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Seifert hypersurfaces of 2-knots and Chern—Simons functional
Masaki Taniguchi

Abstract. For a given smooth 2-knot in S#, we relate the existence of a smooth Seifert hyper-
surface of a certain class to the existence of irreducible SU(2)-representations of its knot group.
For example, we see that any smooth 2-knot having the Poincaré homology 3-sphere as a Seifert
hypersurface has at least four irreducible SU(2)-representations of its knot group. This result is
false in the topological category. The proof uses a quantitative formulation of instanton Floer
homology. Using similar techniques, we also obtain similar results about codimension-1 embed-
dings of homology 3-spheres into closed definite 4-manifolds and a fixed point type theorem
for instanton Floer homology.
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1. Introduction

1.1. Chern-Simons functional for oriented 2-knots

A 2-knot is a smooth embedding from S? into S*. The classification problem of iso-
topy classes of 2-knots has been studied since the introduction of the subject by Artin
in 1925 ([2]). There are several diagrammatic approaches to the study of 2-knots
including motion pictures ([18]), surface knot diagrams ([37]), and chart diagrams
([26]), as well as invariants of 2-knots, including (twisted) Alexander polynomials
([1]D and quandle cocycle invariants ([26]). We focus, instead, on Seifert hypersur-
faces of 2-knots.

Definition 1.1. Let K be an oriented 2-knot in S*#. We call a closed oriented con-
nected 3-manifold Y a (smooth) Seifert hypersurface of K if there exists a smooth
embedding f:Y \ B®> — S* such that Sflar\p3) = K as oriented manifolds, where
B3 is a small open 3-ball.

We consider the following problem: what are the Seifert hypersurfaces for a given
2-knot? For a given 1-dimensional knot k in S3, topological types of Seifert surfaces
are determined by the Seifert genus g(k) of k. In [36], Ozsvith and Szabé proved
that the Seifert genus of a 1-knot can be computed from its knot Floer homology.
However, in the case of 2-knots, the detection of topological types of Seifert hyper-
surfaces remains an open problem even for the unknot. One difficulty comes from
the difference between smooth and topological Seifert hypersurfaces. For example,
the Poincaré homology 3-sphere is a Seifert hypersurface of the unknot in the topo-
logical category but not in the smooth category. Our main result relates the existence
of smooth Seifert hypersurfaces of a certain class to the existence of irreducible
SU(2)-representations of its knot group. The main result is proved by using a quant-
itative formulation of instanton Floer homology. In order to state our main result, we
introduce maps'

csk,j: R(K, j) := Hom(G,;(K),SU(2))/ SU(2) — (0, 1],
where the group G; (K) is the kernel of the composite homomorphism
Vi G(K) 1= m(S*\K) 22 Hy(s*\Kk:z) =2 ™ 7/j7 1)

and the action of SU(2) on Hom(G;(K), SU(2)) is given by the conjugation. The
map csk,; is an analog of the Chern—Simons functional; see Definition 5.1. The set

!The invariants {csx ;} can be defined for every oriented null-homologous 2-knot K
embedded into a fixed closed oriented 4-manifold X . See Remark 5.6.
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Imcsg,; C (0, 1] is finite and is an invariant of the pair (X, j). First, we provide
several fundamental properties of {csk, ;: R(K, j) — (0, 1]}jez., containing a rela-
tionship to the Chern—Simons functionals of Seifert hypersurfaces:

Proposition 1.2. The functionals {csk,j: R(K, j) — (0, 1]};ez-, satisfy the follow-
ing conditions.

(1) Let Y be a Seifert hypersurface of a given oriented 2-knot K. Then,
Imesg,; C Imesy
holds for any j € Z~¢, where Im csy is given by
Imesy := {csy (p): p is a flat SU(2)-connectionon Y } N (0, 1]

and csy is the SU(2)-Chern—Simons functional for Y. Moreover, if Y is a
Seifert 3-manifold, then

Imesg,; € QN (0,1].
(2) Forany j € Zy,
Imesk,,; Ulmesk,,; CImesg,sk,,; -
(3) For all positive integers m and |,
Imesg,; CImesg my -
(4) The relation between Im csk,; and Imcs_g,; is given by
Imesg,j ={1—r:r €eImes_g,; N0, 1)} U {1}.

If K is reversible (i.e., K is isotopic to —K), then 1 —r € Imcsk,j for any
r € Imesg,; N(O, 1).

(5) IfImesk,; N(0, 1) is non-empty for j € Z s, there exist 2#(Imcsk ; N(0, 1))
SU(2)-irreducible representations of Gj(K).

We first calculate Im csk,j for ribbon 2-knots. Here, a ribbon 2-knot means a
2-knot obtained as the boundary of the union of disjoint embedded 3-disks in R* with
some number of disjoint 3-dimensional 1-handles attached. (For more details, see [46]
and [26, Section 5.6].) Property (1) in Proposition 1.2 implies the following.

Corollary 1.3. If K is a ribbon 2-knot, then Imcsg, ; = Imcesy,j = {1} forany j €
Z o, where U is the 2-unknot.

Next, we give calculations of {csk,j};jez-, for a certain class of twisted spun
knots.
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Proposition 1.4. Let T(p, q) be the (p, q)-torus knot, M(p, q, r) the Montesinos
knot of type (p, q, r) for a pairwise relative prime tuple (p, q, ) of positive integers,
and k(p/q) any 2-bridge knot such that ©*(k(p/q)) = L(p.q), where $?(k) is the
double branched cover of k C S>.

(1) Foranym € Z~o and j € Z~y,

Im esg(7(p.q),m),; = IMcss(p,q,m)

where K(k,m) is the m-twisted spun knot of the knot k. For the definition of
m-twisted spun knot, see [26, Section 6.1].

(2) Forany j € Zy,

ImesgM(p.g,r),2),; = IMESs(pq,r) -

(3) If p is odd and satisfies the condition

s2—1

{s€{2,...,p—2}:

then, for any j € Zy,

n2r ) )4
Imesg(p/a),2).; = {—7 mod [:0 < n = [5“

where r is any integer satisfying qr = —1 mod p and [—] is the ceiling func-
tion.

In [16], Fintushel and Stern gave an algorithm to compute Im csx(p,4,-) When

X (p.q,r) is a homology 3-sphere. We give explicit calculations of Im csk_; for sev-
eral 2-knots in Yoshikawa’s table in [48] and twisted spun 2-knots of 3;.

Example 1.5. We calculate Im csg, ; for 81, 10; and 105, in Yoshikawa’s table ([48])
and k-twisted spun 2-knots of 3.

The 2-knots 8; and 10, are spun 2-knots K(31,0) and K(4;,0). It is known that
spun knots K (k, 0) are ribbon.” Therefore, Imcsg, ; = Imcsio,,; = {1} for any
J € Zo.

The 2-knot 105 is the 2-twisted spun knot K(31,2) of 3. The 2-knot K(31,2) has
X(2,2,3) = L(3,1) as a Seifert hypersurface so we have Imcsy9,,; = {%, 1} for
any j € Zso ([30]).

2t is known that K (k, 0) admits a surface diagram without triple intersections. For further

details, see [41]. Such a 2-knot is known to be ribbon ([26, Section 4.5]).
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* Since 3; =T(2,3), —K(31,6k — 1) has —X(2, 3, 6k — 1) as a Seifert hypersur-
face for each k € Z~q. Thus,

Imcs_g(3,,6k—1)
_ {12(3k2 —k+31%)+1
N 24(6k — 1)

For example, Imcs_g (3, ,5) = {1/120,49/120, 1}.

mod 1:/ e{k,...,5k-1}mzz}u{1}.

In order to state the main theorem, we also need two kinds of Floer theoretic
invariants.

(1) In [11], Daemi introduced a sequence of invariants I'y (k) € [0, co] of an
oriented homology 3-sphere Y parametrized by k € Z. In [35], Nozaki,
Sato, and the author introduced similar invariants rs(Y) € (0, co] of ori-
ented homology 3-spheres parametrized by s € [—o0, 0]. These invariants
are defined by using a quantitative formulation of instanton Floer homology.

(i)  For an oriented homology 3-sphere Y, s € [—00,0] and k € Z~¢, we intro-
duce invariants
15,18 € ZogU{oo} and Iy € Z=o U {oo}

which satisfy the inequality

k
max 15,15 <ly.
se[—oo,O],kez>o{Y v

If Y is a Seifert homology 3-sphere, [y coincides with 2|A(Y)|, where A(Y)
is the Casson invariant of Y.

In terms of r5(Y), I'y (k), Iy and lllﬁ, our main result’ is as follows.

Theorem 1.6. Let Y be an oriented homology 3-sphere and K an oriented 2-knot.

(1) Suppose that I, < oo and rs(Y) < oo for some s € [—00,0]. If Y is a Seifert
hypersurface of K, then

rs(Y)—|rs(Y)] € UIm CSK,j»

1<j<ly

where*
Lx] max{n € Z:n < x} ifx ¢ Z,
x| :=
x—1 ifx eZ.

3Theorem 1.6 can be generalized to any oriented 2-knot K embedded into a fixed closed
negative definite 4-manifold X with 0 = [K] € H»(X; Z).
4Note that our convention of | —| is different from the usual floor function.
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(2) Suppose that lllﬁ < oo and I'_y (k) < oo for some k € Z~¢. If Y is a Seifert
hypersurface of K, then

T y(k)—[T_y(k)]| €| Jimesk,; .

1<j<if
We also prove a sufficient condition for [y < oo.
Theorem 1.7. If the Chern—Simons functional of Y is Morse—Bott,> then ly < oc.

For example, the Chern—Simons functionals of finite connected sums of Seifert
homology 3-spheres are Morse—Bott. A sufficient condition for r4(Y) < oo and
I'_y(1) < oo is given by h(Y) < 0. (See [11, 35]), where h(Y) is the Frgyshov
invariant of ¥ ([20]). Theorem 1.6 gives a relation between Seifert hypersurfaces and
SU(2)-representations of G;(K) in the following sense.

Theorem 1.8. Let Y be an oriented homology 3-sphere and K an oriented 2-knot.
Suppose Y is a Seifert hypersurface of K.
(1) If rs(Y) < o0 and ly < oo for some s € [—00,0] and Y is a Seifert hyper-
surface of K, then there exists a positive integer | with | < ly such that there
exists an irreducible representation

0:G1(K) — SU(2).

In particular, If I, = 1 and rs(Y') < o0 for some s € [—00,0], then there exists
an irreducible representation p: G(K) — SU(2).

2) If T_y (k) < oo and llli < oo forsomek € Zi~gandY is a Seifert hypersurface
of K, then there exists a positive integer | with [ < lllﬁ such that there exists
an irreducible representation

p: G (K) — SU(2).

In particular, if T—_y (k) < oo and lllﬁ = 1 for some k € Z ¢, then there exists
an irreducible representation p: G(K) — SU(2).

As a corollary, we have the following result:

Corollary 1.9. Let n be a positive integer. Then the knot group of any 2-knot having
¥(2,3,6n — 1) as a Seifert hypersurface has at least two irreducible SU(2)-rep-
resentations. Moreover, when n = 1, the knot group admits at least four irreducible
SU(2)-representations.

SFor the definition of the Morse-Bott property, see Section 3.1.
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Freedman [19] proved that, for any homology 3-sphere Y, there is a locally flat
topological embedding from Y into S*. This means that ¥ can be realized as a Seifert
hypersurface of the unknot when we admit locally flat topological embeddings in the
definition of Seifert hypersurfaces. Thus, Corollary 1.9 is false for topological Seifert
hypersurfaces.

1.2. Embeddings of 3-manifolds into negative definite 4-manifolds

Existence of embeddings is a fundamental problem in differential topology. It is well
known that every orientable closed 3-manifold can be embedded in S°. However, the
following problem is quite difficult in general.

Problem 1.10. For a given 4-manifold X and ¢ € H3(X;Z), which 3-manifold Y
can be embedded in X with [Y] =c € H3(X;Z)?

This problem has been studied in several situations ([13, 22, 24, 25, 28]). For
example, if p is an integer with |p| > 1, then L(p, g) cannot be embedded into
S4 ([23]). As another example, by Donaldson’s Theorem A (see [14]), the Poincaré
homology 3-sphere cannot be smoothly embedded into S*. However, by Freedman’s
result ([19]), it does admit locally flat embedding into S*. Thus, we see that the
smooth and locally flat topological embedding problems are different. Our main result
relates the existence of embeddings of homology 3-spheres Y of a certain type into a
definite 4-manifold X to the existence of irreducible representations 771 (X) — SU(2).
In order to state our main result, we recall from [44] the maps

csg(’c: R(Xj) := Hom(m;(Xj),SU(2))/ SU(2) — (0, 1]

defined for an oriented closed connected 4-manifold X and a class ¢ € H3(X; Z)
having certain properties (see Section 2) with parameter j € Zq, where {Xj .} is
the j-fold cyclic covering space of X corresponding to c¢. The functional csj'(, . Isan
analog of the Chern—Simons functional. For the precise definition, see (7).

Theorem 1.11. Let Y be an oriented homology 3-sphere and X be a closed connected
oriented negative definite 4-manifold. Suppose that there exists a smooth embedding
fromY to X with0 # [Y] € H3(X;Z).

(1) Ifrs(Y) < oo and Iy, < oo for some s € [—00,0], then

rs(Y) = lrs(¥)) € | JImesg -

1<j<ly
2) If T_y (k) < o0 and l;ﬁ < o0 for some k € Zi~, then

Ty (k) = [Ty (k)] € | JImes} -

1<j<If
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If[Y] =0, then
00 =rg(Y) =rg(=Y) =T_y(k) =Ty (k)

forany s € [—00,0] and k € Z~y.
The proposition below provides fundamental properties of {cs)j(’ Vi€Zso-

Proposition 1.12. Let Y be an oriented closed connected 3-manifold and X a closed
connected oriented 4-manifold.

(1) If there exists an embedding from Y to X with 0 # [Y] € H3(X;Z) then

Im csgf,[y] C Imcsy

forany j.
(2) If Im cs)];,’C N(0, 1) # @ for j € Z~y, then there exist 2#(Im cs)];,’C N(0, 1))
irreducible SU(2)-representations of w1 (X ¢).

(3) If R(Xj ) is connected, then Im csf.(’c = {1}.

Since X (2, 3, 5) satisfies a nice Floer theoretic condition (see Theorem 9.14),
we can detect Im csy . from the critical values of the Chern—Simons functional of
3(2,3,5) when X contains (2, 3,5) as a smooth submanifold.

Theorem 1.13. Suppose X is a negative definite 4-manifold containing (2,3, 5) as
a smooth submanifold. Then

1 49

j —
Imch,[—E(z,s,s)] = {ﬁ) 120" 1} C (0,1]

forany j € Z~o. In particular, w1(X) admits at least four irreducible SU(2)-repres-
entations.

Note that £(2,3,5) x S! satisfies the assumption of Theorem 1.13 and that there
are exactly four irreducible SU(2)-representations on (2, 3,5) x S!. Moreover, we
prove the following existence result for SU(2)-representations:

Theorem 1.14. There is an S?-component C in the SU(2)-representation space
R(X2(2,3,5,7)) of £(2,3,5,7) satisfying the following property: for any a closed
definite 4-manifold X containing (2, 3,5,7) as a smooth submanifold, all elements
in C extend as SU(2)-representations of X. Therefore, mw1(X) admits an uncountable
Sfamily of irreducible SU(2)-representations. In particular, this implies the knot group
of any 2-knot having ¥(2,3,5,7) as a Seifert hypersurface has an uncountable family
of irreducible SU(2)-representations.



Seifert hypersurfaces of 2-knots and Chern—Simons functional 343

Lastly, we state a non-existence result for embeddings of Seifert homology
3-spheres.

Theorem 1.15. Let Y be a Seifert homology 3-sphere of a type X(ay, ..., an). Sup-
pose the Frgyshov invariant h(Y) of Y is non-zero. Then Y cannot be smoothly
embedded in any negative definite 4-manifold X such that the SU(2)-representation
space R(X; c) of Xj ¢ is connected for all j.

If 771 (X) is a free group or isomorphic to Z for some | € Z~, then R(X) is
connected. Moreover, if

R(ai,...,an) = % —34+n+ 2”: 5 “"2_:1 cot(an}c) cot(n—k) sinz(ﬁ) > 0,
k=1

a; a; a;
i—1 i i i

then h(X(ay,...,an)) > 0.(See [11].)

1.3. Fixed point theorems for SU(2)-representation spaces

Since instanton Floer homology is modeled on the infinite-dimensional Morse homo-
logy of the Chern—Simons functional of 3-manifolds, it is interesting to ask whether
or not there is a Lefschetz type fixed point theorem for instanton Floer homology.
Ruberman and Saveliev showed the following theorem.

Theorem 1.16 (Ruberman and Saveliev [39]). Let h be an orientation preserving self-
diffeomorphism on Y with some non-degenerate condition described in [39, (3.7)].
Then

Aro(Xa(¥)) = 3 Liha, 1Y)

where Xy (Y) is the mapping torus of h: Y — Y, Apo(X) is the Furuta—Ohta invariant
introduced in [21] and L(h«, [.(Y)) is the Lefschetz number of hy: 1(Y) — [.(Y)
introduced in [39].

