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Drinfeld centers of fusion categories
arising from generalized Haagerup subfactors

Pinhas Grossman and Masaki Izumi

Abstract. We consider generalized Haagerup categories such that 1 @ X admits a Q-system
for every non-invertible simple object X. We show that in such a category, the group of order
two invertible objects has size at most four. We describe the simple objects of the Drinfeld center
and give partial formulas for the modular data. We compute the remaining corner of the modular
data for several examples and make conjectures about the general case. We also consider several
types of equivariantizations and de-equivariantizations of generalized Haagerup categories and
describe their Drinfeld centers.

In particular, we compute the modular data for the Drinfeld centers of a number of examples
of fusion categories arising in the classification of small-index subfactors: the Asaeda—Haagerup
subfactor; the 324 and 3%2>Z2 gybfactors; the 2D?2 subfactor; and the 4442 subfactor.

The results suggest the possibility of several new infinite families of quadratic categories.
A description and generalization of the modular data associated to these families in terms of
pairs of metric groups is taken up in the accompanying paper [Comm. Math. Phys. 380 (2020),
1091-1150].
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1. Introduction

In the 1990s Asaeda and Haagerup discovered two “exotic” subfactors, known as the
Haagerup subfactor and the Asaeda—Haagerup subfactor [2]. They called these sub-
factors exotic since they were the first examples of finite depth subfactors which did
not arise from known symmetries of groups or quantum groups. The fusion category
€ which is the principal even part of the Haagerup subfactor has as its group of invert-
ible objects

G =Inv(€) =Z3s

and is tensor generated by a simple object X satisfying the fusion rules

gRX=X®g ! ad XeX=1oPgoX.
geG

The Haagerup subfactor corresponds to the algebra object 1 @ X in this category.

In [17] the second named author gave a new construction of the Haagerup sub-
factor in which the simple objects of € are realized by certain endomorphisms of the
Cuntz C*-algebra (4 (extended to a von Neumann algebra closure). In this construc-
tion, the four Cuntz algebra generators correspond to embeddings of the four simple
summands of X ® X. The structure constants for the action of these endomorphisms
on the generators encode the associativity structure of the tensor category; these con-
stants are in turn determined by polynomial equations.

More generally, it was shown that for an arbitrary finite Abelian group G of odd
order, there is a similar system of polynomial equations whose solution gives an asso-
ciativity structure for a tensor category satisfying the Haagerup fusion rules above,
but with G replacing Z3. Such a generalized Haagerup category can then be realized
via endomorphisms of the Cuntz algebra O|g|+1. There is an additional equation for
the existence of a Q-system (an algebra structure with a unitarity condition [24])
on 1 @ X; a subfactor corresponding to such a Q-system is called a generalized
Haagerup subfactor for G, or a 3¢ subfactor (after the shape of its principal graph).
It was shown in [17] that there is a unique 3%5 subfactor (up to isomorphism of the
standard invariant), but the general existence question was left open.

The Drinfeld center Z(€) of a fusion category is the category of half-braidings
of € by objects Y € €. For a fusion category over C, Z(€) is a non-degenerate
braided fusion category. If € is spherical (in particular if € is unitary), then Z(€) has
the structure of a modular tensor category [29]. A modular tensor category gives rise
to a projective unitary representation of the modular group SL,(Z), with canonical
generators mapped to a pair of matrices called the S and 7" matrices, also known as
the modular data. The modular data encodes among other things the fusion rules of
the category via the Verlinde formula [35].
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Modular tensor categories appear in a variety of contexts, including conformal
field theory [25], quantum topology [34], and topological quantum computing [12].
On the other hand, every fusion category can be realized as a category of modules over
a commutative algebra in its Drinfeld center. Thus, the Drinfeld center construction
provides a bridge between the theory of ordinary fusion categories and that of modular
tensor categories.

A useful feature of the Cuntz algebra approach to the construction of subfactors
is that it comes with a simple formalism for computing arbitrary tensor products and
compositions of morphisms in the tensor category. This was exploited in [17] to give
an explicit description of the tube algebra of the Haagerup category, and thereby com-
pute the modular data of its Drinfeld center.

In [11], Evans and Gannon found simpler formulas for the modular data of the
Drinfeld center of the Haagerup category. They generalized these formulas to an infin-
ite family of modular data, which they conjectured were realized by Drinfeld centers
of generalized Haagerup categories. They also computed solutions to the polyno-
mial equations for generalized Haagerup categories for a number of odd groups, and
found numerical evidence for the existence of (non-unique in some cases) generalized
Haagerup subfactors for all odd cyclic groups up to order 19.

The fusion categories which are the even parts of the Asaeda—Haagerup subfactor
have less symmetric fusion rules than the Haagerup category. The original construc-
tion of Asaeda and Haagerup used generalized open string bimodules, a generalization
of Ocneanu’s connection formalism for graphs, to describe the categories. Their calcu-
lations showed the existence of the categories, but did not give a practical framework
for performing complicated computations within the category; in particular, a descrip-
tion of the Drinfeld center was not accessible.

In [14], the authors and Snyder gave a new construction of the Asaeda—Haagerup
subfactor. The construction starts with a generalized Haagerup category for the group
G = Z4 x Z,. The original Asaeda—Haagerup categories are then shown to be Mor-
ita equivalent to a category arising from this generalized Haagerup category via a
construction called de-equivariantization (see [6, 8,28]). The system of polynomial
equations for generalized Haagerup categories associated to even groups is consider-
ably more subtle than for the odd case, and involves a collection of characters €()(g)
of the group G, € G of order elements, indexed by G, see [19].

Since the Drinfeld center is an invariant of Morita equivalence [33], this con-
struction allows us to use the Cuntz algebra framework for generalized Haagerup cat-
egories to describe the Drinfeld center and compute the modular data of the Asaeda—
Haagerup categories (which was first announced in [14]). The original motivation of
this paper was to describe this computation.

However, it turns out that generalized Haagerup categories for groups of even
order play a central role in the classification of small-index subfactors beyond the
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Asaeda—Haagerup case. Subfactors with index less than 4 have index of the form
4 cos? Tk =3,4,5,.. (see[21]), and their principal graphs are simply laced Dynkin
diagrams. In the 1990s Haagerup initiated the classification of subfactors with index
slightly above 4 by searching for admissible principal graphs (which is how the
Haagerup and Asaeda—Haagerup subfactors were discovered), see [15]. This classi-
fication has now been extended to index 5 (see [22]), and then to index 5.25 (see [1]),
with only a small number of finite-depth examples appearing.

The most interesting index value between 5 and 5.25 is 3 + \/3, which is the
first composite index above 4. There are exactly seven finite depth subfactor planar
algebras at index 3 4+ /5 up to duality [1]. Of these, two are the unique 3%4 and
3Z2%Z2 gybfactors; another one is the 2D2 subfactor , which is related to the 3%Z4
subfactor through a Z,-de-equivariantization; and another one is the 4442 subfactor,
which is related to the 3%22%Z2 subfactor through a Z3-equivariantization (and another
one is related to the 3Z4 subfactor by Morita equivalence), see [19,26,27,32].

In addition to the Asaeda—Haagerup subfactor, we compute the modular data for
these four subfactors with index 3 + /5, as well as for a Z »-de-equivariantization of
a 328 subfactor. We also numerically compute modular data for 326, 328 and 3%Z10
subfactors (of which there are two each for Z¢ and Z ).

More generally, we consider families of subfactors associated to these examples.
The appearance of the characters €()(g) on G makes the study of generalized
Haagerup categories for even groups considerably more complicated than the odd
case. Indeed, generalized Haagerup categories for odd groups can always be con-
structed as de-equivariantizations of near-group categories [18]; this is not true for
even groups. However, our first main result restricts the groups for which generalized
Haagerup subfactors can exist, under an additional assumption.

Theorem 1.1. Let G be the group of invertible objects of a generalized Haagerup
category, and suppose that 1 @ (g ® X) admits a Q-system for all g € G. Let G, =
(Z)™ C G be the elementary 2-group of order 2 elements. Then m < 2.

In light of this result, we consider generalized Haagerup categories associated to
agroup G = Zom X Zipn X H withm > n > 0 and |H| odd. By analyzing the tube
algebra, we can describe the simple objects in the Drinfeld center. All of the simple
objects in the center contain invertible simple summands except for

n=PseX

geG

(which has @ half-braidings); and, in the case that |G, | = 2, the objects v4, where

W = vy @ v_ is the decomposition of p into the direct sums of those g ® X indexed
by the two cosets of 2G in G (which have two half-braidings each).
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We give formulas for the modular data in terms of the characters €()(g), except
for the corner in which both indices are half-braidings of p or vi. In the case that
|G2| = 4, under the additional assumption that the braiding on G, is non-degenerate
(which is a property of the characters €((g)), the modular data factors, and we get
formulas for the modular data modulo the corner indexed by the % half-braidings
of w in the Miiger commutant of G, (see [30]).

To compute the missing corner of the modular data, it is necessary to perform
detailed calculations in the tube algebra, and we do not have general formulas. How-
ever, we have conjectures based on computations for small examples.

For the Asaeda—Haagerup subfactor, we consider a generalized Haagerup category
€ for G = Z4 x Z, with a certain form of €, as in [14]. Then Vecz,xz, lifts to the
center as a non-degenerate subcategory, and its Miiger commutant in Z(€) is exactly
the Drinfeld center of the Asaeda—Haagerup categories. More generally, we can con-
sider Z,-de-equivariantizations for generalized Haagerup categories for Zg4;, X Z,
with a similar form of €. We compute the missing corner of the modular data for the
Asaeda—Haagerup case m = 1.

The 2D?2 subfactor arises from a Z,-de-equivariantization of a generalized
Haagerup category for Z4 with non-trivial € (which is uniquely determined up to
gauge equivalence). We can similarly consider Z,-de-equivariantizations of gener-
alized Haagerup categories for Z4,, with non-trivial €. We obtain formulas for the
modular data except for a corner, and compute the missing corner for the two known
examplesm = 1, 2.

Finally, we consider the 4442 subfactor, which comes from a Z3-equivariantiz-
ation of a generalized Haagerup category € for Z, x Z,. We compute the modular
data from the tube algebra of the Morita equivalent crossed product category, which is
a Z3-graded extension of € and has a Cuntz algebra model. It may be possible to gen-
eralize this construction to generalized Haagerup categories of the form Z, x Z, x H
with | H| odd, but we do not know of any examples for nontrivial H, and we do not
attempt this generalization here.

In summary, these examples suggest several possibly infinite families of quadratic
categories, which are distinguished by the 2-subgroups of the associated finite group.

* Generalized Haagerup categories for G = Za,,, and their Z,-de-equivariantiza-
tions (or more generally Z4,, x H with H odd) - known to exist for m = 1,2 and
H trivial.

* Generalized Haagerup categories for G = Z 4,42 (or more generally Z 4,42 X H
with H odd) - known to exist for m = 0, 1,2 and H trivial. (For m = 1, 2 these
occur in pairs.)
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* Generalized Haagerup categories for G = Za,, X Z, (or more generally Zg4,, X
Z, x H with H odd), and their Z,-de-equivariantization — only known to exist
when m = 1 and H is trivial.

* Generalized Haagerup categories for G = Z, x Z, x H, with H odd, and its
Z 3-equivariantization - both only known to exist when H is trivial.

An analysis of potential modular data associated to such families, as well as gen-
eralizations of this modular data, in terms of pairs of metric groups will appear in the
accompanying paper [13].

To compute the missing corners of the modular data in examples, we use Mathem-
atica to perform the arithmetic in the tube algebra. These calculations require formulas
for the tube algebra operations. Such formulas are in principle straightforward to
derive from the definition of the tube algebra, the Cuntz algebra model for gener-
alized Haagerup categories, and the orbifold construction for (de)-equivariantization.
In practice the formulas are laborious to write down, so we include them in an online
appendix.

The paper is organized as follows.

In Section 2 we review some preliminaries on fusion categories, tube algebras,
and generalized Haagerup subfactors.

In Section 3 we prove the restriction on G, for a generalized Haagerup category
with a certain assumption. Then we describe the tube algebra and give partial formulas
for the modular data.

In Section 4 we describe how to compute the remaining corner of the modular
data, and discuss several examples with |G |=2.

In Section 5 we consider the Miiger factorization of the Drinfeld center for the
case that |G| = 4 and the braiding on G, is non-degenerate. This case includes the
Asaeda—Haagerup subfactor (via de-equivariantization).

In Section 6 we consider a Z,-de-equivariantization of a generalized Haagerup
for Z 45,. This case includes the 2 D2 subfactor.

In Section 7 we describe the tube algebra and compute the modular data for the
Z3-equivariantization of a generalized Haagerup category for Z, x Z, (which is the
even part of the 4442 subfactor).

In an online appendix, included with the arxiv source, we give formulas for
multiplication, involution, and rotation in the tube algebras of generalized Haagerup
categories and their (de)-equivariantizations.

In an accompanying Mathematica notebook solutions.nb, also included with
the arxiv source, we give the structure constants for generalized Haagerup categories
for Z¢, Zg, and Z 9.

This paper replaces an earlier arXiv preprint titled “Quantum doubles of general-
ized Haagerup subfactors and their orbifolds” (arXiv:1501.07679v 1) which described
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the computations of most of the main examples in this paper but without discussing
the general cases.

2. Preliminaries

2.1. Fusion categories and the category Endo (M)

A fusion category over the complex numbers C is a rigid semisimple C-linear tensor
category with finitely many simple objects and finite-dimensional morphism spaces
such that the identity object is simple (see [9]). In this paper we concentrate on unitary
fusion categories embedded as full monoidal subcategories of the category of unital
endomorphisms End(M) of a type I1I factor M. Note that such an embedding always
exists under the assumption of unitarity (see [18, Theorem 2.1]). Our standard refer-
ence for the category End(M) is [4]. We follow the convention of using Greek letters
for objects in End(M).

For a Hilbert space J#, we denote by B(# ) the set of bounded operators on J#, and
by U(H) the set of unitary operators on J. The identity operator of # is denoted by
14 or simply by 1. For a unital C*-algebra A, we denote by U(A) the set of unitaries
in A. The unit of A is denoted by 14 or simply by 1.

Let M be a type III factor. Then the set of unital endomorphisms End(M ) forms
a category with the morphism space from an object p to another object o given by

Hom(p,0) = (p,0) ={t € M:tp(x) = o(x)t forall x € M}.

This category has a strict monoidal structure, with the monoidal product p ® o of two
objects p, 0 € End(M) given by the composition p o o, and the monoidal product
between morphisms ¢ € (p1, p2) and s € (01, 02) given by

1 ®s =tp1(s) = p2(s)t € (p1 001, p2002).

The monoidal unit of End(M) is the identity automorphism id of M. The endo-
morphism space (p, p) is just the relative commutant M N p(M)’; p is simple, or
irreducible, if this space consists only of the scalars. When discussing the monoidal
category End(M ), we will generally suppress the “®” symbol, and refer directly to
multiplication in M and composition of endomorphisms.

The morphism space (p, o) inherits a Banach space structure from M, and the
x-operation of M maps (p, o) to (o, p), which makes End(M) a C*-tensor category
(see [4, Section 1]). Moreover, if p is simple, the space (p, o) is a Hilbert space with
an inner product given by ¢{'t, = (t1,12)1a for 1,1, € (p,0).

For p € End(M), its dimension d(p) is defined by [M: p(M)](l)/z, where [M:
o(M)]o € [1, 00] is the minimum index of p(M) in M. We denote by Endy(M ) the
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set of p € End(M) with finite d(p). The dimension function Endg (M) > p — d(p) is
additive with respect to the direct sum operation and multiplicative with respect to the
monoidal product operation. The monoidal category Endg (M) is rigid, which means
that objects have left and right duals. For any p € Endy(M ), there exists p € Endg (M),
called a dual, or conjugate, endomorphism of p, and two isometries r, € (id, p o p),
7y € (id, p o p) satisfying

Pop(rp) = ryp(Fp) = a0
The evaluation morphism ev,, is identified with /d ()7, and the coevaluation morph-
ism coev,, is identified with \/d(p)r.

If p and o are isomorphic objects in Endg(M ), then there exists a unitary u €
U(M) satisfying p = Adu o o, where Adu is the inner automorphism of M given
by Adu(x) = uxu™; we then say that p and o are unitarily equivalent, or simply
equivalent. We denote by Inn(M) the group of inner automorphisms of M.

For a fusion category € C End(M ), the categorical dimension d(p) coincides with
the Frobenius-Perron dimension in €. We denote by Irr(€) the set of isomorphism
classes of simple objects in €. We often identify an element in Irr(€) with one of its
representatives if there is no possibility of confusion. The global dimension of € is
defined by

dime =) " d(§)>.

