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A categorification of cyclotomic rings

Robert Laugwitz and You Qi

Abstract. For any natural number n > 2, we construct a triangulated monoidal category whose
Grothendieck ring is isomorphic to the ring of cyclotomic integers OQ,. This construction
provides an affirmative resolution to a problem raised by Khovanov in 2005.

1. Introduction

1.1. Backround

The seminal paper of Louis Crane and Igor B. Frenkel [6] proposes that one should
lift three-dimensional topological quantum field theories defined at a primitive n-th
root of unity to four-dimensional theories. The lifting process is usually referred to,
in mathematics, as categorification. One aim is to replace algebras appearing in the
construction of the three-dimensional topological quantum field theories by categor-
ies, such that the original algebras can be recovered by passing to the Grothendieck
group. However, a foundational obstacle to the program is the lack of a monoidal cat-
egory that categorifies the cyclotomic ring of integers Q,, at a primitive n-th root of
unity.

As an initial breakthrough, Khovanov [16] observed that, when n = p is a prime
number, the graded Hopf algebra H, = k[d]/(d?) (deg(d) = 1) over a field k of
characteristic p may be utilised to categorify @,. The basic idea is as follows. Inside
the category of graded Hj,-modules, the projective modules, which coincide with the
injectives since H), is graded Frobenius ([20]), have their graded Euler characteristic
equal to a multiple of that of the rank-one free module

[Hy] =1+v+-+ 0P = ,(v). (1.1

Here ®,(q) stands for the n-th cyclotomic polynomial. Systematically killing pro-
jective-injective objects from Hp,-modules results in a triangulated monoidal category
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H,-gmod whose Grothendieck ring is isomorphic to

Zv, v
(Pp(v))

The tensor triangulated category H,-gmod bears significant similarities with the usual

Ko(Hp-gmod) =

I

0,. (1.2)

homotopy category of abelian groups, and is thus also referred to as the homotopy
category of p-complexes.

The study of H,-gmod and algebra objects in these categories has been further
developed in [24]. The theory has since been applied to categorify various root-of-
unity forms of quantum groups. We refer the reader to [25] for a brief summary and
special phenomena at a p-th root of unity.

1.2. Outline of the construction

In this paper, we construct a triangulated monoidal category (9, whose Grothendieck
group is isomorphic to the ring of cyclotomic integers @,. We work in any charac-
teristic, including characteristic zero, as long as the ground field contains a primitive
N-th root of unity, where N = n?/m and m is the radical of n, the product of the
distinct prime factors of n. The construction is motivated from pioneering works of
Kapranov [15] and Sarkaria [27] on n-complexes. When n = p¢ is a prime power,
our work is equivalent to a graded version of p-complexes. With this approach, we
remove the restriction on n being a prime number.

Let us outline the construction. When n = p? is a prime power, one sees that
pcomplexes, up to homotopy, categorify O« when the p-differential has degree
p?~ L. The characteristic zero lift of the Hopf algebra k[d]/(d?), which controls Ka-
pranov—Sarkaria’s p-complexes, is a Hopf algebra object in the braided monoidal

category of g-graded vector spaces, where ¢ is a primitive p?9~!

-th root of unity.

Now, suppose n > 2 is a general integer. Letn = pi' ... p{’ be the prime decom-
position of n and fix ¢, a primitive N-th root of unity. By the one-factor case, it is
natural to consider the Hopf algebra object H,, in g-graded vector spaces, generated
by commuting differentials dy, . . ., d; subject to dfi =0,i =1,...,t. The algebra H,
is graded Frobenius, and thus has associated with it a well-behaved tensor triangulated
stable category H,-gmod. However, the Grothendieck ring of H,-gmod is defined by
setting the character of the free module H, equal to zero. The last relation is usually
larger than the cyclotomic relation ®,(v) = 0 which we would like to impose.

To obtain the correct relations in the Grothendieck ring, we use the element-
ary fact that ®,(v) occurs as the greatest common divisor of some prime power
cyclotomic relations (Lemma 5.13). On the categorical level, the ideal generated
by the greatest common divisor is categorified by a “categorical ideal,” i.e., a thick
triangulated subcategory I inside H,-gmod which is closed under tensor product
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actions by H,-gmod. Verdier localization at the categorical ideal I yields the desired
category (,, whose Grothendieck ring is defined by the desired relations and is iso-
morphic to Q.

Before moving on, let us also point out some connection to previous work. Fur-
thering Kapranov and Sakaria, there is a significant amount of study on n-complexes
in the literature. See, for instance, the lectures notes of Dubois-Violette [9] and the
references therein. In [5], Bichon considers a Hopf algebra A(q) = k[x]/(x") x kZ
for which there is a monoidal equivalence between the category of n-complexes and
A(g)-comod. One may similarly define a Z/nZ-graded version of Bichon’s Hopf
algebra, which resembles the classical Taft algebra. Recently, Mirmohades [23] has
introduced a tensor triangulated category arising from a suitable quotient of a tensor
product of two Taft algebras. This category categorifies a primitive root of unity whose
order is the product of two distinct odd primes. Our current work and [5,23] are both
unified under the frame of hopfological algebra [24].

1.3. Summary of contents

We now briefly describe the structure of the paper and summarise the contents of each
section.

In Section 2, we review the construction of stable module categories in the par-
ticular case of finite-dimensional Hopf algebras. The Frobenius structure and the
existence of an inner hom space allows an explicit identification of morphism spaces
in the stable module categories.

In Section 3, we introduce the main object of study, a finite-dimensional braided
Hopf algebra H,,, depending on a given natural number ». The category H,-gmod has
a tensor product depending on a certain root of unity g. The braided Hopf algebra H,
is primitively generated by certain commuting py-differentials d, for k = 1,...,¢.
Using the Radford—Majid biproduct (or bosonization, see [22,26]) of the differentials
by the group algebra of a finite cyclic group, one obtains a related Hopf algebra,
for which graded H,-modules correspond to rational graded modules. We also point
out that H,-gmod has the structure of a spherical monoidal category in the sense of
Barrett and Westbury [3].

Next, we proceed, in Section 4, to define a tensor triangulated ideal I (Defini-
tion 4.12) in the (stable) module category of H,. Upon factoring out the ideal by
localization, we show, in Section 5, that the quotient category has the desired Grothen-
dieck ring O, (Theorem 5.15). The reason to introduce this ideal is as follows. On the
Grothendieck ring level, we would like the objects of the ideal to have characters sat-
isfying cyclotomic relations dividing g” — 1 that are of lower order than the primitive
condition ®, (¢) = 0. Systematically killing these objects by taking a Verdier quotient
in the stable category H,-gmod gives the lower order relations in the Grothendieck
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ring. An example of such an object in the ideal is an n-complex which is freely gen-
erated by all but one of the differentials while the remaining differential acts by zero.
This objects has self-extensions and it is thus natural to require a filtration condition
on the modules on the abelian level giving a triangulated tensor ideal I. The bulk of
the work in Section 4 is devoted to showing that after passing to the stable category
of H,-modules, the ideals Iy are orthogonal so that their sum I is indeed closed
under tensor product, extensions and direct summands. Now, the standard machinery
of Verdier localization (quotient) can be used to obtain a triangulated quotient cat-
egory (9, with a tensor product structure. Finally, in Theorem 5.15, we prove that the
Grothendieck ring of O, is isomorphic to Q,,.

1.4. Comparison and further directions

To conclude this introduction, let us make some comparison between our construction
and the works [5,23], as well as indicate some further directions.

We employ multiple nilpotent differentials dy, ..., d; depending on the prime
factors of n, in contrast to [23], thus getting rid of the restriction on n having to be
the product of two odd primes. In contrast to [23] we only employ a single Z-grading
rather than a bigrading. This requires us to use a filtration condition on modules in the
ideal I.

A negative result from [5, Proposition 5] is the non-existence of a quasi-triangular
structure on the Hopf algebra A(g) describing n-complexes. In our setup, we show
that instead of a quasi-triangular structure, there exist weak replacements given by
functorial isomorphisms V ®; W = W ® -1 V. For n = 2, these satisfy the axioms
of a braiding, but for other values of n no analogue of the braiding axioms could be
identified. We plan to explore this structure in subsequent works.

For further investigation, we would like to construct module categories over O,
developing triangulated analogues parallel to the abelian theory of [11]. We will also
seek interesting algebra objects in (J,, in a similar way as done in [10, 17] over the
homotopy category of p-complexes. The Grothendieck groups of such algebra objects
would then give rise to interesting modules over Q. It would also be an interesting
problem to combine the recent categorification of fractional integers due to Khovanov
and Tian [18] in order to categorify the algebra O, [%] over which the extended
3-dimensional Witten—Reshetikhin—Turaev TQFT lives.
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2. The stable category

2.1. Notation

We start by fixing some conventions concerning Z-graded vector spaces over a ground
field k. Let us denote the category of finite-dimensional Z-graded vector spaces by
gvec.