Theorem 1.16 implies the following fixed point theorem for instanton Floer homo-
logy.
Corollary 1.17 (Ruberman and Saveliev [39]). Under the same assumption of The-

orem 1.16, if L(hy, I(Y)) # 0, then h*: R*(Y) — R*(Y) has a fixed point, where
R*(Y) is the set of conjugacy classes of irreducible SU(2)-representations® of w1 (Y).

We prove a similar fixed point theorem by applying Theorem 1.11 to mapping tori
of diffeomorphisms.

SIn general, Aro(X;(Y)) can be defined for any orientation preserving diffeomorphism.
Moreover, if Apo (X (Y)) # 0, then 2*: R*(Y) — R*(Y) has a fixed point.
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Theorem 1.18. Let Y be an oriented homology 3-sphere and h an orientation pre-
serving self-diffeomorphism of Y .
(1) If rs(Y) < o0 and l5, < o0 for some s € [—00,0], then there exist a positive
number | < I3, such that (h*)!': R*(Y) — R*(Y) has a fixed point.

(2) If T_y (k) < oo and l{ﬁ < 0o for some k € 7, then there exist a positive
number | < l{; such that (h*)': R*(Y) — R*(Y) has a fixed point.

Combining this with Theorem 1.14, we obtain the following result.

Theorem 1.19. There exists an S*-component C of R*(2(2, 3,5, 7)) satisfying the
following condition: for any orientation preserving diffeomorphism h on £(2,3,5,7),
the fixed point set of

h*:R*(2(2,3,5,7)) = R*(2(2,3,5,7))
contains C.

This paper is organized as follows. In Section 2, we review the invariants {csgf, ot
{rs(Y)} and {I'y (k)} appearing in the theorems in Section 1. In Section 3, we define
Uyt {l{ﬁ} and /y and show several properties of these invariants. In Section 4, we
establish formal properties of the invariants {cs{(’ . including a connected sum for-
mula, the behavior of {cs{a o) for j, and a surgery formula. In Section 5, we introduce
a family of invariants {csx_;} of 2-knots and using the results of Section 4, we show
Proposition 1.2. In Section 6, we give sufficient conditions (Theorem 1.7) for finite-
ness of Iy, 1{5 and [y. In Section 7, using a technique of instanton Floer theory,
we show the existence of flat connections on 4-manifolds under assumptions of the
existence of embeddings and prove Theorems 1.6 and 1.11. In Section 8, we prove
Theorem 1.14. In Section 9, we prove Theorems 1.13 and 1.8. In this section, we also
compare {csg,;} with other 2-knot invariants which can be used to obstruct a certain
class of Seifert hypersurfaces.

2. Preliminaries

2.1. Chern-Simons functional {csf( i€z

We follow [44]. Let X be a closed connected oriented 4-manifold. We fix a class
c € Hy(X;Z) = H'(X;Z) = [X, BZ)]. The class ¢ determines a covering space

peiX¢ > X

up to isomorphism. If ¢ is not equal to 0, then X¢ is connected. We impose the fol-
lowing condition on c:
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Assumption 2.1. The class ¢ can be represented by a connected oriented 3-mani-
fold Y. (For example, 2[{1} x S3] in H3(S! x S3;Z) cannot be represented by a
connected oriented 3-manifold.)

Suppose that ¢ is not equal to 0. We fix a smooth classifying map 7: X — S! of
pe and a lift 7: X¢ — R. Let R(X) be the set of SU(2)-connections on X x SU(2)
modulo null-homotopic SU(2)-gauge transformations. For a € R(X), define

1
csx,cla) = 52 Tr(Fa, A Fa,),

Xc
where A, is a smooth SU(2)-connection on X¢x SU(2) such that
Aalz=1(00,-1] = Pcalz=1(00-1] and  Aalz-1[ o0) = 0.

The function csx ¢: R (X) — R does not depend on the choices of additional data t,
7, Ag4, representative of @ and isomorphism class of X €. If ¢ = 0, then we define csy ¢
to be the zero map. Note that

mo(Map(X, SU(2))) = [X, SU(2)],

where [X, SU(2)] is the set of homotopy classes of maps from X to SU(2). Fix an
oriented closed 3-manifold ¥ embedded in X suchthat [Y] =c € H3(X;Z).If[Y]is
not zero in H3(X;Z), then X \ Y is connected. Here, we suppose that ¥ is connec-
ted. In this case, every 0-dimensional framed submanifold in ¥ Uy —Y bounds some
1-dimensional framed submanifold in X. By the Pontryagin construction, we see that
every continuous map ¥ — SU(2) can be extended to a continuous map X — SU(2).
Since ¢ is not zero, then X \ Y is connected. Let Wy be the connected compact cobor-
dism from Y to itself obtained by cutting X open along Y. We will use the following
notations.

i.  The manifold W; is a copy of W, fori € Z.
ii. We denote d(W;) by Yi U Y! where Yj_(resp. Y1) is equal to Y (resp. —Y)
as oriented manifolds.
iii. For (m,n) € (Z U {—o0}) x (Z U {oo}) with m < n, we set
Wim.n] = [Wi/{¥! ~Y{Tjefm. .. n}}. )

m<i<n
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Note that W[—oc, oo] — X is isomorphic to X¢ — X as Z-covering spaces. Using
the identification, we have

; 1
csgfjc(a) = 52 / Tr(Fa, N Fa,) 3)
W [—o00,00]
= cs(iya) — cs(iy0) = es(iya) 4

for every element a € R(X i.c). Formula (3) gives the following:
Proposition 2.2. For any element g € mo(Map(X, SU(2))),
csx,c(g¥a) = deg(gly) + csx.c(a). (5)
By (5), we obtain a map
esx.e: R(X) := R(X)/mo(Map(X, SU(2))) — R/Z = (0, 1].

We call csx,. the Chern—Simons functional for (X, c). If we consider a C°°-topo-
logy on R(X), csx, is a continuous map. Note that R(X) is compact, Im csx . has a
minimal value.

Lemma 2.3. Suppose we have another pair (X', ¢’) of a closed oriented 4-manifold
X’ with ¢ € H3(X'; Z) and an orientation preserving diffeomorphism f:X — X’
satisfying f*c = ¢’. Then

csxr (@) = esx o (f*a)
holds.
Proof. This follows from functoriality of integration and Z-covering spaces. ]

If ¢ is not zero, the class ¢ determines a homomorphism p.: H;(X;Z) — Z. This
gives us a surjective homomorphism

¢j ;=pcoAb:m(X) > Imp, 0 Ab =i Z =7 — Z/jZ (6)
for some i, € Z~¢. For each j € Z~(, we denote by
Dj:Xje—> X

the covering space corresponding to Ker ¢;. Note that the closed 4-manifold obtained
by identifying the boundary components of W0, j — 1] is diffeomorphic to X; .. We
also have a Z-covering space

p]‘-:p]’-‘)?"‘ - Xjc

for each j € Z. This corresponds to the class pfc € H'(Xjc; Z) = [Xjc, S'].
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Definition 2.4. Fix a pair (X, ¢) consisting of an oriented closed 4-manifold X and a
class ¢ € H3(X;Z) satisfying Assumption 2.1. Suppose ¢ # 0. Corresponding to the
(Xj,c. pjc), we have a family of maps

{esge = esx; . ptet R(Xjie) = (0. 1]}jezq- )

When ¢ = 0, we set cs)j(’C = 1forall j.

To compare {csg(, . }j€z~ With the critical values of the Chern—Simons functional
of oriented 3-manifolds, we will use the following definition.

Definition 2.5. For an oriented closed 3-manifold Y, we define

Ay = {csy(a) € R:a is an SU(2)-flat connection on Y} )
and

Ay = {csy(a) € A:a is an irreducible SU(2)-flat connection on Y}, 9)
where csy is the Chern—Simons functional of Y.

Proposition 2.6 (Proposition 1.12, 1). For any oriented connected 4-manifold, 0 #
¢ € H3(X;7Z) with Assumption 2.1 and j € Z~y,

Imesy . C (Ay N (0, 1)).

If Y is a Seifert 3-manifold, then Im cs)];,’C CcQn(,1].

Proof of Proposition 2.6. Suppose that Y is an oriented connected codimension 1
submanifold of X with [Y] = c. If ¢ is not zero, then X \ Y is connected. Let Wy
be the compact cobordism from Y to itself given by X \ Y. Then, identifying bound-
aries of W0, j], gives us Xj . as in (2). Fix an elementa € E(Xj,c) such that

cs)];,’c(a) <1.
Note that W[—o00, 00] — Xj,c is isomorphic to pj: p]’f)?c — Xj .. Then

; 1
esy (@) = ) / Tr(Fa, N Fa,) (10)
W [—00,00]

= csy (iya) — csy (iy 0) = csy (iya). (11)

This gives the conclusion.AIf Y is a Seifert 3-manifold, it is shown in [3] that Ay C Q.
Therefore, we have Im cs}n . CQnN(o,1]. n
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Proposition 2.7. The maps cs)];,’ . are locally constant with respect to the C*-topo-
logy. In particular, for any j € Z>o and a pair (X, ¢) satisfying Assumption 2.1,
Im csgf’ . Is a finite set.

Proof. Fix a closed oriented connected 3-manifold ¥ such that [Y] =c € H3(X; Z).
Using (11), we have cs)](’C (a) =csy(aly) forany j € Z~y.If p; is a path of SU(2)-flat
connections, then cs§ .(p1) = csy (ps]y) = csy (poly) since csy is locally constant.

By compactness of R(X; ), Im cs{r . 1s a finite set. ]

The following gives us a sufficient condition for triviality of {cs{r oVi€Z=o-

Proposition 2.8. If X is connected and w1(Xj ) is isomorphic to 7' or free for j €
Z o, then .
Imesy , = {1},

In particular, Imcsgi, g3 . = Imcespa . = Imespayg2 o = Imesy, s1453 . = {1} for
any class c and m € Zi~.

Proof. Since
R(Xj.c) = Hom(m1(Xj.c). SU(2))/ SU(2).

if 771 (Xj,¢) is isomorphic to 7! or free, then R(X i.¢) is connected. By Proposition 2.7,
cs§( la) = cs§( .(0)=0. [
The 4-manifolds below give non-trivial examples of {cs{a o)

Example 2.9. Let Y be an oriented closed connected 3-manifold. Then

Imcs{,xsl’[Y] = Ay N (0,1]

for any j € Z~. This is a consequence of (11).

Lemma 2.10. For any positive integer m,

J mj
Im csy . C Im CSy'e

forany j,m € Z~y.

Proof. Note that Xy, is the total space of a Z /mZ covering space pm.j: Xmjc —
Xj,c. Choose p € R*(Xj,c) such that sy, .(p) < 1. We put p/ := Pm.;jP- Then, one
can check that

CSXj.csc (,O) = Cs(mj)cX,p;’fc(p/)~

This completes the proof. =
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Although there are many non-trivial examples of cs)j(’ c» We could not find the

example of a pair (X, ¢) whose Cs{( . 1s not constant with respect to ;.

Question 2.11. Is there a 4-manifold X with a class c € H3(X; Z) such that {Im csj'(, ot
is not constant with respect to j ?

The following tell us that non-triviality of Im cs§ . implies the existence of irre-
ducible SU(2)-representations of 71 (X ¢).

Lemma 2.12. There exist 2#(Im cs)];,’ . N0, 1)) irreducible SU(2)-representations of
st (X j,c)~

Proof. The subspace of reducible SU(2)-representations is connected. Thus, for a
reducible representation p, one has csl{'(’ .(p) = 1 by Proposition 2.7. Therefore,
for every element r € Im csgf’ N (0,1), we have an irreducible representation
p:m1(Xj,c) — SU(2) such that csff’ .(p) = r. Fix an oriented connected 3-manifold Y
representing the class ¢ € H3(X;Z). As in the construction above, we can reconstruct
X by gluing

WI0,j —1]:= Wy Uy Wy Uy --- Uy W;_

along the boundaries. We regard p as an irreducible connection g on W [0, j — 1]. The
restrictions of p on the boundaries YO+ and Yj_ of W0, j] are isomorphic. Moreover,
by the definition of csjr .» We have equalities

csko(p) = esy (Bly+) = —esy (Bly;) € (0 1),

This implies that ,6|Y+ is an irreducible connection on YO+.
0

There is a sign ambiguity when gluing p along Y0+ U Yj+. We denote the two
resulting glued connections by p+ and p—. One of p4+ and p_ is isomorphic to p. We
see that p4 and p_ are not gauge equivalent: suppose there is a gauge transformation
g on X, . such that g* p; = p_. Then by restricting g*p and p_ to W[0, j — 1], we
obtain

g0 = g p+lwio,j—11 = p-Iwio,j—11 = p-

Since p is irreducible, we conclude that g = £1. We take a based loop / C X . such
that [ - [Y] = 1. Then the holonomies of the connections p4|; and p_|; obtained by
the pull-back satisfy

Hol —Hol,_|, € SU(2)

o+l =

by construction of the p. This contradicts the assumption that py = g*py = p_.
This completes the proof. =
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2.2. Holonomy perturbations

Our main tool of this paper is instanton Floer theory. We refer the reader to [15,
17] for the construction of instanton Floer homology. In instanton Floer theory, we
consider perturbations of the Chern—Simons functional. First, we review the set 2 (Y")
of perturbations used in ordinary Floer theory. Let ¥, be the set of d embeddings of
S!x D% into Y for d € Z~¢. Fix m > 2, we denote by C™(SU(2), R) the set of
adjoint invariant real valued C™-functions. The set of perturbations is

PY) = Fa x CHUQR).R)?.
deZxg

In this paper, we treat a slightly larger class $*(Y) of perturbations than #(Y'). The
class £*(Y') was used in [42] to calculate the instanton homologies of Seifert homo-
logy 3-spheres.

Definition 2.13. We define the set of perturbations’ by

P*(Y) = Fa x CZ(SUQR).R)? x C™(R?.R).
d€Z>0

We fix a volume form dy on D? such that supp dju C int D? and ;> dp = 1. For
atriple m = (f, h,q) € P*(Y), we define the perturbed Chern—Simons functional by

cSy. s = ¢Sy +hy: %*(Y) — R,

where

e B*(Y) is the quotient set
(A*(Y) := {irreducible SU(2)-connections on ¥ x SU(2)})/ Map®(Y, SU(2)),

where Map®(Y, SU(2)) is the set of smooth maps whose mapping degrees are
zero,

* sy is the Chern—Simons functional given by

1 2
esy(a) = —W/Tr(a ANda + 3¢ Aa /\a>
Y

"We regard #(Y) as a subset of £*(Y) via

(fih) — (f, h, (xi)1<i<a + in>'

1<i<d
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hn(a):zq(( /hiHolfi(s,x)(a)) d)-
1<i<

xeD?

We often use an L,zc-completion and a Banach manifold structure on i%*(Y) for a
fixed k > 2. Note that the map csy,, descends to a map

csy: B*(Y) := A*(Y)/Map(Y,SU(2)) - R/Z.

We now write down the formal gradient vector field of csy,,. Fix a Riemann metric
gy on Y. Then, identifying s1(2) with its dual by the Killing form, we can regard
the derivative /; as a map h;: SU(2) — s1(2). The holonomy of the loops { f; (s, x):
s € S} gives us a section Holy, (5,x)(a) of the bundle Aut Py over Im f;. The bundle
map induced by h}: Aut Py — ad Py, then gives us a section &} (Holy, (5,x)(a)) of
ad Py over Im f;. We now describe the gradient-flow equation of c¢sy,, with respect
to the L2-metric:

—ay = —grad,, csy,n

a1
m
= *gy (F (@) + D Bi0h; (101@1) 5.1 <1< 1 (HOM @) (s,x))(fi)*Pf;dM)’
i=1
(12)

where pr, is the projection pr,: S! x D? — D? and %, is the Hodge star operator
with respect to gy. (For the calculation of the gradient, see [5].) We denote pr5 du
by n. We set

R(Y)y:={ae fB(Y): grad, csy,» = 0},

and
R*(Y)z := R(Y), N B*(Y).

When we consider a smooth manifold structure on R*(Y ), we use an LZ-topology®
for some k > 2. The solutions of (12) correspond to connections A over Y x R which
satisfy the equation

FYA) +n(4H)T =0, (13)

where

8These topologies on R*(Y), do not depend on the choice of k > 2 if & is a smooth
perturbation.
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» the 2-form 7 (A) is given by

m
Z 0i4(h; Mol(ar) ;1.1 =i < 17 (HOLA) 7 ) ® (i) (pr] 1),

i=1

e the map pr, is the projection map from (S x D?) x R to S! x D2,

s FT(A) = %(1 + xF(A)) where * is the Hodge star operator with respect to the
product metric on Y x R, and similarly for 7(A4)™, and

e f:8'x D2xR — Y x R is the embedding given by f; x id for each i.

We define ||| = ||(f,h.q)|| := ||g o hl|cm. We also define non-degenerate and
regular perturbations for elements in $*(Y') in the same way as in the case of £ (Y).
(See [44] for further details.) For an oriented homology 3-sphere Y and a fixed metric
gy on Y, there exist a positive integer d, a collection of embeddings f € ¥; and a
Baire subset Q of C7(SU(2), R)? x C™(R4,R) such that (£, u) is non-degenerate
and regular foru € Q.