Eelr ()

2.2. The Drinfeld center

Let € be a monoidal category. A half-braiding for an object X € € is a natural iso-
morphism Ex: X ® (—) — (—) ® X, satisfying the hexagon and unit identities. If €
is strict, these identities reduce to

Ex(Y ® Z) = (idy ® Ex(Z)) o (ex(Y) ®idz) forallY,Z € €.

and
€x (1) = idy,

respectively.
The Drinfeld center Z(€) is the category whose objects are half-braidings (X, Ex)
of objects in € and whose morphisms are given by

Hom((X, &x), (Y, &y))
= {t e Hom(X,Y): (idz ® 1) 0 Ex(Z) = Ey(Z) o (t ® idz) for all Z € €}.
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The Drinfeld center is a braided monoidal category, with tensor product of (X, Ex)
and (Y, y) given by
(X ®Y, Exgy)

with
Exey(Z) = (6x(Z) ®idy) o (idy ® Ey(Z)) forall Z € €,

and braiding given by
ex,y = Ex(Y).

If € is semisimple, then a half-braiding &y is determined by &x (Y) as Y ranges
over representatives of isomorphism classes of simple objects. If € is a fusion cat-
egory, then Z(€) is a fusion category as well, and the braiding on Z(€) is non-
degenerate. If € is a unitary fusion category, the unitary Drinfeld center (where the
ex (Y) are required to be unitaries) is equivalent to the ordinary Drinfeld center [29].
We will therefore only consider unitary half-braidings in this paper.

A modular tensor category is a non-degenerate braided spherical fusion category
€. The S-matrix of a modular tensor category is defined by

xdy

d
S = ————1fr C oc s
XY ) xoY (Cx,y ©Cy,x)

for simple objects X and Y, where c is the braiding on €, dx is the quantum dimen-
sion, dim(€) is the global dimension, and tr is the normalized spherical trace on
End(X ® Y). The S-matrix is defined up to a choice of square root of the global
dimension.

The T-matrix is defined by

Tx,y = éx,ydxtrxex (cx,x),
and the conjugation matrix C is defined by
Cx,y =0y 7,

where Y is the dual object of Y.
For a modular tensor category over C, S is symmetric, T is diagonal with finite
order, and S and 7T are unitary [10]. We have the relations

a(ST*=82=Cc=T"'CcT

for a scalar «, see [3,25].
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If € is a spherical fusion category over C, then Z(€) is a modular tensor category.
We fix /dim(Z(€)) = dim(€), and then o = 1, see [29].

We now return to a unitary fusion category € embedded in Endo(M). Let o € €
be a (not necessarily simple) object in €. Then the data of a half-braiding for o is
given by family of unitaries €, = {€5(§) }eeir(e) With E4(§) € (0, £0) such that for
any t € (¢, &n) with &, 1, ¢ € Irr(€), we have

165(8) = §(Ea ()€ (§)0(1). 2.0

In general, a single object 0 may have several inequivalent half-braidings, and we
introduce labeling to distinguish them and use the notation 5 = (0, & (l,) for simplicity.
We denote by F the forgetful functor ¥: Z(€) — €.

2.3. The tube algebra

We summarize the basics of tube algebras following [16].
The tube algebra for a fusion category € C End(M) is a finite-dimensional C*-
algebra with underlying vector space

Tube € = EP(EC. tn).
&,n,¢elr(€)
An element x € (£, {n) is denoted as an element of Tube € by (¢ ¢|x|¢ &). The
x-algebra operations of Tube € are defined by

(& LIx1E mE EyIE )
dim(v,£¢”)
=Sy Y. EVIEEITOXECE D) 7).

velr(€) i=1
(& LxIE )™ = d©)(n EEEFE)IrIEE),

where {I(Z’C,)i}?i;nl(v’“/) is an orthonormal basis of the space (v, {{’). We denote

Aey = @PEL L),
¢elr ()
which is a subspace of Tube € satisfying
AEJIEAS/J]/ g 8”55,04'5577/’ EA;,T] = ‘A’Thf'

In particular, #g := sAg¢ is a x-subalgebra of Tube € with unit 1z = (§ 0[1]0 &),
where we denote id by 0 for simplicity. We have

Z IE = Itupce-

Eelr(€)
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The algebra ¢ is a corner of Tube € in the sense that we have
l¢ Tube €lg = Ag.

In particular, every minimal projection in +Ag is minimal in Tube €. The space A ;
is a Ag-sAy bimodule with respect to the left and right multiplication of /g and A,
respectively.

There is a one to one correspondence between the set of simple components of
Tube € and Irr(Z(€)), and we denote by z(5') the minimal central projection in
Tube € corresponding to &. Then the algebra z(5) Tube € is isomorphic to a full
matrix algebra, and we can write down a system of matrix units for it in terms of
8(17 as follows. We choose an orthonormal basis {ws (é),'}?fl(s’c) of (¢, o) for each
¢ € Irr(€), and set

EL ey = LwoMNELQwe (§)i € (EL.Cn).,

d
9 S a@)(& C16s @il 1) € Tube, 2.2)

~
7 AN P R
(6°)&.0),(n.) AVAOTD ot

where A is the global dimension of €. Then {e(6%).i).(z./) }.i).(n.;) Torms a system
matrix units for the subalgebra z(6') Tube €, and

z(6") = 26(51)(5,1‘),(5,1‘)- (2.3)
&)

In particular, the rank of z(5%) Tube € is

Z dim(§, o).

Eelr(®)

Conversely, every system of matrix units for the tube algebra arises this way (by
varying the choices of orthonormal bases for each (£, 0)). This gives a very practical
way to determine the data of half-braidings from the algebra structure of the tube
algebra. Starting from a system of matrix units for Tube €, one can use (2.2) to extract
the components of the half-braidings &% (¢)&.i).(n./)-

Note that

D e )i

1
is a minimal central projection in g, and the corresponding simple component of
¢ has rank dim(§, o). Conversely, every minimal central projection in +Ag is of this
form. The element e(&l)(g,i),(g,i) acts on g , as a projection of rank dim(n, o).
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The modular data (S, T') for the modular tensor category Z(€) can be computed
in terms of Tube € as follows. For £ € Irr(€), we set

te = d(§)(EE|rer7 |6).
Then t¢ is a unitary central element of A with adjoint t} = (£ £|1|£ &). Let
t=> t.
Eelr(€)

Then t is a central unitary element in Tube €, giving the 7 -matrix via
t2(6) = Ty 512(5").

We can compute 7" by computing the eigenvalues of tg (or tg).
We introduce a linear transformation Sy of

D Ae
&
by

So((§ nlx|n ) = d (€)@ &[ryn(xE(Fy)) €M), 24)

which can be thought of as rotation. Then Sy preserves the center of Tube €, and the
S-matrix is given by the matrix coefficients of Sy with respect to the basis { %Z @hHy.
We can extract these matrix coefficients using the linear functional on Tube €

V(€ CIxIE m) = d(§)?8g,8¢ 0.

Then

Sotm = POy (506" 2 (). es)

In practice, it is often easier to compute S and 7" from the following formulas
via (2.2) (see [16, Lemma 5.3]). Let ¢¢ (x) = rg‘ &(x)rg be the standard left inverse of
¢ € Irr(€). Fix a simple summand (7, j) of 0. Then

d(U) m * ) *
Sotm =~ D d®D(EL e 6.0 €0 €y )., (2.6)
E,i

where the sum is taken over simple summands of y, and

Ts1.50 = d(gn(ELMD 1. 1).0m.))- (2.7

Equation (2.2) implies the following observation, which allows us to determine
Irr(Z(€)) from the algebra structure of Tube €.
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Lemma 2.1. Let £, 1 € Irr(€).
1. The Ag-A;, bimodule Ag ,, is decomposed as

Ary =Y 2(W)Aey,
WElr(Z(€))

where each z(w)Ag , is, if it is not 0, an irreducible Ag-A;,-bimodule of
dimension dim(§, ¥ (n)) dim(n, F (n)). If two objects ., v € Irr(Z(€)) are
inequivalent, so are the corresponding bimodules z (1) Ag , and z (V) Ag .

2. Let u € Irr(Z(€)) with dim(&, ¥ () # 0. Then every minimal projection in
z () Ag acts on g, as a projection of rank dim(n, ¥ (1)).

Apparently, the following property of simple objects of fusion categories has never
been observed before except in [17, proof of Theorem 6.4; Lemma 8.1 (7)]. It often
occurs in quadratic categories as a key feature that allows us to compute their tube
algebras.

Definition 2.2. An simple object £ € € is said multiplicity free if the subalgebra A¢
of Tube € is abelian.

Equation (2.2) and Lemma 2.1 imply the following.

Lemma 2.3. Let £, 1 € Irr(€).

1. The object 1 is multiplicity free if and only if for any pu € Irr(Z(€)) the multi-
plicity of n in ¥ (1) is at most one.

2. Assume that n is multiplicity free. Then the multiplicity of every irreducible
Ag-module contained in Ag ; as a left Ag-module is at most one.

2.4. Generalized Haagerup categories

We now introduce generalized Haagerup categories embedded in End(M) (see [19,
Definition 2.7] for the definition without unitarity). Let € C End(M) be a fusion cat-
egory. Then the set of isomorphism classes of invertible objects forms a finite group,
and we denote it by G. Throughout the paper we assume that G is abelian, and we
use additive notation for G. We choose a representative o, € € for each g € G. Then
by definition, we get

g evn] = fotg .

Thus, the map o: G — Aut(M) is a G-kernel (see [20]), and it gives rise to an obstruc-
tion class in H3(G, T), which is identified with the associator of the pointed category
Inv(€). Furthermore, we assume that there exists a self-dual object p € € such that

Irr(€) = {[agligec Ulag © pligec. (2.8)
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with the fusion rules

[agllp] = [plle—g], g € G, (2.9
[]* = [id] + > [etg o p). (2.10)
geG

We consider a Zj-action on G defined by multiplying by —1. Then the third
cohomology obstruction ¢%3(€) for « actually belongs to H3(G, T)%2 (see [19,
Lemma 2.5]). Assume that it vanishes. Then we can choose « to be a G-action on
M . From the fusion rules above, we see that there exist unitaries ug € M for each
g € G satisfying

Adugoagop=poa_g.

Since « is a G-action, we get
Adugypodgipop=podgip =poagoay
= Adugoagopouy
= Ad(ugag(up)) oagoap0p

= Ad(ugag(up)) o ctgipop,
and there exists a 2-cocycle w € Z2(G, T) satisfying
ugttg(up) = w(g. Mugip.

The cohomology class [w] € H?(G, T) in fact gives a class in H!(Z,, H*(G, T))
(see [19, Lemma 2.6]), which we denote by ¢!2(€).

Definition 2.4. Let € C End(M) be a fusion category with abelian G satisfying
(2.8)—(2.10). If the cohomology classes ¢%3(€) and c!2(€) vanish, we say that €
is a generalized Haagerup category.

Generalized Haagerup categories are completely classified by the solutions of the
following polynomial equations up to an appropriate equivalence relation (see [19,

Theorem 5.7]). Let
J— |G|+ VI|G|? + 4
= 3 ,

where |G| is the order of G. We consider €;,(g) € {1,—1},n, € T, and A, (h,k) € C
for g, h, k € G satisfying the following conditions:

entk(g) = en(gex(g +2n), €,(0) =1, (2.11)

Ng+2n =Ng. My =1, (2.12)
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3" Ag(h,0) = —’Zl—g,

heG

Y- Ae(h =g ) Ag (=g F) = 8p.p = T 510,
heG
Ag+2n(p.q) = en(g)en(g + plen(g + @len(g + p + @) Ag(p.q),

Ag(k.h) = Ag(hFo).

Ag(h k) = Ag(=k,h —k)nge_x(g + h)e_x (g + k)e_x(g +h + k)

= Ag(k —h,—h)nge_n(g + h)e_n(g + k)e_p(g + h + k),

Ag(h, k) = Ag n(h. k)ngng1iNgrnlg+hrk€n(g)en(g + k)
= Ag 1k (N, K)NgNg1rnNg+kNg+h+k€k(&)€k(g + h),

Y A+ Y. DAg pix(—x.1 + p)Aggixiy(—y.1 + )
leG

=Ag(p+x.g+x+y)Ag—pl@+y.p+x+y)
X NgNg+q+xNg+p+q+ylg+plg+x+ylg+q+x+y
Xep(g—p+X)ptx(@—p+q+Yy)
xe€g(§—q+x+y)eg+y(g—q+x)

8x,08y,0
d NgNg+plig+q-

607

(2.13)

(2.14)

(2.15)
(2.16)

2.17)

(2.18)

(2.19)

These numerical invariants arise as follows (see [19, Section 3]). Let € C End(M)

be a generalized Haagerup category with G. Since ¢!"2(€) = 0, we can choose p and
o satisfying the relation

Let

agopzpoa_g.

G, ={geG:2g =0;}.

Then thanks to the above relation, we have

ag((p. p%) = (p. p°)

for g € G,. By replacing p with an equivalent endomorphism, we may further assume
that ag for g € G, acts on (p, p?) trivially. Then we can choose bases of intertwiner
spaces consisting of isometries s € (id, p?), g € (g o p, p?) satisfying

ap(s) = s, aplty) = en(g)tg+2n,

(2.20)
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1 1
p(s) = =5+ —= Y lglg. (2.21)
d Vd i
* 77_ * *
og © p(tg) = NglgSs™ + —gstg + Z Ag(h K)tgyntgtntkly - (2.22)
\/E hkeG

Recall that the Cuntz algebra (9, for an integer n larger than 1 is the universal
C*-algebra with generators {s; }”_, satisfying the relations

n
s;sp =681, E sis; = 1.

i=1

Note that the above isometries {s} U {f }gec satisfy the O|g|+-relation.

Conversely, assume that we are given a solution (ej(g), ng, Ag(h, g)) of
(2.11)—(2.19) (without knowing that it comes from a generalized Haagerup category).
We consider the Cuntz algebra 0G|+ with the canonical generators {s} U {tg}geG-
Then we can introduce a G-action @ on @|g|+1 and an endomorphism p of O|g|+1
by (2.20)—(2.22), which satisfy og 0o p = poa_, and

% (x) = sxs* + Ztgag o p(x)tg.
geG

Taking the weak closure of @G|+ in an appropriate representation, we get a type III
factor M and a generalized Haagerup category € C End(M ) generated by (extensions
of) ag and p (see [19, Theorems 4.1 and Theorem 10.2]).

From now on, whenever we discuss a generalized Haagerup category € with a
finite abelian group G, we choose and fix g, p, and {s} U {tg}sec C M satisty-
ing (2.20)—(2.22).

When a generalized Haagerup category comes from a generalized Haagerup sub-
factor (called a 3¢ subfactor in [19]), the object id @ p has a Q-system. It is shown
in [17, Section 7] that id & p has a Q-system if and only if the following holds:

1
Ao(h,0) = 60— ——. 2.23
0(h,0) =dn0 T-1 (2.23)
In concrete examples, it is often the case that a solution of (2.11)—(2.19) and (2.23)

automatically satisfies
1
Ag(h,0) =8p0— ——, 2.24
g( ) h,0 d—_1 ( )
for any g, h € G. In other words, once id @ p has a Q-system, so does any other
id ® ag o p in known examples.

Under 2.24), we get ng = 1 from (2.17), and (2.15) implies that the map

Gogre,(g) e{l,—1}
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is a character for any s € G,. In particular, it makes sense to say that (€,(g), Ag (h,k))
is a solution of (2.11)—(2.19) and (2.24), omitting 1.

Solutions to (2.11)—(2.19) and (2.24) have been computed for a number of small
groups. We list the known solutions, up to group automorphism and gauge equival-
ence. For G = Z5, there is a unique solution, corresponding to the A subfactor. For
Z3, there is a unique solution, corresponding to the Haagerup subfactor. In [17] a
unique solution was found for Zs. In [11] Evans and Gannon found a unique solution
for Z7, exactly two solutions for Zg, and no solutions for Z3 x Z3; they also found
numerical evidence for solutions for several larger odd cyclic groups. In [19] unique
solutions were found for Z4 and Z, X Z,. In [14] a solution was found for Z4 X Z,.
In working through the examples in this paper we found that there exactly two solu-
tions each for Zg and Z ¢, as well as at least one solution for Zg; these solutions are
contained in the accompanying Mathematica notebook solutions.nb.

2.5. (De)-equivariantization and orbifolds

Let G be a finite group acting on a fusion category € by tensor autoequivalences.
Then one can define the notion of a G-equivariant object in €. The category of
G-equivariant objects is a fusion category, called an equivariantization of € by G,
and denoted €€ . There is an inverse construction called de-equivariantization, by
which € may be recovered from €©C . We refer the reader to [8] for details. In addition
to the equivariantization (which can be thought of as taking the “fixed points” of the
G-action), one can also construct the crossed product € x G. The crossed product is
a quasi-trivial G-graded extenension of € which is Morita equivalent to €€, see [31].

For a fusion category € embedded in End(M), both equivariantization and de-
equivariantization can sometimes be realized by an orbifold construction, in which
the von Neumann M is enlarged to a crossed product by a group action, and the
endomorphisms comprising the objects of € are extended to the larger algebra.

For generalized Haagerup categories, two specific types of orbifolds were con-
structed in [19, Section 8]. We briefly recall these constructions, and refer the reader
there for more details.