Let M = @,z M and N = @5 N’ be Z-graded vector spaces over k. We
set M @ N, or simply M ® N, to be the graded vector space

M®N :=PM N, MN =M &N
keZ i+j=k

For any integer k € Z, we denote by M {k} the graded vector space M with its grading
shifted down by k: (M {k})! = M**. The morphisms space Hom{ (M, N) consists
of homogeneous k-linear maps from M to N:

Hom{(M,N):={f:M — N | f(M") C N'}.

Writing Hom} (M, N) := Hom) (M, N{i}) ={f:M — N | f(M7) € N'*/}, we
set the graded hom space to be

Homp (M, N) := EB Homﬁ&(M, N).
i€Z
If no confusion can be caused, we will simplify Homg, (M, N)) to Hom®*(M, N). A spe-
cial case is the graded dual M* = Hom®*(M, k).
Given three Z-graded vector spaces M, L and K, the following easily proven

tensor-hom adjunction will be used. There are isomorphisms of graded vector spaces,
naturalin M, L, K:

®:Hom*(M ® L, K) = Hom®*(L,Hom® (M, K)), S(fH(H(m) = f(im 1),
(2.1)
where f € Hom*(M ® L, K),m € M and! € L are arbitrary elements.
We will also require (unbalanced) g-integers. In particular, for a formal variable v,
we define polynomials

1 -

1—v

[n]y = =14+v4--Fv" H»Z[HL (2.2)

k M — k!

Given g € k, we set [n], to be the value of [n], evaluated at v = g. For a Z-graded
vector space M, denote by

dim, (M) = dimy (M*)v’
i€Z
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the graded dimension of M. We abbreviate, for f(v) =Y ;. fiv' € N[v,v™1],

MSW — @M{i}eaf,"
i€Z

2.2. Stable module categories

Let H be a Z-graded self-injective algebra over a field k. We denote by H -gmod the
category of finite-dimensional Z-graded modules over H, with morphisms of degree
zero. For ease of notation, we will drop mentioning “graded” in what follows if no
confusion can arise.

Note that, as H is self-injective, a graded H-module is injective if and only
if it is projective. The (graded) stable category of finite-dimensional H-modules,
denoted by H-gmod, is the categorical quotient of the category H-gmod by the
class of (graded) projective-injective objects. More precisely, recall that a degree-zero
morphism is (homogeneous) null-homotopic if it factors through a projective-injective
H-module. For any two H-modules M, N € H-gmod, let us denote the space of null-
homotopic morphisms in H-gmod by I% (M, N). Itis readily seen that, the collection
of I?J (M, N)’s ranging over all M, N € H-gmod constitute an ideal in H-gmod.
Then H-gmod has the same objects as H-gmod, and the morphism space between
two objects M, N € H-gmod is by definition the quotient

Hom(}i_gmod(M, N)

Hompy . gmoa(M, N) := 10 (M. )
H ’

(2.3)

It is a classical theorem that H-gmod is triangulated, see [12, Theorem 9.4]
and [14]. The shift functor [1]: H-gmod — H -gmod is defined as follows. For any
M € H-gmod, choose an injective envelope I3 for M in H-gmod and let K3s be
the cokernel of the embedding map pps:

0—>MP—M>IM—>KM—>O.

Then M[1] := Kjs. The inverse functor [—1] can be defined similarly by taking a
projective cover and the corresponding kernel of the canonical epimorphism.

Let us also recall how distinguished triangles are defined in the stable category.
Let f: M — N be a morphism in H-gmod. Consider the diagram

0— M 2% Iy — M[1] — 0

11 s

0— N 2% ¢ =% M[1] — 0
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where the left-hand square is a push-out. One declares
f u v
M > N — Cr — M|[I] (2.5)

to be a standard distinguished triangle. Then any triangle in H-gmod isomorphic to
a standard one is called a distinguished triangle.

We refer the reader to Happel’s book [13] for more details on this fundamental
construction.

As for graded vector spaces, we set

Homi‘I-gmod(M’ N) = HomH—gmod(M, N{i }), I;‘-I (M, N) = I?—I (M, N{i }),
and collect together

HomYy ymea(M. N) : = @5 Homp gmoa(M. N{i})

i€l
Hom!’ M,N)
~@(mt) e
AN AD
Notice that this is different from the ext-space, which is denoted
EXt})_gmoa(M. N) := @D Homp_gmoa(M. N[j]). (2.7)

JEZ

2.3. Stable categories for finite-dimensional Hopf algebras

Now, suppose H is a finite-dimensional graded Hopf algebra over k. Our goal in this
section is to provide a more explicit characterization of the morphism spaces in the
graded stable module category H-gmod. The exposition here is a simplified version
of the constructions in [24, Section 5].

Recall that a graded Hopf algebra H is equipped with certain homogeneous struc-
tural maps called the counit e: H — k, the comultiplication A: H - H ® H, and
the (invertible) antipode S: H — H°P, satisfying certain compatibility axioms with
the algebra structure of H (see, for instance, [20]). We will use adapted Sweedler’s
notation that

Ah) = "h1 ®hy. (2.8)
h

If M and N are H-modules, then H actson M ® N by, forany x € M, y € N and
heH,

h-(x®y) =) hx®hyy. (2.9)
h
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We equip M* = Hom®(M, k) with the dual H-module structure

(h- f)(x) = f(S7 ()x), (2.10)
forany f € M* and x € M. Notice that the grading on M* is given by

(M*)* = Homd (M~ k).

More generally, let M, N be two graded H -modules, we define a graded H-mod-
ule structure on the k-vector space Homg (M, N) by

(h- )(x) =D ha f(S™" (h1)x). 2.11)
h

It is easily checked that there is an isomorphism of graded H -modules
Hom®*(M,N) =~ M™* ® N. (2.12)
Furthermore, it is easy to check that the natural adjunction maps

k—>M"®@M, 1) e ®e. (2.13)
i

MOM* >k, x®fr— f(x), (2.14)

commute with the H -actions, where {e; } is a homogeneous basis for M and {e} is
the dual basis.

Remark 2.1. We remark that there is an alternative way to introduce internal homs
for H-gmod, by using Hom®*(M, N) =~ N ® M*. In this case, the module structure
is given by

(h- [Y) =D h1 f(S(h2)v).
h

Note that under this action, M* is left dual to M, whereas in equation (2.12), M*
plays the role of a right dual. With the alternative convention, the modified form of
the tensor-hom adjuction (cf. equation (2.1))

Hom®*(M ® L, N) = Hom®*(M,Hom®(L, N))

is an isomorphism of H-modules.
The H -invariants discussed in Lemma 2.3 below will be naturally isomorphic for
the two versions of internal homs.
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By a classical result of Larson and Sweedler [20], H is (graded) Frobenius, and,
in particular, it is (graded) self-injective. Let A be a fixed non-zero left integral in H,
i.e., an element in H such that for all # € H, one has

hA = e(h)A. (2.15)

The element is unique up to a non-zero scalar, and hence a homogeneous element
using that the multiplication on H and ¢ are degree-preserving maps. Denote the
degree of A by deg(A) := £. Then for any H-module M, we have a canonical embed-
ding of M into the injective H-module M ® H:

oMM —>MQH{L, m—>mA, (2.16)

because of the following result.

Lemma 2.2. Let H be a (graded) Hopf algebra and M a (graded) H -module. Then
there is an isomorphism of tensor products of (graded) H -modules

oMM Q@ H =~ My® H, m®h|—>ZS_1(h1)m®h2.
h

Here My stands for the vector space M endowed with the trivial H -module structure
hmg = e(h)my,
forany h € H and mg € My. In particular, M ® H is projective and injective.

Proof. Tt is an easy exercise to check that the inverse of ¢y is given by

YmM:Mo®H—>M@H, mo®hi>y him®hs.
h

For the last statement, the projectivity of My ® H is clear. For injectivity, one uses the
well-known fact that a (possibly infinite) direct sum of injective H-modules remains
injective if and only if H is Noetherian. ]

Despite the fact that the module M ® H{{} is usually larger than the injective
envelope of M, the functoriality of this canonical map in M will allow us to under-
stand the morphism spaces in the stable category more explicitly.

Recall that, for any H-module M, the space M H of H-invariants in M consists
of

MY = {m e M|hm = e(h)m forallh € H}. (2.17)
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Lemma 2.3. The space of H -invariants in Hom®*(M, N) coincides with the space of
H -module maps between M and N :

Hom*(M, N)H = Hom}; (M, N).
In particular, there is an identification Hom® (M, N)H = Hom?{ (M, N).
Proof. If f is an H -linear map, it is clear that, forany » € H andm € M,

(h- f)(m) =Y ha f(ST (hi)m) =D f(haS™ (h)m) = e(h) f(m),
h h

so that i - f = e(h) f. Here, in the last equality, we have used the fact that, for any
element h € H, the identity Y, S~ (h2)h1 = e(h) holds.
On the other hand, if f/ € Homg (M, N )H , then

h(f(m)) = h3 f(S™" (ha)hyim)
h
= (ra- ) (hym)
h
=Y &) f(him) = f(hm).
h

The lemma now follows. [ ]

The lemma can be rephrased as saying that the category H-gmod is an enriched
category over itself.

