—1y7™) | @ Ini—ayk
0 0 Iy
1, 0 0
=Ii2k @ | Ik —p1(ivi) p1Oivid) | @ Ln—i—2pk.
0 0 Iy

where the matrices act on row vectors from the right.

We have chosen the matrices to act on row vectors so that we obtain a representa-
tion

B"(B182) = B"(B1)B" ()
instead of an anti-representation.

Proof. This is a standard result, which can be computed by identifying the action of
the braid group on the twisted chain groups with the action of the Fox derivatives on
the free group F,, = m1(D;). For more details, see [8, Example 11.3.7]. Our matrices
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Figure 8. A basis z1, z> (in red) of the locally finite homology Hy (D3)' and the dual basis
¥1, ¥2 (in blue) of the homology rel boundary Hy (D3, dD3).

differ slightly from those of [8] because we have picked a different convention for the
action of B, on F,,.
To see that po(yi—1y; ') = p1(yiy;3}), recall that by definition o’ = pp~!. =

To match the braid action on the quantum group we want the dual of this represent-
ation. The most convenient way to do this is to consider locally-finite or Borel-Moore
homology Hy (Dy; p).

The untwisted form of this homology has a basis spanned by arcs between the
punctures of Dy, and it is dual to H; (D, dD,) via the obvious intersection pairing.
For example, Figure 8 shows the basis y;, y» of Hy (D3, dD3; C) associated to the
generators y1, y2 € m(D3) and the dual basis z1, z, of H; (D3; C)'.

To extend this to the twisted case, we need to obtain a right Z[s]-module dual
to V. The dual space V* := Homc (V, C) is a right Z[r]-module via

x-f =ve fop(x7h)
We write (V'V, p¥) for this representation.
Proposition 3.4. There is a w-equivariant nondegenerate pairing
Hi(Dy; p¥)" ® Hi(Dy, dDy; p) — C.

Proof. This is an easy extension of the result for untwisted homology, using the -
equivariant pairing between V' and V given by

x-(f@v) = f(pGxHp(x)v) = f(v). u

Definition 3.5. The reduced twisted Burau representation (from here on the Burau
representation) is the functor sending a braid 8: pg — p; to the map

BB): HY (D py) — HY (Dyi pY).
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Corollary 3.6. Let e, ..., e* be the basis of V* dual to the basis chosen in Pro-
position 3.3, and similarly let zy, ..., z,—1 be the basis dual to y1, ..., yn—1. Then
with respect to the basis {z; ® elii=1,....n— 1,j =1,...k} of Hi(Dy; p)", the
matrices of the Burau representation B are given on braid generators by

I I 0
[Bo)] =Tk ® | 0 —pY(vividy) 0| ® In—i—2jk-

0 pYividy) 1

where the matrices p¥ are the inverse transposes of those of p.

The above representation is very close to the action (7) on the quantum group but
to get them to match we need to change basis.

Proposition 3.7. Let 0,: p9 — p1 be a colored braid generator. Assume that it is
admissible, so that we can consider py and py as objects of B(SL,(C)*), with

et wi (3 3 1)
pi 1 0 K

There exists a family of bases of the cohomology Hy(D,; p)'f such that the matrix of
B(o;) is given by

[1 0 «7'  —gik;? ]

0 1 0 1
i1 1

Ly—2) @ Pns ® Lyu—i-2)- (©)
—&i+1  —Kit1
1 0 1 0
B Ei+i kKiv1 0 1
Later we will denote these bases by vi = v/(p) for j =1,....n—1andv = 1,2.

The matrix (6) is exactly the image of (7) under the Zy-characters corresponding
to p.

Proof. For a groupoid representation ¥ : G — Vect(C), choosing bases means choos-
ing a basis of the vector space ¥ (p) for each object p of G, which gives matrices
[# (g)] for each morphism g: pg — p; of C. Changing the bases transforms the mat-
rix of g as

[F ()] = Qn[F ()10,

where we now have two different change-of-basis matrices on each side. (Recall that
our matrices are acting on row vectors, so the domain py goes on the left.) The pro-
position follows from the correct choice of Q.
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Recall p; = (b1, ..., b,) and similarly write pg = (a1, ..., a,). To avoid cumber-
some notation, we temporarily write aii and bii for the transposes of the components
of the elements of SL,(C)*, for example

o-orn=(( ), )

pi(a):=a---af, mia):=a;---ay,

Setting

we have
v _ -1
p1 (vi) = pi(b)" " mi(b),
po (vi) = pi(a)"'mi(a),
and in particular

oy Gi+19;7 ") = pig1(B) b pi(b),
py iyit) = pi(a) 'a; pi—i(a),

so the non-identity block of the matrix of Corollary 3.6 is

I I 0 I I 0
0 —pyivil) 0|=1]0 —pi@'a;pi—1(a) 0
0 pYit1y;H b 0 piri(b) ‘b pi(b) I

We want to change basis by the matrices
pi(a)

Qa =
Pn—1 (a)

Because p;(a) = p;(b) for all j # i, we see the identity blocks of the matrix of
Corollary 3.6 are unchanged, while the nontrivial block becomes

pi-1(@) 0 0 I I 0
0 pi(a) 0 0 —pi(a)ta; pi—1(a) 0
0 0 piri@ || 0 pii(®) b pih) I
pi—1(b)7! 0 0
X 0 pi(b)~! 0

0 0 pi+1()™!
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pit1(@)piy1(b)~!

pi—1(a) pi—1(a) 0
= 0 —a; pi-1(a) 0
0 pi+1(@ piv1(B) b pi(b)  pivi(a)
pi—1(b)™! 0 0
X 0 pi(b)~! 0
0 0 pit1(b)~!
pi—1(a)pi—1(b)™ pi—1(a)pi(b)~!
- 0 —a; pi—1(@)pi(b)~!
0 pi1(a)piv1(b)~ b, pi(b) pi(b)~!
pi—1(b) pi—1(b)™! pi—1(b) pic1(b) (b)) 7!
= 0 —a; pi—1(a)pi—1(a)~1(b;) !
0 pi+1(0) piy1(b)~ b7 pi(b) pi (b))~

Pi+1(D) pi+1(b)™!

L (b 0
=0 —a;(bH 0
0 biti I

0
0

0
0

84

Again, the cancellations follow from the fact that p;(a) = p;(b) for all j # i. We

have immediately that

-1 L 1
b+ -1 = Kl (lel d b._ =
(5;") |: 0 1 an i+1 git1

|

so it remains only to check that —a; (bi+ )~! gives the correct 2 x 2 matrix. Writing

-_ | o T L 2l
ai—[gi ;Z,}and(bi) —[0 ) ,

we have
1

- -1
— 4+\—1 _ K- —(piK-
0 ()t = [1 ik _1}.
SiKl- K; —s,-goi/ci
To simplify the bottom row we need the identities
& = Ki€it1,

Ki = Ki+1 + @igi+1
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which follow from the identities
R(E*®1) = K2 ® E2,
RK2®1)=1® K>+ K*F?® E2

from Lemma 2.16. Then we see that

aopt=[f0 e [ e o[ e

~ ~ _1 ~
Eik; Ki — EiQiK; Ei+1 Ki —&i+1¢i

as claimed. n

3.2. Torsions

When the complex C«(S3\ L; p) is acyclic, that is when each space H«(S3 \ L; p)
is trivial, we can still extract an invariant called the forsion. Details on the classical
case of untwisted/abelian torsions are found in the book [25]. Twisted torsions and the
related twisted Alexander polynomial are discussed in the article [9] and thesis [8], as
well as the survey article [11].

We sketch the definition of the torsion. Acyclicity is equivalent to exactness of the
sequence

NNNNYe" i Ci_qg—> -
in which case we get isomorphisms Ker d; = Im d;_;. If we choose a basis of each C;,
we can use the above isomorphisms to change these bases. The alternating product
of determinants of the basis-change matrices gives an invariant of the acyclic com-
plex C.. In general this torsion can depend on the choice of basis for each chain
space, but for link complements it does not.

Given a presentation of L as the closure of a braid 8 we get a presentation of
7L = {y1.....¥n | yi = yi - B), which in turn gives a CW structure on S3 \ L; the
2-cells are obtained by the relations y; = y; - 8. Link complements are aspherical, so
we do not need to add any higher-dimensional cells.

Definition 3.8. Let p: 71(S3\ L) — GL; (C) be a representation such that the p-twis-
ted chain complex C*(S3 \ L: p) is acyclic, in which case we say the GL; (C)-link L
is acyclic. Then the p-twisted torsion t(L, p) is the torsion of the p-twisted homology
C*(S3\ L:p).

Usually when p has abelian image this is called the Reidemeister torsion. When
the image of p is nonabelian it is called the twisted torsion. We prefer to instead refer
to these cases as abelian and nonabelian torsions. The torsion can be computed using
the Burau representation:
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Proposition 3.9. Let (L, p) be a GLi(C)-link, and let B be a braid whose closure is
L. View B:(g1,...,8n) — (g1, ...gn) as a morphism of the colored braid groupoid
B(GLk (C)), and suppose that

det(l —gn---g1) # 0,

that is, that the holonomy g, -+ - g1 of a path around all the punctures of Dy, does not
have 1 as an eigenvalue. Then

(1) the twisted homology H«(S> \ L, p) is acyclic, so the torsion t(L, p) is a
complex number defined up to + det p;

(2) we can compute the torsion as
det(1 — B(B)) _ det(1—-B(B))
det(l — gy ---g1)  det(l—(gn---g1)7")’

(3) if (L, p) is an SL(C)-link such that det(1 — p(x;)) # O for every meridian
Xi, then such a braid B always exists.

t(L,p) =

Proof. (1) and (2) are standard results in the theory of torsions. The idea is that we use
the basis corresponding to yq, ..., y,—1 for H; (Dy; p) and to y, for Ho(D,; p), and
these bases give nondegenerate matrix 7-chains [25, Section 2.1] for the complex, so
they compute the torsion. More details can be found in [9, Theorem 3.15]; that paper
discusses twisted Alexander polynomials, which correspond with the torsion when
the variables #; are all 1. Finally, we can use 8 and locally-finite homology instead of
B9 and ordinary homology to compute the torsion because these are dual.

The only novel (to our knowledge) claim is (3). The proof is due to B. Patureau-
Mirand [22]. Represent (L, p) as the closure of a SL,(C)-braid 8 on n strands which
is an endomorphism of the color tuple (g1, ..., gx), and write h, = g, --- g1 for the
total holonomy. Consider the colored braids

/3: (gl""’gn) - (glv"'sgn)y
ﬂan: (g17~--7gn7gn) g (glw--’gn’gn)’
BOnOn+1: (8152 8n>8&n8&n) = (€14, 8&ns&n> &n)-

Their closures are all (L, p), and they have total holonomies
hn,  gnhn, gihn
respectively. Because these matrices all lie in SL,(C), we have

tr(gihn) + tr(hy) = tr(gn) tr(gnhn).
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Recall that an element g € SL,(C) has 1 as an eigenvalue if and only if tr g = 2.
Since tr g, # 2, at least one of tr(g2hy), tr(gnhy), or tr hy, has trace not equal to 2. We
conclude that at least one braid with closure (L, p) has nontrivial total holonomy. m

Taking the closure of a braid relates the complex C*(D,,; p) to C*(S3\ L; p) by
adding a term in dimension 2, so it is reasonable to expect a relationship between the
torsion and the Burau representation. Notice that when the image of p lies in SL,, the
torsion is defined up to an overall sign.