2.5.1. De-equivariantization. Let € be a generalized Haagerup category embedded
in End(M). Suppose there is a z € G, such that €, (-) is a character satisfying €,(z) =
1.Let P = M xq, Z, be the crossed product of M by «;. Then P is the von Neumann
algebra generated by M and a unitary A satisfying A> = 1 and

AxA™V =, (x) forallx € M.
Each o, can be extended to an automorphism ¢z of P by setting

ag(d) = €z (g)A.



P. Grossman and M. Izumi 610

Similarly, p can be extended to an endomorphism p of P by setting
pA) =A.

Then g — &, defines an action of G on P, and we have

Ggop=pod_g foralgeG.
Moreover,
[ag] = [op] <= g—h €{0,z},

and if Gy C G is a set of representative elements for the {0, z}-cosets of G, we have

(7] = [id] € 2[ag -

g€Go

The fusion category in End( P ) tensor generated by p is a Z,-de-equivariantization

of €.

2.5.2. Equivariantization. Let € again be a generalized Haagerup category, and let
0 be an automorphism of G which preserves the structure of €:

€om (0(8)) = en(g),
No(e) = 1(8),
Ap(g)(0(h),0(k)) = Ag(h,k) forall g,hk € G.
Define an automorphism y on M by
y(s) =s, y(tg) =tgg), § €G.
Then

yop=poy
and

yolg =Qg(g)° Y-

The automorphism y thus induces an action of Z,, on €, where m is the order of 6.
Let P = M x, Z, be the crossed product of M by y. Then P is the von Neumann
algebra generated by M and a unitary A satisfying

A" =1 and AxA~' = y(x)forall x € M.

We can extend p to an endomorphism p of P by setting

B(A) = A.
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Then the category €Y in End(P) tensor generated by p is a Z,,-equivariantization
of €. The corresponding crossed product category is the category in End(M) tensor
generated by € and y.

2.6. Tube algebras for generalized Haagerup categories

In this section we describe a convenient basis for the tube algebra of a generalized
Haagerup category. Let € be a generalized Haagerup category in End(M ), with group
of invertible objects {ag }ge and s € (id, p?), tg € (g, p?), as in Section 2.4. Inside
the tube algebra, let

e7“"6 = @Aag,ah’ t7“°G,C;p = @Aag,ahp,

8,heG g,heG
Acp,G = @ Awgp,aw Acp = @ 'A’agp,ahp-
g.heG g,heG

Then
Tube(€) = Ag ® AG,;p B Acp,G B Asp-

To simplify notation, when expressing elements of the tube algebra, we will sup-
press “a” and refer to the simple objects as g (instead of «g ) and ;4 p (instead of ag p).
A basis for Ag is given by

{(g k[1lk &)}gkec UL(g kplllkp — &g keq:
a basis for g, is given by

{(g kpltak+g—nlkP nP)}g.hkeG:

a basis for 4, G is given by

{(np kPl _lkp 8)}g.hkea:

and a basis for A, is given by

{1 P kPltk—na+eln, —ktg kP h2P) iy hn ke geG
U Ao kplss™ |kp 2k-nP)nkec U Ao k1K n-2kp)}h ke
Multiplying two elements (§ ¢|x|¢ n) and (§' ¢’|y|¢’ 1) in a tube algebra requires
summing over simple objects v € Irr(€) and an orthonormal basis for each space

(v, ¢¢’). Note that for a generalized Haagerup category, any product of two objects in
Irr(€) is of the form o, g p, o1 g p? for some g € G. Moreover, we have

(ag,an) = (agp,anp) = 8g.nC,
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(ag.0pp”) = 8g1Cs,  (agp,app”) = Clgyp.

Therefore, all possible non-zero hom spaces (v, £¢’) are 1-dimensional and spanned
by either 1 or a Cuntz algebra generator. We can then take 1 or the appropriate Cuntz
algebra generator in each case as a canonical isometry for computing the tube algebra
multiplication.

3. Structure of the tube algebra for a generalized Haagerup category
and restriction on the size of G

We fix a generalized Haagerup category € C End(M) with a finite abelian group G.
We choose «, p, s, and t¢ satisfying (2.11)—(2.22) for €. Recall that

G, ={g € G; 2g =0}.

In this section we will describe the structure of the tube algebra of €, and show
that this leads to a restriction on the size of G,.
We denote by G the dual group of G. Let

(G)2 ={x€G; 21 =0}.
We choose G4 C G and G, C G satisfying

G = Gy UGy U (—Gy),

G = (G)ru Gy U (=Gy).
Let A be the global dimension of €:

|G|+ 4+ |G|/|G|* + 4
A = |G| +[G|d*> = |G|(2 + |G|d) = |G| > :

Lettinga = 1/|G| and b = 1//|G|? + 4, we get the simple expression

1_a—b
A 2

3.1. The non-invertible simple objects in € are multiplicity free

Lemma 3.1. The object ag o p is multiplicity free (i.e., the algebra #,, is abelian)
forany g € G.
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Proof. It suffices to show the statement for g = 0 because the pair (€, ag o p) satisfies
the same conditions as the pair (€, p). The map Sg is an anti-isomorphism from each
g in the tube algebra to Aé (diagrammatically this corresponds to rotation by ).
Since p is self-dual, the map Sg restricted +,, is an anti-automorphism. On the other
hand, we claim that this map is the identity, which would show that #, is abelian.

Indeed, a (s) = s implies that SZ acts on (p k|1|k p) and (p kp|ss*|xp p) as the
identity. We also have from (2.4)

S5 ((p gPltnrgty_glgp P))
= dSo((gppls™ag o p(th+gty_o P(5))]P gP))
= VdSo((gp pls*eg 0 pltnigtn—g)lp ¢p))
= d**((pgpls*p(s*atg © p(thtgtn—g5))|gp p)).

Then using (2.21-2.22) gives

d325* p(s*ag o p(th1glh—g5))
= d*e_j(g + h)s*p(s*ag_p o pltg_p)otg © p(th—gs))
= de_p(g + h)s™p(t;_p)poag o pltp—gs)
= de_p(g + h)egn(h — @)™ ap_g 0 p(ty_,)p* 0 g (th—g5)
= deg(h— 8)s™1;_gp* 0 a—g (1n—g5)
=deg(h—g)s™an o p(th—gs)t;_,
= ds*opig 0 P(thtgS)ty_,
= dl/zt,’:+gp(s)t,’:_g
= thiglh_g-

Since elements of the above forms span 4, the claim is shown. n

3.2. The structure of A and its action on Ag,

In this section we describe the structure of the “group part” of the tube algebra Ag,
following [17] (where the computation was done for the odd case, i.e., G, = {0}).
Then we describe the action of Ag on #4g,;p, Which will allow us to determine
the simple objects in the Drinfeld center whose underlying objects contain invertible
summands.

In what follows, we assume (2.24). It is straightforward to show the following,
using (2.1).
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Lemma 3.2. For k € G, the object oy has a unique half-braiding &y, and it is given
by Ei(g) = ex(g) and Ex(gp) = €k(g).

The above lemma implies that o for k € G, has a unique extension @ to the Drin-
feld center Z(€), which we often again denote by k for simplicity. Thanks to (2.2)
and (2.3), the corresponding minimal central projection in Tube € is

1
2(k) = 5 D _(ex(@)(k gllIg k) + dei () (k gplllgp K)) € Ax.
geG
3.2.1. Structure of Ag. Note that A, ;, = O unless g = —h. Therefore, we can write
Ao = D v e @,
k€G2 g2€Gy

where
o(Bg = eA’g @ cA)g,—g @ :A—g,g @ A_g.

We now determine the algebra structure of the #j and Bg. For (g,7) € G x G, let

pg.) = = 3 (b 7)(g A1l g).
|G|heG

Then the p(g, t) are mutually orthogonal projections which sum to the identity in
A, and we have

g . 0)(g plllp —g) = (g plllp — g p(—g,—7).
For (g,7) € (G x G)\(G2 x (G)»), set

E(g, 011 = p(g. 1), E(g,7)22 = p(—g,—7),
E(g,1)12 = p(g. 1)(g plllp —g) = (g plllp —g)p(—g,—1),
E(g,7)21 = p(—=g,—1)(=g plllp g) = (=g plllp &) p(g, 7).

Then since (g, t) # (—g,—1), it is easy to see that the E(g, r);; are matrix units
for a 2 x 2 subalgebra of #Ag. For (k, 1) € G, x 6* this gives a subalgebra of Ay,
which we denote by ;. For (g, 7) € G« x G, this gives a subalgebra of B, which
we denote by Bg.
What remains is to decompose the projections p(k, y) for (k, y) € G, x (CA})Z.
Recall that for k € G,, the map

G>gre(g) e{l,—1}
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is a character, and we can regard € as an element in (@) 2. Thus, we have the follow-

ing expression

|G| |G|

2(k) = =0 pk.e) (L + d(k plilo k) = Z5 (e + d(k pllo k) p(k. ep).

For y € (G)z, the projection p(k, y) is central in +A¢, and p(k, y)y is a 2-dimen-
sional algebra spanned by p(k, x) and p(k, y)(k p|1|p k). We have

(p(k, Y)(k pl1|p k))*
= pk. )+ D 0, )k gplllgp k)

geG
= plk. )+ Y _(g.00ptk. )k pllp k)
geG
_ {p(k,ek) +1Glptk. ek pllo k). x = e.
p(k7 X)7 X 75 €k.
Set
Gld
E6) = O k)@ — ke pltlo k)
and

E(k. 7)x = 5 plk, (1 % (k pl1]o &)

for x € ()2 \ {ex}.

Then E(k, k) is a minimal central projection in # orthogonal to z(k), and the
pair E(k, x)+ are mutually orthogonal minimal central projections in Ag.

To summarize, we have the following decompositions.

Lemma 3.3. 1. For g € Gy, we have
B, =P 8;.
reG
2. For k € Gy, we have
Ak =Cz(k) ® CE(k.k) @ @(CEk. )+ ® CE(k. p)-) & P ;.
x€(G)2\{k} T€Gx

3.2.2. Action of Ag on Ag, .. Inthis section we determine the action of each A
on each g , », using Lemma 2.3. Since, each +4,, , is multiplicity free by Lemma 3.1,
each irreducible #4-module can appear in g, , with multiplicity at most one. Thus,
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it suffices to known whether each simple component of 4, acts on A, trivially or
not.

For g € G \ G2, we can easily determine the #g-action on g , ,, as we have
dim A, = dim Ag ,, = |G|. Namely, every simple component C p(g, 7) acts on
g, p With multiplicity one.

Since

{(k h|L|h k)(k plte—glp ¢P)}heG-

is a basis for A, , S0 is

tplk, o)k plix—glp ¢P)},ca-

Since z (k) is central in Tube €, it acts on Ay, , trivially. Then the algebras C E(k, k)
and A7 for T € G must act on Ay, p non-trivially, since each p(k, ) acts non-
trivially on the basis above.

It remains to show how CE(k, y)+ acts on p(k, x)(0 pl|tx—g|p gp) for

x € (G2 \ {ex).

Lemma 3.4. For y € (G) \ {€x}, we have

(k plllp k)p(k, Y)(k plti—glp gp) = (g + k. x + ex)p(k. Y)(k plti—glp ¢p)-

Proof. Since (k p|1|p k) commutes with p(k, ) as x € (G),, we have

(k plllp k)p(k, Y)(k pltx—g|p gp)
= p(k, Y)(k plllp k)(k pltx—glp ¢P)

= plk. 1) D ex(h)(k wplty plix—g)tnlnp ¢p)
heG

=pk. )Y ex(WAgi(h +k —g.h+k—g)
heG

X €x—g (g —k)(k npltansk—glnp gp)

= plk, ) D ex(Ag i (h+k — g h+k — g)ex_g(g —k)
heG

x ep(k — g)(k h|1|h k)(k plt—g|p gp)

= (D Agkh+k =g h+k = @)ensig (g — k) (. 1 + &)
heG

x p(k, Y)(k plte—glp gp)

= (g + k. + ) (2 Ak h hen(g — ) (k. + i)
heG
x p(k, Y)(k plte—g|p gp)-
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Equations (2.17) and (2.24) then imply

1
Y- Agkh en(g =)z +e) = Y (Sno— 7= )lhor+e) = 1.
heG heG

The above lemma implies that

E(k, Y)(g+k,x+ex) Pk, )k pltx—glp gp) = plk, Y)(k pltk—g|p gp),

and
E(k, X)—(g-f—k,x—i—ek)Ak,gp = {0}.

In conclusion, we have that every simple component of every g acts nontrivially
on every g , o, except that for Ay for k € Gs:

1. the components Cz (k) act trivially on each Ay, ,:

2. the components CE(K, x)_(h+k,y+ex)» With x € G» \ {ex} act trivially on
Ak, p0-

3.3. The simple objects in Z (€) and restriction on G,

In this section we use the structure of the tube algebra to describe the simple objects
of Z(€) and prove the restriction on G,.

The minimal central projections in Ay, k € G, and in B4, g € G4 correspond to
the simple objects k¥ € Z(€) such that ¥ (k) € € contains an invertible summand.
Since the non-invertible simple objects o, o p of € are all multiplicity free, for each
simple k¥ € Z(€), the object ¥ (k) contains each of o, o p with multiplicity at most
one. If ¥ (k) contains og, whether the multiplicity of a0 in F (k) is 0 or 1 is determ-
ined by whether the action of z(k)#g on g , , is trivial or not, which we have just
determined above.

Summing up, we get the following list of simple objects in Z(€) whose under-
lying objects in € contain invertible summands. In each case, the parts of the half-
braidings &()(-)g,¢ (or &()(*)(g.,i),(¢,i) When there is multiplicity) can be read off
using (2.2) and the formulas obtained above for the minimal projections in #, and
Bg,asin [17].

Lemma 3.5. Let the notation be as above, and let k € G.
1. Let
T =1id® @ og © .

geG
The object 7 has a unique half-braiding, which gives e(7)o,0 = E(0,0), and

1

Ex(h)oo =1, Ex(nploo = e
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More generally, o has a unique half-braiding &y (§) = Ex(§)ar (65 (£)).
2. For y € (6)2 \ {0}, let

Oy + =1d B @ag o p.
(g, x)==%1

The object ¢y 1 has a unique half-braiding, which gives
e(@x+)o0 = E, )+,

and @y, has a unique half-braiding, which gives
e(@x—)o0 = E(0, y)—.

The corresponding half-braidings are

+(h. x)
T

€y, (Moo =(h.x), &y, ,(nploo =
More generally, ax gy + has a unique half-braiding

Ekpe 1 (§) = Ex(H)ar(Ey, , (5)).

3. Let

O = O @akga@(xgop.
geG

The object oy has exactly (|G| — |G2|)/2 half-braidings parametrized by t €
G+, which give e(0k ") ki), k,j) = E(k,7)ij, and
Eo W)y = (1, 7T), &5 (WP k.i) (ki) = O

(4) For g € Gy, let

Og =ozg€Ba_gEB@ahop.
heG

The object og has exactly |G| half-braidings parametrized by t € G, which
give (@5 )g.g = p(g. 7). and

858 (h)g,g = (h.7), ggg (nP)g.e = 0.
Since the algebra +4,, has the basis
{(o kI11k p)}kec, U (P kplss™|kp p) ke, U (P gPlth+ety_gleP P)}g.nea,
we see that dim 4, = |G|? + 2|G>|. In a similar way, we can see that

|G|? +2|G,|, g €2G,

dim A =
“0p {|G|2, g€ G\2G.
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Let Zg be the sum of the central projections in the tube algebra that have a non-zero
subprojection in some g . In other words,

Zo = Y (k) + 2(km) + Y (k) + 2(kog ) + D 2(E0))

keGz X€((G)2)\(0} reGy
£33,
8€Gx reG

Theorem 3.6. Let € C End(M) be a generalized Haagerup category with a finite
abelian group G satisfying (2.24). Then |G| < 4.

Proof. If G is an odd group, we have nothing to prove, and we assume that G is an
even group. Then

dim(l — Zg)A, = dim s, — |G2|(1 + [(G)2] — 1 + |G+|) — |G+]|G|

G|—-|G
= G +2(621 — (1621 + 161 + 16, T 1%
GI> +1G2|?
= |G|* +2|G,| — %
GE _ 1GaP?
A 2|G,|.
3 > + 2|Go|

On the other hand, if g € G \ 2G, we get
dim(1 — Zg)Agp,p
= dim s, ., — |Ga2|(1 +#{x € (G)2 \ {0} (g, ) = (0, 1)} + |Gx]) — |G4]|G|

G|? — G|

= |GI* = Ga|(1 + #{x € (G2 \ {0} {g. 1) = 1} = ——
_ IGP +1GP?

5 —1Gal(l +#{x € (G2 \ {0k (g, 1) =1}

Note that the group (6)2 is identified with the dual group of G/2G = Z%', and g 4+ 2G
in G/2G is not 0. Thus, we get

. G G
#Hx € (G2 \{0}: (g.x) =1} = . 2)2| —l= %_ b
and 2
dim(1 — Zg)Azpp = —|G2| -

Since p and o, o p are multiplicity free, Lemma 2.3 implies that
dim(l — Zg)h,p,p < dim(l — Zg)A,.