Lemma 2.4. An H-module homomorphism f: M — N factors through a projective-
injective H-module if and only if there is an H-module map g making the following
diagram commute:

M / N
o h
M@ H{l)

Proof. 1t suffices to prove the result when N is projective-injective. In this case, con-
sider the following commutative diagram.

M—7 N

on | [ex

M H{) L2 N o H
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Since both N and N @ H = H4mv(N) gpe injective, and py = Idy ® A is an embed-
ding, there is an H-module splitting map g’: N ® H{{} — N such that g’ o py =
Id 5. Now, the lemma follows by taking g = ¢’ o (f ® Idg). ]

Lemma 2.5. A degree-zero H-module map f: M — N factors through the canonical
injective map ppr: M — M ® H{L} if and only if there is k-linear map g: M — N
of degree —{ such that

fm) = (A-g)(m) = Arg(S™'(A1)m)
A

foranym e M.

Proof. If f = A - g for some k-linear g: M — N, we will extend g to an H -linear
map

EM@H—>N, gmeh) :=(h-g)m) =7 hg(S™ (h)m).
h

It will then follow by construction that f = g o pps. Indeed, we check that g is H-
linear. For any x,h € H and m € M, we have that

gx-(m@h) =" g(x1m ®x2h) =Y (x2h)2g(S™" ((x2h)1)x1m)
X x,h

=Y x3hag(ST ()ST (x)xim) = Y x2hag (ST (n)e(x1)m)
x,h x,h

=Y xhag(S'(h1)m) = xg(m & h).
h

Here in the fourth equality, we have used the fact that, for any element x € H, it holds
that > S~ 1(x2)x1 = &(x).
Conversely, if f factors as a composition of H -linear maps

M2 meH SN,

sothat f(m) = g(m ® A) for any m € M, we then define a k-linear map g: M — N
by g(m) := g(m ® 1). It remains to verify that A - g = f. To do this, we compute,
foranym € M,

(A-g)(m) =" Ag(ST (Am) =D Ag(ST (Am ® 1)
A A

Y EAASTIADmM @ 1) =Y &(A2STH(ADM ® A3)
A A

Y 2E(A)m @ Ay) = g(m ® A) = g o py(m) = f(m).
A

The result follows. n
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Theorem 2.6. Let H be a finite-dimensional graded Hopf algebra with a non-zero
left integral A € H. For any H-modules M, N, there is a canonical isomorphism

Hom®(M, N)H

HomS$ M,N) = ,
-gmoa(M. ) A -Hom*Y(M, N)

which is natural in both M and N .

Proof. 1t suffices to show the statement in degree zero. By Lemma 2.3, the numerator
in the equality above coincides with the space of H -intertwining maps. Combining
Lemma 2.4 and Lemma 2.5, one sees that the space of maps between two H -mod-
ules that factor through projective-injective modules coincides with Iy, (M, N) =
A - Hom* ¢ (M, N). The theorem follows. m

The theorem implies that the stable category H-gmod for a finite-dimensional
Hopf algebra is equipped with an internal Hom, which is no other than the space of
graded vector space homomorphisms Hom®(M, N).

Corollary 2.7. The graded tensor-hom adjunction holds in H-gmod. That is, for any
M, N and L in H-gmod, there is an isomorphism of graded vector spaces

HomYy ymea(M ® L, N) = Hom}y o04(L, Hom® (M, N)).
In particular, there is an isomorphism of ungraded vector spaces
Homy gmoa (M, N) = Hom g _gmoa(k, Hom® (M, N))

functorial in M and N.

Proof. This follows from taking the canonical isomorphism of H -modules (upgraded
from the vector space version (2.1))

®:Hom*(M ® L, N) = Hom®(L,Hom*(M, N)), ®(f)(1)(m):= f(m®1),

and applying the theorem to both sides.
The second equation is then established by taking L. = k and taking degree zero
parts on both sides in the first equation. |

Remark 2.8. We will be applying the results in this section to a slightly more general
situation than graded Hopf algebras in what follows. In particular, we will be studying
graded vector spaces with a non-trivial braiding, and H being a Hopf algebra object
in this braided category. The results of this section hold without any changes as long
as H is also a Frobenius algebra object.
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3. The Hopf algebra H, and its bosonization

3.1. Braided vector spaces

The category gvec of finite-dimensional Z-graded vector spaces is naturally a sym-
metric monoidal category with the symmetric braiding 7(v ® w) = w ® v. For the
purpose of this paper, we will consider a non-symmetric braiding on this category.

Fix a natural number N > 2 and let k be a field of any characteristic which con-
tains a primitive N -th root of unity g. Given two graded vector spaces V, W, define
the Z-linear map Yy, w: V W — W ® V determined by

Uy (v ® w) = g ey, @y, 3.1)

where v, w are homogeneous elements. It follows that W defines a braiding on the
category of Z-graded vector spaces. We denote the braided monoidal category thus
obtained by gvec, (in contrast to the symmetric monoidal category gvec).

Via a form of Tannakian reconstruction, the category gvec is equivalent to the
category of finite-dimensional comodules over the group algebra kC, where C = (K)
is the free abelian group generated by K. The Hopf algebra kC can be equipped with
adual R-matrix R: kC ® kC — k defined by

R(K'® K7) = ¢",

see, e.g., [22, Example 2.2.5]. We denote the category of finite-dimensional C-comod-
ules with braiding obtained from R by C-comod,. Hence, there is an equivalence of
braided monoidal categories

kC-comod, =~ gvec,.

3.2. Graded rational modules

Let H be a Hopf algebra object in gvec,. We want to study the category of H-modules
in gvec, in terms of graded modules over a k-Hopf algebra. For this, we first pass
from gvec, to a braided category of modules over the group algebra of a finite cyclic
group.

Let Cy denote the finite group C/(K™) and let y: C — Cy be the canonical
quotient homomorphism of groups. Then there is an induced Hopf algebra morphism
kC — kCy, which, in turn, produces a functor of monoidal categories

(7mn)x: kC-comod — kCy-comod, (V,6) — (V,(ny ® Idy)d),

where § denotes the left coaction on V. The dual R-matrix R on kC induces a dual
R-matrix on kCp so that ()« becomes a functor of braided monoidal categories

(7n)+: kC-comod; — kCy-comod,.
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For the next result, note that N must be invertible in k since, as the polyno-
mial f(x) = x¥ — 1 does not have multiple roots in k, its formal derivative equals
NxN-1 40,

Proposition 3.1. There is an equivalence of braided monoidal categories
kCpy-comod,; >~ kCy-mod,.

Here, the latter is the braided monoidal category of k Cy -modules with braiding given
by the R-matrix
1 L )
R:NZq VK@ K. (3.2)
ij
Proof. Denote by k[Cy] the algebra of k-linear functions Cy — k. This is a Hopf
algebra, dual to the group algebra kCy . Consider the basis {3; | 0 <i < N — 1} for
k[Cn], where §; (Kf) = §;,;; we also denote 6 = §; if k =/ mod N. The relations,
and structural morphisms A, &, and S of the Hopf algebra structure for k[Cy], are
given by
-1
8;8; =6i;6i, 1= Z 8i, A@S;) = Z 8a ® 8p, €(8;) =bi0. S(6) =65_i.
i=0 a+b=i
(3.3)

An explicit Hopf algebra pairing ( , ):k[Cy] ® kCy — k is given by (8;, K7) = §; ;.
This non-degenerate Hopf algebra pairing defines, as k[Cy] is finite-dimensional and
(co)commutative, an equivalence of monoidal categories

kCy-comod ~ k[Cy]-mod,

where for a homogeneous element v of degree i we define the action §; - v = §; ;v.
Under the pairing ( , ), the dual R-matrix R(K?, K/) = q¥ for the group algebra
kCy induces on k[Cx] the universal R-matrix

R=) ¢"8®3%;. (3.4)
i,j
Denoting the obtained braided monoidal category of k[Cx]-module by k[Cy]-mod,,
we obtain an equivalence of braided monoidal categories

kCy-comod,; ~ k[Cx]-mod,.

Note also that, since the polynomial f(x) = xV — 1 splits over k, k[Cy] is
isomorphic to kCx as a Hopf algebra, although not canonically. An isomorphism
kCxy — k[Cy] is given by sending K to the group like element Y, ¢'§;. Since §;,
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i =0,..., N are mutually orthogonal idempotents, one has () q’&-)k =Y, ¢'%s;.
The inverse is given by sending §; to % > ¢~ K*. The above isomorphism of Hopf
algebras kCy =~ k[Cx] makes kCy a quasi-triangular Hopf algebra with universal
R-matrix given as in equation (3.2). Indeed, we compute that applying the above iso-
morphism to the universal R-matrix of kCy from equation (3.2) gives

1 s I 1 . :
N Zq—z] Zqza+1b5a ® 8 = N Z qabq—(a—t)(b—])ga ® 8
i,j a,b

i,j,a,b
— %anbga ® 8, Zq—(a—i)(b—j)
a,b i,
= anbga ® Op.
a,b

which is the universal R-matrix of k[Cy ] from equation (3.4). See [22, Example 2.1.6]
for a direct proof of this quasi-triangular Hopf algebra structure. ]

The convolution inverse R™* is given by

1 S .
R™*=(S®IdR = m > 'K @ K. (3.5)

iJ
In any braided monoidal category B, we can form the braided tensor product
D1 ® D, of two algebra objects D1, D5 in 8. The product mp, g p, is given by

mp,ep, = (mp, ® mp,)(Idp, ®¥Yp,,p, ® Idp,).