4. Schur-Weyl duality for U; (sl2)

In this section we prove our first major result, Theorem 1, which gives a Schur—
Weyl duality between the (reduced twisted) Burau representation B and the algebra
Ui (sl2).

First, we explain what we mean by “Schur—Weyl duality.” Consider a Hopf algebra
H and a simple H-module V' with structure map 7: H — Endc (V). The algebra H
acts on V" via the map 7®" o A”: H — H®" — Endc (V®").

We want to understand the decomposition of the tensor product module V ®" into
simple factors. One way is to find a subalgebra B € H®" that commutes with A" (H),
the image of H under the iterated coproduct. If B is large enough, then we can use the
double centralizer theorem to understand the decomposition of V' ®”. In this section,
we address this problem in the case H = U;(sl,), with a few modifications.

To get a satisfactory answer, we want think of U;(sl), as a superalgebra and find
a subalgebra €, (a Clifford algebra generated by a space $,) that supercommutes
with A" (U;(sl2)). In addition, to match the SL;(C)-colored braid groupoid and its
Burau representation, we consider tensor products of the form

U/ Kery1 @ --- @ U/ Ker yp,

where y;: Zy — C are Zy-characters, equivalently points of SL,(C)*. Since the
Burau representation is a braid group representation, we also describe the braiding
on U, (sl,) and its action on our subalgebra.

4.1. U as a superalgebra

Definition 4.1. A superalgebra is a 7 /2-graded algebra. We call the degree 0 and 1
the even and odd parts, respectively, and write |x| for the degree of x. We say that x
and y supercommute if

Xy — (_1)\XI|y|yx =0.
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Example 4.2. Let 1V be a module over a commutative ring Z and 7 a symmetric
Z-valued bilinear form on V. The Clifford algebra generated by V is the quotient of
the tensor algebra on V by the relations

vw + wv = (v, w)

for v, w € V. By considering the image of V' to be odd the Clifford algebra becomes
a superalgebra.

Recall the notation F = iKF. We can regard U as the algebra generated by
K*! E, F with relations

{E.K})={F,K}=0, [E, F]= %KQ,
where {A, B} := AB + BA is the anticommutator and
Q=K-K'(1+EF).
Proposition 4.3. U is a superalgebra with grading
|E|=|F| =0, |K|=|Q|=1.

The choice that E and i K F' (instead of i KE and F') are even is for compatibility
with the map R. More generally, our choice of grading here is motivated by The-
orem |, is rather ad hoc, and seems very special to the case ¢ = i. At g a 4m-th root
of unity we expect a Z/ m-grading instead.

4.2. Schur-Weyl duality
We are now equipped to prove Theorem 1.

Definition 4.4. For j = 1,...,n, consider the elements

=Ky Kj 1 E; Q7!

of U[2!], where FF = K F, and set
Bj =i —ajpr.

We write $, C (U[Q™'])®" for the (Zo[$272])®"-span of the B} . Similarly, we write
€,, for the subalgebra generated by $,,.

Lemma 4.5. G, is a Clifford algebra over the ring (Zo[Q272])®".
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Proof. The ozj‘f satisfy anticommutation relations
{of ap} =28k KT+ K7 EFQ; 2,
{oF ap} = 28k K7 - K7 | K7 FP Q572
{of ap} =2i8; K7+ K7 (1 - K;*)Q772.

In particular, their anticommutators lie in (Zo[272])®", so the same holds for anti-
commutators of elements of $,,. n

Lemma 4.6. The braiding automorphism acts by
Ra}) = a3,
R(ld) = K2a! + (1 — K3)ak — E2(a? — a2),
R(@}) = (1— K7 2o} + K203 + F{ (o] —a}),

R(@3) = o)

so that the matrix of R; ;41 acting on £, is given by

[1 0 K;Z —F? ]
01 0 1
—K-_2 F-2
Di—2)® ) ! ® Ln-1)-23+1) (7
_Ei2+1 _Ki2+1
1 0 1 0
L Ei2+1 Ki2+1 0 1]
with the matrix action given by right multiplication on row vectors with respect to the
basis {B2, B, ..., B2_ . BL_|} of On.
Proof. This is straightforward to verify. ]

Definition 4.7. We say that a Z-character y is nonsingular if y(222?) # 0, equi-
valently if ¥ (y) € SL,(C) does not have 1 as an eigenvalue. (See Remark 2.15.)
Similarly, we say an object (1, ..., xn) of B(SL2(C)*) is nonsingular if each y; is,
and a braid 8: p — p’ is nonsingular if p and o’ are.

In particular, for any nonsingular character y the localization (U/ Ker x)[Q7]
makes sense.

Definition 4.8. Recall the basis v} of Hi (Dp; p)'f constructed in Proposition 3.7. For
each nonsingular object p = (x1, ..., xn) of B(SL2(C)*), define a linear map

@p:Hl(Dn;P)lf — 35n/ Kery; ® - & xn,

v v
v; > B
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Theorem 1 (Schur—Weyl duality for the Burau representation). Let 8:p — p’ be a
nonsingular SL, (C)*-colored braid. Write (x1, ..., xn) for the Zy-characters cor-
responding to p, and similarly for p'. Then, for n > 2,

(1) the diagram commutes:

86)
Hi(Dy: p)" > Hi(Dn:p)"

[ |

A(B)
Sn/Ker(f1 ® - ® yn) — 9u/Ker(}} ® - ® x5,)

(2) the subspace 9, generates a Clifford algebra €, inside U®™ which super-
commutes with A(U), the image of U in UB™ under the coproduct.

Proof. The proof of (1) is essentially done: the last ingredient is the observation that
the image of the matrix (7) under x| ® --- ® y;, is exactly the matrix (6).

It remains to prove (2). We showed in Lemma 4.5 that the image of $,, generates
a Clifford algebra. We therefore think of the elements ,3]‘.’ as being odd, so to check
that they supercommute, we must show that

(AK,B{} =0, [AE,B}]=0,
{AQ. By} =0, [AF.B=0,

where {4, B} := AB + BA and [A, B] := AB — BA. To check this, we can use the
anticommutation relations

{a},a,i} = 251kK%"'Kj2—1Ej29j_2,
{Ol]g, 0[,3} = 25ij% v K]'Z—IK]'ZF}'ZQ;Z7
fal 02} = 2i8 K2 K2, (1 — K;2)Q52,

the fact that 87 := &} —«}, ;, and the identity

Q=K-K'(1+EF). n

4.3. How to apply Schur—-Weyl duality

The motivation for Theorem 1 is to prove Theorem 2. The strategy is as follows:
suppose we have a family X, of U-modules parametrized by points y of SL,(C)*
(that is, by Zo-characters).!! The choice of modules X, leads directly to a quantum

"Tn our examples we need extra data, specifically an extension of y to a character Z =
Zo[2] — C. This corresponds to the extra choice p appearing in Definition 5.14 and The-
orem 5.16.
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holonomy invariant of links, although there are somewhat subtle normalization issues
that arise in the holonomy case, as discussed in Section 5.3.

The value of the invariant on a link with n strands is related to the braid action on
tensor products of the form Xy, -+ Xy,,. To understand them, use semisimplicity'* to
write

Xy, ® - ® Xy, = P M ®c Vi
1

where the Y; are distinct simple U-modules and the M; are the corresponding mul-
tiplicity spaces. If we choose the X, appropriately, in particular so that €, acts
faithfully, we can identify the spaces W; with the supercommutant €,, of A(U), hence
(via Theorem 1) with the Burau representation.'® This leads directly to a proof that
the torsion is a quantum invariant.

Picking the correct family X, is somewhat difficult, however. The simple modules
V(x) of Section 5.2 used in the definition of the BGPR invariant are too small, in the
sense that €, does not act faithfully. This problem leads us to introduce the quantum
double (norm-square) 7 in Section 6. This construction also solves the normalization
issues alluded to before.

For clarity, we first describe the BGPR functor ¥, summarizing the material of [6,
Section 6] in our notation. We then (Section 6) give the construction of 7 and its
relation to %, then finally (Section 7) prove that 7~ computes the torsion.

5. The BGPR holonomy invariant

Theorem 2 refers two holonomy invariants, denoted ¥ and 7. ¥ is the holonomy
invariant constructed by Blanchet, Geer, Patureau-Mirand, and Reshetikhin [6], so we
call it the BGPR invariant, while T is the “quantum double” or “norm-square” of ¥ .
(There is also a third holonomy invariant X, which should be understood as a change
in normalization of ¥ : see Section 6.4.) Since 7 is built using & we first recall the
construction of & from [6].

5.1. Weight modules for U

Definition 5.1. A U-weight module is a U-module V' on which the central subal-
gebra Z acts diagonalizably. Let y be a Z-character, i.e., an algebra homomorphism

2While the representation theory of U; is not semisimple, restricting to nonsingular char-
acters avoids the non-semisimple part. See Theorem 5.2.

131t turns out that there are only two such Y;, which correspond to the even and odd parts
of €,,.



C. McPhail-Snyder 92

Zo — C. We say a representation V' of U has character y if
Z-v=yx(Z) v

forevery Z € Zy and v € V. Equivalently, a U-module has character y if and only if
the structure map factors through U/ Ker y.

We write € for the category of finite-dimensional weight modules, and €, for the
subcategory of weight modules with character y.

Every simple weight module has a character by definition, and in general any
finite-dimensional weight module V' decomposes as a direct sum

V=V,
b4
where V) is the submodule on which Zg acts by y. More generally,

€ =ey

XESL2 (C)*
is a SL,(C)*-graded category.

Theorem 5.2. Let y be a nonsingular Zy-character. Then
(1) €, is semisimple,
(2) the simple objects of € are all 2-dimensional and projective, and
(3) isomorphism classes of simple objects are parametrized by the Casimir €2,

which acts by a square root of tr y (y) — 2.

Proof. This is a special case of [6, Theorem 6.2]. The idea is to use a certain Hamilto-
nian flow (the quantum coadjoint action of Kac—de Concini—Procesi) on Spec Z to
reduce to the case y(E?) = y(F?) = 0. n

In particular, the character (K?) = 1, e(E?) = &(F?) = 0 corresponding to the
identity matrix is singular. The category €, is the category of modules of the small
quantum group, which is not semisimple.

5.2. Simple weight modules
We discuss the modules of Proposition 5.2 in more detail.

Definition 5.3. Let y be a Zy-character corresponding to the SL,(C)* element a,
and let i be a complex number with (© — = 1)? = ¥(Q?) = tryy(y) — 2. Since u?
is an eigenvalue of 1 (y) (Remark 2.15), we call u a fractional eigenvalue for y.
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The character y is nonsingular if and only if u # =41. In this case, we write
Vx.w) =Via.p) =VQ)

for the simple module of dimension 2 with character y on which the Casimir 2 acts

by the scalar ;1 — u~!. Here j is the extension of y to Z givenby 7(Q) = u — u~ L.