This is possible only if |G,| < 4. ]
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The above computation shows the following. If |G| = 2, we have

. G2
d]m(l — ZG)eA)p = T + 2,

and for g € G \ 2G, we have

. G|?
dim(l — Zg)A,p,p = %

This means that if we set

H= @O‘gpv Vy = @ag,o, V— = @Olgp,

geG g€2G geG\2G

then the object 4 has exactly |G |?/2 half-braidings {& L}ie 1, and each of v4 and v_
has exactly two half-braidings {&; L Jj=01-
If |G,| = 4, we have

G 2
dim(1l — Zg)Ap = dim(1 — Zg) A, pp = |T|

for any g € G. Thus, u has exactly |G|?/2 half-braidings {SL}iGI-

3.4. Modular data

So, far we have determined the algebra structure of Tube €. We can now compute the
modular data S and 7.

The basic idea, following [17], is that to apply the formula (2.6) to a pair of
objects k7, 3™ in Z(¥€), it is enough to know the components of the half-braidings
€, (M &.i).¢.i) and 81€1 (6)(,/),(n.j) for a fixed simple summand (7, j) of k1, as (§,17)
varies over the simple summands of k5.

In particular, in our situation where € is a generalized Haagerup category, if k;
contains an invertible summand o, then we can choose n = og. Then we only need
to know the components of the half-braidings of the form &~ &) (g.).(g.j)» Which
are given by Lemma 3.5; and &, (8)(.i)..i)- If § = 0, then by the definition of
a half-braiding, we have &,” (g).i).¢,i) = | for any (§,i). Moreover, if g ¢ Go,
then €. (€) (n.i).(n.i) can be computed from Lemma 3.5, and & (g),,p,,p = 0, since
(anparg. aganp) = 0.

Therefore, we can compute all entries of the S-matrix involving 0, 77, ¢, +, and
0g", for g € G«. For k,l € G, the computation of S;;k“,’g;g using (2.6) would in
principle require determining &7 (1),,p,,o- However, since in the formula Eqx (1) , ..,
multiplies 8019 (»P)(,1),,1)» Which is 0 by Lemma 3.5, we don’t actually need to know
80; (Dnpunp-

The computations are summarized in the following lemma.
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Lemma 3.7. We have the following formulas for entries of S and T :

o _L_a=b o _1+[Gld _a+b
0,0 — A - 2 ) 0,r — A = 2 .
_1+8ld 4 _ 2+4|Gld
0,(;;; - A - 57 O,Ug‘[ — A_ =a,
1 a—>b a
Sﬁ,ﬁ = X = 2 ) Sﬁ&;c = 57 Sﬁ>g;‘r =a,
_4a £1€20y, 1 .
(le,I;‘l’wxz,Sz - 2 + 4 ’ S(px.i’o'gf - a(g’ X)’

Soar.one = a((h,7)(g,0) + (h,7)(8.0)).

Too=Taz =To= = =1 Toege =le7)

Proof. The computation not involving ¢, + is the same as in [17], so we compute
only those involving ¢, +, using (2.6).

1. Computation of S — .:
Oy 17

Oy 457

d
g - % Z d(§)9g(Ex (0)g £E0, . ()0,0)
£

= ﬁ1(1 +d Z De0(Ex(0); 060, + (gP)S,o))

geG

=50+ e =)
a

[\

geG

2
f

2. Computation of S :
Px1.61:Px2.62

d((ﬂ ,€ ) * *
Gx1e1Pxnes XAI l ;d(é)(pé(g'pmfz (O)E,Sgwm-sl@)oao)
a " *
= E(l +d Z¢gﬁ(8¢X2,£2 (O)gp,gpgfpx].sl (gp)o,o))
(g,x2)=¢2
a
= 5(1 + &1 Z(g,xl))-
(g.x2)=¢2

Note that we have

Y g )+ (g n) =0,

(g,x2)=1 (g,x2)=—1



P. Grossman and M. Izumi

and so G|
e1Y (g.1) =¢182) (g.11) = £182001.00
(g,x2)=¢2 (g,x2)=1
3. Computation of S — ~_:
Py, 4100
(07;,0'-‘61' = A ;d@)‘ﬁé (850(0)(g,,'),(g,,')gq)xdE (5)0,0)
N
a * *
= 5(2 +d Z ¢gp(8;0(0)gp,gp8rpx,i (gp)o,o))
geG

_a &0\ _
_2(2+d5; " )=a

4. Computation of S — ~_:
Py, +:0g

d
= M) 5 ) (65, 00160, O150)
§

‘px,ﬂ:"”zr A
a T * * T * *
- 5 (8%’ (O)g,g g‘px.i (g)0,0 + gag (0)—g,—g g‘px’i (_g)o’o

+d Z d’hﬂ(g;o (0)55,,0€0, + (hp)z,o))

heG
a * * :t(h’ X)
= E(S‘Px,i (8)0,0 + €p, (=800 +d Z )
heG
= a(g, x)-

622

We have determined the entries of the modular data where both indices are among
the objects 0, 77, ¢+, and 0 *. We would like to extend the formulas in Lemma 3.7

to the objects k, k77, and k¢, + fork € G,.
First, note that for k,/ € G,, we have

g _aal) _a
kil — A =

—-b
5 ex(Der(k),  Trx = ex(k).

Next, for any invertible object g and any simple object X in a modular tensor cat-
egory D, Ex (g) o &¢ (X) is an automorphism of ¢ ® X, and hence a scalar. Therefore,

dx
S = —,
1Se.x| dim(D)

and in particular |Sg x| # 0. We then have, for any X and ¥,

Jdim(D)

Sk,y
Sgexy = TSk,YSX,Y = —=

|Sk,y

SX,Y-




Drinfeld centers of fusion categories 623

Returning to our generalized Haagerup category, for k € G, and a simple object
X in Z(€), we set
Sk,x
ISk.x|

sk, X) =
Then we have

Skx,y = sk, Y)Sxy,
Tixex = sk, X)Tr x Tx x,

and so
Skxgy = sk, D)s(k,Y)s(l, X)Sx,y = ex(De(k)s(k, Y)s(l, X)Sxy,  (3.1)

forl € Gy and Y € Irr(Z(€)).
Note that we have, for any 7! € Z(€) with simple summand (7, /),

sk.7') = &) €, (k) ). 0. )

In particular, when y contains g € G, we get

sk, 7") = €x(9)€y (k) ¢
and when y contains ag o p,

sk, 7') = ex ()€, (K)E, e
These facts imply the following formulas.
Lemma 3.8. For k € G,, we have

stk,m) =1,

sk, @yx) = (k. 1),
s(k.og") = ex(g){k. 7).

Lemma 3.8, together with Lemma 3.7 and (3.1), determines the entries of the
modular data where both indices are among the objects k, k7, k¢, 1, and o °. It
remains to determine the entries of the modular data which involve the i* and v,/ .

Let

(G x G)y = (G2 x (G)y) U (Gx x G).

Then we have

GxG=(GxG)U(GxG)U—(G xG),.



P. Grossman and M. Izumi 624

Theorem 3.9. Let € C End(M) be a generalized Haagerup category with a finite
group G satisfying (2.24). Assume |G,| = 2. The following set exhausts the equival-
ence classes of the simple objects in Z(€):

{k}ke, ULkT ke, U kyo.elkets, eet1,—1}
U{0g "} g myeGxd). Y Ve’ Yeett,—1), jeto,1y UAR Jier,

where we use the notation (G), = {0, xot and I is an index set with |I| = |G|?/2.
Every object in Z(€) is self-dual.
There exist characters G, 3 k +— s(k,vx’) € {1,—=1} and G, 3 k > s(k, fi’) €
{1, —1} satisfying
+b

a—b a a
Sk,l =S(k’l)Ta Sklﬁ =s(k9l)T9 Sk,lm =S(kvl)§<k’ XO),
~—j b ~i
Sk,l;';‘[ = a(k,f)Ek(g), Sk,l;;j = S(k,l):t )5, Sk,ﬂi = s(k’u )b,

a—>b
Skrlz = S(k,l)—,

Semizrs = Sk k. xo).

Skt = aUﬂf)Gk(g),

b 3
Skﬁ,l;;;j = —s(k, V:I:j)zv Skﬁ“ai = —S(k,pbl)b,

= sk, 1){k, yo){l, X0>( + %)

km,lfﬂxo.sz 2 4
Skor.car = alk, T)ex(g)(g. xo)
Skrﬂxo.sl,% = s(k. Ve )%
Skm,gj =Y
See oo = a((h, 1)(g.0) + (h,7)(2.0)), Sge iz =0, Sye i =0,

Tewe = Tizir = (k). T oo = ec (k). x). - Tope 5pe = (g2 7)-

Proof. Most of the computation is similar to that in [17], except for

1. computation of S — ~

x0.65V+'
So— i = A Zd¢gp(83+ 0% 5, 0€0r0.c (2P)5,0)
ge2G
2|G| Z g. Xo)

ge2G
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2. computation of S — ~:
(pXO.SsU—

—d( ’8) i * *
v (p/)\(o Z d¢gp(8v— (O)gp,gpg‘pxo.s (gP)o,o)

‘pX(),ayv—i
g€eG\2G

_ ¢ Z( )__f-
= 26 E X0l =7

g€eG\2G

3. computation of S — _ .
(0)(0.8:“«'

d( ,S) / * *
S = RN (60 s (Vi)

(pxo.s,ﬁj
geG

1
= — E (g, xo) = 0.
2|G|
geG

We have already seen in the proof of Lemma 3.1 that Sg restricted to s, , is the
identity, which implies that every simple object X € Z(€) with ¥ (X) containing ag ©
p for some g € G is self-dual. The only simple objects not satisfying this condition
are those in G,, and they are again self-dual. ]

In a similar way, we can show the following.

Theorem 3.10. Let € C End(M) be a generalized Haagerup category with a finite
group G satisfying (2.24). Assume |G,| = 4. The following set exhausts the equival-
ence classes of the simple objects in Z(€):

{k}ker U {kﬁ}ker U {km}ker’ x€(G)2\{0}, ef{1,—1}
U0: g 0eGxGy, U AR Sl

where I is an index set with |I| = |G|?/2. Every object in Z(€) is self-dual.
Letk,l € Gy, and let

sk, 1) = ex (e (k).

There exist characters
Gy 3k s(k,i') € {1,—1}

satisfying
a—b a+b .
Sk = s(k,1) 5 Sean = s(k, 1) 5 Sk,l(;;; = s(k,l)z(k,)(%
Sk,(?;r =alk, t)er(g2), Seai = S(k,lli)b,
b

a — a
Siiaz =Sk D——. Sz 1~ =sk. Dok x).  Sezgye = alk. 1)e(s).
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s
! sk, 152
7 s(k.1)at s(k. )52
1G0me | s D&k ) stk DK, z2) stk Dk, xa) (1 xa)(§ + 20002
a? | atk.Oex(h)  alk,6)ex(h) ak,0)ex(h)(h, x1) a((h,7){g.0) + (h.7)(g.0)
bl | stkPeDE —stkin)3 sk, 55,7) o152 0 ?
i s(k, )b —s(k, fi')b 0 0 22
k ke k@i 0" el A
T e (k) e (k) ex(k){k, x1) (¢.7) 77

Table 1. Partial modular data for generalized Haagerup categories for even groups satisfy-
ing (2.24). Undetermined entries are labeled by “?”. (The index set for v, is empty when
|G2| = 4.)

if a £1828 ,
Sepi = —s(k.i')b, Skm,z(%gz = s(k,1){k, x2)(l, X1>(5 + %)
Sk(;;;,(’r;‘[ =a(k,f>€k(g)(g’ X)7 Sk‘;-;;t,ﬂj :0’
Seor oo = a((h,T)(g.0) + (h,7)(g.0)). Sy s =0,

Tek = Tizger = (k). T~ o~ = eack) (k. x).  T5- 5 = (8. 7).

The results of Theorems 3.9 and 3.10 are summarized in Table 1.

We now show how to determine s(k, ji’) and s(k, Vx') for k € G,.For g € G and
k € G,, we set

Ug (k) = €x(g)(gp k[1]k ¢ p).

Then {Ug (k)}keG, forms a representation of G, in 4, ,. Let X = 7' be a simple
object in Z() such that y contains 4 p and ; p. Since A, is abelian, U, (k)e(X), 5., p
is a scalar multiple of e(X),p,, -

Lemma 3.11. Let the notation be as above.
Ug(k)e(X) 0,0 = Sk, X)e(X),p,0-
Proof. Tt suffices to show the statement in the case of 7 = g. We have already seen
sk, X) = ex(9)ELK)*,. e

and so
€,(k)yp.gp = sk, X)ex(g) € (agpag,aragp) = C.
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Thus
e(X)gP,gP
d X
-4 )Zd@)(gma (©) sl £0)
d(X
= 49 d)(z(g KIEL K)ok 59) + Y d(sp n0IEL 100l 50))
keGy heG
d(X
= T (S X)Ug 0) + Y e b€ 40l 0.
keG» heG
which shows the statement. n

From the definition of Uy (k), we can see that the representation {Ug (k)}xeG,
of Gy in A, ,, is a multiple of the regular representation - that is, each character
of G, occurs with the same multiplicity. For the same reason, we see that the left
multiplication of Uy (k) on +A,, ,, gives rise to a representation of G, which is a
multiple of the regular representation. On the other hand, the above formulas tell us
the multiplicity of each character in Zg #,, and Zg#,,,, . Thus, we also know the
multiplicity of each character in (1 — Zg)#,, and (1 — Zg) A, p,,p-

If G, = Z», and ay is the nontrivial element, then this amounts to saying that
for each g € G, the function s(ag, k) takes on the value 1 for exactly half of the
simple objects k € Z(€) such that F (k) contains o p; and also for each g, € G, the
function s(ayg, ) takes on the value 1 for exactly half of the simple objects k € Z(€)
such that ¥ (k) contains both agp and ayp. For g € 2G, and h € G\2G, the set of
simple objects in Z(€) whose underlying object in € contains og p is

{kﬁ}ker U {k(PXO,—i-}ker U {Egr}(g,,)e(cxé)* U {1"’:] }je{o,l} U {lli}ieﬁ

contains oy, is

{kﬁ}ker ) {k%(o,—}ker ) {b\ér}(g,r)e(cxé)* U {/V\—/j }je{o,l} ) {lai}ieﬁ

and contains both is
{kﬁ}kEGz U {a\gq}(g,r)e(GXG)* U {lli}ieL

Thus, we can determine the signs of s(ag, s’ ) and s(ao, ji') from those of s(ag, k7),
$(ao. k@yg.e), and s(ag, 0g "), which we have already computed above.

Recall that we can canonically decompose G as G, x G, where G, is a 2-group
and G, is an odd group. We can consider two cases: G, = Zj or G, = Zm for some
m > 1. Let ag be the non-trivial element of G;, and let y( be the nontrivial element
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of Gy. If G, = Z,, then yo(ap) = —1, and exactly half of the characters in G take
the value 1 on ag. On the other hand, if G, = Z,,, with m > 1, then y¢(ap) = 1, and
there is one more character in G, which takes the value —1 on aq than the number of
characters which take the value 1 on ayg.

Corollary 3.12. Assume |G,| = 2, and let ag be the unique non-trivial element of
G,. Let I be the index set of the half-braidings of i, and let

I+ ={i €I; s(ap, i*) = £1}.

1. Assume that Ge is Z,. Then |I4| = |G|?/4 — 1, |I_| = |G|?>/4 + 1, and
s(aop.vx’) = L.
2. Assume that G is not Z,. Then |1+| = |G|?/4 and s(ao, V') = —1.

Proof. If G, is Z2, then we have s(ag, k¢, ) = xo(ao) = —1, for k € G,. Therefore,
by the discussion above we must have s(ag, vz’ ) = 1. Also, since s(ag, k77) = 1 for
k € Ga, and s(ag, 04°) = €4,(g) (a0, ) is equal to 1 for exactly half of (g, 1) €
(G x G)y, we must have |I_| = |I4| + 2.

Similarly, if G, is not Z,, then we have s(ag, k¢,,) = xolao) = 1, so

s(ao, vx’) = —1. Since s(ag, k) = 1 for k € Gy; s(ag,05°) is equal to 1 for exactly
half of (g,7) € G« x G; and the set (g, 7) € G2 X G4 for which s(ag, 05 ") = 1 has size
two less than that of the set for which s(ag,0¢°) = —1, we musthave |/ | = |[_|. =

4. Computing the remaining corner of the modular data

Table | gives formulas for the modular data of the center of a generalized Haagerup
category for an even group satisfying (2.24), except for the corners of S and 7" indexed
by U3/ (for |G»| = 2) and ji’. Since F (v) and F (1) do not have any invertible simple
summands, we are unable to prove a general formula for the modular data in terms of
the characters €. However, for specific examples we can compute the missing corner
directly from the tube algebra using the full data of the category (e, A). In this section
we outline the method of computation . We also look at some examples with |G| = 2,
and formulate conjectures for the general case. .

