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Quantum invariants of three-manifolds
obtained by surgeries along torus knots

Hitoshi Murakami and Anh T. Tran

Abstract. We study the asymptotic behavior of the Witten—Reshetikhin—Turaev invariant asso-
ciated with the square of the n-th root of unity with odd n for a Seifert fibered space obtained
by an integral Dehn surgery along a torus knot. We show that it can be described as a sum of
the Chern—Simons invariants and the twisted Reidemeister torsions both associated with rep-
resentations of the fundamental group to the two-dimensional complex special linear group.
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1. Introduction

For a closed three-manifold M and an integer r > 2, we denote by

7 (M;expr~/—1/r))
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the Witten—Reshetikhin—Turaev quantum SU(2) invariant [54, 67]. Here, E. Witten
introduced, in a physical way, the invariant by using the Chern—Simons action and
the path integral, and N. Reshetikhin and V. Turaev defined it, in a mathematical way
motivated by Witten’s paper, by using quantum groups.

In [67, (2.23)], Witten suggests that, when r — oo, 7, (M ; exp(2w v/—1/r1)) splits
into sums of terms of SU(2) representations of 1 (M), and each term can be expressed
in terms of the associated Chern—Simons invariant and the Reidemeister torsion. The
asymptotic behavior of t, (M ; exp(27w V-1 /1)) are studied in [2,3,16,24,59]. In [16,
(1.36)], D. Freed and R. Gompf gave a precise formula as a speculation and did
computer calculation for the asymptotic behaviors of the invariants of some Seifert
fibered three-manidolds including lens spaces. L. Jeffrey [24] confirmed the formula
for lens spaces and for torus bundles over circles. L. Rozansky [59, 60] obtained the
asymptotic expansion of 7, (M ; exp(2+/—1/r)) for Seifert fibered spaces (O, g; 0 |
0;a1, B1;a2, B2, ..., 0k, Br). See also [21].

The following conjecture is a part of the asymptotic expansion conjecture [1,2,4]
by J. Andersen.

Conjecture 1 (Asymptotic expansion conjecture). There exist constants b; € C and
d; € Q such that

. (M;expQr~—1/r)) = ijez’“/__”qf rY + 0@

Jj=1

forr — oo, where 0 = qog < q1 < g2 < -+ < qp, are different values of the Chern—
Simons invariants of M associated with representations of w1(M) to SU(2). See [1]
for the original conjecture.

The asymptotic expansion conjecture is proved for all finite order mapping tori
in [2] (see also [4]), for three-manifolds obtained by rational Dehn surgeries along the
figure-eight knot [3]. See [20] for more general Seifert fibered spaces. Note that the
asymptotic expansion conjecture states that 7, (M; exp(2w~/—1/r)) grows at most
polynomially when r — oo, which is true by topological quantum field theory.

For an odd integer n > 3, we can define another quantum invariant denoted by
2,(M; exp(4w~/—1/n)). See Section 2.1 for the combinatorial definition together
with that of 7, (M ;exp(27~/—1/7)). In [10], Q. Chen and T. Yang studies the asymp-
totic behavior of 7, (M ; exp(4w+/—1/n)) by using computer for closed three-mani-
folds obtained by integral Dehn surgeries along the knots 4; and 55, and proposed the
following conjecture:
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Conjecture 2 ([10, Conjecture 1.2]). For a closed, hyperbolic three-manifold M,
T, (M ; exp(4m/—1/n)) grows exponentially and

= CS(M) + vV=1Vol(M), (1)

4T lim log T, (M ; exp(4d~/—1/n))
n—o00 n

where Vol(M) is the hyperbolic volume of M and CS(M) := 27 cs(M) with cs(M)
the Chern—Simons invariant of the complete hyperbolic metric of M [9, 11].

Remark 1.1. The quantity Vol(M) + +/—1 CS(M) is often called complex volume.
See [18, Theorem 2.8].

Remark 1.2. Note that this conjecture says that 7, (M ;exp(4 ~/—1/n)) grows expo-
nentially when n — oo if M is hyperbolic. Note also that the first author calculated
the asymptotic behavior of 7, (M; exp(2w~/—1/n)) by using computer for three-
manifolds obtained by integral Dehn surgeries along the figure-eight knot 4, and
observed that, possibly because of lack of precision, it grows exponentially and (1)
holds if we replace 47 \/—_1 with 27 \/—_1 , see [44].

In [50], T. Ohtsuki proved Conjecture 2 in the case of three-manifolds obtained
from the figure-eight knot by integral surgeries. He also generalised the conjecture
above as follows.

Conjecture 3. For a closed, hyperbolic three-manifold M, we have
Ty (M ;exp(dnv—1/n))

~ (some root of unity) x w(M)n>/? exp(%\/_l(CS(M) + \/—_lVol(M))>
A/ —

for n — 0o, where w(M) involves the square root of the twisted Reidemeister torsion
associated with the holonomy representation (see for example [53]), and we write

f(n) ~ g(n) forn — oo iflim, 2:83 = 1.

Note that the conjecture above implies Conjecture 2. Compare this with the com-
plexified version [46] of Kashaev’s conjecture for hyperbolic knots [28] in terms of
the colored Jones polynomial [45], where a knot is called hyperbolic if its complement
S3\ K possesses a unique complete hyperbolic structure with finite volume.

Conjecture 4 (Complexification of Kashaev’s conjecture). Let K C S3 be a hyper-
bolic knot. Then we have

. log Ju(K;exp(Rm~/—1/n))
27 lim

n—oo n

= Vol($3\ K) + v=1CS(S*\ K), (2)

where J,(K; q) is the colored Jones polynomial of K associated with the n-dimen-
sional representation of s1(2; C) and CS is the Chern—Simons invariant for a knot [39].
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Remark 1.3. R. Kashaev’s original conjecture is that for any hyperbolic knot K,
limy 00 % = Vol(S3 \ K), where (K)y is his invariant defined in [27]
depending on an integer N > 2.

Conjecture 4 is proved for 4; by T. Ekholm, 5, by T. Ohtsuki [49], 61, 62, 63
by Ohtsuki and Y. Yokota [52]. For general knots, J. Murakami and the first author
proposed the following conjecture generalizing Kashaev’s conjecture, which was also
complexified later.

Conjecture 5 (Complexification of the volume conjecture). For any knot K, we have

1 K; 2 —1
97 lim og J,(K;exp(2m~/—1/n))

n—oo n

= Vol($3\ K) + V/—1CS(S3\ K). (3)

Here we define Vol(S3 \ K) := vs3 ”S3 \ K” with v the volume of the regular, ideal,
hyperbolic tetrahedron and ||S> \ K || the simplicial volume (or Gromov'’s invariant)
— see [19] and [63, Chapter 6] — and CS is a topological Chern—Simons invariant
(defined by the left-hand side), which coincides with the Chern—Simons invariant
when K is hyperbolic.

As for non-hyperbolic knots, R. Kashaev and O. Tirkkonen proved the Volume
Conjecture for torus knots. Note that since the simplicial volume equals the sum of
those of hyperbolic pieces of the knot complement after the torus decomposition (also
known as the Jaco—Shalen—Johannson decomposition) [23,25], the simplicial volume
of a torus knot vanishes. See [35, 68] for other cases, that is, for non-hyperbolic knots
with non-zero volume.

It would be natural to study the asymptotic behavior of %, (M ; exp(4w~/—1/n))
in the case where M is not hyperbolic, and derive a formula similar to Conjecture 1.
In this paper, we calculate it for a certain family of Seifert fibered spaces with three
singular fibers.

Let T(a, b) be the torus knot of type (a, b) in the three-sphere S3 for positive
coprime integers a and b. Put X := S\ Int N(T'(a, b)), where N(T (a, b)) is the
regular neighborhood of T'(a, b) in S3 and Int is the interior. Note that X is a compact
three-manifold with boundary dX a torus S x S'. For an integer p we denote by X P
the closed three-manifold obtained from S3 by p-Dehn surgery.

It can be shown that X, is the Seifert fibered three-manifold of type S(—a/c.b/d,
p — ab), where ¢ and d are integers such that ad — bc = 1 [42] (see Figure 1 for a
rational surgery description for S(rq, 12, r3) (11,12, r3 € Q). Note that S(rq,r2,73) is
the Seifert fibered space (0,0;0|0; a1, B1;22, B2, 03, 83) withr; =o; /8; (i =1,2,3)
in Seifert’s notation [61, Satz 5] (see [62] for an English translation). We give a
proof in Section 2.4 because we need to carefully choose the signs of the surgery
coefficients.
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Figure 1. A surgery description for X, where 0, r1, r2, and r3 are surgery coefficients.

Assume that n is odd, p — ab > 0, and gcd(p, ab) = 1. Then we can express
the asymptotic behavior of 7,(X,; exp(47x v—1/n)) in terms of the Chern—Simons
invariants and the Reidemeister torsions associated with representations of 71 (X)) to
SL(2; C). In fact we prove:

Main theorem (Theorem 9.8). We have

(_1)p+1n3/2

20 (X, exp(4mv/—1/n)) = (A(m) + B(m)n™ "2 + 0(n™)),

2
with
ntl_ /— Irr —
A(n) = 2¢"F Y 1( Z _ Z )T_il_rr(h’k’Z)en‘(‘fs_’_(h,k,l)n«/ 1
(hk)eds  (hkDeiy
h=k=l=1 =k=I]=
2 2 2 2 2 2
n+1 — Irr —
4+ 2" 7/ 1( Z . Z )T_Irr(h’k’l)en‘CS_(h,k,l)n«/ 1
(he,eHd  (hk,DexY
h=k=l=1 h=k=1=0
2 2 2 2) 2 @2
and

B(n) := %\/__1(_1)a+b+aben(l—17)n\/—_l/4ZTAbel(Z)en‘C’SAbd(l)n\/—_l’
o<l<(p—-1)/2

where ’]'jIE"(h, k,1) and TA%\ (1) are related to the twisted Reidemeister torsions, and
€S (h,k, 1) and €82%(1) are related to the Chern—Simons invariant as described

in the following:
o (TAM()™2 = & Tor(X); ﬁfbel), where

Tor(Xp: 5™")
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is the homological Reidemeister torsion of X, twisted by the Abelian representa-
tion
o1 1 (X,) — SL(2; C);

o €8N (1) = CS(Xp: pr°') (mod Z), where
CS(Xp: )

is the Chern—Simons invariant of X, associated with ﬁfbel;

o« (T D) = | Tor(Xp: Py o), where

|
Tor(Xp: Pp—ap—h,a—ic,bp—1)

is the homological Reidemeister torsion of X, twisted by the irreducible repres-
entation

B ab—ha—tp—1: ¥1(Xp) = SL(2; C);
o €S(h,k,]1)=CS(X ;ﬁ;rr—ab—h,a—k,b—l) (mod 27.), where

. ~Irr
CS(Xp: Pp—ap—h,a—kc,p—1)
. . . . . . ~I .
is the Chern—Simons invariant of X, associated with pp“_ab_h,a_k’b_l,

. Jr’fﬁ C JH and J(’X C J are certain index sets, where
H = {(h,k,l)eZ3|0<h <p—ab,0<k<a0<l<bh=k=1[ (mod2)}.

Remark 1.4. Let TV, (M) be the Turaev—Viro invariant of a three-manifold M,
see [65]. It is known that TV, (M) = |T,(M;exp(4w~/—1/n))|? [6,55], where we
choose the parameter of TV, (M) so that this equality holds.

Chen and Yang proposed the following conjecture:

Conjecture 6 ([10, Conjecture 1.1]). For a hyperbolic three-manifold M with pos-
sibly non-empty boundary, we have

log TV, (M)
n

27 lim = Vol(M),

n—>oo

where n runs over all odd integers.

For a link complement, the following conjecture was proposed by R. Detcherry,
E. Kalfagianni and Yang.

Conjecture 7 ([14, Conjecture 5.1]). For any link L in S3, we have

log TV, (S3\ L
2 fim 2ETVRTAL)

n—oo n

v3| S\ L],

where n runs over all odd integers.
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Note that they also proved that the Turaev—Viro invariant of a link complement
can be calculated as a sum of the squares of the absolute values of the colored Jones
polynomials. They also proved Conjecture 7 in the case where L is a knot with volume
Zero.

In [13], Detcherry and Kalfagianni proposed a similar conjecture for the Turaev—
Viro invariant:

Conjecture 8 ([13, Conjecture 8.1]). For any compact orientable three-manifold M
with empty or toroidal boundary, we have

log TV, (M)
n

27 lim sup vs|| M|,

n—>oo
where n runs over all odd integers.

Compare this with Conjecture 6; they replace lim with lim sup.

See [38] for computer calculations of the asymptotic behaviors of the Turaev—Viro
invariants.

Finally, note that if we could show that A(n) or B(n) does not vanish, then Con-
jecture 8 holds for X,.

For the asymptotic behavior of 7,(X,; exp(27 V/—1/n)) evaluated at the point
exp(2mv/—1/n), see [16,24], [48, Section 7.2], and [2].

For coprime, odd integers p; and p, greater than or equal to three, put
S(=2, p1, p2) the Seifert fibered space with three singular fibers with index —2, p;
and p,. Then the fundamental group 71 (S(—2, p1, p2)) has the following presenta-
tion:

T (Mpy,py) = (e, By, [ 1o, f1=1B. f1=1n. [1=>f =P f =yP2f
=afy =1).

For coprime, odd integers k; and k» with 0 < k1 < p; and 0 < kp < pa, let
ﬁkl,kz: T (S(_2’ P, pZ)) - SL(27 C)

be an irreducible representation such that the eigenvalues of P, x,(B) (0k, k, (V).
respectively) are exp(=+ %) (exp(x %), respectively). Then in [51, Pro-
position 4.17], it is shown that the conjugacy class of pg, k, is unique.

Put
E5(S(-2. pr. p2): ki) = 4 (5 — - — 2
and
. R 8 sin(XLL) sin(Z)
T(S(=2, p1. P2); Py k) = N
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Then Ohtsuki and Takata proved the following theorem.

Theorem 1.5 ([51, Theorem 1.3]). For odd integers n, we have the following asymp-
fotic expansion:

t0(S(=2, p1, p2); ™V
B (_1)(n—1)/zenJ—_1/ne—n(p1 +p2)nJ—_1/4n3/2

8
(Y42 Y )EDEHRDRE(S(2, pr p2): ey ko)
SU(2) . SL(%C;]R)
GREA

% en@(S(—Z,m,pz);ﬁkl,kz)m/—_l + O(n).

Here

ZSU(Z) means that the summation is over all SU(2) representations. In this case
the corresponding range is

k k 1 k k 3
{(kl,kz)eZZH—l——z<—<—1+—2<—,klsk251}, @)
P D2 2 piop2 2@ @

* D siRr) Mmeans that the summation is over all SL(2; R) representations with

% + % < % In this case the corresponding range is

1
{(kl,kz)ezz‘k—‘+k—2<-,klEk251}
P p2 2 @ @

s

. ‘ETS(S(—Z, D1: P2); Pk, k) is the Chern—Simons invariant of S(=2, p1, p2) asso-
ciated with Py, k.,

. rJA‘(S(—2, D1, D2); Pky ky) 2 is the homological Reidemeister torsion of S(—2, p1,
p2) twisted by g, k-
Compare this formula with ours when a = 2. If a = 2, then our formula can be
simplified as follows (see Example 9.11):
%n(Xp; e4:rr«/—_1/n)
B e(n+1)n¢—_1/4n3/2
B 8w
JCEED VRS D D I

(h,1,)eH2 (h,1,)edeL\H L
b—I1=2 (mod4)

/—1en(1-p)nv/~1/4,
4

Z (]'Abel(l)en‘esAbd(l)n\/—_l + O(nl/Z)
o<l<(p—-1)/2
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e(n+1)n¢—_1/4n3/2
B 8
% (2 3 + > )T 1D
ﬁz‘ 1.1 :SU(2)-representation ﬁz‘ 1.1 :SU(1,1)-representation

25+ 5255 <1,b—1=2 (mod4)
Irr
w M8 1.7/~
\/__len(l—p)zr»,/—l/4n

J ZTAbel(l)enBSAbﬂ(l)ﬂ\/__l + 0(7’11/2)
T

o<l<(p—-1)/2

2. Preliminaries

In this section, we describe some basic facts that are necessary for this paper.

2.1. Quantum three-manifold invariants

We will explain how to compute the SU(2) Witten—Reshetikhin—Turaev invariant [54,
67] following [36]. See also [7] and [37, Chapter 13].

Let M be a closed, oriented three-manifold. Suppose that M is obtained from
the three-sphere S3 by Dehn surgery on a framed link presented by a link diagram
D := Dy U D, U---U Dy,. Note that the surgery coefficients are integers because
they are given by the framings.

IfC; i =1,2,...,m)is alink diagram in an annulus, {(Cy, C5,..., Cy)p means
the Kauffman bracket [29] of the link diagram obtained by inserting C; in the regular
neighborhood of D; in the plane, respecting the under/over crossing information. We
extend the definition to linear combinations of link diagrams multilinearly.

For a non-negative integer k, let S (x) be the k-th Chebyshev polynomial defined
by So(x) =1, S1(x) = x, and

Sk1(x) = xSk (x) — Sk—1(x).

Denoting by « the core of an annulus, let Sx(a) be the linear combination of o/
determined by S (x), where o/ means the j parallels of . So, Sk(«) is a linear
combination of link diagrams in the annulus. It is known that S (x) is obtained from
the k-th Jones—Wenzl idempotent [66] by closing it along the annulus. Put

n—2
w = Z Ak X Si(a),
k=0

. L k A2+ _ g—2(k+1)
with Ak = (—1) a4z
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Let r > 3 be an integer. Suppose that either A is either a primitive 4r-th root of
unity, or A is a primitive 2r-th root of unity and r is odd. Then

(w,w,...,0)p
b b_
<w>U—:_ <w>U_
is an invariant of M, where

* by (b_, respectively) is the number of positive (negative, respectively) eigenvalues
of the linking matrix of D, where the diagonal entries are the framings and the off
diagonal entries are the linking numbers [36, Theorem 5].

e Uy is a knot diagram of the unknot with framing £1.
Now, we define

(w,w,...,0)p

by b_
w)U+ (w)U_ A=exp(”\2/r_71)

(M ; exp(2m V=1/r)) =

for any integer r > 3, and

(w,w,...,0)p

<w>?f—:_ (a))[ljl__ A=exp(”\/njl)

2.(M;exp(4mv/—1/n)) = (5)

Here we use exp(2mw+/—1/r) and exp(4mw+/—1/n) because we want to mention the
value of A% that is usually used for the parameter of the Jones polynomial (see Sec-
tion 3).

2.2. Reidemeister torsion

Here we explain the Reidemeister torsion twisted by the adjoint action of a representa-
tion from the fundamental group of a closed three-manifold to the Lie group SL(2; C).
For a closed, oriented, connected three-manifold M, let p: 71(M) — SL(2;C) be
a representation, where we take a basepoint of M appropriately. Denoting by M be
universal cover of M, the i -th chain group C; (M:C) and the Lie algebra s[(2; C) can
be regarded as a Z(;r; (M)). Here an element in 1 (M) acts on C; (M; Z) by a deck
transformation, and acts on s[(2; C) by x - g := ad,(x)(x), where x € w1 (M), g €
s[(2;C) and ad(x)(g) := p(x) ' gp(x) is the adjoint action. Then the tensor product
Ci(M;p):=C; (1\2; 7)) @7,z (my) sL(2:C) (i = 0,1, 2) forms a chain complex

Cai {0} = C2(M:p) 2> C1(M:p) 25 Co(M: p) — {0,

Let H; (M ; p) be the homology group of the chain complex C,. Let ¢; be a basis of
Ci(M;p), h; be abasis of H;(M;p), and b; be a set of vectors in C; (M ; p) such that
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the set d; (b;) forms a basis of Im(d;). Then we define

Tor(M; p) := [62(b22 Uh,Ub | ¢1]
[01(by) Uh | co][hz Ub, | ¢;]

and call it the (homological) Reidemeister torsion twisted by the adjoint action of p.
Here, if u and v are bases of a vector space, then x ‘ y is the determinant of the
base-change-matrix from x toy.

If X is a three-manifold with torus boundary, then we can also define the Reide-
meister torsion Tor, (M ; p) if one fixes a simple closed curve y in dX. The following
facts are known to calculate the Reidemeister torsions.

Let u be the meridian and A be the preferred longitude.

o If p is a representation in the irreducible component indexed by (k, ), then
Tory (X p) is given by
a’b?

Tory (X:p) = s
16 sin”(7F) sin”(Z")

(6)

Note that one can also determine the sign. See [15, Section 6.2].

* Suppose that p(p) = (8"0/2 e_§/2> and p(y) = (ew(g)/z e—wfm/z ) after a certain

conjugation. Then we have

w(u)
du

Tor, (X;p) = + d Tor, (X, p) @)

from [53, Théoreme 4.7].