For a 4-manifold W with cylindrical ends, we also use a large class of perturba-
tions. Let % (W) be the set of d embeddings from S' x D3 to W for any d € Z~y.
Fix a volume form dv on D? such that supp dv C int D3 and [})5 dv = 1. We define

P*W) == Fa(W) x CH(SUQ).R)? x C™ (R, R).
d€Z>0

For m = (g, h,q) € P*(W), we have the perturbed ASD equation with respect to
defined by

" +
FT(A) + (Z i (h; (Hol(@r) s (1.x.5) A i HOlg, (1,x) (A) ® (i) pr5 d v) =0,
i=1

(14)
where pr, is the projection pr,: S x D3 — D3. We will often write the part

m
D 05 Holar), 1 .1y i HOlg (1,00 (A) ® (g1)5 P15 dv

i=1

by 7 (A).

2.3. Moduli spaces of perturbed ASD equations

In this section, we review the construction of the cobordism map in instanton Floer
theory. In this paper, we only use the moduli space of solutions to ASD equations on
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manifolds of the form ¥ x R and W*, where W is a negative definite cobordism from
Y to itself and W* is defined by

Y xRo Uy WUy Y x Rsp. (15)

We assume that Hy (W ;R) = 0. Fix a regular non-degenerate perturbation 7 € 2*(Y').
For two irreducible critical points a, b € R*(Y)y, we will define moduli spaces
MY (a,b), and M(a, W*,0)r,,.

Fix a positive integer ¢ > 3. Let A, 5 be an SU(2)-connectionon ¥ x R satisfying
Aaplyx(—oo,11 = p*aand A, p|y x[1,00) = p*b where p is the projection Y x R — Y.
We then define

MY (a,b), = {Agp +cic e QY xR)® 911(2)L§ satisfying (13)}/6(a, b),
(16)

where 9 (a, b) is given by

9(a,b) = {g € Aut(Pyxr) C End((CZ)L§+1 1V, (9) € L2}

The action of §(a,b) on {A,p +c:c € QYUY xR) ® su(2), 2 satisfying (13)} is
given by pull-backs of connections. The space R acts on MY (a, b), by translation.
We denote by 6 the product SU(2)-connection on Y. We also have moduli spaces
MY (a, ), defined by similar way as MY (a, b), but we use a weighted norm to
define MY (a, 6). (See [35].)

Next, for two irreducible critical points a, b € R (Y)x, let A, p be an SU(2)-con-
nection on W* satisfying A, p|y x(—c0,1] = p*a and A, p|y x[1,00) = p*b where p is
the projection ¥ x R — Y. We define

M(a,W* b)y :={Aap +cic e Q'W* ® su(2), 2 satisfying (14)}/9(a.b),
(17)

where 9 (a, b) is given by the same formula as in the case of ¥ x R.

2.4. Invariants {rs (Y )}se[—c0,0] and Daemi’s invariants {I'y (k) }rez

In this section, we review of two families of (0, co]-valued homology cobordism
invariants {rg(Y)}se[—00,0 and {I'y(k)}xez of homology 3-spheres. To define
{rs(Y)}se[-o00,0], We use Z-graded filtered instanton Floer homology whose filtration
comes from the Chern—Simons functional. On the other hand, Daemi used
7,/ 8Z-graded instanton homology with some local coefficient coming from Chern—
Simons functional to define {I'y (k)}rez. For more details on {rg(Y)} and {T'y (k)},
see [11,35].
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2.4.1. Invariants {rs(Y)}se[-c0,0]- For an oriented homology 3-sphere Y, we review
the definition of {r;(Y)}se[-oc0,0]. This invariant was defined in [35] to analyze the
structure of the homology cobordism group of homology 3-spheres. For r and s in
[—o0, 00) satisfying —oco < s < 0 < r < oo such that r is a regular value of csy, we
have a filtered instanton Floer cohomology / [1"’ ] (Y). In this paper, we use the class of
perturbations P *(Y') instead of P (Y') used in [35].

Definition 2.14. Let Y be an oriented homology 3-sphere and gy be a Riemannian
metric on Y. For ¢ > 0, we define a class of perturbations £ (Y, g) as a subset of
P*(Y) consisting of elements which satisfy

(1) |hx(a)| < eforalla € B(Y) and

) Il grady hx(@)lLs < 5. || gradg hx(@)ll2 < & foralla € B(Y).

We choose a suitable small & by the following argument. Let { R, } be the connec-
ted components of R*(Y). Let U,, be a neighborhood of Ry in B(Y) with respect to
the C*°-topology such that Uy N Ug = @ if « # B and {U,} is a covering of R*(Y).
We take all lifts of U, with respect to

pr: ;((éy — By.

Since Map(Y, SU(2))/ Map, (Y, SU(2)) is isomorphic to Z, we denote all lifts by
{Ul};ez. In addition, we assume the following conditions on U.

o Ifa € Ul then |cs(a) — cs(Ry)| < min{w, M}, where d(r, Ay) is
given by
d(r,Ay) :=min{|r —a| € R=g:a € Ay}.

* U} has no reducible connections.

Note that, for any element p € R (Y), we have unique @ and i € Z such that p € UO’;.
By the Uhlenbeck compactness theorem, we can take a sufficiently small real
number &1 (Y, g, {Uy}) > 0 satisfying the following condition:

((a € B*(Y) and |F(a)||12 < &1(Y.g.{Us})) = a € U, forsome .  (18)

Definition 2.15. Now, we take the supremum value
1
e1(Y, g, r,5):= = sup e1(Y, g,{Uq}),
2 (Ua}

where {U,, } runs over all coverings of { R, } given as above method. We define

. d(s,Ay) d(r,Ay) A .
mln{SI(Y,g), ( ] Y)7 ( g Y)73_§} lfSERY7
Y =
s.r.5.8) . d(r,Ay) Ay )
mm{sl(Y,g),T,g} ifs € Ay,
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where Ay := min{|a — b|:a,b € Ay with a # b}. We then define

P*(Y,8.1.9) = Py gr¥. )

We also use the notation Ay := min{|a — b|:a,b € Ay witha # b}. Then we
define a class of perturbations which we will use later. For a non-degenerate perturb-
ation 7 € P*(Y), we consider a map

ind: R(Y) > Z (19)

called the Floer index in order to construct Z-gradings on Floer’s chain complexes.
Fix two elements 7, s € [—00, 00) satisfying —00 <s <0 <r <ooandr € A},.Fora
metric g on Y, a non-degenerate regular perturbation 7 € £ (Y, r,s, g), the (co)chains
of the filtered instanton Floer (co)homologies are defined by

cil(y, )
Z{[a] € R*(Y)x:ind(a) = i, 5 < csy.n(a) < r} if s € Ry,

~ A
Z{[a] € R*(Y)r:ind(a) = i,s — TY <csyr(a) < r} ifs € Ay,
and
CL (Y. ) := Hom(CL" (Y, ), Z),
where Ay := min{|a — b|:a # b,a,b € Ay}. The (co)boundary maps
oberl el (v ) — (¥, ) (resp. 87: CI (V) — CLL(Y))

are given by the restriction of Floer’s usual differential

da) = > #(MY (a,b)/R)b

beR*(Y)y:ind(b)=i—1

(resp. glsrl .= (8[5”])*). For further details of 9, see [15, Section 5.2].
There is a cohomology class Gl[f Ter [}w](Y) defined by

05 ([a]) := #(MY (4, 0)/R). (20)

As in the discussion in [15, Section 3.3.1], one can see that I,Es’r](Y) and 01[,”] €
I[ls ,1(Y) do not depend on the choice of = € P*(Y, g, 1, 5). Therefore, 157(v) and

9)[;”] eIl

s.r1(¥) are equivalent to the original definitions in [35].

Definition 2.16 ([35, Definition 3.1]). We define

rs(Y) := sup{r € Ro0:0 = 05" e I (V).
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In this paper, we will use the following property of the class 91[;v "1 Let W be a
negative definite cobordism such that dW = Yy U (—Y1) satisfying H; (W;R) = 0.
Let I(W): I[IS q(Yo) — I[L +1(Y1) be the cobordism map introduced in [35].

Proposition 2.17 ([35, Lemma 2.12]). Suppose that Hy(W;R) = H,(S3;R). For
two real numbers r,s € R satisfying s < 0 < r and r is regular value of csy,

1w = e(w)o",
where c(W) = #H{ (W 7).

Theorem 2.18 ([35, Theorem 1.1]). The invariants {rs(Y)}se[—oo,0] Satisfy the fol-
lowing conditions.

o Fors, s1, 55 € [—00,0] with s = 51 + 2,
rs(Y1#Y2) > min{ry, (Y1) + 52,75, (Y2) + 51} 2D

holds.

o [f there exists a negative definite cobordism W with oW = Y1 LI —Y5, then the
inequality

rs(Y2) < rs(Y1) (22)

holds for any s € [—o0, 0].
2.4.2. Daemi’s invariants {I'y (k)}xez. Let A be the Novikov ring
o0
A= {;ailrf:a,- eQ,r € R,il_ifrolor,- = oo},

where A is a formal variable. We have an evaluating function mdeg: A — R defined
by

i€Z>o

mdeg(iaikri) = min {r;:a; # 0}.
i=1

Fix a non-degenerate regular perturbation & and orientations of the determinant line
bundles L, in [35, Section 2]. Note that the Floer index (19) descends to a map

ind: R(Y), - Z/8Z.
Then define a Z /8Z-graded chain complex C2(Y) over A by

CA(Y):=Ci(Y)® A = A{la] € R*(Y),:ind(a) = i mod8}
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with the differential

d*(la]) := > #(M?Y ([a). [b])=/R) - AEW[p],
ind(a)—ind(b)=1(mod 8)
AeMY ([al,[bD=

where ind is the function (19),

&(A) = # / Tr((F(A) + w(A)) A (F(A) + n(A)))
Y xR

and MY ([a], [b])» denotes MY (a,b),, for some representatives a and b of [a] and [b]
satisfying ind(a) — ind(h) = 1. Extend the function mdeg to C by

maeg( 3" nelail) = min {mdeg(n).
1<k=<n
In addition, we define two maps:
i.  The map Dj: CIA(Y) — A is given by
Di(la)) = #MY ([a]. [6])x/R) - 25,
where A € MY ([a],[6]) and MY ([a], [0])x denotes MY (a, 6%), for some
lifts @ and A of [a] and [#] satisfying ind(a) — ind(6") = 1.
ii. ThemapU:CA(Y)— C2,(Y) is defined by

1
U =) ——# -A5@W
([a]) Z S#N(a, b)[b] ,
[b]eR(Y)x
ind([b])—ind([a])=4

where the space NY (a, b) is the codimension 4-submanifold of MY (a, b)
given by

N(a,b) := {[A] € MY (a,b): 51(r([A])) and
s2(r([A])) are linearly dependent}

and A is an element in N(a,b). Here r: MY (a,b) — B*(Y x (—1,1)) is the
restriction map and s; and s, are generic sections of the bundle E ® C —
B*(Y x (—1,1)). The SO(3)-bundle E is given by a basepoint fibration of
B*(Y x (—1,1)).

Now, in our conventions, I'_y (k) is given by

I_y(k) = lim inf {mdeg(D,U* («)) — mdeg(c)} (23)
7|0 aeCP(Y),d(a)=0
DU’ (0)=0(1<j<k—1)
D U1 (a)#0
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for k € Z~¢. In [11], Daemi also introduced I'y (k) for any negative k € Z. The
invariants {T'y (k) }xez_, use information of D, and U. However, in this paper, we
only use the positive part {I'y (k) }xez-,-

Theorem 2.19 ([11]). The sequence of invariants {I'y (k)}kez-, has the following
properties:

(1)  if there exists a negative definite cobordism W with OW = Y1 I —Y5, then
the inequality

Iy, (k) < Ty, (k) (24)

holds for any k € Z~o;
(ii)  the invariant Ty (k) < oo for k € Z~¢ if and only if k < 2h(Y).

2.5. Relations between {r;(Y)} and {I'y (k)}

It is natural to ask if there is a relation between {rs(Y)}se[—o0,0] and {T'y (k) }kez—,-
In [35], the following equality is showed.

Theorem 2.20 ([35]). For any oriented homology 3-sphere Y,
F—oo(Y) =Ty (1).
Therefore, {rs(Y)}se[—o0,0] and {I'y (k) }rez., satisfy the following inequalities:
ro¥) <. =rs(Y) =+ sro(¥) =Ty(1) =--- = Ty (k).

It is also natural to ask if there is an oriented homology 3-sphere Y such that
{rs(Y)} and {I'_y (k)} do not coincide. In [35], we proved that

{_2(27 3’ 6k + 1)#2(27 3’ 5)}k€Z>0

gives examples whose {rs(Y)} and I'_y (k) do not coincide. In this case, {rs(Y)} is
not a constant with respect to s. Our connected sum formula implies

1

ro(=E(2.3.6k + D#EQ2.3.5) = -

On the other hand, since h(—X(2, 3, 6k + 1)#X(2,3,5)) =0,

s2,3,6k+D#(=2(2,3,5) (1) = o0.
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There is also an example of Y such that I'y (k) is not constant with respect to k:
in [11], Daemi calculated

1
— ifk=1,
120
z@3.5k) = Rl ifk =2
120 ’
00 if k > 3.

For —X(2,3,5), we have rg(—X(2,3,5)) = I's(2,3,5)(1) for any s € [—0o0, 0].

Remark 2.21. In [12], we will give a generalization gy (k, s) of both of ry(Y) and
I'y (k). A theorem similar to Theorem 1.8 can be proven for gy (k, s).

3. The invariants l)s,, l)’i, and ly

k

y»and ly

3.1. Perturbations and invariants / ;, l

Let Y be an oriented homology 3-sphere and gy a Riemann metric on Y, and fix a
perturbation 7 € Py. Suppose that R} (Y') is a submanifold of 8*(Y) as the zero set
of the gradient vector field of csy,. For any pointa € R} (Y), we have the operator

Hessg(csy,z) = *dg + Hessg hn:Kerd] — Kerd),

where Ker d is a model of T,8*(Y) and d}: Q} ® su(2) — Q) ® su(2). Note
that
Hessq(csy,z): Kerd; — Kerd)

is a self adjoint elliptic operator.
Definition 3.1. We call & a Morse—Bott perturbation if

Hess,(csy.n): (T,R(Y)) 22 NKerd} — (T,R(Y)) 22 NKerd®  (25)
is invertible for any a € R:(Y).

If ¢sy,, is Morse—Bott for a perturbation 7 with i, = 0, then we call csy Morse—
Bott. In this paper, we set

Ha1 (r) := KerHessg(csy,x) [Ker ajt -

If h = 0, then we write H!. If we use this notation, csy,, is Morse-Bott if and only
if H! () = T,R%(Y) foreacha € R%(Y). (In general, T, R*(Y) C H}(r) holds.)
Note that the condition Ha1 = T,R*(Y) does not depend on the choice of metric.
Next, we define the notion of Morse—Bott perturbation at level r.
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Definition 3.2. We say csy,r is Morse—Bott at the level r if
Hess,(csy.n): (TuR(Y)) 22 NKerd) — (T,R(Y))1e2 NKerd*  (26)
is invertible for any @ € Ry (Y) N syl ().

If csy is Morse—Bott at the level 7, one can show csy is Morse—Bott at the level
r +m forany m € Z. Set Ay := Imcsy | R(r)- If 0 is a Morse—Bott perturbation for
any element » € Ay, then csy is Morse—Bott.

Lemma 3.3. [fthe Chern—Simons functionals for Y1 and Y, are Morse—Bott, then the
Chern—Simons functional for Y1#Y> is also Morse—Bott.

Proof. Note that
R*(Y1#Y,) = R*(Y1) x R*(Y2) x SO(3) LI R*(Y;) LI R*(Y>).

There are three patterns a; *p ax (h € SO(3)), a; *x 6 and 6 * a, of elements in
R*(Y1#Y5), where [a;] € R*(Y1) and [a3] € R*(Y>). Suppose that

Hy, 1(Y1) = T ) R* (Y1) and  Hp, 1(Y2) = Tjap R*(Y2).
It is sufficient to prove
dim Hal#(Yl#Yz) = dim T, R* (Y1#Y,) forany as € R*(Y1#Y>).

Fix critical points a; € R*(Y1), ax € R*(Y») and as € R*(Y1#Y,). The Mayer—
Vietoris sequence of the local coefficient cohomology implies the existence of the
following exact sequence:

0— HJ (Y))® HY (Y;) > H(S?) — H, (Y1#Y2) > H, (Y{) ® H, (Y;) - 0
where Y/ is a punctured Y; for i = 1 and 2. The other sequence implies
HY (Y;) — H) (Y)) @ R® — HY(S?) — H,, (Y;) — H, (Y/) > 0
is also exact for i = 1 and 2. If both of a; are irreducible, then
H, (Y1#Y2) = H, (Y1) @ H) (Y2) ® R>.
If a; is irreducible and a, = 6, then
Hal#(Yl#Yz) ~ Hall (Y1) ® Halz(Yz)-

This proves the desired result. ]
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Corollary 3.4. Let Y be a finite connected sum of Seifert homology 3-spheres. Then
the Chern—Simons functional of Y is Morse—Bott.