4.1. Outline of the method

To perform the computation of the modular data, we need to find the minimal pro-
jections e(f)‘;j)gp,gp and e(ﬁi)gp,gp in 4, for each g. The projections e(-) o, p for
different g can then be added together to find the minimal central projections z(v;/)
and z(fi') in Tube €. Then the modular data can be computed using (2.5) or (2.6).



Drinfeld centers of fusion categories 629

First, we find formulas for the minimal central projections z(-) corresponding to
each of k7, k¢, 1, and ¢ ; as follows. Let

tA’G = @ e7“°g,h,

g,heG

and similarly for 4., ,, etc. For each minimal central projection p in g and each
h € G such that p#Ag,,, is nontrivial, we choose a minimal subprojection p’ of
p and a partial isometry j(p’, h) in #Ag,,, such that j(p’, h)j*(p’, h) = p’; then
J(p'.h)j*(p’, h) is the corresponding minimal projection in #4, ,. In this way we
can find all of the minimal central projections z(-) in the tube algebra such that
lag2(-) # 0. Summing the z(-) for all of the k, k7, k¢, +, and G4 -, we obtain Z¢.

Next, we diagonalize the action of t,, on s, , for a representative g in each

coset of 2G (since 1,, is equivalent to 1 o). We use Mathematica to perform

2h
the calculations. It turns out that even for r?lLatively small examples, it is difficult to
calculate the eigenvalues directly, since the arithmetic takes place in a complicated
number field. So, instead we first find the eigenvalues numerically and guess their
exact values. Then we use this guess to construct the minimal polynomial g of t,,.
We then verify that the guess is correct by showing through exact calculation that
q(t,,) vanishes, and that no proper factor of g vanishes on t, ,.

Once we have the eigenvalues of t,,, we can compute the projections onto the

eigenspaces. For each eigenvalue A, set

pl _ q/\(tgp)
£’

For each eigenvalue A, let (p )Y =(1- Z(;)pg

q(z)
_/\'

where ¢, is the polynomial g, (z) =

If the number of non-zero (pg)’ in Agp is equal to the dimension of (1 — Zg)Agp,
then the (péf)’ must be exactly the e(Vs”) o, » and e (i’ )gp <p that we are looking for.

If the number of non-zero (p ) in s, , is less than the dimension of (1 — Zg ) A,
then some of the (p g)’ have rank greater than 1 and we need to split them up. In the
small examples that we consider, the highest rank that comes up for ( Pg 4) is 2. We
can then split up a given projection ( pg)’ by finding an element x in s, , such that
x( pg)’ is not a scalar multiple of ( pg)’ Then we can write down a linear relation
among (p Y, x(p )’, and xz(p )" and find the minimal subprojections of (p ).

Once we have found all of the e() o, ., we need to match them up and add them
together and find the z(-). Matching minimal projections of », , and +4, , which share
a common 7T -eigenvalue can be done by looking at the action of ., ,,. However,
in the small examples we consider, there is only one matching that gives consistent
modular data.

Remark 4.1. 1. The first step, finding an expression for Zg, is not strictly necessary
if one is only interested in finding the missing corner of modular data. If we skip
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this step, there may be a bit more work when we diagonalize the action of t,, in
figuring out which eigenvalues correspond to the U,/ and the ji’, and in splitting up
the corresponding eigenprojections if some of the v,/ or ji’ share eigenvalues with
subprojections of Zg.

2. To find the partial isometries j(p’, ) in Ay, ,, we can simply multiply p’ by
elements of a basis for 4y , , until we find something non-zero. Since p’ is minimal
and 4, , is Abelian, any non-zero element in p’A,,, , can be rescaled to a partial
isometry.

3. If we use (2.5) to compute the S-matrix, we can take advantage of the fact that
the expression

¥ (So(), ")

is bilinear to simplify the calculation in the case that the t-eigenvalues for the ji’ are
multiplicity free. In this case, we can write each i’ as a linear combination of powers
of t. Then we can find the corresponding values of the S-matrix by first computing

¥ (So(t™), t*)

for various m and n, and then taking an appropriate linear combination of those val-
ues. The advantage is that the tube algebra calculations now take place with simpler
numbers, and the more complicated coefficients are only introduced at the last step.

4.2. Examples with |G| = 2

Example 4.2. For G = Z, there is a unique generalized Haagerup category €, which

is the even part of the A7 subfactor (or the quantum group category PSU(2) at level

6). The structure constants (e, A) for this category are given in [19, Section 9.1].
Then G = G,, (G x @)* is empty, |/| = |I+] = 2, and Z(€) has rank 14. The

T-eigenvalues for the six objects (v3°, v, v=% 91, %, i!) are given by
(, Lo 1+i 1= i)
l,—l,1,—l, ———, ’
V2 V2

and the corresponding block of the §-matrix is

242 242 242 24V2 22 2V2
24 V2 242 24V2 242 22 242
2442 2442 2442 2442 242 22
8| —2++v2 242 2442 242 2v2 2v2
—242 22 22 242 0 0
232 —2V2 272 —2V2 0 0



Drinfeld centers of fusion categories 631

Let ag be the non-trivial element of G, which we also use to label the correspond-
ing invertible object in Z(€). Since €4,(ao) = —1, ag is a fermion (which means its
twist is —1), and (Z(€), ko) is a spin-modular category in the sense of [5].

The trivial component Z(€)q with respect to the Z,-grading associated to ag is
the supermodular tensor subcategory generated by the objects k, k7, and D,/ . Then
Z(€) is a modular closure of Z(€)g, and by [23, Theorem 5.4] there are exactly 16
different modular closures of Z(€). The modular data for 8 of these can be computed
by the zesting formula in [7, Theorem 3.15].

Example 4.3. For G = Z4, there is a unique generalized Haagerup category satis-
fying (2.24). The structure constants (¢, A) for this category are given in [19, Sec-
tion 9.3]. In this case | /4| = |I_| = 4. We index the i’ by {+,—} x {1,2} x {—1,1}
(with the sign corresponding to 71).

We can compute the missing corner of the modular data following the outline in
Section 4.1. Some of the t-eigenvalues for the /i’ have multiplicity, so it is necessary
to split the corresponding eigenprojections by brute force as explained above.

Then the 12 x 12 block corresponding to the

(V3. VL ey o)

is as follows. The eigenvalues of the 7 -matrix are
S92 62 =D =D 2D isD ie=D oD
(11_171?_l’§57§5?§5 ?é-s ?lé-S’_lé‘S?lé‘S ’_lg‘S )’

2mi . ..
where (' = e 7, and the corresponding block of the S-matrix is

c3z ¢ ¢ ¢4 —1 1 -1 1 1 -1 1 -1
cp ¢3 ¢4 ¢ —1 1 -1 1 -1 1 -1 1
C1 Cq4 C3 (6) —1 1 -1 1 1 -1 1 -1
Cq C1 Cp C3 -1 1 -1 1 -1 1 -1 1

-1 -1 -1 -1 Cc3 C3 c1 C1 C3 C3 C1 C1
1 1 1 1 Cc3 C3 c1 C1 Co Co Ca C4
-1 -1 -1 -1 c1 C1 c3 C3 C1 C1 C3 C3
1 1 1 1 1 C1 Cc3 C3 C4 Cq Co Co
1 -1 1 -1 c3 Cp C1 C4 Co C3 Cq C1
—1 1 -1 1 ¢3 ¢ ¢1 ¢4 ¢3 ¢ €1 Ca
1 -1 1 -1 C1 C4 c3 Cp Cq C1 (6) C3

—1 1 -1 1 C1 C4 c3 Cp C1 Cq C3 Cp

where ¢ = 2 cos ]% € %{:I:l + /5.
This information can be summarized by Table 2.



P. Grossman and M. Izumi 632

n>+4-8S
]’)';;1’8/2 ‘922"3,2 _ 5152:182 n2 14
ayl-e —& —20054%”/
T ghe —&2cos 4%”/ gg’2 cos 4”+”/
]')-;82 l’i‘_"i_l,s l"[:l,s
T £ai al* git?!

Table 2. The missing corner of modular data for the generalized Haagerup category for Z4.
Heren = |G| =4,r = (n? +4)/4 = 5, ranges from 1 to (r — 1)/2 = 2, and a = 2 satisfies
(%) = —1, where (%) is the Jacobi symbol.

Example 4.4. For G = Zg, there is a generalized Haagerup category satisfying
(2.24), whose data (e, A) is given in the accompanying Mathematica notebook
solutions.nb. It is too difficult to compute the modular data exactly, but we have
checked numerically that the modular data appears to conform Table 2 as well (for
n =38).

Example 4.5. For each of G = Z¢ and G = Zy, there are exactly two generalized
Haagerup categories which satisfy (2.24). The data (e, A) for these categories is given
in the accompanying Mathematica notebook solutions.nb. We did not compute the
modular data exactly, but numerical calculations led to a conjecture summarized by
Table 3. In each case, the two generalized Haagerup categories for G correspond to
the two different possible values of the Jacobi symbol (£).

For these examples, we also have a fermion in Z(€), so in each case there are 16
different modular closures of the supermodular subcategory, as above.

n?+4-8
]773/2 82232 _ 9152:1‘9,2 n2 1+ 4
ﬁl’ s/ (_1)s/+1 (_l)ss’+12COS 411;11[’
~m' & . 4 /] a F)(l F) 4 ’
e ~(9)e'es f(s)e*2cos tmaml _(ay(1) 2 sin 4xamn’
-~ —~ s
Vg, ©2 T w=r
. 2 (Z+2)e
T ai é-ié«gl é- m é-am

Table 3. Conjecture for the missing corner of modular data for the generalized Haagerup cat-
egory for Zym+2. Heren = |Gl = (> +4)/8; 1 <1 < (r—1)/20=<s <30<m<r—1;
fO0) = -1 f(1) =—=(3). f(2) = Land f(3) = ().



Drinfeld centers of fusion categories 633
5. Tensor product factorization

In this section we consider a generalized Haagerup category satisfying (2.24) such
that Go = Z» X Z». In this case, the Vecz,xz, subcategory lifts to the center by
Lemma 3.2, and if the braiding on this subcategory is non-degenerate, we can apply
Miiger factorization.

5.1. Miiger factorization

We fix a generalized Haagerup category € C End(M) with a finite abelian group G
satisfying (2.24). We assume that |G, | = 4 (i.e., G = Z; X Z>), and the symmetric
bicharacter s(k, ) = ex(I)e; (k) on G, x G is non-degenerate. Then the subcategory
of Z(€) generated by G,, which we still denote by G, for simplicity, is a modular

tensor category, whose modular data are S kG 2=1 (lz’k ), TkGJg = ¢ (k). Let

Z(€) NGy = {X € Z(€):6(k.X) = §(X. k) forall k € Gy},

where & is the braiding of Z(€). Then Miiger’s factorization theorem [30, The-
orem 4.2]) says that this is a modular tensor category with

Z(€) = G, K (Z(€) N G)).

We denote by (S’, 7’) the modular data of Z(€) N G5. Then we have the tensor
product factorization S = SC2 @8 T=T%2xT.

A simple object X € Z(%€) belongs to Irr(Z(€) N G5) if and only if s(k, X) =1
forany k € G,. For X, Y € Irr(Z(€) N G5), we have S)’(’Y =2S8xy, T)’(,X =Txx.

Let

Ty ={(k. x) € G2 x (G)2 \ {O}}):s(1.k)(I. x) = 1 forall | € Gy},
Jr ={(g.7) € (G x G)y: (k,7)ex(g) = 1 forall k € G,)},
Io={i € I's(k,i') = 1 forall k € G,}.

Then Theorem 3.10 implies
Ir(Z(€) N G3) = {0, 7} U k@ e} (ke eett.—1) U 0% Sg.ner, UL Sier,-

Since |I| = 4|1o|, we have |Iy| = |G|?/8.

The modular data (S, T') are determined by (S’, T’), and the latter have been
already decided except for the Iy x I entries. In concrete examples, we can often
compute them by diagonalizing the multiplication operators of U, (k) and t,, , on 4, ,.
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5.2. When G, = Zj3 x Z»

In this section, we assume that G = Z, X Z, x G, with odd G,, and that the sym-
metric bicharacter s(k, /) on G, x G, is non-degenerate. In this case, we can easily
identify the index sets J; and J; as follows.

We identify G with (6)2 x G,. Then for each [ € G,, there exists a unique yj €
(G)z satisfying s(k,[)=(k, x;) for any k € G,. We set @y , =ko,,  fork € G, \ {0}.

For the sets G4 and é*, we may assume that there exist subsets G, C G, and
Go* - Ga satisfying G« = (G, X Gyx) and Ge= (@2 X Go*). Let G =GyxGyx @0,
and let

Gy = (sz{O}x(A}O*)U(szGo* x@o) - szGoxGO,

which satisfies
G =G, UG, U—Gy.

We identify G, with G.
For (k,h,7) € G*, we set

Shhe = %(Xk+ek’r)-
We set

d =2a=1/2|Go| = 1//|G|, b =2b=1/V4G,2 + L.
Theorem 5.1. Let the notation be as above.The set

{07 ﬁ} U {q)k,s}ke@z\{o},se{l,—l} U {zk,h,r}(k’h’f)eé* U {lli}ielo

exhausts all simple objects in Z(€) N GY. Except for i* - i’ " entries, the modular data
of Z(€) N G/, are given by

g S%I a —b g a +b
00 = %%z = 5 ST T,
1
/ — q’ _ a_ / ’ a
0,Px ¢ 7, Pk e 2 ’ 0,k n.t T, %k ht ’
/ g / !
Sour =0 Sipr=-b.
/ ’
a' + g€y s
’ _ I s 1 _ / 1 —
Sq)k,qu)k’_a’ - S(k,k ) 2 ’ Pr.erZ1nr T S(k, l)a ’ Sq)k_g,ﬂf 0’
I ! / I 71 N A\ /
S perse o = SEK (Y 1) + VT Sy =0,

Too=Tiz=1 T o, =k, Ty, 5., =e)ih1).

The data in Theorem 5.1 are summarized in Table 4.
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S
O a’—b
2
- ‘4 b Iy
7 a + a 2
Qo | &L sk k)
S a a s(k,1"a’ s(LIYh, YR, ') + (b, T')(h, T'))d’
T - 0 0 ?
0 7 D e Sihe s
T 1 1 ex (k) e (((h, 7) ?

Table 4. Modular data for the commutant of G, for G, = G> = Z» X Z», with the entries
labeled by “?” undetermined.

Example 5.2. Let G = Z;, x Z5. There is a unique generalized Haagerup category
for G. The structure constants (e, A) are given in [19, Section 9.4]. Looking at €, we
find that

SZ2XZ2 — l

1
1

211 -1 1 -1
1

and

T722%22 = Diag(l,—1,—1,—1).

Since we have (S%2*22)2 = J and (§%2*%22T7%22%Z2)3 — _] the modular group
relation for §” and T” takes the form $’> = I, (S'T")3 = —1I.

We can compute the Iy x I entries from the tube algebra, following the outline
in Section 4.1. We have |Io| = 2. The two eigenvalues for ji’ are {53“, and the corres-
ponding block of the S-matrix is

1 (545 —5+45
F)(—SJM/E 5+J§)’

It was pointed out to us by Marcel Bischoff that this example is related to a simple
current extension of SU(5)s, see [36, Section 3.3].

5.3. When G = Zz .y x Z3 with €km,1)(i, j) = (=D*/

In this section we assume that G = Zy,, X Zp withm > 2 and € 1) (i, j) = (—1)* .
In this case, we have

G2 = {(0’ 0)7 (m’ 0)7 (0’ 1)7 (mv 1)}v

s((mi, j), (mi', j")) = €gni,jy((mi’, j))emir,in((mi, j)) = (=1)17+T
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which is non-degenerate on G, x G,, and
Tmi ) (min) = (=17

Thus, the modular data (S92, 792) are those of Z(Vecz,). We will show below that
m must be even if such a generalized Haagerup category € exists.
We can identify the two index sets J; and J5 as follows. We identify Z, with Z,

via (j, k) = &i* where &, = e2™/" Let G = Z3,,, and let
Ge={(i,j) €3, i €{0,m},0<j <myU{(i,j)€Zi,; 0<i<m),

which satisfies
For (i, j) € Z3 \ {0}, we set
D, j).e = (M) Mi)Pmi j).e-

For (i, j) € Gy, we set

XGi.j) = 6((1{}%)'
Let
a =2a= ZL = %,
" 1G]
b =2b= !

Vamz + 1
Theorem 5.3. With the above assumptions the natural number m is always even. The
following set exhausts the simple objects of Z(€ N G}):

{0, w}uU {cb(i,jas)}(i,j)eZ%\{O},se{l,—l} U {E(i,j)}(i,j)eé* u{at Vielo
and they are all self-conjugate. Except for ji} -ﬂi/ entries, the modular data are given

as

/ / / / li
g/ _S,NN_a—b S,N_a—i-b g/ _ _a
0,0 .7 2 0.7 2 0,2 j).e i je 9

—

/
7,07

_ o/ 7 ’ g
0.Z¢,j) — Sﬁ’z(z’.j) =4a, SO,;I’ =b, S

/ /

g _ a4 8iid) ee

@i j).esPair.jry.e 2 ’

’ _ ii'+jj’
= (-1

S(D(i.j),a’z(i’,j’) (=1 4,

S’ =0
B jy.esitF ’
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(j' +i'j)m /
s ’ SE(i.j)’ﬂk

/

2. j)Ea7 . j7) =90

=2a’co

/A 7 N <V _ / _ i)
0,0 — Tﬁ,fr - Tq’(i.j),a@(i,j),s =1 TE(i,A/)’E(i,J’) = Lom-
The data in Theorem 5.3 is summarized in Table 5.