* Let M a closed three-manifold obtained from X by Dehn surgery. We assume
that M = X U; D, where i: dD — 0X is a homeomorphism. From [53, Proposi-
tion 4.10], Tor(M; p) is given as

Tori(up) (X p)
(trp(i(Ap)))* — 4’

where up and Ap are the meridian and the longitude of D, respectively.

Tor(M;p) = + 3)

2.3. Chern-Simons invariant

For arepresentation p: w1 (M) — SL(2;C), let A be a flat connection on M xSL(2;C)
that induces p as the holonomy representation. Then the following integral is called
the SL(2; C) Chern—Simons invariant CS(M ; p) of M associated with p [11]:

1 2
CS(M:p) = 2 tr(A/\dA+§A/\A/\A) e C/Z.
M
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Suppose that a closed three-manifold M is obtained by Dehn surgery along a knot
K C S3.Put D := D? x S and assume that M is obtained from E := §3 \ Int N(K)
and D by identifying up C dE with the meridian of D. Here the meridian of D
is 9D? x {point}. We also assume that the longitude {pointin dD?} x S! of D is
identified with Ap C dE. Then the following theorem is known [32, Theorem 4.2].

Theorem 2.1 (Kirk—Klassen). Let pg and py be representations of w1 (M')—SL(2;C).
Assume that there exists a path of representations p;: w1 (E) — SL(2;C) (0 <t < 1)
avoiding parabolic representations such that p; = p;|g fori = 0, 1. We assume that
after conjugation, the images of wp and Ap are as follows:

eZn\/—_la(t) 0
pt(/"LD) = ( 0 e—zﬂ\/—_lﬂf(t))’

o2 V=181 0
pt(AD) = ( 0 e—zﬂx/—_lﬂ(t))'

Then we have

do(t)

dt
dt

1
CS(M: 1) — CS(M: o) = 2/ﬂ(r)
0

as an element in C /7.

Remark 2.2. Our sign convention is different from that in [32]. See [16, p. 98, foot-
note].

2.4. Surgery description

In this section we show that X}, is homeomorphic to the Seifert fibered space S(O, 0,
—a/c,b/d, p — ab) by using techniques described in [57]. See also [56]. Here we
assume that b > a > 0 and (a,b) = 1, but we do not assume that b is odd for simplicity.

Let S =~ D? x S! be an unknotted solid torus, where D? is a 2-disk and S! is
a circle. Let (T'(g,r) U L U M), ;) be the 3-component link with rational surgery
coefficients, where T'(g, ) is the torus knot with surgery coefficient s that lies on 95,
L is the core {0} x S of S with coefficient 7, and M is an unknotted circle in $3 \ S
that is parallel to the meridian dD? x point of S with surgery coefficient u. Here we
assume that s, 7, u € Q U {oo}, and that the knot 7' (¢, r) presents the homology class
[¢ x longitude + r x meridian] € H;(0S; Z). See Figure 2.
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M

Figure 2. A solid torus S, L, and M. The torus knot 7'(g, r) is on 9S. It passes through M ¢
times and goes around L r times.

Putting o =: b and r1 := a, we have the following k equalities from the Euclidean
algorithm:

ro =q1r1 + r2,

ry =qarz +rs,

Te—3 =qk—2Tk—2 + k-1,
Fk—2 =qr—1rg—1 + 1,
Fe—1 =4k 9

since (a,b) = 1,wherer; (i =0,1,...,k—1)andgq; (j = 1,w,..., k) are positive
integers with r; 41 < 7;.
We start with (T'(ro,71) U L U M), 5 ). If we apply —q1 times twists about
L, then
(T (ro.r1) U LU M)(p,oc0,00)

is changed into

(T(r2.r) UL U M)(P_71241s_1/41a0°)
without changing the associated three-manifold. Similarly, we see that —g, times
twists about M changes

(T(}"z, rl) UMuU L)(p—rlzq1,00,—1/41)

into
(T'(ra,r3) UL U M)(P—rlzm—73612,—1/612,—1/611—QZ)

without changing the associated three-manifold.
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Continuing these twists, we get the following sequence of links with rational sur-

gery coefficient without changing the associated three-manifold:
—q twists about L
(T(ro,r)) ULU M) (p,0,00) ———
—q> twists about M

_—

(T(r2,r1) UL U M)(p—rlzqh—l/fhaoo)

—q3 twists about L
é
(T'(r2,r3) UL U M)(p—rlqu—rzzqz,—[qz,qll,—l/qz)

T ULUM —q4 twists about M
(Tra. 73) )(1’_’12‘11 —r3q2—r3q3,—1/[43,42,q911,—[43.42])

(T -y U LU M)(p—Zf;ll 24 =1/ [qk—1,dk—2-d1 1=k —1:dk—25-,42])

(if k is even),

(T(re—1,HU LU M)(p—Zf;ll 24 —ldr—1ak—25a11,=1/[qk—1,dk—25--42])

(if k is odd),

—q, = —Tk—1 twists about M (L, respectively)

if k is even (odd, respectively)

(TA.00ULU M)(p—Zf;ll 120 =Tk—1,= 1k dk—1 54111/ [k Gk —1 5--42])

(if k is even),

(TO.HULU M)(p—Zf;ll 120 =Tk—1,=1/ [k Gk —1 5011 = [dk Gk —1 5--42])

(if k is odd),
from (9), where [mg, m1,m2, ..., my] means the continued fraction
1

moy + T
my +

Pra———

Ignoring the surgery coefficients, the links (7(1,0) U L U M) and (T (0,1) U L U M)
are depicted in Figures 3.
Now, we study the complicated coefficients. First of all, we have

2 2 _ 2
P—riqr — =TI, _19k—1 —Tk—1 =P —Fq1 — " —Tk—1Tk—2
— 2 2
=p—riqr — =TI _5qk—2 — Tk—1Tk—2
— 2
=p—rq1 — - —TIg-2lk-3

=p—rirp = p —ab.
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T(1,0) .
T

M M

Figure 3. The links (7(1,0) U L U M) (left) and (T'(0, 1) U L U M) (right).

Next, we consider the continued fractions. Dividing j-th equation of (9) by r;
(j =1,2,...,k—1), we obtain

ro/r1=q1 +r2/r1,
ri/r2=qz +r3/ra,

Tk—2/Tk—1=qr—1 + 1/rr_1,
Te—1 = Y4k-

From these equations, we can see that b/a = ro/r; is expressed as the continued
fraction [q1, g2, . . ., qx]. We also see thatr1/r> = [q2,93, ..., qk]-

Put
M(q) = (‘1’ (1))

If we write M(qx)M(qk—1) ... M(q;j) = (f;f] f,fj ) then it is easy to prove

S S t;
_]:[Qj’Qj-i-lv"'?qk]? _]:[Qk7qk—l7""qj]7 L:[q]ﬁq,C—l""’qj-i-l]'
lj uj vj

In particular, we have

S1 S1 I
_:[6117612’-~7CIk]7 _:[Qk’Qk—lv"'7q1]7 U_IZ[QIC?clk—l?""QZ]'

5] Ui
Sinceb/a =[q1,92,...,q9x) = s1/t1,51 > 0,11 > 0,and (s1,71) = 1, we have b = s;
and a = t;. Therefore, we have [qr, ¢x—2,...,q1] = b/uq and (g%, Gk—1,...,qg2] =
a/vy. Now, since det(f;‘1 f)‘l) = (—D)*, we have bv; — au; = (—1)¥. Therefore, if
k is even, putting ¢ := —v; and d := —u;, we have [¢k, k—1,...,¢q1] = —b/d and
9K, qr—1,--..92] = —a/c withad —bc = 1. If k is odd, putting ¢ := vy and d :=u;,
we have [qk, qk—1,...,.q1] = b/d, [qk, k-1, ..,q2] = a/c withad — bc = 1.
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c/a —d/b

__/ —/

p—ab b/d p—ab —c/a

Figure 4. (T'(b,a) U L U M)(p.c0.00) 18 equivalent to the link to the left (right, respectively)
if k is even (odd, respectively).

Therefore, (T'(b,a) U L U M)(p,00,00) and the link in Figure 4 give the same
three-manifold. Here numbers beside link components are surgery coefficients.

By the “slam-dunk” move [12, Figure 6], both links in Figure 4 and the link depic-
ted in Figure 1 give the same three-manifold. So, we conclude that X, is nothing but
the Seifert fibered space S(0,0,—a/c,b/d, p — ab).

3. Calculation of 7,(X,; exp(4x +—1/n))

We show that the summation in 7, (Xp; exp(4 V/—1/n)) can be expressed as the
difference of two double integrals.

In this paper we are only interested in three-manifolds obtained by Dehn surgery
along a knot. Let K be a knot in the three-sphere S3 and put X := S3\ Int N(K),
where N(K) is the tubular neighborhood of K in S3 and Int means the interior. For
an integer p, denote by X, the closed, oriented three-manifold obtained from S 3
by Dehn surgery along K with coefficient p. More precisely, we obtain X, from the
disjoint union X U (D? x S1) by identifying dX and d(D? x S') so that dD? x {x} C
d(D? x S1) is identified with the simple closed curve in X that goes once along K
and p times around K, where D? is a disk, S! is a circle, and * is a point in S!. So,
the first homology group H;(Xp; Z) is isomorphic to Z / pZ.

We denote by 7, (X,; exp(4r v/—1/n)) the invariant given in (5). Let E be a knot
diagram presenting K with framing p. Then we have

(Sk(@)) &
= (~DFARFD 1P AL Ty (K A%

in2(k + 1
nJ—_l/n)p((k+1)2—1)(_1)k+1 Sln( ( + )7‘[/}1) Jk+1(K;e47r«/—_l/n)’
sin(27/n)

= (—e
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where Ji41(K;q) is the (k 4+ 1)-dimensional colored Jones polynomial of K, norm-
alised so that Ji 1 (unknot; ¢) = 1.

Remark 3.1. We need to multiply by Ay since (Si(«))y = Ay with U a diagram of
the unknot with no crossing.

Remark 3.2. If we start with the Kauffman bracket defined as in [29] and replace
A with 1=/, we obtain the original Jones polynomial V(L;t) [26]. In the formula
above, we replace ¢ in the colored Jones polynomial Ji ;1 (K q) with A%, and so our
2-dimensional colored Jones polynomial J,(L; ¢) equals V(L;q™1).

We have the following lemma.

Lemma 3.3. The Witten—Reshetikhin-Turaev invariant t,(X,; exp(4w~/—1/n)) is
given by the following formula:

S / 1 sion 3,n+1 —
Tn(Xp;eXp(4jT _l/n)) = me‘ en(P) i+ Jw/—1

n—1

X Z Sinz(%—n)(—eﬂ\/n__l)p(kz_l)Jk(K;e4n«/—_l/n)’
k=1 "

where sign(p) is the sign of p.
Proof. When A = e”*/__l/”, we have

(—1)k-1 sin(2kw/n)

A1 = .
k=1 sin(27/n)
So, we have
n—1
(@) = Ap—1 x (Se—1(@))E
k=1
n—1
1
= S 2 eV T sind Qe ) (K 47V,

k=1

Next we calculate (w)y, . Since U- is the mirror image of Uy, (w)y_ can be

obtained from (w)y, by replacing A with A1, that is, (w)y_ = (0)u . (complex
conjugate). So, we will only calculate (w)y, . Since Ji (unknot; ¢) = 1, we have

1 n—1 5
<w>U+ = m Z(_A)k _I(AZk _ A—Zk)Z
k=1

1 n—1

=Y (AT AEFD 247 ()R - AT () *D7)
(A2 — A~2)2 k2=(:)
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_2(=A7+47hH 5—|—A I)Z( NG

(AZ 2)2
2473
YA

where the third equality follows since (—A)¢ +n)? (—A)! ? and

n—1

Gu(0) =Y "

=0

is the quadratic Gaussian sum.
Denoting by () € {£1, 0} the Jacobi symbol, a generalization of the Legendre
symbol, it is well known that

Gn(eZC:rr«/—_l/n) — (%)Gn(eZ:rr«/—_l/n)’

(E) _ (_1y@-Ds,

n
d d
(=)
See for example [22]. So, we have

Gn(—A) = Gy(—e™ 1/
g, (exp(M))

n
(n-i-l)
(%)
— (_1)(n2—1)/8Gn(627[\/—_1/n)’

Gn (eZﬂ\/—_l/n)

where the last equality holds since (5;) = (%/) if ¢ = ¢’ (modn). Since it is also well
known that

G, (/T = | V" ifn =1 (mod4),
" V-lynifn =3 (mod4),
we have
Go(—A) = (—1)@*=D/8 /y ifn=1 (mod4),
T eI ifn =3 (modd)

= (—/=1)"=D/2 /.
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Hence, we have

(w)uy = —6_37“/__1/” (—/=D)=V2/n
v/ —1sin(2x/n)
_ VG
sin(27/n) ’

So, we conclude that

<w>—b+ <Cl))_b_ _ sin(27‘[/n) % egign(p)(%—i—%)ﬂ«/—_l

vy \Wu- = T

and the required formula follows. ]

Remark 3.4. Equation (4.1) in [10] is not correct; they should have used (w)y_ and
(w)y instead of (uw)y_ and (uw)y.

Remark 3.5. This is the so-called quantum SU(2)-invariant. See [17, p.930] and
also [30,37].

Let K := T(a, b) be the torus knot of type (a, b). Our convention is that 7 (2, 3)
is the right-handed trefoil. Note that the knot 37 in Rolfsen’s table [57] (see also [37])
is T(2,—3). Then we have

_ (k—1)/2 ; —(ai
Ju(K:q) = —qijz—q ;7 gD/ S qu(aj+1)‘1a]+1//2_‘1 (a;H/Z)
’ 2 _ ,—k/2 172 _ ,—1/2
e j=—G—1)/2 T
(k—1)/2 : (i
o abGP—D/4 Z bj(aj+l)qa;+1/2_q (aj+1/2)
=q q gkiz —g=k/2
J=—(k-1)/2
from [41,58]. Hence, we have
(k—1)/2 . (4aj+2)
Te(K: ey = gmabt2-D T 3 J4biaj+n T SR
o sin(2£x)
j=—(k-1)/2 n
With / = 2j we have
1 B 3, n+1
20 (Xpiexp(dmv/—1/n)) = ———— NG+ Hm V=1
n(Xprexp(mV/=T/m) =~ o

n—1
X Z Sin(zk—n>(—l)p(kz_l)e(p—ab)(kz—l)ﬂT«/—_l
k=1 n

T 20l + 1
X 3 pllat )™ sin(u),
n
—k+1<l<k-—1
I=k+1 (mod2)
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Putting
n—1 )
S =Y (=1)P*ePm eI sinh(2kh) Y " P @D sinh(2(al + 1)h)
k=1 —k+1<l<k-1

I=k+1 (mod?2)

n—1
= = ah Y ()RR sinh(2kh) Y e @D sinh(2(al + 1)h)
k=1 —k+1<l<k—1
I=k+1 (mod2)

with & ;= ”—Vn_l we have

Tu(Xp: exp(4n v/ —1/n))
-1 PGV () pp=(r-ab) T ¢
Jnsin(2zw/n)
From now on, we consider the case where p > ab > 0.
We use the following formula:

Aw? 1 /—:2—22w
M = | e dz, (10)
vJT)LC
]

where Cy is the path {tef)‘/__1 | t € R}. Here 0 satisfies —/2 + argA <260 < /2 +
arg A so that the integral converges. Applying (10) with A = bh/a and w = al + 1,
we have

Y@@+ sinh(2(al + 1)h)

—k+1<i<k-1
I=k+1 (mod2)

_ a —a ;2 —2(al+1)z _;
- ,/%/e 7 ( Y e sinh(2(al + l)h)) dz.
Co

—k+1<l<k-1
I=k+1 (mod2)

Since arg(%h) = 77/2, 0 should satisfy 0 < 0 < 7.
We first calculate the summation.

Lemma 3.6. We have

Ze—z(al-i-l)z sinh(2(al 4+ 1)h)

—k+1<l<k—1
I=k+1 (mod2)

_ 1 pp—nsinh@kaz = 1)) 1y sinh(ka(z + 1)
2 sinhQa(z —h)) 2 sinh(2a(z + h))
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Proof. Since the range of summation

(leZ|—k+1<l<k—-1,1=k+1 (mod2)}

is invariant under / <> —/, for any discrete function f we have

_ S+ f(=D)
IO = Y

—k+1<l<k—1 —k+1<l<k—1
I=k+1 (mod?2) I=k+1 (mod2)

Put
R(z) := Y e 2@ D2 sinh(2(al + 1)h).
—k+1<l<k-1
I=k+1 (mod2)
‘We have
2R(z) = Y e 2@t D7 sinh(2(al + 1)h) = Y e*@ 7D sinh(2(al — 1)h)

—k+1<I<k—1 —k+1<I<k—1
I=k+1 (mod2)

I=k+1 (mod2)
= Y e ?@H D (sinh(2alh) cosh(2h) + cosh(2al ) sinh(2h))
—k+1<l<k-1
I=k+1 (mod2)
— > @ =D%(sinh(2alh) cosh(2) — cosh(2al h) sinh(2h))
—k+1<l<k—1
I=k+1 (mod?2)
= —(e*" + ¢7*")e™?* ) " sinh(2alz) sinh(2al )
—k+1<l<k—1
I=k+1 (mod2)
+ (&2 — e e Z cosh(2alz) cosh(2alh)

—k+1<l<k—1
I=k+1 (mod2)

=29 Y " cosh(2al(z — h)) — e >#FD Y " cosh(2al (z + h)).
—k+1<l<k-—1 —k+1<l<k-—1
I=k+1 (mod2) I=k+1 (mod2)

Noting that
sinh((/ + 1)x) —sinh((! — 1)x)  sinh(kx)
h(xl) = = ,
D_cosh(xl) =) 2 sinh(x) sinh x

—k+1<l<k—1 —k+1<l<k—1
I=k+1 (mod2) I=k+1 (mod2)

the lemma then follows.

We calculate the integral.
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Proposition 3.7. We have

/ e—b”—hzz( 3 e72@H 2 ginh(2(al + l)h)) dz

—k+1<l<k—-1
Co I=k+1 (mod2)

a g2 sinh(%"z) sinh(2z) sinh(2akz)
¢ sinh(2az)

Proof. Since Cg <> —Cyg under z <> —z, for any function f we have

By Lemma 3.6 the left-hand side becomes

1 /e_ha_hzzez(h_z) sinh(2ka(z — ]’Z)) d

2 sinh(2a(z — h))

Cy

1 / o 72 g2 +2) sinh(2ka(z + h))
sinh(2a(z + h))

Co
_ l/e_él_hZZez(h_Z) Sinh(Zka(Z _ h))
2 sinh(2a(z — h))
Co
1 / o= 72 p=2(h=2) sinh(2ka(z — h))
2 sinh(2a(z — h))
Co
_a,2 . sinh(2ka(z — h))
= h(2(h — .
/ e P sinh@h =) G e =iy

Co

sinh(2kaz)

By shifting the path of integral from Cy to Cyg + h, since Snh(2az)

applying change of variable z — z + h we get

is analytic, and

sinh(2kaz)

_ —ﬁ(z-ﬁ-h)z inh(2
/ ¢ sinh(22) -3 2az)

Co
= —%/e_ba_h(“'h)z sinh(2z)
Co
+ %/e_ha_h(z_h)z sinh(2z)
Cy

sinh(2kaz)
sinh(2az)

sinh(2kaz)
sinh(2az)
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. z_a . .
_ /‘ i sinh(%"z) s?nh(ZZ) sinh(2akz) iz
sinh(2az)
Co
as required. ]
By Proposition 3.7 we have
Y @k sinh(2(al + 1)h)
—k+1<l<k—1
I=k+1 (mod?2)
. z_a . .
_ [ a o~ / o sinh(%5"2) s?nh(ZZ) sinh(2akz) iz
bhw sinh(2az)
Co
(az v+ 2)
| / _ -2 sinh(3) sinh(22) sinh(2kz)
= e b e abh - dZ
Jabhw g sinh(2z)
o
% [ e dmp(z)sinn2k) d
= e e~ abh g(z) sin z)dz,
vabhr
Cy
where we put
o(z) = sinh(%z) sinh(za—z)
o sinh(2z)
Then we have
gL a/ptbah
vabhw
n—1
-2
x Z(—l)”ke(l’—“b)kzh sinh(2kh) / e~ abh ¢(z) sinh(2kz) dz.
k=1 C@
Hence, we have
Tu(Xp: exp(4nv/—1/n))
1 3, ntl /=1 1
- G+ )rv=1 p ,—(p—ab) —(a/b+b/a)h
—————e'n" 4 (—1D)Pe o —— T,
nsin(2m/n) ~abhr

where

n—1 2
T:= Z(_nl’ke(l’—“b)kzh sinh(2kh) / e~ abh p(z) sinh(2kz) dz.
k=1 Co
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Applying (10) with A = (p —ab)h and w = k, we have
1

V(p—ab)hr
n—1 22

x Z(—l)”k( / ¢~ Gmanyi—2k21 dzl) sinh(2kh)
k=1

Co

-2
« / =@ p(25) sinh(2kz2) dzs.
Co

Note that arg((p — ab)h) = 7 /2 and 0 should satisfy 0 < 6 < 7 as before. Applying
/ f(2)dz = / w dz,
Co

we have

T ! // A (22)
[ —— e —a e a z
J(p —ab)yhn vl

Cg XC@
n—1
> " (=1)7¥ cosh(2kzy) sinh(2kh) sinh(2kz5) dzy dz.
k=1

Hence, we have
Tn(Xp: exp(4mv/—1/n))
= _;e(%"_n?ﬁ_l )”J—_l(_l)pe—(p—ab)”T*/jl
/nsin(2m/n)
L aprrn___ L
~abhw (p —ab)hr
_ L__1e(%)ﬂ\/—_l(_1)pe—(p—ab+a/b+b/a_3)NT\/—_l 1

"~ sin2w/n) w2 ,/ab(p—ab)U

where

-1 =3
U:= // e =abhi ¢~ abh p(z,)
Cg XC@
n—1
x Y (=1)7¥ cosh(2kzy) sinh(2kh) sinh(2kz,) dzy dz;
k=1
2 2 nl ~
= // e~ —abyi ¢~ abh p(z5) Z cosh(2kzy) sinh(2kh) sinh(2kz,) dzy dz,,

CgXC@ k=1
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where

h:=h—prv/—1/2=1/n—p/2)x~/—1.