Proof. Tt is shown in [16] that the Chern—Simons functional of any Seifert homology
3-sphere is Morse—Bott. Lemma 3.3 then gives the conclusion. ]

Here, we will introduce the invariant /y. For any Riemann metric gy on Y, there
exists a sequence of non-degenerate regular perturbations {r,} such that ||z,| — 0.
We define two quantities

I(Y,g) :=min{ sup #R} (¥):{m,} is non-degregular, ||7,| — 0} € Z5o U {oo}

ne€Z=o
and

1(Y,g,ri):=min{ sup #a € ﬁ;n (Y):|csm,(a) —r| < Ay,ind(a) = i}:

neZl=o

{7} is non-deg regular, ||z, || — 0} € Zxo U {00}

foragivenr € Ay, where Ay = % min{|la — b|:a,b € Ay}. We now give two invari-
ants for homology 3-spheres.

Definition 3.5. We define invariants /y and ly,,; by
ly := min{/(Y, gy): gy is a Riemann metric} € Z~¢ U {0}
and
lyri == min{l(Y, gy, r,i): gy is a Riemann metric} € Z-o U {o0}
for givenr € A} andi € Z.

Note thatly =[_y and ly,; = [_y,—r—i—3 by definition. We combine ly ;. ;, 7s(Y)
and I'y (k) and define /5 and / 1’5

Definition 3.6. We set

s 1 if rs(Y) = o0,
Y ‘= .
lY,rS(Y),l if FS(Y) < 00,
and
1 if 'y (k) = oo,
. > lyryoatsm ifTy(k) <ooandk €27 + 1,
ZY = meZ
Y lyry@sesm if Ty (k) < coand k € 22,
meZ

fors € [—o0o0,0] and k € Z~y.
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Lemma 3.7. For any homology 3-sphere Y, ly > 1 and lllﬁ > 1.

Proof. Suppose r = rs(Y) < oo for s € [—o0, 0]. By the definition of ry(Y), for a
sequence {ry}nez., such that r, > r, lim, oo 7, = r and r, € R\ Ay, we have
00y erl (Y).Ifr <r then0=0"Terl
metric gy on Y and any sequence of perturbations {7, }»ez., With ||| — 0, there
is a sequence {c,}nez., Of critical points of csy,, such that M Y (cp, Nr, # 9,

ind(c,) = 1 for all n and

1 (Y). Then, for any Riemann

lim csy(cy) = rs(Y).
n—o0

Therefore, /j, > 1. Next we see lllﬁ > 1. Suppose r = I'y (k) < oo for k € Z~¢. Suppose
that £ is odd and / 1’5 = 0. The assumption / 1’5 = 0 implies that there exist a Riemann
metric gy on Y and a sequence of perturbations {1, }sez., With |77, || — 0 such that

0= |JlaeR; (Y):|csn, (@) — Ty (k)| < Ay.ind(a) = 1 + 8m}. 27)
meZ

Then, for g and {7, }nez_,.

Iy (k) = lim inf {mdeg(D,U* (a)) — mdeg(a)}.

n=>00 geC(Y,mn),d " (@)=0
DU (&)=0(1<j<k—1)
D U1 (@)#£0

This implies there is a sequence {a }nez., of elements in CA (Y, 7,) such that

lim (mdeg(D1U* (a)) — mdeg(ay)) = Ty (k). (28)

n—>oo
We write an = 3 ;e 47 [ci”])tsin, where ¢ € Q, [c]'] € R*(Y )y, and s! € R with
lim; o0 57" = 00. Then, by taking suitable lift ¢/’ of [c] ] for each n, (28) implies
lim esy(cl') = Iy(k).
n—o00 n
This contradicts (27). The proof for k € 27Z is the same. |
The following proposition provides a relation between /y and ly,,;:

Proposition 3.8. We write {a;,...,a,} = (0,11 N A;. Then, we have

> v =ly.

1<i<n
JEZ

Proof. For any metric gy, there exists & >0 such that any perturbation 7 with || || <e,
we have

Jta € Re(Y): | esn(@) —ai| < Ay.j = ind(a)} = RE(Y).
1<i<n
JEZ

This implies the conclusion. ]
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We will see a connected sum formula of /y and /y,,; under some assumptions in
Section 6.

3.2. Calculation of ly
In this section, we give several ways to calculate ly or ly ;.

Lemma 3.9 (Morse inequality for cs). For an oriented homology 3-sphere Y, the
inequality ly > Zi7=0 Rank [; (Y) holds.

Proof. By the definition of instanton homology, we have
7
#R%(Y) = Y Rank I;(Y)
i=0

for every non-degenerate regular perturbation. This completes the proof. |
The following lemma give explicit calculations:
Lemma 3.10. For a Seifert homology 3-sphere of type X(p, q,r),
Is(p.g.r) = 21A(Z(p.q. 7).
where A(Y) is the Casson invariant of Y .

Proof. For a Seifert homology 3-sphere X(p, q,r), itis shown in [16] that csx(p 4.r)
is non-degenerate and Floer indices of all of its critical points are even. Therefore,
m, = (0,0,0) gives a sequence of non-degenerate regular perturbations. This implies
the conclusion. u

We give calculations of /y for the degenerate case X(ay, ..., a,) in Theorem 6.5.
Lemma 3.11. For an oriented homology 3-sphere Y andr € Ay,
ly,; > Rank [ T4 =4l (y)
holds, where Ay = %min{|a —blia,b e Ay}

Proof. Take a Riemann metric gy and a sequence {m,} of non-degenerate regular
perturbations such that
I(Y,g.r,i)= sup #{a € E;H(Y): | csp, (@) —r| < Ay,ind(a) =i}
neZso
and ||, || — 0. Then the chain complex of Ii[rHY’r_AY](Y ) is generated by the ele-
ments {a € Rj;n (Y):r + Ay < csg,(a) <r — Ay}. By the definition of ly,;, we

have
I(Y,g.r,i) > Rank [ HAr7=4v](y)y, n
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4. Some remarks for {cs;(,c Viez.,

In this section, we give several properties of {csgf o}jez~, including the connected
sum formula and the surgery formula.

4.1. Connected sum formula

First we show a connected sum formula for {cs)j(’ c}j€Z>o- Let X; and X, be ori-
ented closed 4-manifolds with fixed classes ¢; € H'(X1;Z) and ¢, € H'(X»; Z).
Fix embeddings /;: S' x D3 — X; with ¢;(1;(S! x %)) = 1. For a diffeomorphism
Y:0(Im/;) — 9(Im/,), one can define a connected sum X #y X» of X; and X along

V¥ by
X]#l/,Xz = (X1 \intIm/y) Uy (X3 \ intIm ;).

The class ¢ determines a class ¢y € Hy (X 1#y X2;Z). We write the j-covering space
corresponding to

Ab .
m(Xi) — Hi(Xi3Z) > L/ Z

by pl:(Xi)je — X; fori =1 and i = 2. We fix lifts [;: S' x D3 — (X;)jc of
l;:S'x D3 - X; fori =1, 2.

Proposition 4.1 (connected sum formula). Imesy, ¢, Ulmesx, ¢, CImesx #, x5.¢4 -

Proof. Choose p € R* ((X1)j,¢,) such that ch o, (P) <1.We cansee that je, X1#y X>
is obtained by gluing of (Xl)] ¢ \ Im I; and (X2)j,c, \ Im I along S' x S2. The
restriction of p to d(Im I 1) determines an element of Hom(Z, SU(2))/ SU(2). Then
the flat connection ,o|3(Im iy=a(m ;) ¢an be extended whole of (X2)j,e, \ Im I using
a homomorphism

71((X2)j.er \ Im ) = Hi((X2)j.e, \Imb3: Z) — Z C SU(2).
We denote this extension of p| (Imi)=9(m ) by p. By construction, we have

J — ~
Sx, ,Cl(p) - Cle#u/Xz,C#(p)'

This completes the proof. ]

4.2. Mapping tori

Let X,(Y) be the mapping torus of a fixed orientation preserving diffeomorphism
h:Y — Y on an oriented 3-manifold ¥ and P = Y x SU(2). The map / gives an
action h*: R*(Y) — R*(Y). We put

R'NY):={pe R*(Y):h*p = p}.
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For the mapping torus, we have a convenient formula for csy [¢].

Proposition 4.2. Supposec = [Y] € H3(Xp(Y); Z). Then
Imcs§h(y)’[y] = Imesy, ; (v),[v] = {csy(a) € (0.1]:a € R")(y)}
holds for any j € Z .

Proof. In [39], it is shown that the inclusion i: Y — X (Y) induces a two-to-one
correspondence

i*: R*(Xp(Y)) = R"(Y). (29)

We have the following commutative diagram:

CSX 5, (Y),[Y]
—

R*(Xp(Y)) (0, 1]

i | I

RMY) —— (0.1]

This completes the proof. ]

4.3. Surgery along S! x D3

In order to prove Theorem 1.11, we need a surgery formula for csgf’ .- Let X be a
closed connected oriented 4-manifold with 0 # ¢ € H3(X;Z)and0# d € H1(X;Z)
satisfying ¢ - d = 0.Let [: S' x D* — X be an embedding such that [/|g1 ] = d
and Y be a closed connected oriented 3-submanifold of X such that [Y] = ¢ and
Y N[ = @. We define the 4-manifold X; obtained by surgery along / by

X;:= X \'int(Im/) Ugi, 5> D? x S2. (30)

We have two inclusion maps i1: X \ Im/ — X and i»: X \ Im/ — X;. Set ¢/ :=
i¥(PD(c)) € H'(X \ Im!, Z). Then we can take 0 # ¢* € H'(X;; Z) such that
iy(c") =c*.

Proposition 4.3. Forany j € Z~

Jj J
Im CSY, o* CIm CSy ¢ -

Proof. Suppose that p € ﬁ*((Xl)j,c*) such that Cs.{(/,c* (p) < 1. Note that (X;); .+ has
a decomposition

WI0,j —1] = Wo Uy Wy Uy ---Uy W,
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where W; is a copy of Wy = X; \ Y. Since Y and Im/ are disjoint, W; can be written
as
(X;\ (Y UD?x §?)) U D? x §2.

We denote by Vo C W, the submanifold corresponding to D? x S2. We define
Wil0, j — 1] := (Wp \ int Vo) Uy (Wy \intV7) Uy --- Uy (W} \ intV}),

where (W;, V;) is a copy of (Wp, Vo) fori € Z~¢. The flat connection p determines
flat connections p/ and pi on W0, j — 1] and W,[0, j — 1] via pull-back. Note that,
by identifying the boundaries of W \ int Vo Ugi g2 S x D3, we recover X . Here we
see that the flat connection pi [ Wo\int v, €xtends to a flat connection Wy \ int Vo Ugi, g2
S x D3. To see this, we consider the restriction (Pi)b(VO): gixs2- Since the flat
connection (p%)|5(vy) extends to Vo, the holonomies for all loops in dVp = S1 x §2 are
zero. Thus, (pi) lavy)=s1xs2 is isomorphic to trivial flat connection. This fact allows

us to extend the flat connection p3 | Wo\int v, to a flat connection on W \ int Vo Ugi g2
St x D3 trivially. Therefore, the connection pi extends to a connection on

(Wo \int Vo Ugiyg2 S* x D3) Uy --- Uy (W; \intV; Ugiyg2 S* x D3).  (31)

Identifying the boundaries of (31) gives a construction of X; .. Therefore, the exten-
sion on (31) gives a connection p} on Xj .. By the construction of p}, we conclude

esy o (p) = esx, e+ (p).

This completes the proof. ]

4.4. Calculations

We give explicit calculations for several mapping tori of Seifert manifolds. Regarding
S(p.g.r)as{(x,y,z) € C3:x? + y9 4+ z7 = 0} N S>, we define

©:X(p,q,r) > X(p,q,7),
vX(p.gq.r) —> X(p.q,1)

by

:(x,y,2) — (x, y,eszz), (32)
t(x,y,z2) = (X,9,2). (33)

This gives the following calculations:
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Proposition 4.4. Let (p,q,r) be a relatively prime triple of positive integers. For any
J € Lo,

Imesy, =g, 2000 = Azpgn N0, 1],
Imesy, (2.0, [2(.0.0 = As(pg,n N (0. 1].
Proof. By applying Proposition 4.2, we have
Imesy_; [v) = {cs(a) € (0, 1]:a € R*(Y)(t/)*a =a} = Ay N (0, 1].
It is shown in [10,43] that

™ R*(Z(p.q.r)) = R*(Z(p.q.7))
and

"1 R*(2(p.q.r)) > R*(Z(p.q.1))
are equal to the identity. This completes the proof. ]

This property of (*: R*(2(p,q,r)) = R*(X(p,q,r)) is shown for any homology
3-sphere of type X(aq, ..., a,). Therefore, Proposition 4.4 can be proved for such
Seifert homology 3-spheres.

5. Invariants of 2-knots

In this section, by the use of csx ., we will introduce an invariant of oriented 2-knots.

5.1. Invariants {csk,j)jez._,

Let K be an oriented 2-knot in S*. It is known that the normal bundle vg of K is
always trivial. Moreover, trivializations of vg are unique up to isotopy. Therefore,
we fix such a tubular neighborhood vg: S x D? — S*. Then we have an oriented
homology S! x S3 defined by

X(K):=D3*x S' U, §*\ vk.

Note that an orientation of S* gives an orientation of X(K). If we have a Seifert
hypersurface Yx of K, then we can regard Yk as a generator of H3(X(K);Z) by the
following discussion. First we regard Yg \ B(e) as a submanifold in S* \ vg. Then
we cap off Yg \ B> in X(F). The orientation of K determines a generator [1x] of
H3(X(K);Z) such that [* x S'] - [Yk] = 1. Note that the class [Yx] € H3(X(K);Z)
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satisfies Assumption 2.1. The class [1x] gives an isomorphism class of Z-covering
space

pr: X(K) = X(K). (34)

We denote by (X(K));,1, the total space of the Z/j Z covering space corresponding
to the kernel of the composite homomorphism 1 (X(K)) = Z — Z/j Z for j € Z .
The map (34) gives a covering map

pri X(K) > (X(K))jix
foreach j € Z~y.

Definition 5.1. For an oriented knot K and j € Z~, we define
CSK,j 1= CShxy 1, ROX(K)j 1) = (0,1].

Example 5.2. For the unknot U, X(K) = S' x S3. Therefore, Im csy,; = {1} for
any j € Z.

The lemma below is an easy consequence of Van Kampen’s theorem.
Lemma 5.3. For any 2-knot K,

w1 (S*\ K) 2= 1 (X (K)).

Moreover, Ker ; = Ker ¢;, where ; and ; are introduced in (1) and (6). In par-
ticular, Gj (K) = m1(X(K)j1x)-

Via Lemma 5.3, we regard csk,; as maps from R(K, j) to (0,1]. When j =1, we
write csk instead of csk,1. By Lemma 2.3, we see that Im csk, ; is an isotopy invariant
for each j € Z~¢. If we have a Seifert hypersurface Y, then we have the following
formula:

Proposition 5.4 (Proposition 1.2 (1)). For any oriented 2-knot K and j € Z -,
Imesg,; C (0,1]N Ay,

where Ay = Imcs |1"2'(Y)'

Proof. This is an immediate corollary of Proposition 2.6. |

Lemma 5.5 (Proposition 1.2 (3)). For any positive integer m,
Imesg,; C Imesg mj

forany j € Z~y.
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Proof. This is a corollary of Lemma 2.10. ]

Remark 5.6. We can generalise {csk,;}jez., to functionals {csk x),j}jez-, for
any 2-knot K embedded into any closed oriented 4-manifold X with 0 = [K] €
H,(X; Z). Moreover, Proposition 5.4 and Lemma 5.5 hold for {csx,;}jez-,-

5.2. Connected sum formula
Let K; and K; be 2-knots. We denote by K#K, the connected sum of K; and K5.
Proposition 5.7 (Proposition 1.2 (2)). Imesk,,; Ulmesk,,; C Imesk,#k,,;-

Proof. Since X(K1#K2)j1x, ,x, 1s obtained the connected sum of X(K1)j,15, and
X(K2)j,1x, along some embedded S 1 x D3, this is also a corollary of Proposition 4.1.
[

5.3. Calculation for csg, ;
First, we give simplest examples.
Proposition 5.8. For any ribbon 2-knot K, Im csk,j = {1} holds.

Proof. In [46], it is shown that the ribbon 2-knots have the finite connected sums
of S1 x §%’s as Seifert hypersurfaces. By Proposition 5.4, Imcsg,; € (0,1] N Ay
for any j € Zwo. If Y is a finite connected sum of S! x S2’s, then the space of
SU(2)-representation of Y is connected. This implies Ay = Z. This completes the
proof. ]

Next, we give non-trivial calculations for twisted spun knots. Let k be an ori-
ented knot in S3. We denote by K(k, m) the m-twisted spun knot of k. In [49],
Zeeman showed m-fold branched covering space ~™ (k) gives a Seifert hypersurface
of K(k,m). When m # 0, K(k, m) is a fibered 2-knot with fiber ¥™ (k). Moreover,
the monodromy is given by the covering transformation of ¥™ (k). Now, we give a
proof of Proposition 1.4.