Proof. The above formulas for the modular data follow from Theorem 3.10 except
that it instead gives
)a’ + Si’i/(gj,j/gg’

— (1) i
(1) :

9

/
Sd’(f,j),ss@(icﬂ),e’
’ _ (__1\mij
Q6.0 re (=D™.
Note that we have (ST)> = I because every object in Z(€) is self-conjugate
thanks to Theorem 3.10. Since (S¢27%2)3 = I, we get (S'T’)? = I. To show that
m is even, we compute the @ ;) - D, j/),o entries of

S'T'S' =(T'S'T)" ' =T'S'T.
We have

Il Q! _ /
(S°T'S )‘1><i,j>,e><1>w,j'>,af = Z S‘P(i,j),s,xTx,xS‘P(w,ﬂ),sux

X
a/2 n a’2 N Z( 1)m(ij//-i—ji'/+i'j//+j/i//+i//j//)
T4 4
(i//’j,/,gf/)ejlx{l,_l}
(Cl/ —|— 88//5i,i//8j,j//)(a/ + 8/8//81-/’1'//5]-/’]-//
X
4
S
a’=b’

0 2
- a'+b a' —b’
T 2 2

a a  AH8G ) .w . iHEE

Qe | T I S
. 4 7
w1 a’ a' (=) +il'g! 24’ cos KEEK DT tf Dz

i o —b 0 0 ?

0 T D, j).e k) I

ij

T 1 1 v ?

Table 5. Modular data for the commutant of G, = Z»o X Zp for G = Zp,, X Zp with
exm.n(i, j) = (1)K, with the entries labeled by “?” undetermined.
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+a? Z(_l)ip+jq+i/p+j’q el
m
(p.9)eJ2
a”?
_ + Z(_1)m(ij//+ji//+i/j//+j/i//+l'//j//)
2

G",j")eZ3\{0} o a’? + €€/ 118 jn8ir injr j

a'2 : ; i/ i’ ?
+ Z(_l)lp+1q+t pHi'agpd
(r.)€G\G>
— Z(_l)m((l_;’_l/)]//_;’_(]+]/)l//+l//]//)

(i”,j”)EZ% y alz —+ 88/51',1'”Sj,j”gi’,i’/gj/,j”

2
2

a o, L,
+ 7(_ Z(_l)(z+t )p+(i+J )qff,(,l,

(P.0)€G>
+ ) (PG Mfffﬁ)
(r.a)eG

_ (=)™ '8, 18, ;1

2
a’2(—=1)mE+iNG+i"
2

Z g(p+m(.i+j’))(q+m(i+i’))
2m
(p.9)€G
NG+ Cl/ + (—1)ml] 88/8i,i’8j,j’ .
2

_ (_l)m(H-i

if and only if m is even.

JN.e
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Since €(,1)((0, 1)) = 1, we can de-equivariantize € to get another fusion category

%1 realized as endomorphisms of P =M X, |, Z2, with implementing unitary A€ P.

Then the set

{O‘Eg,o) }gGZZm U {azg,o) 0 p/}g€Z2m

exhausts all simple objects in €1, as we have O‘éo H = AdA. We have

,0/2()6) = sxs* + Z(t(g’o)“zg,m o p,(x)lfkg’o) + l(g,l))wlég,o) o p,(x)(l(g,l))t)*).

8€Zom

/ / 7
¥(5,0) © %(h,0) = ¥(g+h,0)°

/ / / /
¥(—g,00°0 =P 9%, 0)
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We denote by P4+ the C*-algebra generated by

{s} Ultg.0)}eezom YU g ) A ez

which satisfies the Cuntz algebra relations. Note that o’ and p’ globally preserve
Pam+1.

Let B be the dual action of «(g,1), which is a period 2 automorphism of P satisfy-
ing B(x) = x forany x € M, and B(A) = —A.Lety = a )© B. Then y commutes

with &’ and p’, and therefore induces a Z,-action on ‘6’1 T he equlvarlantlzatlon of k‘,’l
with respect to this action is equivalent to €.

Let ‘6’2 the fusion category generated by y, which is equlvalent to Vecz,, and let
€ be the fusion category generated by €, and ©,. Then € is the crossed product
category for the Z,-action on €, induced by y. Therefore, € is Morita equivalent to
€, and their Drinfeld centers are braided equivalent.

Theorem 5.4. The fusion category e is equivalent to ‘El X %2. In consequence,
Z(€) = Z(€,) ® Z(Vecz,).
and the modular data of Z(€;) are (S, T").

Proof. Every intertwiner between products of objects of objects aE 2.0) and p’ belongs
to Pam+1, and y acts on Pypy,41 trivially. On the other hand, every intertwiner between
products of y is a scalar, and so we get the splitting

%%%1&%2. |

As a consequence of Theorem 5.4, the modular data of the Drinfeld center of the
de-equivariantization €; is determined by Theorem 5.3, except for the /o x I corner.

Example 5.5. Let G = Z4 x Z5. It was shown in [14] that there is a generalized
Haagerup category € for G with € 1y(i, j) = (=% such that the even parts of the
Asaeda—Haagerup subfactor are Morita equivalent to the Z,-de-equivariantization i‘:’l .
Therefore the modular data for the Drinfeld center of the Asaeda—Haagerup categories
is given in part by the table in Table 5. To find the missing corner, we can work in the
tube algebra of the generalized Haagerup category €, or directly in the tube algebra
of the de-equivariantization ‘a.
We have |Iy| = 8, and we find that the T-eigenvalues for i’ are of the form
17 , for I <i < 8. Since these numbers are distinct (and also different from the
T -eigenvalues for the other objects), we can compute the corresponding projections
in the tube algebra as eigenprojections of t. Then the corresponding block of the
S-matrix is given by the formula

2 127ii’

- § ——
HE S /17 17
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We do not know whether there exist further examples of “generalized Asaeda—
Haagerup categories,” i.e., generalized Haagerup categories for Z 4, x Z, with

€amin (i, j) = (=D¥

form > 1.

6. Z,-de-equivariantization

In this section we consider Z,-de-equivariantizations of generalized Haagerup cat-
egories for cyclic groups. For a generalized Haagerup category with group G, the
gauge equivalence class of the cocycle €, () is determined by its restriction to (g, /) €
G, x G, which is a bicharacter under the assumption (2.24), see [19]. For an even cyc-
lic group G = Z,,, this bicharacter is determined by the value €,(1). In all known
examples, we have €,(1) = —1, and hence ¢, (n) = (—1)". To perform de-equivari-
antization with respect to n as in Section 2.5.1, we require €, (n) = 1. This means that
n must be even, i.e., |G| is divisible by 4.

Therefore, we consider a generalized Haagerup category € for G = Zg,, and
assume €3, (g) = (—1)%, meaning az, (tg) = (—1)%1,. Then we may assume that

ap(ty) = tap, oap(ty) =ty4on for0 <h <2m.
We extend p € End(M) and oy € Aut(M) to the crossed product
M X, Zy = M Vv {A}

by
P =4 a,() = (—1EA.

We denote by D the fusion category generated by p’, which is a Z,-de-equivariantiz-
ation of €. Note that we have },, = AdA, and the set

{aig}05g<2m U {a; © pl}05g<2m

exhausts the equivalence classes of simple objects in . We have the decomposition

2m—1
p2(0) = sxs™ 4 Y (1gt 0 /(017 + tgyamActy © P (X) (tg42mA)").
g=0

Let

d=d()=2m+ V4m? + 1,
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and let A’ be the global dimension of D:
A =2m(1 +d?)
=2m(2 4 4md)

= 4m(@dm? + 1 4 2m+/4m? + 1).

Settinga’ = 1/2m and b’ = 1/+/4m?2 + 1, we get
1 a —b

A 2
To represent an element in the cyclic group Z,,,, we always use a number 0 < g <

2m. However, note that indices of the Cuntz algebra generators #, live in the cyclic
group Zan,). As for Tube(€), we use the shorthand notation

(g hl11h g) = (o oy 1ty ).
We can decompose Tube(D) in a similar way as Tube(€):
Tube(D) = A B AG,gp B Asp.G D Ay
where a basis for /g is given by

{(g k|1|k g)}o<gi<am U {0 kp'[1kp" O}o<k<am}
U{(g kP AP’ 2m — glo<g<am, 0<k<2m:

a basis for g, is given by

{(g kP/|fzk+g—h|kP/ np). (g kP/|fzk+g—h+2mA|kP/ hp,)}Ofg,h,k<2m§

a basis for A G is given by

{0 k01— g k0" 8)s (0" kP ty—g 4 2m* kP &)} g hkeG:
and a basis for 4, is given by

{ P kP Ntk—hogth, —irg kP 120,

(1 0" kP |t—ny+g+2mlpy, ks gromliP nP)s

(1 0" kP ltk—ho+g+2mty, —k g MiP h2p).

(1 0" kP ltk—ho+gth, —k g +am P haP)}ohy ha ke.g<2m
U{(rp" kplss™ k0" 2k—npP") o<k <am, 0<h<min{2k,2m—1}
U{hp" kP 185™ Aip” 2k—n+2mP") Yo<k<2m, max{0,2k+1}<h<2m
U{(rp" kI11k p—2kp)}o<k<2m, max{0,2k}<h<2m
UA{(np" kIAk n—2k+2mP") Yo<k<2m, 0<h<min{2k,2m—1}-
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To compute multiplication in the tube algebra, we need to choose orthonormal
bases for morphism sets of the form (v, £{’), where v, , ¢’ € TIrr(D). Note that each
product §¢” is of the form ag, oy p', or ag,o’2 for some g € Zam, SO we can always
choose our basis from the set

{1,A, 5,54y U{tg,tgA}gezy,,-

To describe the Drinfeld center and compute the modular data, we will follow a
similar outline as in Section 3. Namely, we first describe the structure of Ag and its
action on g ;. Then we use this to describe the simple objects in Z (D) whose
underlying objects in O contain invertible summands, as well as the parts of the cor-
responding half-braidings needed to compute the modular data. Finally, we deduce
the remaining simple objects in Z () and compute the modular data, except for the
corner where both indices correspond to objects without invertible simple summands.

While the overall approach is the same as for a generalized Haagerup category,
working in a de-equivariantization makes some of the arguments more difficult.

6.1. The structure of A and its action on Ag, o’

The multiplication in #Ag is given by

(gh+kllh+kg), h+k <2m,

|1k g)(g k|llk g) =
(g h[1|h g)(g k|1]k &) {(_1)g(gh+k_2m|1|h+k—2mg), h+k>2m,

so the map
Zom > h > L5 (g 1]k g) € g,

2mi

where {; = e % , is a representation. Let

2m—1

p(g.k) = Zc (g 1| g).

Then p(g. k) € # is a projection.

Note that A, , = {0} unless g = 7 = 0 or g + h = 2m. The latter case can be
further subdivided according to whether g = h = m, or one of g, h is less than m. We
consider these three cases separately.

6.1.1. The structure of Ag. We have
(0 A]11R 0)(0 p'[1]p" 0) = (0 p[1]p 0)(0 2m — h[1|2m —  0),

2m—1

(09110 0)> = 1, + > 2(0 h[11 0)(0 p|1]0/ 0) = 1,0 + 4mp(0.0)(0 p'|1]p’ 0)).
h=0
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Thus, we have
p(0,k)(0 p'|1|p" 0) = (0 p'|1]p" 0)p(0,2m — k) for 0 < k < m,
and the linear span of
{p(0,0). p(0.m), p(0,0)(0 p'1]p" 0). p(0.m)(0 p'[1]p’ 0)}

is a subalgebra of A isomorphic to C*. Let

~ 1
2(id) = 5 3 (0 gl11g 0) +d(0 ' 1]gp 0))
geG

= 2 p(0.0)(1g +d(0 1110’ 0)
£0.0) = 2% p(0.0)(d 10— 0 91115 0)).
EQ©.m)x = 5p(0.m)(1o £ (0 1115/ 0)).
Then these are the minimal projections of the subalgebra. For 0 < k < m, we set
E(0,k)11 = p(0.k),
E(0,k)22 = p(0,2m — k),

E(0.k)12 = p(0.k)(0 p'|1]p" 0).
E(0,k)21 = p(0,2m —k)(0 p'|1]p" 0),

and set A% = span{E (0, k);j}1<i,j,<2- Then 4K is isomorphic to the 2 by 2 matrix
algebra with a system of matrix units {£(0, k);; }1<i, j<2. Now, we have

Ao = Cz(id) ® CE(0,0) ® CE(0.m)+ & CE0.m)_ & (P Af.

O<k<m

6.1.2. The structure of +4, , for g # 0. Note that p(g, 2m) is well defined and
equal to p(g,0).

Lemma 6.1. For0 < g <2mand0 <k <2m,
p(g.k)(g plAlp 2m —g) = (g plAlp 2m — g)p(2m — g,2m — k).

Proof. On one hand, we have

p(g. k) (g p'IAlp" 2m — g)
2m—1

1 ) /
= 2 Y Endhi (e M1k 9)(g 1215 2m )
h=0
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2m—1
~ om Z§ fgr'f,(g wp'log, (M) |np’ 2m — g)

2m—1

=—Zc DBk (1) (g pp[Mlnp’ 2m — g).

On the other hand,

(g P'IAlp" 2m — g)p(2m — g,2m — k)
2m—1
h h —k
= Zc@”’ O Em=0) (g o/ |Alp’ 2m — g)(2m — g h|1|h 2m — g)

= 2—(g O |Alp 2m — g)lam—g
2m—1
+5- Z:@’" D" (8 2monp 1A Aty () 2’ 2 — €)

= —(g P Al 2m — g)
2m—1

—h —h —k
Zc@”‘ O@m=h) 2m=-MCm=K) _1)g (g o' |A|4p0" 2m — g)

2m—1

- —ZE (D" (g wp' A’ 2m — g),

which shows the statement. n

For g = m, the linear span of
{p(m.0), p(m.m), p(m,0)(m p'|Alp" m), p(m,m)(m p'|A|p" m)},
is a commutative subalgebra of #,, isomorphic to C*. Note that we have

(m p'[Alp" m)?
= (m 0s™ o' (A)Aam (5)|0 m)
2m—1

+ Z(m 1P lt5 ' ) Aatm (1) + A7 15, (DA, (e 2mA) 1" 1)

2m—1
m o+ > | am () + A7 Om (th2m) A m)
h=0

= 1,.
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Let

E(m,0)+

1

5 P(m.0) (L £ (m p'[A] " m)),
1

E(m.m)x = 5 p(m.m)(Lyn £ (m p|A|p" m)).

Then they are the minimal projections of the subalgebra. For 0 < k < m, we set

E(m,k)11 = p(m,k),

E(m’k)ZZ = p(mvzm _k)9

E(m, k)12 = p(m,k)(m p|A|p m),

E(m, k)21 = p(m,2m —k)(m p|A|p m).

and set AX, = span{E(m, k);j}1<i.j,<2- Then AX is isomorphic to the 2 by 2 matrix
algebra with a system of matrix units { £ (m, k);; } 1<i, j<2. Now, we have

Am = CE(m.0); @ CE(m.0)- & CE(m,m); & CE(m.m)_ & P AL,
O0<k<m

Finally, for 0 < g <m and 0 < k < 2m, we set

E(g.k)11 = p(g.k),

E(g. k)22 = p(2m — g,2m — k),

E(g. k)2 = p(g.k)(g p'|Alp" 2m — g),

E(g.k)21 = p2m —g.2m —k)(2m — g p'|Alp" g),

and
BE = span{E(g.k)ij}1<i,j,<2-

Then £§ is isomorphic to the 2 by 2 matrix algebra with a system of matrix units
{E(g.k)ij}1<i,j<2. Now, we have

g ® Agom—g © Aum—g.g O Aam—g = P Bi.

0<k<2m

6.1.3. The action of Ag on Ag, .. We now determine the action of each simple
component of each #, on each +, , . Note that unlike in the case of a generalized
Haagerup category, a0’ is not necessarily multiplicity free (and in fact it is not, as we
will see shortly), and therefore irreducible modules over simple components of g in
g, ,p’ Can appear with multiplicity.

Note that for each 0 < g,k,h < 2m, the space p(g, k)sg, ,, is 2-dimensional,
with basis

{p(g.k)(g P'ltg—nlp np"). p(g.k)(g P'ltg—htra2mAlp’ np')}-
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For each g, k such that at least one of g or k does not belong to {0, m}, the pro-
jection p(g, k) is minimal in 4y, so the irreducible modules over the corresponding
simple components in each A , ,» have multiplicity 2.

