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A -category of Lagrangian cobordisms
in the symplectization of P x R

Noémie Legout

Abstract. We define a unital Ao-category Fuk(R x Y) whose objects are exact Lagrangian
cobordisms in the symplectization of ¥ = P x R, with negative cylindrical ends over Legendri-
ans equipped with augmentations. The morphism spaces hom g (r xy) (X0, X1) are given in
terms of Floer complexes Cth4 (2o, X1) which are versions of the Rabinowitz Floer complex
defined by Symplectic Field Theory (SFT) techniques.
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1. Introduction

This paper deals with Lagrangian cobordisms in the symplectization (R x Y, d(e’«))
of a contact manifold (Y, «). These cobordisms are properly embedded Lagrangian
submanifolds admitting cylindrical ends on Legendrian submanifolds of Y, and here
Y will be the contactization (P x R, dz + B) of a Liouville manifold (P, B).
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Our goal is to define through SFT-techniques introduced in [19] a unital A-cat-
egory Fuk(R x Y) whose objects are Lagrangian cobordisms equipped with an aug-
mentation of the Chekanov—Eliashberg algebra (CE-algebra) of its negative end, and
whose morphism spaces are given by certain Floer-type complexes Cthy (X, ¥1).
In particular, when X is a cylinder over a Legendrian equipped with an augment-
ation and X; a parallel copy, the complex Cthy (X, X1) is an SFT-formulation of
the Lagrangian Rabinowitz Floer complex due to Merry [24]. There already exists
several versions of Fukaya categories whose objects are (non-compact) exact Lag-
rangians, notably the (partially) wrapped Fukaya categories of a Liouville domain
(see [2,3,28]) and more recently of Liouville sectors [20]. In this paper we instead
consider Lagrangian submanifolds in a trivial Liouville cobordism, meaning a trivial
cylinder over a contact manifold. The main difference between this and the case of
Liouville domains is that we have a non-empty concave end. It is known that addi-
tional assumptions are necessary in order to define Floer complexes in this setting
(Lagrangian cobordisms with loose negative ends are known to satisfy some flexib-
ility results). For that reason, we impose some restriction on the Lagrangians. More
precisely, we consider only exact Lagrangian cobordisms with negative cylindrical
ends over Legendrian submanifolds whose CE-algebra admits an augmentation. In
particular, an exact Lagrangian filling implies the existence of an augmentation [17].

Generalizing the structures we define in this paper to the case of Lagrangians in
a more general Liouville cobordism should be possible using the latest techniques of
virtual perturbations in [26] or the polyfold technology developed in [21]. Note that
Cieliebak and Oancea in [11] have defined a version of Rabinowitz Floer homology
for Lagrangians in a Liouville cobordism under the assumption that this cobordism
admits a filling. The Floer complex we define in this paper are similar to the ones
defined by Cieliebak and Oancea; for instance, there is an identification on the level of
generators. The main difference is that their differential is defined by Floer strips with
a Hamiltonian perturbation term that corresponds to wrapping, while the differential
considered here is defined in terms of honest SFT-type pseudo-holomorphic discs. It
is expected that the two theories give quasi-isomorphic complexes.

We start by contrasting the complex considered here with the Floer-type com-
plex for pairs of Lagrangian cobordisms considered in [9]. Namely, given a pair of
transverse exact Lagrangian cobordisms (X¢, X1) where X; has positive and negative
cylindrical ends over Legendrians AIT|r and A; respectively and A; are equipped with
augmentations, the authors in [9] define the Floer complex (Cth(X¢, X1), b) whose
underlying vector space is given by

Cth(Zo, 1) = C(A$, AT) ® CF(Zo, =1) ® C(Ay, AT)

where C(AZ, Ali) is generated by Reeb chords from Af[ to A§ and CF(Xy, X1) is
generated by intersection points in 3o N 3. This complex is actually the cone of a
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map
f1:CF_oo(Z0, 21) := CF(Zp, 1) ® C(Ag, A7) = C(AF, AY)

In [22] the author defined a product structure on CF_q (X9, X1), as well as higher
order maps satisfying the As.-equations. Moreover, in the same paper it is proved
that the map f7 generalizes to a family of maps { f7}a>1,

fa:Cth(Z4-1, £4) ® -+ ® Cth(Zo, 1) = C(A{, A))

defined for a (d + 1)-tuple of pairwise transverse exact Lagrangian cobordisms
(Zo,...,24), and satisfying the A-functor equations; where the A-structure maps
on C(A;ZF_1 , A}') ® - QC(AL, AIL) are given by the structure maps of the augment-
ation category Aug_(AaF U---u A;’), see [4]. However, there exists no non-trivial
Aco-structure on the whole complex Cth(Xg, X1) for example for degree reasons: the
grading of Reeb chord generators in the positive end in Cth(Zy, ;) is given by the
Conley—Zehnder index plus 1 (see Sections 2.5 and 2.8) so a count of rigid pseudo-
holomorphic discs with boundary on the positive cylindrical ends, with two negative
Reeb chord asymptotics and one positive Reeb chord asymptotic would not provide a
degree 0 order 2 map for example.

In this article, we use similar techniques for constructing a version of the Rabinow-
itz complex (Cthy(Zg, X1), mt1), on which it will be possible to define higher order
structure maps. The underlying vector space is

Cthy (2o, Z1) = C(AT,A{) ® CF(Zo, Z1) @ C(Ay. A7),

so the only difference with Cth(Xg, X1) is the generators we consider in the posit-
ive end; unlike in the complex Cth(X¢, ¥;) these generators consist of the chords
which start at AS’ and end at AIL. The differential is defined by a count of pseudo-
holomorphic discs with boundary on the cobordisms and asymptotic to Reeb chords
and intersection points such that

* C(Ay. A7) is a subcomplex which is the linearized Legendrian contact cohomo-
logy complex of Ay U A7 restricted to chords from A7 to Ay;

« C(AT, A;r ) is a quotient complex which is the linearized Legendrian contact
homology complex of A§ U A} restricted to chords from A to AT

In the case ¥y = R x Ay and ¥; is a cylinder over a perturbed copy of A translated
far in the positive Reeb direction, the complex Cthy (g, X1) is the complex of the
2-copy of A considered in [16].

Then we proceed to investigate the properties of this complex. Some of them
resemble properties satisfied by the complex Cth(Zg, ¥;) but there are also some
significant differences.
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Acyclicity. Contrary to Cth(X¢, X1), the complex Cth4 (X, X1) is not always acyc-
lic. For example, if Y = J!M for a closed manifold M, X is a cylinder over the
0-section in J!M and X, a cylinder over a Morse perturbation of the O-section, the
homology of Cth4 (X, 1) does not vanish but equals instead the Morse homology
of M. However, in the case Y = P x R where any compact subset of P is Hamilto-
nian displaceable, for example ¥ = R?"*!  the complex Cthy (g, £;) is always
acyclic. It is also always acyclic whenever Aj = A] = 0 as in this case the complex
is actually the same as the dual complex of Cth(X;, X¢).

Structure maps and continuation element. The new Cthulhu complex carries struc-
ture maps which satisfy the Ao.-equations. More precisely, for any (d + 1)-tuple
(2o, ..., 2g) of pairwise transverse exact Lagrangian cobordisms, we define a map

mg: Cthy (Xg-1, Xg) ® -+ ® Cthy (Zp, X1) — Cthi(Zo, Xg)

by counts of SFT-buildings consisting of pseudo-holomorphic discs with boundary
on the ¥;’s and asymptotic to Reeb chords and intersection points. Then, for any

1 <k <d and sub-tuple (;,. ..., ;) with 0 < iy <--- < iy < d, one has
k k—j
DD e (d®F T @ m; ®id®") = 0 M)
j=1n=0

where the inner mi; has domain
Cthy (B4 ;15 Zipy ;) ® - ® Cthy (24, Ty, 1)
and m_ ;1 has domain
Cthy (2, Ziy) ® - ® Cth4 (%5, i, ;) @ -+ ® Cthy (55, Zy)).

In the case when X is a suitable small Hamiltonian perturbation of ¥ one estab-
lishes the existence of a continuation element in Cthy (X, 1) (see Section 7 for a
precise description of the Hamiltonian perturbation ;).

Theorem 1. There exists an element ex,, 5, € Cthy (2o, 1) satisfying that for any
exact Lagrangian cobordism ¥, transverse to Xy and X1 the map

my (-, ex,,5,): Cthy (21, X3) — Cthy (2o, X»)

is a quasi-isomorphism.

Finally, we use these ingredients to construct a unital A,-category Fuk(R x Y)
via localization, in the same spirit as the construction of the wrapped Fukaya category
of Liouville sectors in [20].
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Theorem 2. There exists a unital Axo-category Fuk(R x Y') whose objects are Lag-
rangian cobordisms equipped with augmentations of its negative ends and whose
morphism spaces in the cohomological category satisfy H* homgrxy)(Zo, X1) =
H*(Cthy (X, X1), m1) whenever Xy and X1 are transverse.

The homology of the Rabinowitz complex Cth4 (X¢, X1) is invariant under cyl-
indrical at infinity Hamiltonian isotopies (in particular under Legendrian isotopies of
its ends). This implies that the quasi-equivalence class of the category Fuk(R x Y)
does not depend on choices of representatives of Hamiltonian isotopy classes of Lag-
rangian cobordisms involved in its construction by localization (see Section 8.2).

Behaviour under concatenation. Given a pair (Vo © Wy, V7 © Wp) of concaten-
ated cobordisms, we describe the complex Cthy (Vo © Wy, V1 © W) in terms of the
complexes Cthy (Vy, V1) and Cthy (W, W1) and some transfer maps fitting into a
diagram

Al Y
Cthy (Vo V1) <— Cthy (Vo © Wo., Vi © Wy) —> Cthy (Wo, Wi)

We prove that A {'V and b}/ are chain maps which induce a Mayer—Vietoris sequence
and moreover preserve the continuation element in homology.

In addition, the transfer maps generalize also to families of maps {A4}4>; and
{ba}a>1 satisfying the A..-functor equations. That is to say, for a (d + 1)-tuple of
concatenated cobordisms (Vo © Wy, ..., Vg © Wy) there are maps

mZGWZCth+(Vd—1 OWi_1,VaO W) ®---®Cthy (Vo © Wy, Vi © Wy)
— Cthy (Vo © Wy, Vg © Wy),

A :Cthy (Va1 © Wa—1,Va © Wa) ® -+ ® Cthy (Vo © Wo, Vi © W)
— Cth (Vo, Va)

by:Cthy (Vay © Wa—1,Va © Wa) ® --- ® Cth1. (Vo © Wo, Vi © W1)
— Cthy (Wo, Wy)

such that for all 1 < k < d and sub-tuple (V;, © W;,,.... Vi, © W;, ) with0 < iy <
-+ < iy < d, the maps {mZQW}ISde satisfy the Axo-equations (1), and the maps
{A]ZV}lskgd and {b}g/}lsksd satisfy

k
ViAW w
Z Z M (A.is ®:® A.il
s=1 j+-+js=k
k _
+Y DAY (T e ml O @id®”) = o,
j=1n=0
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k
Yo Y wml ] ®---®b))
s=1 ji1+-+js=k
k J .
+ Z Z bZ_j+1(id®k—j+l ® m}/OW ® 1d®n) —0.
j=1n=0

2. Background

2.1. Geometric set-up

Throughout the paper, we will be working with a contact manifold (Y, ) given by the
contactization of a Liouville manifold. We briefly recall the definition of these terms.
A Liouville domain (I3 , 0) is the data of a 2n-dimensional manifold with boundary P
as well as a 1-form 6 on P such that d0 is symplectic, and the Liouville vector field
V defined by tydf = 6 is required to point outward on the boundary dP.In partic-
ular, 9‘ op 18 a contact form on dP. The completion of (1/5 , 0) is the exact symplectic
manifold (P = P Uyp [0, 00) x AP, w = dp), where B equals 6 in P and ere‘aﬁ on
[0, 00) x d P where 7 is the coordinate on [0, co). The Liouville vector field smoothly
extends to the whole manifold P. We call (P, ) a Liouville manifold.

The contactization of a Liouville manifold (P, f) is the contact manifold (Y, «)
where Y is the 2n + 1-dimensional manifold Y = P x R and o = dz + B, where z is
the R-coordinate. The Reeb vector field of « is given by R, = 9, so in particular there
are no closed Reeb orbits in Y. A Legendrian submanifold of (Y, «) is a n-dimensional
submanifold A satisfying oj7A = 0, and Reeb chords of A are trajectories of the Reeb
flow starting and ending on A. We consider only Legendrian with a finite number of
isolated Reeb chords, and denote R (A) the set of Reeb chords of A. These are called
pure Reeb chords. Given two Legendrian Ag and A, we denote R(A1, Ag) the set
of Reeb chords starting on A and ending on A, these are called mixed Reeb chords.

The main objects under consideration in this article are exact Lagrangian cobord-
isms between Legendrian submanifolds of Y. These are Lagrangian submanifolds in
the symplectization of (Y, «) which is the symplectic manifold (R x Y, d(e’«)) where
t is the R-coordinate.

Definition 1. Given A~, A™ C Y Legendrian, an exact Lagrangian cobordism from
A~ to AT is a submanifold ¥ C R x Y such that there exists
* T > 0 such that

() EN[T,00)xY =[T,00) x AT,

2) EN(—o0,-T]xY = (—00,—-T] x A7,

(3) XN[-T,T]xY is compact;
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* f:3¥ — R asmooth function called a primitive of X, satisfying
() earz =df,
(2) fisconstanton [T,00) x AT and (—oo, —T] x A~.

In all the paper, we will assume that the coefficient field is Z,. Moreover, we
assume that 2¢; (P) = 0, and that the Legendrian submanifolds and Lagrangian cobor-
disms between them have Maslov number 0. This will ensure a well-defined Z grading
for the various complexes that will appear.

2.2. Almost complex structure

Given a family of pairwise transverse Lagrangian cobordisms (X, ..., Xgz) with
Legendrian cylindrical ends R x Aii, 0 <i <d, we consider several types of moduli
spaces of pseudo-holomorphic discs with boundary on those Lagrangian cobordisms.
Those discs are asymptotic to intersection points and/or Reeb chords of the links
A(ﬂf u---u Azit. First, let us describe briefly the almost complex structure we con-
sider on the symplectic manifold (R x Y, d(e’«)), in order to define the moduli spaces
mentioned above and achieve transversality.
An almost complex structure J on (R x Y, d(e')) is called cylindrical if

 itis compatible with d(e’a),
* J(0;) = Ry,
« J() =6,

» J isinvariant by translation along the #-coordinate axis.

We denote ¢Y'(R x Y) the set of cylindrical almost complex structures on R x Y. An
almost complex structure on P is called admissible if it is cylindrical on P\I3 outside
of a compact set. The cylindrical lift of an admissible almost complex structure Jp
on P is the unique cylindrical almost complex structure Jp onR x (P x R) making
the projection 7p: R x (P x R) — P holomorphic.

Let J T and J~ be two cylindrical almost complex structures which coincide out-
side of R x K for some compact K C Y. Assuming that the cobordisms we consider
are all cylindrical outside of [T, T] x Y for some fixed T > 0, we take an almost
complex structure J which is equalto J~ on (—oo,—T) x Y, to J ¥ on (T, +00) x Y,
and to the cylindrical lift of an admissible complex structure Jp on [—T, T] x (Y \K).
We denote ¢ ;+ ;- (R x Y) this class of almost complex structures on R x Y.

In order to achieve transversality for the moduli spaces later on, we will finally
need domain dependent almost complex structures with values in &,+ ;- (R x Y),
i.e., families of almost complex structures in & ;+ ;—(R x Y) parametrized by the
domains of the pseudo-holomorphic discs (punctured Riemann discs), which is part
of a universal choice of perturbation data, see [27, Section (9h)].
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2.3. Moduli spaces of curves with boundary on Lagrangian cobordisms

Let R4+ be the space of d + 1 cyclically ordered points y = (y, ..., yq) € (S1)4T!
quotiented by the automorphisms of the unit disc D?2. This is the Deligne-Mumford
space. For y € R, let us denote Sy, = D*\{yo, ..., yq}. In a sufficiently small
neighborhood of the punctures y; in the disc, we have strip-like end coordinates
[si, 2] € (0, 400) x[0,1],0 <i <d.

Let us denote g, 4 = (Xo,..., 2g) ad + 1-tuple of Lagrangian cobordisms
satisfying the following:

e ifXo=2X4,then; = Xpforalll <i <d,
o if ¥y # X4, then the ordered family Xy, ..., X is of the form

Dligs e v s Digs Digs v s Digs Digsen s Ligs

with ;) := X and X; := X4, and such that X;,, ¥;,, ..., X;, are pairwise
transverse. In other words, we allow only consecutive repetition of a given Lag-
rangian.

The set of asymptotics A(X;_1, X;) associated to the pair (X;_1, ¥;) consists of Reeb
chords in JQ(Al?t_ L U A;JE), and intersection points in X;_; N X; when the cobord-
isms are transverse. Consider a d + 1-tuple of asymptotics (ao, ..., aq), with a; €
A(Zi—1, %), B-1 := Zg,and A% = AT If £,y = 5, then q; is called a pure
asymptotic, and it is a pure Reeb chord of Aii_ 1= Aii, while if X;_; # X;, then a; is
called a mixed asymptotic. Given J an almost complex structure on R x Y, we denote
sJ@osar, ..., ag) the set of pairs (y, u) where

(1) y e R4,
(2) u:(Sy,j) = (R x Y, J) is a pseudo-holomorphic map (with j the standard
almost complex structure on D?),
(3) u maps the boundary of S, contained between y; and y;4+; for 0 <i <d
(Yd+1 1= yo) to Xj,
4) lim; sy, u(z) = a;.
Let us specify the condition (4) in the case a; is a Reeb chord, for which we also
denote a;: [0, 1] — Y a parametrization. We say that
* u has a positive asymptotic to a; at y; if limg, 1o u(si, t;) = a;(t;),
* u has a negative asymptotic to a; at y; if limg; oo u(s;, ;) = a; (1 — ;).
Remark 1. Note that the fact that a mixed Reeb chord asymptotic is a positive or

a negative asymptotic is entirely determined by the “jump” of the chord. Namely,

positive mixed Reeb chord asymptotics are mixed chords of Al.+ UAJ, from A;r

i+1
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to A;r 1> and negative mixed Reeb chord asymptotics are mixed Reeb chords of
A7 UA; from A toA].

Notations 1. From now on, we denote the Lagrangian boundary condition for discs
only by the family (%;,, ¥;,, ..., X;, ), even though the pseudo-holomorphic discs
we will consider can have pure Reeb chords asymptotics too.

In the following two subsections we describe the several types of moduli spaces
we will make use of later.