Example 5.4. Let y be a nonsingular character and u a factional eigenvalue, and let
V(x, i) be the corresponding irreducible 2-dimensional U-module. It is not hard to
see that we can always choose an eigenvector | 0) of K such that | 0),| 1) := E|0) is
a basis of V(y, i).

First consider the case where ¢ # 0; this is generically true, since non-triangular
matrices are dense in SL, (C). Then with respect to the basis | 0), | 1), the generators

act by
_(vx 0 (0 ¢
= (3 ) me=(1 )

_ 0 —i(0 + VK=K )
"= (Lo e v 0 )

where @ = p — ! and +/k is an arbitrarily chosen square root of k. We can think
of | 0) and | 1) as a weight basis. Since £ and F act invertibly V(y, ®) is sometimes
called a cyclic module.

The case e = 0 is simpler. Then one (or both) of E, F act nilpotently, so V(x, 1)
is said to be semi-cyclic (or nilpotent.) Suppose in particular that ¢ = 0 (the case e =0
is similar) and choose an eigenvector | 0) of K with F'| 0) = 0. Then the action of the
generators is given by

(w0 (0 & {0 =2i(u—ph)
n(K)—(O _M), 7r(E)—(1 0), 7t(F)—(0 0 )

Proposition 5.5. Let y; be nonsingular characters with fractional eigenvalues ;. If
the product character xi -+ xn is nonsingular, then

n
n—2 n—2
Q Vi) = V(xr- xn " @ V(1 s, —)®?
i=1
where 1 is a fractional eigenvalue for the product character.
Proof. This is easy to check for n = 2, and the general case follows by induction. =

We think of the left-hand side as representing a colored braid on z strands with col-
ors (¥1,.--, Xn), SO a path wrapping around the entire braid has holonomy yi --- yn.
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The proposition says that the corresponding tensor product of irreducible repres-
entations decomposes in to an equal number of summands of each module with
Zo-character yq--- yn.

5.3. The braiding for modules

The automorphism R acts on the algebras U, but to construct a holonomy invariant
we want a braiding on U-modules. Such a braiding is a family of maps intertwining
R in the following sense:

Definition 5.6. Let y;, y» be nonsingular Zy-characters such that

(X4, x3) = B(x1, x2)

exists (equivalently, such that the SL,(C)*-colored braid o: (x1, x2) = (x4, x3) is
admissible.) For each i, let X, be a module with character y;. We say a map

Xy ® Xy, = Xy @ Xys

of U-modules is a holonomy braiding if foreveryu € U ® U and x € X, @ Xy,,
we have

c(u-x) = {/v¥(u) -c(x)

Since R preserves the coproduct, a holonomy braiding is automatically a map
of U-modules. Because the modules V' (y, i) are simple, the choice of a holonomy
braiding is essentially unique:

Proposition 5.7. Let y;,i = 1,...,4 be characters as in Definition 5.6, and choose
Casimir values (L1, L3 for x1, x2. Then there is a nonzero holonomy braiding

c:Vxi w1) @ V(xa. p2) = V(xa, 12) ® V(xs, 1)
unique up to an overall scalar.

Proof. We first explain why w1 is a fractional eigenvalue for y3. Observe that, by (5),
the matrix ¥ (y3) is conjugate to ¥ (1), so it has the same eigenvalues. In parallel,
we have the fact that

ROQ®1)=1® Q.

A similar argument shows that p5 is a fractional eigenvalue for y4.
The remainder of the proof follows the discussion proceeding [6, Theorem 6.2].
Write j; for the Z-character extending y; by fi(2) = w; — p;!, setting puz =

W1, e = WUo. For each i, the algebra

U/ Ker j;
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is isomorphic to the C-endomorphism algebra Mat,(C) of V(j¥;) = V(xi, ni). In
particular, the automorphism R induces an automorphism of matrix algebras

Mat, (C) ® Mat,(C) — Mat,(C) ® Mat,(C),
equivalently, an automorphism of matrix algebras
R: Maty(C) — Mat,(C).

By linear algebra, any such automorphism is inner, given by R (X) = cXc™! for some
invertible matrix ¢, which is unique up to an overall scalar. The matrix ¢ gives the
holonomy braiding with respect to the bases of V' (j;, ;) implicit in the isomorphisms
U/ Ker y; = Mat,(C). [

The holonomy braidings fit together into a representation of the colored braid
groupoid into €, although at the moment only a projective one. To state this precisely,
we need a variant of B(SL;(C)*) that keeps track of the fractional eigenvalues.

Definition 5.8. An extended Zg-character'* is a Zg-character y and a fractional
eigenvalue 1, that is a complex number with (1 — u~1)? = y(2?) — 2. The biquandle
B on Z-characters of Definition 2.8 extends to extended characters via

B((x1, m1). (2, 12)) = (x4, 12). (X3, 41))
that is, by permuting the fractional eigenvalues. This is well defined because
RI®QY=0®1 and ROQR1)=13Q,

as discussed in the proof of Proposition 5.7.

The extended SL,(C)*-colored braid groupoid is the category @(SLZ (C)*) with
objects tuples of extended Zy-characters and morphisms admissible braids between
them, with the action on extended characters given by the biquandle B.

Proposition 5.9. The holonomy braidings ¢ of Proposition 5.7 give a projective func-
tor
F:B(SL,(C)*) — €

defined by

F1a 1) Gno bn)) = V1. 1) ® - @ Vs fhn)

“From an algebraic perspective, it would be slightly simpler to say that an extended char-
acter is an extension of y: Zo — C to a homomorphism y: Z — C. Such an extension is the
same as a choice of scalar w satisfying @? = y(2). To connect with the geometric situation

we prefer to emphasize the fractional eigenvalue ., which has w = u — =1,
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and, if o ((x1, #1), (x2, 12)) = ((x4, La), (X3, 13)) is a braid generator,
F(0) = c:V(xi, 1) ® V()2 2) = V(xas pa) ® V(xa, 13)-

Here by a projective functor we mean that the image maps are considered only
up to multiplication by an arbitrary nonzero scalar. More formally, we could say the
codomain is the category € /C* where two morphisms are equal if f = zg for some
z € C\ {0}.

Proof. The map R satisfies the colored braid relations of B(SL,(C)*). Because the
maps Cy, ,y, are defined uniquely to intertwine R they must as well. n

The projective functor ¥ yields link invariants in C that are defined up to multi-
plication by an element of C \ {0}. These are not very useful, so we want to remove
or at least reduce the scalar indeterminacy in the holonomy braidings ¢, 5, However,
this is a rather subtle problem, because we really need to choose a family of scalars
parametrized by pairs of elements of SL,(C)*.

C. Blanchet, N. Geer, B. Patureau-Mirand, and N. Reshetikhin [6] show that the
scalar ambiguity can at least be reduced to a power of i:

Proposition 5.10. The holonomy braidings can be chosen to satisfy the relations of
B(SL2(C)™*) up to a fourth root of unity, thus defining a functor

F:B(SL,(C)*) — €/(i).

Here by €/ (i) we mean the category that is the same as €, except that two morph-
isms f, g:V — V' are considered equal if f = i¥g for some k.

Proof. This is a special case of [6, Theorem 6.2]. The idea is to choose a consistent
family of bases for the modules V(, ), then scale the holonomy braidings ¢y, ,y, SO
that their matrices with respect to these bases have determinant 1. To do this we must
divide by (detc¢)'/*, which gives the indicated ambiguity. n

Remark 5.11. This method of defining the holonomy braiding is rather ad hoc and
does not give a completely unambiguous solution. Later we show that there is a natural
way to normalize the quantum double 7 of ¥, but this still leaves the problem of
understanding ¥ on its own. We expect that future work [19] will clarify the situation.

5.4. Modified traces

If (L, p) is the closure of an endomorphism 8 of B(SL, (C)*), then the quantum
trace of ¥ (B) will be an invariant of (L, p). However, because the category € is
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not semisimple, the quantum dimensions of the modules V(x, i) are all zero, so link
invariants constructed in this way will also be uniformly zero.

To fix this, we use the theory of modified traces. We first recall the construction
of the usual quantum trace on €.

Proposition 5.12. € is a pivotal category with pivot K=' € U. That is, for an object
V of € with basis {v;} and dual basis {v’} the coevaluation (creation, birth) and
evaluation (annihilation, death) morphisms are given by

coevy:C - VRV*, 1Y v,®v/,
coevy:C - V* @V, 1-3 v ®Kv/,
eviiVRV*>C, v® [ f(K ),
V'V —->C,  feve f(v),

so that for any morphism f:V — V, the quantum trace is the complex number
tr f :=evy(f ®idy=) coevy

where we identify linear maps C — C with elements of C. The quantum dimension
of V is tr(idy ). Furthermore, € is spherical: the right trace above agrees with the left
trace

evy (idy+ ® f) coevy .

Proof. This works because the square of the antipode of U is given by conjugation
with the grouplike element K ~!. It is not hard to check directly that the left and right
traces agree. ]

We explain the basic idea of modified traces before giving a formal definition. Let
M-V, >V - ®V, be an endomorphism of €. We can take the partial
quantum trace on the right-hand tensor factors V5, ® -+ ® V}, to obtain a map

ptry (f): V1 — W

If V is irreducible, ptr, (/) = x idy, for some scalar x, so we say that f has modified
trace

t(f) == xd(V1)

where d (V1) is the renormalized dimension of V.

Of course, the trace will depend on the choice of renormalized dimensions. In the
case V3 = .-+ =V}, such as when defining the abelian Conway potential, the choice
of renormalized dimension only affects the normalization of the invariant. However,
when the modules can differ, the numbers d (V') must be chosen carefully to insure
that we obtain a link invariant.
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Theorem 5.13. Let Proj be the subcategory of € of projective modules. Proj admits a
nontrivial modified trace t, unique up to an overall scalar. That is, for every projective
object V of € there is a linear map

ty:Ende(V) — C,
these maps are cyclic in the sense that for any f:V — W and g: W — V we have

ty(gf) =tw(fg),

and they agree with the partial quantum traces in the sense that if V € Proj and W is
any object of €, then for any f € Ende(V ® W), we have

tyew (f) =ty (ptry, (f))

where try, is the partial quantum trace on W.
This trace corresponds to the renormalized dimensions

1

d(V () := tidy(y,w) = Lt

on simple modules.

We usually omit the subscript on t, and we have chosen a different normaliza-
tion of the dimensions than in [6] which is more natural for ¢ = i. Notice that the
renormalized dimensions are gauge-invariant because the fractional eigenvalues are.

Proof. See [6, Section 6.3] and [13]. The paper [12] gives a general construction of
modified traces, which we summarize in Appendix B. ]

5.5. Construction of the invariant

To match the extra data in @(SLZ (C)*), we need to make some extra choices on our
SL; (C)-links.