Similarly, since Cz (ﬁ) acts trivially on each p(0,0)y,, ,/, we have that C £(0, 0)
acts as the identity on p(0, 0)Ay,, o, and therefore the irreducible C E£(0, 0)-module
in each sy, ,» has multiplicity 2.

It remains only to determine the actions of CE(0, m)y, CE(m, 0)x, and
CE(m,m)+.

We first look at C E(0, m) 4. Note that we have

(p(0,m)(0 p'[1]p" 0))* = p(0,m).
Lemma 6.2. The element (0 p'|1|p" 0) acts on p(0,m)Ao,,  as multiplying by (—1)8.
Proof. Since the two elements
{p(0,m)(0 p'lt—g|p" ¢p'), P(0,m)(0 p'lt2m—g Alp" ¢},

are exchanged, up to scalar multiple, by right multiplication of (gp" m|A|m ¢p'), it
suffices to show

(0 p'[1]p" 0)p(0,m)(0 p'lt—g|p’ gp") = (=1)¥(0 p'|t—g|p" ¢0").
Indeed,

(0 p'[1]p" 0) p(0,m)(0 plt—g|p" ¢p")
= p(0,m)(0 p'[1]p" 0)(0 p'|t_g|p’ ¢p")

2m—1
= p(0,m) Y (01015 Pt=g)tn + A7 155 2P (=g )nt2m A1 )
h=0
2m—1
= p(0.m) Y (0 Al11A 0)(0 p'lo—n(ty plt-g)1h
h=0 + (_l)gt;+2mp(t—g)th+2m)|p, gpl)

2m—1

= p(0.m) Y (=1)"en(=g)(0 o[t p(tan—g )t

h=0 + (=8t 2P (20— )l —hy2m|p gP)
4m—1
= pO.m)(0 01 Y (~Den(-2)pltan-g)t-nlp ¢0)-
h=0

Here we have

4m—1

D (=D ren(=)*ypltan—g)in

h=0
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4m—1
= Y (=Dren(—g)ean—g (g — 201 0tg_2np(tg—2n)tp
h=0
4m—1
= Y (=Drep(—g)ean—g(g — 20 Ag_on(h — g.h — g)t_g.
h=0
Since
6 _ —
Agan(h = 8.1 =) = e n(h) g an(g — h.0) = 55— “HE)
we get
4m—1
Y (=D en(=g)ean—g (g =2 Agon(h— g, h — g)
h=0
1 4m—1
= (1F = > (D en(=g)ean—g (g — 2)egn(=g)
h=0
1 4m—1
=D -0 Y (=D en(—g)en(g — 2hen—g(8)eg—n(—g)
h=0
e_¢(9)eg(—8) T
= (—1)8 — —8%5/"8L S/ —1"
(-1) - ;; (-1)
= (—D)E,
which shows the statement. [ ]

It follows from the lemma that C E(0,m)+ acts nontrivially 4y, , if and only if g
is even, and C E£(0, m)— acts nontrivially for g odd. Since p(0, m)so,,, is 2-dimen-
sional, the irreducible C E(0, m)+-modules in Ay, , ,» occur with multiplicity 2.

Finally, we consider C E(m,0)y and CE(m,m)+.

Lemma 6.3. Let the notation be as above:
1. the action of (m p'|A|p" m) on p(m,0)A,, . has eigenvalues both 1 and —1;
2. the action of (m p'|A|p" m) on p(m,m)An, s has eigenvalues both 1 and —1.
Proof. Since (mp'|A|p'm) acts as an invertible transformation of period 2, it suffices

to show that it is not a scalar. Indeed, it is easy to show that (m p’|A|p’ m) switches
the two basis elements (up to scalar multiple). |

It follows from the lemma that each of C E(m, 0)+ and CE(m, m)+ act non-
trivially on each oAy, ,, »/, and each irreducible C E(m, 0) +-module and C E (m, m)4-
module in each A, occurs with multiplicity 1.
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6.2. The simple objects in Z () and the modular data

Now, that we have determined the structure of #¢g and the action of Ag on g, .,
we can describe all of the simple objects in Z(£) whose underlying objects in O
contain an invertible summand, and then compute the corresponding modular data, as
in Section 3.

Let
2m—1

7=id® 2@ e, 0.
g=0
m—1
oy =id® 20Dy, 00,

g=0

m—1

- =id® 2@ s, 00,
g=0
2m—1

w:O{;n@@a;op’,
g=0

2m—1
oo =id@id® 20D ay o p.
g=0
For0 < g <m,let
2m—1
Og = oy DUy, 692@0[;1 op.
h=0
Then these objects have half-braidings given by the central projections in Tube D
which have nontrivial components in 4g. We can read off the components of the
half-braidings &(,)(*)(g,i),(g,i) from the matrix units for A computed above. We also
have £()(0), ..o = L and €y (h),pr, o0 = 1 for h # 0, m.
One complication due to the de-equivariantization is that we will now also need
& 1(; 1:62) (m), o', for computing the modular data. In the following lemma we determ-
ine 81(; 1’82)(m)g o.ep in terms of a number a®'(g). This number will in turn be
determined later by using properties of the overall modular data.

Lemma 6.4. 1. id has a unique half-braiding &y (&) = 1.
2. m has a unique half-braiding, which gives e(7)o,0 = E(0,0), and

1

Ex()oo =1, &Ex(np)oo = 7z

3. Each of ¢4 and ¢_ has a unique half-braiding, which gives

e(p1)o0 = E(0,m)+
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and .\
) +(-1
o o0 = (1), Egy (1000 = 2

4.  has exactly 4 half-braidings parametrized by the set
{(+’ +)’ (+7 _)’ (_7 +)7 (_’ _)}’

which gives
7, (e1,62) l—e
e(y*h )m,m = E(ma m) s
2 &

and
8$1’62)(h)m,m — (Sli)h,
\Nh
Ex\—€&11
CESYD gy = 2

L1 (), ey = (=1)™e2a (g)(e11)™ 4.

Here we identify the symbols + with 1 and — with —1 in an appropriate way. The
number a®1(g) € {1, —1} satisfies a®(g + 2) = a®(g).
5. 0g has exactly m — 1 half-braidings parametrized by 0 < k < m, which gives

(66 0,5).0.0 = E0.k)s:.
and
EX Mo.1.0) =5, €5 (1) 0,5).09) = 0.
6. 0m has exactly m — 1 half-braidings parametrized by 0 < k < m, which give
(@) m.s)(ma) = E(m . k)s:.
and
€5, (W 1),0m1) = "G5,
gffm (hp/)(m,s),(m,s) =0.
7. For0 < g <m, o4 has exactly 2m half-braidings parametrized by 0 < k < 2m,
which give
@5 )g.e = P(g.K). €@ )2m—g2m—g = p2m —g,2m — k),
and
k h okh
Sag (h)g:g = fm 2m>

2m—g)h . (2m—k)h
gg:g(h)zm—g,Zm—g = fz(tmm ® émm )

S(Ircg (hpl)g,g =0.

’
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Proof. The only statement that we have not shown yet is about 8$‘ -£2) (M), p/, - We
first note that i 8 (¢ p’ m|A|m ¢p') is a period two unitary in A, satisfying

1—¢ .
p(m. = =m)m p'lin—g | £p)i" (g’ mIAm )
. l—¢ -
= "8 p(m. —=m) (m 20 Wity W) ')
. 1—¢

= (_1)m1m+gp(m, Tm)(m mp,|tm—g/\|m10, glol)

_ m.m+g l—¢ 1y~ 1 roy

= (=1)"i" 8 p(m. ——=m ) m m[Lm m)(m o), g M1 )

11— —¢
= (=" p(m, —m) (i) ()7

x (m p'[(=1)"€3m(m — g)tam—gAlp' gp’)

. 1—¢
g€3m(m — g)lgp(m, Tm)(m 0 |tam—gAlp" ¢p').

Since the right multiplication of i”*& (; o’ m|A|m 4p’) and the left multiplication of
(m p'|A|p’ m) on the 2-dimensional space p(m, %)Am, <p/ are commuting period
two transformations that are not scalars, they coincide up to sign, and

1—¢
(m p/|21o" m)p(m. Tm)(m Pltm—g10" ¢ ")

) 1—¢
= lgbs(g)P(m, Tm) (m p'ltsm—g Alp" ¢p'),
with b%(g) € {1,—1}.

Since e(y¢1-2)),, . (m P'ltm—g|p’ gp’) is a multiple of a partial isometry with
range projection e (i ¢1+62)),,, .. there exists a positive number c satisfying

8(1;(81 ,82))5"0/ gpP

1-— €1
= c(m p'ltm—g|p’ gp/))*P(m

2

1
m) 3 (L + e2m o/[A]p" m))

x (m p'ltg—mlp’ gp")

Cém—g(g —m) 1—¢;
= I (e ligmlp m)p(m. ——m)

2
X (m Pl|tg—m + £2b°! (g)igt3m—gk|p/ gp/)
2m—1
Cem— g(g

m)
- Zzhsl(gp/ P lty_g |0 m)

X (m pp Iah(tm—g + 20" ()i t3m—g M) |np' ¢0")-
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On the other hand, we have
- 1
e(w((‘?l ’82))gp’,gp’ —

amd = ¥ ama d
1 2m—1
+ 2 el w165 )l 50)).
h=0

(g0 MIEED (M) I g )

and so,

1 = cdem—g(g —m)s™p'(tg—m + 2b°1 ()i tam—g AV ty,_ gty © p'(5)

= cds* g 0 p(tmag)lis_g 0 0/(5) = c,

and

ESTD () ot g = cdem—g (g —m)i™eM AT 5™
X 0 (0, (tm—g + €20°1 ()i t3m—gA))1g_ 0ty © p'(sA)
=dem—g(g —m)em(3m — g)i™eMeab®l (g)i% (—1)" ¢
X AT S* ! (tm—g) Aty p(8)A
= i"T8 M ey b8 (g)em(B3m — g)A.

ghg

Setting a®(g) = (—1)"b®(g)ef €, (3m — g), we get
81D (M) = (1) (e10)" T E 620" ().
Let0 < g < m. Since

(260" gl1lg P)*(2gp’ glllg p) =1y
and

(2g0" glllg P)(2gp’ glllg P))* = 1, p,

we have

eV ), ner = Gep gI11E p)e(W 2y (g0 gl11g p')*,
and so

(20 MIES 2 (1), ot e 11 26 )

= (g0 glllg PN (0’ mIES "2 () lm p) (0 2m — g|112m — g 2¢))

= (2g' g + mlof (€S2 () p)|g p) (0 2m — g|1|2m — g 2¢p)

= (g0’ MM (€S2 () )t 0 0/ (W) 2g0))

= (20 m|(—=D)EES "2 () ol 2g0).

This shows a®(2g) = a®(0). In the same way, we can show a®(2g + 1) = a®(1).

651
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In view of the above result, we introduce the following index sets:
Jr=1{+.-},
to index the objects ¢+, and
So={(+.4). (+.9). (= ). (=)},

to index the half-braidings of .
We will now determine the remaining simple objects in Z(D).
Let G = Zoy X Zpm, and let

G ={(j,k)eG; je{om), 0<k <m}U{(g.k)€G;0<g<m).
Then we have
G =G, UGy U—Gy.
Lemma 6.5. Forany 0 < k < 2m, we have

T (e1,8 m?
A = @Ce(w( b 2))kp’,kp’ ® M2(<C)€B4 )

(e1,62)€J2

Proof. We show the statement for k = 0 as our standing assumptions for p and o o p
are equivalent.
Let
ty =d(p p'lss*|p" p"), U =i"(0" m|A|m p"),

and
X = (0 g0'lthtgty_glgp p) for0<g<2m, 0<h<dm.

Then the set
{1y, U, ty, Uty} U{xgn Uxgnto<g<am, o<h<am

forms a basis of +,/, and we have dim 4, = 4 + 16m?. Note that t is central, and
U is a unitary of period two. Let Ag/ be the linear span of

{1,0/, tp/} u {Xg,h}0§g<2m, O<h<dm-
Then Ag, is a x-subalgebra of +,/. Since
Uxg U™
= (=1)" (" m|Alm p")(0" gp'lth+gty_glgp” P (" m|AIm o)

_ { (=)™’ g+mpl|am(lh+gt;_g))“|g+mpl o) miAlm p'), 0<g<m,
(=1)"*8 (" mlAlm p") (0" g-mp [ Atntgty_olg-mp' ), m =g <2m,
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= (=D (0’ gp/|/\0‘m(th+gt}7—g)/\|gp/ o)
= (=D¥em(h + g)em(h — g)Xg nt2m.

we see that U normalizes Ag,.

In the same way as in the proof of Lemma 3.1, we can prove that Ag, is abelian by
showing that the restriction of S§ to -7, is the identity. It is easy to show S§(1,/) =
1,y and SZ(ty) = ty. For (0 ¢p|xg.n

¢p p'), we have

S5 (0" gp'1xgnlgp’ p)) = Sol(gp’ p'lds* oy o p'(xg.np ()P ¢p))
= (0 '1d?s* 0/ (s ey 0 P/ (xg ()t © /()] )
= (' gp'|d>s*p' (s* ey 0 p'(xg.np'(5)9))|g P’ P').
which is equal to x, 5, thanks to the proof of Lemma 3.1. Thus, the claim is shown.

Since Ag, is abelian and normalized by U, and 4, = Ag, +U Ag,, any simple
component of 4, is either C or M>(C). We already known that

@ Ce(P 1)), = C*

(e1,62)€J2

is a direct summand of #,. On the other hand, let

1+¢&U I+ &U

Ay =€ Ay Ux = e, xU = eaxp = — Ay —

o

Then it is easy to show
dim A" =dimA T =2+ 4m?,
dim AL = dimA " = 4m?,

. . 2 .
which shows that #, contains M,(C)®4m a5 a direct summand. Thus, we get the
statement. [

We can now conclude that the remaining simple objects of Z (D) are all given by

half-braidings of the object
2m—1

W= Z@a;p/.
g=0

2m?

Lemma 6.6. The object . has exactly 2m? half-braidings {8,& iz

remaining simple objects in Z(D).

which give the

Proof. Let

z=2(D) + 2 + Y z@) + >z + 3 2(65).

eeJ; (e1,82)€J2 (g,k)€Gx
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which is a central projection of Tube(D). Note that we have |G| = 2(m? — 1). Thus,
thanks to the previous lemma. we have

(1= 2)oh, y 2 My(C)®2".
Since

(kP k(1K p")* Grp" k[1|k p') = 1,
and

Grp’ k(k p)Grp k(lk p)* =1, ,
for any 0 < k < m, we have
dim(1 — 2)sh,, .y = dim(l — 2) Ay = 8m?.
In the same way,
dim(1 — 2) A, = dim(1 — 2) A,y = 8m?.

Direct counting shows dim +, 7 ,» = 16m?. On the other hand, we can write down
the basis of z, 7y coming from 7, ¥ ¢162) and 5, ¥, showing dimz s, 7,y = 8m?.
Thus, we get dim(1 — z)A,  »» = 8m?, and

(1 — z)Tube(D) = M,,»(C)®>m’.
This shows the statement. n

Let
I ={1,2,...,2m%,

which we use to index the half-braidings of .
We would like to determine duality for the different half-braidings of ¥ and p.

Lemma 6.7. With the above notation, we have

1;(81,82) — 1;(81 ,(—1)'”82)’

lzﬂi.

=

Proof. Direct computation shows

Sg(p(m.k)) = p(m,2m —k),
S3((m p'|Alp’ m)) = (=1)™(m p'|A|p" m),

which implies that

Sg(z(&(el,ez))) _ Z(‘Z(gl,(_l)mez))’
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and the first statement.
Recall that we have

Ay = @Ce(a(sl’”))pgpf ® e/‘vl)/, 'A’;/ = Mz(C)eMmz'

(e1,82)€J2
We already know
53(8(1;(81’82)),)”0) — e({ﬁ(ﬂ,(—l)mez))pjp

In the proof of the previous lemma, we saw that the subalgebra Ag, includes all the
central projection of #4 /13,, and Sg acts on Ag, trivially. Thus, we get

Se (i) = z(i). .

We can now compute the modular data for Z (D). The main difficulty is determin-
ing the numbers a®(g), which were introduced in the formulas for 8$1 -£2) (M) gp' o’
in Lemma 6.4, and we need to use the modular relation for this.

Theorem 6.8. Let the notation be as above. The following set exhausts the simple
objects of the Drinfeld center Z(D):

{0, w}U {@}8611 U {J(Eljez)}(ﬂ,&z)eh U {a;k}(g,k)eé* U {rai}iel-

We have 1 €1:62) = gy €1D"82) and the others are self-conjugate. Except for ji*-ji*’
entries, the S-matrix and T -matrix are given as

a/ _ b/ a/ + b/
So,0 = Sz = B Soz = ;o
a/
Sogr = Sogterer = Sior = Spjere = 7
—~ _ —~ _ / R / /
SO,ogk - Sﬁ',ogf =a, SO,W =0, S~ Al = —b,
a’ +e€ (=D™a’
o = 7 S'(’;',{l;(el.e2) =T,
g —
01,05k = (=Da Swiaﬂk =0,
(_Slgll)ma/ + 825,2(81i)m881,8/1
S$(51,82)’1;(3/1~3/2) = 2 )
S];(E],Sz)’a—;k = (_81)g(_1)ka/7 SW(EI 52) i = 0
(gg' + gk’ + g'k)nm
Sggk ek = = 24’ cos - , S{,; i =0,

2
— — T~ — -~ ~ = (i)™ — (8 t2kg
Too=Teiz=Tzo7 =1 Tjeren geren = €)™ Tk o =04, .