2.3.1. Moduli spaces of curves with cylindrical boundary conditions. The Lag-
rangian boundary conditions we consider here are trivial cylinders over Legendrians,
and we take an almost complex structure J € %' (R x Y). If the boundary conditions
consists of only one cylinder R x A then we denote

Mrxa, s (VT3 V10- s Va)

the moduli space of discs with boundary on R x A, with a positive asymptotic to y T
and negative asymptotics at y; for 1 <i < d. We call discs in such moduli spaces
pure, as all asymptotics are pure. In case the Lagrangian conditions is a family of
distinct transverse cylinders R x Ay, 4 := (R x Ag,...,R x Ayz) withd > 0, we
consider the following spaces.

(1) The banana-type moduli spaces

2T (Va,0:80.v1.81,...,v4,84)

where yz0 € R(Ao, Ag) is a mixed Reeb chord from Ay to Ao, where
yi € R(Aj—1,Ai) UR(A;, Aij—1) are mixed chords of A;—; U A;, and where
§; are words of Reeb chords of A; and are negative asymptotics. Note that,
according to Remark 1, y4 ¢ is a positive Reeb chord asymptotic and then y;
is a positive asymptotic if it is in R(A;, A;j—1) and a negative one if it is in
R(Ai-1, ).

(2) The A-type moduli spaces

MRrxAg 4.0 (Vo,d:80.Y1.81.....Vd.84)

where yp.q € R(Ag, Ao) is a negative Reeb chord asymptotic and with the
same condition as above on asymptotics y; and §;.

The discs in moduli spaces of type (1) and (2) are called mixed as d + 1 asymptot-
ics are mixed. There is a R-action by translation on moduli spaces with cylindrical
Lagrangian boundary condition, we use the notation M to denote the quotient of the
moduli space M by R.
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2.3.2. Moduli spaces of curves with boundary on non-cylindrical Lagrangians.
The Lagrangian boundary conditions consist of Lagrangian cobordisms (X, ..., Xy)
such that at least one is not a trivial cylinder. Denote J a domain dependent almost
complex structure with values in ¢ ;+ ;—(R x Y).If d = 0, ¥ := X is a non-trivial
cobordism from A~ to A™ and we denote

Mz 3(vFive, .o va)

the moduli space of discs where y € R(A™) is a positive Reeb chord asymptotic and
y;i € R(A™) are negative Reeb chord asymptotics. We call again those discs pure. If
the Lagrangian boundary condition consists of several distinct Lagrangians 2y, 4 =
(Zo,....Xg) where d > 0 and X; is a cobordism from A} to Ai+, then we consider
the following mixed moduli spaces:

(1) the banana-type moduli space Mz, , 1(Va,0:80.a1,81,...,a4,84),

(2) the mo-type moduli space Mz, , j(x;80.a1,81....,a4,84),

d;J()/O,d;(sO»al’Sl’ LR 7ad98d)’
where y40 € R(A(J{, A;) is a positive Reeb chord asymptotic, yo,4 € R(A, Ay) is

(3) the A-type moduli space My,

a negative Reeb chord asymptotic, a; are intersection points in ¥; 1 N ¥; or mixed
Reeb chord asymptotics in {R(AiJr , Al.+_1) UR(A;_;,A;), and §; are words of pure
Reeb chords of A;.

2.4. Action and energy

Consider a d + 1-tuple of pairwise disjoint cobordisms (X, . . ., X 4) with cylindrical
ends over AilL. Let T > 0 and & > 0 such that all cobordisms are cylindrical outside
of [T +¢&, T —¢] x Y. The length of a chord y is defined by £(y) := fy o. Then,
the action of asymptotics is defined as follows:

a(y) = eTﬁ(y) +c¢;—¢; forye R(A;’, A;-L),
a(x) = fi(x)— fi(x) forxeX;NXE;, i <],
a(y) = e TL(y) fory € R(A7. A7),
a(y) = eTTe(y) fory € R(AY).

Given a function y: R — R satisfying for some & > 0

el fort > T,
x(@) =4 € for — T +e<t<T—g¢,

e T fort <-T,
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and y’(¢) > 0, one defines the energy of a pseudo-holomorphic disc u to be

E(u) = / d(x(1)00)

This energy is always positive and vanishes if and only if the disc is constant. The
energy of the pseudo-holomorphic discs considered in this paper is finite and can be
expressed in terms of the action of the asymptotics.

Proposition 1. For the moduli spaces described in Sections 2.3.1 and 2.3.2, we have
the following:

(1) ifu € Mrxa(YT:y1,....v4), then
E@) =a(y") = aly):

(2) ifu € Mrxna, ,(Va,0:80.v1.81,....va.84), then

d
Ew) =a(yao)+ Y al) — > al)— Y a(d):
ViER(Ai,Ai—1) VviER(Ai—1,4;) =0
(3) l:fu € M]RXA() .... d (yo,d; 80’ Vl, 815 e Vd, Sd)y then
d

E@w) =—a(a) + Y a(i) — Y a(y)—Y ad);

ViER(A;,Ai—1) ViER(A—1,4;)  i=0
@) ifu € Ms(yT:v1,....vq), then
E@) =a(y") =) aly):;

i

(5) l:fu € ‘MEO ..... d(yd,o;(s()?alasl’ A ’ad78d)’ then
d
E@)=a(yao)+ Y ale) — Y a(@)— Y al@)—) a@);
a,ER(A;",A?'_l) aiE‘R(Ai_—l’Ai_) a;€X;_1NY; i=0
(6) lf‘uECME() """" d(x;s()aal’(gl’”‘vad58d)’ then
d
E(u) = a(x) + Za(ai) - Za(ai) - Za(a,')—Za(Si);
aieR(A?‘,A?‘_l) aiE‘R(Ai_—l’Ai_) a;€X; _1NE; i=0
(7) l.fue‘ME() ..... d(yo,d;s()yal?(sla"'7ad78d)y then
d

E@) = —a(yoa)+ Y ala) — Y al@) — D al@)—) a).

aiefR(A;i_sA?—_l) a; €R(A;_,A7)  ai€X;NI; i=0
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2.5. Grading

Given cobordisms (X, ..., X4) as above, we associate a grading to the asymptotics
of pseudo-holomorphic discs with boundary on X¥q 4 using the Conley—Zehnder
index. We refer for example to [14] for the definition of this index.

Grading of Reeb chords. Consider A C Y a connected Legendrian. Then the grad-
ing of a Reeb chord y € R(A) is defined to be

[yl =CZ(y) - 1

where CZ(y) denotes the Conley—Zehnder index of a capping path for y. Note that it
does not depend on the choice of capping path as by hypothesis we consider Maslov
0 Legendrians, and it does not depend neither on a choice of symplectic trivialization
of TP along the capping path, as 2¢(P) = 0. If the Legendrian A is not connected,
there are no capping paths for Reeb chords connecting two distinct components so
some additional choices are needed (see [12]). If y is a chord from A; to A;, one
fixes points p; € A; and p; € A; and a path I'; ; from p; to p; as well as a path of
Lagrangians from Ty, wp (A;) to Tp; wp (A ). Then, one takes as capping path for y a
path from the ending point of y to p;, followed by I ;, followed by a path from p;
to the starting point of y. The grading of mixed chords depends on those additional
paths but the difference in grading of two chords does not.

Grading of intersection points. Let p € ¥; N X;, for i < j. Generically, the
immersed Lagrangian X; U X; lifts to an embedded Legendrian submanifold
s U E C(RxY)xRy,,du+e a) and p is the projection of a Reeb chord y, of
U E If y, is a chord from E to &;, then | p| = CZ(yp). If yp is a chord from s

toS; j.then |p|=n+1- CZ(yp) These Conley—Zehnder indices are computed after
a choice of path connecting ¥, and E as explained above for the non-connected case.
Again, the vanishing of the Maslov number for Lagrangian cobordisms, and of the first
Chern class of P imply that the grading of intersection points does not depend on the
choices made, except paths to connect any two distinct components of the Legendrian
lift.

The expected dimension of the moduli spaces described in Sections 2.3.1 and 2.3.2
can then be expressed in terms of the grading of asymptotics; this is the purpose of
the next proposition.

Proposition 2. Consider the moduli spaces described in Sections 2.3.1 and 2.3.2. For
those where it applies denote j+ the number of positive mixed Reeb chord asymptotics
among {y1,...,Ya}or{ai,...,aq}, andl the number of intersection points asymp-
totics among {ay, ... ,ag}. Moreover, we assume that negative asymptotics to pure
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Reeb chords §; have degree 0. Then we have

,,,,, d(Vd,O;SO,VLSl,---sVd»Sd)
=lyaol+ Y. vl = DY lnl+@-njt—1

VieR(A;,Ai—1) VieR(A;—1,A})
,,,,, «(Vo,a:80,v1,81,....v4,84)
=—lyoal+ D il = D ml+@-mGT-1D-1

ViER(AN; A1) VieR(Ni—1,A¢)

dim Moy i1, va) = Iy =D lnil,

_____ d(Vd,O;‘sO,al,Sly---,ad"gd)

= lyaol + Y lail = Y lail = Y lail+@-n)jt+1.

a;eRAF A ) @i€Ei-1NZ @ eRA AT

,,,,, d(x;807a17819""ad78d)

= |x| + Z|ai| - Z|ai| - Zlai|+(2—n)j++l—2,
a;eRAF A ) @€Zi-1INZTi @i €R(ALAT)

,,,,, d(yo,d;s()’al’gl’-"7ad58d)

=—lvoal+ D lail = Y lail = Y lal+n+@-njt+1-2.

aieR(Alﬂ"Alﬂ‘_l) a;€L;_1N%; a;€R(A;_|,A])

Notations 2. Given a moduli space Ms, ,(ao;ai,...,aq), we add an exponent

indicating the (expected) dimension of it as a smooth manifold:

5, 4(@0sai,....aq).

This dimension is equal to the index of the Fredholm operator obtained by linearizing
d at a pseudo-holomorphic disc u.

2.6. Compactness

This section sums up what will be used to prove almost all the results in this paper.
Namely, once transversality is achieved simultaneously for all moduli spaces
considered above, which is possible using a domain dependent almost complex struc-
ture, O-dimensional (eventually after quotienting by an R-action) moduli spaces are
compact manifolds. We call discs in these moduli spaces rigid discs. Then, 1-dimen-
sional moduli spaces are not necessarily compact and can be compactified by adding
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broken discs. The goal of this section is to describe the types of broken discs one can
find in the boundary of the compactification of the moduli spaces in Sections 2.3.1
and 2.3.2.
Consider a 1-dimensional moduli space
My,

o 4(@0:80,a1,81,....84-1.a4,84)

of curves where Lo 4 =R X Ay, g4 or X . 4 (inthe first case we have eMiO .=

—~

)))) +)» with mixed asymptotics a; and asymptotics to words of pure Reeb
chords §;. By results in [5] and [1, Theorem 3.20], a sequence of curves in such a mod-
uli space admits a subsequence converging to a pseudo-holomorphic building (see the
cited references for a precise definition) consisting of several pseudo-holomorphic
discs together with nodes connecting these components and choices of asymptotics

for these nodes, satisfying the following:

* each disc in the pseudo-holomorphic building has positive energy, so in particular
a component with only Reeb chords asymptotics must have at least one positive
Reeb chord asymptotic;

* each disc has a non-negative Fredholm index because of the regularity of the
almost complex structure;

* if the building consists of the discs uq, ..., ug, then the glued solution u has
index ind(u) = v + >, ind(u;), where v is the number of nodes asymptotic to
intersection points.

Let us now precise what these conditions imply in particular in the case of moduli
spaces described in the previous sections.

1. Cylindrical boundary condition. Consider a 1-dimensional moduli space

d(y0;807 Vl,aly---,sd—l,)’d,sd)-

The conditions described above imply that a sequence of discs in this moduli space
admits a subsequence which limits to a pseudo-holomorphic building consisting of
two index 1 pseudo-holomorphic discs with boundary on cylinders, and which glue
together along a node asymptotic to a Reeb chord. Remark that this Reeb chord can
be pure or mixed, we will later be interested only in the case of nodes asymptotic to
mixed Reeb chords, see Remark 4.

2. Non-cylindrical boundary conditions. Consider a 1-dimensional moduli space

1 :
My, ,(ao:80,a1,81,...,84-1,a4.84)

of curves with boundary on the cobordisms Xy, ..., X4, with mixed asymptotics
a; and asymptotics to words of pure Reeb chords §;. A sequence of discs in such
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a moduli space admits a subsequence converging to a pseudo-holomorphic building
which is
(a) either a pseudo-holomorphic building with two index O components (which
are not trivial strips) with boundary on non-cylindrical parts of the cobord-
isms and connected by node asymptotic to an intersection point, or

(b) a pseudo-holomorphic building consisting of some index 0 components with
boundary on the non-cylindrical parts of the cobordisms, and one index 1
component with boundary on the positive or negative cylindrical ends of the
cobordisms, connected to each index 0 component via a node asymptotic to
a Reeb chord.

pseudo-holomorphic buildings arising at the boundary of the compactification of the
corresponding moduli spaces.

2.7. Legendrian contact homology

Consider a compact Legendrian submanifold A C Y. We denote by C(A) the Z,-vec-
tor space generated by Reeb chords of A. The Legendrian contact homology of A is an
invariant of A up to Legendrian isotopy, introduced by Chekanov in [10] and Eliash-
berg [18] (see also [14,15]). It is the homology of a differential graded algebra (DGA)
(A(A), 0) associated to A. The algebra A(A), called the Chekanov—Eliashberg
algebra of A, is the unital tensor algebra of C(A), i.e.,

AN) = P cn)®

i>0

with C(A)®° := Z,. The grading of Reeb chords is as defined in Section 2.5. Given
a cylindrical almost complex structure, the differential d is defined as follows. For
y € R(A), we have

dy =Y D MpraTivivaN2..va
d>0 y;eR(A)

The differential  extends to the whole algebra by Leibniz rule, and satisfies 3> = 0.
We consider the SFT definition of the differential here, which has been proved in [12]
to give the same invariant as the original version with a differential defined by a count
of discs in P with boundary on 7p(A). For a generic cylindrical almost complex
structure, the moduli spaces MIrxa (V; Y1, .., Yaq) are compact O-dimensional man-
ifolds. The Legendrian contact homology of A, denoted LCH, (A), does not depend
on a generic choice of almost complex structure and is invariant under Legendrian
isotopy.
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Consider now an almost complex structure J € §;+ ;—(R x Y). It is proved
in [17] that an exact Lagrangian cobordism X from A~ to A induces a DGA-map

Oy AAT) = AAT)
defined by

Px(y) =Y. D MY Tiv.vava.. v
d>0 y;eR(A)

When X is a Lagrangian filling of A, i.e., A = @, then ®x is a map from A(A) to
A(@) := Z,. It is an instance of an augmentation of A(A). More generally, we have
the following definition.

Definition 2. An augmentation of (A(A), ) over Z, is a map &: A(A) — Z, satis-
fying

(1) e0d =0,
(2) e(y) =0if |y| #0,
(3) e(1) =1,

@) e(y1y2) = e(y1)e(r2),
In other words, it is a unital DGA-map when considering Z, as a DGA with a vanish-
ing differential.

Remark 2. The condition (2) in the definition above means that the augmentations
we consider are graded (more precisely 0-graded). In this paper we will only consider
0-graded augmentations, although we could as well take them p-graded for p a posit-
ive integer (meaning that all chords with degree 0 mod p can potentially be augmen-
ted) or even ungraded (any chord can be augmented). If we consider p-graded, resp.
ungraded, augmentations, the complexes appearing later in the paper and involving
augmentations become p-graded, resp. ungraded, as well as some higher order opera-
tions being part of some Ao-structure.

Chekanov made use of augmentations to linearize the DGA (A(A), d), lead-
ing to finite dimensional invariants called linearized Legendrian contact homolo-
gies. Bourgeois and Chantraine [4] generalized this idea using two augmentations
instead of one: assume +(A) admits augmentations &g, €1, then there is a complex
(LCCE0°1(A), 37°°") where LCC50°1 (A) := C(A) and for a Reeb chord y,

d
= D D Mrxa( v va)eo(n - vic1)

d>0 Y1, yg€R(A) i=1 ~e1(Yig1-.-Yd)Vi-
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This map satisfies (37°°")? = 0. The Legendrian contact homology of A bilinearized
by (g9, €1) is the homology of this complex, denoted LCH?! (A). The dual complex
(LCCQ‘O, e (A), 0. l) is the complex of the bilinearized Legendrian contact cohomo-

logy of A,LCH , (A).For Reeb chords y, B € R(A), if we denote by (37°° (B), )

£0,€1
the coefficient of y in 37°* (B), then we have

Hioe, (V) = D (7 (B). v)B

BER(A)

When g9 = €1, these complexes correspond to the linearized Legendrian contact
(co)homology complexes defined by Chekanov. Finally, given an augmentation £~ of

(A7) and an exact Lagrangian cobordism A~ <y A™, it induces an augmentation
et = ¢ o Oy of A(AT).

2.8. The Cthulhu complex Cth

The Cthulhu homology is the homology of a Floer-type complex defined in [9] for
a pair Ay <z, Ay and AT <x, A of transverse exact Lagrangian cobordisms in
R x Y such that the algebras A(A;) and A(A7) admit augmentations &, and &7
respectively. The Cthulhu complex (Cth(Zo, £1), ds5 1) has three types of generat-
ors,

Cth(Zo. 31) = C(A¢. AT)[2] @ CF(Zo. B1) & C(Ag. AD)[1]

where C(A], Af’) [2] denotes the Z,-vector space generated by Reeb chords from AT
to AS’ with a grading shift, namely if y € C(A{, AT)[2] then 1Vlcim(so,50) = V| + 2,
CF(XZy, X1) is the Z,-vector space generated by intersection points in o N X1, and
C(Ay, A7) is generated by Reeb chords from A7 to A . The differential is given by

the matrix
diy dyo dy-
Doy ey = ( 0 doo do- )

0 do d——

Itis a degree 1 map defined by a count of rigid pseudo-holomorphic discs with bound-
ary on the cobordisms, as schematized on Figure 1. The study of broken discs arising
at the boundary of the compactification of 1-dimensional moduli spaces gives that
beg,el— squares to 0, see [9, Theorem 4.1].

Denote by (CF_oo(Z0, Z1), m*°) the quotient complex of the Cthulhu complex
Cth(Xo, X1), with CF_ (20, Z1) = CF(Z9, 21) ® C(A,, A7)[1] and

_ d()() dO—
o0 __
. _(d_o d__).
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/ \A Y-} A

\ R x (AT UA3)
f\f\

IT3PR L)

Figure 1. Curves contributing to the differential 35(7’5 -, “in” stands for input and “out” for
output. The “0” and “1” indicate the Fredholm index of the respective discs.

/\/\

in

In [22] the author proved that given a triple of pairwise transverse cobordisms ¢, ¥
and X,, there is a non-trivial map

1, 1 CF_o (21, X2) ® CF_o(X0, 1) = CF_oo(Z0, X2)
satisfying the Leibniz rule
my, P (] id) + m;*(Id®@ m;>) + m;Com, > =0,

see Section 5.1 for more details.