Note that the double integral

// g(z1,22) dzy dzy

C@XCQ

is unchanged if the integrand g(z, z») is replaced with g(—z1, z2), g(z1, —22), or
g(—z1,—z2). Note also that ¢(z5) is an odd function.
Since

cosh(2kzq) sinh(2kz5)
_sinh(2k(z1 + 22)) + sinh(2k(—z1 + 22))
3 ,
sinh(2k (z1 + z»)) sinh(2kh)
_ cosh(2k(zy + 2z + h)) — cosh(2k(—zy — z + h))
> ,

we have

n—1

22 22 ~
U= // ¢~ T e‘ﬁgo(zz) Z cosh(2k(z1 + z2 + h)) dzy dz»

C@XCQ k=1

22 22 ; _ h
_ 1 // e_me_ﬁw(zz){smh(@n D)(z1 + 22+ h)) _ 1} dzy dz,

2 sinh(zy 4 z5 + h)
C@XCQ

22 22 . _ "
— l // e_(p—alib)_h e—ﬁgo(zz) Slnh((Zn 1)(21 + Z2 + h)) le de.

2 sinh(21 + 2z + /’;)
C@XCQ

Here we use the formula

o 1 /sinh((2n — 1)x)
kX::l cosh(2kx) = 3 (—sinh(x) — 1)

in the second equality, and use the fact that ¢(z,) is an odd function in the third.
Since
sinh((2n — 1)()2 + ﬁ)) _ sinh(2n(x + ﬁ)) c0~sh(x + ﬁ) ~ cosh(2n(x + };))
sinh(x + h) sinh(x + h)

= (—1)"P{sinh(2nx) coth(x + /) — cosh(2nx)}
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and ¢(z,) is an odd function, we have

=D

// e—mf%me—%go(zz) sinh(2n(21 + 22))
CoxCg
x coth(zy + z2 + E) dzy dzy
_ (=D

_2

(z1—2p)?
// ~p=aby ¢~ ¢(z2) sinh(2nz1) coth(z; + h) dzy dz;.

C@XCQ

By using the symmetry of the integral, we have

_2

(z1—23)?
// ¢~ (r—abh ¢~ abh ¢(25) sinh(2nzy) coth(zy + h) dzy dz»

CQXCQ
(z1—22)?
= —//e abi ¢ ~ath (p(zz) sinh(2nzy) coth(—z1 + h) dzy dz,
CQXCQ
(z1— 22)2 '2 ~
= //e (p—abyi ¢~ abh ¢(z2) sinh(2nzy) coth(zy — h) dzy dz,.
CQXCQ

Therefore, we have

(— 1)”p _Gi=? 23
U = // p—abk ¢~ bk @(z2) sinh(2nzy)

CyxCy
x (coth(zy + h) — coth(zy — h)) dzy dz,

np (z1—29)2
( 1) // (171 azb)h e abh(p(z )e2nzl

CQXCQ
X (coth(zy + ﬁ) — coth(zy — ﬁ)) dzy dz;,

where we use the symmetry
(z1,22) < (=21, —22)
of the double integral again. Hence, we have
22 (X, exp(4mv/—1/n))
S (—l)yretpedny/1 o—(p—ab+a/b+b/a—3)"¥" ATy 1),

= sin@7/n) 472 Jab(p —ab)

(1)
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where
|41 =/ V1 (z1)p(z2)e"F 122 4z dzy,
CQXCQ
V) = / V2 (z1)(z2)e"F G122 dz, dzy
CQXCQ
with

V1(z1) 1= coth(zy + h),
Va(z1) := coth(zy — h'),
(z1 — 22)2 Z%

_(p —ab)rwv/—1 - abw/—1

Here we put i/ = (% + £) 7 +/—1, noting that coth(z; — h) = coth(zy — h'). We note

the following facts.

F(z1,27) = + 2z4.

e F(z1, z») has a unique critical point
(w1, wo) := (pv/—1,abm/—1).
e 1(z1) has poles
g y=Ilav—1—h=(+p/2—1/n)nv—1

with [ € Z. Moreover, the residue of ¥ at & ; is given by Res(yr1; &1 ;) = 1.

* Y (z1) has poles
Ei=Ilnv—1+h =1+ p/2+1/n)av/—1
with [ € Z. Moreover, the residue of ¥, at &, ; is given by

Res(y2:62,1) = 1.

*  @(z2) has poles

m —
nm = Ejr _17

where m € Z such that a + m, and b } m. Moreover, the residue is given by

m

2

Res(¢; nm) = — = sin(mm/a) sin(mm/b).
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4. Asymptotic expansion of V;

In this section we consider the asymptotic behavior of V; as n — oo.
In the double integral in the definition of V;, we shift Cg x Cg to (Cy + wq) X
(Cg + wy) by using the residue theorem. Then we have

Vi =TI+ 27v—1111+2nv—=1115+ Qrv=1)*11 3,

where we put

fr0:= // V1 (z1)@(z2)e" T 122 dzy dz,,
(Co+w1)x(Co+w2)

Iy = > Res(yiéu) [ p(ea)en €105 dz,
—p/2+1/n<l<p/2+4+1/n CoFw>
2ab—1

I = Z Res(sﬂznm)/wl(zl)e”F(Z""’”) dzy,
m=1 Cotw,

hs= > Res(y1: £1,1) Res(; e rimm),
—p/24+1/n<l<p/2+1/n

1<m<2ab-—1

Here / runs over all integers such that [ + p/2 — 1/n is between 0 and p, i.e.,
|l — 1/n| < p/2, and m runs over all integers such that 0 < m < 2ab.

Remark 4.1. If p is odd, then %(1 —p)<l< %(p —1).1f piseven, then—%p +1<

l<%p.

4.1. The double integral in V;

In this section we calculate the double integral /;,9. We have

Iio= // V1 (z0)@(z2)e"F 122 gz dz,
(Co+w)x(Co+wr)
- [ U1 (21 + w1)@(z2 + wy)eFE1rHvLz2tw) g7 gy
C@XCQ
Note that ¥1(z1 + w1) = ¥1(z1) and (22 + wz) = @(z2). Moreover, we have
2

(z1 _22)2 Zy
F(zi + w1,z + wp) = — — + prv/—1.
(21 b 2) (p—ab)nv/—1 abm~/—1 P
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Hence, we have

B G-
I1,0 —C/C ¥ (z1)¢(22) eXp[n( (p—ab)ﬂ'\/__l
abn\/_ * pn\/_)] dz1 dzs.

Later, we will show this will cancel the counterpart of V5, and so we leave it as it is.

4.2. The double sum in V;
Since §;; = ( + p/2—1/n)a~/—1 and n,, = mmw/—1/2, we have

(l=m/2+p/2—1/n)? _’”_2+2(1+p/2—1/")) 't

FlErmm) = (= p— 0

Hence, we have

(l—m/2—|—p/2)2 m2
F m) = | (— 2
orusn = ()
2l —m+p 1
—2- A/ —1.
+ p—ab (p—ab)n]n
Since Res(¥1; &1,1) Res(@: nm) = ) sin(mz/a) sin(mw/b) we obtain
_ =™+t mmN . mm
11,3 = Z T SIH(T) SIH(T)
—p/24+1/n<l<p/2+1/n
1<m<2ab-—1
o« ezl;:naﬂl;pﬂ\/_—le_ p—lab n\/njl
(I—m/2+ p/2)? m?
_1)Pn _ _ 7 _
x (=1) exp[n( i 4ab)”‘/ 1]. (12)

4.3. The sum over / in V;

Consider the integral
/go(zz)e"F(E"”Zz) dz,.

C9+w2

(E1,1—22)? z3

(p—ab)rv/—1 T abn VA

The polynomial F(&;.22) = —
point

+ 2&;; has a unique critical

%51,1 = ab(é )JT\/_— —na~—1.
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Put
/ 1 b
o= ab(——l——)n«/—l, B = a—n -1,
p 2 )4

so that the critical point becomes o — 8/n. Then we can write

Fen22) = FEra = p/m = o ma /)%, (13)

Note that @ — B/ is not a pole of ¢(z3).

We will shift the line of integration from Cg 4+ w5 to Cg + o — B/n. Since 0 <
I+ p/2—1/n < p, we see that @ — B/n is below w, = abmw~/—1 in the complex
plane. So, by the residue theorem we have

/‘(p(zz)e"F(SU’ZZ) dz,
Co+wso
— /(p(zz)e”F(EU’ZZ) dz,

Co+a—B/n

— 27 —1 Z Res(g; nm,)enF(El,l:”m/).

24b (14 p/2—1/n)<m’<2ab

Note that from (13) we have

[ oeerFnian az,
Cog+a—B/n
_ o FErra—B/n) / (2 1 )T a2
Co~B/n

— MF @ a—B/m) , S

__2 ___—pn 2
x (/7(22 +O[)e p—ab?2 g ab(p—ab)n~/—1"2 dz,

Co—B/n
_ FEa—BIn) ST

__ 2 ___—=pn ;2
x | @(z3 + a)e” r=ab?2eab(p—abyn /=172 dz,,
Co

where we change the variable z, — z, 4 « at the first equality, and use the fact that
¢(z2 + «) has no poles between Cy and Cy — B/n for sufficiently large n. This can
be shown as follows: Suppose for a contradiction that there is a pole between Cy
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and Cy — B/n. It is of the form kw~/—1/2 —ab(l/p + 1/2)w~/—1 with k € Z not
divisible by a or b. So, it should satisfy the inequality

—ab/(pn) <k/2—ab(l/p+1/2) <0.

If n is sufficiently large, then this implies that 2abl/p = k — ab. Since p and ab are
coprime, this means that 2/ / p is an integer. However since —p/2 <[ < p/2 we see
that/ = —p/2,0, or p/2. Then k equals 0, ab, or 2ab respectively, which is divisible
by a and b, a contradiction.

By the saddle point method, we have

2, ———pn__ ;2
§0(22 +Ol)€ p—ab Zeah(p—ab)n«/—l 2 de
Co

o) + 0(n~3?).
pn

_ \/ab(p —ab)yn2/—1

Hence, we have

/ (p(zz)e”F(EU’ZZ) dz,

Co+a—B/n

b= _ 2/
= "FELa=B/m, PUZ;—E ablp —ab)n 190(00 + 032,
pn

where
sin(—za;”) sin(—ﬂ’;”)

sin( Zaf]l:rr )

(p(O[) — (_1)ab+a+b\/__1

Since §1; = ( + p/2—1/n)rv/—1landa — B/n = %fl,l’ we have

FE,a—p/n)

G280 (RE) Y
 (p—abynv/=1 abnJ/—1 b

. p—ab ab 5
- (_Pzn\/—_l - Pznx/—_1>$l’l 24

1
—mfil + 261,
_ (_(l + p/2—1/n)?
p

+2(+ p/2— 1/n))m/—_1

2
- (_w +2(1 _|_p/2)+(l +p/2 — l)g—%)n«/—l.
p )4 n pn
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Hence, we have

/ o(2)e" P €117 2

Cota—B/n
= ab(p —ab)m?v -1 \/__1(_1)ab+a+b
pn
sin(%) sin(%)
X
Sin(Zaerr)

x (—1)"7 e TV T exp [n (——(Z il 5/2)2) er/—_l} +0@m™3?).

We finally have

ab 1yn/—=1
e_(p(p—ab) )

I = Z ReS(le51,1)/(,0(22)@”17(51:1’22) dz,

—p/2+1/n<l<p/2+1/n Cotwo

= —2nv-l Z Res(1; £1.1) Res(g; npr)e”F 10

—p/24+1/n<l<p/2+1/n
24b (14 p/2—1/n)<m’<2ab

+ » Res(Y1:£1,) / o(2)e" €117 gz,
—p/2+1/n<l<p/2+1/n Co+a—B/n

= 2yl > Res(Y1: §1,1) Res(g: 1) 1.4

—p/24+1/n<l<p/2+1/n
24b (14 p/2—1/n)<m’<2ab

n Z \/ab(p—ab)nzx/—_l\/_—l(_l)abﬂw

—p/2+1/n<l<p/2+1/n pn
sin(24L) sin(22E) | Lo
p—ab n
Sin(ZaIb]ln)

< H YT el LR ) ST o)
(14)

4.4. The sum over m in V;

In this section we study the asymptotic behavior of 7 5.
Consider the integral

/1/f1 (z1)e" LI gz,

Co+w;
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The polynomial

(z1 — nm)z 773;1

- - + 2z
(p—ab)nv/—1 abr—1 !

F(Zlv Tlm) =

has a unique critical point
y:=m/2+ p—ab)ynrv—1

and we can write
1
(p—ab)yr~/—1

Note that y is not a pole of ¥;(z1). Since y is below w; = pmw+/—1 in the complex
plane, we have

F(z1,mm) = F(y, nm) — (z1 — V)Z-

/1/f1 (z1)e" L) gz,

Cotw,
= /Wl (z1)e" TG gz 27 /-1
Co+vy
=x > Res(: 1 p)e" T 1),
m/2+p/2—ab+1/n<l’<p/2+1/n
Note that
__nz=n?
/W1(21)6"F(zl’nm) dz; = e”F(y’"’”)/%(zl)e (p—ab)xv/=T 7z,
Coty Co+y

2
nzy

— enF()/J}m) / WI(ZI + 'y)e_(p—ab)ﬂ\/—_l le'
Co

Since y = (m/2+ p —ab)m~/—1 and 1, = mmw~/—1/2 we have

2
m
Fy,nm) = (p —ab — 1ab +m>7rv—1.

Note that 1 (z1 + y) = coth(z; + y + ﬁ). Put
6:=m/24 p/2 —ab)yn~—1.

Then ¥1(z1 + y) = coth(zy + 8§ + h).
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The integral above becomes

)
/coth(zl + 8+ h)e (r—ab)aV=T dz;
Co

_ n(:l—h)2
= /coth(zl + 8)e (w—abyav=1 (z,
Co+h
2

_ /-1 2z Ly W
= e (=abyn | er—ab coth(zy + §)e w—ab)nv—1 dz;,

Co+h
There are two cases to consider.

Case 1. If m &% p (mod?2),then§ € (Z + 1/2)m+/—1 and so
coth(zy + 8) = coth(zy + v —1/2).

Hence, we have

2z "t
/ep—ab coth(z; + 8)e (r—ab)mv—1 dz,

Co+h
2

2z e
= /el)—ih coth(zy + v —1/2)e p—ab)nv/=1 dz;
Co
since there are no poles of coth(z; + w+/—1/2) between Cg and Cy + h. Now, we

want to apply the saddle point method. To do that, we split coth(z; + 7+/—1/2) into
1 and coth(z; + w+/—1/2) — 1. Then the integral above becomes

2z _.nsr
er—abe (p—abnv—1 dz,
Co
2

2z _ nzy
+/e1’—alb(coth(zl +av=1/2) = 1)e r—abynvy=1 dz;
Co

_ \/(p—abr)lyﬂx/—_l + oM - (\/(p—ab:ﬂ\/—_l n O(n_3/2))

= 0(n3?).

Case 2. If m = p (mod2), thend € Zmw+/—1 and

coth(z; + 8) = coth(zy).
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Hence, we have

224 _ nzy
/el)—ah coth(zy + §)e (p—ab)nv/=1 dz4

Co+h
22 N |
= /(ep—ab coth(zy) — —)e (pmabrV=ldzy + | —e (rmabnv/=1 dz,
Z1 Z1
Co+h Co+h
2 L L
= /(ep—ab coth(zy) — —)é’ (p—ab)n/=1 dzy + | —e w—ab)nv/=1 dz,
21 Z1
Co Co+h
22
_ 2 /—1 2 I
_ (p ab)ﬂ' + O(n—3/2) +/ —e (—abymv/—1 le
n p—ab 1
Co+h

. 22
since there are no poles of e =% coth(z;) — % between Cy and Cy + h. Note that

221 1 2
(e p=ab coth(zy) — —) = .
z1/lz1=0  p—ab
Replacing z; + h with —z; + h, we have
1 n:% 1 }’l:%
—e w—abya/—1 dzy = — —e w—abya/—1 dzy.
Z1 Z1
Co+h Co—h
Hence, we have
1 "1
/ —e w—abywv-1 dz;
21
Co+h
1 [ | ot
= — / —e w—abnv—1 gz, — / —e (p—abynv—1 dz7;
2 Z1 Z1
Co+h Co—h
R
= —nv—lRes(—e <P—Hb>ﬂﬁ;0) =—nv—1.
Z1

So, in this case we have

2
2zq _.onsr
/eﬂ-ab coth(zy + 8)e (r—ab)nv—1 dz;

Co+h

= —nv/—1+ +0@n™?)

2 \/(p—ab)nzx/—_l
p—ab n
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and

/ iz T gz

Co+y

}’l:2

_ w1 2z "
— enF(}’Jlm)e (p—ab)n /ep—ab COth(Zl +5)e (p—ab)m~/—1 le

Co+h

2./— T/ =T
=[-nv-14+2 vl e_(P—T}"
(p—ab)n

X exp[n(p —ab — % + m)nx/—_l] + 0n~3?).

Hence, we have

2ab—1
ha= ), Res((ﬂ;ﬂm)/%(Zl)enF(Z“"'”) dz
m=1 Co+w;
= —2rv/-1 > Res(: 1) Res(y1; £1,17)e" T €1
m/2+p/2—ab+1/n<l'<p/2+1/n
1<m<2ab—1
2ab—1
+ Y Resginm) [ et dz,
m=1 Cot+y
= —2mv-l > Res(¢: 1m) Res(yry: & p)eF Eridm

m/2+p/2—ab+1/n<l'<p/2+1/n
1<m<2ab-—1

sy U G () i ()

a
1<m<2ab—1
m — p:even

[ m2/—=1 \ __xv=1 m?
— — _ (p—ab)n — —_— —
x( av—=1+2 (p—ab)n)e P exp[n( ab 4ab)nv 1]
+ O(n_3/2), (15)
where [’ is an integer such that

m/2+p—ab<l'+p/2—1/n < p.

4.5. Summary

Now, we combine the results so far.
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—p/2 p/2—ab 0 p/2 1

Figure 5. The gray area indicates $1. The dotted lines are not included.

Note that I 3 is the sum of Res(v/1; £ 1) Res(g; 0y )e™F €1.0mm) over (1, m). The

same summand appears both in (14) and in (15). Taking cancellation into account, the
range of summation turns out to be

1
Sl:={(l,m)eZz‘—£<l——<£,0<m<2ab,a+m,b+m}
2 n 2
2|_p ;L _p2ab, p 1
\{(z,m)ez( 3 <y <5 n)<m<2ab}

1
\{(Z,m)EZZ‘%+p—ab<l+§—;<p,0<m<2ab,}

_ 2P, L _p 2ab, 1
_{(z,m)ez( L<i——<fims p(z n)-i—ab,
1
l——§ﬂ+£—ab,0<m<2ab,a+m,b+m}
n 2 2
2abl
={(l,m)eZz‘—§<l§£,m< Ot ab,

V4
l5%+§—ab,0<m<2ab,a+m,b+m}.

for large n. Note that the range §; is the integer points in the interior of the triangle
with vertices

(p/2,2ab), (=p/2,0), (p/2—ab,0)

on the /m-plane. See Figure 5.
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So, we have
Vi=ly
+ Z 27T2(—1)m sm(m—n) Sil’l(m—n)ezl;—#—tpﬂ“/__le_ p—lab ”F
a b
(I,m)es;
(l—-m/2+ p/2)? m?
—1)Pn [ _ _m /—_1]
x (=D expln( » —ab 4ab)”
b(p —ab)yn2/—1
+ 3 (2m/—1)\/a (= aDWZV Ly pyabtato
—p/2+1/n<l<p/2+1/n pn
sin(247%) sin(22%) Lo
X P P o p=ab
Sin(Zailn)

X (—1)"p_1e%”ﬁexp[n (—%)nx/—_l]

+ ) (—1)(27n/—_1)(_;)msin(n;—n>sin(mb—n)

1<m<2ab-—1
m — p: even

X (—nx/—_l + 2‘/ %)eﬂpﬂ—% exp[n(—ab — %)nx/—_l]

+ 0.