Definition 5.14. Let (L, p) be an SL,(C) link with components L, ..., Lk, and let
x; € m(S3\ L) represent a meridian of the i-th component L;. Any other choice
of meridian is conjugate to x;, so the eigenvalues of p(x;) depend only on L and p.
A fractional eigenvalue for L; is a complex number w; such that /Liz is an eigenvalue
of p(x;).

Let 4 = {u;} be a choice of fractional eigenvalue for each component of L;. We
call (L, p, o) an extended SL,(C)-link, and say that it is admissible if (forgetting
the ) it is the closure of an admissible SL, (C)-braid.
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Proposition 5.15. Any extended SL,(C)-link is gauge-equivalent to an admissible
link.

Proof. Gauge transformations do not affect the fractional eigenvalues g, so we can
apply Proposition 2.12. ]

Theorem 5.16. Let (L, p) be a framed SL,(C)-link that is nonsingular, in the sense
that p(x) does not have 1 as an eigenvalue for any meridian x of L. Choose fractional
eigenvalues w for L. Then L is gauge-equivalent to a link (L, p') that can be written
as the closure of a braid B in @(SLZ (C)*), and the complex number

F(L.p,p) :=t(F(B))

is a invariant of (L, p, p), depending only on the conjugacy class of p and defined
up to a fourth root of unity. We call ¥ (L, p, i) the Blanchet—Geer—Patureau-Mirand—
Reshetikhin holonomy invariant, or the BGPR invariant.

Proof. The details of this construction are given in [6], and this result is a special case
of [6, Corollary 6.11]. We summarize some of the key points.

« Because ¥ is a functor with domain B (SLo(C)™*), we get invariance under Reide-
meister II and IIT moves.

¢ Since we think of L as a framed link, we do not need to check the Reidemeister I
move. We do need to check that left and right twists agree, which is [6, The-
orem 6.8].

* Gauge invariance is nontrivial to check, but is a consequence of the fact that we
chose simple modules V(x, ) [6, Theorem 5.10]. [

Remark 5.17. The dependence on the framing is somewhat unsatisfactory. We expect
that future work [19] will explicitly compute the framing dependence and allow us to
eliminate it.

By Theorem 2, ¥ (L, p, p) (with a slightly different normalization: see Sec-
tion 6.4) is a sort of square root of the nonabelian torsion 7(L, p). As discussed in
Section 1.7, this leads us to interpret it as a nonabelian Conway potential. We can
immediately see that it gives the usual Conway potential in the abelian case.

Corollary 5.18. Let L be any link in S3, and consider the representation p of its

p(x) = (f) t?l),

complement defined by
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where x is any meridian of L. Then ¥ (L, p, t'/?) is the Conway potential of L, i.e.,

Ap(t)

frod 1/2y _
‘ﬁ(L7p7t )_tl/z_t_l/z

where Ap(t) is the Alexander polynomial of L, normalized so that it is symmetric
undert — t7 1.

Proof. By [6, Theorem 4.11], for abelian representations as above the BGPR invariant
at a 2r-th root of unity gives the r-th ADO invariant (originally defined in [1]). The
present case is ¥ = 2, so the ADO invariant is the Conway potential.

Alternately, we can directly compare this simple case of our construction to the
construction of the Conway potential in [28]. ]

6. The graded quantum double

For a number of reasons, particularly the indeterminacy of the braiding, the BGPR
functor ¥ is difficult to work with directly. Instead we use a functor 7 construc-
ted from ¥ by a G-graded version of the quantum double. We will define  as an
“external” tensor product of ¥ and its mirror image 7.

The point of the somewhat elaborate definition of 7 is that we can directly relate
the braiding given by 7 on modules to the braiding 4 on the algebra U, which allows
us to apply Theorem | to compute the invariants coming from 7 and thereby prove
Theorem 2.

6.1. The mirror image ¥ of ¥
We will define (up to scalars) 77 := F X F, so we must first define .

Definition 6.1. Write UP for the quantum group U;(sl,) with the opposite cop-
roduct. As for U, a weight module V is U°P-module on which the center Z acts
diagonalizably. We write € for the category of finite-dimensional U°P-weight mod-
ules.

We say that an object V' of € has character yifforanyz € Zgandv € V,

z-v = x(S(2)v,
where S is the antipode of U.
Example 6.2. The duals
V(x.w)* :=Homc(V(x. p).C), (x- f)(v) = f(S(x)-v)

of the simple U-modules V(y, i) of Section 5.2 are objects of € with character .
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Remark 6.3. The character yS is the inverse of y in the group Spec Z,. We
have chosen to invert the gradings on € so that it is SL,(C)*-graded, not
(SL,(C)*)°P-graded. This will be more convenient for when we take tensor products
in section 6.2, although it makes the mirror image functor (Definition 6.8) slightly
more complicated.

Proposition 6.4. There exists a modified trace t on the projective objects of € which

assigns
" 1
dV(x. )" = —-
H—u
Proof. This is an easy corollary of Theorem 5.13 given the general theory described
in Appendix B. |

Recall that the holonomy braidings (Definition 5.6) for € are maps intertwining
R = tR. This leads to a braiding because

RA = A, equivalently RA = AP
Dually, can think of R! as intertwining A and A = (A°P)°P,
RTIA® = A,

so to get maps commuting with A°P? we look for those that intertwine the automorph-
ism

~

Ri=tR'=1tR 'z

of UP ® UCP. More generally, a holonomy braiding for € should be a family of
linear maps intertwining R.

Lemma 6.5. Consider a colored braid generator
o:(x1: x2) = (X4. X3)

where X1, ..., x4 are Zg-characters, so that
(14 ® X3)R = 11 ® x2.

Then g
'@ xHR=01"® 1Y
where )(i_l = y; o S is the inverse character.

Proof. We can check this via direct computations on the central generators using the
relations of Lemma 2.16. ]
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Proposition 6.6. Let y1, y» be Zgy-characters such that o: (x1, x2) = (x4, x3) is
well defined, and let 1 and ., be fractional eigenvalues for x1 and x», respectively.
Then there is a linear map

VO )* @ Vixz, p2)* = V(xa, 12)* ® V(xs, p1)*
intertwining {/12 in the sense that for any x € UP ® UP,
Ex-v) = R(x) - E(v).
The map ¢ is unique up to an overall scalar.

Proof. The previous lemma shows that the characters transform correctly under the
braiding. The proof then goes exactly as for Proposition 5.7. ]

We will choose the normalization of ¢ to match ¢ in the mirror image, so first we
need to explain how to take mirror images of colored braids.

Definition 6.7. For alink L, the mirror L of L is the image of L under an orientation-
reversing homeomorphism r: S3 — S3. For an SL,(C)-link (L, p), the mirror is
defined to be (L, ), where p := pry is obtained by pulling back from 7wy to mp
along r.

Definition 6.8. The mirror image functor M:B(SL,(C)*) — B(SL,(C)*) is given
by
M tm) = O xi

on objects. It is defined on braid generators o: (x1, x2) = (x4, x3) by
M) =070z ar ) = (G aEh

with the obvious extension to all morphisms.
We emphasize that M is covariant. We can extend M to B(SL,(C)*) by pre-
serving the fractional eigenvalues, so that

M((1s 1) (rzs 2)) = (2" m2). ('t ).

Proposition 6.9. If (L, p, p) is a nonsingular SL,(C)-link with fractional eigenval-
ues y expressed as the closure of endomorphism 8 of B(SL2(C)*), then its mirror
image (L, p, p) is the closure of M(B).
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Lemma 6.10. Let
o:(x1, x2) = (x4, x3)

be a colored braid generator, write t(x ® y) = y ® x for the flip map, and choose a
Sfamily of U-module isomorphisms

Few Voo w* = Vi w.
Then, abbreviating f; = fy, u;»
(i ® f5 DHTF(MO)T(fi ® fo) (8)

gives a family of holonomy braidings in the sense of Proposition 6.6 which satisfy the
colored braid relations up to a power of i.

Proof. Because M(0) is a negative braiding,
F(M@): V(" 1) ® V' ) = Vixs' 113) ® Vg 1a)
is a map intertwining R~! = (tR)~! = K~17. It follows that
TF (M) VT 1) @ V(xg ' p2) > V(xg ' wa) @ V(xs ' us)

is a map intertwining TRt = TR = R. After composing with the isomorph-
isms f;, we see that (8) is satisfies the relations of Proposition 6.6.

Because the braidings ¥ (o) satisfy the colored braid relations up to a power of i,
the braidings (8) must as well. ]

Theorem 6.11. There is a functor ¥ @(SLZ((C)*) — €/(i) defined on objects by
n
F (G p11)s s G 1)) = @ Vs 1)
j=1

and on braid generators o: (x1, x2) = (X4, x3) by
Fo)=(fi'® f3 HTF (M©0)T(/i ® f2)

as in Lemma 6.10.
If (L, p, i) is a nonsingular SL, (C)-link with fractional eigenvalues . expressed
as the closure of an admissible endomorphism 8 of B(SL2(C)*), then

F(L,p, 1) =t(F(B))

is an invariant of the framed extended SL,(C)-link (L, p, i) defined up to a fourth
root of unity and unchanged by gauge transformations. Furthermore,

F(L.p.p)=F(L.p.p).
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Our definition of ¥ depends on the family of isomorphisms f;,., but by the last
part of the theorem this choice does not affect the value of ¥ on links. In addition, the
proof of Proposition 5.10 requires choosing bases of the V(y, i), hence isomorph-

isms fy ;.

Proof. Using Lemma 6.10 all but the last statement can be proved just as in Propos-
ition 5.10 and Theorem 5.16. It remains only to check the final claim about mirror
images.
Consider the extended flip map
. Ne - @Vy—>1V,®---®V,
e @ueune-’u

which has B
FB)=(h® @ fu)TF (MPNT(fi' @ fi7 ).

By Proposition 6.4 the renormalized dimensions of V(y, u) and V(y, u)* agree, so

F(L,p,p) =t(F(B))
=t((1® @ f)TFMBNT(f7'® f,7)
= t(F (M(B))
=F(L,p,pn). [

6.2. Internal and external tensor products

The category € of finite-dimensional weight modules is a monoidal category: given
two objects V' and W, we can take their tensor product V' ® W, which becomes a
U-module via the coproduct of U. Because it stays inside €, we call this an internal
tensor product and denote it by ®.

To construct 7, we want to consider an exfernal tensor product that takes two
categories or functors and produces another, larger category or functor. To distinguish
this from the internal tensor product, we denote it by X.

Definition 6.12. Let H; and H, be Hopf algebras over C, and write H;-Mod for
the category of (finite-dimensional) H-modules. The tensor product of H,-Mod and
H>-Mod is the category

H{-Mod X H,-Mod := (H; ®c H;)-Mod

of finite-dimensional H; ®c H,-modules. If V; and V, are modules for H; and H»
respectively, then we write

V1®V212 V1 Kc V2

for the corresponding (H; ®c Hz)-module, an object of H;-Mod X H,-Mod.
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Now, suppose f1: V7 — W is a morphism of H;-Mod, and similarly for the map
f2: Vo — W,. Then we define their external tensor product

f1®f21V1®V2—>W1®W2
by
(1 f2)(v1 Wwz) = fi(v) K f2(v2)

for all vy € Vi, vy € V5.