3. The complex Cth

3.1. Definition of the complex

In this section, we define the Rabinowitz complex Cthy (X, X;) for a pair of trans-
verse exact Lagrangian cobordisms Ay <5, A(J)r and A7 <z, AT. We assume again
that A(A;) admit augmentations &; for i = 0, 1, inducing augmentations 8l.+ of
A(A;F). The complex Cthy (Xg, 1) is generated by three types of generators:

Cth (2o, 1) = C(A, AD) [ — 1] @ CR(Zo, 1) @ C(Ag, AD)[1]
If we denote | - |cm, the grading of generators in Cth. (2o, X1), then we have

lvotlcm, =n —1—|yo1l|, foryor EC(/\T,/\(T)T[”—”,
|x|cmy = |x], for x € CF(Xo, X1),
[€10lct, = [§10] + 1, for €10 € C(Aq, AD)[1].

The difference on generators between Cthy (3¢, ¥1) and the original Cthulhu com-
plex Cth(Xg, X1) in [9] is that the generators that are Reeb chords in the positive end
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are chords from A(‘)Ir to Af in Cthy (X, X1), whereas they are chords from Af to
A in Cth(Zo, £1). The differential on Cth4 (g, £1) is then given by

o AT 0 0
mio = ( do+ doo do— )
bl o AIZ bl o AIZ by
with the following conventions.
() AT:C(AT, ADTn—1] = C(AT, AD)T[n — 1] is defined by

AT () = D0 D #M gnt (rar: 0. va1- §0)eg Go)ef G v
Yo1 $i
and is of degree 1 according to Proposition 2.
(2) m% :=dot + doo + do—: Cthy (Zo, 21) — CF(Zo, X1) with

dos (vg) = DD #M3, 5, (x:80. 751, 81)eg (Bo)ey (81)x,

x 8

doo(q) =D ) #MS, 5, (x:80.4.81)e5 (80)e7 (81)x,
x &

do—(yio) = Y > _#MY 5, (x:80.v59.81)eg (80)e7 (81)x.

X §;

is also of degree 1.
3) AIZ: Cth’ (20, X1) = Cp1-x(AT, Ay) is defined, for a € Cthy (Zo, X1),
by

AY(a) =)D #M3, 5, (vor:80.a.81)e5 (80)eT (81)yo1

Yo1 &;

so in particular it vanishes for energy reasons on C(Ay, A7). This map is of
degree 0, i.e., [yo1| =n — 1 — |a|cn, where |yo1] is as defined in Section 2.5.

(4) Letus denote C*(Ay, A7) = Cpo1—x (AT, Ay) ® C* 1(Ay, A7). We finally
define the map b : €*(Ay, A7) = C* 1(Ay, A7) by

by(y) =YY #MExag, (10:80.7.81)e5 (80)eT (81)v10
+ §;
Y10
where y is a positive asymptotic if it is in C(A], Ay) and a negative asymp-
totic if it is in C(Ay, A7). This map is of degree 1.
On Figure 2 are schematized the pseudo-holomorphic curves contributing to the dif-

. €n s€
ferential "' .
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in

1 Rx (A UAT)
in in
out
0 in
0 in out Yo U X
out
out out out 0 0 out

\/ M in
U 1 Il Rx (A7 UAT)

in

Figure 2. Curves contributing to the differential mfo 1

Remark 3. In the definition of mia’gl_, all components are related to components of
the differential of Cth(Zg, ) or Cth(X;, X¢) as follows:

* the map Af is the dual of d4 4 in Cth(X1, X¢), and it is the differential of the
bilinearized Legendrian contact homology of A U AT restricted to C(A], Ag),

e the map do is the dual of d4¢ in Cth(Z1, XZp),

e the map AIE restricted to the positive Reeb chords is the dual of d4_ in
Cth(XZ;, Xo) and restricted to intersection points it is the dual of dy— in
Cth(X1, o),

* by restricted to C(A7, Ay) is the banana map in Cth(Zg, 1), and restricted to
C(Agy, A7) itis the map d__ in Cth(Xy, ;) that is to say the differential of the
Legendrian contact cohomology of Ay U A7 restricted to C(Ay, A7).

In particular, the Floer complex (CF_oo (2o, X1), m]*°) is a subcomplex of the com-
plex Cth4 (20, 21)

£n 5€ &€n »€ €n s€
0°°1 » ; ; 0°%1 0°%1 __
Theorem 3. my sa degree 1 map satisf ying m, onty = 0.

Remark 4 (0-breaking). Before we prove the theorem, let us give some precision
about some types of pseudo-holomorphic buildings arising as limit of a sequence of
pseudo-holomorphic discs in a 1-dimensional moduli space. Namely, the buildings
containing a non-trivial pure disc are a bit special.

Consider again the case 1. in Section 2.6, i.e., the limit of a sequence of discs with
boundary on trivial cylinders. As we said, it consists of two index 1 discs connected
by a Reeb chord node. If this node is a pure Reeb chord y € R(A), then the (non-
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trivial) disc u in the building for which this node is a positive Reeb chord asymptotic
is a pure disc, given the condition we take on the Lagrangian boundary conditions
in Section 2.3, and thus contributes to the differential of y in the Legendrian contact
homology DGA of A. Then, applying an augmentation ¢ of 4A(A) to all the negative
pure Reeb chord asymptotics of u results in a pseudo-holomorphic curve count con-
tributing to & o d(y). The sum over all possible negative pure Reeb chord asymptotics
of a pure disc with positive asymptotic y leads in a curve count giving the whole term
£ o d(y) which vanishes by definition of an augmentation.

Consider now the case 2 (b) in Section 2.6, and the subcase where the index 1
curve that we denote u has boundary on the negative ends of the cobordisms and has
one positive Reeb chord asymptotic which is a pure Reeb chord y € R(A7). In this
case, for the same reason as above, u is a pure disc, and the contribution of such discs
vanish once we apply an augmentation to pure negative Reeb chords.

In the subcase of 2 (b) where the index 1 curve u has boundary on the positive ends
of the cobordisms, u cannot have a positive asymptotic to a pure Reeb chord because
this is not a node and thus would imply that the sequence of discs we started with
had a positive pure Reeb chord asymptotic. However, there can be one (or several)
index 0 pure curve with a positive asymptotic to a pure chord y of AT, and with
boundary on a cobordism A~ <y AT. Such an index 0 curve, call it v, contributes
thus to ®x(y) where ®x: A(AT) — A(A™) is the map induced by the cobordism.
Applying the augmentation ¢~ to negative Reeb chord asymptotics of v leads to a
curve count contributing to £~ o ®x(y) = £t (y) by definition of ™. Fixing y and
summing over all possible negative Reeb chords of A~ leads in a curve count giving
the term & (y).

In this paper, every time we define a map via a count of mixed pseudo-holomorphic
discs in some moduli spaces, we sum over all possible pure negative Reeb chord
asymptotics, to which we apply then the given augmentations of the Legendrian neg-
ative ends. Thus,

(A) the contribution of broken discs having a non-trivial pure disc component
with boundary on cylindrical ends will vanish;

(B) applying the augmentation ¢; to negative pure chords in R(A;) corresponds
to applying £I-+ to the potential pure chords asymptotics in .‘R(Ai+ ) of a disc
with boundary on the positive cylindrical ends.

This being said, we will now ignore the broken discs of case (A), and the use of the

induced augmentations s;" when describing the boundary of the compactification of
moduli spaces refers to breakings in case (B).



N. Legout 122

Proof of Theorem 3. The degree of mia’sl_ follows from Proposition 2. Then, we

have
AfoAf 0 0
g0 €1 €0 581
m, ony = may mpy M3 |,
msi ms3z ms3
where

ma1 = dot 0 AT + dog 0 dot + do— 0 b o AT,

Moy 1= d020 +do—obj o AT,

ma3 := doo o do— + do— 0 b7,

msy 1= by o AIE o Ai" +b o A% odot + (bl_)2 o AZ,
M3y i= by o A¥ odog + (by)? o AT,

ms3 = by o A¥ ody_ + (b7)>.

(1) Af o Af vanishes because for any yg; € C(A]L, Ag’), the discs contributing to
A;’ ) A]L(ym) are in one-to-one correspondence with broken curves in the boundary
of the compactification of moduli spaces J\ZQRX At (Eo1:80, 7, 81), for all possible
chord &, € C(AT, A(‘)|r ) and words of pure Reeb chords ¢;. Observe that AT is in
fact the bilinearized Legendrian homology differential of A(‘)|r U AT restricted to the
subcomplex C(A T, AaL).

(2) For yo1 € C(A],A{), the term
(do+ o AT + doo 0 doy + do— o by o AT)(Yo1)

is given exactly by the count of broken curves in M1 20,51 (D3 80, Y01, 81) for all
p € X9 N X and words §;.

(3) For yo1 € C(A], A{), the term
(b 0 AT 0 AT + b7 0 AT o dos + (b7)* 0 AF) (vor)
is given by the count of curves in

ﬂ-inAal (610 85, Bo1,87) x admzo,xl (Bo1:80,v01.61)

and
fMTZRxAgl (610 85, Bo1,87) x 'M%o,ﬁl (Bo1:80,v01.61)

for all £19 € C(Ay, A7), Bo1r € C(A7. Ay) and words of pure Reeb chords §;, §;

of A} . Indeed, the study of dM2rxa, (E10: 8. Bo1.8}) gives that the map by restric-

ted to C(A T, AJ) satisfies (b7)? + by o AT = 0, where A7 is the obvious analogue
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of Af but defined on C(A7, Ay). Then one can write

(by o AT o AT + b7 o AT o dos + (b7)* o AT)(vo1)
= by (AY o AT + AT odoy + AT 0 AT)(yo1)

and there is a one-to-one correspondence between broken discs contributing to
AT o AT + A¥ odpy + AT o AT

and broken discs in BMEO,ZI (Bo1:80,7,.61).

S (d3y + do—o by o Af)(x), for x € CF(Zyp, X1), counts broken curves in
IM's, 5, (p;80,x,81), forall p € o N X; and words §;.

(5) (b7 o A¥ ody + (b7)? o AF)(x) counts broken curves in

%RXA& (£10:85. Bo1.87) x IM 5,5, (Bor: 80.x.81)

and
3JVZR><A51 (€10; 84, Bo1,87) x Mozo,zl(ﬂm;So,X, 81)

for all £19, Bo1 and words of Reeb chords &; and & as above.

(6) (doo o do— + do— o b7)(y10), for y19 € C(Ay, A7), counts broken curves in
OIM's, =, (p: 80, v10.81).

(7) (by o AZ odp— + (b7)?)(y10) = (b7)?(y10) for energy reasons, and vanishes
as by restricted to C(Ay, A7) is the bilinearized Legendrian contact cohomology
differential of Ay U A7 restricted to the subcomplex C(A, A7) (observe other-
wise that the broken discs contributing to (b7)?(y10) are exactly the one appearing in

OM?rx A5, (E10:80. V10.81). for all £10.80.81). .

Notations 4. A few remarks about notations of maps.

(1) Very rigorously, we should write the augmentations involved in the definition
of each map all the time, but we drop it to enlighten the notation.

(2) Given a pair of cobordisms (X¢, X1), we will then write mlE for the differen-
tial on Cth4(X¢, X1), so without specifying the augmentations, and “X”” stands for

the ordered pair (X, X1). If we want to explicit the order, we will sometimes write

mlzo’Zl or mlz(” . Similarly, we write A¥ instead of A?O’Z‘, and finally b7 is a short
. Ag AT + . . AT AT
notation for b; and A7 is a short notation for A
(3) We write mf’+, mIZ’O, and mIE’_ (or simply w7, m9, and m] when the
pair of cobordisms is clear from the context) the components of the differential with

values in C(A ], A;)T[ﬂ — 1], CF(Zo, X1), and C(Ay, A7)[1], respectively, and then

mlz,ij — +m§d, fori, j € {+,0,—) distinct.
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(4) We will sometimes denote
CF00(Z0, £1) := C(AT, A 1 — 1] @ CF(S0, £1),
but observe that contrary to CF_o,(2¢, X1), this is not a complex.

Considering the notations above, the components m;r and m of mlZ can be
expressed as

mf = AT
wy = by o AT
where
AT:Cthy (S0, 1) > Co1-+(AT.A5) ® C* 1 (Ag. AY)
is defined by

a ifa e C(Ay, A7),
Af@ =1 I
A{(a) otherwise.

Example 1 (Case of concordances). Consider a compact non-degenerate Legendrian
submanifold A C Y, admitting augmentations g, ;. Consider a 2-copy A® of A
consisting of the components Ay and A; such that A; is a copy of Ay := A per-
turbed by a small negative Morse function f,i.e., A is identified with j1(f) in a
neighborhood of A identified with a neighborhood of the 0-section of J ! (A), see Fig-
ure 3. The Legendrian A inherits a Maslov potential from Ao and the mixed Reeb
chords of Ay U A are of three types.

* p-chords: long chords from A; to Ag corresponding to pure chords of Ay,
* g-chords: long chords from Ay to A; corresponding to pure chords of Ay,

*  Morse chords: short chords from A to Ag corresponding to critical points of f.
Note that an index k critical point of f corresponds to a Morse Reeb chord of
LCH-degree n —k — 1 as f is negative.

We have
Cthy (R x Ao, R x A1) = C(A1,Ag)T[n — 1] ® C(Ag, AD)[1] = €*(Ao. A1)

where C(A1, Ag)T[n — 1] is generated by g-chords and C(A, A1)[1] is generated by
p and Morse chords. The differential takes the form

e _ AT 0)_ (A7 0
! by o A¥ by by by

because the cobordisms are trivial cylinders so the map Af is the identity map.
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Ao

Figure 3. Left: 2-copy A® of A; right: 2-copy A2,

Consider another 2-copy of A which we denote A@ , consisting of Ag U Ay,
such that Ag := A and A, a perturbation of a push-off of A far in the positive Reeb
direction so that it lies entirely above Ag (the z-coordinate of any point in A is
greater than the z coordinate of any point in Ag). This is the 2-copy of A considered
in [16]. The mixed Reeb chords of Ay U A are all from Ag to A; but still of three
different types

* g-chords, long chords corresponding to pure chords of Ay,
*  p-chords, short chords corresponding to pure chords of Ay,

*  Morse chords corresponding to critical points of f. Note that in this case an index
k critical point of f corresponds to a Morse Reeb chord of LCH-degree k — 1.

‘We have
(Cthy (R x Ag, R x Ay), m5”"") = (C(A1, Ao)T[n — 1], A])

and this complex is the complex of the bilinearized Legendrian contact homology of
Ao U A restricted to mixed chords, but with a choice of grading making the differ-
ential a degree 1 map. There is a canonical isomorphism of complexes

+
(Cth+(R x Ao, R x A1), (?1 bo_)) S (Cthy (R x Ag.R x A7), AT)
1 1

sending a g-chord to its corresponding g-chord, a p-chord to its corresponding
p-chord and a Morse chord ¢ to its corresponding Morse chord which we denote
¢. Moreover, it is of degree 0 according to the Cthy grading. This isomorphism of
graded vector spaces extends to an isomorphism of complexes. We refer for example
to [25, Proposition 5.4] for a detailed proof, we recall here the correspondence of
pseudo-holomorphic discs with boundary on one of the 2-copy or the other. Pseudo-
holomorphic discs with boundary on R x (Ag U A1) with one positive asymptotic to

a g-chords g, and one negative asymptotic to a g-chord g, are identified with discs
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with boundary on R x (Ag U A1) with one positive, resp. negative asymptotic to the
chords g1, resp. g». These discs correspond to Af inCthy (R x Ag,R x Ay) and Af
restricted to ¢ chords and with values in § chords in Cthy (R x Ag, R x Ay). Then,
the component b} restricted to g-chords is defined by a count of bananas with two
positive asymptotics, one at a g-chord which is an input and one at a p- or a Morse
chord which is the output. Such bananas correspond exactly to discs with boundary
on R x (Ag U A1) with one positive input asymptotic at the corresponding g-chord
and one negative output asymptotic to the p- or Morse chord. These are discs con-
tributing to AT restricted to g-chords and taking values in p- and Morse chords in
Cthy (R x Ag,R x Ay). Finally, a disc contributing to by restricted to p- and Morse
chords is a disc with a negative input asymptotic at a p- or Morse chord y; and
a positive output asymptotic at a p— or Morse chord y,. These become discs with
boundary on R x (Ao U A;) with a positive input asymptotic at y; and a negative
output asymptotic at .

Example 2 (0-section of a jet space). Consider the jet space J!(M) = T*M x R
of a smooth manifold M, endowed with the standard contact form dz — A where
z is the R coordinate and A the canonical form on 7*M. Then the O-section is a
Legendrian Ao := M. Take a small push-off of A in the positive Reeb (d,) direc-
tion and perturb it by a small Morse function f: Ag — R. Denote this Legendrian
A1. Consider the trivial augmentations &;, i = 0, 1. Then, the complex (Cthy (R x
Ag, R x Ay), mio 1) is just the complex (C(A 1, Ao)t[n — 1], AT) which is canon-
ically identified with the Morse complex of f.

3.2. Concatenation of cobordisms

3.2.1. Definition of the complex Cthy (Vo © Wy, V1 © Wp). Consider Legendrian
submanifolds Ai_,A,',AiJr fori = 0,1, and cobordisms A;” <y; A; and A; <w;, Ai+.
As the positive end of V; is a cylinder over A;, as well as the negative end of W;,
one can perform the concatenation of V; and W; denoted V; © W;, which is an exact
Lagrangian cobordism from A} to AI.Jr , see for example [9, Section 5.1]. Assume
that A(A;) admit augmentations &, &;. These augmentations induce augmenta-
tions g9 and &; of A(Ag) and A(A1) respectively, and augmentations 83’ and sf
of o‘\)(A(J)r ) and A(Af). Assuming that the cobordisms Vo ® Wy and V; © W inter-
sect transversely, the Cthulhu complex of the pair (Vo © Wy, V1 © W) has four types
of generators

Cthy (Vo © Wo, Vi © Wi)

= C(AT,A§) ® CE(Wy, W1) @ CF(Vo, V1) @ C(Ay, AY)
= CF400(Wo, W1) @ CF_o (V0. V1)
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and the differential is given by

I‘[IYOW
wmp ot 0 0 0
_ | mGd+b) 0 AY) wPGd+b) 0 AY) wCob) w0 ob)
m:/,o OA}’V m}/’o oA}’V m}/’o m}/’o
m{/’_ oAII}V mi/’_ oA{’V m{/’_ m}/’_
where

bY: Cthy (Vo V1) — C(Ag. A1)[1]

is the degree 0 map defined by

by (a) =) #MY, y, (y10:80.a.81)e5 (80)e7 (81)¥10

Y10 §;

We will extend the definitions of the maps b{/ and A{/ to Ctho- (Vo © Wy, V1 © W)

in order to obtain a compact formula for m}/@W. Namely, we define

by :Cthy (Vo © Wo, Vi ©@ Wy) — Cthy (Wy, W)

by
b (@) a+ b}/ o A{’V(a) for a € CF o0 (Wy, W1),
a) =
! bY () for @ € CF_co(Vo, V1),
and
AV Cthy (Vo © Wy, Vi © Wy) — Cthy (Vo Vi)
by

AV (a) fora € CFio(Wo, W),

AV (@) =
a fora € CF_o(Vo, V7).