5. Asymptotic expansion of V),

In this section we will study the asymptotic behavior of V5 as n — oo. Recall that
V, = // Vo (21)(22)e"F @172 iz, dz,,
CQ XCg

where ¥5(z1) = coth(zy — h) with i = (% — S v—-1.
As in the case of 7, we have

Vo= Lo+ 210V~ + 21—l + Qruv/—1)%15 3,

where

Io:= // wz(zl)go(zz)e"F(zl’Zz) dzy dz,,

(Cot+w1)x(Cop+w2)
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I := Z Res(l/fz;gz,l)/go(zz)e"F(Ell’ZZ) dz,,
—p/2—1/n<l<p/2—1/n Cotws
2ab—1
L= Z Res(¢; Um)/llfl(zl)e”F(zl’”m) dzi,
Co+w;
I3 = > Res(2; £2,1) Res(g; nyn)e™F E2.0:mm)

—p/2—1/n<l<p/2—1/n
1<m<2ab-—1

5.1. The double integral in V>

In this section we calculate the double integral 15 ¢.
By changing variables, we have

Lo = // V2 (21 + w1)@(za + wy)eFEITwL224w) g7y g7y
CQXCQ

Note that ¥, (z7 + w1) = ¥2(z1) and ¢(z2 + ws) = @(z2). Moreover, we have

(z1 — 22)2 z3

(p —ab)m~/—1 abn~/_+pn\/_

Fzi+wi,z2 +wp) =—

Hence, we have

(21 — 22)?
I i@[/cellfz(zl)fﬂ(zz) exp[n( - %

abjr\/_ + pn'\/_)] dzi dzs.

Now, we change the variable (z1, z2) > (—z1, —22). Since p(—z2) = —¢(z2) and
Ya(—z1) = —¥1(z1), we conclude that 71,90 = I2,0.
So, we see that

Vi—Vo=2nv-1(I11 =Ty + 2= Do)+ Quv=1)*(I1 3 — I23).

5.2. The double sum in V)

In this section we calculate the double summation in V5.
Since &7 = (I + p/2+ 1/n)nv/—1 and n,, = ma~/—1/2, we have

l—=m/2+p/2+1/n)*> m?
p—ab 4ab

F(&,0,1m) = (—( +2(1+p/2+1/n)) V-1.
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Hence, we have

_ (I —m/2+ p/2)> m?
”F(éz,lﬂlm)—[( » —ab 4ab+2l+p)n
2l —-m+p 1
- 2 — v —1.
p—ab + (p—ab)n]n
Since m
Res(¥2: £2,1) ReS(@ fm) = — 2 sin(mr/a) sin(mz /b),
we obtain

12,3 = Z Res(w‘z; 52,1) RCS(QO, nm)enF(EZ,l:ﬂm)

—p/2—1/n<l<p/2—1/n
1<m=<2ab-—1

(=™l mmN . ymm
= Z 72 sm(—) sm(—b )
—p/2—1/n<l<p/2—1/n a
1<m<2ab-—1

. 21;:na-l;pﬂ\/_—1e_ p—lab H\Zjl
" l—m/2+ p/2)?> m?
<hresfa(~ p/_ o )T

5.3. The sum over [ in V»

In this section we calculate I ;.
Consider the integral

/ (p(zz)e”F(El’ 122) dz,.
Co+wso

(52,1—22)? z3

The polynomial F (£, ;,z2) = T oabnd T abn + 2&, ; has a unique critical
point

ab
—& =a+B/n
V4

and

F(&2,.22) = F(§20. 0+ p/n) - —a—B/n)?  (16)

£ (
ab(p —ab)nv/—1

Recall that o = ab(% + %)n\/—l and 8 = %n\/—l. Note that @ + B/n is not a
pole of ¢(z2).
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/ (p(zz)e"F(SZJ’ZZ) dz,

Co+w»

— / go(zz)e"F(EzJ’ZZ) dz,
Co+a+B/n

—2rv/-1 Z Res(@; i )e™F €20 iz,

24b (14 p/2+1/n)<m’ <2ab

Note that from (16) we have

(p(zz)e"F(SZJ’ZZ) dz,

Co+a+B/n

—pn(zo—a—B/n)?
= &2 at+B/n) / @(z2)e abp—abynV/=T dz,

Co+a+p/n
—pn;%
= G2 at+B/n) / @©(z2 + o + B/n)eabw—ab)xV=1 dz,
Co

pn(zp—B/m>

= FE2at+B/n) / @(z2 + a)e abr—ab)aV=T dz,

Co+B/n

731

We will shift the line of integration from Cy + wy to Cg + o + B/n. Since 0 <
[+ p/2+1/n < p,weseethat o + B/n is below wy = abw~/—1. So, by the residue
theorem we have

(17)

_abr/—1 2z I s M
= FEatB/n) o= p—abn / eP=ab p(zy + a)e ab(r—ab)xv/=1 (z,

Co+B/n

2
pnzj

_abr/—1 2zp - &2
— enF(EZ,I’a‘i'ﬂ/”)e P(p—ab)n e p—ab §0(22 + a)e ab(p—ab)mw/—1 de’

Co

since there are no poles of ¢(z2 + «) between Cg + 8/n and Cy.
By the saddle point method, we have

222 _ pnz
/ ep—ab go(zz + a)e ab(p—ab)m~/—1 de
Co

_ \/ab(p —ab)n2V/—1

o(a) + 0(n~3?).
pn
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Hence, we have

/ g0(22)67!1’(«52,1,22) dz,
Co+a+pB/n

_ nF(E2la+ﬂ/n)e ;l(hpnﬂ ab(p—ab)n%/—l

pn
where vl .
sin(£22) sin(£22)
§0(Ol) — (—1)ab+a+b\/—_1 P S 14
sm(%)
Since
E2 =+ p/2+1/n)rv-1
and 5
a
a+p/n=—&,,
p
we have

F(20. 004 B/n)
(20 —a—B/n)?> (¢ +p/n)?

(p—ab)n«/—l abmw/—1 21
+2
pn\/— 521
I+ p/2+1/n)?
= (—( p/2 4 /m) +20+ p/2+ 1/m)) v/
[+ p/2)? I+ p/2 2 1
= (—w o0+ py— (P22 —)avL
p n pn
Hence, we have
/go(zz)e”F(EzJ’ZZ) dz,
Co+a+B/n
_ \/ab(p—ab)nw—l(_l)ab+a+b Wt
pn
coc2almy i 2blm
5 sm(T) sin(&2Z > ) o~ bt L 1) zy/=T
Sin(ZleT[)

e B T engln (<L) ] 0

o(a) + O(n=3/3),

732
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We finally have
Iy = > Reswag) [ e @ iz
—p/2—1/n<l<p/2—1/n Cotws
= 2yl > Res(Y2: £2,1) Res(¢: 1) e 24
—p/2—1/n<Il<p/2—1/n
24b (14 p/2+1/n)<m’ <2ab
FY Remb [ et
—p/2—1/n<Il<p/2—1/n Co+a+B/n
= 2yl > Res(Y2: £2,1) Res(¢: 1) e 24

—p/2—1/n<Il<p/2—1/n
24b (14 p/2+1/n)<m’ <2ab

.\ 3 \/ab(p—ab)nW—_l 1yt

—p/2—1/n<l<p/2—1/n p

sin(24%)sin(22%) | Lo
X n

p—ab
sin( Zaf]l:rr )

x (—1yP e p Y eXP[n (—7(1 i ;;/2)2 )m/—_l] + 03,

where 2ab
L(l + p/2+1/n) <m’ < 2ab.
p

5.4. The sum over m in V,

In this section we study the asymptotic behavior of 15 ».
Consider

/ Ya(z1)e"FCLmm) gz

Co+w;

(z1—nm)? 77r2n

- (p—ab)r/—1 - abmw/—1

The polynomial F(z1, ) =
point

y:=m/2+ p—ab)ynrv—1
and

1
F(z1,mm) = F(y, 1m) —

2
(p—ab)n\/—_l(z1 o

+ 2z; has a unique critical
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Note that y is not a pole of ¥, (z;). We have

/wcm“m%ﬂwl

Co+w;
= [waeerrerm
Co+y
—27N—1 > Res(Va: £ p)eF C2rsmm) gz, (18)
m/2+p/2—ab—1/n<l’<p/2—1/n
Note that

n(zy—y)?

/ Ya(z1)e"FEI dzy = "Iy (z))e” rmanV=T dzy

Co+y Co+y

2
nzjy

— "F(v.nm) Va(z1 + y)e —abnv=T dz;.

Co

Since y = (m/2 + p —ab)m~/—1 and 1, = mmw~/—1/2, we have

2
m
F(y,nm) = (p —ab — 1ab +m>nv—1.

Note that ¥, (z; + y) = coth(z; + y — /). Put
6:=m/24+ p/2 —ab)yn~—1.
Then
V2(z1 + y) = coth(zy + 8 — h).

The integral above becomes

2
—nz2
/cot(zl + 8§ — h)e(r—abyrv/=1 dzq
Cy

—n(z1+m?
= /coth(zl + 8)e w—ab)nv/=T dz;

Co—h
2

_ /-1 —2zq —ny
= ¢ =aby | ep=ab coth(zy + §)e p—ab)nv—1 dz;,
Co—h

There are two cases to consider.
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Casel. If m # p (mod2),then§ € (Z + 1/2)w+/—1 and so
coth(zy 4+ 8) = coth(z; + nv/—1/2).

Hence, we have

2
—nzy

—2zq
/ep—ab coth(zy + 8)e (r—avdnv/=1 dz;
Co—h

—)122

—2z 1
= /el’—alb coth(z; + v —1/2)e (r—av)yxv/~1 dz,
Co

\/(p—ab)nzx/—_l
n

COth(jT\/—_l/z) + O(n_3/2) — O(n_3/2)

since there are no poles of coth(z; + 7+/—1/2) between Cy and Cy — h.
Case2. If m = p (mod2),thend € Zm+/—1 and
coth(z; + 8) = coth(zy).

Hence, we have
2
-2z D
e p=ab coth(z; + §)e (r—ab)xv/—1 dzq

Co—h
oz 1y "1 R
— /(é’m COth(Zl) _ _)e(p—ab)n«/j le + — e (p—abyrv/—1 dZ]
Z1 21
Co—h Co—h
22 I\ 2 |
= /(e p=ab coth(zy) — —>€(”‘“”)”ﬁ dzy + | —ew—abav=1 dz,
Z1 21
Co Co—h
2
_ 2,./— T
_ (p—ab)m?+/ 1(_ 2 )+ O(n—3/2)_"_/le(p—ab)7rx/—_l dz,
n p—ab Z1
Co—h

. =221
since there are no poles of e 7= coth(z;) — % between Cy and Cy — h. Note that
=2
n=0 p—ab’

—2zq 1
(e p=ab coth(zy) — —)
Z1

Moreover, we have
/_e(p—ab)n«/—l dz = _/ —e w—ab)ynv/=1 dz = wa/—1.
z z
Co—h Co+h
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Therefore, in this case we have

_nz2
nzy

—2z3 -
/ep—ab cosh(z; + 8)e (r—av)zv/—1 dz,
Co—h

— a1 — 2 \/(P_ab)nz\/__l+0(n—3/2)
p—ab n

and

[ atzertern az,

Coty

_nz2
nzy

—r =1 —2z3
— enF()’J?m)e(p—ab)n /ep—ab COth(Zl + 5)3 (p—ab)mw~/—1 le

Co—h
2/ -
=|av—-1-2 ]-[71 e_(pi{zljn
(p—ab)n
m2
X exp[n (p —ab—— + m)JrV—l] + 0(n™3?).
4ab
Hence, we have
2ab—1
2= 3 Resiinn) [ valer Erm) dzy
m=1 Co+wq
=—2zv-1 > Res(¢: m) Res(yra: & pr)e™F E2.07mm)
m/2+p/2—ab—1/n<l'<p/2—1/n
1<m<2ab—1
2ab—1
+ Z Res(¢: 1m) / Ya(zp)eFELm gz
m=1 Co+y
= —27v/~1 > Res(@: 1jm) Res(Y2: & 7 )e" F E2.07-mm)

m/2+p/2—ab—1/n<l'<p/2—1/n
l1<m<2ab—1

+ ) (—1)(27n/—_1)(_;)msin(n;—n)sin(mb—n)

1<m<2ab-—1
m — p:even

X (nx/—_l— 2‘/ %)f(;—% exp[n(—ab — %)nx/—_l]

+ 0™
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A
2ab |- P
PO
PO
.
.
"
.
G',
.
.
.
.
.
.
.
.
-t .
"""
.
»* -’
ab | .2
. »
o od
. ?
. ?
. >
. ”
. »
- \- ad
. 2
»* |
i
.
e 2ab — p
.
.
.
.
.
.
.
o
.
»* *
. »
. o
* od
. »
. »
Le® .* '

Figure 6. The gray area indicates §>. The edges are not included.

5.5. Summary

Now, we combine the results so far.

Note that I 3 is the sum of Res(y2; &, 1) Res(¢; N )e™F E2.0mm) over (1, m). The
same summand appears both in (17) and in (18). Taking cancellation into account, the
range of summation turns out to be

52::{(l,m)eZZ‘—§<l+%<§,0<m<2ab,a+m,b+m}
\{(Z,m)eZz‘—£<l+%<§,%(l+§+%)<m<2ab}
\{(z,m)ez‘3 —ab<l+§+l<p,0<m<2ab}

={(l,m)eZ2‘—§<l+%<§, <%(l+1>+ab,

1
l+—§ﬂ+£—ab,0<m<2ab,a+m,b+m}
n 2 2

2abl
={(l,m)eZ2‘—§§l<§,m a

m V4
+ab,l < 2+2 ab,
O<m<2ab,a+m,b+m}.

Observe that the line
m = 2abl/p + ab



H. Murakami and A. T. Tran 738

contains no integer points. This can be shown as follows. Suppose that (I, m) € Z?
satisfies m = 2abl/p + ab. Then we have pm = ab(2] + p) and so p divides 2/
since (p,ab) = 1. So, m is a multiple of ab, contradicting the assumption that a + m
and b } m. Therefore, S, is indeed of the form

P 2abl

32={(1,m)ezz(—§<z<§,m<

0<m<2ab,a+m,b+m}.

m V4
b,l < —+ = —ab,
+a <2+2 a

See Figure 6.
Note that
S1 =8,U08;,

where 05; denotes the edge connecting (p/2,2ab) and (p/2 — ab,0), i.e,

381 ={(,m)eZ?|0<m<2ab,atmbtml=m/2+ p/2—ab).

We have
2 m - mi .o /mm _21—m+p]“/_—1_ 1 m/—1
V2=12,0+2277 (=1 sm(—)sm(—)e p—ab e P—ab n
a b
(I,m)eS>
(I-m/2+ p/2)> m?
x (=1)P" [ — _ 0 ,/_1]
(=D exp n( »—ab 4ab)”

b(p —ab)w2/—1
+ 3 (2m/—_1)\/“ (p — D)L g yyatbeab
—p/2—1/n<l<p/n—1/n pn
sin(24Z) sin(22%) L xyoT
e pr—a n
Sin(Zailn)

X (—1)’””_1e_%’“/__1 exp[n (—%)nﬁ]

+ Y0 e sin( ") sin(7)
1<m<2ab-—1

X (nx/—_l— 2 nz—\/__l>e_<;—T€;" exp[n(—ab — %)nx/—_l]

(p—ab)n
+ 0(n3?).
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6. V1 and V,

First of all note that /1,0 = I2,0. Recall that §; = §, U d8;. Hence, we have

mit mit 2l—m+p T 1 T/—1
= Z 27T2(—1)m Sin(—) Sil’l(7>e p—ab le p—ab n
a

(,m)es,
n (—m/24 p/2)> m?
x (=1)? exp[n(— > —ab - m)n\/—_l]
- Z 22 (—1)™ Sin(ma—n) sin(n,;—n>e_21;natp”‘/__le_ 5—ab ot
(I,m)esS>
n (I—=m/2+ p/2)> m?
x (=1)? exp[n(— > —ab — M)nx/—_l]

VT \/ ab(p - “’jj””‘_l VT

Sln(Zalﬂ) Sln(Zblﬂ) si n(ZZT[) =

p—ah n

sm( 2abl7r )

% (_1)”17—1 exp[n (—(14_’#2)2)7[\/__1]
42 Z(—l)(zm/—_l)# Si“(n;—n) Si“(n;a_n)

m — p:even

739

X (—n\/_—|—2 i)eﬂpﬂ—% exp[n(—ab—%)nx/—_l]

(p—ab)n
+ 0™

Since

ezl;i”a—;p”\/__l o 21— m+1)n\/_ \/_ISIH((2Z —m +bl7)7r>’
p—a

we have

mm mmN 20i-m+ — 21
Vi—V, = 22712(—1)'" sin(—) sin(7>e rabt ™Vl o= 5mar
(1,m)€ds, a

ey (R e
+ Z27r2(—1)m sin(ma—n) sin(mb—n)

(I,m)es;
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2] — nv/—1
y z,ﬁ_lsm(w)e—pzab 1
p—ab

Commegls(- IR ]

+ 27‘[\/—_12 \/“b(l’ - i)l;)j-[z\/__l\/—_l(—l)ab-f-a-‘rb
l

sin(%)sin(%)sin(z%)e_ﬁ%ﬁ
sin(%)
_ (+p/2)?

—1)rp—1 T Va1

x (—=1) exp[n( » )n ]
="  /mmN . /mn
+m2_§e(v;1)(2ndf1) . sm(7)sm(7)
72/=1 \ _ =xv=t m?

X (—JT\/—_I +2 m)e (p—abn exp[n(—ab - m)n\/—_l]
+ 0(n3?).

When! =m/2 + p/2 — ab, the summand in the first term becomes

mim 1 /-1

2% (—=1)" sin(ma—n) sin(T)e_m n
x (=1)P" exp[n (—(p —ab) — %)nx/—_l]

and the summation is over all m such that 0 < m < 2ab, a + m, b } m, and that
p — m is even. So, this term cancels with a part of the last term involving —m +/—1.
Therefore, we have

Vi—Va= 3 2x2(-1)" sin(";—”) sin(n;—n>

(I,m)es$,
21 — /=1
X 2\/—_lsin(—( L=m+ p)n>e_ an
p—ab
(l—m/24 p/2)> m?
—1)P" _ P, N —
x (=D exp[n( p—ab 4ab)n 1]

=3 \/“b(l?—ii)nzx/—_l
l

D
s c2abln
sm(—p )

sin(zal”)sin(%)sin(%’) 1 =/
e p—ab

% \/__1(_1)ab+a+b
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x (=11 exp[n (—W)nx/—_l]

(GO .
22 —1 ; sm(n;—n) s1n(mb—n)

X (2 2Vl )e <Z{1b_>" exp[ (—ab—%)n\/—_l]

(p—ab)n
+0(n™3?)
— (—1)1’"4712\/—_1(5——@_%:[ mX)é:g—nm sin(T) sin(mb—n>
sin( CLELEDT ) gl (LAY T

+27T( l)ab+a+b+pn (p ab)n

\/ab(p — ab)nzx/_

51n(2‘Z”)51n (%) sm(zéﬂ) N [n(_(l +p/2)2)n\/__1]
! sin (2“21”) b p
Y S )

e w—abm ab)nm
X Z(—l)m sin(ma—n) sin(mb—n) exp(—%nx/—_l)

m — p:even

+ 0™

X

—4x%e

By Lemma 10.1 we have

Z sin(n;—n> sin(mb—n) exp(—n:;—bn\/—_o =

0<m<2ab
m — p: even

This implies that
2/ 1
-V = (—1)”"4n2x/—le_<l)—ah}n Z(—l)m sin(ﬂ) sin(nZ—n>
(1, m)eSs a

(P e [n<——(2i;"1:£* -

2

)]

+ ( 1)a+b+ab+pn4 \/—\/ab(p — ab)ﬂ2 A —m
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5 Z sin(%) sin(%) sin(ﬂT”) exp[n (_ ( +5/2)2>n\/__1]

. r2abl
=tmvp  SETE)
+ 0(n=3?).
From (11), we have
Th(Xp;exp(dn v/ —1/n))
3m/—1/4
_ enx/_/ ﬁ(—l)"p+p
472 sin(2/n)
/=1 n 1
« e~ (p—ab+a/b+b/a—3)T=L hxy/~1 (Vi — Va)
vab(p —ab)
— (_1)p+le—(p—ab+a/b+b/a—3)”T“/jle%ﬂx/—_l \/ﬁ

vab(p —ab)sin(2w/n)

8 {ew—_lme—(p”:/aﬂ:l 2)22_1)'" sin(";—”) sin(mb—n) Sin((zl;’ﬁ—:bp)n)
,m 2

_ 2 2
cown(- 2P )

T M(_l)ﬁbwbe—%
pn

c2almy oo 2blmy o 20

sin(=5%) sin(=5%) sin(=%)

Sin(Zaerr)

>

l1l=(p—1)/2

X exp[n(—%)nx/—_l] + O(n_3/2)}.