The data in Theorem 6.8 are summarized in Table 6.
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S
pie
0 2
~ a'+b’  a'-b’
& a=b
2 2
7 a a’ a’tee
& 2 2 2
4 ’7 / :
e | ¢ @ cyma CormaresEinl, g
2 2 2 2
’ ’ ’ ’ 7 ’ 7
Uék a’ a (=18 (—e)& (-D¥a’ 2a’cos(W)
al »  =b 0 0 0 ?2
0 7 b5 &(81,62) Eg" i
2
. g°+2kg
T 1 1 1 (g10)™ m ?

Table 6. Modular data for the Z,-de-equivariantization of a generalized Haagerup category for
G = Zam with €2,,(g) = (—1)%, with entries labeled by “?”” undetermined.

Proof. The only statements that do not directly follow from the previous arguments

are about 51;(81,82) G and S5, .e5) - Direct computation shows
1 \ym & & ’
S _ (_8181) + r s m@ 1(0) +a 1(1)‘9181
~(e1.80) Tl gL = T €285 (e71) .
ge1.e2) (€192 4m 4

Since S is a symmetric matrix, we have

Slz(é‘] ,52),$(5'1 &) = S{p(s’l .5’2)’1;(51 £2)°

and
(€)™ (@1(0) + a®1(Dereh) = (1) (@1 (0) + a® (1)eye}).

This is equivalent to
a®t(0) —a™ (1) = (=1)"(@"(0) —a~(1)).
Thus, either a™(0) = a* (1), a~(0) = a~(1), or
—at (1) = =(=)"a~(1) = (=1)"a"(0) = a™(0).

Assume a™(0) = a™* (1), a~(0) = a~ (1) first. Then we get

S L (—818/1)'" n 828/2(811')'”(181(0)581’8/1
e ) = 4m B
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Since S is a unitary,

2
1= " [Sgere 4l
a

R N 1 1
T 16m2  16m2  16m?2

4 Z (—gls)m n 822‘(811.)”16181 (0)831,5 2

+ 16m?2 4m 2
s, te{1,—1}
|G
+ (2 *)2 + Z |Sw(81 .£2) M/|
iel
1 1 1 531 s
:E_m+22(16m ) Z|SW(81 £2) Mj
se{l,—1} iel
=1+ Z |S{/}(81»82),la/‘ |2’
iel
showing Sw(g1 ) i = 0.

Recall the modular group relation (S)? = (ST)?> =C,TC = CT, where C, 5, =
Sa,gland b 1sileterm1ned by Sa,b = Sa,B- Recall ¢(81 82) — w(Sh( D"e2) We compare
the w(sl ’62)4//(8/1 €3) entries of the both sides of

STS =CT7 s 77! =CTST =TST.
On the one hand,
(STS),(;(51552)’{5(8/1.8/2)
1 N 1 N 1 N 1
T 16m2  16m2?2  16m2? = 16m?
(—e1s)™  eat(e1i)"a’ (0)3, s
+3 + 2)
s,te{l,—(l} 2 m
% ((—S/IS)m n 821(8 l) a ](O)Ssl,s
4dm 2
(—e1)f(=DF (=) (=DF 2450k
+ Z 2m 4m

2m

)Gsiy”

(gak)eé*

m eyel(—e1€)) a1 (0)af1(0)8,, 58
LI Z((slel) 265(—€18) 15081, )(Sl,)m

16m?2 4
se{l1,—1}

m—1 1 (818) . m—12m— 1(818/)g > ook
1 jmt2 1 4 4
t 2 Z T2 2 e b
k=1

g=1 k=0
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1 I+ =D
Z e T

265 (—€1i)"8,, o -1 1+ (=)™

2 £1,8] + m —(8182i)m +( )
2 4m? 8m?2
_ L N 828’2(—811')'"86],6/1
dm 2
On the other hand,
R 1 f‘32<9/2(_81l.)ma‘Sl (0)881,8’
(TST)IZ(SI,Sz)’{/;(Sl,Sz) = m + 2 1

Thus, we get a®(0) = 1.
Assume now that the second case

—at (1) = =(=D)"a"(1) = (=1)"a"(0) = a™ (0),

occurs. Then

, .
(—&18})™ zszaza’L(O)z”’&;l,_8/1
~ ~(! / = .
S (e1.69) J.(€7.€5) +

Y2ty T2 4m 2

In the same way as above, we get S FeEe) i = =0, and
(STS)IZ(Slﬁz),]}'(S/] &%)

1 n 1 n 1 4 1

~16m2 " 16m2  16m2  16m?2

(—e1)™  eati™a™(0)8e, —s
+y + L)

s,te{l1,—1} 4m 2
(G B Oy
dm 2
Z( 51)g( 1)k( eE(— 1) 42+2gk
2 m
(g, k)eG*
(818 )" 828/2(_1)m861,—s85’ ,—S .
=—+ Z( 1612 2 1 )(sz)m
se{l,—1}
m—1 m—12m—1
1 (8181) jm+2k (818'1)5' g2+2gk
+ Z 4m?2 Z + Z Z 4m2 4m
k=1 k=1 g=1 k=0
+ (s1820)™ L+ (=) | eae(end)™dey o
= 4m? 2 8m?2 2
-1 1 —1)™
_|_ m — (glgzi)mL

4m?2 8m?2
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1 L 828’2(811')’"881’8,1
 4m 2 .
On the other hand,
_ 1 828/2ima+(0)881,—5’
(TST)$(81’82),$(51£2) = E + 5 f ’
which is a contradiction. .

6.3. Examples

To compute the missing corner in examples, we use Mathematica and the formulas for
tube algebras for a de-equivariantization of a generalized Haagerup category, included
in the online appendix.

Example 6.9. For G = Z4, let € be the generalized Haagerup category satisfy-
ing (2.24). Then €5(g) = (—1)&, and we have the Z,-de-equivariantization $, which
is the principal even part of the 2D 2 subfactor [19,26].

We can compute the / x /-corner of the modular data of the Drinfeld center by
diagonalizing the action of t on the tube algebra, using a similar method to that out-
lined in Section 4.1. We have |Io| = 2. The two T -eigenvalues for ji’ are g“gtz, and
the corresponding block of the S-matrix is

1 (=545 5+4/5
E(5+ﬁ —5+J§)'

This S-matrix looks similar to that of the commutant of G, in the center of the
generalized Haagerup category for Z, x Z,, which also has rank 10, but with differ-
ences in several blocks.

Example 6.10. The generalized Haagerup category € for Zg with (e, A) given in
the Mathematica notebook solutions.nb satisfies €4(g) = (—1)%. Again, we can
compute the I x I-corner of the modular data of the Drinfeld center of the Z,-de-
equivariantization £ by diagonalizing the action of t on the tube algebra. We have
|7]| = 8, and we find that the missing corner is the same as that of the Drinfeld center
of the Asaeda—Haagerup categories: the eigenvalues of the ji* are ¢ 13;2 forl <i <8,
with

Sei =i = — —_—
N T AT
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7. Z3-equivariantization

In this section we compute the modular data for the Drinfeld center of the even part
of the 4442 subfactor. The 4442 subfactor was first constructed in [27]. It is self dual,
and its even part is a Z3-equivariantization of the generalized Haagerup category for
G = 7y X Z», see [19, Corollary 9.5].

The structure constants (e, A) of the generalized Haagerup category € are given
in [19, Theorem 9.4] in terms of a sign s and a fourth root of unity JLE' We fixs =1

and z = v/d. We denote the elements of Z, x Z, by {0,a, b, ¢}, in the same order as
the matrices (€, A).
Let 8 be the automorphism of Z, x Z, satisfying

B(a) =b, 0(b) =c,0(c) =a.

Then € and A are invariant under 6, so we can define an automorphism y(s) = s and
Y(tg) = tg(g)» & € G. Then the even part of the 4442 subfactor is equivalent to the
equivariantization €%3 with respect to the action generated by .

To describe the Drinfeld center of €23, it is easier to work instead with the Morita
equivalent category € x Zs3, which is generated by € and y. The category € x Z3
leaves the Cuntz algebra generated by s and #,, g € G invariant, so we can do all of
our calculations in terms of this Cuntz algebra.

Note that H = Inv(€ X Z3) = (Z, X Z3) Xg Z3 is isomorphic to the alternating
group on four letters. We denote a typical element of H by

(i,g) = yi oag, i €{0,1,2}, g €{0,a,b,c}.

The tube algebra of € X, Z3 inherits the Z3-grading of the category, and so we
look for the minimal central projections in the graded components of the tube algebra
separately. For detailed calculations within the tube algebra, such as diagonalization
of t, we use Mathematica and the tube algebra formulas for an equivariantization of a
generalized Haagerup category, which are included in the online appendix.

We first look at the trivially-graded component of Tube(€ x,, Z3), which contains
Tube €. The group part Ag of Tube € is Abelian, and following the notation of Sec-
tion 3, its minimal projections are z (k) and E(k, €), for k € G; and E(k, €;)+, for
k#1egG.

In the larger algebra Tube(€ x, Z3), we can break up the trivially-graded group
part as

A0,6) = #(0,0) D A(0,6\{0})
with dim(d‘a(o’o)) = 24 and dim(a‘%(o,g\{o})) =T72.
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For g,h # 0 € G, we have that 1, is equivalent to 15, since g and / are in the same
conjugacy class in H . Therefore, there are 8 minimal central projections in o, G\{o})
which all have rank three. They are

z(a) + z(b) + z(c), E(a,e3)+ E(b,¢ep) + E(c,€c)
and
E(a,eo)s + E(b,eg)e + E(c,€0)e.  E(a,ep)s + E(b.€c)s + E(C.€q)s,

E(a,ec)e + E(b.€a)s + E(c.€p)e, & € {£}.

To find the center of (g g), we also consider the projections

2
P =3 0 0.0) G.0)1G.0) ©0,0),
i=0

for w a cube root of unity.
Then the minimal central projections of +q,o) are

p®z(0) and p®E(0,0). o €{1.£3.¢5"},.
which each have rank one, and
E(O, Ga)é‘ + E(O’ eb)s + E(O’ 66)89 S {:t}v

which each have rank three.

Therefore, there are 16 minimal central projections in +,g). To find the corres-
ponding minimal central projections in Tube(€ x,, Z3), we follow a similar procedure
as in Section 4. Namely, for each minimal central projection p in g g), we choose
a minimal subprojection p’ and a basis {js}ses of mutually orthogonal partial iso-
metries for p'#A(0,G),.g,p (this is not difficult since for a fixed p’ and h € G, the
space p'A0,G),.mp turns out to be at most 3-dimensional). Then the corresponding
minimal central projection in the tube algebra is

p + Z .] s* J s
seS
After computing the 16 minimal central projections of Tube(€ x,, Z3) which have

nontrivial component in g, ), we can list the corresponding objects in the Drinfeld
center Z(€ x, Z3).

Lemma 7.1. 1. The (identity) object

(0,0)
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and the object

(0’ O) @ @ (O,g)p

geG

each have three irreducible half-braidings.

2. The objects
. ¢
0#g€eG

and

@((0, g)® 3(0,g),0) @ 30,000
0#£g€eG

each have a unique irreducible half-braiding.

3. The objects

P((©0.9) & 0.0)0) ® 300
0#£g<eG

and

@((O’ 8) ®200,9)P)

0#£g€eG
each have three irreducible half-braidings.
4. The objects
3(0,0) ® 26D 0.00p
0#£g€eG

and

3((0,0) & 0.00) & D .00
0#geG

each have a unique irreducible half-braiding.

We can now find the remaining minimal central projections in the 0-graded com-
ponent of Tube(€ x, Z3) as follows. Let Z g) be the sum of the 16 minimal
central projections with non-trivial component in +o,i). The dimension of 4 , »
is 72, and for h # 0 the dimensions of A, » and A ;5 o e are 56 and 48,
respectively. On the other hand, the dimensions of Zo,G) g o,ps Z(0,6) % g.np> and

Z (O,G),A o are 48, 32, and 24, respectively. This implies that

(0,0)P5(0,h)

dim((1 = Z(0,6)) %0 0)p) = dim((1 — Z(0,6))% ¢ ,0)
= dim((1 - Z(O,G))‘Am,o)/),(o,h)l’) = 24.

Therefore, all of the subalgebras (1 — Z(o,G)) A, ,,p) are 24-dimensional, and the
corresponding projections (1 — Z(o,6)) 1, ,,p are equivalent in the tube algebra.
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To find the minimal central projections in (1 — Z(o,G)) ) p» W€ diagonalize

t . p- For each i € G the minimal polynomial of t, , , is
q(x) = (¥ = D(x* = ) (x* = £57).
We let
q(x) A qk(t(o h)P) +1
qr(x) = —— and py=——""—. Ae{£{3}.
x—A " g1 (1) °
We find that each p}f is a rank three projection, which is a minimal central projec-
tion in A, , , for A = —¢ gtl, but splits as a sum of three minimal central projections

forA=¢ gcl . Then we can match up the minimal subprojections of the p}f forA=¢ 5i1
for different / to find the corresponding minimal central projections in Tube(€ x,,
Z3).

Lemma 7.2. 1. The object

@ ©0,h)P

heG
has 6 irreducible half-braidings.
2. The object

3 @ 0,h)P

heG
has 2 irreducible half-braidings.

Next we consider the non-trivially-graded components of the tube algebra. Let
T € {1,2}. Then we have Ay ) is isomorphic to A, ;) and similarly 4 _ . , is iso-
morphic to 4, , , for all g and & in G, so it suffices to consider A ) and A, o,
which have dimensions 6 and 54 respectively. The space 4,0, o has dimen-
sion 12.

The algebra s ;o) is Abelian, and the w-eigenspace of t(; o) is 2-dimensional for
each cube root of unity w. For each w, let

1 &
r® = §Zw’((f,0) (i, 01, 0) (z,0))
i=0

and

2
1 .
sg = 3 E ' ((7,0) G000l 1,0 (7,0)).
i=0
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Then (s€)? = r® + s and the six minimal projections of o) are given by

5=5, 1

5445 1
w,0 = rw ® and p?’l - 10 Iy + %S?’

T 10 T %Sr

for the three choices of cube root of unity w.
i

The t(;,0)-eigenvalue for each p2" is w. We can find the corresponding min-
imal central projections in Tube(€ x, Z3) by looking at the action of A ) on

A(z,0),(z.0)p> 1N @ similar way to the 0-graded case above.

Lemma 7.3. For each t in {1, 2}, the objects

@((r, g) ® (rg)p) and @((77 8) ®3(g)P)

geG geG
each have three irreducible half-braidings.

Finally, we can determine the remaining minimal central projections in A ;

by diagonalizing t  , ,, in a similar way to the 0-graded case. We find that t_ ,
has six additional eigenvalues, which are {a)é'sil}, for w a cube root of unity. The

corresponding eigenprojections all have rank two and are central.

Lemma 7.4. For each t in {1, 2}, the object

2 @ (r.8)P

geG
has six irreducible half-braidings.

Now, that we have found the 48 minimal central projections of Tube(€ x, Z3) and
their T -eigenvalues, we can compute the S-matrix using (2.5). To display the modular
data, we group the simple objects in Z(€ x, Z3) into eight blocks of sizes 6, 2, 6, 2,
6, 2, 12, and 12, respectively, corresponding to the enumerations in Lemmas 7.1-7.4.
Within each block we use the following indexing convention. We factor the block size
into a product of a power of two and a power of three. Then we index each factor of
size three by a cube root of unity @ and each factor of size two by a sign ¢ (or £1,£2).

Theorem 7.5. With notation as above and appropriate ordering within each block,
the modular data for the Drinfeld center of the even part of the 4442 subfactor is
given by the table in Table 7.



S
a—cep
3 a—ee'p ee'f—a
3 1 —1 —1—26€' + 885,6'80r,0r
1 1 3 —1—2¢¢’ 26,6’ — 1
s%/? £ 3e 0 0 2cos @
2%/5 £ —& 0 0 2cos % 2cos @
3%/5 2 cos %waé 0 0 0 —a’lw’glz 0 2 cos %(ma)’)’ezs’z
ENG sw®2 0 0 0 2 cos Ww*sé 0 s1(ww)"2e2 2 cos W(ww’)*ﬁ’z
T 1 -1 1 -1 g L w ot

Table 7. The modular data for the Drinfeld center of the 4442 fusion category. Here o = % and f = %. The eight blocks have sizes 6, 2, 6, 2,
6,2, 12, and 12. The indexing of each block is as indicated in the text and primes are used for indices corresponding to rows. The number to the left
of each row is a multiplicative factor which applies to each entry in that row.
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