This may seem confusing because we have already defined a map A? for the case
of a pair of cobordisms (X, X;) in the previous section. However, this map AlZ can
be recovered from the map A?/ for the pair (Vo © Wy, V1 © W1) where (Vp, V1) =
(R x Ay, R x A7) and (Wp, W) = (2o, 1), see Section 3.2.3 for more details. In
the remaining of this section, to make it clear we write A YVCW when we consider the
map for the pair (Wp, W) not in the concatenation.

One can thus write the product in the following more compact way:

rr[}/G)W W,+0 Ob}/

=n r-o= oAV,

+ my
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ow

Let us now check that mV is indeed a differential. Using the definition of 4!

and AW, we have
(my GW)Z = (mW+0 obV + ml oAW) (mW+0 obV + m}/’o_ oAW)
mi’V,'i‘O ot W,-‘r() ObV 4+ mi’V'ﬁ‘O O(bV AW) ° mW+0 ObV

W+OObV V,0— OA}/V

+ m, omy’
+m¥0 oAV o miy—’_oob}/—l—m}/’o omfO oA}}V

where by definition the term m?V"F ob}/ oA }’V vanishes but we keep it in the formula
to make it more homogeneous. We use then the following.

Lemma 1. (1) The map
AV ol T00hY + ] oAV Cthy (Vo © Wy, Vi @ Wi) = Cpe1—«(A1. Ag)

vanishes.

(2) So does the map
bY omV oAW 4 b2 o AW o bV Cthy (Vo © Wo. Vi © Wy) — C* (Ao, Ay).
Proof. (1) Fora € CF_o(Vy, V1) we have

AV o *00bY (@) + m! oAV (@) = AV om0 0h) (a) + m] T (a)

and the first term vanishes for energy reason and the second one by definition. Then,
for a € CF4 o0 (W, W1) we have

AV om W+Oob (a)+m oAIfV(a)
= AV o + b} o AW (@) + m}"T oAV (a)
= AV o @) + m!t oAV ()

because AV o m‘{V O ob} o AW (a) vanishes for energy reason.
Consider the boundary of the one-dimensional moduli space

MUy w, (Boi:80,a,81)  for Bor € C(A1, Ag).

The broken discs arising in the boundary (schematized on Figure 4 for the case a =
Yo1 € C(AT, A)) contribute exactly to

(AY o)t 4w oAV )(a). Bor)
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Yo1
1 Rx (A UAT)
0
0 0 Wo U W,
0
Boi
1 Rx (Ao UA))

Figure 4. Types of broken discs in the boundary of ML wo.w; (Bo1:80. y01,81).

(2) Fora € CF_s(Vy, V1) we have
by omy oAY (@) + bt o AV 0 b (a) = b} om{ (@) + b o b} (a)
and for a € CF1o(Wy, W1) we have

b/ om{ o AW(a)+bAoAWCWob1V(a)
=b om! oA (@) + b2 o AV W (a + b)Y o AV (a))
= b{ omy oA (a) + b 0 AV (a) + b7 0 b] o AT (a)

To conclude that this map vanishes, one has to consider the broken curves in the
boundary of the compactification of moduli spaces of bananas with boundary on V',
namely the boundary of the moduli space MVO,VI (y10;80,a,81) for y10€C(Ag, A1),
and a € Cthy (Vo © Wy, V1 © Wy), see Figure 5 for the case a = x € CE(Wy, W1). =

Thus, using Lemma 1 (1), we can rewrite

(] QW)Z = m‘{V"H) om:/V'H) obV + m;/V'H) ob}/ o ml oAV

+m¥V+OobV oAW+m}/0 om1 oAV

+ mro omro oA}’V

= m‘{V""Oom:/V—FOobV+m¥V+Oob}/om}/oAV+mi/0 Om}/OA}/.

Now, using mW+0 omeJro = m?/'mom?/’ = m?”ro obi o A{'VCW, Lemma 1 (2),

and the fact that mro o m}/ = 0, one gets that (m}/QW)2 = 0.
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K)\ 0 0 ﬂ)\ 0 Wo U W

0 1 0 0 \1 1 0| Rx(AgUAY)

7 \Y/
1 0 0 0 1 Vo UV
\l/ Rx(Ag UAT)

Figure 5. Types of broken discs in M1 Vo.vi (Y1080, Y01.81)-

3.2.2. Transfer maps. The maps b] and A} defined in the previous section are in
fact what we will call transfer maps. In particular, they are chain maps as we prove
now.

Proposition 3. b}/: Cthy (Vo © Wy, V1 © Wy) — Cthy (W, W1) is a chain map.
Proof. We need to prove that
by o)W +m} oby =0 )

Vow

By definition of m we have that the left-hand side of (2) is equal to

b}/omiyﬂ)obV—l—bl om1 OAW—i-m1 obV
—mileLOobV-i-b{/oAl om:/V'H)obV+b1 om1 oAV +wml ob)
=b oAV o) T00h) + b/ om] P 0AY + m) " obY

Using the first part of Lemma | on the first term and the second part of the lemma on

the second and third terms, recalling that m?j’_ =bProA WCW we get that the sum

above vanishes. |
Proposition 4. A;’V: Cthy (Vo © Wo, V1 © Wy) — Cthy (Vy, V1) is a chain map.
Proof. We have to prove that

AW ) m}/QW —l—m{/ oAi’V =0
The left-hand side of the equation is

A?’om?/+oob¥+A om1 oAW+m1 oAV
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whose first term equals mf"" oA}'V by Lemma | and the second term equals
m}/’o_ oA Y by definition of A} Thus, the sum vanishes. n

3.2.3. Special cases. Let us have a look at the two following cases for the pair
(V() © Wo, Vl ©) W])S

(1) (Wo, W]) = (R X Ao,R X Al),

(2) (VQ, Vl) = (R X A(),R X Al)
In the first case, one has

Cthy (Vo © (R x Ag), V1 © (R x Ay))
= C(A1, Ao)[n — 1] ® CE(Vo, V1) & C(Ay. AD)[1] = Cthy (Vo V1)

and we actually have an equality of complexes as AII}V on C(A1, Ay) is the identity
map (as it counts index 0 discs with boundary on Lagrangian cylinders so it can only

count trivial strips). Thus, the map b}/ defined for a general pair of concatenated
cobordisms before gives in this case a map

bV :Cthy (Vo. V) = Cthy (R x Ag.R x Ay) = €*(Ag. Ay)
satisfying

bY (@) =a +b)(a) fora e C(Ay, Ag)
and
bY (a) = b! (a) for a € CF_os0 (Vo. V1).
In the second case, one has
Cth+((R X A()) o W, (R X A]) ® W])
= C(AT, A [n — 1] ® CF(Wo, W) @ C(Ao, A1)[1] = Cthy (Wo, Wh)
and again this equality holds in terms of complexes as b}/ is the identity map on
C(Ao, A1) and vanishes on C(A1, Ag) (no index 0 banana with boundary on R x

(Ao U A1) and two positive Reeb chord asymptotics), and A}/ is the identity map on
C(A1, Ag). For such a pair of concatenated cobordisms, we get the map

A Cthy (Wo. W1) — C*(Ao. A1)
satisfying

AV (a) =AY (a) fora € CF oo(Wo. Wy)
and

AV (@) =a fora € C(Ag, A1),

which recovers exactly the definition we gave at the end of the Section 3.1.
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Notations 5. From now on, we use the maps b}/ and AYV without specifying if we
are in the case of a pair (Vo © Wy, V7 © W1), (Vo © (R x Ag), V1 © (R x Aq)) or
(R x Ag) © Wo, (R x A1) © Wr).

3.2.4. Mayer-Vietoris long exact sequence. From the previous special cases, one
deduces a Mayer—Vietoris sequence. Consider a pair of concatenations (Vo © Wy,
V1 © W1). By definition, we have the following result.

Lemma 2. The map
BV o AV + AW o b :Cthy (Vo © Wy, Vi © Wy) — C*(Ag. A})
vanishes.
Proof. First, remember that
AV :Cthy (Vo © Wy, Vi © Wp) — Cthy (Vo V1),
so the term b} o AV should be read as b} <" o AV <V Similarly,
by :Cthy (Vo © Wo, Vi ©@ Wy) — Cthy (Wo, W),

thus the term A} o b} should be read as being A <" 0 5V <VOW_ Then we have
for a € CF o0 (Wp, W1),

bY o AV (a) =b] o AY (@) = AT (a) + b o AV (a),

AY oby (a) = AT (a +b] o AT (a))
=AY (@) + A ob] 0 AT (@) = AV (@) + 5] 0 AT (a)

and, for a € CF_o(Vy, V1),
by oAV (a) =b{ (@) =b{ (@), AV ob{(a)=AV ob{(a)=b{(@). m
From this, we get a short exact sequence of complexes
. @arsh .
0 — Cth* (Vo © Wy, Vi © W) ———— Cth (Vo, V1) @ Cth (Wo, Wr)
b +AY
———> Cth (R x Ag,Rx A1) -0

which gives rise to a Mayer—Vietoris sequence

e — H*Cth+(V0 o Wy, Vi © W) — H* Cthy(Vo, V1) & H*Cth+(W0, Wh)
— H* Cth+ (R x Ag, R x Ay)

B H* T Cthy (Vo © Wo, Vi O W) — +-- .



Aoso-category of Lagrangian cobordisms in the symplectization of P x R 133

The connecting morphism g, is given on the chain level by ml obV + m}/O_

on C(A1, Ag)f[n —1] € Cthy (R x Ag, R x Ay) and by ml % on C(Ay, A[1] C

Cth4+ (R x Ag,R x Aq). Below we check that g is indeed a chain map so induces a
well-defined map in homology, and that the sequence is exact.

We need to prove that g o mRXA = mYGW og. Instead of writing big matrices,

let us prove it for the two types of generators separately. Consider yp; € C(A1, Ag),

we have

VoW og(yo1)

= g(AA(Vm) + bA()’m)) + (mW+O obV

+m) % oAy o (mW"obV+m1 o)
WOObV

gomny R (yor) + my

+ ) %7) o AR (yor) + ] 0 0b (yo1) + ] om0 0b) (yo1)

o~ (V01)+m1 Omi/o (Yo1)

= (m,

+ m, W, ob}l o mr

where we have removed terms vanishing for energy reasons. Now, observe that
V,0— A A

w7 oA (yor) + mY T om{ " (yo1) =0 as AL (yor) = m{F (yo1)

and m}/ is a differential. Finally, the remaining terms are the algebraic contributions
of the broken curves arising in the boundary of products of moduli spaces of the
following type:

EWO,WI (x.&0,710. &) X 'M(I)/O,Vl (10,60, Y01.81),
‘M?/VO,Wl (x,&0.710.&1) X My, v, (Y10, 80, Yo1.61),
for x € CF(Wp, W1), y10 € C(Ao, A1), 8; words of pure Reeb chords of A; and §&;

words of pure Reeb chords of A;.
Then, consider y19 € C(Ag, A1). We have

VoW og(y10)

=g o b{*(y10) + (m;

=m0 bM (y10) + m P om0 (y10)

g o mP*A (y10)+ m)

1 0bY +my " oA ) o mi" (y10)

where we have removed terms vanishing for energy reason. Then the two remaining
terms are algebraic contributions of the broken configurations in the boundary of the
compactification of moduli spaces MW w, (x. 80,710, 1)
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Now, we check the exactness of
.= H*1Cthy R x Ag,R x Ay)
£l H*Cthy (Vo © Wo, Vi © Wh)

Aayv.sy) *
H* Cthy (Vo, V1) @ H™ Cthy (Wo, Wy) — -+

Consider a cycle yo1 + y10 € Cth (R x Ag, R x A1), so in particular it means that
A{\()/Ol) = 0 and bf\(ym) + bf\(ylo) = 0. We need to check that in homology

AY o gu(yo1 + y10) = bY 0 gu(yo1 + y10) = 0.
We have
AV o gi(yor + y10) = AV (@0 BY (yor) + y10) + w)° ()/01))
= AW om} (Y (Yo1) + y10) + 1] " (yor)
= m1 “(Yo1)
for energy reason, and then
w7 (yor) = m (vo1)

because ml T o1) = A (Y01) = 0 by assumption. Thus, A1 o g+(Yo1 + Y10) €
Cthy (Vp, V7)) isa boundary so vanishes in homology. Then

bY o g«(Yo1 + ¥10)
= by (m}" (Y (vo1) + ¥10) + 1" (yo1)
=" (bV(Vm) +y10) + 5] 0 AY om by (yor) + y10)
+b{ om}"* (yor)
= m}"° (b} (yo1) + ¥10) + by om{"* (yo1).

Then, by the study of index 1 bananas with boundary on Vp U V7 as above, one has
bY omi* (yor) = b o bY (yor) + b} o AL(yo1) + b (yor). But AL (yo1) =0
by assumption, as well as b{\(ym) = bA()/lo) and then by definition b{\(ym) =
m?”_ (v10)- Thus, we get

b}/ o g«(Yo1 + Y10)
=) *ob! (yo1) + my *(y10) + b 0 by (yor) + m}" " (y10).
Finally, b2 o bY (yo1) = ml ~ob! (yo1) by definition, and one can add the terms

W bV(y01) and m1 ()/10) which vanish to obtain that b1 o g«(Yo1 + v10) =
wl (b} (yo1) + y10) is a boundary in Cthy (Wy, Wh).
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Finally, let us check the exactness of

..— H*Cthy (Vo, V1) @ H* Cthyy (W, Wy)
bV w

VAl .
——> H*Cthy (R x Ag,R x Ay)
S H* Cthy (Vo © Wo, Vi © Wy) — -+ .

Given two cycles y01 + ¥, € Cthy (Vp, Vl) and c+oo + 10 € Cthy (Vp, V1), where
Y01 €C(A1, Ag), cY. eCF—oo(Vm V1), ¥ €CF oo(Wo, Wh), and y19€C(Ag, A1),
we want to show that in homology

geobl (o1 +c¥ o) + g0 AV (¥ + y10) = 0.
We will actually show that
g*ob (V01+C )+g* AW(C+oo+y10)_ GI/V(C—oo—i_c-i-oo)
By definition we have
8 obv()’m + Cl/oo) + g« 0 AW(CK/OO + Y10)
= g(yo1 + by (vor) + bV(c o)) +8(A7 (o) + 10)
=y Y ob! (yor) + m; " (yor) + m}* 0b (yor) + my % ob! (c¥y,
+ m] v ObV AW(C-I;I-/OO) + m1’ OA{/V(CKIOO) + 1y v (VIO)
= m " (o) + wy 0 oby (e
+ m1 ObV AW(CK/OO) + m OA{/V(CK/OO) + m?/’o()/lo)
The second and fourth terms in this last sum are equal to mi’V’“LO ob}/(cfoo)

and m1 T oA W(CK’OO) respectively, by definition of bV and A W and because
bV(c o) = 0 so we can add it. The remaining terms in the sum are

w} % (yor) + m?/’o ob{ o AV (¥ ) + m?/’o(ho) (€))

But by assumption, ml “(yo1) + m (c ) = 0 because yo; + c¥_ is a cycle,
and similarly using also the fact that ml *(y10) = 0, we have

w0 )+ w0 (y10) = 0.

Thus, the sum (3) is equal to

m}/,o ro) + mWO ob} o AW(C_I;VOO) + mWJrO(CK/oo)

= ml “oAV (Y )+ mW+O ob} (%),
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where the last equality holds by definition of b} and AY and because
mi’V’Jr ob! o A{’V(CK/OO) = 0.
So, we get

&+ ob}/()’OI + Cl/oo) + 8«0 AF/(CK/OO + Y10)
= w00} (Vo) + m) O oAV (T )
+ )0 oAY (V) + w0 obY (W)

Vow .V w
:mlo (c—oo+c+oo)’

which completes the proof of exactness.

4. Acyclicity for horizontally displaceable Legendrian ends

The acyclicity of the complex Cthy (X¢, X1) is proved in the same way as the acycli-
city of the complex Cth(Xy, X) in [9]. However, in the case of Cth; we need some
horizontal displaceability assumption of at least one of the two Legendrian ends to
achieve acyclicity.

Definition 3. Two Legendrian submanifolds Ag, Ay C Y = P x R are horizont-
ally displaceable if there exists an Hamiltonian isotopy ¢; of P which displace the
Lagrangian projections ITp(Ag) and I1p(Aq), i.e., [1p(Ag) and ¢ (ITp(A1)) are
contained in two disjoint balls. A Legendrian is called horizontally displaceable if it
can be displaced from itself.

The goal of the next subsections is to prove the following.

Theorem 4. Let Ay, A7, Ay, AT C Y be Legendrian submanifolds such that Ay
and AT, or Ay and AT are horizontally displaceable. Assume moreover that A(Ay )
and A(A7) admit augmentations e and €7 . Then, for any pair of transverse exact
Lagrangian cobordisms Ay <z, A[)F and AT <x, A1+, the complex (Cthy(Zg, X1),
mio 1Y is acyclic.

The hypothesis of horizontal displaceability is necessary. Indeed, in the setting of
Example 2 the 0-section of a jet space is not horizontally displaceable, and in fact the
complex is not acyclic.

When Cthy (X, X1) is acyclic, one recovers long exact sequences obtained in [9].
Indeed, the complex Cthy (X¢, X1) is the cone of the degree 1 map

dot + b7 o AT:C(AT, A [n — 1] > CP_(Z0, T1),
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which is then a quasi-isomorphism since the complex is acyclic, i.e., we have
H*(C(AT, ADT[n — 1)) ~ HF*E (20, 21), 4)

where HF_,, denotes the homology of the complex CF_o,. Assume first that the
Legendrian submanifolds A(J{ and AfL are horizontally displaceable. Then, the acyc-
licity of Cthy (R x AJ, R x A]) yields

H*(C(AT AD [ —1]) ~ H*(C(AF, AT)) (5)

as there are no intersection point generators, and the Legendrians in the negative
end are also A(J)r and AT. When (g, X1) is a directed pair, then dy— = 0 and
CF* (29, X1) is the cone of d_o: CF* (X9, £1) = C*(Ay, A7). When (2o, Z1) isa
V-shaped pair, then d_o = 0 and CF* (2o, £1) is the cone of do_: c*1 (Ag. A7) —
CF*t1(Zy, =;). The long exact sequence of a cone, together with the isomorph-
isms (4) and (5), and the fact that by definition

H*(C(Ag,AT)) = LCHY, (A7, AT)

0 %1

and

H*(C(A5. A7) = LCHZ, (A5, A7)

give

RN LCH’E‘IIEJr (AL, AT) = HFF (20, 21)
0°%1

v
LCHY- .- (Ag, A7) — LCH’S‘J’ST (AL AT) > -

for a directed pair, and

k— k _ —_
..._>LCH83;1+(AJ,A1+)—>LCH (A, A7)

6'(7_,8]
I
HF*1(S0, £1) - LCHY, (AJ, AT) — -+
0°°1

for a V-shaped pair. These are the long exact sequences in [9, Corollary 1.3].