Hence, we have
(_1)p+1n3/2

(A(n) + Bmn~ "2+ o)), (19)
27

Tu (Xp: exp(4r \/—_l/n)) =

where

(MY qin( ™M) gin( &=mtp)w
A(n)::enilﬂ*/__lZ(—l)msm(a)Sm(b)sm( >—ab )

(I,m)e$> Vab(p —ab)

cemp[n(- G )
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and

c2almwy o 2blmN oo 217
B(n) := 2\/__1(_1)a+b+abe(l—4p)nﬂ YLy sin(=47%) sin(=57%) sin(=F)
| Z . 2abl
1<I=(p-1)/2 /P sin(=47%)

<exp[n(-2)nvT]

If we put g := 2] —m + p, then the summation range S, becomes

§ = {(g,m) € Z? ‘0<m <2ab,pa_babm <g <2(p—ab),

g=p—m (mod2),a+m,b+m},

which is the interior of the right-angled triangle with vertices (0, 0), (2(p — ab),0),
and (2(p — ab), 2ab). Using parameters (g, m), we have

n+1ﬂJ_

A(n) = W) Z)S (g.m) (20)
with
G(g,m):= (D" sin(ma—n) sin(n;?—n> sin(péjrab)
x exp[n(—ﬁ_zab) - %)nx/—_l]. @1)

We have the following symmetries of G(g, m):

GQ2(p—ab) —g,m) = (=) *1G(g,m),
G(g.2ab —m) = (—=1)®*"G(g, m).
We divide § into three parts R, " and R:
R =S N{(g.m)eZ*| g < p—ab},
$":=8N{(g.m)€Z? | m> ab},
R:=8 N{(g.m)eZ*| p—ab < g,m < ab).

Note that we can exclude the line g = p — ab, since A(n) vanishes when g = p — ab.
Then we have

2.Gem= > Glgm
(g.m)eS (g,m)eRAUS’'UR

=) Glgm) =) Glg.m)+ Yy (=D*"*'G(g.m), (22)

(g.meRA (g.m)eRY (g.meER
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mk
2ab - 3
i
ab paansansadsanannan
R
ol p—ab 2(p—ab) g

Figure 7. The light gray area indicates S = RAUS’ U R. The dark gray area is R . We put
R:=RAURV.

where

RY = {(g,m)‘0<m<ab,0<g<p—ab,

—ab
g<p am,ng—m,aJ(m,bJ(m},
ab @

R::{(g,m)|O<m<ab,0<g<p—ab,g(5)p—m,aJ(m,bJ(m}.
2

Since

p—ab
a

RA:{(g7m)‘0<m<2ab, m<g<p_ab’

g = p—m,aJ(m,bJ(m},
)

R splits into R and RY. So, we can regard A(n) as a summation over R.

7. The Reidemeister torsion and the Chern—Simons invariant

7.1. Fundamental group

We assume that b is odd. For the torus knot 7'(a, b) we have

mi(SP\ T(a,b)) = (x,y | x* = yP).
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Note that

e z:=x%= yb is central,

e 1 =x"°y? isameridian, where ¢ and d are integers such that ad — bc = 1, and
o A = zu 9 is the preferred longitude.

Put X := S3\ Int N(T(a, b)), and D := D? x S!. Let X, be the closed three-mani-
fold obtained from X by p-surgery. Then X, is X U;, D, where i,: 0D — 0X sending
dD? x {point} to up := AuP, and {pointin D2} x S! to !, where we identify a
simple closed curve on the torus 0X with an element in 771 (0X).

Since in 71(X,), wp = 1, which is equivalent to uP~ = 771 we have the
following presentation of 71 (X,):
m(Xp) = (x.y. | x* = yP = x4 uPm = x79). G)

Note that we do not need the generator pt.
Regarding X, as the Seifert fibered space S(—a/c,b/d, p — ab), we have another
presentation:

mi(S(=a/e.b/d. p—ab))=(a.B.y. f | . f1=[B. f1 =1y fl=a"f"¢

=pPfl=yP " f =aBy = 1),
(23)

where @, 8, and y go around the singular fibers with indices —a /b, b/d, and p — ab
respectively, and f is a regular fiber. We use ;(X)) for the presentation (G) and
w1(S(—a/c,b/d, p— ab)) for that described in (23).

We will construct a concrete isomorphism between 1 (X)) and 71 (S(—a/c.b/d,
p —ab)).

Define a homomorphism ®: 1 (S(—a/c,b/d, p —ab)) — w1(X,) by

P(a) :=x"¢
(B) == y?.
(y) == pn",
D(f) = P~

Since we have

D(a f¢) = y—aeme(p=ab) _ y—ac ac _ |
DY £y = ybd dr—ab) _ ybdy—ad _ |
O(yP = f) = pt PP = 1,
oo, f1) =[x puP ) = kX = 1,
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(. ) = . u b =y P =1,
O([y. fI) = [n . wP ] =1,
d(apy) =x"yiut =1,

@ is well defined.
We also define W: 1 (X,) — m1(S(—a/c,b/d, p—ab)) by
V(x) = a’ f77
W(y) = pefe.
() =y~

Since we have
W(x@y~b) = qab f-ad g=ab p=be _ rbe r—ad rad p=be _ |
W(py~9x¢) = y~1 ped gmad ybe p—ed _ \—1gbe g—ad ybe—ad
=y gl =
W(uP=ab @) = yab=p(gb f=dya — roab p=ad _ ¢ rbe p-ad _ |
W is also well defined.

Since ® o W = Idy, (x,) and W o ® = Idy, (S(~a/c,b/d,p—ab))> both ® and W are
isomorphisms, as desired.

7.2. Representations

It is known that the SL(2; C) character variety of T (a, b) has (@ — 1)(b — 1)/2 irre-
ducible components and an Abelian component. Put

Pi={(k,)|0<k <a,0<l<b k=1 (mod2)}.

Then the irreducible components are indexed by J as follows. Let p,lfl: m(X) —
SL(2; C) be an irreducible representation that belongs to the component indexed by
(k,1) € 2. Then it satisfies

- km
trpe (x) =2 cos(;), (24)
[
ol () = 2005(%). 25)
See [33,43].
The irreducible component indexed by (k, /) € & intersects with the Abelian com-

ponent in two representations whose traces of the meridian w are 2 COS(W)

and 2 cos(%), where ¢ and d are integers satisfying ad — bc = 1.
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We want to extend the representation p}crrl to a representation of ;(X,). Since
tr o, (x) # £2, we can find Q € SL(2; C) such that

. _ eknJ—_l/a 0
Q Pk,l(x)Q— 0 o—knv=1/a |’

Then since up = Apu? = zuP~% = x4 P~ we have

07 o (up)Q = (—DF O (o, ()PP 0.

Therefore, if trp}fl (n) = ZCos(p}i’Zb) withO<h < p—abandh =k =1 (mod2),
then pi™, (p) becomes the identity and so we can extend p;”;: 71 (X) — SL(2; C) to
an irreducible representation ﬁ}l“k ;im1(Xp) — SL(2; C).

Therefore, we have the following proposition.
Proposition 7.1. Put

Ho={hk1)eZ?|0<h<p—ab,0<k <a,0<l<bh=k=1 (mod2)}.

(26)
Then for any triple (h,k,l) there exists an irreducible representation ﬁ}l“k 1m(Xp) =
SL(2; C) such that

km
tr ,E)}ffk’l (x)=2 cos(j),

Moreover, the representation is unique up to conjugation.

We can describe these representations in terms of 71 (S(—a/c,b/d, p — ab)) by
using the isomorphism ®: 71 (S(—a/c,b/d, p — ab)) — m1(Xp). The generators of
the presentation (23) is mapped as follows:

ot ckm
tr i (@) = 2cos(7), 27)
- dlm
trp};,k,l(ﬂ) = 2cos(7), (28)
hm
~Irr _
AT () = 2c0s(p_ab), (29)
tr pe () = 2(=D)". (30)

Remark 7.2. Since X, is the Seifert fibered space S(—a/c.b/d, p — ab), the result
above is well known.



H. Murakami and A. T. Tran 748

We also introduce reducible Abelian representations indexed by
{leZ|0<l < p}.

Definition 7.3. For an integer with 0 </ < p, let 5***": 71 (X,) — SL(2: C) be the
Abelian representation sending

eZln\/—_l/p 0
n = ( 0 e—217r\/—_1/p)'

Since H1(Xp) = Z/ pZ, this is well defined.

7.3. Reidemeister torsion

In this section we describe the homological Reidemeister torsion of X, twisted by the
adjoint action of the irreducible representation ﬁ}fk’ ; with (h,k, 1) € H.

For a representation p: 71 (X) — SL(2; C), let Tor, (X; p) be the twisted Reide-
meister torsion associated with a simple closed curve y C dX. Here we assume that
p is y-regular [53, Définition 3.21].

If M is an oriented, closed three-manifold and p: w1 (M) — SL(2; C) is a rep-
resentation. We denote by Tor(M ; p) the Reidemeister torsion twisted by the adjoint
action of p.

Now, we can calculate Tor(Xp; ﬁ}l"k l) as follows.

Lemma 7.4. The Reidemeister torsion twisted by the irreducible representation ﬁ}fk !
is given by

ab(p —ab)
64 sinz(l%”) sinz(%”) sinz(p}i’;b)

Tor(Xp: pyy,) = £

Proof. Since A = zj1~?? and z is central, by a conjugation we may assume that

hrv/—1

e p—ab *
P}cr,rl(ﬂ) = ( _hm/—_l)
0 e p—ab
and that
—abhnﬁ
e »p-a *
P}cr,rl(k) = i( abhnﬁ)-
0 e p-ab
Therefore, we have
1 2p2 b
Tor, (X: o)) = + ¢ —+ a

ab 16 sinz(kT”) sinz(%’) 16 sinz(kT”) sinz(%”)
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from (7). Note that this holds for any irreducible representation in the component
indexed by (k, ).
Since

: ehn\/—_l * o —ab
pkrfl(kup) = :l:( 0 e_h”*/__l) = ip;fk,l(ﬂ)p av,

we have
ab(p —ab)

Tor; (X; = +(p —ab) Tor, (X;
i (u) (X P p ) Toru(X: picy) = 16sin2(k7”)sin2(%”)

from (7).

Since p;", (ip(Ap)) = o ()", we have tr o}, (i, (AD)) = 2c0s(p Z+). So, we
finally have

Tor(X ~},Hk )= 5b(p —ab) 1
16 sinz(kT”) sinz(%”) 40082(p 7)) —
ab(p —ab)

64 51n2(k”) 51n2(l”) sm2( h =)
from (8). [ ]
Let pf"e] be the reducible Abelian representation
e2nV~=1/p 0
m1(X) > SL2:C), u— ( 0 e—zan—_l/p)'

Note that p/**! can be extended to
i mi(Xp) = SL2:C), ™ = 5y ).

The Reidemeister torsion Tor, (X ; pAbel) of X twisted by p;\bel associated with p is
A(T (a,b);em~=1/P) 5 )

>l T 1/ p) )~ ([40, Theorem 4], [64, Theorem 1.1.2]; see also [47,

Proposition 5.1]), where A(K;?) is the normalised Alexander polynomial of a knot K.

given by £(

Then we show

Lemma 7.5. The Reidemeister torsion twisted by the Abelian representation /oAb"'1
given by
P sin2 ( ZIijbn )

Tor(X,; pit*e) = + .
P h 16 sin? (2147 ) in? (267 ) 5in2 (2L
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Proof. Since it is well known (see for example [37, Chapter 11]) that

(tab/Z _ t—ab/Z)(tl/Z _ [—1/2)
(t“/2 _ t—a/2)(tb/2 _ t—b/z) ’

A(T(a.b);t) =

we have
sin

4 sinz(—za;”) sinz(—ZIZ”) ’

2 ( 2abln )
Tor, (X: p)*) = £ L

Since p* (i, (D)) = p;* (1), we have

p sin2 ( Za;ﬂ )

4sin”(242) sin (2212 )

Tory, (up) (X: o) = %

from (7). Since we also know that pi**!(i,(Ap)) = p**(u) ™!, from (8) we have

Tor;, (1) (X o))

(tr " (ip(Ap)))? — 4

Tor(Xp; prt) = &

p Sin2(2abln) 1
P
= X
s 2c2alwy 02 02blw 202l
4s1n(p)s1n(p) 4c0s(p) 4
- 2c2abln
psin” (4775)

16 sinz(—z’z”) sinz(—ﬂ”f”) sinz(ﬂT”) '

completing the proof

7.4. Chern—Simons invariant

750

In this section we calculate the Chern—Simons invariants of X, associated with repres-
entations described in Section 7.2. We denote by CS(M; p) € C/Z the Chern—Simons
invariant of a closed three-manifold associated with a representation p. We use a
formula by Kirk and Klassen [32, Theorem 4.2; see also p.354, first paragraph].
Note that in our case, K = T'(a,b), E = X, M = X,, up = u?X € n1(X) and

Ap = put e m(X).

First we consider the Abelian representations. See [31, Theorem 4.5], noting our

sign convention (Remark 2.2).

Lemma 7.6. Let ﬁfbel be the Abelian representation defined in Definition 7.3. Then

the Chern—Simons invariant of ﬁfbel is given as

12
CS(Xp; pp*) = —— e C/Z.
p
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Proof. Now, let us consider a path of representations p;: 71 (X) — SL(2; C) sending

2tin~/—1/p 0 . . . . ..
pnto€ o =211/ =T /p> and A to the identity matrix. Then pyg is trivial and
p1(p) = ﬁfbel| x (i). Therefore, both po and p; can be extended to representations

0o, Which is trivial, and p; = ﬁf"el of m1(Xp). We also see that if we put a(t) := [t

and B(t) := —It/p, then we have

eZnJ—_la(t) 0
pi(ip) = ( 0 e—sz—_la(t))’

o2V —1B(1) 0
pi(Ap) = ( 0 e—znd—_lﬂ(t))'

Therefore, from Theorem 2.1 we have

CS(Xp; 1) = CS(X,p; p1) — CS(X,p; fo)
1

—1?%¢ 2
Y EL
V4 V4

since CS(Xp; po) = 0. See [32, Theorem 5.1]. [

Next we consider the irreducible representations. The following lemma is also
well known. See [32, Theorem 5.2] and [5, Proposition 2.3]. Notice again our sign
convention; ours agrees with that of [5].

Lemma7.7. Let ﬁ}l"k ; be the irreducible representation described in Proposition 7.1.
Then we have
h? (adl — bck)? c
4(p —ab) 4ab

CS(Xp: fps) = C/Z. (31)

Proof. Fix integers ¢ and d such that ad — bc = 1 as usual.
We will define a path of representations

@r:m(X) —SL(2:C) (0=<t=1)

as follows.
For 0 <t < 1/2, define

e2(adl—bck)tn\/—_l/a 0
Qot(x) = ( 0 e—2(adl—bck)t7r«/—_1/a ’
e2(adl—bek)tm/=1/b 0 32)

e (y) := ( 0 e—z(adl—bck)tm/—_l/b ’
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Note that ¢y is trivial and so it can be extended to the trivial representation
(Z?()Z T (Xp) — SL(Z; (C)
Note also that
ekn V=1/a 0
@1/2()() = ( 0 e—kﬂx/—_l/a)’

ean—_l/b 0
901/2()’) = ( 0 e—lﬂx/—_l/b)’

since k = (mod?2).

» For1/2 <t < 1, we will construct a path from ¢/, to p}c"l: m1(X) — SL(2; C).
Recall that the representation p}; satisfies tr o, (x) = 2 cos(k/a) and tr o™, (y) =
2 cos(I{7/b) (see Proposition 7.1). Since the Chern—-Simons invariant does not depend

. Irr . ekn«/—l/a 0
on conjugacy classes, we may assume that pk’l(x) = ( . kv =T/a ) Let
O € SL(2; C) be a matrix such that Q' o™, (y)Q = el =t/ i 3_1/;;)' Since
s e lnNV—

SL(2; C) is connected, there exists a path P(¢):[1/2, 1] — SL(2; C) such that one
has P(1/2) = I, and P(1) = Q, where I, is the 2 x 2 identity matrix. Now, we put

ekrr\/—_l/a 0
o1(x) = ( o EM),
eln«/—_l/b 0 (33)
o) =P ) PO

for 1/2 <t < 1. Then, since ¢;(y)? = (1)1, and k = [ (mod?2), we see that ¢,
is well defined. Note that ¢;/, in (33) coincides with that in (32), and that ¢; equals
p}crrl, which can be extended to ﬁ}l“k ;- m1(Xp) — SL(2; C) for (h, k1) € K.

Next, we calculate ¢; (up) and ¢;(Ap). Recall that = x~€y?, A = x4,
pup = ApP,and Ap = pL.
e For0 <t < 1/2, we see that ¢, (1) is a diagonal matrix with (1, 1)-entry

eZ(adl—bck)tn\/—_l/(ab)

and that ¢, (A) = I,. Therefore, we have

e2pladl—bck)in/=1/(ab) 0

¢t (up) = ( 0 e—zp(adl—bck)th—_l/(ab))’
e—z(adl—bck)tzr\/—_l/(ab) 0

¢1(Ap) = ( 0 ez(adl—bck)tn\/—_l/(ab))’
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and so we can put

dl — bck —(adl — bck
alt) := Lc)t and B(1) := ut
ab ab
to use Theorem 2.1. Then we have
i d () (adl — bck)?
ot _pladl —bc
> / (0 ar = PO (34)

0

« For 1/2 <t <1, we see that ¢;(x?) = (—1)KI, forany 1/2 < ¢ < 1. So, we
have ¢ (1) = (=1*@: (1) ™", ¢: (kD) = (=1)*@: ()7~ and ¢+ (Ap) = ¢: (W) ™"

Therefore, if we assume that ¢, (1) = (QZH«/?f(Z) —27“?—_1 f(,)) after conjugation,
then we have
27~/ ~1((p=ab) f(1) +k/2) 0
¢i(up) = ( 0 e—znﬁ((p—ab)f(t)+k/z))’
X e—27V=11(0) 0
(pt( D) - O eZN«/—_lf(t) .

Therefore, we can put a(¢) := (p —ab) f(¢t) + k/2 and B(t) := — f(¢) to use The-
orem 2.1. Then we have

1 1
d
2 [ 6052 di =2 [(r-ab)f' 01 0)

1/2 1/2
= —(p—ab) O,
_ h? (p —ab)(adl — bck)?
N _4(p —ab) + 4a2h? (35)

since f(1) = ﬁ and f(%) — adé;ll;ck‘

Therefore, from (34), (35), and Theorem 2.1, we conclude that

d a(t) h? B (adl — bck)?
~4(p—ab) dab '

cwx,ﬁ;»—zfﬂm

completing the proof. |

Remark 7.8. Let us confirm that the right-hand side of (31) does not depend on the
choice of (¢, d) as an element in C/Z.
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Suppose that ¢’ and d’ are integers such that ad’ — bc’ = 1. Then we have
(adl — bck)? — (ad'l —bc'k)?
= a®1*(d* — d"*) + b*k?(c® — ¢'*) — 2abkl(cd — c'd’)
= al*(d +d")b(c — ) + bk*(c + ¢')a(d — d') — 2abkl(cd — c'd")
=ab(I*(d +d')(c—c')+ k*(c +c)(d —d")—2kl(cd — 'd"))

. — 2 'I—bc’ . .
since a(d —d’) = b(c — ¢’). So, (”dl4al;fk) — lad iaé’c k) is an integer because k =

[ (mod 2) and the right-hand side of (31) does not depend on the choice of ¢ and d.

8. J0 and R

In Section 7.4 we have shown that the irreducible representations of m1(X,) to
SL(2; C) are indexed by #. In this section we construct two injections [, and T_
from K to R so that R = ' (H)u r_ (#), where Ll means a disjoint union.

Let a and b positive coprime integers. We assume that b is odd.

We first define two finite sets & and @ as follows:

{/’:={(k,l)|lfkfa—l,lflfb—l,kg)l},
Q:={meZ|l<m<ab-1,a}m,b}m},
where k = [ means k =/ (mod?2).

@
Define maps I'; and I'_ from & to @ by

Ty (k.l):=[adl — bcklap., T_(k.l):=[—adl — bck]ap.