Tensor products of coalgebra objects are defined similarly. We can also define bial-
gebra (or Hopf algebra objects) in 8. These are sometimes called braided Hopf
algebras, see, e.g., [22, Definition 9.4.5]. The crucial point is that a bialgebra B in
B is both an algebra and coalgebra in B such that A and & are morphisms of algeb-
ras, i.e.,

Apomp = (mp ® mp) o (Idg ®V¥p g ® Idg) o (Ap ® Ap). (3.6a)
Apolp=1pR®1g, com=e¢Qe, loeg=1Id. (3.6b)

Let H be a braided Hopf algebra in gvec,. Then the image of H under the com-
posite functor

P:C-comod; — Cy-comod, S kCy -mod,,

is a braided Hopf algebra in kCy-mod,. By slight abuse of notation, this image is
also denoted by H. We may now consider the Radford—Majid biproduct ([26], also
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called the bosonization [22, Theorem 9.4.12]) H x kCy . By construction, there is an
equivalence of categories

H xkCy-mod = H-mod (kCy-gmod,),

where the latter denotes the category of modules over H within the braided mon-
oidal category kCx-mod,. That is, the morphisms of the H -module structure are all
morphisms in this category, cf. [22, Section 9.4]. The monoidal functor J# therefore
restricts to a monoidal functor

Pu: H-mod(gvec,) — H x kCy-mod.

Note that, in addition, H is a graded k-algebra, and the bosonization H x kCly is
a graded Hopf algebra, where deg K = 0. Thus, we can consider graded modules over
H xkCy, and the essential image of the functor Pg is contained in H x kCy-gmod.

Definition 3.2. A graded H x kCy-module V = @, _, V' is a rational graded mod-
ule if forany v € Vi, K -v = g'v.

We denote the category of rational graded H x kCpx-modules, together with
morphisms of graded H »x kCy-modules, by H x kCy-rmod.

Working with rational graded modules we obtain a characterization of the braided
monoidal category H-gmod (kC-gmod, ) in terms of modules over the finite-dimen-
sional Hopf algebra H x kCy:

Proposition 3.3. An H x kCy-module V is in the essential image of the monoidal
Sfunctor Py if and only if V' is a rational graded module.

Proof. Let V be an H x kCx-module in the essential image of Py . Then, in partic-
ular, V is a graded H x kCy-module. For a vector v € V! we have that

K-v= (Zqi&-)-v =q'v.

Hence, V is a rational graded module. Conversely, let W be a rational graded module
over H x kCpy. Then W is graded, and hence a kC-comodule. Using that H —
H x kCly is a graded subalgebra, W becomes a graded H-module, denoted by W,
We have to show that Pg (W') and W are isomorphic as graded H x kCy-modules.
By construction, they are the same graded H -modules, and for a vector w € Py (W"),
K- -w= qi -w. As W is rational graded, the same formula describes the Cy -action
on W. It follows that Pz (W') and W are also isomorphic as H x kCy-modules. =

It follows that, as a full subcategory of H x kCy-gmod, H-gmod is closed under
tensor products and extension. As all rational Cy-modules are graded modules, all
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constructions from Section 2.1 can be applied to rational graded Cy-modules. In
particular, the internal graded hom Hom® (M, N) of two rational graded modules is
itself a rational graded module.

Notation 3.4. This section shows that the category H-gmod of graded H-modules
has a tensor product which can either be computed using the coproduct within gvec,
or, equivalently, the coproduct of the bosonization by Proposition 3.3. In Section 4,
we will simply denote the resulting monoidal category by H-gmod.

3.3. A braided Hopf algebra

We first fix some notation and assumptions. Let n > 2 be a positive integer, and fac-
torise n = pi' ... p{" as aproduct of distinct prime powers. Denote by m = py ... p;
the radical of n and define N := n?/m. Set ny := n/ px, my := m/ px.

We assume the ground field k contains a primitive N -th root of unity g. Then we
denote & := ¢”/™, which is a primitive n-th root of unity, and & := "k = g"k.

Definition 3.5. Let H, be the k-algebra

K[dy.....d,]
Hn = —(dpl"”7dtpt)’

which is graded by setting deg(dy) = ny forall 1 <k <t.

Lemma 3.6. The algebra H, is Frobenius with a non-degenerate trace pairing given
on basis elements by

1 if(ay,...,a;)=(p1—1,...,p:— 1),
0 otherwise.

Tr(d}{'...d7") = {
Define the comultiplication map A: H, — H, ® H, on generators by
A(dg) :=dr ® 1+ 1®dg, 3.7
and set the counit and antipode maps to be
e H, =k, e(dg) =0, (3.8)
S:H, - H,”, S(dg) = —dg, (3.9)

foralll <k <t.

Lemma 3.7. The above definitions of A, &, and S uniquely extend to give H, the
structure of a primitively generated Hopf algebra object in the braided category gvec,
of q-vector spaces.
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Proof. 1t is well known that the free k-algebra k(d;, ..., d;) extends to give the
structure of a primitively generated braided Hopf algebra in the braided category of ¢-
vector spaces in a unique way. The conditions from equation (3.6) inductively imply
that

a
A(dz)zzm P ®det (3.10)
iz Lldg*
ay _ ay _ (_1yagal@a—Dng/2 1a
e(d?) = 840,  S(AY) = (—1)%] dg. (3.11)

It hence remains to check that the ideal generated by [dg, d;] for [ # k and d,f"' is a
Hopf ideal. This follows as the generators are primitive elements:

A([dg, di]) = [di. di] ® 1 + 1 ® [dg, df],

Pk
A =@etsiedon =) | 1] dedr =ar et 1o
i=0 &

Here, we have used that Slnk = Mk = g"k™ = 1, and that SZ" = Mk = q"% is

a primitive py-th root of unity. ]

Remark 3.8. The braided Hopf algebra H, can be constructed as the Nichols algebra
over the Yetter—Drinfeld module V' = Spany{d;, ..., d;} over the group Cy (see,
e.g., [2] for this construction). The Cy-coaction § on V is given by §(d;) = K¢ ® d,
and the Cy-action is given by K - dy = &dg. The Yetter—Drinfeld braiding Wy of V
determines the relations in the Nichols algebra 8(V') = H,. Note that, for distinct
indicesk,/ =1,...,t,

Y(de @ dp) = Slnkdl Rdy =d; ® di

as py divides ny. This implies that in the Nichols algebra H,, the relations [dy,d;] = 0
hold. Further, W(dx ® di) = §;*d ® di. Using that £/* is a primitive pg-th root
of unity in k, this computation of the braiding implies that in the Nichols algebra,
d,fk = 0. These are the only relations (cf. [2, Theorem 4.3]). This construction as a
Nichols algebra proves that H, is a braided Hopf algebra in kCy-gmod, which is
generated by primitive elements.

This construction of H, further implies that H, is self-dual as a braided Hopf
algebra. That is, there is a non-degenerate Hopf pairing (-,-): H, ® H, — Kk, defined
on generators by (dg, d;) = s in the category gvec, (see [21, Proposition 1.2.3]).

By construction, H, is a commutative algebra. Note that, even though WA(dg) =
A(dg) for all generators, Hy is not braided cocommutative in gvec,. This follows
using [28, Corollary 5], since \IJ%Im g, 7 1d®Id.
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Remark 3.9. The element A := d”'~"...d”"~" has the property that

hA = e(h)A forallh € H,.

That is, A is an integral element for the braided Hopf algebra H,, (as in [4, Defini-
tion 3.1]), cf. also Lemma 3.12 below. Note that

Tr(h) = (h,A) forall h € Hy, (3.12)

with respect to the integral and trace map from Lemma 3.6. We denote the degree of
the integral A by

t t
€:=deg(A) = Y mi(pe —1) = D _(n—ny). (3.13)
k=1 k=1

Remark 3.10. Another way to view the braided Hopf algebra H,, is as a braided
tensor product
H, =~ u+,,1 shy®---® u+,,, (sln)
él é:t
of positive parts u;,, < (slo) = Kk[dg]/ (d,fk) of the small quantum group at pg-th root

k
of unity &*. This follows using [1, Lemma 4.2].

3.4. The bosonization of H,,

In order to study modules over Hj, in terms of rational graded modules, we con-
sider the bosonization H, x kCy. Using Section 3.2, H, is a Hopf algebra object in
Cy-mod,. Hence, we can form the bosonization H, x kCy, see [26].