In the case where A(J)r and Af’ are not horizontally displaceable but A, and
A7 are, one gets the same exact sequences from the acyclicity of the dual complex
Cth{"(Zg, )

Cth*! (20, 1) = C*(AT. A{) 1 — 1] @ CFu(Z0. £1) & Cu(Ag. AT)
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with the degree —1 differential
bil— bIEI,EO blz:l’zo o bl_
0 dOZ(J)l X0 doE—l )
0 A7V AT
However as we do not especially need this dual complex in this article we will not
give more details here.

4.1. Wrapping the ends

Given a pair of cobordisms (¢, 1) cylindrical outside [-7, T] x Y, we will wrap
the positive and negative ends of X, in order to get a pair of cobordisms such that
the associated Cth4 complex has only intersection points generators. The wrapping is
done by Hamiltonian isotopy. A smooth function #: R — R gives rise to a Hamiltonian
H:R x P x R — R defined by H(¢, p,z) = h(t). The corresponding Hamilto-
nian vector field X}, is defined through the equation d(e'®)(X},, -) = —dH, and its
Hamiltonian flow ¢; takes the following simple form

ot p.z) = (t,p.z +se 'H' (1))

Moreover, the image of an exact Lagrangian cobordism X with primitive fx by an
Hamiltonian isotopy ¢j, as above is still an exact Lagrangian cobordism X = ¢} (X),
with a primitive fx given by

fr, = fe+s(h' —h)ong

where 7r: R X ¥ — R is the projection on the symplectization coordinate z. Given
N > T, consider a function hJTr y-R — R satisfying

hi @) =0 fort <T+N,
hy @) =—e" fort =T+ N +1,
(h x) (1) <0,

such that the Hamiltonian vector field takes the form p; N ()02 where ,o; N R—=>R
satisfies

pyn() =0  fort <T +N,

ppy(®) =—1 fort>T+N+1,

(p7.5)' (1) < 0.

Let S; > 0 greater than the length of the longest Reeb chord from A to AT We
set
Wii=gr (RxA{) and Wo:=RxAf,
T.N
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T+N+1+

Wo
rond ] W,

74

T4+

Figure 6. Wrapping the positive end of X .

and consider the pair (X9 © Wy, X1 © W), where in fact g © Wy = X, see Fig-
ure 6. The complex Cthy (X © Wy, £1 © W) has only three types of generators,
namely

Cthy (o © Wo, X1 © W) = CE(Wp, W1) @ CF(Zo, X1) ® C(Aq, A)[1]
Under this decomposition, the transfer map
AV :Cthy(Zo © Wp, 21 © Wp) — Cthy (2o, Z))
is equal to the matrix
AV 0 0
AY = ( 0 id 0 )
0 0 id
We have then the following.
Proposition 5. The transfer map
AV :Cthy (2o © Wp. 21 © Wp) — Cthy (2o, Z))
is an isomorphism.

Proof. The proof is the same as the proof of [9, Proposition 8.2]. After wrapping, each
Reeb chord from A to A} creates an intersection point in Wo N Wy, and observing
that the wrapping in the positive end makes the Conley—Zehnder index increasing by
1, there is a canonical identification of graded modules:

CF*(Wo, W1) = C*(AT, AD)T[n — 1] C Cthy (o, £1) 6)
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If p € CF(W,, W;) we denote by y, € C*(AT, A(J{)T[n — 1] the corresponding Reeb
chord. The goal is to prove that this identification also applies at the level of com-
plexes. We will show that under the identification (6), the map A}'V is the identity
map.

We consider the component

AV CF* (Wo, Wi) — Cpi— (AT, A)

of A;’V which is of degree 0. Let u € MOWOaWI (vo1; 80, p,81) where p € Wy N W1,
Yo1 € ﬁ(/\f, A(J{ ) is a negative Reeb chord asymptotic, and §; are words of degree
0 pure Reeb chords which are also negative asymptotics. This disc contributes to
AY (p). By rigidity of u, we have

n—1—|yo1|l — |Plcwy wo.wy) =0

Now, the projection of u to P is a pseudo-holomorphic map in Mﬂp A)mp AT)(VOI;

80, mp(p), 81) which has dimension |7p(p)| — [yo1| — 1 = [yp| — [yo1| — 1, but we
have

0=n—1~=yo1l = Iplcaywo.wy) =n—1—|yo1l = (m =1 =yp|) = ¥p| — |y01]

where we have used the identification (6). This implies that 7p(u) is in a moduli
space of dimension —1 so it must be constant. Hence, y91 = y,. On the other side, for
each intersection point p € Wy N W a strip over y,, lifts to a disc in M%/()aWI (Yp: 8o,
P, 61). We obtain that A {'V is the identity map. ]

Next, we wrap the negative end of 31 © W as schematized on Figure 7, using a
Hamiltonian defined by a function /7. : R — R satisfying

h}’N(t):e’ fort <—-T —-N —1,
hy y(@) =D fort > —T — N,
(hp n)' (1) =0,

for some positive constant D > e~ T=N such that the Hamiltonian vector field is given
by pr y (1)9z where p7. 51 R — R satisfies pr y (1) = 1fort < =T — N, p7 5 (1) =0
fort > —T, and (,o;,N)’(t) < 0. Let S— > 0 be greater than the length of the longest
chord from A7 to Ay and define V; := go;j;‘N (R x A7) and set Vp := R x Ay . After

concatenation, we obtain a pair
VN OZpOWe, VIOZ1 0 W) = (20, V10X 0 W)

The Cthulhu complex of the pair (X¢, V1 © (21 © W1)) has only intersection points
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T+N+1+1
T+N+ Wi
T+
X
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—T—N 2 Vo
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Figure 7. Wrapping the negative end of ¥; © Wj.

generators, we have
Cth4+(Zo, V1 © (21 © W1)) = CE(Zo. =1 © Wy) @ CE(Vp, V1)
Under this decomposition, the map
bY:Cthy (30, V1 © (21 © W) — Cthy (9, T, O W)

is given by

BV — ( id 0 )
= oW .

! by o A} © by

Proposition 6. The map b}/ above is an isomorphism.

Proof. Tt is the same kind of proof as for Proposition 5. In this case we have a canon-
ical identification:

CF(Vo, V1) = C(Ay ., AD)[1] C Cthy (2o, X1 © W) (7
Let us consider the component
b :CF*(Vo, V1) — C* 1 (Ag, AY)

ofb}/ which is of degree 0. Let u € EM?,O,VI (v10:80, p,81) where p € Vo N V1, y10 €
R(Ay, A7) is a positive Reeb chord asymptotic, and §; are words of degree 0 pure
Reeb chords which are also negative asymptotics, contributing to this component. By
rigidity, we have

(Iyrol + 1) = | plcrvy, vy = 0.
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The projection of u to P is a pseudo-holomorphic map in My, (A5), zp (A7) (Y10: S0,
wp(p), §1) which has dimension |y19| — |yp| — 1. Using the identification (7) we
have

0 = |yiol = IPlcrovo, vy + 1 = |viol = (vpl + 1) + 1 = |yi0]l — |yl

So, the disc p (1) must be constant and y19 = yp. [

4.2. Invariance by compactly supported Hamiltonian isotopy

Let us consider a pair (X¢, X1) of exact Lagrangian cobordisms and a path of exact
Lagrangian cobordisms X§ for s € [0, 1] induced by a compactly supported Hamilto-
nian isotopy, with £ := . In particular, for all s € [0, 1], £ have positive and
negative cylindrical ends over A(jf.

&

Proposition 7. The complexes (Cth, (29, 1), mig’sl_) and (Cth(Z}, 1), m;
are homotopy equivalent.

6’51_)

Proof. First, wrap the positive and negative ends of ¥ in the negative and posit-
ive Reeb direction respectively, as done in the previous section. One gets the pair of
cobordisms (X, V1 © £1 © W), whose Cthulhu complex is isomorphic to that of
the pair (X, X1) by Propositions 5 and 6. Then, all along the isotopy the complex
(X3, V1 © X1 © Wp) as only intersection point generators and the bifurcation analysis
explained in [7, Proposition 8.4] (see also [13] for the case of fillings) proves that the
complexes Cth, (29, V; © 21 ® W) and Cth (2}, V1 © 1 © W;) are homotopy
equivalent. Finally, unwrapping the ends of ¥; leads again to an isomorphism of
complexes. |

4.3. Proof of Theorem 4

Consider a pair of Lagrangian cobordisms (X, X1) satisfying the hypothesis of the
Theorem. We assume without loss of generality that Ay and A7 are horizontally
displaceable (in the case A;r are horizontally displaceable but A} are not, the same
type of argument works but moving the wrapping in the positive end instead of the
negative end, see below). By wrapping the cylindrical ends of X; we get the pair
(X0, V1 © 1 © W) such that

(1) ¥Xp and V1 © X1 © W are cylindrical outside [-T — N,T + N| x Y
(2) Cthi (29, V71 © X1 © W1) has only intersection points generators.

By a Hamiltonian isotopy go}l(. compactly supported in [-T — N, T + N] x Y, we
perturb Vi © X1 © W in such a way that all the intersection points are in fact con-
tained in [-T — N, —T] x Y, and are in bijective correspondence with mixed chords
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Figure 8. Deformation by a compactly supported Hamiltonian isotopy.

of Ay U A7, as schematized on Figure 8. For this purpose we use for example the
Hamiltonian

He(t, p.z) = he(1)

with hi.: R — R satisfying

he(t) = —e! + C fort € [-T,T),
(=00, —T — N) U (T + N,o00) C (h.)~1(0),
h.(t) <0,

with C > 0 constant such that /.(¢) = 0 fort < —T — N, to ensure the primitive of
the perturbed cobordism to still vanish on the negative cylindrical end. The Hamilto-
nian vector field is given by p.(¢)d, with p.(t) = —1 on [T, T] and 0 on (—o0,
—T —N)U(T + N, 00).

Let us denote &; = (p}fc (V1 © 21 © W), with S big enough so that there are no
intersection points in [-7, 7 + N] x Y anymore. This S exists as X9 N [-T — N,
T+ N|xYand Vi © X Wi N[-T —N, T + N] x Y are compact. By Propos-
ition 7, the complexes Cth4 (g, £1) and Cth4 (o, &) have the same homology.
Now, we prove that Cthy (X, il) is acyclic. Given the Hamiltonian we used to
perturb V7 © X1 © Wj, we have the canonical identification

Cth(So. £1) = Cthy (R x Ag. ¢jp (V1)

Then, we unwrap the negative end of (pfc (V1), and thus Cthy (R x Ay, (p;fc (1))
is isomorphic to Cthy (R x Ay, R x Kl_) where Kl_ is a translation of A7 in the

negative Reeb direction and lies entirely below A, see Figure 9. In this case, we
have Cthy (R x Ay, R x A7) = C(Ay, A7)[1] with the differential b being the
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R x Ay o (V1) R x Ay Rx Ay

Figure 9. Left: pair of concordances (R x A, (p;i. (V1)); right: pair (R x A5, R x Kl_).

Legendrian contact cohomology differential bilinearized by &, and & . But as the
pair (A, A7) is a pair of horizontally displaceable Legendrians, so this complex is
acyclic (observe that mp (A7) = mp (Kl_)).

5. Product structure

5.1. Definition of the map

Given A; <z, Al.+ fori =0, 1,2 three exact Lagrangian cobordisms that are pairwise
transverse such that 4(A;") admit augmentations &;,, &1 and &, we will define a map

ny: Cth+(21, 22) ® Cth+(20, 21) — Cth+(20, 22)

and we prove that it satisfies the Leibniz rule. Let us denote the components of the
product 11, by mf‘] with i, j, k € {+,0,—} such that mfj takes as arguments a gen-
erator of type i in Cthy (X1, ¥5), a generator of type j in Cth4(X¢, X1) and has for
output a generator of type k in Cth4 (X¢, X5). For example, m‘i_ is the component
CAS AT [n—1]1®C(Ay, AT)[1] = CF(Zg, £2). We define m, as follows. First,

the eight components corresponding to the map
CF_00(Z1, X2) ® CF-(Z0, X1) = CF_00(Z0, X2)

are the same components as those defining the product m; > in [22], we start by
recalling its definition (see also Figure 10). For a pair of asymptotics (a3, @) which

is equal to one of the four pairs (x12, X01), (X12, ¥10), (Y21, X01), OF (Y21, Y10) In
CF_o(Z1, X2) ® CF_ (X0, Z1) (x;5 is an intersection point in X; N 3; and y;; is
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Figure 10. Pseudo-holomorphic discs contributing to m; *°

a chord from A} to Aj_) we have

wmd(az.a1) = Y #M3, (p20:80.a1.81.a2.82)e5 (80)e7 (81)e5 (82) P20
P20€Z0NX2,8;

where the sum is over all intersection points p,o € X¢ N X5 and words §; of pure
Reeb chords of A;. Then, for a pair (x12, xo1) € CF(X1, X2) ® CF(Zo, 1), we
have

myo(X12, Xo1)

= Z#MleAalz(Vzo: 80. Y02, 52)#M0>:012(V02§ 84, xo01, 87, x12,8%)
y‘%(i):gg)z -&7 (8i87)y20

i

+ Z#MleAglz()/zo; 80.v01.81. y12. 82)#M3, (vo1: 8. X01.8")

yZOaVOl a1’12
8;.87.87 #MS, (712187, x12.85)e7 (8:878])y20
where &; (8;) stands for the product of the augmentations applied to the corresponding
pure chords. For a pair (x12, y10) € CF(Z1, Z2) ® C(A,, A7), we have

my_(X12, ¥10)

= Z #M'rxAg,, (V20 80, Y02, 52)#=M%012(V022 86, 710,87, x12,8%)e; (8:87)y20
y203§([)2

+ > #MRxAG,, (v20:80. V10. 81, V12, 82)EME L (v12: 8], X12.85)e; (8:8]) 720

Y20,Y12
8.8
and the obvious symmetric formula for a pair ()21, Xo1), and finally for a pair of Reeb
chords (y21. y10) € C(AT. A7) ® C(Ay. A7),

m__(y21,Y10) = Z#eMleAglz()/zo; 80, 710,81, v21,82)e; (8:8;)120.
20,8
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Then, let us define the remaining components of the map m,, involving Reeb

chords in the positive end. First, the components mg,, my_, m*,, and m*_ vanish.
It remains to define m’fH, m’ii, and mfﬁr fori € {0,—} and k € {+,0,—}. Given a

pair (12, Y01) € C(AS, AT) ® C(AT, AJ), we have first

Wi (yi2.vo) = ) #Mpax (v02:80. vo1.81. 12, §2)e (§1) o

702:8;
+ Z#MleA(-)klz()/oz;;o,)/01,§1,3/21,§2)
Y02,Y21 0 + _
§i8i #Mx,, (v21:81,v12,82)¢; (§;)e; (8:)v02

+ D #MIg i (0218071081, 712.82)
Y02:Y10

§idi #M3,, (710:80. vo1.81)] (§,)e7 (8:) 02

summing over y;; € C(A“.L, Ai+), ¢, words of Reeb chords of Al.+, fori =0,1,2, and
d; words of Reeb chords of A}, fori = 0, 1, 2. Then we have

m (Y12, y01) = Z#M%mz(mo; 80.701,81.y12,82)¢; (8;) 20
P20,8;
summing over po; € X N X5 and §; as above. And finally the last component of the

product for this pair of generators is

w3 (Y12, Yo1)
= Z#MleAgz(Vzo; 80, 02, 82)HM3, |, (02380, V01,87, 712, 8)

s &7 (80)e (8))v20

— B . 0 .8/ 4
+ Z#’M RXAmz(VZm 80,801,961, €12, 82)#'/%201 (§01:80. Y01, 87)
y%s(;,’é(zt,é?z #M%lz(élz; 1. 712.85)e; (8:878])v20

summing over y29 € C(Aq, Ay), &ij € C(A;, A;), and §;, 8’ words of Reeb chords
of A;. Then, for a pair of generators (y12, xo1) € C(AT, Af) ® CF(Xg, X1) we
define

mio()’leOl) = Z#MleAarlz(VozéCo,)/lo,Cl,Vlz,Cz)

e #M3,, (v10:80. x01.81)] (§,)e7 (8:)vo02,
m?fo()’lz,xm) = Z#MOZOD(PZO;SO,XOI,SLV12,82)8i_(8i)p02,

P20,8;
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mo (Y12, Xo1) = Z#MleAgz()/zo; 80,602,82)
720402 HM3, , (E02: 85, Xo1, 87, 12, 85)e; (8:)e7 (87)¥20

i:9;

+ Z#MleAglz(Vzo; 80,601,81,612,62)
720,601,€12 #MOEm (§01; 84, X01,8%)

8:.8,.87
#MOEIZ(SH; 87.v12.8%)e; (8:8;87)y20.

We finish by defining the product for a pair (y12, y10) € C(AS, AT) ® C(Agy, A])
as follows:

wi_(12,710) = Y _#Mppt (102380, £10.81,712,83)

7510 #MS,, (E10: 80, v10,8 1) (§,)67 (8:)v02
m_(y12.v10) = Z #M3,, |, (P20:80.V10.81. V12, 82)e; (8:) poz.
P20,8;

my_ (Y12, Y10) = Z#MleAgz()&o;So,éoz,Sz)
y§93§92 #M%OIZ(SOZ;SE), Y10.87. 712, 8%); (8:)e; (87)120

+ Z#MleAglz()/zo; 80,710.81,612,82)

yﬁ?’g}z #MS, , (E12: 87, 712.85)e7 (8:8])¥20.

l

The components mlg 4 and mk 4 fork = +,0, — are defined analogously as m’_‘H) and

mﬁ_. See Figures 11, 12, and 13.

Theorem 5. The map wm, satisfies the Leibniz rule, i.e., given three exact pairwise
transverse Lagrangian cobordisms A; <x; Af with augmentations €; of A(A])
fori =0,1,2, we have

€163

my (2 ) 4 mp(mO )+ m02 omy(-, ) = 0.

Remark 5. A “complete” notation for the product would be something of the form
m%”i—l,ij—z as it depends on the choice of cobordisms and on the choice of augmenta-
tions of the negative ends. However, to simplify, we will just write it rt, as the choices

mentioned are clear from the context.