Here we choose integers ¢ and d such that ad — bc = 1, and [x], is the integer
satisfying 0 < [x], < p and x = [x], (mod p).
Remark 8.1. By Sunzi’s theorem [34], 'y (k, ) is characterised as follows:
(T4 (k. Dla. [T+ (k. D]p) = (k. 1),
(IC-(k. Dla. [T~ (k. D]p) = (k.b = 1)
since 'y (k,l) =k (moda) and 'y (k,l) =[ (modb),and I'_(k,/) =k (moda)

and _(k,/) = b —1 (modbd).
We also have

Ly (mla, [m]p) = m, (36)
I_([mla, [-m]p) = m (37)

for any integer m with 0 < m < ab — 1.
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Note that both '} and I'_ are injective, and that I (#) N ['_(#) = @. The former
follows from Sunzi’s theorem. The latter is because

[Ty (k. D]a = [T+ (k. Db
©))

but
[T-(k,D]a (32—&) [C-(k,D]p

since b is odd.
Since #P = (a — 1)(b — 1)/2 and #Q = (a — 1)(b — 1), we conclude that

Q=Q,ua@_,
where LI denotes the disjoint union and @ . := ' (#). Note that

= [m]p}.

‘@
Q- ={me@|[mls # [m]p}.
(@)

Qy ={me@|[m]

We also define maps ®4: Q4 — P and O_: @_ — Pby
Ox(m) := ([m]a. [£m]p)

Then we have

(O oT1)(k,l) = Ox([Fadl — bck]ap)
= ([£adl — bckla, [adl F bek)p = (k. 1).

We also have
(T4 0 O4)(m) =Ty ([mla, [m]p) =m  ifm e Ay,
(T o®_)(m)=T_(m]g,[-m]p) =m ifme@_

from (36) and (37). So, ® is the inverse of I';.

Example 8.2. When a = 2, we have
P={1,1)|1<I]<b-1,I:0dd}.

and

Qy =1{1,3,....b—2,
Q_=1{b+2,b+4,...2b—1)

We also see that I';(1,/) = [ and T'_(1,/) = 2b — [, and that ©(m) = (1, m) if
me @4 and O_(m) = (1,2b—m)ifme @_.
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Example 8.3. When (a,b) = (4, 3), we have

P ={1,1),(2,2).3. D},
Qy ={1,2,7 Q_={5,10,11},
ry:(1,1)—1,2,2) > 2,(3,1) > 7,
r-:(1,1)—5,(2,2) - 10,(3,1) — 11,
and
O 1—->(1,1), 2—2,2), 7—(3,1),
®_: 5—>(1,1), 10— (2,2), 11—=>(3,1).

Example 8.4. When (a,b) = (3,5), we have

P ={1.1),.(1,3),(2,2),(2,4)},
Q. =1{1,2,13,14), Q_={4,7,8,11)},
Tei(1,1) = 1,(1,3) > 13,(2,2) — 2,(2,4) — 14,
I_:(1,1) > 4,(1,3) > 7,(2,2) — 8,(2,4) — 11,
and
Op: 1—(1,1), 2—(2,2), 13— (1,3), 14— (2,4),
O_: 4—(1,1), 7—(1,3), 8—(2,2), 11— (2,4).

Next we construct maps [ from # to R.
Recall the following:

J(::{(h,k,l)EZ3|O<h<p—ab,0<k<a,0<l<b,h§)k

R:={(g.m)eZ?|0<m<ab,0<g<p—ab,

g = p_m7a+m’b+m}’
2
Tu(k,l) = [+adl — bek]gp.

We put

Ca(h k1) := {

@)
Note that if a is even, we have

Ta(k.]) +ab + h = [£adl — beklyy + ab + h
:[bc(—k:l:l):i:l]ab-i-ab-i-hg)o

since k = I s h. So, in this case [+ (h, k,1) = (p —ab — h, T+ (k,1)).

(p—ab—h,Tx(k,1)) if T (k.1) +ab +h =0,
(p—ab —h,ab —Ty(k,1)) ifTa(k,l)+ab+h 0.

756

= [},
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Let us check whether the image of T is contained in R or not. First assume that

To(k,l)+ab+h = 0.
(@)

Then we have
(p—ab—h)—Ty(h.k,1) s

and so the image is in R. Next assume that

Ttk l)+ab+h # 0.
(@)

Noting that a should be odd, we have

(p—ab—h)—(ab—Tx(h k1)) = (p—ab—h)+ (h+1) = p.
@ @

Therefore, the image of fi is also contained in R.
Since
I't(a—k,b—1)=[xtadb—1)—bc(a—k)lap = [—(Fadl —bck)]aqp
=ab—-Ty(k,I)

and [y (P) N T_(P) = @, we see that Ty (H) N T_(H) = 0.
We show that I'y is injective. Suppose that

Ca(h k1) =T k' 1) for (h k1), (K, I',h) e K.

Then from the definition we have h = h’.
We also have either

i Tx(k, D) (E) ab+h (E) Ty(k’,l"yand Ty (k,l) = T4 (k', 1),
2 2

i Ta(kl) = ab+ b # Tok'.0) and Ta (kD) = ab = Ta(K'.0).
2 @

i, Ta(k0) # ab+h = To(K'. 1) and ab = Tk, 1) = (k' 1), or
©))

iv. Tu(k.l)#ab+h#£To(k'.l')and To(k,l) =TTk, 1).
) )

For cases (i) and (iv), we have (k,[) = (k’,1’) from the injectivity of T'y. For case (ii),
since ab — T+ (k’,l') =Tx(a — k', b —1"), we have b = [ + I, which contradicts
the condition

So, case (ii) does not happen. Similarly, case (iii) does not happen, either. Therefore,
we have (h,k,[) = (k’,1’,h’) and T'1 are injective.
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Noting that

1
Z(a — )b —-1)(p—ab—1) when pisodd,

# = (a—l)(b—l)Lp—ab—lJ

> > when p is even.

1
E(a —1)(b—-1)(p—ab—1) when pisodd,

p—ab—1
2

#R =
when p is even.

(@— 1) - 1){

we see that T (H) UT_(#) = R.
We denote by R4 the image of I'y.

Lemma 8.5. We can characterise Ry as follows.
Ry ={(g.m) e R |[m]a 5 [m]s}.

R-={g.m) € R | [ml]a # [m]p}.
©))

Proof. Tt is sufficient to show that

[C+(k, D]y and  [P-(k,D]a # [T-(k.D]p.

[k, D]a =
) )

Since '+ (k,l) = [fadl — bck]ap and ad — be = 1, we have

[Tk, D]a = [kla = k,
[Tk, D]p = [l]p =1,
[T-(k,D]p =[]y =b—1
The conclusion follows since b is odd and k g) l. n

We define maps Or: Ry — K and O_: R_ — K as follows:
Ox(g.m):= (p—ab—g.[mla.[£mlp)  ifab+m + [mla 50

@i(g, m):=(p—ab—g,[-mlq, [Fm]p) ifab+ m+ [m], # 0.
)

Note that if a is even, then [m], (E) m and so ab + m + [m], (E) 0. As a result, if
2 2

b +m + [m], # 0, then a is odd. We need to check that O is a map to .
)]



Quantum invariants of three-manifolds 759

Assume that ab + m + [m], (E) 0. Then, since (g, m) € R, we have
2

(p—ab—g)—[mla =p+g+m=0.
2) @)

If (g, m) € R4, then [m], (E) [m], and so O (g, m) € K. If (g.m) € R_, then
2

[m]a (?é) [m]p. Since [-m]p = b —[m]p (i) [m]p, [m]a 5 [~m] and s0 O (g,m) € ¥.
2 2
Assume that ab + m + [m], # 0. Since a is odd as mentioned before, we have
2

(p—ab—g)—[-mla=(p—ab—g)—(a—[mla) = p+m+g =0.
@) @)

If (g,m) € R4, then [—-m], = a — [m], (f) b —[m]p (f) [—m]p and so O (g, m) € K.

If (g, m) € R_, then [-m], = a — [m], # b — [m]p # [m], and so O_(g,m) € K.
2 2
Therefore, the image of @i isin J.
Next we show that @i is the inverse of fi.
When 'y (k, 1) +ab + h (E) 0, we have
2

((:jzl: o 1':‘:I:)(h’k’ l) = (:jzl:(p —ab— h’ F:I:(k’l))
= (h, [Tx(k, D]a. [£T+(k, 1)]p)
= (hk.])

since
ab+ Tk, )+ [Tk, D]g=ab+TxL(k,])+k 3 0.

When 'y (k,1) + ab + h # 0, we have
@)

(O1oT1)(hk,1)=0Os(p—ab—hTi(a—k,b—1))
= (h.[-Ts(a—k.b=D],.[FT+(@ —k.b—1)]p)
= (h,[Fad(b —1)+ bc(a —k)]a,[—adb —1) £ bc(a—k)]p)
= (h,k,1).

Here the second equality follows since

@b+ Ta(a—k.b =D+ [Pala—kb=Dla = Tull ) + 51
2

#Fab+h+b+1=0.
) (@)

Therefore, @i o fi is the identity on #.
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When (g, m) € R4 and ab + m + [m], (E) 0, we have
2

(T4 0 ©4)(g,m) = T (p — ab — g, [mla, mlp).

Since I'y ([m]q, [m]p) = m from (36),and m + ab + (p —ab — g) (E) 0, we have
2

T (p —ab — g, [mla, [mlp) = (g. T+ (Imla. ) = (g.m).

When (g,m) € R4 and ab + m + [m], # 0, we have
@)

(T4 0 ©4)(g,m) = T (p — ab — g, [-mla, [-mly).

Since
Uy ([-mla, [-m]p) = T (lab —m]q, [ab —m]p) = ab —m
and
(ab—m)+ab+ (p—ab—g) =ab # 0,
) )
we have

T (p —ab — g, [=mla, [=mlp) = (g,ab — T ([=mla, [-m]5))
= (g.ab —T'y([ab —m]a. [ab —m]p))

= (g, m).
Therefore, T'y. o ® is the identity on R .
When (g,m) € R_ and ab + m + [m], (E) 0, we have
2
(F- 0 ®-)(g.m) = T_(p — ab — g.[mla. [~m]p).

Since I'_([m]q, [-m]p) = m from (37), and m + ab + (p —ab — g) (E) 0, we have
2

T_(p—ab — g, [mla.[-mlp) = (g. T—([mla. [-ms)) = (g.m).

When (g,m) € R_ and ab + m + [m], # 0, we have
)]

(T 0 ©_)(g.m) = T_(p —ab — g, [-mla, [m]y).

Since
I_([-m]q,[m]p) = T-([ab — m]q, [m — ablp) = ab —m,

and

(ab—m)+ab+ (p—ab—g) =ab # 0,
) )
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we have
T (p —ab—g.[=mla.[mly) = (g.ab — T_([=mla. [m]y)) = (g.m).
Therefore, fi o ®_ is the identity on R_.
Example 8.6. . When a = 2, b and p are odd from the assumption. So, we have
H={Mh1,0)|h=13,...,p=2b-2,1=1,3,...,b—2},
R={(g.m)]|g=2.4,....p—2b—1,m=1,3,...,b—2,b+2,...,2b—1},

Ry={(gm)|g=2,4,....p—=2b—1,m=1,3,...,b—2},
R_={(g.m)|g=2,4,....p=2b—1,m=b+2,b+4,...,2b—1}.

We can putd := (1 —b)/2 and ¢ := —1. So, we have
Ty(h, 1,1) = (p—2b—h,[(1=b)l + blop) = (p—2b—h,1),
T_(h,1.1)=(p—2b—h,[-(1 = b)] +blap) = (p —2b—h,2b 1),

since [ is odd.
We also have

O4(g.m)=(p—2b—g,1,m)

when (g,m) € R4 and
O-(g.m) = (p—2b—g,1,2b—m)

when (g, m) € R_.
Example 8.7. When (a,b) = (3,5) and p = 19, we have

H={(1,1,1),(1,1,3),(2,2,2),(2,2,4), (3,1, 1), (3, 1, 3)},
R ={(1,2),(1,4),(1,8),(1,14),(2,1),(2,7),(2,11),(2,13),(3,2),(3,4), (3, 8),
(3.14)}.
R+ =1{(1,2),(1,14),(2,1),(2,13),(3,2), (3, 14)},
R_={(1,4),(1,8),(2,7),(2,11),(3,4), (3, 8)}.

From Example 8.4, we have
f+: (1,1,1) = (3,14),(1,1,3) —> (3,2),(2,2,2) — (2,13),(2,2,4) — (2, 1),
3,1,1) > (1,14),(3,1,3) — (1, 2),

M (1,1,1) = (3.4),(1,1,3) > (3,8),(2.2,2) = (2,7).(2,2,4) — (2, 11),
(3.1,1) > (1,4),(3,1,3) = (1,8),
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04:(1,2) > (3,1,3), (1, 14) > (3,1, 1), (2. 1) — (2,2.4), (2, 13) — (2.2.,2),
(3.2) > (1,1,3),(3.14) > (1,1, 1),

O_:(1,4) > 3,1,1),(1,8) > (3,1,3).(2,7) = (2,2.2), (2, 11) — (2,2, 4),
(3.4) > (1,1,1),(3.8) — (1,1,3).

9. Topological interpretations of A(n) and B(n)

As shown in (26), the irreducible representations of (X)) to SL(2; C) are indexed
by J.

9.1. Topological interpretation of A(n)

In this section, we give a topological interpretation of A(n).

Let T 1+: H — R4 be the bijections described in Section 8. Recall the following
subsets of R (see Figure 8):

fRz{(g,m)GZz|0<m<ab,0<g<p—ab,g(E)p—m,aJ(m,bJ(m},
2

RA = {(g.m e R| 2 < pfab},

ﬁvz{(g,m)eﬁ‘%> p—gab}’

Re = {(g.m) € R | Iml, = mls}.

R-=1{(g.m) € R |[[m]a # [m]p}.
©)

Put R := R NRA, RY =R NRY, HL := O4(R2) and HY := OL(RY).
Then we have two decompositions of # and one decompositon of R:
Ho=HE0H,
g =g u Y,
R=REURY URLURY.

Remark 9.1. Note that J@ﬁ N %z = @ but that J@_ﬁ NHA #@and HA N J@_ﬁ 0
in general.

Remark 9.2. Since an element (%, k, ) in # belongs to J ﬁ (HY, respectively) if
andonly if '+ (h,k,1) € RA T+ (h, k.1 ) e RY, respectively). Therefore, concretely
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0 p—ab g

Figure 8. The dark gray area is RV, the light gray area is R2, and R = R2 U RV.

speaking, the sets # i and J(’Z are given as follows.

r
Jei_{(hkz)ege‘ i(k D, p_hab<1(ifri(k,1)+ab+h§)o),
ri(k,l) hoo -
> — b(1fFi(k,l)+ab+hg)l)},
Ty k.l h
{(hkl) Jf" i( ) 4 > 1GETa(k,]) +ab +h = 0),
p—ab )
r k,l h
sk D) _ GfTe(k.]) +ab+h = 1)}.
ab —ab @)

Example 9.3. Suppose that a = 2. Then we have

Ry={(g.m)|h=2,4,....,p=2b—1,m=1,3,...,b -2},
R_={(g.m)|h=2,4,....p-2b—1,m=b+2,b+4,....2b—1}

and so

h m
A_ _ — pu—
&—{(g,m)(ZShSp 2b—1,1<m<bh 2,p_2b>_2b,
hEO,mzl},
@

h m

A — f— —— —
RA {(gm)(2<h<p 2 1bt2sms2b o>
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Figure 9. The decomposition of R whena = 2 (k = 1).

h m
Rz={(g”")‘257151’_2]9_1”"515’9—2’1)_2])<%’
hEO,mEI},

@) )
h m
vV _ Y _ -
RY ={(g.m) [2=h=p-2b—1.b+2<m=2b L35> 55
hEO,mEl}.
2 2
See Figure 9. Therefore, from Example 8.6, we have
JgA:{(h’ll)‘1<h<p—2b—2,1<l<b_2 L+L<1
! A Y e T
hEl,lEl},
) )

h /
HY = 1, | 1<h<p-2b-2,1<1<bhb—2,—— +— > 1,
+ {( )[1=h=p <l= PR

hEl,lEl},

@) @)
JfA:{(h,l,l)‘l<h<p—2b—2,1<l<b—2, h <L,
B o - p—2b 2b

h=1,] = 1},
2 2

764
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Figure 10. Two decompositions of J.

h >L
p—2b " 2b’

ﬂf:{mJJW15h5p—zb—z1515b—z

h=1,] = 1}
) )

as indicated in Figures 10. Note that #2 C J f and that J(’X c HY.
Example 9.4. If (a,b) = (3,5) and p = 19, we have

KA =1{(1,2),(2,1),(3.2).(3,4). (3.8)}
RY = {(1,4),(1,8),(1,14),(2,7), (2, 11),(2,13), (3, 14)},

RE =1{(1.2).(2.1).3.2)}.

RY =1{(1,14),(2,13), (3, 14)},
RA ={(3.4).(3.8)},

RY = {(1,4),(1,8).(2.7). (2, 1D},

and
HE =1{(3,1,3),(2,2,4),(1,1,3)},
HY =13, 1,1),(2,2,2), (1,1, 1)},
JeA = 1{(1,1,1),(1,1,3)},
FY =1{(3,1,1),(3,1,3),(2,2,2), (2,2, 4)},
from 8.7.
Note that

HENHE ={(1,1,3)} and HY NFHY ={(3,1,1),(2,2,2)}.

765
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Since
R=RURY, RE=RLURE, RY=RYuURY,
from (22) and the condition that g (E) p —m when (g,m) € R, we have
2

e_%m vab(p —ab)A(n)
= Ggm)—)Y G(gm)— Y () P EG(g,m)

(g.m)eR? (g.m)eRrY (g.m)eR
=Y G(g.m)+ Y G(g.m)—> G(g.m)— Y G(g.m)
(g.m)eR? (g.m)eR (g.m)eRY (g.meRY
_ Z(_l)ab-i-p-i—gG(g’ m) _ Z(_l)ab—i-p-l-gG(g’ m)
(g.m)eR} (g.m)eR2
_ Z(_l)ab-i-p-i—gG(g’ m) _ Z(_l)ab—i-p-l-gG(g’ m)
(g.meRY (g.m)eRY
=Y (1= (=D®TPE)G(g.m) + > (1 = (=1)**TP¥8)G(g.m)
(g.m)eRY (g.m)eR2
=D A+ (=D G(g.m) = > (1 + (1) TPFE)G (g m)
(g.meRY (g.meRY
=2 (= DHGEh kD) + 3 (1= (=DNGT-(h. k. 1)
(h.k,1)edes (hk,)ex2
=2+ CONGE (k. D) = Y (1 + (DMGET-(h.k.1)),
(hkDexy (h.k,lexy

sinceab+ p + g 5 hif (g.m) = Tx(h.k,1).

Therefore, we have

e_%m vab(p —ab)A(n)
=2) G (h.k.))+2) G _(h.k.1)

(h.ke,lyegs (h.k,1)egA

Eaee! @ @ @
—2) G (h.k.) =2 G(T_(h.k.D)).
(hk,esy (hje, ey

=k= h=k=Il=0
2 2 Q) 2) 2 @
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Now, we define €S 1 (h, k,[) and T (h, k, ) as follows:

est(h, k1)
_(p—ab- h)? ek, 1)?

. 4(p —ab) 4ab
| (p—ab—h? (@b-Tik.D)?
— — fre(k,! b+h=1,
4(p —ab) 4ab ek D) +ab+ @
r~Irr(h k l)
l"i(k Dy . l"i(k 13L1 (p—ab—h)w
(_1)F:i:(k l)8s1n( ) sin( ) sin( >—ab )

vab(p —ab)

if To(k,l)+ab+h =0,
)

p—ab

8 Sin((ﬂb—rj;(kal))ﬂ) ((ab 1—":I:(k l))”) Sll’l((p —ab—h)n

(—1y2b—TxkD

vab(p — ab)

Then from (21) we have

SRS ) = L STk, 1) ST kAT

e
A
(h,k,l)e.;e+

2) 2 @

Z (]vlrr(h k l)en‘c’SIf(h,k,l)n«/—_l
(h,k l)e.%’A

@ @ @

Z T_,’I_"(/’l, k, l)en‘esl_f(h,k,l)n«/—_l
(h.k l)e.;ei

@ @ @

Z (]vlrr(h k l)en‘CSIf(h,k,l)n«/—_l.

(hk,Degy
h=k=I1=0
2 2@ @

Lemma 9.5. We have
Nln(h k,1)~ > = |Tor(Xp§ﬁ;,n_ab_h,a_k,b_lﬂ-

Proof. We will show

T(h k1) = + sm(k;) sin(%r) sin(p }inab)'

767

if T (k1) +ab+h = 0,
(@)

if Tk, l) +ab+h = 1.
2

(38)



H. Murakami and A. T. Tran 768

It is sufficient to prove
sin(Fi(];’ l)n) sin(Fi(]Z’ Z)n) =4 sin(kjn) sin(%T).