Lemma 3.11. The Hopf algebra H,, x kCy is generated by the elements dy, ..., d;
and K as a k-algebra, subject to the algebra relations

KN =1, Kdi = &diK,
d,fk =0, [dg.d;]=0.

The coproduct, antipode and counit are given on the generators by

AK)=K®K, A(dg) =dx ® 1 + K" ® dy,
[ S(K)=K", S(dg) = —K™"*dg,
e(K)=1, e(dg) = 0.

Proof. This follows using [22, Theorem 9.4.12]. ]
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Inductively, we obtain the formula

a
A=Y [“] di K@ne @ o~ (3.14)
. i e
i=0 Ek
for any integer a > 0. Using K"*d; = d; K"* for k # [, we derive a more general
formula. For this, given a ¢-tupel of non-negative integers a = (a1, ...,a;) € N§, we
write d* = d'...d7" and K* = K1"1 .. K9" Then

t
s@r= ([ ], )Jexree a9
b j=1 J Ej

where the sum is taken over all b = (b1, ..., b;) € Nf such that by < aj for all k,
anda—b = (a1 —b1,...,a; — b;) € Nj.

Lemma 3.12. The element A' = 3", K'd?' ™' ... d”""" is a left integral in H,
kCy.

Proof. We have to show that hA’ = ¢(h) A’ for all h € H,, x kCy . It suffices to check
the property on generators, on which it is evident. |

Note that the trace map Tr from Lemma 3.6 is related to A in the following way.
First, there is a non-degenerate Hopf pairing (, ): (H, XxkCx) ® (H, xkCy) — k
obtained by extending the pairing { , ) from Remark 3.8 via

(@ ® K ,d®® K’) = (d* d®)q" . (3.16)

Thus, H, xkCly is self-dual as a Hopf algebra. Following [20], we obtain another, so-
called right orthogonal, pairing (, ) on (H, xkCpx) ® (H, x kCy) by the formula

@K . PK) = (@K AN K, A) = (" ® K/ A).
A

Restricting ( , ) to H, ® H, gives the pairing given by Tr(d? - d®) which makes H,,
a Frobenius algebra.

3.5. A spherical structure

In this section we show that the category H,-gmod, viewed as a monoidal category
using the tensor product structure of H, x kCy-rmod, is a spherical monoidal cat-
egory (cf. [3, Section 2] or [11, Section 4.7]).
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Lemma 3.13. The element @ = K~ Zk=1"% satisfies the following properties.

i. It is group like in the sense that
Aw)=0wQw, S =o' o) =1 (3.17)
ii. Conjugating by  implements S?. That is, for any h € H, x kCy,
S2(h) = who™!. (3.18)
Proof. This follows from a simple computation using Lemma 3.11. |

The lemma shows that H, x kCy is almost a spherical Hopf algebra, with only
condition (5) of [3, Definition 3.1] missing. However, working with the full subcat-
egory Hy-gmod, this condition will always hold to give the following result.

Proposition 3.14. The monoidal category Hy,-gmod is a spherical category.

Proof. This follows using [3, Theorem 3.6]. In fact, the conditions from Lemma 3.13
give that H,, x kCy-mod is a pivotal category [3, Definition 2.1]. We observe that
for V arational graded H,-module, w acts by

w-v = q—i(25<=1”k)v forallv € VI,

Thus, for any graded morphism 6:V — V of H,-modules, w6 = 6w. This shows
that H, x kCx-rmod is a spherical category. |

3.6. A weak replacement for the braiding

In general, the category H, x kCy-gmod and its subcategory H,-gmod are not
braided monoidal. This agrees with the observation of [5, Proposition 5] that the cat-
egory of n-complexes is not braided monoidal (unless ¢ = g~ ).

A further observation is that, as an algebra, H, does not depend on the para-
meter g. The coproduct and H,-module structure, however, are dependent on ¢,
manifested in the use of the braiding in gvec,. For any choice of a primitive N -th root
of unity, we have two different coproducts on H, x kCx — the coproduct A = A,
from Lemma 3.11, and its opposite coproduct AP = Agp . The tensor product obtained
from the former is denoted by ® = ®, for the purpose of this section. Note the sym-
metry that

Ag(dp) = di ® 1 + K™* ® di,
Ag-1(de) =de ® 1+ K" @ dy.,

are distinct coproducts for bosonizations of Hy, utilizing ®, or ® ,—1, respectively.



R. Laugwitz and Y. Qi 560

In this section, we describe a weaker symmetry that is present in place of a quasi-
triangular structure on H, x kCx. A quasi-triangular structure would give natural
isomorphisms V ® W =~ W ® V. Instead, we obtain the following.

Proposition 3.15. There are natural isomorphisms of graded H,-modules
Vyw: V@gW=We, 1V, Uypweow) =g weuv
where v € Vi, w € W/ are homogeneous elements.

Proof. The proposition can be checked by a direct computation that Wy, intertwines
with the action of the H,, generators d;, k = 1,...,¢. More intrinsically, consider the
universal R-matrix R for kCy from equation (3.2). Now, R is a right 2-cycle for
kCp, and also for H, x kCy which contains kCy as a Hopf subalgebra. Hence,
we can consider the Drinfeld twist Aff = R™*A4R of the coproduct of H, x kCy,
see [8]. We compute that

AR =) ¢" " K'dK* @ K/ K + > g7 P K'K"*K* ® K’ di K®

i,j,a,b i,j,a,b
_ Zqi(j-i—nk)—abdkKi-i-a ® Kj+b
i,j,a,b
+ Zq(i+nk)j_abKi+nk+a ® dkKj+b
i,j,a,b
— Z(qij_abdkKi+a ® Kj—nk+b + qij—abKi+a ® dkKj+b)
i,j,a,b
— (dk ® K"k +1 ®dk)zqij—abKi+a ® Kj+b
i,j,a,b

= (e ® K™ + 1@ dg) = A%, (d).

The result follows. n

4. A tensor ideal in H,-gmod

4.1. The category of H,-modules

We use the same notation as in the previous sections, and work with the category
H,,-gmod of finite-dimensional graded H,-modules. This category has internal homs
Hom*®*(V, W) =~ V* ® W. The differential d; € H), acts on an element f:V — W,
for v homogeneous of degree i, by

(dic - 1)) = & (di f(v) — f(dyv)), (4.1)
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as in equation (2.11),! where & = ¢"*. Hence, di - f = 0 if and only if f(dzv) =
di f(v) forall v € V. In particular, a linear map is graded H,-invariant if and only if
it is of degree zero and commutes with all differentials. In this way, the category of
H,,-modules is enriched over itself.

As H, is naturally a Z-graded algebra, we have the grading shift functors on
H,-gmod

{k}: Hy-gmod — H,-gmod forallk € Z.

Equivalently, consider the modules k{=£1}, which are one-dimensional over k, with
generators 1 sitting respectively in Z-degrees F1. Then V{£l} =~ V ® k{%1}.
Indeed, for all v; € V;,

de(vi ® 1) = (devi) ® 1.

This shows that the isomorphism V' ® k{£1} — V{%1} sending v; ® 1 to v; com-
mutes with the dg-action, for v; ® 1 has degree i F 1.

Lemma 4.1. For any two Hy,-modules V, W, there are natural isomorphisms of
H,,-modules

V@ (W{tl}) = (V@ W){£l} = (V{£l}) & W.

Proof. We show the {1} case. Since W {1} = W ® k{1}, the first isomorphism is easy.
To establish the second isomorphism, we consider the isomorphisms of H,-modules

VILQW = (VRk{1)®W =V & (k{l1}® W),

which reduces the problem to showing that k{1} @ W =~ W ® k{1}.
Denote by 1 a generator of k{1} which lives in degree —1. We define the map ry,
for any homogeneous v; € V;, by

ryv(v; ® 1) := q_il & v;.
It follows that, forany k = 1,...,¢,
de(ry (v ® 1)) = ¢ " de (1 ® v;)
=q 7' "1 ® dgv;
= ¢ T ® dgv; = ry (dev; ® 1)
= ry(dg(v; ® 1)),

'Note that this formula differs slightly from [15, (1.14)]. A formula similar to that of
Kapranov is obtained by using the alternative internal hom from Remark 2.1. In this case, we
would obtain (dx f)(v) = dx f(v) — Ezeg(f)f(dk v). The results of this section apply using
either convention.
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proving that ry is a morphism of H,-modules. Naturality is clear as any morphism
f:V — W of H,-modules preserves the grading, and hence

rw(f)®1) =g A® f(v;) =1® f(g"v;) = Id® f)ry(v; ® 1).

The grading shift {—1} is similar, and one just replaces ¢ by ¢! in the above compu-

tations. n

Corollary 4.2. Let V, W be H,-modules. For any k € Z, there are isomorphisms of
H,,-modules

VD) QW = (V W)k =V Q (W{k}), 4.2)
Hom®(V{—k}, W) = Hom®(V, W{k}) = Hom®*(V, W){k}. (4.3)

Proof. The first equation (4.2) is a repeated application of the previous Lemma 4.1.
Using equation (2.12) and the first part of the corollary, we have the chain of
isomorphisms of H,-modules

Hom®(V{—k}, W) = (VI—k})* @ W = (ki-k} @ V)* @ W
> (V*QK{—k} )W =2 V*® (kik} @ W)
~ V* ® Wik} = Hom®(V, W{k}).