As for iy, we can write the components m; and m; as a composition of maps, it
will be convenient when describing the boundary of the compactification of 1-dimen-
sional moduli spaces. First, we introduce the maps

AT G (AT AT @ C*(AF AT) = Cui—u (AT, AY),
AF: Cthi (21, B2) ® Cthy(Zo. £1) = Co1-x(A3. Ag).
by : C*(AT,A) ® C*(Ay, A7) — C* 1Ay, AY),



N. Legout

YANAWA

out

J

out CJ T out out | \UJ U U
\Q/ \&// \9/ \W/ ol [0 b
out out
\/

1 RxA™

Figure 11. Pseudo-holomorphic discs contributing to m]f’_ + k=+,0,—.
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Figure 12. Pseudo-holomorphic discs contributing to m’fi_o, k=+4,0,—.
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Figure 13. Pseudo-holomorphic discs contributing to m’fi__, k=+4,0,—.

defined by
AF (y2.71) = Z#Mlequz(Vm; 0. V1, E1. 2. 82)E (§:) V02,
v02,8;
AZ(ay.a) = Z#M%OIZ(VM;So,a1,31,a2,52)8i_(5i))/02,
Y0258

by (y2.71) = »_#M Rz, (¥20:80.v1.81.72.82)€7 (8:)720
72058

148
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and observe that A¥ vanishes on C(A1, Az) ® C(Ag, A1) for energy reasons. Using
these maps, we have

my = Af (b7 ® bY), (8)
m, =by o AY + b5 (AT @ AY), 9)

where the maps b7, A% are defined in Section 3.1 and b7 in Section 3.2 (see also
Section 3.2.3).

5.2. Leibniz rule

The map m, restricted to CF_o (21, X2) ® CF_o0 (X9, X 1) satisfies the Leibniz rule
because m; > satisfies it with respect to the differential m7°° (see [22]) and there

is no component of the differential mia’gl_ from the subcomplex CF_q (X9, X1) to
C(AT, AIL). It remains to check the Leibniz rule for each pair of generators containing
at least one Reeb chord in the positive end:

@ (y12.701) € C(A3. A7) ® C(AT.AY),
(0 O  (12.%01) € C(A7. AT) ® CF(Zo. Ty) and
(i) (x12.701) € CF(Z1, £2) ® C(AT, AQ),
© O (12.710) € C(AF. A]) ® C(Ag. A7) and
(i) (12.v01) € C(AT. A7) @ C(AT. A).
As usual, the Leibniz rule will follow from the study of the boundary of the compac-
tification of some (product of) moduli spaces. Recall that we described in Section 2.6

the different types of broken discs arising in this boundary. We focus now on some
particular moduli spaces and specify the algebraic contribution of each broken disc.

Leibniz rule for a pair of type (a). For the pair of generators of type (a), we will
show that the following three relations are satisfied:

wd (2 (r12), vor) + wd iz, w7 (o) + i owf (12, v01) = 0, (10)

mg(mi‘_’sz_(ylz),ym) + mg(ylz,mi‘;’e‘_(ym)) + m{oma(yi2.y01) =0, (11)

w3 (2 (12). yo1) + w5 (12, (yor)) + wmy o mz(yi2. yor) = 0. (12)
After adding in (10) the vanishing terms

my om(y12. Yo1) = mj om; (y12.¥01) = 0,
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Figure 14. Types of broken discs in the boundary of ’AﬁRxA+ (y02:80,701-81.712.85).
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the sum of these three relations gives the Leibniz rule for the pair
(y12,v01) € C(AT,AT) ® C(AS, AY).

First, we see that relation (10) follows from the study of the boundary of the compac-
tification of the following products of moduli spaces:

Mg ns, (r02: 80,0181, 712.82). (13)
'/XZERXAS‘]Z(VOZ;CO’VOLCD ¥21.§5) X M%IZ(V21;51, Y12, 82), (14)
JZIRxAg“IZ(VOZ; §osv01, 61, ¥21,§2) X M, (¥21: 81,712, 82), 15)
ﬂaRanz()’oz; §0:710-$1.712.§5) X M3, (103 80. Yo1.81) (16)
%Ranz(Voz; 8057105 § 15 V12, §2) X M (10380, Vo1, 81). a7

The broken discs in 3d72RxA+ (Y0238 0> V01,1, Y12, §,) are schematized on Fig-
012
ure 14. The sum of their algebraic contributions vanishes, and thus gives

A;(mf(hz), Yo1) + A;(Vlz, mf()’m))
+m oAS (y12, vo1) + AT (B (y12), vo1) + AS (y12,b{ (yo1)) = 0. (18)

The boundary of the compactification of (14), see Figure 15, gives the algebraic rela-
tion

A;(lhz(ylz)’mf(ym)) + mfr OA;(bE()’lz), Yo1) + A;(bfr o bIE(VIZ)v vo1) =0
(19)

One gets the symmetric relation

AF (T (y12), bE(yo1)) + mf oAT (Y12, bE(yo1)) + AF (12, b7 0 bE(y01)) = 0
(20)
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Figure 15. Broken discs in 8WR><A3.12()/02; 80,7011, 721.65) X M%lz(yﬂ;Sl, Y12,62).
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Figure 16. Broken discs in MIRXASLIZ()/Oz:Co,)/01,§1,y21,§2) X IMU s, (y21:81.712.82).

by studying the boundary of (16). Finally, one gets the relation

AF (BT o} (y12), vo1) + AT (b 0 bF (y12). yo1) + AT (b (y12). yo1)
+ AF (BT o m2(y12), yo1) + AT (BT o my (y12), v01) = 0 1)

and the symmetric

A (y12,bT o} (yo1)) + AT (12, b 0 bE(yo1)) + AS (712,57 (o))
+ A;(Vlz,blz ) m(l)(Vm)) + A;(Vlz,blz omj (yo1)) =0 (22)

by studying first (15) and then (17) (see Figure 16). Observe that for these last two,
we consider the boundary of the compactification of moduli spaces of bananas with
boundary on non-cylindrical parts of the cobordisms and with two positive Reeb chord
asymptotics, as we have done already in the proof of Lemma 1.

Summing (18), (19), (20), (21), and (22), canceling terms appearing twice and
using the definition of b? and m; given in (8), one obtains relation (10).

Then, the study of the boundary of the compactification of

M., (P20:80.v01.81. V12, 82)
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Figure 17. Broken discs in 8:/1?2012(1720; 80,701,81,712,02).

gives relation (11), see Figure 17 for a description of broken discs. Indeed, the algeb-
raic contributions of those discs are (from left to right and top to bottom on the figure):

w9 (712), yo1) + w3 (yiz, my (vor)) + m§ 0AT (y12, yor)
+ 1 oA (b7 (y12). vo1) + m{ 0 AT (y12. b7 (vo1)) + m3 (m ] (y12). Yor)
+ S (y12, m{ (yor)) + mf o m(yi2, yor) + w3 (w7 (y12), vo1)
+ mY(y12. my (yor)) + m{ by o AY(y12, Yo1)
+m{ oby (AT (y12), AT (yo1)) = 0.

And using the definitions of m; and m; given in (8) and (9) one deduces rela-
tion (11).

Finally, analogously to the previous cases, the broken curves in the boundary of
the compactification of

—~

M2RxAG, (7205 80, V02, 82) X M3, (Y0258, vor, 81, 12, 85), (23)
M gsns, (120180, 702, 82) X Mk, (7023 85 yo1. 85, v12. 85). 24)
:/I/(VZ]Ranlz()/zo; 80.601.81.£12.82) X M3, (§01:85. v01.87)

X M3, (£12:87.v12.8%). (25)
J’FRXAO_H()’ZO;‘sO, §01,61.£12,62)

X M, (o1: 8. yo1.81) x M3, (512187, 712.83), (26)

ﬂlleAgu()/zo;so, §01,81,612,82) X M3 (501580, vo1,87)
X My, (E12:87. 712, 85) 27
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Figure 18. Broken discs in 8:/\72012()/02; 80. 701,87, v12,8%).
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give relation (12). First, let us consider (23) and (24). There are two types of broken
discs arising in dM2gx A, (v20: 80, Y02, 82) giving the algebraic relation

by o by (yo2) + by o AT (yo2) =0

that we have already considered in the proof of Theorem 3. Then, on Figure 18 are
schematized the broken discs in dM!x,,,(v02: 84, Vo1, 87, Y12, §5). From this, the
broken discs in the boundary of the compactification of (23) contribute algebraically
to

by oby o AZ(y12,y01) + b 0 AT o AZ(y12, Yo1) (28)

and the ones in the boundary of the compactification of (24) contribute to (from top
to bottom and left to right for discs on Figure 18)

by o AF(mf (y12). Yo1) + by 0 A3 (y12. ] (yo1)) + 1y 0AT (y12. Yo1)
+my OA;(bF(Vlz)’ Yo1) + my oA (12, b12()’01))
+ by o AZ((y12), yo1) + by o AF (y12, mS(yo1)) + my om (y12, Yo1)
+ by o AF(m7 (y12), Yo1) + by 0 AF (y12.m7 (Yo1))
+ b7 0 AS (AT (y12). AT (Yo1)) + by © AT 0 AT (y12. Yor). (29)

Note that the three last terms on the first line give m] o m; (Y12, Yo1) by definition
of m; . Moreover, observe that the last term of (28) is the same as the last term of (29).
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Figure 19. Broken discs in 3(/‘?R><A512(7/202 80,£01,81,812,682).

Thus, the boundary of the compactifications of (23) and (24) provides us with the
following relation:

by obj o AE()/12, Yo1) + by © Az(ml()/lz) Yo1) + by © AZ()’IL mi(Yo1))
+my oy +md) (Y12, Yo1) + by 0 A3 (AF(y12), AT (yo1)) = 0. (30)

Let us now consider the products (25), (26), and (27). The broken discs arising in
the boundary of the compactification of moduli spaces of bananas with three positive
mixed asymptotics are schematized on Figure 19. We deduce from this that the broken
discs in the boundary of the compactification of (25) give the relation

by 0 by (AT (y12). AT (yor)) + by 0 A5 (AT (y12). AT (vo1))
+ b5 (AT + b))(AT (112)). AT (Y01))
+ by (AF (112). (AT + b)(AT (Yo1))) = 0. (1)

The last moduli spaces to study are moduli spaces of discs with boundary on the
non-cylindrical parts of the cobordisms, with a positive and a negative mixed Reeb
chord asymptotic. We have already considered the boundary of the compactification of
such moduli spaces in the proof of Theorem 3 as well as in the proof of Lemma 1, see
also Figure 4. The algebraic contributions of broken discs in M1 So1 (§o1: 84,701,87)
and aMzu (€12 87, y12, 85) give the following relations:

AT o AT (yor) + AF om¥(yo1) + AT 0 A¥(yo1) =0, (32)
AT o AT (y12) + AT omO(y12) + AT 0 A¥(y12) = 0. (33)

Observe now that in the two last terms of the sum (31) we have
by o AY(y12) =y (y12) and by o AY(yo1) = my (yo1)

by definition of m] . Moreover, in the same terms one can replace A7 o A (y12) and
AT o Az(ym) by AE o (m1 + m9)(y12) and AE o (m1 + mo)(y(,l) respectlvely,
using the relations (32) and (33) and the definition of m1 Finally, recall that by
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definition of A¥ we have AT o (mf +mf) = A¥ o (m] +md) andm] = AF omy.
Thus, relation (31) can be rewritten

b5 (AT ® AT)(my(y12).v01) + b5 (AT ® AT)(y12.m1(vo1))
+b7 0by (AT ® AT)(y12.v01) + by 0 A3 (AT (112). AL (yo1)) = 0. (34)

In order to get the Leibniz rule relation (12), we sum relations (30) and (34), removing
the term which appears twice (the last term in each of them), and get

by oby o Azx()/lza Yo1) + by © A?(ml()ﬁz), vo1) + by o AE()’H, m1(Yo1))
+ my o(m) +md)(yiz, Yo1) + by (AT & AT) (s (y12), Yo1)
+ b5 (AT ® AT)(y12. 11 (yo1)) + b7 0 b5 (AT @ AT)(y12, v01) = 0

By definition of m| and m;, we have that the sum of the first and the last term gives
my om; (Y12, Yo1), the sum of the second and fifth term gives m; (m1(y12), Yo1),
and the sum of the third and sixth term gives m; (y12, m1(¥o1)). We have thus shown
that relation (12) holds.

Leibniz rule for a pair of type (b). Let us consider a pair (Y12, Xo1) of generators
of type (b). The Leibniz rule for such a pair decomposes into the following three
relations:

my (AT (712), x01) + m3 (Y12, m1(x01)) + m; oS (y12, x01) = 0, (35)
w9 (my (y12), Xo1) + m9(y12, my(x01)) + m%oma(yiz,x01) =0,  (36)

m, (my(Y12), Xo1) + m5 (Y12, my(x01)) + my oma(yi2,x01) = 0. (37

where for (35) we make use of the fact that both the term m;r (mY(y12), x01) and the
term ;| (m] (y12), Xo1) vanish by definition (mg, = mT, = 0). The study of the
boundary of the compactification of the products

—_~

eMszAsrlz(Voz; 80-610.§1.v12.$2) X M3, (§10:80. Xo1.81).
MleA(J)rlz(Vm: £0.£10.81.712.82) X My, (E10: 80. X01.81)
gives relation (35). In order to get relation (36) we need to study the boundary of
M§012(P20;30,X01,31, Y12, 682)

and finally for relation (37), we study

M2RxAG, (720: 80, 602, 82) X M3 (§oa: 85, Xo1, 87, V12, 85),

—_—~

MIRxA, (V201 80.602.82) X M, (E02: 84 X01.87. V12.8%).
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MRy, (20180, So1. 81 £12.82) X M3, (Bor: 8. x01.87)
x cA'{(Z)hz(‘i:lZ;‘gll/’ V12,8/2/ ,

Mg, (720180, o181, E12,82) X M, (G015 85, o1, 81)
x c/‘/{2312(512;5/1/1 )’12,8/2/ R

Mg, (7201 0. o1, 81.612.82) x M, (G011 8. x01.81)
x M§]2(512;8/1/5 )/12, 8/2/ .

Leibniz rule for a pair of type (c). Finally, for a pair (y12, Y10) of generators of
type (c), we decompose the Leibniz rule into

my (AT (r12), v10) + WS (Y12, m1(y10)) + mf omy (y12,y10) = 0, (38)
w3 (g (y12), y10) + w3 (Y12, mi(y10)) + moma(yi2, y10) =0, (39)
m;, (m1(y12), Y10) + m5 (Y12, m1(y10)) + my oma (Y12, Y10) = 0, (40)

and observe that one of the two terms contributing to m; (y12, m{(y10)), namely
bZ_(AIE(ylz), AIE o m%(y10)), vanishes for energy reasons. Relations (38), (39),
and (40) are obtained respectively by studying the boundary of the compactification
of

eMszA(J)rlz(Voz; $0.£10.81.712.82) X M3, (§10:80. ¥10.81).

MleA(J)rlz(Voz: 80:£10, 81,712, §2) X M, (10380, 10, 81)

of M1

Zo12

(p20: 80, Y10, 81, Y12, 82), and of

—~

M2RxAg, (V201 80. §02. 82) X M3, (E02: 8. V10, 81, V12, 85).
MURx A, (V205 80, 602, 82) X My, (E02: 8, V10,87, V12, 85),
M2RxAG,,(720:80. V10, 81.612.82) X M3, (£12: 8. 12, 85).

MIRx A5, (720180, V10,81, €12.82) X My, (§12: 8. 712, 85).

6. Product in the concatenation

6.1. Definition of the product

Given a pair of concatenation (Vo © Wy, V1 © Wp), we denote m}/ m}’V the differ-
entials of the complexes Cth (Vp, V1) and Cthy (Wy, W) respectively. Given a third
concatenation V, ® W,, we denote again m}/ and m}’V the differentials on complexes
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Cthy (V;, V;) and Cthy (W;, W;) respectively, for 0 < i # j < 2, without specifying
the pair of cobordisms when it is clear from the context. Moreover, we will use the

transfer maps
b"":Cthy (Vi © Wi, V; © Wy) — Cthy (W, W))

and

AL Cing (V; © Wi,V © Wy) = Ctha (V. V)

and will shorten the notations to 5] and A} as there should not be any risk of confu-
sion about which pair of cobordisms is involved in the domain and codomain. Finally,
we denote m;/ , m;’V the products Cthy (V1, V2) ® Cthy (Vy, V1) — Cthy (Vp, V2) and
Cthy (Wy, W) ® Cthy (Wy, Wp) — Cthy (Wy, Wa) respectively. We now define a
product

wy OV Cthy (Vi © Wi, V2 © Wa) ® Cthy (Vo © Wo, Vi © W)
— Cthy (Vo © W, Vo © Wa).

Using maps we already defined before, as well as the two inputs banana b} with
boundary on Vy U V1 U V, (we encountered in Section 5.1 the two inputs banana b
with boundary on cylindrical ends), defined by

bY: Cthy (V1, V2) ® Cthy (Vo, Vi) — C* 1A, A1),

by (az.a1) =Y #M, ,(y20:80.a1.81.a2.82)¢7 (8:)720.