This is a special case of the Deligne tensor product [10, Section 1.11] of cat-
egories, which is one reason we use the notation . Since we only are interested in
subcategories of U-Mod, we do not need the construction in full generality.

Remark 6.13. Notice that ® and X commute'’ in the sense that
V1@ W) K (V2 ® Wa) = (V1 K V2) @ (W) B ).

Here the tensor products ® on the left are the internal tensor products of H;-Mod and
H>-Mod, respectively, while on the right the symbol ® represents the internal tensor
product of (H; ®c H»)-Mod.

Depending on the context, both sides of the above equation can be useful. For
example, it is much easier to describe an external tensor product of two maps using
the left-hand side.

Definition 6.14. Let H; and H, be Hopf algebras as above. Suppose we have func-
tors
Fi:B(SL,(C)*) — H;-Mod, i =1,2,

from a colored braid groupoid to the category modules of a Hopf algebra.'® The
external tensor product of 7 and %3 is the functor

71 ® F2:B(SL,(C)*) — (H, ®c H,)-Mod
defined by
(‘)Tl ®?2)(X1’7Xn) = (?I(le-'-,)(n)) |Z (?Z(Xh’)(n))

on objects and by
(F1 R F2)(B) = F1(B) K F2(B)

on morphisms.'’

SFormally speaking, this equality should be a natural isomorphism.

16 % is an example of such a functor, at least after composing with some forgetful functors.

17Since B(SL2(C)*) is a groupoid, it is natural to use the grouplike coproduct 8 — 8 X B
as we have here.
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Remark 6.15. Assume that the %; are monoidal in the sense that for y € SL,(C)
there are objects F; (y) of H;-Mod with

Fihrs oo xn) = Fi(x) @ -+ ® Fi(yn)-

For example, ¥ and ¥ are of this type. As noted in Remark 6.13, we can think of the
image of (x1, ..., y») under their tensor product in two equivalent ways:

Q7 () R F(1) = PRI (- ) = (Q F1010)) B (R) 721
j=1 Jj=1 Jj=1

The left-hand side of the equation is more useful when trying to understand tensor
products in H;-Mod X H,-Mod, while the right-hand side is more useful when defin-
ing the image of morphisms under 7 X %5.

6.3. The double 7

We will define 7 :=F X F, up to some scalar factors discussed in Section 6.4. In
connection with the definition of modified traces, we emphasize the subcategory O
of € X € containing the image of 7.

Definition 6.16. Let W be an object of € X €: in more detail, this means W is a
finite-dimensional (U ®c U°P)-module on which Z ®c Z acts diagonalizably. We
say W is locally homogeneous if for every z € Z and w € W,

) - w=(1&S(2))- w.

We define D to be the subcategory of € K € of locally homogeneous modules. An
object W of D has degree y € SLp(C)* if

@D w=010850) w= 2w
forevery z € Zpand w € W.

Example 6.17. Let y be a Zy-character and p a fractional eigenvalue for y. Then

Wi, ) := V() 8V, w*

is a simple projective object of D of degree y.

Definition 6.18. Let y; be characters with fractional eigenvalues u; related via the
braidings as
o: (X1, X2) = (X4. X3).
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where we abbreviate y; = (y;, ;). A holonomy braiding for the modules W(y;) is a
linear map
C:W(k1) ® W(i2) — W()a) ® W(3)

intertwining R K {/12 in the sense that
Clx-w) = (RBR)(x)- C(w)

for every w € W(j1) ® W(j{2) and x € (U ® UP) ® (U ® UP). By RE R we
mean the automorphism of (U ® UP) ® (U ® UP) that acts by R on tensor factors
1 and 3 and by R on tensor factors 2 and 4. (See Remark 6.15.)

Proposition 6.19. Such a holonomy braiding exists and is unique up to an overall
scalar.

Proof. The argument goes exactly as in Propositions 5.7 and 6.6, but now for simple
(U ® U°P)-modules. [

Example 6.20. Let ¢ be the holonomy braiding for the modules V(j) from The-
orem 5.16, and let ¢ be the holonomy braiding for the modules V(j})* from The-
orem 6.1 1. Then setting

C=clc

gives a holonomy braiding for the modules W(}), defined up to a fourth root of unity.
This holonomy braiding corresponds to the external tensor product of functors

F R F:B(SL(C)") > D CERE.

The external tensor product ¥ X F is almost our desired functor 7, but it has the
wrong normalization. We want to define 7 in a slightly different way.

Lemma 6.21. By Proposition 6.19, there exists a projective functor
T:B(SL2(C)*) — D
defined on objects by
T(Rrveeeam) = WG @ - ® W(in).

where J; = (xi, i) is a Zg-character along with a choice of fractional eigenvalue.
There is a family

n
V(R An) €T (F1v- o i) = Q) W(E))
=1
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of vectors which are braiding-invariant in the sense that for every admissible braid
B: (koo dn) = Ry 20,

T(B)wo(f1s-- -+ An)) = avo(F1. -\ Xn)
for some nonzero scalar o.

The proof of this lemma is a technical computation involving (U ®c UP)-
modules, so we delay it to Appendix C. We expect an explicit computation of the
braidings [19] will clarify the proof of this lemma and extend it to all roots of unity.

Corollary 6.22. The projective functor T lifts to a functor
7:B(SL,(C)*) > D
with no scalar ambiguity.

Proof. We can normalize 7 by the condition that

TB)wo(R1.-- - In)) = vo(Fye- .. Tn)-

Because the holonomy braiding is unique up to an overall scalar this uniquely char-
acterizes 7. u

Once we know that there are appropriate renormalized traces for € we can define
the holonomy invariant corresponding to 7.

Theorem 6.23. Let Proj(D) be the subcategory of projective U @ U °P-modules in
D. Proj(D) admits a nontrivial modified trace with renormalized dimensions

1
AV BV (=) =~

which is compatible with the traces on € and €. That is, let X be a projective object of
€ and X a projective object of €. Then for any endomorphisms f: X — X, g: X ® X,

t(f Wg) =t()tg)
with f R g the obvious endomorphism of X X X .

Proof. This theorem is easy to prove using the techniques of [12]. For completeness
we include the proof in Appendix B. ]
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Theorem 6.24. Let (L, p, i) be a nonsingular framed S, (C)-link with fractional
eigenvalues . If necessary, gauge transform so that L is the closure of an admissible
braid B in B(SLy(C)*). Then the renormalized trace

T(L.p,p) :=t(T(B))

of B defines an invariant of (L, p, u) with no scalar ambiguity and unchanged by
gauge transformations.

Proof. The proof goes exactly as before, with one exception. Showing directly that
T is gauge-invariant requires a slight extension of the methods of [6] that were used
for . We do not include the details and instead prove that 7 is gauge-invariant by
showing that it agrees with the torsion, which is known to be gauge-invariant. ]

We can now state our second main result:

Theorem 2. Let (L, p, ) be a nonsingular SL, (C)-link with a choice ju of fractional
eigenvalues. If t(L, p) is the SL,(C)-twisted Reidemeister torsion of S \ L, then

T(L,p.p) =71(L,p).

Since the sign of T is not defined, this equation holds up to sign.

The proof is given in Section 7. As a corollary, we see that (up to sign) 7 (L, p, o)
does not depend on the framing of L or the choice of u.

6.4. The relationship between ¥ X Fand T

To understand the factor K appearing in (1) and Proposition 6.25, it helps to recall a
similar situation for groups. Suppose 7 is a projective group representation, that is a
homomorphism7: G — GL(V')/C*, where C* is the multiplicative group of nonzero
complex numbers. A lift of 7 is a map t: G — GL(V/) such that the diagram

GL(V)
P
G T> GL(V)/C*
commutes. If 1 and ¢, are two lifts, it follows that there is a map k: G — C* with
t1=k-tr.

We can think of k as the change in normalization between #; and £,.



C. McPhail-Snyder 110

The situation is similar for # X ¥ and 7", which are lifts of the projective functor
T of Proposition 6.19. Instead of group representations into GL(V'), we have functors
from groupoids into Vect(C), and the commutative diagrams are

Vect(C) Vect(C)/ (i)
y l,, and ’WV l,r
B(SL,(C)*) —— Vect(C)/C B(SL,(C)*) — Vect(C)/C

There is also a slight complication in that ¥ X F is only a lift up to powers of i, so
its image lies in C* modulo the subgroup (i) of powers of i.

Thinking of the group C> /(i) as a groupoid with a single object, we see as before
that there is a functor K: B(SL(C)*) — C* /(i) with

T=K-FRF.

We think of K as an anomaly, as it comes from an invertible theory.'®
The functor K gives a holonomy invariant of links (defined up to fourth roots of
unity) by evaluating on colored braids, as usual.'” We conclude that:

Proposition 6.25. There is a holonomy invariant X (L, p, ) such that
T(L,p,p)=K(L.p.u)F(L,p,p)F(L.p.p)

up to fourth roots of unity.

The proposition completely characterizes K, but gives no information about how
to compute it, other than separately computing ¥ X % and 7 and taking their ratio.
On the other hand, it is fairly difficult to compute ¥ X F because there is no explicit
formula for the braiding or its determinant. An explicit formula for X is therefore not

particularly useful either. We hope to clarify this situation in future work.

Remark 6.26. In [19], the author and Reshetikhin explicitly compute the matrix
coefficients of the braiding for ¥, ¥, and 7. We expect that this computation will
yield a different normalization ¥’ of  which will satisfy ¥’ K ¥/ = T, or at least

K'-F'RF" =T for some K’ with an explicit description.

18That is, it is an invertible element in the monoid of functors @(SLZ (C)*) — Vect(C) with
product X.

9Here we construct a trace by interpreting endomorphisms of C> /{i} as scalars in the obvi-
ous way, equivalently by assigning the trivial Ug-module C (modified) quantum dimension 1.
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Remark 6.27. For any biquandle X there is a groupoid B(X) of braids colored by
X generalizing B(SL,(C)*). We expect that functors £:B(X) — A for an abelian
group A (such as K) can be identified with bigquandle 2-cocycles [15] on X with
values in 4.

Such a functor £ is determined by its values on colored braid generators, and a
biquandle 2-cochain is essentially an A-valued function on colored braid generators.
We can identify the colored Reidemeister III relation for functors with the 2-cocycle
condition for cochains.

7. Nonabelian torsion is a quantum invariant

In this section we apply the duality of Theorem 1 to prove Theorem 2.

7.1. Graded multiplicity spaces for D
To prove Theorem 2, we want to understand the decomposition of
TXteeoosdn) = W(H1) @ -+ ® W({n)

into simple summands. To guarantee that such a decomposition exists, we need the
product character y; - -- x5 to lie in the semisimple part of D.