Proposition 5.9 (Proposition 1.4). Let T(p, q) be the (p, q)-torus knot and let
M(p,q,r) be the Montesinos knot of type (p, q,r) for a pairwise relative prime tuple
(p,q.r) of positive integers. Let k(p/q) be a 2-bridge knot such that ¥*(k(p/q)) =
L(p,q), where X?(k) is the double branched cover of k C S3.

(1) Foranym € Z~o and j € Z~y,

Im cs;{(T(p,q)’m) = Imess(p.g.m)»

where K(k, m) is the m-twisted spun knot of the knot k.
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(2) Forany j € Zy,

Jj —
M Sk (p.g.2) = M pg) -
(3) Here we also suppose that p is odd and satisfies the condition:

s2—1

{se{z,...,p—z}: eZ}=®.

Forany j € Z~y,

; n’r P
J N . £
ImcsK(k(p/q)’z) = { P modl:1 <n < ’72—“ U {1},

where r is any integer satisfying qr = —1 mod p.

Proof of Proposition 1.4. 1t is known that the m-fold branched cover of T'(p, q)
(resp. the double branched cover of M(p, q,r)) is X(p, g, m) (tesp. X(p, q, 1)),
see [6]. Moreover, the covering transformations are given by t and ¢ in (32) and (33).
As mentioned in the proof of Proposition 4.4, ¢ and t induce bijection between
R*(Z(p,q.,m) \ B) and R*(Z(p,q.,r) \ B), where B are small open balls. On the
other hand, it m > 0, K(T (p,q),m) is a fibered knot whose fiber is X (p, g, m) and the
monodromy is given by 7. Similarly, K(M(p, g, r), 2) is also a fibered knot whose
fiber is X(p, ¢, r) and the monodromy is given by t. Next, we prove the statement
for a rational knot. It is known that the double branched cover of k(p/q) is given by
L(p,q). The condition

s2—1

{se{2,...,p—2}: eZ}=ﬂ.

implies that every order 2-diffeomorphism on L(p, q) \ B induces maps Id or ¥,
on m(L(p,q) \ B) = Z/pZ, where B are small open balls and ¥, is given by
1 + p — 1. Therefore, every order 2-diffeomorphism % on L(p, g) \ B satisfies
h* =1: R*(L(p,q)) — R*(L(p,q)).In[31], Kirk and Klassen showed

2
{—ﬂ modl:1<n < %W} U{1} = Appg N (O, 1],
D
where r is any integer satisfying gr = —1 mod p. This completes the proof. |

In [16], for a Seifert homology 3-sphere of type X(ay, ..., a,), Fintushel and
Stern gave an algorithm to compute Ay .
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6. Morse type perturbation

In this section, we will prove the following theorem:

Theorem 6.1. Let r be an element of A}, Suppose that the Chern—Simons functional
of Y is Morse—Bott at the level r. Then

lyri < o0
forany i € Z. In particular, if cs is Morse—Bott, then
IY < Q.

The lemma below is key to proving Theorem 6.1. The proof uses the essentially
the same technique as in the proof of [42, Theorem 5.11] and in [4].

Lemma 6.2. Suppose that the Chern—Simons functional of Y is Morse—Bott at the
levelr € R/7Z. We set C, := R*(Y) Ncs™ Y (r). Let gr: C, — R be a Morse function.
Then there exists a smooth family of perturbations {m.} parametrized by ¢ € (0, g¢)
for some g9 > 0 and a small neighborhood of U of C, such that the critical points
of ¢Sy, |u correspond to Crit(g,), 7, is non-degenerate on U for any € € (0, g9),
b}i_r)r(l) ||we]l = 0 and supph C U. Moreover, there is an embedding

L: Crit(gy) x [0,89) — B*(Y)

such that Im L|crig,)x{ey coincides with the critical point set of csn, |y and that
Im L|cyiv(g,)x{0y = Crit(g,). Here, we consider the lec—topology on B*(Y) for a fixed
k >2.

We define a nice class of perturbations called Morse—Bott type perturbations. We
can take orientation preserving diffeomorphisms f;": S 'xD? Y (1<i<N)such
that the smooth map ¥: 8*(Y) — R¥ defined by

o) o= ([ ol o)

1<i<N
D2

gives a diffeomorphism from C, to its image ([15]). We fix a closed tubular neighbor-
hood p;: N — ¥ (C;) of ¥ (C,) and a Euclidean metric on N,. Fix a smooth bump
function p,: RY — R such that p,(v) = 1 if |v| < I, p(v) = 0 if |[v| > 2 and p,
depends only on |(x, )|, where | — | is a metric on N,. We consider the pull-back
p*(groy )N, - R.
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Definition 6.3 (Morse—Bott type perturbation). Now, we define 4: 8*(Y) — R by
the composition of : B*(Y) — R and the function g: RN — R given by

pr(x)gro¥ ™o p(x) ifx € Ny,

)= {0 if x & Ny.

We call a pair 77 (g) := ((f;). (hi = Tr).q,) € P*(Y) a Morse—Bott type perturba-
tion at C,. When csy is Morse-Bott, depending on the choice of g: R*(Y) — R, we
can define Morse-Bott perturbations 77(g) € $*(Y) in the same way.

Now, we give a proof of Lemma 6.2.
Proof of Lemma 6.2. We take a Morse—Bott type perturbation " (g) for C,. Put
Sy, = ¢Sy +thprg): B*(Y) — R.

For a fixed element x € 8*(Y'), we consider an essentially self-adjoint elliptic oper-
ator

Hessy(csy) = xdy:Kerd} N L7 (2} ® su(2)) — Kerd} N Li_,(Vy ® su(2)).
The formal tangent bundle 7% 8*(Y) of 8*(Y) is defined as the quotient bundle of

A*(Y) x | J(Kerd} N L7 (Q) ® su(2)))
x€A*(Y)

by the action of §(Y). Then, the operator Hess, (cs) defines a bundle map
Hessy (cs): TFB*(Y) — TF18*(Y).
We define g9 > 0 by

g 1= min{|)L|: A is a non-zero eigenvalue of
Hessy (cs): Kerd* N L?(Q} ® su(2)) — Kerd* N L*(Q} ® su(2)),
X € Cr}.

We take an open neighborhood U of C, in 8*(Y) such that
{%80} N {|A|: A is an eigenvalue of
Hessy (cs): Kerd} N L*(Q} ® su(2)) — Kerd} N L*(Qy ® su(2)),
xeU}=0.
Then,

1
Lk .= U{Lz—eigenspaces of Hess, (cs) whose eigenvalues A satisfy |A| < 580}
xeU _ U
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gives a finite rank subbundle of T*U := T*B*(Y)|y. This gives a decomposition
TkU = ng @ L’l‘ . We have the following section:

grad;: U x (—¢,¢) — L’f_l, (c,t) —~ pryx—1 grad, (¢Sy,z,)-

For a point (¢,t) € U x (—¢, ¢) and a small neighborhood V, of x, by taking a
trivialization, we can regard the section grad,; as a smooth map

grad): Vy x (—e,6) — (LK),

Since csy is Morse-Bott function, d grad |y, x{o} is surjective for x € C,. Therefore,
if |t| is sufficiently small, d grad} |y, x; is sujective. Thus grad;'(0) is a smooth
submanifold and diffeomorphic to C, x (—¢, ¢) for a small ¢ > 0. We take such a
diffeomorphism H: C, x (—¢,¢&) — gradl_1 (0). Then, the critical points of csy,, can
be seen as the zero set of the following map:

grad := grad,oH:C; X (—¢,¢) — ng_l.
For x € C; and its neighborhood V,, in C,, we regard grad as a smooth map
grad’ = trivialization o grad, o H: V; x (—¢,£) — (L¥71),.
We have the following Taylor expansion of grad’ with respect to t att = 0: for x =

(c,t) € Cp X (—¢,8),

d
grad'(c,?) = grad, , +ta(grad’(c,,))|t:0 + 0(t?)

d
= IE(PY(Ll)x grad, (csy,z,) o H(c,1))|t=0 + o(t?)

d
= IE(PT(LI)X grad, (tp, (x)gr o ¥~ o po(x))) o H(c,1))|i=o
+ 0(t?)
=1pry,), erad, (gr o v lopoy)od,H(c, 1))+ O(t?).

Now, we have a C? section grad™: C, x (—e&, &) — L given by

1/t grad’(c,1) ift #0,

grad®(c.1) :=
pry, grad, (gr oyt o poy)od H(c,1)) ift=0.

Then grad’k (c, t) is transverse when ¢t = 0. Therefore, for ¢ sufficiently small,
grad™ |, x{; is transverse. One can see that the zero set of grad™(c, 0) corresponds
to the set

{c € Cripry, grad, (g oy o poy)od H(c,0) =0} = Crit(g;) C Cr.
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We construct an embedding L: Crit(g,) x [0, &9) — B*(Y). Note that for & suffi-
ciently small, grad™: C, x (—e&, &) — L1 is transverse to the zero section. By the
implicit function theorem, one can see that (grad” |¢, x(—e.) ' (0) is a compact
1-dimensional manifold. If we take ¢ sufficiently small, then

(grad” |c, x(0)) "' (0) = (grad” |¢,x(-¢,6) "' (0) = (=&, )
gives a fiber bundle.
Note that (grad® |c,x(03)"1(0) is a finite set and (grad™ |c,x(—e.¢) 1(0) is a

union of 1-dimensional open intervals. As a trivialization of the above bundle on
[0, ), we have a diffeomorphism

L': (grad* |c, () " (0) x [0, &) — |_J(grad* |c,() "' (0).
t€l0,e)

Therefore, the set of critical points of (cs 4t/ (g))|u corresponds to Crit(g,) for
small # > 0. The embedding L is given by the composition of L’ and the following
map:

inclusion

| J(erad® [¢, x() " (0) =225 €, x [0,6) —> €, — B*(Y),
t€f0,e)

One can easily see that (csy +thyr(4))|u is non-degenerate at x € U if and only if
grad® |y is transverse to the zero section. Since grad™ |y is transverse to the
zero section and transversality is an open condition, grad™ |y (s is transverse to the
zero section for sufficiently small # > 0. ]

Using Lemma 6.2 and some technique of [40], we will show the following lemma:

Lemma 6.4. Suppose that the Chern—Simons functional of Y is Morse—Bott at the
level r € A*. There exists a family of perturbations 7w, = (f,hy,q,) € P*(Y, g) such
that ||, || — O, the perturbations w, are non-degenerate and regular and

sup#{a € Efrn (Y):r—Ay <csyg,(a) <r+ Ay} < oo,

where Ay = %min{|a —bl:a,b € A}, a # b}. In particular,

Zly,m' < oQ.

i€Z
Proof. We regard r as an element of R /Z via mapping R to R /Z. Suppose that C, =
R*(Y) Ncsy!(r) is a submanifold in 8*(Y). We take a Morse function g,: C, — R.

Then, by taking a Morse—Bott perturbation 7" (g), we obtain a sequence of perturba-
tion {7; }re(0,69) = {(f. h, £q)} such that

sy, B*(Y) > R/Z

satisfying the conclusion of Lemma 6.2.
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Next, we perturb the other part R*(Y) \ ¢s~!(r). By the argument to construct
perturbations as in [15, Section 5.5.1], one can take a sequence of perturbations

{n;;}nEZ>o = {(g, hn, ‘In)}nEZ>0

supported in a small neighborhood of R*(Y) \ ¢sy " (r) such that CSy is non-degener-
ate for each n and lim,, . ||77,,|| = 0. Then, 7} := (f U g, h), + h.q, + %q) satisfies
the following conditions: for a large n > 0,

#a e R: (Y):r —dy <csym,(a) <r+ Ay} = #Crit(g),

where Ay = % min{|a — b|:a,b € Ay}. Using the technique of [40, Section 8], one can
add a small perturbation {m,; } = {(f. h; + hn.q,, + gn)} such that the perturbation
7,y is non-degenerate and regular for each n € Z~ and the critical point sets of csy,,
and c¢s» coincide. This completes the proof. ]

Theorem 6.5. For a Seifert homology 3-sphere of type X (ay, ..., ay),
l)](al,...,an) = 2|A(Z(d1, cee yan))|-

Proof. Saveliev showed that R*(X(ay, ..., a,)) has a perfect Morse function whose
critical points have odd Floer indices in [43]. By the use of a Morse-type perturbation
as in Lemma 6.2, one can see that there is no differential for such perturbations. This
completes the proof. ]

The following theorem provides a connected sum formula of /y under suitable
assumptions:

Theorem 6.6 (connected sum formula of [y). Suppose that Y1 and Y are Seifert
homology 3-spheres, then

lY]#YZ =< 4‘IY1 lY2 + lYl + ZYZ'
Proof. The critical submanifold of csy, sy, in B8*(Y#Y>) is given by
R*(Y1#Y,) = R*(Y1) LI R*(Y,) LI R*(Y;) x R*(Y,) x SO(3).

Since Y; and Y, are Seifert homology 3-spheres, the Chern—Simons functionals of Y}
and Y, have Morse—Bott type perturbations such that the critical points correspond
to Crit( f1) and Crit( f2), where fi: R*(Y;) = R and f»: R*(Y2) — R are perfect
Morse function such that /y, = #Crit( f;) and [y, = #Crit( f2). Note that SO(3) has
a Morse function s whose critical point set is the four point set. Then R*(Y;#Y>)
has a Morse function such that the number of critical points is 4y, ly, + ly, + ly,.
Thus, one can take Morse—Bott type perturbations whose critical points correspond to
4ly,ly, + ly, + ly, points. This completes the proof. ]
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The connected sum formula below is useful to calculate /3, and [ I’ﬁ

Theorem 6.7. Let r be an element in Ay,sy,. Suppose that Yy and Y, are Seifert
homology 3-spheres. Then

ZYI#YZ:r:i <4 E :lYl ,rl,ille,rz,iz + IY1,r,i + le,r,i-
r=ri+rz
i=i+in

Proof. We decompose the set
R*(Y1#Y>2) N{a:ind(a) = i, csy,sv,(a) =1}

as the union of

]_[{a € R*(Y1):ind(a) = i1, csy, (a) = rl}
r=ri+ra x {a € R*(Y):ind(a) = iz, csy,(a) = r2} x SO(3)

i=iy+ip

and
{a € R*(Y1):ind(a) = i,csy,(a) = r} u {a € R*(Y>):ind(a) = i, csy,(a) = r}.
Then, the same proof as for Theorem 6.6 can be used to prove the desired result. m

We will calculate /y, I} and lllﬁ for a certain class of homology 3-spheres in Sec-
tion 9.

7. Convergence theorem and proof of main theorems

7.1. Convergence theorem

In this section, we fix an oriented homology 3-sphere ¥ embedded in an oriented
negative definite 4-manifold X. In this section, we assume that H;(X;R) =~ R and
0 # [Y] =c € H3(X;Z). Let W, be the oriented compact 4-manifold with W, =
Y U (—Y) obtained by taking the closure of X \ Y. For a positive integer /, the man-
ifold W0, [] is the compact oriented 4-manifold obtained from X defined in (2) and
W*[0, ] is the cylindrical end 4-manifold written by (W]0, [])* in (15). Here we
recall oW, = YiJr U Y;”. Fix a small collar neighborhood of Yl.Jr in W*[0, [] denoted
by

Yt x1 cw*0,] (35)
and a Riemann metric gy on Y. We also fix a Riemann metric gy =917 on W*[0,!]
such that the restrictions of g9 to ¥ x (—00,0], ¥ x [0, o0) and YjJr x I for

j €{0,....13} equal gy x dt?.
In this setting, we will show the following existence theorem:
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Theorem 7.1. (1) Suppose rs(Y') < oo for some s € [—00,0]. Then, for any | €

(2)

Zso, a sequence of non-degenerate regular perturbations {m,} with

l7n |l = O and a sequence of perturbations {”I’}V*[o l—1]} of ASD equations
on W*[0,1] compatible with {m,} on Y x R<o and Y x R, there exist
sequences of critical points {an }nez.-, and {by}nez, of ¢Sz, such that

M(a,, W*[0,1 —1],b,) # @, nli)rrgocsnn(an) =rg(Y),

and ¢sy, (an) — ¢Sz, (by) — 0 asn — oo.

Suppose that T'_y(k) < oo for some k € Z~¢. Then, for any | € Zx>,
a sequence of non-degenerate regular perturbations {1, } with ||, || — 0 and
a sequence of perturbations {”I’}V*[o,l—l]} of ASD equations on W*[0,1] com-
patible with {mr,} on Y x R<g and Y x Rx, there exist sequences of critical
points {annez-., and {bp}nez-, of ¢Sy, such that

M(a,, W*[0,1 —1],b,) # 0, im csy, (an) = I_y (k).

and ¢S, (an) — ¢Sx, (bn) = 0 asn — oo.

Remark 7.2. Daemi [11] and Nozaki, Sato, and the author [35] proved similar exist-
ence results for solutions of perturbed ASD-equations. The author expects that The-
orem 7.1 can be proved for Jy (k, s) which will be defined in [12] for positive k € Z.