720,8;
we set
my O = wm} 0B} @ bY) + m" 0 ob) o AY (B @ b))
+ o) (AY @ AY) + T (AY @ AY)
+ )oY (b @ bY).
where mlW’JrO = mlW’+ + mlW’O, i = 1,2, is the component of mlW with values in

C(A+, A(J{) @ CF(Wy, W3), and ml.V’O_ = miV’O + miV’_, i = 1,2, is the component
of le with values in CF(Vp, V2) @ C(A, A3). Observe that both the component
me’+ obf o Ag’(b}/ ® b}/) and the component m?’* ob;/ (A{’V ® AII'V) vanish, but
we keep it in the formula to make it look more homogeneous, which helps a bit to
check the Leibniz rule in the next section.
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6.2. Leibniz rule

Vow

This section is dedicated in proving that the map m, satisfies the Leibniz rule

with respect to mVOW. This is just computation. We want to show
mg@W(m}/QW ®1d) +m2 @W(1d®mVOW) + mV@WomgGW 0
We will actually decompose it into two equations:

m;/@W’JrOW(mY@W ®id) + m, OWJFOW(ld(X) m yow,

) OWAOW o YO — g, (41)

m;@W’OV_(m{/GW ®id) + m, yowoy - (id® m{/OW)

+ ) OO o oW — o, (42)

The first one corresponds to the components of the Leibniz rule taking values in
C(A+, Ag’ ) & CF(Wp, W,), and the second one to the components taking values in

In the proof of the Leibniz rule, we will refer to the following equations:
) P @id) + ) Td@ ) + mP P oml =0, (43)
w0 (m) ®id) + my* ([ de@m!) + m!* " om) =0, (44)
AY ) ®id) + AY (i[dew}) + AV om) +A2(AY @ AY)
+AAo AV =, (45)
by (m} ®id) + b)Y (d@w)) + b om) +62BY @ b)) +bL by =0, (46)
bY o AY =AYV obY. (47)
Equations (43) and (44) come from the fact that mgv and mg satisfy the Leibniz rule.
Equations (45) and (46) (for other Lagrangian boundary conditions) appear implicitly

in Section 5.2: they come respectively from the study the boundary of the compacti-
fication of moduli spaces

Migy, (v02: 8¢ .al’ 87 a) [ 8Y) and My, ,(v20.8¢ 0] .8, a) .87,

for yo2 € C(A2,A¢), 20 € C(Ao. A2), (@Y .a}’) € Cthp (Wi, W2) ® Cthy (Wo, Wh),
(ag, a}/) € Cthy (11, V) ® Cthy (Vo, V1), SIW words of pure Reeb chords of A;, SLV
words of pure Reeb chords of A; . Finally, equation (47) is the content of Lemma 2.
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6.2.1. Equation (41). Let us write the left-hand side of equation (41) as (LR1), i.e.,
(41) < (LR1)=0. We start by developing the first term of (LR1), using the defini-
tion of mg OW and the fact that b} and A" are chain maps:

wy O (VO @id) = ()T w0 ob) o AY)BY o]V ®b]]

1
bl [AY o m! W @AY

= (03" + 1" ob) 0 A} 0bY @ b ]

+ 00y [m) oAV ® AV]
= w) ) ®id)b} ® b{]

+ " 00p) o AV () ®id)b] @ bY]
+u) T 0oby () ®@id)[AY ® AV

One decomposes similarly the symmetric term m;/ oW.+ow (d® mYQW). Now, let

us take a look at mYOW’”LOW o mgOW. We have

Vow,+0
ml(D ,+ WOmg@W

0
— mII’Vs‘f‘ Ob}/ o m;/GW

_ . W,+0 14 VOW,+0w VoW, 0y —
=my ob; (m, +m, )

— mi’V,-i—O(m;/@W,+OW —{—b}/ ° AIIIV OmgQW’J’-OW —I—b}/ Om;/OW,OV—)

= () O+ m} 0 0b) o AV [m) OBY ® bY)
+ w00y o A¥ (Y @ b))
+ " ob (A @ AY)]

VH0ob) [my T (AY @ AY) + w7 oAY (bY ® b))

+ my

The term mi’V’JrO ob}/ o A{’V o mi’V’JrO ob}/ o Ag/(b}/ ® b}/) vanishes for energy reas-

ons, as well as mi’V’JrO ob}/ ) A}’V o mi’V’“LO ) bg(A;’V ® A;’V), hence we finally get

VoW 40w _  VOW _ W40 __ W0V o 2V
n, o, =m, " om, (b ®by)

+ 0 0b) 0 AV om) OBy ® bY)
+mp om0 ob) o AY (BY ® bY)
+mp om0 ob) (A @ AY)
1obl omy (AT ® AY)

+ my
+m!H00pY om! O oAY Y @ bY).
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Summing all together gives

LRD) =[] om) " + ) ' ml ®id)

+uy Phdem)]B] @ b)) (L1)
F 0o (A om0 LAY @l @id

+ AV dou)]®B] @bY) (L2)

+ mYV’JrO o mi)V’“LO ob) o AW (b)Y @ b)) (L3)

+ om0 p) (AY @ AY) (L4)

+ ) Oby o my*” +bY (m} ®id)
+ by (deu])|(AY @ AY) (L5)
+ )" obf o m T 0AY (BY ® bY). (L6)
Now, we use equation (43) on (L.1), equation (45) on (L2), the fact that
m:’V,-i-O W,+0 W,+0 W,—

omy’ =yt omy

on (L.3) and (L4) and finally equation (46) on (L5), to write

LR = m! Poml ") @bY) (L1")
+u) 0ol [AY o)™ +AXAY @ AY)

+ A7 oAb ®b1) (L2)

+ " om{"Tob o AY (BY ® bY) (L3)

+m] om{" o) (AY @ AY) (L4)

+ ) OBy 0wt 42 (BY @ b)) + b obJIAY @ AY) (L5
+ " 00pY om! " oAY BV @ bY). (L6')
We apply then the following modifications.
(1) On (L1") we write
w) " = bR o AV + bAAY @ AY).
(2) On (LL2") observe that A}’V o m;V ’~ vanishes for energy reasons.
(3) On (L3) and (L4") we have
w} " obl = b2 o AW obY = b2 o)

and
w) " obY = bt o AW ob) = bl ob).
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(4) On (LY), we write
V.+ AV 14
my = Ay (by ®by).

(5) Finally, in the last term of (L.2') we have A% = m}"" so adding it to (L6)
gives mi’V’JrO obY oY oAY (b)Y ® bY). But observe that by definition of A"
one has b} o m? oA¥ =bY o m! oA¥ o A¥ which gives, by Lemma 1,
b2 o AW obY o AW . We thus get

w0 oh) ol oAY (Y @ b))
=m0 obit o AV 0 by 0 A (B ® b)),
which, using equation (47), is equal to
mII/V’-H) obf\ o b}/ o A;’V o Agv(b}/ ® b}/)
= mII/V’-H) obf\ o b}/ o A;/V(b}/ ® b}/)
w,
= [} b 1A + b 0 AY1(BY @ bY).

So, finally we have

(LR1) = m}" " obt o AY (B @ b)) R1)
+my o (AY 0 b} ® AY o b)) (R2)
+m} T 0ob) o AAY 0b] ® AY ob)) (R3)
+my bt o bl o AV (B} ® b)) (R4)
+my bt o DY (AT ® AY) (RS5)
+my bl o ALBY o AT @b} 0 AY) (R6)
+my b2 (bY o AY @b} o AY) (R7)
+m!0opr o Y (AW @ AV (R8)
+ ) obt o AV (BY @ bY) +m] 0 obf 0 b} 0 AV (B} @ bY).

(R9)
We have

RD+R4Y)+RI)=0 and (RS5)+ (R8) =0.
Then, using equation (47) gives
R2)4+ R7)=0 and (R3)+ (R6)=0.

Thus, (LR1) = 0.
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6.2.2. Equation (42). Denote (LR2) the left-hand side of equation (42) so that this
equation is equivalent to (LR2) = 0. Using again the fact that b}/ and A;’V are chain
maps, the first term of (LR2) is
m;/QW’OV_(mYGW ®id)

— mV’O_(AWOm}/QW AW)—I—mVO_ AgV(bVomYQW ®b¥)

= m2 () oA¥ @ AV) + )0 oAY (¥ b @ b))

=" (! @id)(AY @ AY) + m] " oAV () ®id)(B) @ bY).
One writes analogously the symmetric term 1, yow.0y - (id® mVGW
consider the third term of (LR2):

). Now, let us

wVOWOr = VOW _ | V0= AW . VOW
1 2 1 1 2
W,+0 VOW,0y —
= /0 AW o @OV AW 4 V0= YOOy

= m} 7 oAV [y b} @ b))
+m 0oy o AV (BY @ b))
+me+°obV(AW AM)]
+m]0” om2 AV @ AV
+ml " om! " oAY BY @bV
The term

m}/O A}’V[m;’V,-H) Ob{/oAgV(bV bV)+ W-H) ObV(AW A;/V)]

v,
vanishes for energy reasons. Then, observe that mVO om{lo = m{lo omy’ * and
AV o m;V A = AV oY because AV o m;V = 0, so we have

) O T om)OW =m0 oA} om2 V() ®bY)

+m]0” om2 AV @ AT
—}—mro om1 oAW[bV®bV]
Summing all together gives

LR2) = m} O [AY o ml +AY (¥ ®id)
1 2 1

+ AY (idem])]BY ® b)) (L1)
+ [mV’O omgo +mg’°_(m}/®id)
+m) (ld®m}’)](AW AY) (L2)

+m] " om] T oA BV ®b)).
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Use then equation (45) on (L1) and equation (44) on (L2) to get
(LR2) =m1V’°‘[A§(AW Ay + AL o AT 1Y @ b))
+ )0 om2 AV @ AV
+ m}/’o o ml oAW[bV b}/]

But remark that m¥’+ = A and m;/’Jr = AM®BY ® b)) by definition so then by
equation (47), we get (LR2) =

6.3. Functoriality of the transfer maps

In this section, we prove that the product structures behave well under the transfer
maps b}/ and A {V Namely, we have first the following.

Proposition 8. The map induced by b}/ in homology preserves the product structures,
in other words we have b}loz o m;/@W wl (b ) bVOl) in homology.

Proof. Given a triple (Vo © Wy, Vi © W1, Vo © W), we define a map
bgi Cth+(V1 oW, V0o W2) ® Cth+(V0 oWy, V1 © Wl) — Cth+(W0, Wz)
by
by =b{ o AY (b1 ® b1) + b (AT ® AT).
In order to prove the proposition, we prove that the following relation is satisfied:
by (m}®" ®id) + bY (id® m] °")
+ bV o)V 4wl (8] @ b))+l by =0 (48)
Let us first consider b;/ (mYGW ®1id). We have
by (my®% ®id) = b o AY[B} om{®" @b+ b [AY o m{®¥ @AY]
= by o A (m]” ob{' ® by) + by (m] oA} ® A")
=b{ o AY (m] ®id)(b] ®by) + by (m] ®id)(A] @ A}).
14

Then we consider bV omy, ©W  Observe that we have already computed this term

in Section 6.2.1 when considering the term m}/GW’JrOW o mg oW, So, recall that we

have
b ooV = " TOBY @ b)) + ) T00b) o AV BV @ b))
+m O ob2 YAY @ AY) +b) oAV omg“"(bV ®bY)

+ by oAV @ AY) + 5] om | oAY (8] ®bY).



N. Legout 164

The left-hand side of (48), rearranging terms according to the decompositions above
is thus given by

b{ (&Y (m} ®id) + AY (d@m}) + AY om) )Y ® b)) (LD
+ Y ) ®@id) +bY (d@m)) + b)Y om) ) AW @ AV)  (12)

+ ) )b @ b)) (L3)
+ @00y o A 4 mWob) o AW)BY b)) (L4)
+ ) %b) + ml b)) AV @ AV) (L5)
+b) om! oA Y @ bY). (L6)

We use now equation (45) on (L1), equation (46) on (L2) and the same modification
as Section 6.2.1 (5) on line (LL6) to rewrite
(b o AMAY @ AY) +b] 0o AL o AVYBY ® b))

+ 0f omy T+ b (bY ® b)) + b1 0 b)) AV @ AT

+w) () ®bY)

+ )" obl o AY BY ® b))

+u) " ob) (AY @ AY)

+ (b o) T oAY + bl oY o AYV)BY ®BY).

Finally, using
() mYT = A2BY @bY)and m]T = AL,
(2) me’_ ob! = b o AV ob) = b8 ob), and also rn:'V’_ obY = bt ob),
(3) bhob] o AV =bro AV +bMob) o AY,

we rewrite

(b o AMAY @A) +b) o AL o ATYBY @ b))
+ by 0 A by ®bY) + by (b) ®b]) + b7 0 b)) (AT @ AY)
+ (b o AY + b3 (AT @ AT (B ®bY)
+ bl obY o AV BY @ bY)
+ bR oV (AV @ AV)
+ (b o AL AW £ bA o AW £ bh o bl o ATYBY @ b)),

and, making use of equation (47), all the terms in the sum cancel by pair. |
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The same functorial property applies for the map
AY:Cthy (Vo ©@ Wy, Vi © Wy) — Cthy (Vo, V1).
Indeed, we have the following result.

Proposition 9. The map induced by A in homology preserves the product struc-
tures, that is to say, AWO2 o mVGW = mV(A "2 & AWO') in homology.

Proof. Given a triple (Vo © Wy, V1 © W1, Vo © W), we define a map
A;V:Cth+(V1 oW, V0o Wz) ® Cth+(V0 oWy, V1 © W]) — Cth+(V0, Vz)
by
AY =AY (] ®bY).

where the map A;’V was defined in Section 5.1 for the case of three pairwise transverse
Lagrangian cobordisms. In order to prove the proposition, we prove that the following
relation is satisfied:

AV @V @id) + AV (d@ m! ") + AV o )W
+my (AY @ A7)+ mi oAY =0.
First, we have
AV (V" @id) = AV (B o V" @b)) = AV (V' ®id) (6} @ b)).

Then, again we have already computed the term A}’V o mg O \When considering

) OOV~ o YO in Section 6.2.2. Recall that we have

AV oY = AV oY @ bY) + )07 (AY @ AV)
+my oAl (B ® bY).
Hence, the left-hand side of equation (6.3) is equal to
Ay} @id) + AY (d@ul) + AV om) )G ®8)) (LD
+uy AV @ AV) + w0 oAV Y @ b)) (L2)
+m) (AY @ AY) +mi oAY (] ® bY). (L3)
Using equation (45) on line (L1) and summing (L2) and (L3) gives
AV o m2 Y @b)) + AA(AW obV @AW obV) + AL AV (BY @ b))
+uy AV @A) +m oA (B @ bY).

Observe that AW o m2 (bV bV) = 0 for energy reasons. Then, m AA and
V + AA(bV ® bV) so using equation (47) one gets that the terms sumto 0. =
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Observe that given the maps b) and AY defined in the proofs of Propositions 8

and 9, we can rewrite the formula of the product ) ©" as follows:

wy " = w) By @bY) + w0 0b) +myT(AY @ AY) + w0 0AY.

Moreover, if we restrict again to the special cases where the triples (Wy, Wy, W)
or (Vy, V1, V>) are trivial cylinders, one has

1) (Wo, W1, Wa) = (R x Ag, R x A1, R x Ay): the map bg becomes a map
b} :Cthy (V1. V2) ® Cthy (Vo V1) — C(Ao. Az)

which is equal to the map b;’ for the case of three pairwise transverse Lag-
rangian cobordisms (Vp, V1, V2), and A;V vanishes;

2) (Vo,V1,V2) = (R x Ag, R x A1,R x Aj): in this case the map bg vanishes
and AY is a map

AY: Cthy (W), Wy) ® Cthy (Wo, Wi) — C(A2, Ag)

which is actually equal to the map A;V for the case of three pairwise transverse
Lagrangian cobordisms (Wy, W1, W5).

7. Continuation element

Again, let X be an exact Lagrangian cobordism from A|; to A(‘)|r with A(A ) admit-
ting an augmentation & . In this section we prove that there is a continuation element
e € Cthy (X, ¥1), where X is a suitable small Hamiltonian perturbation of 3.
Assume X is cylindrical outside [—7, T'] x Y. Fix n > 0 smaller than the length of
any chord of Ay and AJ, and N > 0. Then we set £ := go%(Eo) for a Hamilto-
nian H:R x (P x R) — R being a small perturbation of H(z, p, z) = hr n(t) for
hrn:R — R satisfying

hrn(t) = —e' fort <—T — N,
hrn(@)=—e"+C fort >T + N,
Wy (1) <0,

[-T.T] C (W)~1(0).

for a positive constant C, and whose corresponding Hamiltonian vector field is given
by pr,n0z, With pr xy: R — R satisfying pry(t) = —1 fort < —-T — N and ¢t >
T+ N,prn()=0fort € [-T,T], pyy = 0in [-T — N, —T] and p yy < 0in
[T, T 4+ NJ, see Figure 20. Moreover, under an appropriate identification of a tubu-
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—T—N =T T T+N

Figure 20. Graphs of 7 on the left and p7, x on the right.

lar neighborhood of X with a standard neighborhood of the 0-section in 7* X, see
[12, Section 6.2.2], we assume that X is given by the graph of dF in T*Xg, with
F:%¥y — R Morse function satisfying under this identification the following proper-
ties.

* The critical points of F' (in one-to-one correspondence with intersection points in
3o N Xy) are all contained in (—7,7T) x Y.

*  On the cylindrical ends of X, F is equal to e’ ( fix — 1), for fx: A(“)*L — R Morse
functions such that the C%-norm of £y is much smaller than 7. In other words,
it means that the cylindrical ends of 3y U ¥; are cylinders over the 2-copy
Agt u A;—L where Aft is a Morse perturbation of ASE — 10, (translation of A(j)E by
n in the negative Reeb direction). Moreover, we assume that f admit a unique
maximum on each connected component.

*  We assume that F' admits a unique maximum on each filling component of X
(observe that F is decreasing with respect to the coordinate t) and has no max-
imum on each component of ¥, with a non-empty negative end.

See Figure 21 for a schematic picture of the 2-copy ¥¢ U X;. The CE-algebras
#A(Ay) and A (A7) are canonically identified and thus an augmentation &, of A(A)
can be seen as an augmentation of A(A7). Moreover, for n small enough and Morse
functions F, fi such that ¥, is sufficiently Cj-close to Xg, one has g, o 5, =
gy © @y, see [6, Theorem 2.15].

Remark 6. Observe that in order to define the continuation element in Cth (X¢, X1)
we choose to view X as a negative wrapping of X at infinity. We could also choose
to view X as a positive wrapping of X1, as done in [20] for Lagrangians in Liouville
sectors. Of course, both points of view are valid, in the first case our continuation
element will be represented by the sum of the maxima of the Morse functions F' and
f— (see below) while in the second case it would correspond to a sum of minima.
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T+N +

—T—N -

Figure 21. Schematic picture of the perturbation X of Xg.

Remark 7. According to the choice of perturbation we take we have the following
isomorphism of complexes CF* (X, 1) =~ C;%q—* (F), see [9, Theorem 7.9], and
recall that a critical point of f_ of Morse index k corresponds to a Morse chord of
LCH-index n —k — 1 from A7 to Ay, see Example 1.

Let us denote e = €® + ™, where ¢ = " e? is the sum of the maxima e? of F
and e” = ) e; is the sum of the maxima e;” of f_, where the sum is indexed over the
connected components of X. Each e;” corresponds to a Reeb chord from A} to Ay
Note that e is of degree 0 in the complex Cthy (2¢, ¥1).

Proposition 10. We have mlz(” (e) =0, ie, eisacycle.

Proof. We develop m>! (¢) = > mde?) + > ml(e;) + Y my(e?) +my(e).

First, for all { ml_(e?) = 0 by assumption. Indeed the components of 3¢ on which
there is a maximum of F are assumed to have an empty negative end. This is also true
for action reasons because according to the perturbation we perform to construct X
from X, all intersection points in 3¢ N X; have positive action.

Then, we prove that ) m7 (e;") = 0. The strategy is the following. We will make
use of the isomorphism in Example 1 in order to view pseudo-holomorphic discs
contributing to m (e;”) with boundary on R x (Aj U A7) as discs with boundary
on R x (Ay U A_l_). Then, we apply results in [16] in order to interpret the later as
negative gradient flow lines of f_ or generalised discs with boundary on R x Ay, and
conclude.
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Let u be a pseudo-holomorphic disc contributing to m7 (e;"). By definition, u has
boundary on R x (A U A7), a negative asymptotic to the maximum Reeb chord e;”
and a positive asymptotic to an output Reeb chord from A7 to A, callit B1¢. Observe
that as m is of degree 1, |B10]cim,. = 1. By the isomorphism in Example 1, the disc
u is in bijective correspondence with a disc u with boundary on R x (A U A7), a
positive asymptotic to ? and a negative asymptotic to m. We consider two cases:
either B¢ (and thus also m) is a Morse chord, or it is not.