The last isomorphism in the second equality (4.3) is established in a similar way. m

As a special case, we can consider n = p“. In this case, we can fully classify
indecomposable modules over H,. Any indecomposable H,-module is isomorphic
to a grading shift of a quotient module H},/ (dll), for/ =0,..., p1 — 1. Such asimple
classification is not possible in the presence of more than two distinct prime factors
inn.

4.2. The tensor ideals I

Once again, fix a positive integer n and its prime decomposition n = pi” ...pHt, and
let us consider the category H,-gmod of finite-dimensional graded modules over the
braided Hopf algebra H,,.

The braided Hopf algebra H,, has many useful Hopf subalgebras. For each prime
factor pg, let us consider two complementary Hopf subalgebras inside H,:

ko kldd s Kk[di,....dg,....ds]
L@ T kL ary

4.4)
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Here the “hatted” terms in the second equation are dropped from the expressions.
Each dy his degree ng :=n/px.1ft =1,ie,n = p‘l”
consider H,}, and H! = H,.

We record the following simple observation.

is a prime power, we shall not

Lemma 4.3. The left regular module is, up to isomorphism and grading shift, the
only indecomposable projective-injective H,,-module. Its graded dimension equals

t
dim, (Hy) = 1_[(1 YL U(Pk—l)nk)
k=1
t

~M—
- 1—vne’
k=1

Proof. This follows since Hj, is a graded Frobenius local algebra (Lemma 3.6), and
thus is graded self-injective. The graded dimension computation is an easy exercise.
]

Definition 4.4. For each prime factor pj of n, we define a pg-dimensional graded
H,-module Vi by
Vi = Indgzk (k) = Hy ® i k.

Further, if t > 1, we denote
W = IndZZ( (k) = Hy, @ k,

which is an my-dimensional H,-module.

Observe that the H,,-module V} is a pg-fold extension of the trivial H,-module k
by itself:

k5 ki—n) 2 o B k(@ - poned 2> k{1 — pong).

We further observe that Vi is isomorphic as an Hy,-module, up to grading shift, to

the submodule of H, generated by the element d/" -t d,fk_l ...dPr - Similarly,
Wk 1is isomorphic to a grading shift of the submodule generated by d,fk ~! It follows
similarly to Lemma 4.3 that

1—v" 11—V

, dim, (Wy) = .
1 — vk imy (W) ll;;cl—v”l

dim, (Vi) = 4.5)

The module V; is free when viewed as an H*-module, while Wj is free as an PAI,’,‘
module. In particular, Wy, is free as an H!-module for all [ # k.
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Definition 4.5. Assume thatz > 1. Forany k = 1,...,t, we let I; be the full subcat-
egory of modules in H,-gmod consisting of direct summands of H,-modules V' of
the following form:

i.  V is equipped with a finite-step filtration by H,,-submodules: 0 = Fo C F; C
hLCc.--CF =V;
ii. each of the subquotient modules F;/F;_; (i = 1,...,r) is isomorphic to W
up to a grading shift.
Ift =1, sothat n = p‘l”, we denote Iy := Ig,, the full subcategory of graded
projective-injective Hy,-modules, cf. Section 2.2.

Lemma 4.6. The ideal 1} is closed under extensions. More precisely, if U, V and W,
fit into a short exact sequence of H,-modules

0O—-U-—=>WwW il V-0
with U, V being in 1y, then W also lies in 1.

Proof. The case when ¢ = 1 is clear, so we assume ¢ > 1. Assume given such a
short exact sequence of H,-modules such that U’, V' be H,-modules satisfying that
U@®U'and V @ V' are equipped with filtrations F; C --- C F, and F| C --- C F|
as in Definition 4.5. Then we have a short exact sequence

0-UpU WU V' - VeV -0,
and W @ U’ @ V' is equipped with a filtration
OCFC---CF=Uca " (F)c---ca "(F)=Ww,

which satisfies the hypothesis of Definition 4.5. Hence, W, as a direct summand of
W @& U’ & V', is contained in I. m

Lemma 4.7. The ideal 1 is closed under forming duals and tensor products with
arbitrary objects in H,-gmod. Consequently, 1 is a two-sided tensor ideal in
H,-gmod.

Proof. The case t = 1 follows from [16, Proposition 2]. Hence, we assume ¢ > 1. If
V is a direct summand of an object W of I, with a filtration F,, then W* is equipped
with the dual filtration F,;*, which is readily checked to satisfy the conditions of Defin-
ition 4.5. Hence, V*, as a direct summand of W*, is an object in I.

Suppose V' € Iy and U is any H,-module. The module U has a nontrivial socle
since H, is a graded local algebra. Choose k{s} lying inside the socle of U, which
gives us a short exact sequence of Hy-modules

0->k{st >U—U —0.
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Tensoring, for instance, on the left with ', we obtain
0->Visl>VU—->VeU —D0.

By induction on dim(U), we may assume that V ® U € I (the case dim(U) = 1
is the assumption that V € I;). Now, the previous lemma applies and shows that
VeUel. ]

It follows that the internal homs also preserve the ideals I.

Corollary 4.8. Let U be an H,-module in the ideal I, and V be an arbitrary finite-
dimensional Hy,-module. Then both Hom® (U, V') and Hom®(V, U) are objects of 1.

Proof. This follows from Lemma 4.7 and the isomorphism of graded H,-modules
Hom*(U,V) =~ U* ® V from equation (2.12). [

Remark 4.9. We note that the category I is the smallest subcategory of H,-gmod
closed under grading shifts, extensions, and direct summands that contains the objects
Wk . We conjecture that any object in I in fact has a filtration as in Definition 4.5.

Lemma 4.10. The class of projective-injective objects of Hy-gmod is contained in
eachly, fork =1,...,t.

Proof. This follows since we have

H, = Indgzk HF, (4.6)

and the regular H,’f-module is an iterated extension of grading shifts of the trivial
HF¥-module. n

Example 4.11. Letn =2¢- 3% witha,b > 1. Then d; raises degrees by ny = 2471 3%,
and d raises degrees by n, = 2935~!, We note that V; = W, in the case of only two
distinct prime factors. Let us consider the following module V' with the non-zero
differential acting by identity maps indicated on the arrows:

V: k —2 & ki—ny) —2 k{-2n,)

b h

d d
k{l’lz—nl} —2> k{—nl} —2> k{—l’ll —nz}

The module V is contained in the ideal I, (note that p, = 3 here). Note that V' does
not split as a direct sum of shifts of W5, but we see that there is a short exact sequence
of H,,-modules

0— Wolny —n1} >V —> W, = 0.
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If n = 2% .35 .5 there exist various non-split extensions in I;. For example,
consider the module W, where we omit the degree shifts,

-/ dz/ dz/ dz/ /dz
=/ \ i \
ELELE] f‘

— — —
of VSN e
3 3 ]k 3 ]k 3 ]k

k

k
of S]] )
k —>k —>k —>k —> k

The Hy,-module W is free over H, and fits into a non-split short exact sequence

w:

0— Wa{—n; +ny,+n3} > W —->Ww, - 0.

4.3. The tensor ideal I

In order to capture rings of cyclotomic integers via categorification, we shall work
with a larger ideal I in H,-gmod than that of projective-injective objects and contain-
ing each I. This can be thought of as a type of “sum” of the ideals I.

Definition 4.12. Let I be the full subcategory of H,-gmod which consists of objects
U = @)_, Ux, where Uy is an object in I.

Lemma 4.13. The ideal 1 is closed under grading shifts, forming duals, and taking
tensor products with arbitrary objects of Hy-gmod. Consequently, 1 is a two-sided
tensor ideal in Hy,-gmod.

Proof. This is a consequence of Lemma 4.7. ]

Corollary 4.14. Let U be an Hy-module in the ideal I and V be an arbitrary finite-
dimensional H,-module. Then both Hom®*(U, V') and Hom®*(V, U) are objects of 1.

Proof. This follows from Lemma 4.13 and the isomorphism Hom®*(U, V) = U* ® V
of H,-modules from equation (2.12). [ ]
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Lemma 4.15. The ideal 1 is closed under taking direct summands. That is, if W € 1
and W = U @V, then both U and V belong to 1.

Proof. This follows from the fact that H,-gmod has the Krull-Schmidt property. m

The ideal I is not closed under extensions. However, its image in the stable cat-
egory H,-gmod will possess the two-out-of-three property (see Lemma 5.3) based on
the following proposition which generalises [23, Theorem 3.5] in our setup.

Proposition 4.16. Let p; and p; be distinct prime factors of n. Let V be an object
in Iy and W an object in 1. Then Hom;ln_gmod(V, W) C I;In(V, W). That is, all
H,,-morphisms from V to W are null-homotopic.