Definition 7.1. Leta = (}1,..., ¥») be a tuple of nonsingular extended characters,
that is an object of B(SL3(C)*). We say a has nonsingular total holonomy if x1--- yn
is nonsingular, that is if ¥ (1 - - - x») does not have 1 as an eigenvalue.

Notice that by Proposition 3.9 this condition is also necessary to compute the
torsion using the reduced Burau representation 8. By the same proposition we can
always modify a colored braid via stabilization moves so that is has nonsingular total
holonomy.

From now on, leta = (}1,..., ) be a tuple of nonsingular extended characters
with nonsingular total holonomy. Write y = y1,. .., x» for the product character, and
choose a fractional eigenvalue u for y.

By Proposition 5.5, we have

n
~ n—2 n—2
RV =V w®" @ V(x.—®" " = Xo®c V(x. 1) ® X1 &c V(x.—1)
i=1
where Xo and X; are multiplicity spaces. Similarly, we have
n
RV = Xo&c V(x.w* & X1 &c V(x,—p)*
i=1

for multiplicity spaces X and X .
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Definition 7.2. Fore; € 7Z./2, set
Wereo (X, ) == V(. (=D ) BV (x, (=1)2p)*.
In terms of our previous notation, Woo(x, 1) = W(yx, i).

It is not hard to see (using Theorem 5.2) that every simple object of £ with char-
acter y is one of the modules Wg ¢, (x, ).

Proposition 7.3. (1) The module T (1, ..., xn) decomposes as
n
T(R1s- o n) = QW) = @D (Xe, ® Xey) ® Weyep (3 )
i=1 £1,62€Z/2

(2) The renormalized dimension of W, ¢, (X, |t) is

(_1)81+62
d(Weye, (1, ) = (=T
(3) Let f € Endg (T (X1.-..., fn)) be an endomorphism. Then there are linear

maps e e, € Ende (Xg; ® )?82) with

f= @galsz ® idw,, o, (x.u0)»
£1,62€Z/2

and the renormalized trace of f is given by

(_1)61+62

t(f) = Z mtrgé‘]EQ'

£1,620€Z/2

Proof. (1) As discussed before the proof, this follows from Proposition 5.5.
(2) The dimensions of the modules W, ¢, (x, ) are computed in Theorem 6.23.
(3) Because the W4, (), v) are simple we can apply Schur’s Lemma.
The second claim about the trace follows from (2). ]

Part (3) says that the trace of an endomorphism of 7 (¥1,. .., J») can be computed
as a Z /2-graded trace on the multiplicity space.

Definition 7.4. A super vector space is a 7 /2-graded vector space Y = Yy & Y;.
We call Y and Y; the even and odd parts, respectively. A morphism f = fy @ fi of
super vector spaces preserves the grading, and we define the supertrace by

str f :=tr fo —tr f1.

Example 7.5. If W is an ordinary vector space, then the exterior algebra A W
becomes a super vector space by setting the image of W in /A W to be odd. A Clifford
algebra on W becomes a super vector space in the same way.
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Definition 7.6. The multiplicity superspace of T ()1, ..., yn) is the super vector
space
Y=Y(1,...\ Jn)

with even part

Yo := Xo ® Xo ® X1 ® X,
and odd part

Yi = Xo ® X1 & X1 ® Xo.

We see that the problem of computing the modified trace t (7 (f)) of a braid can
be reduced to understanding the action of 7 (8) on the multiplicity superspace Y.
To solve this problem, we identify ¥ with the exterior algebra A Hy(Dy, p)'f of the
twisted homology, then apply Theorem | to compute the braid action on Y in terms
of the Burau representation 3.

We describe a slightly wrong way to do this, then explain how to fix it.

Incorrect proof. As in the previous section, leta = (}1,. .., f») be a tuple of nonsin-
gular extended characters with nonsingular total holonomy.

Recall the vectors v(a) € T (a) that are invariant under the braiding. We can show
that Q - v(a) = (u — u~Y)v(a), so v(a) lies in the even part of Y. In Theorem 1 we
described a subspace £, C US™ that supercommutes with A(U). If xy,...,x; € 9Oy,
then the vector

X1+ Xk - v(a)

will lie in ¥(_;yx, because the x; anticommute with the element A(§2) whose action
gives the grading. We can show that the action of ,, is faithful, so that the vectors

/3]‘,’1 13]": -v(a)

give a basis of a subspace of the multiplicity superspace Y. By dimension counting
they give a basis of all of Y. Finally, by Theorem 1 we can identify the ,BJ" with a basis
of Hy (D, p)'f, so we can similarly identify ¥ with the Clifford algebra €, generated
by 9. [

7.2. Schur-Weyl duality for 7

The problem with the previous discussion is that v(a) lies not in a U-module, but in
a U ® UP-module. To fix this, we need to introduce mirrored versions $,, of the
operators £,,.
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Definition 7.7. For j = 1,...,n, set

1 =EiQ7 KiK.
37 = ﬁijlKjH - Ky,

and

QV ._ VY
B; = —ajy.

114

We write $, for the (Zo[S272])-span of the p; and G, for the algebra generated

by $,.

Lemma 7.8. G, is the Clifford algebra on $,, and it supercommutes with the image

of U under the opposite coproduct:
{APK,Bl}=0, [A®E,B}]=0,
[APF, B2 =0, {A®Q,B}=0.
Proof. This follows from the relations
(@) a;) =28 E; Q72 K7y -+ K7,
(@7 ap} =28 K} FPQ7 2K - K7,
(@ ap) =2i8;(1- K;7)Q7 K7y - Ky,
and then from the same argument as in the proof of Theorem 1.

Lemma 7.9. The braiding automorphism R for UCP acts by

-1 -1
(0‘1) =0y,

R(@) = K320y + (1 - K32)@; + K32 E3 (a7 — @),

K R DK

R@) = (K? — Dal + K?a% + K2F2a! —ab),
R(@3) = a3,

so the matrix of R; j+1 acting on Hy is

10 K?  —K2F? T
0 1 0 1
—K? K2F2
Iyi—2) ® ! ' @ Dn—1)-2G+1)-
l -KHE, KD " l
1 0 1 0
L KA EY, K2 0 1

€))
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Recall the functor 4 (Definition 2.19) constructed from the automorphism R.The

mirror version # is constructed in the same way from {/_Q, and we have shown that it
also satisfies a Schur—Weyl duality:

Lemma 7.10. Let 5: p — p’ be an admissible braid in SL,(C), and let p and p' cor-
respond to characters y; and x;, respectively. Define linear maps ¢p: Hy(Dp; p) —
S by

@p(v})) = /3]‘)

Then the following diagram commutes:

B(B)
Hy(Dy; p)'t > Hi(Dy; p)"

| iz

— A —
Su/Kerr7' ® - ® 17" 8% &,/ Ker() ™ ® -+ ® (1))

Proof. This is proved exactly the same way as Theorem 1 but using the computations
above. A key observation is that the matrix (9) is sent to the matrix (6) under the map
D) ® - ® ()T = (X108 ® - ® (), 09). =

Now, that we have proved Schur—Weyl duality twice (the first time was The-
orem |) we are prepared to prove it one final time.

Definition 7.11. Set
yi = K1+ AKNa,
0] =B RI+AKR B =y} — v/

Write J{, for the (Zo[27>] ® Zo[27>])®"-span of the 6 and €, for the algebra
generated by J(,,. As before, C, is a Clifford algebra.

Remark 7.12. Here by X X Y we mean an element of U @ UP, the algebra under-
lying D, and we write expressions like

XXYQZXW

for operators in (U ® UP)®2 to emphasize the different tensor factors. The multiple
tensor products here can be hard to parse, so we give an example. If

a=X1® Xz, a=Y1®1Y,
bya X1+ AK X & we mean

NED® XK+ (KXY ® (KXY)).
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Theorem 7.13. Let B: p — p' be an admissible braid in SL,(C), and let p and p'
correspond to characters y; and x;, respectively. Define linear maps

®,:Hy (Dy; ) — Hy

by
Dp(vy) = 6.

Then the diagram

B(B)
Hi(Dy; P)lf — Hi(Dy: P)lf

lcpp lcpp,

AR A
Halp —(ﬂ)> Ha/p'

commutes, where
Ha/p = Ho/Ker(( B 1) @+ ® (fa R 1,1))
and similarly for p'.

Proof. It suffices to check braid generators. By the definition of the holonomy braid-
ing, we have

T () (6} - v0(a)) = (Rii1 B Rii11)(6}) - T (0:)(vo(a))
= (Rii+1 B Rii11)(6}) - vo(d)
where we have used the invariance of the family vo(—) in the second equality. Since
(Riji+1 X Rii+1)(O}) = ﬁi,iﬂ(ﬁ/‘é) X jii*,i+1(1) + Riit1(AK) K Rii+1(BY)
= ﬁi,i-ﬁ-l(ﬂ;) X1+ AKX ﬁi,i-ﬁ-l(ﬁ;)

the result follows from Theorem 1 and Lemma 7.10. [

7.3. Schur-Weyl duality for O

We still are not quite ready to use Theorem 1 to compute the multiplicity superspaces.

The problem is that C, does not quite commute with the superalgebra U ® UP,
regardless of whether we take the ordinary or super tensor product. Fortunately, this
is not necessary, because we do not need to compute the detailed multiplicity spaces
Xe ® X, ¢,» only the spaces Yy and Y;. To accomplish this it suffices to consider a
weaker sort of supercommutativity.
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Let W bea U ® UCP-module. It becomes a U-module via the action (w € W)
K-w=(KKK)- w,
E-w=(EXRK+1IXE) w,
F-w=(FRI1+K'RF)- w,
that is by embedding U into U ® UP via the coproduct.

Proposition 7.14. As a U-module, We, ¢, (X, ) = Pg,+¢,, where Py and Py are the
modules of Definitions A.2 and A 4.

Proof. Apply Proposition A.5. ]

In particular, to compute the spaces Ye()1, ..., ») it suffices to understand them
as U-modules instead of U @ U°P-modules.

Lemma7.15. Leta = (}1,.. ., In) be a tuple of nonsingular extended Zy-characters
with nonsingular total holonomy. Write w, for the structure map

gt (UK U — Ende (T (a)).

Then
(1) 74(Cp) is an exterior algebra on 2(n — 1) generators,
(2) Gy, acts faithfully on T (a), and
(3) thinking of T (a) as a U-module, 7t,(Cy) super-commutes with U.

Proof. (1) We show that the anticommutators
() i)

vanish, so that the image is an exterior algebra on the 2n independent generators
ma(yy).k =1,....n,v =1,2.Since C, is generated by the 6, = y;’ — /., ; we get
the desired result.

Observe that, because {oz,‘;, AK} =0,

v =1} R 1+ AK? R{&), ap}.

By using the anticommutator computations of Lemmas 4.5 and 7.8 we can show dir-
ectly that these vanish. For example, the above expression vanishes unless j = k. We
give the case 4 = v = 1 in detail; the remaining others follow similarly.

Observe that

{af o} } K1+ AK*R{a;.a;}

=2K{ - K EjQ7PR 142K, - Ky REJQ7K?