Proof of Theorem 7.1. The proof consists of two parts.
(1) Put rg(Y') = r. Take a sequence of positive {g,} such that &, — 0 and 7, €
P*(Y,s,r + e, g) for each n. We consider the cobordism map

CW[O’ l] CIESJ-}-E‘M](Y) - CIES=V+SH](Y)

given by counting the moduli spaces M (a, W*[0,/],b). In [35], we showed the counts
of the following oriented 0-dimensional compact manifolds:

MY (@.b)x, /R x M(b, W*[0.1],6),
beR*(Y )y,
ind(b)=0,cs5, (b)<r+ep

MY1(a,0)., /R x M(0, W*[0,1],6),

—| M@ w*[0.1].¢) x M(c.0)x, /R

Ceﬁ* (YZ)JT2
ind(b)=1,cs7, (c)<r+en
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are zero for each generator of a € Cl[s’r+6”] (Y). This implies that

n[s,r-i—an]a[s,r-i-sn](a) + C(W)GI[;,r-i—En](a) — 91[;,7'-}—6”] Cw[s,r-i-an](a) (36)

for any a € CI[IS’HS”](Y) for some c(W) > 0. By the choice of r, for an element
a € CIF"=*r1(y) with 9l5"=4v](4) = 0, the equation

0" @y =0

holds. However, since [91[/5 ’r+5”]] = 0 for any n, we have a sequence {{, } of elements

in CI[lr_’l’rJrs”](Y) such that 95" *2n1(¢,) = 0 and 9)[5’”8”]({,,) # 0. Then we put
a = {, and obtain the following equations:

(W)Yo (g,) = oF el (cwlsrrenl g, ) 37)

for each n.
Since the left-hand side of (37) is non-zero, 91[; rrenl owlsrtenl (g, s also
non-zero. Since CW"+e11(¢,) is a cycle, if we write

tn= sta’ and CWErFenl(g) =" rmpy
i J

(Sn rn

porf € Q), then there exist ig and jo such that r + &, > ¢Sy, (b]’-’

o) > T —Ay and

Ml W*[0,1 = 11,67 ) # 0.

io’

Puta, := ag’o and b, ;= b}’o. By the choices of {ap }nez-, and {b, }nez- ,, We conclude
that

lim ¢sy,xr,(an) = lim csy,n, (by) = rs(Y).
n—>oo n—>oo

Q) Fix1<l<l )I; We will also use the formula essentially showed in [20]. There
exists a sequence {b; } of rational numbers such that

DYUF' CW[0,1)(a) = c(W[0,I)(DYUf "(@) + ) b DY Uj(a),  (38)
1<j<k—1

where Uy and Df (resp. Uy and Df) are U-map and D map for Y (resp. for V)
and
CWI[0,1]: CA(Y) — CA(Y)

is a cobordism a map as in the same in [11]. We take a sequence {{,} C CA(Y) such
that

dMe) =0, DU =0(1<j<k—1), DU #0,
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and

Py(k) = lim mdeg(D1U*™"(¢,)) — mdeg(£y). (39)

By combining (38) and (39), we have
DYUE=YCW[0,1](Ly) = c(W[0, 1) (DY UL ().

Thus,
mdeg(DY UE~1 CW[0,1](¢4)) = mdeg(DY UE~(24)).

Note that the elements {CW/0, /]({,) }nez-, also satisfy the following three equations
dhc)=0, DU/ (c)=0 (1<j<k—=1), DU*(c)#0.
This implies
T_y (k) < mdeg(D} Uy~ CWI0,1](¢,)) — mdeg(CW(0,1](5))-

Since
mdeg($,) < mdeg(CW[0,1]({n)) + dn

is proved in [11], where {3, } is a sequence of positive number with 6, — 0, we have

lim mdeg(D} Uf~" CWI0, 1](4)) — mdeg(CW[0,1]()) = Ty (k).

n—>oo
This implies that
lim (mdeg(CW]IO, [](a,)) — mdeg(a,)) = 0. (40)
n—>oo
We write ¢, by
Z m" (i)AT a?
1<i<N

and
CWI0.11(Gn) = > M(BT, W*[0.1],alym" (i) A7F 6 CT-Dpn,
i,j

This implies for some iy, jo € Z>o,
M(b; , W*[0,1],a}) # @

and (40) implies lim;, 500 & (bj’.’o,a;’o) —0.Puta, := ag’o and b, := b}’o. By the choices
of {an}nez-, and {b, }nez.,, we conclude that

lim csy,r,(an) = lim csyn, (bn) = T—y (k). [ ]
n—>oo n—>oo
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The following theorem is a key theorem to prove Theorem 1.11. In the proof of
the next theorem, we use the finiteness of /5, or [ )’i

Theorem 7.3. (1) Suppose that ly, < oo, rs(Y) < oo for some s € [—00, 0].
Then, there exist a positive integer | < lf, and a flat connection Aso on
W10,1 — 1] such that As is an irreducible flat connection on W[0,1 — 1] with
equal boundary flat connections and cséf’[Y](Aoo) = rs(Y) when we regard
Ao as a connection on X [y].

(2) Suppose that lllﬁ < o0, I'y (k) < oo for some k € Z~¢. Then, there exist a
positive integer [ < ly and a flat connection Ax, on W|0,1 — 1] such that
Aco is an irreducible flat connection on W[0,1 — 1] with equal boundary flat
connections and cséf,[y](Aoo) = I'y (k) when we regard Ao as a connection
on Xj [y]-

Proof. The proof is comprised of two parts.
(1) Suppose that {7, },ez., and gy are a sequence of non-degenerate regular
holonomy perturbations of ¢sy and a Riemann metric on Y such that

Iy =# sup {[a] € R (Y).ind([a]) = L.
"E0 L (V) = Ay < esmy(la]) < (V) + Ay ). 1)

Let {”ﬁ/*[o l;_l]}nezﬂ, be a sequence of regular perturbations of the ASD-equations

on W*[0, [y — 1] such that the perturbed equation of nﬁ,*[ | coincides with

0,131
FH(A)+ 7, (A)=00nY x (—00,0], Y x [0,00) and YjJr x I for j €{0,...,13} for
any n. Here, we apply Theorem 7.1 (1). Then there exist sequences of critical points

{antnez-, and {bp}nez.-, of csy, such that
M(an, W*[0,1y — 11,b,) # @, lim csy,(an) = rs(Y),
n—->oo

and
¢Sx, (@n) — Sz, (bn) > 0 asn — oo.
Take an element A, € M(a,, W*[0, 13 — 1], b,) for every n € Z¢. The conditions

cSx, (an) — ¢Sz, (bn) — 0, ||, || — 0O, and ||7r1’}V*[0J§_1]|| — 0asn — oo imply

[ F(A4n) + ”;’V*[o,l;_l](A)||L2(W*[0,l§,—1]) — 0. (42)

This implies that the connection A, is close to some critical point of csy,,, near
Yj+ x I. On the other hand, we have gauge transformations {g; } on Yj+ x I and

critical points {c,{} of ¢sy,x, such that

||(gfj;)*A”|YJT"xI - p*cr{||C1 = C(”F(A”|Yj+x1)”L2(Yj+xI) + ll7al), 43)
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where the constant ¢ depends only on the metric gy and /, which we take to be a
positive integer greater 2, and p: YJ.Jr x I — Y is the projection. Since csy,y,, is non-

degenerate, ¢ in (43) is unique up to gauge transformations. Note that if n is large,
then

cj € {lal € Ry, (¥),ind([a]) = 1,r5(Y) = Ay < csx,([a]) < rs(Y) + Ay}

By (41), we can use the Pigeonhole principle. Then, for each n, there exist j, and j,
such that cé” ~ c,],” as connectionson Y . Moreover such patterns of ch01ces of j, and

j, are finite. By changing gauge transformations g;, we assume ¢i" = ¢} Thus, after

taking a subsequence of {4, },ez.,, We can assume that j, and j, do not depend on
the choices of n. By summarizing the above dlscussmn we obtained integers 0 < j
and j’ < I3, gauge transformations g;, and g,, on YJr x I and Y + x I, and critical
points {c, } of csy,, such that

II(g,’;)*Anlyj,+X, = pienller = U FAnly o Mz + 17l (44)
I(gn )*An|yjj|;x[ —Prenller = CUFEAnly P lagr sy + I7nll) (45)

hold. After taking a subsequence of {c, } and pull-back by gauge transformations {/ },
we can assume that {/c,} is C *°-convergent to c,. Then

(&) Anly b and (g ) Anly g}
J

are convergent sequences on YjJr x I and Y]J,r xI.

We can extend gauge transformations g,{ o hy, and g,{/ o h, to gauge transform-
ations {g,} on W*[0,l3 — 1] such that {g; A, } converges to {g; An} onall of ¥ x R.
We set lim, 00 g5 An = Aoo. The limit A has the following properties: there are
J.J" = I3 such that A, is an SU(2)-irreducible flat connection on W*[0, /3 — 1] with
A°°|Yj+ ~ AOO|Y;. and

csy (Aly) = re(Y) (46)

for any j. Suppose j < j’. Then Auo|wy;,j, satisfies the conclusion. By (46), we
conclude that

— 1i — j —]+1
r= nli)nolo csy (an) = CSW’[Y;-](AOO) =% v (Aoo)s

where W[, j'] is the oriented closed 4-manifold obtained by identifying the bound-
aries YjJr and Y;; of wWlij. i’
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Here, since Ao is a connection on W[, j'] such that Aoo|Y+ o~ Aoo|y17, we
regard Ao, as a connection on W|j, j’]. Moreover, W{j, j'] can be identified with
X;/_j+1,[v]- This completes the proof.

(2) The second proof is essentially the same as the first. Suppose {7, }nez., and

gy are a sequence of non-degenerate regular holonomy perturbations of csy and
Riemann metric on Y such that

k . . 1 ifkisodd
ly =# sup ([a] € R, (Y): ind([a]) = mod 8,
neZ-o 5 ifkiseven

[Ty (k) — csm, ([a])] < ly}

n
w*[0,15—1]

w*0,l I’S — 1] such that the perturbed equation of JT;/*

and {7 }nez-, be a sequence of regular perturbations of ASD-equations on
o R
(0.7 —1] coincide with F ™ (A) +

7 (A)=00nY x (—00,0],Y x [0,00) and YjJr x [ for j € {O,...,lllﬁ}foranyn.
Then we can do the same discussion as in the first proof. |

7.2. Proof of main theorems
In this section, we prove several theorems in Section 1.
7.2.1. Proof of Theorem 1.11. In this section, we will give a proof of Theorem 1.11.

Theorem 7.4 (Theorem 1.11). Let Y be an oriented homology 3-sphere and X be an
oriented negative definite 4-manifold. Suppose there exists an embedding from Y to
X with0 # [Y] € H3(X; Z).

(1) Ifly < ocandrs(Y) < oo for some s € [—0o0,0],

rs(Y)—|rs(Y)] € Ulmcsj[y]X,[Y] :

1<j<ly
) Ifl)]i < oo and I'_y (k) < oo for some k € Z~y,

Ty (k) — [Ty (k)] e | JImes;y x,v7-

1<j<lf
If[Y] =0, then
rs(Y)=rg(=Y)=Ty(k) =T_y(k) =00

forany s and k.
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The proof of Theorem 1.11 is decomposed into two cases: [Y] 7% 0 and [Y] = 0.
The first case gives an extension of the main theorem in [44]. However, the proof is not
the same. In [44], the author used ASD moduli spaces for 4-manifolds with periodic
ends to prove the main result. However, in this paper, we only use ASD moduli spaces
for 4-manifolds with cylindrical ends. The essential part of the proof is contained in
the proof of Theorem 7.1.

Proof of Theorem 1.11. First, we assume [Y] # 0. Suppose that ¥ is a homology
3-sphere Y embedded in a negative definite 4-manifold X with 0 # [Y] € H3(X;Z).
We assume that X is connected. Put

c:=PD([Y]) e H\(X;Z) = Hom(H(X;Z), 7).

By the following discussion, we may assume that H;(X;R) = R to prove The-
orem 1.11. Suppose Rank H; (X ;RR) > 2. We have an exact sequence:

0— EBZ @ torsion = Kerc — H;(X;Z) 5 7.
Rank H| (X ;Z)

We take a generator d; € Hy(X;Z) of the free part of Kerc. Then d; - [Y] = 0. We
also have the following exact sequence:

Hi(X\Y:2)—> Hi(X:Z) > Hi(Y x 0y xI);Z)~ H*Y;Z) = Z.

The map Hy(X;Z) — H (Y x 1,0(Y x I);7Z) = H3*(Y;Z) = Z corresponds to the
pairing of ¢. As dy € Kerc, the class d; is represented by a closed oriented manifold
Iy CX\Y.If[Y] # 0, X \ Y is connected. Therefore, by considering the connected
sum, we can assume /| is connected. We extend /{ to a framed loop /;: S1xD35X
such that Im/ N'Y = @. Then by considering surgery along /,, we obtain an oriented
connected 4-manifold X;,. It is shown in [27] that the 4-manifold X;, obtained by
surgery along /; has the same intersection form as X so X;, is also negative definite.
By Proposition 4.3, there exists a class 0 # ¢; € H'(X,;Z) such that

J Jj
Imchl1 PD(cy) CIm S [v] -

Note that b1(X) = b1(X;,) — 1. By induction, there exists a sequence of negative
definite 4-manifolds {X;, } and classes {c;} for 1 < j < Rank Ker ¢ such that

J J J
ImCSXzN,PD(CN) c---C Imchzl,PD(q) C Imch,[Y]
for any j, where [; are embeddings S' x D* — X;,_, satisfying [[g1,40] = ;.

This implies that we can suppose that Hy(X;,;R) = R. Here we put Wy := X \ Y
and suppose Hy(Wp; R) = H,(S?; R). Suppose that ry(Y) < co and I§ < oo for
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s € [—00,0] (resp. 'y (k) < 1 and l{; < 00). Theorem 7.3 implies that there exist
an integer j < Iy (resp. j < l{i) and a representation p: 71 (W[0, j — 1]) — SU(2)
satisfying the following conditions:

* the restrictions of p to the components of d(W [0, j — 1]) = YO+ LY~ coincide
via the identification YO+ — Yj__l;
o esho(p) = rs(Y).

This implies that r;(Y) € Im csgfjc(resp. I'y (k) € Im cs)j(’C).

If [Y] = 0, since X is connected, X is decomposed into two parts: X; Uy X, = X.
Since X is negative definite, X and X, are negative definite 4-manifolds. Therefore,
both Y and —Y bound a negative definite 4-manifold. By using (22) and (24), we have
oo =T_y(k) =Ty(k) =rs(Y) = rs(=Y). u

In [44], the author constructed an obstruction class to the existence of embeddings
by developing gauge theory for 4-manifolds with periodic ends. The main theorem
of [44] is as follows.

Theorem 7.5 ([44]). Let Y be an oriented homology 3-sphere and X an oriented
homology S' x S3. Suppose that the Chern—Simons functional of Y is non-degenerate
and there exists an embedding from Y to X such that [Y] generates H3(X ; Z). Then

_ pl=oo.r] 1 : ; J
0 =0y €l_oon¥) for0=r=< 15]_5121&110/)Jr3 min{r € Imch’[Y]},

where R(Y') is the quotient set of Hom(r1(Y), SU(2)) by the conjugation of SU(2).

Now, we prove Theorem 7.5 without using any gauge theory on 4-manifolds with
periodic ends.

Theorem 7.6. Theorem 1.11 implies Theorem 7.5.

Proof. The inequality
ro(Y) < r—so(Y) (47)

was proved in [35]. Moreover, when the Chern—Simons functional of Y is non-degen-
erate, by a similar discussion given in [40, Theorem 8.4], we can take a sequence of
non-degenerate regular perturbations {7, } such that

* |zl =0,
* 1, is zero near a neighborhood of R(Y), and
* Ry, (Y)= R(Y) for any n.
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This proves
ly <#R(Y). (48)

Inequalities (47) and (48) imply that Theorem 1.11 recovers Theorem 7.5. [ ]
Theorem 1.6 is a corollary of Theorem 1.11.

Theorem 7.7 (Theorem 1.6). Let Y be an oriented homology 3-sphere and K an
oriented 2-knot. The invariants {csk,j};jez., satisfy the following properties.

* Suppose that I3, is finite and rs(Y) < oo for some s € [—00,0]. If Y is a Seifert
hypersurface of K, then

re(Y) = Lrs(N)] € | JImesk;

1<j<ly

holds.

*  Suppose that llli is finite and T'_y (k) < oo for some k € Zi~¢. If Y is a Seifert
hypersurface of K, then

Iy (k)= Ty (k)] €| JImesk,;
1<j<Ik
holds.