Proof. We first show the statement for V = Wy and W = W}, k # [. According to
Theorem 2.6,
(W @ Wyt

Hom;{n_gm_od(Wk, I/I/l) = m
k

Since k # [, we can equip Wy with a filtration of H,-modules whose successive
quotients are grading shifts of the module V;. Hence, W,* also has such a filtration.
Next, we observe that the tensor product V;{s} ® W; is free over H,. Inductively,
it follows from the exactness of ® that Wk* ® W, has a (split) resolution by free
Hy-modules and is hence free. Therefore, A - (W @ W) = (W ® Wy)Hn and we
have shown that Homjy ...q(Wk, W;) = {0}.

Using Corollary 4.2, we can replace Wy, W by grading shifts. Thus, the statement
holds for all modules V' in I} and W in I; that have filtrations as in Definition 4.5. If
Uy is a direct summand of V and Uy a direct summand of W and f: Uy — Uw an
H,-module morphism. Then f extends by zeros to a H,-morphism V — W, which
is null homotopic by the above. Hence, f is also null-homotopic, and the statement
is proved for general objects in I and I;. ]

5. Categorifying cyclotomic rings

In this section, we construct a tensor triangulated category @,, whose Grothendieck
ring is isomorphic to the cyclotomic ring Q,, at an n-th root of unity.

5.1. A triangulated quotient category

Consider the stable category H,-gmod from Section 2 which is tensor triangulated.
Let us denote by I the full subcategory consisting of objects that are isomorphic to
those of I under the natural quotient functor H,-gmod — H,-gmod. Thus, I is a
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strictly full subcategory of H,-gmod. Our first goal is to show that I is a thick trian-
gulated subcategory in H,-gmod. To do this we first exhibit some preparatory results.

Lemma 5.1. The subcategory 1 is closed under the tensor product action by
H,,-gmod. More precisely, if U is an object of 1 and V € Hy,-gmod, then both V @ U
and U @ V are in 1. Consequently, 1 constitutes a tensor ideal in H,-gmod.

Proof. We may take U to be the image of an object of I under the quotient functor.
The lemma is then a consequence of Lemma 4.13 of Section 4.3. |

Corollary 5.2. The subcategory1 is closed under the homological shifts of H,-gmod.
Proof. This follows from the previous lemma and the fact that

Ull] = U ® (H,/kA){L}
for any object U € H,-gmod. ]

Lemma 5.3. Let U — V — W — UJ[1] be a distinguished triangle in H,-gmod. If
two out of the three objects U, V and W are in L, then so is the third object.

Proof. Using Corollary 5.2 and the fact that any distinguished triangle is isomorphic
to a standard distinguished triangle, we are reduced to showing that, if U, V are
objects of I and f:U — V is a map of H,-modules, then the cone Cr of f is also
in 1.

There exist direct sum decompositions U = B}, _, X and V = @)_, Y, with
Xi, Yi € I. Under these isomorphisms, f = ( fx;) is a matrix of H,-module maps,
where fi; = my, fix, for the canonical inclusion tx,: Xy — U and projection
ny,: V — Y. It follows from Proposition 4.16 that the images of the components
Jx1 are zero in H,-gmod. Hence, we may replace f by the diagonal H,-module map
f" = (k.1 fxx) which has an isomorphic cone in H,-gmod. Further, the cone con-
struction respects direct sums of morphisms, i.e., Crgqs = Cr @ Cg. Hence, it suffices
to show that Cy is in I for any morphism g: U’ — V', where U’, V' are objects in I.

By the definition of distinguished triangles, see equation (2.5), the cone C, fits
into the diagram

0—U2X U®H, — U[l] — 0

] ll

0—V Ce —— U[1] — 0

By Lemma 4.6, Cy is an objectin Iy C I. |

Lemma 5.4. The ideal 1 is closed under direct summands. That is, if W =2 U @& V as
objects of 1, then both U and V belong to 1.
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Proof. By adding enough projective-injective H,-modules to both sides, we may
assume that W = U @ V in H,-gmod. Thus, the claim is a direct consequence of
Lemma 4.15. ]

Recall that a full triangulated subcategory in a triangulated category is called thick
(or saturated) if it is closed under taking direct summands (see, e.g., [7, Tag 05SRA]).
Lemma 5.4 thus establishes the thickness of the ideal I inside H,-gmod.

Summarizing the above discussion, we have established the following.

Theorem 5.5. The ideal 1 constitutes a full triangulated tensor ideal in the stable
category H,-gmod which is thick. O

Hence, standard machinery on localization allows us form a Verdier localized (or
quotient) category of Hy-gmod by I, see, e.g., [7, Tag 05SRA].

Definition 5.6. For any positive integer n, the category (0, is defined as the Verdier
localization of H,-gmod by the ideal I:

O, == H,-gmod/1.

A morphism s: M — N in H,-gmod descends to an isomorphism in O, if and
only if the cone of s is isomorphic to an object of I. We declare this class of morphisms
s as quasi-isomorphisms. Such quasi-isomorphisms constitute a localizing class in
H,-gmod since I is a saturated full-subcategory of H,-gmod. A general morphism
from M to N in the localized category O,, is represented by a “roof” of the form

M’ P
‘S/ NJ .
M N

where s is a quasi-isomorphism and f is some morphism in H,-gmod.

Remark 5.7. The localization construction used is a also known as the Verdier quo-
tient, cf. [7, Tag OSRA]. Observe that a morphism f: X — Y in H,-gmod descends
to zero in @, if and only if it factors through an object of 1. Indeed, the “if” part is
clear, since any object of I is isomorphic to the zero object in @,,. Conversely, choose
an s:Y — Y’ in H,-gmod such that s o f = 0 and s descends to an isomorphism
in @,. Then the cone of s shifted by [—1], denoted by C, fits into the diagram

C

7
7
7
7
7

XL>Y

|

Y/


http://stacks.math.columbia.edu/tag/0123
http://stacks.math.columbia.edu/tag/0123
http://stacks.math.columbia.edu/tag/0123
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Thus, the dashed arrow exists by the exactness of Homp,, gmoa (X, -) applied to the
distinguished triangle

corv Sy Wen

A standard distinguished triangle in O, is the image of a distinguished triangle in
H,-gmod, and any triangle of &, isomorphic to a standard distinguished triangle is
called a distinguished triangle.

5.2. Tensor triangulated structure

Our goal in this part is to establish the triangulated tensor category structure on O,
which is inherited from that of H,-gmod under localization.

Lemma 5.8. The following functors on Hy,-gmod descend to (bi-)exact functors
on Oy:

1. the tensor product (- ® -): H,-gmod x Hy,-gmod — H,-gmod;

2. the inner hom Hom® (-, -): H,-gmod® x H,-gmod — H,-gmod,

3. the grading shift functors {k}: H,-gmod — H,-gmod, where k € Z;
4.

the vector space dual (-)*: H,-gmod — H,-gmod.

Proof. The tensor product functor ® on H,-gmed is bi-exact [16]. Thus, for (1), it
suffices to show that it preserves the class of quasi-isomorphisms. Let s: M — M’
be a quasi-isomorphism in H,-gmod that arises from an actual H,-module map
s:M — M'. Replacing s by (s, pp): M — M’ & M ® H{{} if necessary, we may
assume from the start that s is injective. Thus, C := coker(s) is isomorphic to a mod-
ule in I in H,-gmod, and a direct sum of C by some projective-injective H,-module
belongs to I. Since I is closed under summands (Lemma 4.15), we may assume C is
also in I. Tensoring the exact sequence

0>MSM —>C—0

with any module N on the left, we have a short exact sequence

Idy ®s ’
O->-NIM — NQIM - NRC — 0.

By Lemma 4.13, N ® C €1, and hence Idy ® s descends to a quasi-isomorphism
in H,-gmod. The case of tensoring on the right is similar, and this finishes the proof
of (1).

Part (4) is clear since the dual of any object in I is also in I by definition. Now,
parts (2) and (3) are easy consequences of (1) and (4) because of Corollary 4.2 and
the isomorphism Hom®*(M, N) = M* ® N of equation (2.12). [
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We are now ready to establish a tensor-hom adjunction in our category @,,.
Theorem 5.9. The tensor-hom adjunction holds in O,,:

Homg, (M ® L, N) = Homg, (L, Hom*(M, N)),

where M, N and L are arbitrary objects of O,,.

Proof. Given a morphism f € Homg, (L, Hom®*(M, N)) represented by a “roof”
diagram in H,-gmod

L/
2N
L o LN Hom*®(M, N)

we have, by the adjunction (2.7), another “roof” f’ € Homg, (M ® L, N)

ML

since Idys ® s is a quasi-isomorphism of degree zero (see the proof of Lemma 5.8).
Here g’ is the degree zero map that corresponds to g under the isomorphism (2.7). In
other words, we have constructed a map of morphism spaces

Homg, (M ® L, N) — Homg, (L,Hom*(M, N)), f+ f, (5.2)
which gives rise to a natural transformation of cohomological functors
Homg, (- ® L, N) — Homg,, (L, Hom®(-, N)). (5.3)

Now, assume that M is an actual H,-module. We will prove that the natural trans-
formation of functors (5.3) is an isomorphism by induction on the dimension of M.