Since I'+(k,l) = +adl — bck = —bck = —k (moda) and T'r(k,!) = adl =
[ (modb), the equality above holds. ]

Lemma 9.6. We have

€S (h.k.l) = CS(Xp: by up—na—rn-1) € C/RL).

D
Proof. We will show that
(ad(b—1)—bc(a —k))?
I'+(k,1)*> mod2ab ifTe(k,l)+ab+h 5)0,

(ab —T+(k,1))? (mod2ab) ifTx(k,l)+ab+h (E) 1.
2
e Tk, l)+ab+nh (E) 0.Put uy := 't (k,l). Then there exists v+ € Z such that
2

t+adl — bck = abvy + u4.

So, we have

Ty (k,1)? = (ad(b —1) —bc(a —k))?
= (adl — bck —abvy)? — (ad(b—1) — bc(a — k))?
=ab(d —c —vy)Q2adl —abd + abc — 2bck — abvy).
=ab(d —c —v4)(abd + abc + abvy) (mod2ab).
However since
abvy = adl —bck —uy

= (ad — bc)l + T+(k,])
2
=/+ab+h = ab,
2 @
this is congruent to
ab(d — ¢ —vy)(abd + abc + ab) = a’b*(d —c —vy)(d + ¢ + 1).

If a is even, this is congruent to 0 modulo 2ab. If a is odd, then d + ¢ + 1 is congruent
to 0 modulo 2 since ad — bc = 1 and so this is also congruent to 0 modulo 2ab.
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We also have
I'_(k,1)?> — (ad(b—1) — bc(a — k))?
= (—adl — bck —abv_)* — (ad(b — 1) — bc(a — k))?
= (abd —2adl — abc — abv_)(—abd + abc —2bck — abv_)
=ab(bd —2dl — bc — bv_)(—ad + ac —2ck —av_)
= ab(bd —bc — bv_)(—ad + ac —av-)
= (abd — abc — abv_)(—abd + abc —abv_-)
=0 (mod2ab),
where the last congruence follows by the same reason as above.
Therefore, we conclude that 'y (k,[)? = (ad(b — 1) — bc(a — k))? (mod 2ab).
e Ty(k,l)+ab+h g) 1. Let u4 and v+ be as above.
We have
(ab—T4(k,1))*>—(ad(b—1) —bc(a —k))?
= (ab —adl + bck + abv;)? — (ad(b — 1) — bc(a — k))?
= (ab + abd — 2adl — abc + 2bck + abvy)(ab — abd + abc + abvy)
=ab(ab + abd —2adl —abc + 2bck + abvy)(1 —d +c + v4)
= ab(ab + abd — abc + abvy)(1 —d + ¢ + vy) (mod2ab).

Now, since abvy = adl — bck —uy (E) ab + 1, this is congruent to
2

ab(ab + abd —abc +ab+ 1)(1 —d + c 4+ vy)
=a’b*(c+d + 1)1 —d + ¢+ vy) (mod2ab),
which is congruent by the same reason as above.
We also have
I _(k,1)*> = (ad(b—1) — bc(a —k))?
= (ab + adl + bck + abv_)?> — (ad(b — 1) — bc(a — k))?
= (ab + abd + 2bck —abc + abv_)(ab — abd + 2adl + abc + abv_)
=ab(a +ad + 2ck —ac + av_)(b—bd + 2dl + bc + bv_)
=ab(a+ad —ac+ av_)(b—bd + bc + bv_)
=ab(l+d —c+v_)(ab—abd + abc + abv_)
=0 (mod2ab)
by the same reason as above.
Therefore, we conclude that 'y (k,[)? = (ad(b — 1) — bc(a — k))? (mod 2ab).

The proof is complete. ]
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From Lemmas 9.5 and 9.6, we have topological interpretations of the terms in the
right-hand side of (38).

Example 9.7. Suppose thata = 2. If (h,k,l) € J,thenk = 1, and [/ and / are odd.
So, the last two terms in (38) vanish.

Moreover, from Example 9.3, we see that JA Jr’fﬁ and that J(’JY c K. So, (38)
becomes

(n+1)7-r\/_ )
e A(n) = Z ‘]’_il_“(h’ 1, l)e”\eslq-(h,l,l)n\/__l

A
(h,l,l)EJf+

1 e S (h, 1,1 v/—T
+7 > TR 1 De" ”
(h,1,1)edel
From Example 8.2, 'y (1,/) =1 and I'_(1,/) = 2b — [. Note that T'+(k,/) +
ab + h = 0 in this case. So, we have
(p—2b—h)? I?
4(p —2b) 8h’
(p—2b—h)? (2b—1)?
4(p —2b) 8b
from Example 8.6. Note that (b —[)/2 € Z. We also have

es(h,1,1) = -

es"™(h1,1) = —

b—1
:Zi’Slf(h,l,l)—l-T

8 sin(%zr) sin(%yr) sin(”;fi[;;hn)

V2b(p —2b)

T 1,1) = —

sm(2b Ly sin(26=L ) sin(25262" 1)
T_Iﬂ(h, lyl) = p—2b — _T_il_rr(h’ 1’ Z)
2b(p —2b)
So, we have
’ (H””FA( )_ Z’Ti"(h,l,l)e"?fs‘i(hal,l)n\/——l
(h,l,l)e,%_?_
S () EDRTIn( 1, 1) e LDTV=T
(h,1,D)eH>
1 (rad Trr —
2 Z T (h, 1, l)e”€3+(ha1,l)n\/_1
(h,1,D)eH>
b—I=2 (mod4)
1 lrd! *eSIrr hil =
* 4 Z T (h, 1, 1)e" T h,1,D)mw/—1

(h,1.)eF2\IHA

since #2 Jr’fﬁ.
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9.2. Topological interpretation of B(n)

In this section we give a topological interpretation of B(n).

First note that H,(M,;Z) = Z/ pZ and so a reducible Abelian representation o;
of m1(M,) is characterised as tro; = cos(2/mw/p) with1 < < (p—1)/2.

Put

4sin(24Z) sin(222 ) sin(2X) bl 12
ﬁsin(zabl”) ’ €s (l) = _;
p
Then we can write B(n) as follows:

B(n) = %m(_l)a+b+aben(1—p)nﬁ/4 ZTAbel(l)enESAm(l)n«/—_l' (39)
o<l<(p—-1)/2

TAbel(l) = (_l)l

Note that
(TA(1)) 7 = | Tor(Xp: 7). €S™(1) = CS(Xp: 5™ (modZ). (40)

From (19), (38), (39), (40), and Lemmas 9.5 and 9.6 we have the following the-
orem.

Theorem 9.8. The Witten—Reshetikhin-Turaev invariant of X, evaluated at e*™ V=1/n
has the following asymptotic expansion.

(_1)p+1n3/2

£ (Xp: exp(dr~/—1/n)) = (A(n) + Byn~V? 4 O(n—l))

2
with
n41 — Irr —
A =2 (T Yl ek
(ke Dedy  (hkDexy
=k=l= h=k=l=
@2 @ @ 2 @ @
n+1 — Irr —
+2e"% L2V 1( Z . Z )T_Irr(h’k’l)en‘CS_(h,k,l)rn/ 1
(hk,DeHA (h,k,Dedy
=k=l=1 =k=l=
2 @ @ 2 @ @
and

B(n) — % /_1(_1)a+b+aben(l—17)nx/—_l/4 ZTAbel(Z)en‘C’SAbcl(l)nx/—_l’
o<l<(p—-1)/2

where ’]'jIE"(h, k,1) and TA%\ (1) are related to the twisted Reidemeister torsions, and
€S (h, k., 1) and €S™™(1) are related to the Chern—Simons invariant as described
above.
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9.3. SU(2) representations and SU(1, 1) representations

Motivated by [51, Theorem 1.3] (see Theorem 1.5), we will study when a given irredu-
cible representation p: 71 (X,) — SL(2; C) is an SU(2) or an SU(1, 1) representation.
As a result, at least in the case where ¢ = 2, we show that A(n) in Theorem 9.8 can
be written in terms of these representations.

A 2 x 2 complex matrix L is in SU(2) if and only if L* L = I, and det L = 1,
where L* is the conjugate transpose of L. Note that

war{(* 2

where u is the complex conjugate of u. A 2 x 2 complex matrix M is in SU(1, 1) if
and only if M*(} ° )M = (} ) and det M = 1. Note that

SU(1, 1) = {(z Z)

The Cayley map defined by M +— € M€~! gives an isomorphism between SU(1, 1)

and SL(2; R), where € := %(«/1—_1 */1__1) e SL(2; C).

Proposition 9.9. An irreducible representation ﬁ}fk ; = SL(2;C) is either an SU(2)

u,veC,ul®>+ v?*= 1},

u,veC,ul®>—P?= 1}.

representation or an SU(1, 1) representation. Moreover, it is an SU(2) representation

if and only if
(cos( 70 5) = cos(“UEL20T))

X (cos(p}inab) - COS(W» > 0, (41)

and it is an SU(1, 1) representation if and only if

(cos(p fijrab) B COS((adl —beck)n))
X (cos(ph_nab) — COS(W)) < 0. 42)

To prove the proposition, we prepare a lemma.

Lemma 9.10. For a matrix M € SL(2; C) and an integer m, we have
M" = Sp—1(tr MYM — Sy, (tr M) 15,

where Sy, (z) is the n-th Chebyshev polynomial defined by So(z) = 1, S1(z) = z, and
Sn(z) = z8,—1 — Sp—2(2) and tr is the trace.
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Proof. By the Cayley—Hamilton theorem, M2 = (tr M)M — I,. The lemma follows

easily by induction. n
Note that

sin((n + 1)0)

Sn(2cos) = oy

for 6 € R.
Now, we prove Proposition 9.9.

Proof of Proposition 9.9. In this proof we use p instead of ﬁ}l"k ; for short. Recall the
following from Proposition 7.1:

trp(x) = 2cos(k7n), trp(y) = 2COS(%T), tro(u) = 2cos(p}i”ab).

First, we show that p is a representation to SU(2) if and only if (41) holds. Suppose
that the image of p is in SU(2) C SL(2; C). Since a unitary matrix is diagonalizable,
ekn«/—_l/a 0

0 e—kn«/—_l/a
In/=1/b . .
¢ e—lrr?/—_l/b)'wrlte p(y?) = (25 8) with [ul? + [v]* =1
and v # 0 since p is irreducible. Since u + it = tr p(y¢) = 2cos(d 7 /b), the real part
of u equals cos(d/x/b). So, we can put u = cos(dln/b) + r~/—1 for some r € R.
Now, we have

we may assume that p(x) = ( up to conjugation. Note that p(y)

is conjugate to (

trp(p) = trp(x~y9)

e—ckrr«/—_l/a 0 u v
(70 )5 )

ue—ckn\/—_l/a ve—ckn\/—_l/a
tr (_ﬁecknﬁ/a G eckny/1/a )
= (cos(dIn/b) + r~/—1)(cos(ckm/a) — sin(ckm/a)v/—1)

+ (cos(dlm/b) — rv/—1)(cos(ckm/a) + sin(ckm/a)v/—1)
=2cos(dln/b)cos(ckm/a) + 2r sin(ckr/a).

Since tr p(u) = 2 cos(hjr/(p — ab)), we obtain

_ cos(hjr/(p — ab)) —cos(dln/b)cos(ckm/a)

sin(ckm/a) “3)

Since |u|? + |v|?> = 1 and v # 0, we have |u|?> < 1 and so cos®(dIm/b) + r? < 1.
Hence, we have
(cos(hm/(p — ab)) — cos(dln/b) cos(ckm/a))? <1

2
cos“(dlm/b) + sin(ck/a)

s
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which means that
0 > —sin®(ckm/a) + sin®(ckw/a) cos*(dlm/b)
+ (cos(hm/(p — ab)) — cos(dlm/b) cos(ckm/a))?
= (cos(hn/(p — ab)) — cos(dlm/b) cos(ckm/a))?
+ sin®(ck/a) sin®(d [ /b)
= (cos(hm/(p —ab)) —cos(dln/b + ckn/a))
x (cos(hm/(p —ab)) — cos(dln/b — ckr/a)).
Therefore, if p is a representation to SU(2), then (41) holds true.
Conversely, suppose that (41) is satisfied. With r given by (43) and

u = cos(dln/b) + r~—1,

we have |u|? < 1. So, there exists v € C such that |u|? + |v|?> = 1. We now show that
there exists p(y) € SU(2) such that p(y9) = (2 2

By Lemma 9.10, we have

p(y?) = Sa—1(2cos(l/b))p(y) — Sa-2(2 cos(lm /b)) L.

(44)
Since in(dln/b)
sin(d I
Sa-1(2cos(Im/b)) = W # 0,
we put
0): 1 (u + Sg_2(2cos(l /b)) v )

P = S (2 cos(ln /b)) G it + Sq_n(2cos(ln/b)))
Then from (44)

(45)

dv _ (u+ Sa—2(2cos(lm/b)) v
PO = ( 5 i+ Sg_n(2 cos(ln/b)))
— Sq—2(2cos(ln/b)) 1>

We need to show that the right-hand side of (45) is an element in SU(2). It will be
sufficient if we can show that

[v]? + |u + Sg_2(2cos(im/b))|* = (Sq—1(2cos(I/b)))>.
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Put 0 := In/b. Since |u|? + |v|*> = 1 and u + it = 2cos(d), we have

[0I? + |u + Sg—2(2 cos(ln/b))|* — (Sa—1 (2 cos(ln/b)))?
= [v]> + (u + Sa—2(2c0s0)) (it + S4—2(2c0s6)) — (Sg—1(2 cos(6)))?
= [vf* + |u|® + (u + #)S4-2(2c0s 0) + (Sg-2(2c0s 0))* — (Sg—1(2cos(6)))*
sin((d — 1)6) sin((d — 1)0)\2 sin(df)\2
g+ ) - (5ne)

in 6 sin 0 sin 0

=14 2cos(df)

=14 2co (dG)( 1n(d99) cos 6 — cos(d@)) + (Si:ifld:) cosf — cos(a’@))2
B (sm(dQ))
sin 6 .
— 1 —2cos2(d6) + (Sm(d; ) s(arev))2 + cos2(d6) — (Slzid;))z

=1 —cos*(df) — (Slgiid:)) (1 — cos? 9) =0

Next, we show that p is a representation to SU(1, 1) if and only if (42) holds.

Suppose that the image of p is in SU(1, 1) C SL(2; C). Since the eigenvalues of
p(x) are eik”‘/__l/“, we may assume that

eknJ?l/a 0
p(x) = ( 0 e—kn\/—_l/a)

up to conjugation. By the same reason, p(y) is conjugate to (el”ﬁ/h , ?ﬁ )
0 e~ lnv—1/b

Write p(y?) = (¥ ¥) with |u|> —|v|?> = 1 and v # 0. Since u + i = tr p(y?) =

2cos(dlm/b), the real part of u equals cos(d ! /b). So, we can put u = cos(dlx/b) +

r+/—1 for some r € R. Now, we have

trp(u) = trp(x~“y?)

e—ckn«/—_l/a 0 u v
(70 ) 3)

we—cknv=1/a ,—~ckxv/=1/a
= tr( seckn/ /a5 ckny/"1/a )
= (cos(dlm/b) + r~/—1)(cos(ck/a) — sin(ckm Ja)v/—1)
+ (cos(dlm/b) — rv/—1)(cos(ckn/a) + sin(ckm/a)v/—1)
= 2cos(dlx/b) cos(ckm/a) + 2r sin(ckn/a).
Since tr p(u) = 2 cos(hn/(p — ab)), we obtain

_ cos(hm/(p —ab)) —cos(dlw/b) cos(ckn/a)
N sin(ckm/a)
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Since |u|? — |v|?> = 1 and v # 0, we have |u|? > 1 and so cos?(dIn/b) +r?> > 1.In
the same way as above, we can prove (42).
Conversely, suppose that (42) is satisfied. With r given by (43) and

u :=cos(dln/b) +r~-1,
we have |u|? > 1. So, there exists v € C such that |u|> — [v|?> = 1. We now show that

there exists p(y) € SU(1, 1) such that p(y?) = (¥
By Lemma 9.10, we have

p(y?) = Sa—1(2cos(Im/b))p(y) — Sq—2(2 cos(in /b)) L. (46)

Since Sy_1(2cos(l/b)) = Sis?rlen”/bb)) # 0, we put

) = 1 (u + Sy_»(2cos(lm/b)) v )
P = g (2 cos(ln /b)) 7 i + Sg_5(2cos(l /b))
47)
Then from (46)
dv _ (u+ Sa—2(2cos(lm/b)) v
PO = ( 7 i+ S0 cos(ln/b)))

— Sg-22cos(lr/b)) I,

-(: )

We need to show that the right-hand side of (47) is an element in SU(1, 1). It will be
sufficient if we can show that

—[v]> + |u + Sq—2(2cos(ln/b))|* = (Sg—1(2cos(In/b)))>.
Put 6 := [n/b. Since |u|?> — |v|?> = 1 and u + & = 2 cos(df), we have
— V> + |u + Sa—2(2cos(Im/b))[> — (Sg—1(2cos(In/b)))?
= —|v]* 4+ (u + Sg-2(2c0s 0)) (i + Sg—2(2cos6)) — (Sg—1(2cos(6)))

= —|v|®> + |[ul®> + (u + 1) Sz_2(2cos 6) + (Sz_»(2cos 6))?
— (Sa-1(2cos(6)))?

B sin((d — 1)0) sin((d — 1)0)\2 sin(d6)\2
= 1+ 2cos(af) sin 6 +( sin 0 ) _( sin 6 )
in(d) sin(d0)

=1+ 200s(d9)( cos 6 — cos(d@)) + ( S cos 6 — cos(d@))

né in 6

B (sm(dG) )

sin 6
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= 1 - 2cos?(d0) + (Slz(d: ) cos (d0)) + cos(d6) — (Si:iid: ))2
— 1 — cos?(df) — (Si;f]d:)) (1 —cos? ) = 0. .

Example 9.11. Whena = 2, wecanputd := (b + 1)/2and ¢ := 1. Since k = 1,
the representation ﬁ}lﬂl ; is an SU(2) representation if and only if

(cos(; ) - COS(W))
o R ).
= (cos(p}inzl) — (=172 cos(lz—z»
x(cos(p}inzb) (- 1)(l 1)/2c0s(1272))
_ (cos(ph_”%) _cos(lz_;))(cos(p’i”Zb) bo (12’;)) -0,

The second equality follows since (l + 1)/2 and (I — 1)/2 have different parities.
Since 0 < hzb <land0 < 2b < 5, we have

h [ [ h
or

— — 1.
»—2b " 2b w oo

Therefore, p is an irreducible SU(2) representation if and only if the pair (%, /) is in
the following set:

h l
2 — — —
{(hl)eZ (1<h<p 2h—21<l<b— 2h(2)16)1,p_2b<2b}
U{(h,l)eZz‘15h§p—2b—2,1§l§b—2,h(z)lEl,
2

)
! + h > 1}
2h —2b '

Since the first set equals #2 from Example 9.3, we can write 2 as

{(h, 1,1) ‘ {hkl) SU(2)-representation, — b + PRy < 1}

It is an SL(2; R) representation if and only if

h >L nd L—{— h
p—2b 26 M T, 0
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Therefore, p is an irreducible SU(1, 1) representation if and only if the pair (%, /) is
in the following set:

h !
22 1<h<p-2b-2,1<l<b-2h=1=1
{nez?|1=n=p-2-21212p h=l= o> oy
! h
+ <1},

2b p—2b

which equals Jr’fﬁ \ FA.
Now, from Example 9.7, we have

Tu(Xp:exp(4n v/ —1/n))
e+ D/=1/4,3/2

_ — (22 + Y )'fj“(h,l,z)

(h1DeH2 (b1 DeHp\HA
b—I=2 (mod4)

« ent?slj;(h,Ll)m/—l

4

Z TAbel(l)en‘CSAbEI(l)ﬂ«/—_l + 0(7’11/2)
o<i<(p—-1)/2
e(n+1)n¢—_1/4n3/2

- 8 ( 22 + Z )

By 1+ SU(2)-representation O3y 1+ SU(1, 1)-representation
25+ 525 <1.b—1=2 (mod4)

« r]:il_rr(h’ 1, l)eneslj;(h,l,Z)nJ—_l

/—1en(1-p)n/~1/4,
4

Z r]*Abel(l)en‘esAbd(l)n«/—_l + O(nl/Z)
o<l<(p—-1)/2

Example 9.12. Whena = 4,b = 3, and p = 17, we have
H={(1,1,1),(1,1,3),(2,2,2),(3,1,1),(3,1,3), (4,2,2)},
J@f ={(1,1,1),(1,1,3),(2,2,2),(3,1,1),(4,2,2)},
JA = {(1.1,1)},
#Y =1{3.1.3)},
#Y =1{(1,1,3),(2,2,2),(3,1,1),(3,1,3), (4,2,2)}.
We also see that ﬁ}fk, ; is an SU(2) representation if and only if (%, k, [) is in
{(1,1,3), 3. 1. 1)},
and is an SU(1, 1) representation if and only if (4, k, ) is in
((1,1,1),(2,2,2),(3,1,3), (4,2,2)).