Proof of Theorem 1.6. The Seifert hypersurface Y determines a codimension 1-sub-
manifold of X(K) with 1x = [Y] € H3(X(K);Z). Since lj < oo, we can apply
Theorem 1.11. Then, we obtain

rs(Y) € UImcsff(K)’lK = UImCSK,j )
1<j<ly 1<j<ly
This completes the proof. The proof of the second statement is the same. ]

7.2.2. Proof of Theorem 1.8 . In this section, we prove Theorem 1.8.

Theorem 7.8 (Theorem 1.8). Let Y be an oriented homology 3-sphere and K an
oriented 2-knot.
(1) If rg(Y) < oo, Iy < oo for some s € [—00,0] and Y is a Seifert hypersur-
face of K, then there exists a positive integer | < I}, such that there exists an
irreducible representation

0:G1(K) — SU(2).
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2) If T_y (k) < oo, l{; < oo for some k € Z~g and Y is a Seifert hypersurface
of K, then there exists a positive integer [(< Z)IS ) such that there exists an
irreducible representation

p: G (K) — SU(2).

Proof of Theorem 1.8. The proofs of (1) and (2) are the same. We show (1). The-
orem 1.6 implies

rs(Y) € Imesk,; N(0, 1) (49)

for given s € [—o00, 0] and some j(< ly). We combine (49) and Lemma 2.12 and
obtain the conclusion. ]

8. Extendability of SU(2)-representations

Theorem 1.11 shows existence of finite irreducible SU(2)-representations. In this
section, we provide a method to prove the existence of infinitely many irreducible
SU(2)-representations.

Definition 8.1. Let (X, Y) be a pair consisting of a closed 4-manifold X and a
codimension-1 smooth submanifold ¥ of X and let p: 71(Y) — SU(2) be a rep-
resentation. If p is extended to a representation p: 71 (X) — SU(2), then we call p an
extendable representation for (X, Y).

By using our method, one can give a partial answer to the following question:

Question 8.2. For a given pair (X, Y'), which SU(2)-representations of ;(Y) are
extendable for (X, Y)?

The easiest examples are (X = Y x S1,Y). In this case, all representations are
extendable. For example, Theorem 1.13 proves that if X is negative definite and ¥ =
—X(2,3,5), then all SU(2)-representations of 771 (Y') are extendable. The goal of this
section is to prove the following theorem:

Theorem 8.3. Let Y be an oriented homology 3-sphere and let p: w1(Y) — SU(2)
be an SU(2)-representation of w1 (Y).

*  Suppose csy(p) = rs(Y) < oo and I3, < oo for some s € [~00, 0], the Chern—
Simons functional of Y is Morse—Bott at the level rs(Y), and for each com-
ponent | J, Cy = cs)_,l(rs(Y)) N R*(Y), we assume there exist Morse functions
ga: Coy — R such that

{p € Cy:indg, (p) +ind(Cy) = 1,d(ga)p =0} =0
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ifp & Cy and
1 =#{p € Cyy:indg, (p) +ind(Cay) = 1.d(gay)p = O}.

where Cg, is the component which contains p and ind(Cy) is the Morse—Bott
index of Cy. Let X be a closed negative definite 4-manifold containing Y as a
submanifold. Then p is extendable for the pair (X,Y). Moreover, all SU(2)-rep-
resentations which lie the same component of p are extendable for (X, Y).

Suppose csy(p) = I'_y (k) < oo and lllﬁ < o0 for some k € Z~q, the Chern—
Simons functional of Y is Morse—Bott at the level T'_y (k), and for each com-
ponent | J, Cqy = cs;l (T—y(k)) N R*(Y), we assume there exist Morse functions
ga: Coy — R such that

. . 1 ifk is odd
p € Cy: indg, (p) +ind(Cy) = mod 8,
5 ifkiseven
d(ga)p = 0} =0
ifp & Cy and
1 ifkisodd
= #]p e Cuy: indg, (p) +ind(Cay) = { - THBOdd L ds,
0 5 ifkiseven
d(8ag)p = 0}’

where Cqy, is the component which contains p and ind(Cy) is the Morse—Bott
index of Cy. Let X be a closed negative definite 4-manifold containing Y as a
submanifold. Then p is extendable for the pair (X,Y). Moreover, all SU(2)-rep-
resentations which lie the same component of p are extendable for (X, Y).

Proof. Putr = rs(Y) = csy(p). Since r5(Y') < oo, by Theorem 1.11 we can suppose
0 # [Y] € H3(X;Z). First, we can assume the class [Y] generates H3(X;R) = R
by the same argument as in the proof of Theorem 7.1. Put g’ :=[] ga: [ Cou =
esy'(r) N R*(Y) — R. We fix another Morse function g: csy'(r) N R*(Y) - R
obtained by deforming the Morse function g’ satisfying the following conditions:

the point p € Cy is a critical point of g whose Morse index is 1 — ind(Cy,),
{p € Cy:indg (p) +ind(Co) = 1,d(gc,)p = 0} = D if a # ap and
I =#p € Cyyrindgc, (p) +ind(gcy,) = 1,d(gcyy)p = 0)-
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By using Lemma 6.2, we take a Morse—Bott type perturbation 7. (g) for ¢ € (0, &¢).
We take a sequence of non-generate regular perturbations {7, } such that

Cs”l/n(g) |U = CSqy |U and ”T[n” g 0’

where U is a neighborhood of ¢sy'(r) N R*(Y) in B*(Y). By Lemma 6.2, we can
see {1, } satisfies the following conditions:

* there is a correspondence

Ly {the critical point set of g: csy' (r) N R*(Y) — R}

— {critical point set of ¢sy, |U}

for each n such that limy, .o L, (a) = a,
o #lae ﬁ;n (Y):ind(a) = 1, | ¢Sy, (@) — 1| < %)Ly} =1, and
* {p} = {p:the critical point set of g:lim, 0 L, (p) € Cq,}-

Thus, we conclude that [ = 1. Then we apply Theorem 7.3 and obtain an irreducible
flat connection Ao, on W0, 0] such that

Cs;(,[y](Aoo) =rs(Y).

Moreover, by the proof of Theorem 7.3, we can see that

~

Aoo|y(;|' = Aoo|Y0_ = p.

Thus, Ae gives an extension of p. Moreover, for another point p’ which lies in the
same component of p, we can take another Morse function g with the following con-
ditions:

* the point p’ € Cy is a critical point of g whose Morse index is 1 —ind(Cy,),

¢ {p € Cyindgc, (p) +ind(Cy) = 1,d(gc,)p =0} = B if @ # ap and

* 1=#peCay: indgcmO (p) +ind(gc,,) = 1.d(gcy,)p = 0}
by modifying g’. Then, by the same discussion, we have an extension Ao, of p’. =

We give a sufficient condition for the assumptions of Theorem 8.3 to hold.

Corollary 8.4. Let Y be an oriented homology 3-sphere and let p: w1(Y) — SU(2)
be an SU(2)-representation of w1 (Y).

(1) Letl be a positive integer. Suppose csy (p) = rs(Y) < oo and ly, = 1 for some
s € [—00, 0], the Chern—Simons functional of Y is Morse—Bott at the level
rs(Y), Hy(csy' (rs(Y)) N R*(Y);Z) <1 for any * and csy* (rs(Y)) N R*(Y)
has a perfect Morse function. Let X be a closed negative definite 4-manifold
containing Y as a submanifold. Then p is extendable for the pair (X,Y).
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Moreover, all SU(2)-representations which lie the same component of p are
extendable for (X,Y).

(2) Let | be a positive integer. Suppose csy (p) = I'—y (k) < oo and lllﬁ =1 for
some k € Zi~g, the Chern—Simons functional of Y is Morse—Bott at the level
Iy (k),

Hy(csy' (T-y (k) N R*(Y):Z) = 1

for any x and cs)_,1 (rs(Y)) N R*(Y) has a perfect Morse function.Let X be a
closed negative definite 4-manifold containing Y as a submanifold. Then p is
extendable for the pair (X, Y). Moreover, all SU(2)-representations which lie
the same component of p are extendable for (X,Y).

Proof. We check that the assumptions of Theorem 8.3 are satisfied. By assumption,
we have a Morse function g: sy ' (r5(Y)) N R*(Y) — R such that the differentials of
the Morse complex with respect to g are zero. Since

Hy(esy' (rs(V)) N R*(Y);Z) < 1,
we have
#{p € csy' (rs(Y)) N R*(Y):ind(p) = *,dg, =0} <1 forall x € Zxy.

Note that ¢s! (r(Y)) N R*(Y) is connected. Then we use a Morse—Bott type per-
turbation 7.(g) for ¢ € (0, &9) given in Lemma 6.2 to define filtered instanton chain
complexes CIE” () given in Section 2.4.1. Since the value of r;(Y') depends only
on the index-1-critical points of ¢sy, () in cs;l (rs(Y)) N R*(Y), we have

#{p € csy' (rs(Y)) N R*(Y): indg(p) + indeyy (esy ' (rs(Y)) N R*(Y)) = 1,
peCydgy = 0} > 1.

We suppose that g has p as a critical point satisfying indg (p) + ind.y,, (Cy) = 1. Thus,
the assumptions of 1 of Theorem 8.3 are satisfied. A similar argument proves 2. =
9. Examples and applications

In this section, we give several examples of computations of /y, [ and [ )’i and applic-
ations of main theorems in Section 1.

9.1. Calculations of ly, I}, and 15

In this section, we give several computations of /y, [y and / Ilﬁ
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9.1.1. Seifert homology 3-spheres. In this section, we discuss the invariants /y,, lfﬁ
and /y for Seifert homology 3-spheres of type X (a1,...,ay). In [16], the R-invariant

of X(ai,...,an):

i—

2 noo k k k
R(ay,...,an) = ——34+n+ Z — cot(an )cot(n—) sinz(n—) (50)
a =1 a; 1 a; a; a;
is introduced, where a = ay - - - a,. In [16], Fintushel and Stern gave an algorithm to

calculate SU(2)-representation spaces R(X(ay, ..., da,)). Fix a sequence of integers
b,b1,...,b, € Z such that

a
k=

by
az azl‘i‘ab

1<k<n
We call (b, (a1,b1), ..., (an, by)) a Seifert invariant. For a such sequence, the funda-
mental group of ¥(ay,...,a,) is given by

m(Z(ay,....an)) ={x1,....xn, h:[x;, h] = l,x?i =hbi x; o, = 1}.

Note that if p: 71(X (a1, ..., an)) — SU(2) is an irreducible representation, then
p(h) = 1. Suppose that a; is even. We choose {b;} so that b; is even for j # 1.
The number /; is even if and only if p(h)? = 1. Then connected components of the
SU(2)-representations p of 71 (X (ay, ..., a,)), imposing some technical conditions,
are parametrized by the rotation numbers (/1, ..., /,) given by

. enili/ai 0
g p(xi)gi = ( 0 e_m.,i/ai) for some g; € SU(2) (1 <i <n)

and 0 < [; < a;. For this parametrization, the value of the Chern—Simons functional
is then given by

es(o(ly, ... 1)) = (Zali/ai>2/4a mod 1. (51)

i=1

Moreover, the Floer index’ ind(p(,,....1,)) is given by

2

.....

9When the Chern—Simons functional of an oriented homology 3-sphere Y is Morse—Bott,
we can also define a Morse-index. (See [16].)
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Example 9.1. Suppose that n = 3. Since R(2, 3,6k — 1) = 1, it is proved in [11,
Theorem 6] and [35, Corollary 1.4] that

1

52,3,6k—1)(1) = rs(=2( ) 24(6k — 1)
for any s € [—o0, 0]. Since A(2(2,3,6k — 1)) =k,
Is2,3,6k—1) = 2k

by Theorem 6.5. Moreover, it is shown in [16] that the Chern—Simons functional of
3 (2, 3,6k — 1) is Morse. Then (/1, /5, /3) determines a representation if and only if

lli/ar — la/az| <l3/az <1—|1—(l1/a1 —l2/az)|.

Here, we choose a1 = 2, a, = 3, a3 = 6k — 1. Then, the space of the representations
are parametrized by

R*(2(2,3,6k — 1)) = {(1,2,13):13 elk,k+1,....5k—1}nN ZZ}. (52)
Then the Chern—Simons functional is given by

123k —k +313) + 1
24(6k — 1)

cs(p1,2,15)) = mod 1.
If k is odd, p(1,2,5k—1) has the unique minimal value m of ¢sin (0, 1] and if k is
even, p(1,2 k) has the unique minimal value m of ¢s in (0, 1]. Therefore, we can
conclude that
1
l):(z,3,6k—1) = !'s@.3,6k—1) — 1

2

for any s € [—00, 0]. In the case of k = 1, we can also see that lz(2 35 = L

Example 9.2. Supposen = 4,a; = 2, a, = 3, a3 = 5 and ag = 7. One can check
that R(2,3,5,7) = 1. It is shown that

1
I 1) = —X(2,3,5,7) = —
2(2,3,5,7)( ) = rg( ( ) 840

for any s € [—o0, 0]. The space R*(X(2,3,5,7)) has six S2-components and 16
points. We put critical values of the Chern-Simons functional for —X(2, 3,5,7) in
Table | which are given in [16,42]. In Table 1, the Floer indices for Morse—Bott
components with dimension greater than O are described as bold numbers. Table |
implies that v(—X(2,3,5,7)) = rs(—=2(2,3,5,7)) for any s € [—00, 0].

Next, we consider the finite connected sums of Seifert homology 3-spheres.
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(11,12,13,14) [\ ind (11,12,13,14) cS ind
(1,0,2,2) 681/840 7  (0,2,4,2) 184/840 3
(1,0,2,4) 561/840 5  (2,2,2,2) 436/840 5
(1,0,2,6)  81/840 1  (2,2,2,4) 316/840 3
(1,0,4,4)  729/840 7  (2,2,4,4) 484/840 5
(1,2,0,2)  625/840 7  (2,2,4,6)  4/840 1
(1,2,0,4) 505/840 5  (1,2,2,2) 121/840 1
(1,2,2,0) 721/840 7 (1,2,2,4) 1/840 7
(1,2,4,0) 49/840 1  (1,2,2,6) 361/840 3
(0,2,2,2) 16/840 1  (1,2,4,2) 289/840 3
(0,2,2,4) 736/840 7 (1,2,4,4) 169/840 1
0,2,2,6) 256/840 3  (1,2,4,6) 529/840 5

Table 1. Critical values of —X (2, 3,5, 7). The usual instanton group of —3(2, 3, 5, 7) is iso-
morphic to Z28 and the Casson invariant is 14. This implies that /_x(2.3.5.7) = 28. On the
other hand, for s € [—00,0], % $(2.3.5.7) = 1. Moreover, if we let Y be the connected sum
#,(—X(2,3,5,7)) for a positive n, then the connected sum formula of ro(Y) implies that

ro(Y) = 8‘1‘0. Thus, we can also see that l;} =1.

Example 9.3. Fix k € Z~¢. Let Y be the linear combination
nX(2,3,6k — )##e6k—1)<aj—~anM(ay,....an) 2 (@1, - . ., an)),

wheren <0,k € Zsg and m(q, ... 4,) is a sequence of integer parametrized by the list
(ai,...,ay) with
ay---ap <246k —1).

Then Theorem 2.18 (21) implies

1

e =T =ro(nx(2,3,6k — 1))

> min{ro(Y), ro(#e(k—1)<a)~anM(@y,..am) (@1, - - . an))}.
By the condition 6(6k — 1) < a; ---a, and formula (51), we conclude that

1

ek oW

Moreover, we can see that

#csy? (m) =1
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Therefore,
Iy =1
Because of the choice of (ay,...,a,), we have
1
— = ro(Y).
ey oW

9.1.2. A hyperbolic homology 3-sphere. In [35], Nozaki, Sato, and the author tried
to calculate rg(Y') for the hyperbolic 3-manifold obtained along 1/2-surgery along
the mirror image of 5.

Example 9.4. LetY be S 13 /2 (53). The Casson invariant of Y is 4. In [35], it is checked
that all critical points of ¢s of ¥ are non-degenerate and there are eight SU(2)-repres-
entations. Moreover, approximate critical values of c¢s are given in [35, Table 2]. We
put the minimal value of c¢s of S13/2(5;‘) in (0, 1] by #o. Then, rs(Y) = 'y (1) =t
for any s € [—o00, 0]. Since #cs™1(f9) = 1, we can conclude that

ly =1y =1

for any s € [—00, 0]. The manifold 513/2 (5%) also satisfies v(Sf/z(S;)) =7y (513/2 (53))
for any s € [—00, 0].

9.2. Applications

In this section, we give several applications of the main theorems Proposition 1.2,
Theorem 1.6, Theorem 1.8, Theorem 1.11 and Theorem 1.15.

9.2.1. Ribbon 2-knots. The class of ribbon 2-knots is one of the fundamental classes
of 2-knots. There are several studies of the properties of ribbon 2-knots [29, 45-47].
For example, it is shown in [45] that the knot group G(K) is torsion free for any
ribbon 2-knot K. In [29], Kawauchi gave a characterization of Alexander modules of
ribbon 2-knots. Moreover, every ribbon 2-knot has a finite connected sum of copies
of S1 x S2 ([46]) as a Seifert hypersurface. However, the classification problem for
ribbon 2-knots is open. There several invariants which obstruct the ribbon property of
2-knots. Ruberman ([38]) introduced the Gromov norm |K| € [0, 00) of 2-knots K by
using the Gromov norm of Seifert hypersurfaces. This invariant satisfies the inequality

K| <|Y|

for any Seifert hypersurface Y of K, where |Y| is the Gromov norm of Y. If K is a
ribbon 2-knot, then |K| = 0. Moreover, the following gauge theoretic invariants can
be useful in obstructing the ribbon property of 2-knots:
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(1) Mrowka, Ruberman, and Saveliev ([34]) constructed a version of Seiberg—
Witten invariant Ayrs(X) for homology S! x S3’s. Then one define

AMrs(K) = Avrs (X (K)).