If M is one-dimensional, then, up to a grading shift on M, we may assume that
M =k, and (5.2) reduces to an isomorphism

Homg,, (k ® L, N) = Homg,, (L, N) = Homg, (L, Hom®(k, N)).

When dim(M) > 1, we may assume, up to grading shift, that M contains a copy
of k in its socle. This can be done since Hj, is a graded local algebra. Then we have a
short exact sequence of Hy,-modules

0>k—>M—> M —0,
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where M’ denotes the quotient. This sequence induces a distinguished triangle in
H,-gmod and descends to a standard distinguished triangle in @,,. Applying (5.3) to
the obtained triangle in (9,,, we obtain a map of exact triangles:

Exty (k® L,N) —— Exty (M ® L,N) ——> Exty, (M’ ® L, N) UN

! ! !

Extg (L,Hom*(k, N)) > Exty (L,Hom®(M,N)) » Extg (L,Hom*(M’, N)) (1]

Here we have adopted the conventional notation

Exty, (L. N) := @ Home, (L. M[i}).
i€Z
The left-most and, by inductive hypothesis, the right-most vertical arrow are iso-
morphisms of Ext-groups. The theorem then follows from the usual “two-out-of-
three” properties for distinguished triangles in triangulated categories. ]

Remark 5.10. As pointed out by the referee, Theorem 5.9 admits a more conceptual
proof than the explicit one above, as follows.

Suppose that £: € — D is a functor admitting a right adjoint R. Let ¢ and X o
be classes of morphisms in € and O such that £(X¢) C X p and R(Zp) S Xe. Then
it is immediate from the universal property of Verdier localization that (&£, R) induces
a pair of adjoint functors between the localised categories € (Egl) and SD(EE)I).

Now, in our situation, € = D = H,-gmod. Take £ and R to be the tensor and
Hom functors respectively. It suffices to check that these functors preserve the ideal I,
which in turn follows from the proof of Lemma 5.8.

Taking L = k in Theorem 5.9, we obtain an isomorphism of H,-modules
Homg, (M, N) = Homg, (k, Hom*(M, N)) = Homg, (k, M* ® N),

which gives an implicit description of the morphism spaces.

Remark 5.11. It remains an interesting question to compute the endomorphism (resp.
Ext®) algebra of the unit object k € 9. Since k is the (triangulated) monoidal unit,
the endomorphism (resp. Ext®) algebra is a commutative (resp. super) k-algebra. It is
nonzero since, otherwise, the object k would be in I. This is clearly false since k is
not free as a module over FI,’,‘ foranyk =1,...,¢.

Proposition 5.12. The tensor product on Oy, is compatible with homological shift in
the sense that for any objects X and Y there are natural isomorphisms

XY= X[1]®Y =~ X ® Y[1].
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Proof. This is because the shift functor can be realised as
Ml =M Q® (Hy/kA){{} = (H,/kA){} @ M.

See [16, Lemma 2] for an explicit formula of the second isomorphism. |

5.3. Rings of cyclotomic integers

In this section, we prove that the Grothendieck ring of the quotient category O, is
isomorphic to the cyclotomic ring Q,, of a primitive n-th root of unity.
For a formal variable v, recall the notation
vt —1

[n]y == mo— =l+v+--+v" ez,

and denote the n-th cyclotomic polynomial by @, (v). We will use the following ele-
mentary facts about cyclotomic polynomials.

Lemma 5.13. Letn = p;” ...pr', where ny > 1 are integers, and py are pairwise
distinct primes, and m = py ... p; be the radical of n. Then the cyclotomic polyno-
mials in a formal variable v satisfy

CDm(U) = ng ([m]v/[m/pl]w ceey [m]v/[m/pt]v) s (5.4)
@, (VPRY = [mly/[m/pilv, k=1,....1, (5.5)
Dy (v) = D (V™). (5.6)

Proof. We use the following readily verified formulas

[T @) = mly, [ ®alv) =

dim,d>1 pk|d d|m [m/ Pl

They hold because the multiplicative group of m-th roots of unity is partitioned, by
the order of the root of unity, into the divisors d of m. The product of all v — ¢, where
q is a primitive d-th root of unity, is equal to ®4(v). It follows that, if d # m, then
d is not divisible by at least one of the distinct primes py, and thus ®4(v) does not
divide [m], /[m/ px]v. On the other hand, ®,,(v) clearly divides each [m],/[m/ pk]v,
k =1,...,t. Hence, the greatest common divisor of all polynomials [m], /[m/ pr]y
is precisely ®,,(v), establishing equation (5.4).
Equation (5.5) is easy since, for a prime p, &,(v) = (vZ —1)/(v — 1), so that

A S = N U

vmlpk — 1 V"1 [m/pely
v—1

®p, (Um/pk) —

The last equation (5.6) is an exercise in [19, Chapter IV, Section 3]. n
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In the following, we denote by Ko(H,-gmod) the Grothendieck group of the
stable category of H,-modules. Given an object V', we denote its class in the Grothen-
dieck group by [V]. Recall that this is the abelian group generated by symbols of
isomorphism classes of objects in H,-gmod, subject to relations [U] — [W] + [V] =0
whenever

v-w—v Yo

is a distinguished triangle.

The monoidal structure of H, gives Ko(H,-gmod) a ring structure, and the
Z-grading shift introduced in Section 4.1 gives it the structure of a left and right
Z[v, v~1]-algebra, such that the left and right module structure coincide using the
natural isomorphism from Lemma 4.1.

Lemma 5.14. The Grothendieck group of H,-gmod is isomorphic, as a Z[v, v1]-
algebra, to the quotient ring

Zv,v71
(et 2%)

The tensor product on Hy-gmod descends to the multiplication on the Grothendieck

Ko(Hy-gmod) =

group level, while the grading shift functor {1} descends to multiplication by v.

Proof. The Grothendieck ring Ko(H,-gmod) is generated, as a Z[v, v~']-module,
by the class of the only simple H,-module k, which is one-dimensional. The only
relations imposed on the symbol of the simple module arise from graded dimensions
of projective-injective H,-modules. The result thus follows from Lemma 4.3. ]

In contrast, the Verdier quotient category (9, categorifies the cyclotomic ring Q.

Theorem 5.15. The Grothendieck ring of Oy, is isomorphic to the ring of cyclotomic

integers
Zv,v71

(Pn(v)

Proof. We have an exact sequence of triangulated categories

KO(On) =

I — H,-gmod — O,,

where the first containment is fully faithful and idempotent complete (Lemma 5.4).
It follows from well-known facts on K-theory of exact sequence of triangulated cat-
egories that

Ko(On) = Ko(Hn-gmod/1) = Ko(Hy,-gmod)/ Ko(L)
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(see, for instance, [29, 3.1.6]). We will determine the image
I := Ko(D

in Ko(H,-gmod). Note that / is an ideal in the ring K¢(H,-gmod) by Lemma 5.8,
generated by the classes [V/] for all objects V in L.

Let v be the formal variable representing the image in Ko(O,) of the object k{1}
of ©,. Write it 1= v*/™ and py 1= v"/ Pk,

By definition, any object U € I is isomorphic to a module U’ € H,-gmod such
that U’ 2 @) _, Ux, where Uy is an object in I.. Hence, [U] = Y} _, [Ux]. However,
any object in I is, in particular, a free ﬁ,’f-module. Therefore, in Ko(H,-gmod), we
have that [Uy] is a Z[v, v~!]-multiple of [W;]. In the presence of at least two distinct
prime factors pg, p;, [V;] divides [W]. Hence, the symbol [U] of any object of U in
L is a Z[v, v~1]-linear combination of the cyclotomic polynomials

Oy (i) = Vil = 1+ g + -+ p27 fork =1,....1.
Conversely, the relations

Wil = [ mlu/lm/ pi) = 0
14k
hold in K¢(0,), using equation (5.5) of Lemma 5.13. Therefore, the relations
[m]u
[m/ prlu
=14+ + =0

ged{[W)] |l =1,...,tsuchthat] £k} =[Vi] =

are satisfied in K¢(O,) and generate the ideal /. Now, by equations (5.4) and (5.6),
we see that

Pn(v) = P (i) = ged([m]/[m/prlp. ... [mlu/[m/ pel)

generates /. The result follows. ]

Remark 5.16. The theorem can be summarised as saying that the tensor triangulated
category O, categorifies the cyclotomic ring of integers O, . Choose an embedding of
0, in C. The tensor product on @, descends to the product of cyclotomic integers.
Furthermore, the vector space dual functor (-)*: @, — O, decategorifies to the com-
plex conjugation map [M*] = [M]. It also follows that the inner hom measures the
complex norm of the symbols

[Hom*(M, M)] = [M* ® M] = [M][M] = |[M]]>.
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