So, there seems to be no good interpretation as in the case a = 2.
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Example 9.13. Whena = 3,b = 5, and p = 19, we have

F=1{(1,1,1),(1,1,3),(2,2,2),(2,2,4),(3,1,1),(3,1,3)},
HL =1{(1,1,3),(2,2,4),(3,1,3)},
FA =1{(1,1,1),(1,1,3),(2,2,2)},
HY =1{(1,1,1),(2,2,2),(3, 1, 1},
FY ={(2,2,4),(3,1,1),(3,1,3)}.

We also see that ﬁ}fk’ ; is an SU(2) representation if and only if (%, k, 1) is in
{(1,1,3), 3. 1.},
and is an SU(1, 1) representation if and only if (4, k, ) is in
((1,1,1),(2,2,2),(2,2,4), (3, 1,3)).

So, there seems to be no good interpretation as in the case a = 2, either.

10. Lemma

In this section we prove the following lemma that we use in this paper.

Lemma 10.1. Suppose that a and b are coprime positive integers. Then for any odd
integer n > 3 we have

0<m2<:zin(nz‘—n) () ex"(‘”%’“/__l) =0 (48)
m: even
I s R L R
“m:odd

Proof. We consider the following four cases:
i.  (48)forab odd,
ii.  (48) for ab even,
iii. (49) for ab odd,
iv.  (49) for ab even.
First of all, replacing m with 2ab — m in the summation, we have

Sy () ol )
o Z Sin((zabT_m)n) Sin(@alj%h)exp(_n%n\/—_l).

0<m=<2ab
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However, since

o) ()
sin((zab%)n) = —Sin(mb—n),
exp(—n%nﬁ) = (—1)"0m—ab) exp(—n%nx/—_l),

and n is odd, we have

Z sin(ﬂ) sin(ﬂ> exp(—n m—zn \/—_1)

o<m=2ab = ¢ b 4ab
Ozsmé:z(a;l)m—ab Sin(ma_n> sin(n;j—n) exp(—n%n\/__o. (50)

Therefore, if ab is even, then we have

Z sin(ﬂ) sin(n;?—n> exp(—n m—zn \/—_1)

o<mesap = @ 4ab
0=<mX<:2(a;1)m sin(n;—n) sin(mb—n) exp(—n%nx/—_l)
0=<mX<:2[slibn(n;—n) sin(n;)—n> exp(—n %7‘[ \/—_1)
m: &ven
S sn(5) ol )
So, we have "

Lo /mwN . /MT m?
Zsm(—a )sm(—b )exp(—n—4ab7rv—1> =0,
0<m<2ab
m: odd

proving (iv). Similarly, if ab is odd, we have
2
. /mmwN . (MT m
Z s1n(7) s1n(7) exp(—nmn\/ —1) =0
0<m<2ab

m: even

from (50), proving (i).
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Next we consider the case (ii). We assume that ab is even. Putting m = 2k, we
have

We denote the right-hand side by Wj;. Note that

ab
Z(ezknﬂ/a _ e 2km/ a2k /b e—zknﬁ/b)e—n%nﬁ e

k=1
(D

We will use the following Gauss sum reciprocity formula (see [8, Chapter IX], for
example):

Theorem 10.2 (Cauchy—Kronecker). Suppose that ¢ and d are positive integers. Let
w be a rational number such that cd + 2cw = 0 (mod 2). Then we have

c
Z ed < (k+w)2:rr\/_ ]“/_/4 Z lzn\/—_1+2lw:rr\/—_l'

k 1

From (51), we have

—4W; = Z(e@k““’—nahw_ Ok —n Ty =T

k=1 _e(ZkW_”%)”\/__ +e = b_b—n%)n\/—_l)
Putting ¢ := ab and d := n, and choose w := i;’ztb, we can apply Theorem 10.2
because ab is even. We have
_AW; = va Z( ab (k444by20 /o1 %(H——g;b)%ﬁ
enJ_/4f
ah(k+a b)zn‘/__i_en JT\/—_I)

_ . [4b ab oV =1/4 Z(e Sm(abk+a+b)® _ "1 (abk—a-+b)>
n

k=1
—e abn (abk+a —b)? +e ahn (abk a— b)2)

Replacing k with n — k, we see that

(abk a—b)> _ (abk+a+b)2

e abn e abn

k=1 k=1
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n

n
o "apn (abk+a=b)? _ o "o (abk—a+b)>
k=1 k=1

Therefore, we have

n
—AW;y = 2‘/@63—77\/—_1/4 Z(" 21 (abk+a+b)? _ e”ﬁ(abk_ﬁb)z)
n
k=1

—2./=

n
ab 4 any/=1 | br/=1 bk(ak+2)mw/—1  2(ak+1)m/—1
e _1/4e pn -+ an E e n (e n
n

k=1 —2(ak+1D)w/—=1
n

Now, let us consider the colored Jones polynomial of the torus knot 7' (a, b). We
put

~ 2_ —
Te(q) := q®?* VG — g7* ) (T (. b): 9)
(k—1)/2
— Z qb](aj+1)(qa]+l/2 _q—aj—l/Z).

J=—(k-1)/2

Note that this is nothing but the Kauffman bracket of T'(a, b) with n — 1-th Jones—

Wenzl idempotent inserted, replacing A with ¢~'/4. Then we have
Tn(e¥™/=1my
(n-1)/2
_ Z e4bj(aj+1)7r\/—_1/n(64(aj+1/2)7r\/—_1/n . e—4(aj+1/2)7r\/—_1/n)
Jj=—(n—-1)/2

(put [ = 2j, noting that n is odd)
— Zebl(al+2)7r«/—_1/n(eZ(al-‘rl)Jr«/—_l/n _ e—2(al+1)7r«/—_1/n)

1-n<l<n-—1
I: even

— Z ebl(al+2)n«/—_l/n(62(al+1)n«/—_l/n

0<l<n-—1
I: even

e—2(al+1)n«/—_1/n)

+ Zeb(l—n)(a(l—n)+2)7r\/—_1/n(eZ(a(l—n)-H)n\/—_l/n . e—z(a(l—n)+1)nJ—_1/n)

1<l<n—-2
[ odd

(since ab is even and n is odd)

n—1
=" bl +2) (P @) _ =P al )y

=0
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Hence, we have

_4‘/‘/11 = 2“ ab _ﬂ‘/_/4 anr‘i‘bﬂr"i (K e47‘[x/—_1/n)
n
= 2‘,@3_7[\/__1/46%4_%
n
X e“b("z_l)”ﬁ/n(eZﬂJ?l _ e—ZnJ—_l)L(e4n¢—_1/n) ~0

proving (ii).
We consider (iii). Note that we are assuming that both @ and b are odd. We have

Z sin(ma—n) sin(n;)—n) exp(—n Z:;—bn \/—_1)

Rl en{
DG B o )
_22( ™ sin( ™Y exp(~n /1),
) ) P,
- 2p(—b4”ﬁ) v sin(“2 sin(S) exp(-n 1),
k: even

On the other hand, since we have

O<];:b/_—lk sin(k%) sin(k%) exP(‘”%nﬁ)
k: even

:0<k2<:a;/—_lk sin(kjn) sin(k%) exp(—n%nx/—_l)
k: even

N Z \/_—lzab—k Sin((2aba— k)JT) sin((zab - k)”)

b
0<k<ab
k: even

(ab — k)2
X exp(—nTnv —1)
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.k .k k?
= flikiiix/b —lk s1n(7n) sm(%) exp(—nmnv—l)
&b _2my g2 12
= 212=0(—1)l s1n(27n) sm(zTn) exp(—nﬁnv—l),
equation (49) becomes

exp (227 )g 1 sin( 22 ) sin (2 exp(n e ).

In a similar way, the summation above becomes
& 2y . 2w 2
Z(—l)l sin(—) sin(—) exp(—n — —1)
= a b ab

= Z s1n(217n> sin(len) exp(—n %n \/—_1)

0<l<ab

l:e

_Z (2(ab Z)n)sin(z(abb_l)n)exp(—n (aba;])Zn\/__l)
0<l<ab
I: even

(since ab and n are odd)

= ZZsin(len> sin(len) exp(—n%nx/—_l)

0<l<ab
: even
l . l 12
leqff“(zan) S“‘(zTn) exp(—n V1)

784

+Z (2(2ab l)JT)Sin(2(2ab—l)7r)exp(_n(2ab—l)2n\/__1)

oZon ’ “
5 (25 o2 ) exp(n o)
0<l<2ab

[:e

= Z s1n(4hn) sm(4zn) exp(—4ngnx/—_l).

We denote the right-hand side by Wj;;, and show that it vanishes.
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Using the equality

ab
Z(e4knJ—_1/a _ etk ay (ko TT/b e4kn«/—_1/b)e—4n%n\/—_l — 4w,
k=1

we apply the Gauss sum reciprocity formula. Putting

_ 2(+a £ b)

:=ab, d:=4n,
c:=a n 5

in Theorem 10.2, we have

—4Wii = Z(e<4k”+”—4nabw_ oWk =4 —an k)=

k=l ke 4nah)nJ_+e(4k =t —anky) V)
. ab Z( ab (2D, ST ab gy 2atb) 2, o
e Jiy ¢

(l+2(a b))zﬂ\/_+elib(l+2( a— b))Z”J_)

4n
_ /Z_be—n«/—l/4 Z(efmbﬂ (abl+2a+2b)2m/—1 —e I (abl —2a+2b)%n/—1
n

=1 m el (abl+2a-2b)2n /T

+e 4abn (abl —2a— 2b)2n~/_)

Replacing / with 4n — [, we have

4n
e 4abn

4n
(abl 2a—2b)2w/—1 Ze b (abl+2a+2b)2n«/

=1 =1

4n
e 4ahn (abl+2a 2b)2m/—1 Ze o (abl+2a 2b)27/—1

=1 =1
Therefore, we have

4n
ab
—4Wii =/ 7e‘”*/__1/4 Z(e Y=L (abl+2a+2b)2 7w /—1

=1 e (abl ~2a+26)>n/T)

lab =4 axs/=1_ bw/—1 blal+Hm~/—1  (al+2)7/—1
= —e 7 _1/4e T Ee 4n (e n
n
I=1 _@l4+2n/=1
n )

—e
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We denote the summation in the right-hand side by Wiii. Note that

blal+4)r~/—1 @l4+2)r/—1 _(al+2)yrV/—1

E e 4n (e n —e n )

1<i<4n
I: even
blal+4)m~/—1 @l4+2)r/—1 _(al+2)yrV/—1
= E e 4n (e n — n
1<i<2n
I: even
b(+2n)(a(l42n)+4H) v/ —1 (a(4+2n)+2)m/—1 _ald+2m)+2)mv/—1
—+ E e 4n e n — e n
1<i<2n
I: even

blal+Ha~/—1  (al+2)x~/—1 _(al+2)m/—1
— Z(l + (_1)b(2+al+an))e a T (e a - —e - ) =0.

1<i<2n
I: even

In a similar way we can prove

blal+4)m~/—1 (al4+2)m/—1 _(al+2)yrV/—1
E e 4n (e n —e n
1<i<4n
f: odd blal+d)m~/—1 @l+2)r~/—1 (al+2)yrv/—1
a TN — a TN — _(a TN —
— § (1 + (_1)b(2+al+an))e an (e s —e . )
1<i<2n
l: odd
blal+n~/—1  (al+2)w~/—1 _(al+2)w/—1
=2 E e 4n (e n — n )
1<i<2n
[: odd
Hence, we have the following four equalities:
~ blal+Hnr~/—1 @l+2)r~/—1 _@l+2)yr/—1
Wi = 2 E e an (e n —e n ), (52)
1<i<2n
l: odd
~ bQn—D(@@n—D+Hr/—1 (a@n—=D+2)x~/—1 —(a@n—=D+2)7/—1
I/Viii = 2 E e 4n (e n — n
1<i<2n
I: odd
bl(al =4/ —1 —(al—2)mr/—1 (al—2)m/—1
=2 E e an (e n —e n ), (53)
1<i<2n
l: odd
blal+rn~/—1  (al+2)w~/—1 _(al+2)w /=1
E e 4n (e n — n
n+1<l<2n-—1
I: odd . .
b2n—0(@@n—D+Hr/—1 (a@n—=D+2)x~/—1 _@@n=D+2)m/—1
= E e 4n e n —e n
1<l<n-1
I: odd
blal—Mr/—1 _ (al—2)mw/—1 (al—2)m/—1
= E e an (e n —e n ), (54)
1<l<n-1

I: odd
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bl(al—4)t~/—1 _@l=2)yrv—1 (al=2)t~/—1
E e n (e n —e n
n+1<l<2n-—1
I:odd

@@n—0)—2)r/—1
n

b@2n—D(@@n—DH—dHr/=1 _ (@@n—D)H—2)w/—1
= E e 4n (e n

1<l<n-—1
I: odd
blal+4)r/—1 (al4+2)7+/—1 _@l+2yn/—1
= E e 4n (e n —e n
1<l/<n-1
1: odd

since n is odd.
Add (52) and (53), and divide it by two, we have

~ blal+4Hrv/—1 @l+2)m~/—1 _@l+2)yr/—1
Wii = E e an (e n —e )
1<i<2n
[: odd
blal—dm~/—1 _@l—2)yrv—1 (al—2)m~/—1
+ E e 4n (e n —e n )
1<i<2n
1: odd

From (54), the first summation in the right-hand side of (56) becomes

blal+dHr/—1 (al+2)r/—1 _@l+2)yrv/—1
E e 4n (e n — n
1<l<n-—1
[: odd
bn(an—4)w~/—1 (an—2)r/—1 _an=2)yrv/—1
+ e 4n e n —e n
blal—dr~/—1 (al—2)ynv/—1 _@l—-2yrv—1
—+ E e 4n (e n —e n )
1<i<n-1
I:odd

From (55), the second summation in the right-hand side of (56) becomes

bl(al =4~/ —1 _@l—2yrV/—1 (al—2)m/—1
E e 4n (e n —e n )
1<l<n-—1
I: odd
bnan—4)r~/—1 _lan=2)rV/—1 (an—=2)mr/—1
+ e 4n (e n —e n )
bl(al4+4)m~/—1 _@i42)ynv/—1 (al+2)r/—1
—+ E e 4n (e n —e n .

1<l<n-1
I: odd

787

(55)

(56)
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Therefore, (56) turns out to be

~ blal+4)w~/—1 (al+2)r/—1 _@l+2)rv/—1
‘/Viii g 2 E e 4n (e n —e n
1<l/<n-1
[: odd
blal—4)x~/—1 _@l—=2)yrV/—1 (al—2)t/—1
+2 E e an (e n —e n )
1<l<n-—1
I: odd
_ 2€abnﬂ\/__1/4(e ZJT«n/—l e 2:1«”/—1 )

b(n—D)(an—D+dHr/—1 (a(n—=D+2)7~/—1 _(an—=D+2)/—1
=2 E e 4n (e n —e n

1<l<n-—1

I: even

b(n=D@n—D—Dr/=1 _ (an—D=2)w/—1 (a(n—=D—2)w/=1
_|-2 E e an (e n — n
1<l<n-—1
I: even
_ 2€abnﬂ\/__1/4(e ZJT«n/—l _ e_ZJT«n/—l)
— blal—4)m~/—1 _(al—2)yr/—1 (al—2)mr~/—1
-2 § (_1)l/2eabnﬂ«/ 1/4€ In (e " —e i )

1<l<n-—1

I: even

— blal+4)m~/—1 (al+2)m/—1 _al+2)yrV—1
+ 22(_1)1/26abn7[v 1/4e Tn (8 m —e m )

1<l<n-—1
I: even

_2eabnn\/—1/4(62”«/n—1 _e_ZnF)

(n—1)/2 -

— eabnm—1/4 Z (_1)leb”“’—%’)ﬂ«/—l (e_Z(al—lr:rr\/—_l B e2(a1—1’:rr\/—_l
=1
(n—1)/2
+2eabnn~/—1/4 Z (_l)lebl(al+’21)n«/—1 (ez(aH.ln)ﬂ /=1 _e_2% T])
=1

_2eabnn~/—1/4(62”«/n—1 _e_Zn«n/—*l)'

Now, we will calculate J, (e** V=1 4). Since ab is odd, we have
j;l (847'[\/—_1/71)

(n—1)/2
_ Z e4bj(aj+1)n¢—_1/n(64(aj+1/2)nJ—_1/n _ e—4(aj+1/2)n¢—_1/n)
j=—n-1)/2
(put [ = 2j, noting that n is odd)
— Zebl(al+2)n«/—_1/n(eZ(aH—l)n«/—_l/n _ e—2(al+1)n«/—_1/n)

1-n<l<n-—1
I: even



Quantum invariants of three-manifolds

0<l<n-—1
I: even

— Zebl(al+2)7r«/—_1/n(eZ(al-‘rl)Jr«/—_l/n _ e—2(al+1)7r«/—_1/n)

+ Zeb(l—n)(a(l—n)-}—Z)n\/—_l/n (eZ(a(l—n)-H)n\/—_l/n
1<l<n—-2
I: odd

_ e—2(a(l—n)+1)nJ?1/n)
(since ab and n are odd)

0<l<n-—1
I: even

— Zebl(al+2)7r«/—_1/n(eZ(al-‘rl)Jr«/—_l/n _ e—2(al+1)7r«/—_1/n)

_ Zebl(al+2)n\/—_l/n (eZ(al+1)nJ—_l/n _ e—2(al+1)n~/—_l/n)
1<l<n-2

I: odd
n—1

_ Z(_l)lebl(al-l-Z)n\/—_l/n(ez(al-i-l)n\/—_l/n _ e—2(al+l)n\/—_l/n).
1=0

Since we have

n—1

Z(_l)lebl(al-i-Z)n«/—_l/n (eZ(aH—l)n«/—_l/n e—2(al+1)n«/—_1/n)
=0

n
— Z(_1)n—leb(n—l)(a(n—l)+2)n~/j/n (eZ(a(n—l)-H)n\/—_l/n
=1

_ e—2(a(n—l)+1)n\/—_l/n)
n—1

— Z(_l)lebl(al—Z)nJ—_l/n (e—2(al—1)7r«/—_l/n e2(al—1)7r«/—_1/n)’
=0

we conclude that

j'n(e47[\/—_l/n)
n—1
_ % (1)l bl +DmV=T/n (2Mal+ DAV =T/n _ y=2(al+Dxy/=T/ny
1=0
n—1
+ % Z(_l)lebl(al—Z)n«/—_l/n(e—Z(al—l)n«/—_l/n _ eZ(al—l)n«/—_l/n)' (57)
=0

789
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Now, we have

n—1
Z(_l)lebl(al-i-Z)n\/—_l/n(eZ(al-H)n\/—_l/n _ e—2(al+1)n\/—_l/n)

=0
(n—1)/2
_ Z (_l)zebz(al+z)nJ—_1/n(ez(al+1)nd—_1/n_e—z(al+1)nJ—_1/n)
1=0
(n—1)/2
+ Z (_1)n—leb(n—l)(a(n—l)+2)n\/—_1/n(eZ(a(n—l)+1)nJ—_1/n
=1 _e—2(a(n—l)+l)n\/—_1/n)
(n—1)/2
— Z (_1)lebl(al+2)n\/—_1/n(e2(al+1)n\/—_1/n _e—2(al+l)n\/—_1/n)
1=0
(n—1)/2
+ Z (_1)lebl(al—2)nd—_l/n (e—Z(al—l)n\/—_l/n _ eZ(al—l)n\/—_l/n) (58)
=1
and
n—1

Z(_l)lebl(al—Z)n\/—_l/n(e—Z(al—l)n\/—_l/n _ e2(al—1)n\/—_1/n)

=0

(n—1)/2
Z (_1)lebl(al—2)n~/—_1/n(e—Z(al—l)nJ—_l/n _ eZ(al—l)nJ—_l/n)

1=0
(n—1)/2
+ Z (_l)lebl(al+2)n\/—_1/n(eZ(al-‘rl)Jr\/—_l/n _ e—2(al+1)7r\/—_1/n). (59)
=1
Adding (58) and (59), and dividing it by two, we obtain from (57)
J~n (e47r \/—_l/n)

(n—1)/2
Z (_1)lebl(al+2)nJ—_1/n(ez(a1+1)nJT1/n _e—2(al+1)7r\/—_1/n)

=0

(n—1)/2
+ Z (_l)lebl(al—Z)nJ—_l/n(e—2(al—1)nJ—_1/n _eZ(al—l)nJ—_l/n)

=0
_ (6271\/—_1/n _ e—Zn\/—_l/n).
Therefore, we finally have

I;f/iii — zeabnnd—_1/4jn(e4nd—_l/n) =0
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and
—4Wii = \/anzé’_”‘/__l/zté’Mb\”_ﬁJrh”“\"_ﬁ Wi = 0.
This completes the proof. ]
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