2
j+1”'Kn'
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A S (K2 — . D AF2Y — . 5.(0O2) — 2
Write y; (K<) = kj, X; (E) = ¢;, 1; (%) = ], so that
(KPR =k, 1, (1R K} =«;",
m(E} R 1) =¢;, m(1RE])=—¢j;
Tl’a(Q]z X1)=0w? m,(1X sz) = w?,

using the fact that the representations in the second half of the X product (correspond-
ing to ¥') use the inverse characters. Hence,

Ta(QKT - K EFQP R+ 2K, - Ky RE;Q72 K - K)
2 1y, - -
= —2(/(1 cKj—18j K1 Kn(—EjK; 1)/(J-Ji1 Sk, 1) =0

wj

as claimed.
(2) It is enough to show that the operators 7, (y;)) all act independently. Since up
to a scalar y,., yZ only act on the k-th ®-factor of the product

T(@)=Q V(i) RV(E)*

j=1

it is enough to check that y,i and y,f act independently. It is not hard to compute
explicitly that the vectors

Ta(yg) - vo(1s- - Xn) and ma(vg) - vo(R1, - -, fn)

are independent, where vy is the invariant vector of Lemma 6.21, and (2) follows.
(3) We can check directly that

[AE R APK + 1 K APE, 6]
=[AERAPK + 1K APE, B’ K1+ AK K f}]
= [AE. {11 + AK R[APE, f}]
= 0.

The other generators K, F follow similarly. ]

Corollary 7.16. The 7 /2-graded multiplicity space Y (a) of T (a) is isomorphic as a
vector space to Cy,.

Proof. This is simply an application of (a super version) of the double centralizer
theorem. By (3) of Lemma 7.15, 7, induces an inclusion C, — Y(a), and by (2)
this inclusion is injective. But both spaces have dimension 22”~2 over C, so it is an
isomorphism. ]
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We can describe a basis for Y (a) explicitly. Let vo(a) be the invariant vector of
Lemma 6.21. By Lemma 7.15 and its corollary, a basis for the multiplicity space Y (a)
consists of the vectors

1 1 p2 2
(gkll mgk}l ek% ...gkszz) -vo(a)
where I < k] <--- <k;, ands, =0,...,n—1forv=1,2.
By Corollary 7.16 and Theorem 7.13, we get

Corollary 7.17 (Schur—Weyl duality for modules). Leta = (x1,..., xn) be a tuple of
nonsingular extended characters with nonsingular total holonomy, and let 8:a — a’
be an admissible braid, where a’ = (', ..., x,). Write p, p’ for the corresponding
representations of w1(Dy,).

The linear maps ©, of Theorem 7.13 extend to super vector space isomorphisms

/\ 0PN /\ H,(D,: p)f — €,/ Kerp — Y(a)

where we consider the exterior algebra as a super vector space in the usual way,”
and this identification is compatible with the braiding in the sense that the diagram

/\ Hl (Dn; P)lf A B(B)) /\ Hl (Dn; ,0/)lf

l/\ ®p l/\ @,

Y(@) —P— Y(@)

commutes.

7.4. Conclusion of the proof
We can now prove Theorem 2. First, recall a fact about exterior powers:

Proposition 7.18. Let W be a vector space of dimension N and A:W — W a linear
map. Write )\ A for the induced map \ W — /\ W on the exterior algebra of W.
Then,

str(/\ 4) = (=D det(1 — 4).
Proof. Recall that

N
det(A — A) = Z ANTR (N /\k A),
k=0

20As in Example 7.5, v1 A -+- A vg lies in degree k' mod 2.
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s0 in particular
N
det(1—4) = (=DV Y (=¥ tr(/\k A) = (=D str(/\ 4). .
k=0

Proof of Theorem 2. Let (L, p, ) be a nonsingular SL,(C)-link with a choice g of
fractional eigenvalues. By Proposition 3.9 we can represent (L, p) as the closure of an
SL,(C)-braid B with nonsingular total holonomy, and by Proposition 2.12 we can
pull B¢ back to a nonsingular braid 8:a — a in @(SLz (C)*), possibly after a gauge
transformation. By definition,

T(L.p,p) =t(T(B)).

Choose a fractional eigenvalue p for the total holonomy ¥ (a) of a. By Corol-
lary 7.17 the intertwiner 7 (8) factors through the multiplicity superspace Y (a) of
T (a) as /\ B(B), so by Propositions 7.3 and 7.18 we have

e _ SEABB) _ det(l - B(B)
(T = T 0y = ot

The total holonomy v (a) has eigenvalues 2 and 1 ~2, so
det(1—y(@) =1 —p )1 —p ) =—p>—p 2 +2=—(u—p ">

Therefore

- _ det(1 — B(B)) B _det(l — B(B)) _
TN == T =@

by Proposition 3.9. Since 7(L, p) is only defined up to sign, t(L, p) = t(T(B)) =

T (L, p, p) as claimed. [

_T(L’ P)

A. Unit-graded representations
In Section 7 and Appendix B we consider certain modules corresponding to singular
characters. This section gives some of their properties.

Example A.1. As usual for the category of representations of a Hopf algebra, the
tensor unit 1 is the vector space C, with the action of U given by the counit:

e(K)y=1, e(E)=¢(F)=0.

This module is irreducible, with Zo-character ¢ = ¢|z,. The corresponding element
of SL,(C)* is the identity element, which we expect, since for a module V with
character y, the characterof 1 ® V' = V shouldbe ¢ - y = y.
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Because € is not semisimple, 1 is not a projective U-module. It is not hard to
describe its projective cover, however.

Definition A.2. Py is the 4-dimensional U-module described by

1 0000 0 0 0 0
-1 1000 0 0 0 0

K= a0 IEPlooo ol F7 Lo o 0 ol
1 0010 0 —i 0 0

Py has Zy-character the counit ¢, thought of as an algebra homomorphism Zy — C.
Note that Py is indecomposable, but not irreducible, and that €2 does not act diagon-
alizably on Py.

The action of the generators of U on Py is best described diagrammatically. There
is a basis x, y1, y2, z of Py with

K-x=x, K-z=2z, K-:-yi=-y,

and with the action of £ and F given by the diagram
X
o N
»1 Y2
N r
z
where missing arrows mean action by 0, e.g., E - y; = 0.

Proposition A.3. (1) For any nonsingular Zg-character y with fractional eigen-
value |,
V() ® V(x. W™ = Po.

(2) Py is the projective cover (dually, the injective hull) of the tensor unit 1.

(3) The vector spaces Homq ( Py, 1) and Homq (1, Py) are 1-dimensional. The
isomorphism in (1) takes evy to a basis of Homq ( Py, 1) and coevy to a basis
of’! Homy, (1, Py).

2'Here &v and coev are part of the pivotal structure on the category of U-weight modules.
See Proposition 5.12 for details.
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Proof. Recall the basis | 0), | 1) of V(x, u) given in Example 5.4, and let (0 |, (1 |
be the dual basis of V(y, u)*. We consider the case ¢ # 0; the other cases follow by
similar reasoning. Let @ be a square root a? = k of k, and set w = yu — u~!. Then
the generators act on the dual space by

-1 o1
7 (K) = (O[O —o(z)_l)’ 7 (E) = (80[0_1 O([) )

2 (F) = ( 0 ioz(a)—oz—l—oz_l)/s).

—ia(w+a—al) 0
Define a linear map f: Po — V(x, ) @ V(x, u)* by

SOy =10)0 = 1)(1],
FO) =207 (el 0)(1 ] + | 1)(0 ).
f(2) =2i(@—a " + )| 0)(1|+e (@—a™" —w)| 1){0]),
4iw
&) ===2(10)(0 ]+ 1)1 ),
where we write | j){(k | =] j) ® (k |. It is not hard to check that f is an isomorphism
of U-modules, which proves (1).

For (2), first observe that V(x, i) is projective by Theorem 5.2. Because € is
pivotal, V(x, u)* is also projective, so the tensor product V(y, u) ® V(x, u)* = Py
is projective (and injective) as well.

To show that Py is the injective hull of 1, we must show that the submodule N
spanned by z is essential, i.e., that for any other submodule M of Py, N N M =0
implies M = 0. This is clear from the diagram describing Py: if M contains x, y, or
y2, then it must contain z, so it has a nonzero intersection with N.

It remains to prove (3). It is not hard to see that Py is indecomposable, so by (2) it
satisfies the hypotheses of [12, Lemma 5.1]. It follows that the spaces Homq( Py, 1)
and Homqy (1, Py) are 1-dimensional, as 1 is both the head and the tail of Py. By (1),

evy (1) =[0)(0] = [1)(1]= f(x)
and similarly
coevy f(x) = coevy f(y1) = coevy f(y2) = 0and coevy f(z) = _741' £0,

so evy and coevy give bases as claimed. n

Finally, we consider two more modules with character ¢.
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Definition A.4. The parity module T1 is the 1-dimensional U-representation with
action
K——-1, E—0, F~0.

Its projective cover is
P =11 Q® Py.

It is easy to describe Pj: the action of U is the same, except that the sign of K is
switched. The name “parity module” is because of the following proposition:

Proposition A.5. For any admissible Zy-character y with fractional eigenvalue L,
O V(nw =V(.p I = V(y,—p).

Similarly, we have
Vi, ) @ V(x,—mw)* = Pr.

Proof. V(x, ) @ V. —m)* = V(x, W) @ V. w)* @ I = Po ® I = Py. L

B. Construction of modified traces

We apply the methods of Geer, Kujawa, and Patureau-Mirand [12] to construct the
modified traces of Section 5.4. It is simple to derive our results from their general
framework, but we include the details for logical completeness. The approach of [12]
is rather abstract, and few concrete examples have appeared in the literature, so this
appendix may also be helpful as a guide to applying their techniques to quantum
topology.

In this appendix we frequently state results for a pivotal C-linear category C,
by which mean a pivotal category whose hom spaces are vector spaces over C and
whose tensor product is C-bilinear. €, €, and O (or more generally the category of
representations of a pivotal Hopf C-algebra) are all examples of such categories.

More specific results of [12] place extra conditions on € (local finiteness) and on
certain distinguished objects (absolute decomposability, end-nilpotency, etc.) which
are satisfied for finite-dimensional representations of an algebra over an algebraic-
ally closed field, perhaps with some diagonalizability assumptions. All our examples
satisfy these hypotheses.

B.1. Projective objects, ideals, and traces

Definition B.1. Let C be a category. We say an object P of € is projective if for any
epimorphism p: X — Y and any map f: P — Y, there is a lift g: P — X such that
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the diagram commutes:
X

2
g -
e lp
-,

LY

We say [ is injective if I is a projective object in C°P, i.e., if [ satisfies the opposite
of the above diagram. We write Proj(C) for the class of projective objects of C.

Definition B.2. Let C be a pivotal C-category. A right (left) ideal I is a full subcat-
egory of C that is:

(1) closed under right (left) tensor products: if V is an object of I and W is any
objectof C, then V @ W (W ® V') is an object of /;
(2) closed under retracts: if V is an object of I, W is any object of €, and there

are morphisms f, g with

w_tL sy _E.w

~_

idy
commuting, then W is an object of /.