Moreover, if K is ribbon, then Ayrs(K) = 0 ([33]).

(2) Levine and Ruberman ([32]) defined a Z-valued invariant d (X, y) of homo-
logy S! x S3 by considering some variant of d-invariant of cross sections. Using
d (X, y), Levine and Ruberman defined invariants of 2-knots d (K), d (—K), d (K)
and d(—K). They show that

d(K)=d(-K)=d(K)=d(-K) =0
if K is ribbon.

Remark 9.5. Furuta and Ohta ([21]) also constructed a Casson type invariant Ago (X)
of homology S x §3’s satisfying the condition H(X;Q) 2 H,(S3;Q). Such homo-
logy S! x §3’s are called Z[Z] homology S' x S3. It is conjectured that Apo(X) =
—Amrs(X) for any Z[Z] homology S' x S3X. In [33], this conjecture is checked
for a certain class of mapping tori. One can also define Apo(K) for 2-knots K satis-
fying the condition Ak (¢) = 1. By construction, if Agg(K) # 0, then G(K) has an
SU(2)-irreducible representation.

Our invariants {Imecsk, j }kez- , are also useful for obstructing the ribbon property
of 2-knots.
Corollary 9.6. Let K be an oriented 2-knot and Y a Seifert hypersurface of K.

(1) If'Y is an oriented homology 3-sphere, I, < 00, rs(Y) < oo andrg(Y) ¢ Z
for some s € [—00, 0], then K is not ribbon.

(2) If'Y is an oriented homology 3-sphere, lllﬁ <oo, I'_y(k) <ocoand T'_y (k) ¢
Z for some k € Z~o, then K is not ribbon.

Proof. We only prove (1) since (2) is similar. Suppose such a Seifert hypersurface Y
of K exists. Then Theorem 1.6 implies that

1L # rs(Y)— [rs(Y)] € Imesk, j,

for some jo € Zo. If K is a ribbon 2-knot, then Imcsg,; = {1} for any j by Corol-
lary 1.3. This contradicts to rs(Y) — [r5(Y)] € Imesk, j, N(0, 1) # @. ]

Remark 9.7. Note that if K admits a homology 3-sphere as a Seifert hypersurface,
then Ag(¢) = 1.
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The following corollary seems difficult to show using | K|, Amrs(K), Apo(K)
and d(K):

Corollary 9.8. Let k be a positive integer. Any 2-knot K having

(—X(2.3,6k + 5))#(2.3.5)

as a Seifert hypersurface is not ribbon.

Proof. By Example 9.3,
ro((—(2,3,6k + 5)#%(2,3,5) <1 and [’ 5045601550235 = |-
Therefore, Corollary 9.6 tells us that such a knot K cannot be a ribbon. n

9.2.2. Rigidity of {Imcsk j}jez_,.- The invariant d (K) is determined by the
d-invariant of a Seifert hypersurface. We will see that similar properties hold for
Im sk, ; of a certain class of 2-knots. We give a sufficient condition on Seifert hyper-
surfaces to determine Im csk ;.

Theorem 9.9. Suppose that an oriented homology 3-sphere Y is a Seifert hypersur-
face of a given oriented 2-knot K and there exist ky, ..., ky € Zi=g and sy, ...,y €
[—o0, 0] such that

Joe() UT-y (k) = Ay N (0.1)

and l;i = lll} = 1foranyi. Then
Imesg,; = Ay N (0,1)

forany j € Z~y. In particular, for any Seifert hypersurface Y' andr € Ay N (0, 1),
there exists an SU(2)-representation p, on Y’ such that csy:(p;) = r.

Proof. By Proposition 1.2 and Theorem 1.6,

Ay N (0.1 = Js(Y) UT_y(k)) C Imesg, € Ay N (0.1].

This implies that Imcsg,; = Ay N (0, 1]. We use Proposition 1.2 again and obtain
Ay N (0,1] =Imesg,; C Imesg,; C Ay N(0,1].

This completes the proof. =
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Corollary 9.10. For any 2-knot having —%(2, 3, 5) as a Seifert hypersurface,

1 49 1}

Imesg,; = {1—20, 120°

forany j € Z~q. For such a 2-knot K and its Seifert hypersurface Y’', Y' has at least
two SU(2)-representations of w1 (Y').

Proof. We check that —X(2, 3, 5) satisfy the assumption of Theorem 9.9. In [11],
Daemi proved
49

and T'y02,3,5((2) = —=

1
r 1) = — .
£(2,3,5(1) 1 120

20

Note that A_x(2,3,5) N (0, 1] = {ﬁ, %, 1} and the two elements in R*(X(2, 3, 5))

are non-degenerate. Therefore, lé 2.3.5) = l% 235 = L n

9.2.3. Seifert hypersurfaces of 2-knots. In this section, we treat the following prob-
lem: what are the Seifert hypersurfaces for a given 2-knot? Solving this problem has
two parts. The first part is the construction of Seifert hypersurfaces of a given oriented
2-knot. For twisted spun 2-knots, Zeeman ([49]) constructed Seifert hypersurfaces. In
general, for a given 2-knot, there are several formulations of diagrams of them con-
taining the motion picture, the ch-diagram and the surface diagram ([26]). For such
diagrams, there are several ways to construct Seifert hypersurfaces ([7,8]). The second
part is to obstruct the existence of a certain class of 3-manifolds as Seifert hypersur-
faces.

Theorem 9.11. Let (p,q) be a relative prime pair. Let k(p/q) be a 2-bridge knot such
that ¥*(k(p/q)) = L(p.q), where X2 (k) is the double branched cover of k C S>.

(1) For an oriented 3-manifold Y, if the twisted spun knot K(k(p/q),2) has Y
as a Seifert hypersurface, then

2
{—E mod1:0 <n < (ﬁ]} c Ay N (0,1],
p 2
where r is any integer satisfying gr = —1 mod p.

(2) If Y is an oriented homology 3-sphere and rs(Y) < oo, I = 1 for some
s € [—o0,0] and

2

(V) = Lrs(Y)] ¢ {—% mod1:0 <n < %1}

then K(k(p/q),2) does not have Y as a Seifert hypersurface, where r is any
integer satisfying qr = —1 mod p.
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(3) If Y is an oriented homology 3-sphere, I'_y (k) < 1,

T_y(k)— [T_y(k)] ¢ {—% mod1:0 <n =< %1}

and llli = 1 for some k € Z~y, then K(k(p/q),2) does not have Y as a Seifert
hypersurface, where r is any integer satisfying gr = —1 mod p.

Proof. This is a corollary of Proposition 1.4, Proposition 1.2 and Theorem 1.6. ]
As a corollary, we have the following result:

Corollary 9.12. Let (p, q) be a relative prime pair. Let k(p/q) be a 2-bridge knot
such that 2 (k(p/q))=L(p.q), where 22 (k) is the double branched cover of k C S>.
Then any oriented homology 3-sphere given in Example 9.3 with 6n — 1 > p cannot
be a Seifert hypersurface of K(k(p/q),2).

Proof. This is a corollary of Example 9.3 and Theorem 9.11. |

9.2.4. Embedding from homology 3-spheres into 4-manifolds. In this section,
we treat the existence problem of embeddings from 3-manifolds into 4-manifolds.
This problem has been studied in several situations [13, 22, 24, 25, 28]). Here, we
develop a gauge theoretic method and focus on a certain class of homology 3-spheres
and negative definite 4-manifolds. We give a relationship between existence of embed-
dings and SU(2)-representations of fundamental groups. First, we prove Theorem 1.13.

Theorem 9.13 (Theorem 1.13). Suppose X is a negative definite 4-manifold contain-
ing ¥(2,3,5) as a submanifold. Then

1 49

—,—,1} 0.1].
20 120’ 1y € @1

Imesy [—x2,3,5)] = {

In particular, there exist at least four irreducible SU(2)-representations of 71 (X).
To prove Theorem 1.13, we will show the following theorem:

Theorem 9.14. Let X be a negative definite 4-manifold. Suppose that an oriented
homology 3-sphere Y is embedded in X and there exists ki, ...,km € Zo and
S1y...,8, € [—00,0] such that

Jos(M) Ty (k) = Ay 0 (0, 1)

kla'“skmy
S15e58n

and l;i = lll} = 1 foranyi. Then

Imesy ;= Ay N (0, 1)
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forany j € Zq. In particular, for any other embedding Y’ C X andr € Ay N (0,1)
with [Y'] = [Y], there exists an SU(2)-representation p, on Y’ such that csy (p,) =r.

Proof. By Theorem 1.11 and Proposition 1.12,

Ay N (0.1] = J@rs(Y) UT_y (k) C Imesy ) € Ay N (0. 1.

This implies that Im cs)lf ] = Ay N (0, 1]. We use Lemma 2.10 and obtain
Ay N(,1] = Imcs}(’[y] - Imcs;( v € Ay N (0,1].
This completes the proof. ]

Here we give a proof of Theorem 1.13.

Proof of Theorem 1.13. We check that —X(2, 3, 5) satisfies the assumption of The-
orem 9.14. The proof is written in Corollary 9.10. |

Theorem 9.15 (Theorem 1.15). Let Y be a Seifert homology 3-sphere of type X(a;,
... ay) with!"’
>)‘E)(a],...,an) NZ=29.

Suppose the Frgyshov invariant h(Y) of Y is non-zero. Then Y cannot be embedded in
any negative definite 4-manifold X such that the SU(2)-representation space R(X; )
of X ¢ is connected for any j.

Proof of Theorem 1.15. Itis shown that I's 4, ,...4,) (1) < o0 if h(Z(ay,...,an)) >0
in [11]. Since the SU(2)-Chern—Simons functional of Y = X(ay, ..., a,) is Morse—
Bott, [y < co. By Theorem 1.11, there exists [ < [y such that

Foo(Y) = [reoo(¥)] = Ty (1) = [Ty (1)] € Imesh 50, any -

Here, I'y (1) € A} and the formula (51) implies that 1 # 'y (1) — [I'y (1)] € (0, 1].
This implies that
Imesy (s, an N0 1) # 0.

Suppose that R(X; ) is connected. Then, since cs;( . 1s locally constant, we see that

Imcs{m = {1}. [

As a corollary of Corollary 8.4, we can show that several SU(2)-representations
on some classes of Seifert homology 3-spheres are extendable.

10This condition can be seen as a combinatorial condition via (51).
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Corollary 9.16. Let (X, Y) be a couple consisting of a closed connected negat-

ive definite 4-manifold X and an oriented codimension-1-submanifold Y of X with

Hy(Y;Z) 2= Hi(S3;Z) and p: w1 (Y) — SU(2) be an SU(2)-representation of w1 (Y).

*  Suppose k is odd and n is a positive integer. If Y = —X(2,3,6k — 1) and p
is a representation corresponding to p(1 2,5k—1) in (52), then p is extendable for
(X.Y).

*  Suppose k is even n is a positive integer. If Y = —X(2,3,6k — 1) and p is a
representation corresponding to p(1 2 k) in (52), then p is extendable for (X, Y).

o IfY =-%(2,3,5,7) and p is any representation corresponding to (1,1, 2, 4),
then p is extendable for (X,Y).
Proof. The following calculations have been checked in Section 9:

« ifkisodd, thenl®y ., 5 oy =1,

csy (P 2,5k—1)HO# - - - #0) = =rs(—=2(2,3,6k — 1)),

24(6k — 1)
and cs_l(m) is the one point;
e if k is even, then li2(2,3,6k—1) =1,
1
#O.-#0) = —— = (=X(2,3,6k — 1)),
esy (p(1,2,k) ) 246k — 1) rs(=X( )

_ 1 . .
and cs l(m) is the one point;

o s —
Psrossn =1

1
csy (P(1,1,2,4)#0# - #0) = 310 =rs(—2(2,3,5,7)),

and csy (gg5) N R*(Y) = §2. Of course, S2 has a perfect Morse function.

Therefore, in each case, we can apply Corollary 8.4. ]

In the case of ¥ = —X(2, 3, 5,7), the SU(2)-representations corresponding to
(1,1,2,4) are parametrized by S2. Therefore, one can prove Theorem 1.14.

Theorem 9.17 (Theorem 1.14). Let X be a closed definite 4-manifold X containing
%(2,3,5,7) as a submanifold. Then there is an S?-component C in R*(2(2,3,5,7))
such that all elements in C can be extended to X. In particular, there exists an
uncountable family of irreducible SU(2)-representations of w1 (X).

On the other hand, there are several homology 3-spheres Y such that no irredu-
cible representation of Y is extendable for (S4,Y).
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Example 9.18. Let Y be an oriented homology 3-sphere embedded into S*. Then no
irreducible representation is extendable for (S*, Y). For example, if p is odd and k is
a positive integer, it is shown in [9] that ¥ (p, pk + 1, pk + 2) can be embedded in
to S*. Thus, every irreducible SU(2)-representation of X (p, pk + 1, pk + 2) is not
extendable for (S4,Y).

9.2.5. Fixed point theorems. We first prove Theorem 1.18.

Theorem 9.19 (Theorem 1.18). Let Y be an oriented homology 3-sphere and let h
be an orientation preserving self-diffeomorphism of Y .

(1) Ifrs(Y) < oo and I3, < oo for some s € [—00, 0], then there exists a positive
number | < I§, such that

(h*)": R*(Y) = R*(Y)

has a fixed point.

) If T_y (k) < o0 and l{ﬁ < 00 for some k € Z g, then there exists a positive
number | < llli such that

(h*)': R*(Y) — R*(Y)
has a fixed point.

Proof of Theorem 1.18. We only prove (1) since (2) is similar. We apply Theorem 1.1 1
for the mapping torus X5 (Y) of h: Y — Y. Then we obtain the inclusion

J
rs(Y) € Ulm Sy, (v).[Y] -

1<j<ly

Therefore, there exists some / € {1, ...,/ } such that R* (X (Y);,[y]) is non-empty.
Note that X5 (Y ),y is diffeomorphic to X, (Y') so we can identify R* (X, (Y )1,1v])
with R*(X,:(Y)). Since R*(X,(Y);[y]) is non-empty, we obtain an element of
R*(X,:(Y)). This gives a fixed point of (1)*. ]

Corollary 9.20. Fix a Seifert homology 3-sphere X(ay, . .., a,) with
R(al,...,an) > 0 and Aiz(al,'”’an) ﬂZ - @

Let Y be an oriented homology 3-sphere such that

. 1
anULbeAy.ath=0)> ———0 (53

min{a + b:a € A*
{ —Z(ay aj---dy

and

ASNZ =0. (54)
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Then, for any orientation preserving diffeomorphism h on —X(ay, . .., a,)#Y, there
exists some | € Zq such that

(h)*: R*(=Z(ay....,an)#Y) = R*(=Z(ay....,an)#Y)
has a fixed point.

Proof. 1t is proved in [35, Corollary 1.4] that for a Seifert homology 3-sphere X (a,
1

..., an) satisfying R(ay,...,an) > 0, one has ro(—=X(ay,...,a,)) = Taan In
particular, m € Aiz(al )" Set M := —X(ay,...,a,)#Y. First, we use the
connected sum formula for ry:

=ro(—2(a,...,ay)) > min{ro(M), ro(=Y)}. (55)

4ay---ap

Since rg is contained in the set of critical values of irreducible SU(2)-flat connections,
ro(M)ela+b:ae A _xq,,.a,)b €Ay, a+b>0} (56)

Here we used csy, sy, (01#p2) = csy, (p1) + c¢sy,(p2) for oriented 3-manifolds Y;
and Y, and SU(2)-representations p; and p,. On the other hand, by formula (51) for
critical values of ¢s_x(q,,....a,) and AiZ(al ayy VL =0, we see

. " 1
mln{a.a S A—Z(al ,,,, an) N RZO} = m (57)
If ro(M) = a + b < g~ (we used (55) and (56)) fora € A*y(, ~ JUZ,
b € A} UZ, then b = 0 by our assumption (53). Then (57) implies a = m
Moreover, by the condition (54), we have
~ 1
-1
—— ) = {p#b_y € R(M): cs_ =
CSp (4a1~-~an) {/0 y € R(IM): ¢s-5ai,...an) (P) dara

p e R(—2(ay,.. -’an))}’

where 6_y is the product connection on —Y . Thus the Chern—Simons functional of
M is Morse—Bott at the level ro(M) = ———. By using Theorem 6.1, we conclude

4aq--an
11?4 is finite. One can then apply Theorem 1.18 to complete the proof. |

At the end of this section, we prove Theorem 1.19.

Theorem 9.21 (Theorem 1.19). For any orientation preserving diffeomorphism h on
3(2,3,5,7), the fixed point set of

h*: R*(2(2,3,5,7)) — R*(2(2,3,5,7))

is uncountable.



M. Taniguchi 402

Proof of Theorem 1.19. Theorem 1.14 implies that, for any orientation preserving
diffeomorphism %, X (Y) has an uncountable family of irreducible SU(2)-repres-
entations. Thus (29) implies the conclusion. ]
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