An ideal of C is a full subcategory which is both a left and right ideal.

Proposition B.3. Let C be a pivotal category. The projective and injective objects
coincide and Proj(C) is an ideal.

Proof. See [14, Lemma 17]. n
Definition B.4. Let W be an object of a pivotal C-category C. The right partial trace
is the map

tryy: Home(V @ W, X @ W) — Home(V, X)
defined by

try (g) = (idx ® evw)(g ® idw+)(idy ® coevw)

where eviy:1 — W ® W* and coevyy: W @ W* — 1 are the maps coming from the
pivotal structure of C and 1 is the tensor unit of C. (See Proposition 5.12.)

Now, let I be a right ideal in C. A (right) modified trace (or m-trace) on [ is a
family of C-linear functions

{ty:Home(V, V) — Clyer

for every object V' of I that are
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(1) compatible with partial traces: if V € I and W € C, then for any morphism
f € Home(V @ W,V ® W),

tyew (f) =ty (try (/)):
(2) cyclic: if U,V € I, then for any morphisms f:V — U, g:U — V, we have

ty(gf) =tu(f2).

We can similarly define left partial traces and left modified traces. The pivotal
structure on € means that a right modified trace on an ideal will also give a left
modified trace.

With the usual graphical notation for pivotal categories, we can draw the right
partial traceof amap f: V@ W — X @ W as

V—— ——X

f

w

Here we are breaking convention by writing the diagram left-to-right instead of ver-
tically.”?

B.2. Construction of modified traces

Let C be a pivotal C-category with tensor unit 1. Consider the projective cover”
P — 1, and assume that P is finite-dimensional. Then P is indecomposable and
projective and the space Home (P, 1) is 1-dimensional over C. Because C is pivotal,
P is also injective and Home (1, P) is similarly 1-dimensional.

The choice of P and a basis of each space are the data necessary to define a
modified trace on Proj(C), which we call a trace tuple. Our definition is a special
case ([12, Section 5.3]) of the more general trace tuples of [12], setting « = = 1.
These more general traces can be defined for larger ideals than Proj(C).

Definition B.5. Let C be a pivotal C-category with tensor unit 1, and let P — 1
be a finite-dimensional cover. (P, ¢, ) is a trace tuple if P is indecomposable and
projective, ¢ is a basis of Home (1, P), and 7 is a basis of Home (P, 1).

22When drawing string diagrams in this manner, we interpret the “right” in right trace to
mean “on the right as seen by f.”
2If € is semisimple, then 1 is projective and we recover the usual trace in a pivotal category.
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Example B.6. Let C = €, the category of finite-dimensional U-weight modules, and
let Py be the projective cover of 1 defined in Appendix A. Let V' be any of the irredu-
cible 2-dimensional modules of Section 5.2. Then ( Py, coevy, evy) is a trace tuple.

Because P is indecomposable, projective and finite-dimensional, any endomorph-
ism f € Ende(P) decomposes f = a + n as an automorphism plus a nilpotent part.
Because C is algebraically closed, a is a scalar, and we write ( f) =a € C.

If g € Home(1, P), h € Home( P, 1) are any morphisms, we can similarly define
()i, (h)x € C by

g= (g, h=(h)zm

Lemma B.7. Let (P,t, ) be a trace tuple. Then for any f € Ende(P),

(D) 7f =(f)xm,

2 fr={(/lt

3) ()=o) =(f)x
Proof. We have f = (f)idp +n for some nilpotent n. The first statement follows
from 77n = 0. Since 7 is a basis for Homg (P, 1), we have 7n = Az for some A € C.

But n¥ = 0 for some k, so Ak =0 = ) = 0 because C is an integral domain. The
second statement follows from a similar argument, and the third from the first two. m

Lemma B.8. Let (P,t, ) be a trace tuple for C and V a projective object. Then there
aremapsoy: P @V — V, ty: V. — P ® V such that the diagrams commute:

PRV PRV
y TL@idy % ln@idv
(Qidy idy

Proof. V is projective and 7 @ idy: P @ V — 1Q® V — V is an epimorphism, so a
lift Ty exists. The dual argument works for oy . |

Theorem B.9. Let (P,t, ) be a trace tuple for C and choose maps as in Lemma B.8.
Then there exists a right modified trace on Proj(C) defined for f € Home(V, V) by

ty (f) = (ry (v ) = (ry (ov /)=
This is a special case of [12, Theorem 4.4].
Proof. In the diagrams in this proof, we identify

Ende(P)/J = Home(1, P) = Home(P,1) = C
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via the maps (—), (—),, and (—),. Here J is the ideal of nilpotent elements of the
space Ende(P), so when we draw a diagram representing a morphism P — P we
really mean its image in this quotient.

7y and oy exist by Lemma B.8, but are not unique. We show that the trace does
not depend on the choice of either. In graphical notation, tr}, (ty f) can be written as

< [T

Since oy (1 ® idy) = idy, we can rewrite this morphism as

— P
@U

where ¢ has no left-hand arrows because it is a map 1 — P. By Lemma B.7, the above
diagram is equal to

P —
U@

But since (7 ® idy)ty = idy, this is equal to tr}, ( foy):

P »

It follows that

(try (v ) = (try (ov f)) 2
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as claimed.

To check the compatibility with the partial trace, let f:V ® W — V ® W.Choose
y with (m ® idy)ty = idy, and notice that we can set tygw = Ty ® idw. Then
tyew (f) is

P
f

W

Vv

which is clearly equal to ty (try, (f)).
Finally, we show cyclicity. Suppose f:V — W and g: W — V. Then ty(gf) is

equal to
a1

by the cyclicity of the usual trace. But by inserting (7 ® idy)tw = idw and then
applying Lemma B.7 as before, we can rewrite this as

<[
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By absorbing ¢ into oy, we see that this is equal to

s 1/ — tw(fg).

It can be shown that the modified trace on Proj(C) is essentially unique; choosing
different ¢ or = will simply change t by an overall scalar. The paper [12] proves
this and a number of other useful results about these modified traces, such as non-
degeneracy and compatibility with the left-hand version of the construction.

B.3. Application to U

Recall the projective U-module Py defined in Appendix A with basis x, y1, y2,z. As
before, we can describe the action of £ and F via the diagram

J’Iyxx)h
N, A

Write t:1 — Py for the linear map sending 1 € C to z, and 7r: Py — 1 for the projection
onto the subspace spanned by x. It is not hard to see that these are morphisms of U-
modules.

Proposition B.10. (Py, 2t, ) is a trace tuple defining the modified trace of The-
orem 5.13.

Proof. 1t is clear from Proposition A.3 that it is a trace tuple, so it suffices to check
that it gives the same renormalized dimensions as in Theorem 5.13. Let V = V(y, w)
be an irreducible 2-dimensional module. It is not difficult to find a U-module map 7y
with

Then we can check that 5
try (tp idy) = o
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and since we chose 2¢ in our trace tuple the renormalized dimension of V is w™! as

claimed. ]
We conclude by the constructing the modified traces for D.
Proof of Theorem 6.23. The modified trace on D is constructed using the trace tuple
(PoX Py, 4t X1, 7 X )

obtained as the product of the tuples for € and €. (Recall that P§ = Py.) We show
that this trace is compatible with the traces on the factors, in the sense that if V, V are
objects and f:V — V, g: V — V are morphisms in € and €, respectively, then

t(f Kg) =t(f)t(g)

The computation of the renormalized dimensions for D follows immediately.
Choose lifts Ty, 77 as usual. Then the diagram

(Po R Py) @ (VERV)

TV l(n&n)@(idv Ridj)

VRV — s VRV
idy, @i

commutes, so Ty X 7 is a lift for V X V. But then we can use the compatibility of
the pivotal structures to write
t(f Rg) = (), (v Brp)(f B g)am.
(e} (v /) Rt (17.9))
(it} (v 1)) (W (78))s
t()t(g). I

C. Proof of Lemma 6.21

The idea is to consider the U ®c U °P-modules W(}j;) appearing in the image of T~
as U-modules. Then, writing ® for the product of U-modules,

V(i) @ V(i)™ = Po

where Py is the module of Definition A.2. W(}y;) is not the same as Py, but we can
still exploit this similarity to simplify our computations.
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Py is an indecomposable but reducible module, and can be characterized as the
injective hull of the tensor unit; the inclusion is the coevaluation map

coevy,: 1 — V(i) @ V(§i)* = Po
whose image is (a constant times) the vector
z:=|0)® (0] +]1)® (1],

writing | 0), | 1) for the usual basis of V(;) (see Section 5.2) and (0 |, (1 | for the dual
basis of V(j;)*.

The choice of inclusion map above fixes a canonical U-module isomorphism
Py — V(3) ® V() for every nonsingular 3. Forgetting the U-module structure, we
have a family of vector space isomorphisms

f3:Po = V(DR V(D
and we define the invariant vectors by
vo(ila""in) = (f)A(l ®"'®ff(n)(z®"'®z)-

We now need to prove that they are invariant.
It is enough to prove invariance in the case of a braid generator

o: W) ® W(j2) — W(i4) ® W()3)
where the y; are extended Zg-characters related as usual by the braiding
o: (X1, 12) = (X, X3)-
We need to show that
(c ®e)(vo(X1, £2)) = avo(Ja, 3)

for some nonzero «, where ¢, ¢ are holonomy braidings for V(y1) ® V(%2) and
V(1)*®V (j2)*, respectively, and by ¢ X ¢ we mean the operator acting on the
tensor product

VD BV ® V() BV(12)*

by c in factors 1, 3 and by ¢ in factors 2, 4.

In this computation, for elements X, Y € U we write X K Y to distinguish ele-
ments of U X UP := U @c UP from elements of U ® U. The two tensor products
commute, in the sense that

XRY)R(ZW)=XRZQY XKW
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Now, consider the operators

Yo=KRK® KKK -1,
N=KRK!'®IKI-K’RI®IKXI,
=ERKQIRNK+IKREQIXRK
p3=1RK!'QIRF-IRK '@ FRK !

It is not hard to check that the kernel of these operators acting on W(y1) ® W(j2) is
spanned by vo(¥1, ¥2). Hence, by the definition of holonomy braiding

0= (c Bk -vo(f1. 12)) = (RBR) () - (¢ B (vo(fn. 72))

fork =0,1,2,3. -
It is immediate from the defining relations of the braiding operators R and R that
the images y, = ({ﬁ X R)(yx) are

Vo=KRK®QKKK—1,
V=(01K—-iKFRE)R(1®K'—iF® K 'E)
—(K*+ K*’F*QE*)R(1®1),
Vy=KRKQEXRK+IRI®QIXRE
Vi=IRFQRIRI-FRK '@ K 'RK

We can compute that the kernel of the operators y; acting on W(j74) ® W(j}3)
is spanned by vg(x4, ¥3). Therefore, (¢ X ¢)(vo(¥1, ¥2)) must be proportional to
vo(X4, ¥3) as claimed.
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