If B1o is Morse it corresponds to an index n — 1 critical point of f_. Moreover,
by [16, Theorem 3.6] u has no pure Reeb chords asymptotics for action reasons and
corresponds to a negative gradient flow line of f_ from the maximum e;" to the critical
point B¢ (here we abuse notation and denote the same way Morse chords and critical
points of f_ to which they correspond). Observe also that for each index n — 1 critical
point 819 of f_ there are exactly two flow lines of f_ flowing to the (unique on the
i -th connected component!) maximum e;". So, the contribution of such a critical point
B1o to m_(e;") vanishes.

If B10 is not Morse, then by [16, Theorem 3.6] again u corresponds to a rigid
generalised disc with boundary on R x A{y, which consists of a pseudo-holomorphic
disc v with a negative gradient flow line of f_ flowing from the maximum e;" to the
boundary of v. By rigidity, v is a constant disc at B¢ which is the pure chord of Ay
corresponding to B1¢. Following the proof of [16, Theorem 5.5] there are two ways
this negative gradient flow line can be attached to u: either on the starting point of Sy,
or on its ending point. Thus, we get that the contribution of 81 to )~ m7 (e;") is given
by &5 (Bo) + £7 (Bo) = 0.

Finally, we prove ) m(l)(e?) => m(l)(ei_) = 0. As observe in Remark 7, m(l’(e?)
counts negative gradient flow lines of F' from the maximum e? to a critical point of
Morse index n. From such a point, there are exactly two flow lines of F' flowing out
and as the gradient of F' points inward in the positive end, these two flow lines must
flow to the (unique on this connected component!) maximum eio. Hence, m‘l) (e?) =0.
In order to show »_ m(l)(el._ ) = 0, wrap the negative end of (the non-empty negative
ends components of) 3 slightly in the positive Reeb direction using the Hamiltonian
vector field p7, y x 0, (see Section 4.1). Let V; be the image of R x AT by the
corresponding time-s— flow where s_ is bigger than the longest Morse chord from
A7 to Ay but much smaller than the shortest non-Morse chord from A7 to Aj;. We
set Vo = R x A. Observe that each Morse chord (from A to Aj) becomes an
intersection point in Vo N V;. We denote m; the intersection point corresponding to
e; , see Figure 22. Assume that the perturbation is sufficiently small and generic so
that V; © X can be seen as a perturbation of Vo © X by a Morse function F which
equals F on [-T,T] x Y N Xy. Moreover, observe that the gradient of F points
inward in the negative end. Consider the pair of concatenations (Vo ® Xo, V1 © X1).
By projecting curves on P as done in Section 4.1, one can prove that b}/ (m;) =e; .
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Figure 22. Schematization of the wrapping of the negative of ;.

Then, by definition of the differential in a concatenation,
VoS 40 .V V,0— AT
m1® (mi)=m1 °b1 (mi)+m1 °A1(mi)

which gives m}/QE’OE (m;) = mlz,o ob}/(mi) = mlz’o(ei_) and curves contributing
to m:/oz,og (m;) are in one-to-one correspondence with negative gradient flow lines
of F from the maximum m; to a critical point in Xo. Now, each intersection point in
3o N X; (of a non-empty negative end component) which corresponds to an index n

critical point of F, is the starting point of two gradient flow lines flowing to m;. Thus,
> mie) =0. (]

Theorem 6. Consider ¥o and X1 as above. Take A, <3, A;‘ another exact Lag-
rangian cobordism such that the intersection of ¥, with a small standard neighbor-
hood of X identified with D, T* X and containing also X1, consists of a union of
fibres, then

m22(. ¢):Cthy (21, £,) — Cthy (Zo, Ty)

is an isomorphism.

Remark 8. Given X and a transverse cobordism X,, one can always find a suffi-
ciently small perturbation X; of X such that the intersection of ¥, with D, T*X
which contains X1, consists of a union of fibres. This way, there is a canonical identi-
fication of vector spaces Cthy (X1, X,) = Cthy (X9, X»), and for a generator Y15, X12
or y»1 in Cth4 (X1, X5), one denotes respectively o2, Xo2 Or Y20 the corresponding
generator in Cthy (X, X»).
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Remark 9. Proposition 10 states that the element e is a cycle. Given Theorem 6 one
gets that it is a boundary if and only if Cth4 (X, X5) is acyclic for every cobordism
¥, satisfying the hypothesis of the theorem, as proved in [8, Lemma 4.15].

Proof of Theorem 6. First we write

Cth4 (24, X2)
=C(AT. AD)[n — 1] ® CF (21, 2,) ® C(AT, A7) ® CFT (2, ),

where CFi(Zl, 3,) C CF(X4, X,) is the sub-vector space generated by positive,
resp. negative action intersection points. According to this decomposition, ordering
Reeb chords in C(A], AT)T[n — 1] from biggest to smallest action and intersection
points in CF~ (X1, £,) ® CFT (21, X») from smallest to biggest action, we will show
that the matrix of the map (6) is lower triangular with identity terms on the diagonal.

1. For y1, € C(A;L, A]L), we have

my(y12,€) = mF (yi2,€) + my(yi2.€) + m; (yi2.€)
= AS (y12. b7 (e)) + m3(y12.€) + by 0 AY(y12.€)
+ b, (AT (112),€7) + b5 (AT (v12), AT ()
= AT (y12.b7(e)) + mI(y12.€) + by 0 AT (y12.€)
+ b, (AT (112), €7),

where the last equality is because Alz(e?) vanishes for energy reasons. On Figure 23
we schematized pseudo-holomorphic configurations contributing to m;(y12,e). Let i
denote the index of the connected component of ; containing the starting point of
y12. Note that by the hypothesis on the Morse function F, if this component has a
non-empty negative end only the configurations A, B, C, and D are relevant, whereas
if it is a filling component then only the configurations A’, B/, and C’ are. We start by
considering the first case and explain at the end of this part how the second case is
treated in a similar way. We will prove that

ma(yi2.€) = Vo2 + $on + Voo + €20 + Vo

where yg2 € C(AS, A(‘)F ) is the Reeb chord canonically identified to y12, where &, €
C(AT, A(}L ) is a linear combination of Reeb chords whose action are smaller than the
action of yg,, where y(jfz € CF%(Zy, X»), and where &,0 € C(Ay, AY).

Let us consider the configurations of type A. Denote v a rigid disc with boundary
on the positive cylindrical ends, with a positive asymptotic to y12, a negative Reeb
chord asymptotic B19 € C(A{, A1), and an output negative Reeb chord asymptotic
Yout € C(A+, Ag ), and u a rigid disc with boundary on Xy U X; with a positive
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Figure 23. Types of curves (potentially) contributing to m>(y12, e).

asymptotic to B9 and a negative asymptotic to a maximum Morse Reeb chord e; .
We distinguish two cases: either 81 is a Morse chord, or it is not a Morse chord.

(@) If B1o is a Morse chord. First, rigidity implies that | 81o| = |e; | = —1 (LCH-grad-
ing), and thus f1¢ corresponds to the (only one by assumption) maximum of f} on
the component of A(’)L containing the starting point of yg,. For action reasons the
disc u has no pure Reeb chords asymptotics. As in the proof of Proposition 10, we
show that the count of such discs u coincides with the count of some rigid gradi-
ent flow lines of a Morse function F which equals F on X9 N ([-T,T] x Y). To
get this correspondence, wrap the negative and the positive ends of X; slightly in
the positive Reeb direction: take V7, resp Wi, to be the image of R x A7, resp
R x A;’, by the time s_, resp 54, flow of the Hamiltonian vector field p7 N, Naz,
resp —,oJTr N, N0z, with s1 bigger than the longest Morse chord from Ali to AgE
but smaller than the shortest non-Morse chord from A¥ to AF. See Figure 24 for
a schematized picture of the perturbation. This way, e¢;” corresponds canonically to an
intersection point m; € CF(Vp, V1) and B¢ corresponds to an intersection point xg €
CF(Wy, W1). As before, by projecting discs on P one can prove that b}/ (m;) = e
and mi’V’O (B10) = xg. By definition of the differential for the pairs of concatenated
cobordisms (Vo © (X9 © Wp), V1 © (21 © Wy)) and (X9 © Wy, X1 © W), one has

1/ OEOW) (g —  BOWAD gV (1 | g VO~ GATOW () (49)
and

mf)OW,-i-O ob}/(m,) — mi’V,-H) Ob? Ob}/(m,) + m?,o oAi/V ob{/(m,)
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Figure 24. Schematized picture of wrapping of the negative and positive ends of .

Considering the components with values in CF(W,, W) on both sides of (49) gives
m}/Q(EGW),OW (mz) — m:’V,O Ob? o b}/(m,)
= m:/V,O oblz o b}/(m,')

Wo % —
=y " obi'(e;).

The disc u contributes to the coefficient of B¢ in blz(ei_ ) which is thus equal to the
coefficient of xg in m}le(z@w)’OW (m;), as m?/’o(ﬂlo) = xg. As before, one can
view V1 © X1 © W as a Morse perturbation of 3o by a Morse function F which is
equal to F on ([-7,T] x Y) N Xy. Thus, pseudo-holomorphic strips asymptotic to
m; and xg are in one-to-one correspondence with negative gradient flow lines of F
from m; to xg. Moreover, there exists exactly one such disc because xg is the starting
point of two flow lines of d F, but one escapes in the positive end (note that d F points
outward in the positive end) while the other flows to m; .

It remains to understand the pseudo-holomorphic disc v with boundary on R x
(A(‘)Ir u A;r U A; ) with a positive asymptotic to y1» and negative asymptotics to a
maximum Morse chord B¢ and a chord ye € C(AT, A(J)r ). In order to do so, we
will use the same strategy as in the proof of Proposition 10 when we showed that
Y mj(e; ) = 0. Namely, we use the isomorphism recalled in Example 1 relating
Cthy complexes of two different 2-copies, and then [16, Theorem 3.6] to identify
discs with boundary on a 2-copy with generalised discs with boundary on one copy.
The two different 2-copies we consider are the following. The first is (I'g, I'1), with
o= A UAS and Ty = A] U (A]) where (AJ)' is a perturbation by a Morse
function of a small push-off of A;r in the negative Reeb direction. The second 2-copy
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is (I'p, ;) where T is a translation of I'; far in the positive Reeb direction. Now, the
disc v we consider with boundary on R x (A(J,r U Af U A;r ) is a disc with boundary
on R x (I'g U I'y) with a mixed positive asymptotic y;, which is a chord from I'y
to ['g, a mixed negative asymptotic 819 from I'; to Iy and a negative asymptotic
Yout Which is a pure chord of I'y. According to the isomorphism in Example I, this
disc corresponds to a disc with boundary on R x (I'g U T';) with a mixed positive
asymptotic at m, a mixed negative asymptotic at Y1, and a pure negative asymptotic
at Yout- By [16, Theorem 3.6] it corresponds to a rigid generalised disc with boundary
on R x Iy consisting of a disc and a negative gradient flow line of f flowing from
the maximum of f, to the boundary of the disc (on R x A(‘)Ir ). By rigidity this last
disc is constant, implying Your = Yo2. Conversely, following the flow of df from the
starting point of yg leads to the maximum of f on the corresponding connected
component. Such a flow line is a generalised disc which corresponds to a disc v with
boundary on R x (A§ U A] U A) as considered above.
Thus, we have proved that the coefficient of yg; in w2 (y12,€) is 1.

(b) If B1o is not a Morse chord. Given R > 0 such that the three cobordisms X, X
and X, are cylindrical outside of [—R, R] x Y, the energy of the disc v with boundary
on the positive cylindrical ends is given by

2

E(v) = a(y12) — a(B10) — alyou) — ) _ a(8;)

i=0
with

a(yi2) = e®e(y12) + 2 — ey,

a(B1o) = e®l(B1o) + co —c1,

a(You) = €®L(You) + 2 — co.
One can check that
la(y12) — alyo2)| < e®(max || f1lleo + 1) + co —c1,
|la(B10) — a(Bo)| < e®(max || f1[leo + 1) + co — c1.
and thus
a(702) = a(You) = E(v) + a(Bo) — 2(e" (max || f1 .o + ) + co — 1)

and for 7 sufficiently small, the term on the right-hand side is strictly positive, so the
action of yg, is strictly smaller than that of ;.
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Thus, together with the curves of type B, C, and D, we obtain as expected

ma(y12.€) = Yoz + oo + Yoz + €20 + Yo

In case the connected component of ¥ containing the starting point of y1, has an
empty negative end, as observed at the beginning of case 1. the configurations A’, B,
and C’ of Figure 23 are the only one which will contribute to m,(y12, e). As for A,
the configurations of type A’ consist of two discs, one is like the disc v studied in the
case of A, positively asymptotic to y;» and negatively asymptotic to 819 and Yo, and
the other disc is a disc u” with boundary on o U X with a positive asymptotic to B¢
and an intersection point asymptotic at a maximum e? of F. As before, the term yg,
in m5 (Y12, ¢) will come from a configuration A’ where f1¢ is a Morse chord while
the other terms in my(y12, ¢) will come from A’ where B1¢ is not Morse, and from
the configurations B’ and C'. If B¢ is Morse, we just mimic the proof of case 1 (a) in
order to show that u’ can be identified with a negative gradient flow line of a Morse
function F (equal to F on ([=T, T] x Y) N ) from e? to xg. The only difference
is that we only need to wrap slightly the positive end of 3; but not the negative end
because there is no negative end on the i-th connected component of Xy.

2. For x1» € CF(Z1, X,) = CF (21, 2,) ® CF (2, U %,), we have

my(X12,€) = mg(xlz,e) + m; (x12,€)
= my(x12.€) + by 0 AF(x12.€) + by (AT (x12).¢7)

+ by (AT (x12). AT ()
= my(x12.€) + by 0 AT (x12.€) + by (AT (x12).¢7),

see Figure 25, and we will prove that for xf”z e CF(Z1,%,) and X, €CF (21, X7),
one has

+ + + - - - +
ma(x5,€) = X + g, and  ma(xp,,e) = Xgp + 2oy + £ + 2,

where y £, z¢, € CFT (20, £2), 2, € CF(Zo, 2,) and &, € C(Ay, A), and each
intersection point in yaLz, resp. z,y,, has action strictly bigger than xSLz, resp. Xg,.

As for the previous case, we start by assuming that x;, is an intersection point
of ¥; N X, with the i-th connected component of 3; having a non-empty negative
end. Then, only configurations E, F and G are relevant. Let us consider configurations
of type E. Let u be a pseudo-holomorphic disc with boundary on £y U ¥; U 35
negatively asymptotic to e;, and asymptotic to x12 € CF(Z1, £3) and an output xoy €
CF(X, ¥3). The action of intersection points are assumed to be much smaller than
that of pure Reeb chords, so u has no pure Reeb chord asymptotics.

To understand what can be the output of such a disc, we wrap as before the negat-
ive end of X; slightly in the positive Reeb direction to get the pair (Vo © X¢, V1 © X1)
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Figure 25. Curves contributing to m(x12, e).

where the Morse Reeb chords e in C(A, A7) correspond to intersection points
in CF(Vy, V1) and b}/(m ) =bl(m)) = e; . By definition of the product for a pair of
concatenated cobordisms (see Section 6) we have

) O 0% (x5 my)

= my (b} (x12). b} (m) + 7% ob! o AT (Y (x12).bY (my))
+ ;% ob) (AT (x12). AT (1))
=y (b (x12). ¢7) + my 0 obl o AF(BY (x12). €
+mp0 oby (AT (x12). m;)
= my (2. €7) + m> 0 (b) 0 AT (x12).¢) + m; 0 ob) 0 AT (x12.€])

+ w0 obY (AT (x12), my).

See Figure 26. All these terms except the first one involve bananas with two positive
Reeb chord asymptotics and with boundary on Vo U Vi U V, where Vo = R x Ay,
V1 is a wrapping of R x AT and V, := R x A} These rigid bananas project to rigid
discs with boundary on wp(Ay U AT U A3) and for dimension reasons they must
be constant. This is not possible as they all have two distinct positive Reeb chord
asymptotics (a constant curve with boundary on 7p(Ay; U AT U A3) does not lift
to a banana with two positive asymptotics but to a trivial strip). So, we are left with
VOIZ,05 2 0

m, (x12,m;) = (x12.€;).

Let us denote again F a Morse function such that V; © X, is viewed as a 1-jet
perturbation of ¥y by F,and F equals F on g N ([T, T] x Y). The intersection
point 7; is a maximum of F and the gradient flow line of F flowing from x¢, to m;
corresponds to a pseudo- holomorphic triangle asymptotic to xg,, m; and x15. Thus,
the coefficient of xg, in m2 (xlz, e;") is 1. Note also that the energy of this triangle
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X12 X12
X12 X12
0 0 0 SoUZX|UZXp
[ o0 ) 0
ei_ ei_ U U ei_

o
)\ \/
0 0 0 VoU ViUV,

mj

Figure 26. Curves contributing to mg 0.0z (x,mj).

is given by
E(u) = a(xg2) —ale; ) —a(x12) (50)

and by definition of the action one can check that it can be made as small as possible
by taking smaller 7.

Now, suppose there is another pseudo-holomorphic triangle with asymptotics x5,
e; and ygz 7# Xo2, contributing to the coefficient of yo2 in m»(x12, €). This triangle
necessary leaves a small neighborhood of the gradient flow line from xg, to m; and
thus according to the relation (50) between the energy of such a triangle and the
action of its asymptotics, the action of yg, is strictly bigger than the action of x¢,,
independently of how small 7 is.

Then, about configurations of type F and G, observe that a disc with boundary
on the non-cylindrical parts in such configurations exists only if the action of x5 is
negative.

To sum up, the configurations of type E, F, and G give that

+ + o - - - +
wp(X15,€) = Xgp + Yo, and  ma(xpy,€) = Xgp + 2oy + E20 + Zgp-

If the component of ¥£; containing x;, is a filling, we have to consider configura-
tions E/, and F’ only. For E’, we do not need to wrap the negative end of ¥; and
consider directly the one-to-one correspondence between gradient flow lines of F
from x5 to e? and pseudo-holomorphic triangles with vertices xg,, e? and x1,. ForF/,
observe that a disc with boundary on the non-cylindrical parts in such a configuration
exists also only if the action of x;, is negative (remember e? has positive action).

3. Finally, for &, € C(A7,A%) we have
ma (621, €) = m3(E21,€) + my (E21.€) = mI(Ear.e7) + b5 (Ear,€7)

because the Morse function F has no maxima e? on the component of X; involved as
this component has a non-empty negative end. See Figure 27. For energy reasons, if a
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Figure 27. Curves contributing to m»(£21, €).

disc of type H exists then the output intersection point must have positive action. Then
a disc of type I is such that &y, is the chord in C(A;, A3 ) canonically identified with
€31 € C(A7,A3). In order to prove this, one can use the same type of argument as in
case 1. Let g = Ay U (A3)" where (A3)’ is a Morse perturbation of a small push-
off of A5 in the positive Reeb direction, and I'y = A7 U A5 . The disc of type I with
boundary on T’y U T'; corresponds to a disc with boundary on I'y U T'; with a positive
asymptotic at e; € C(A1 ,Ay), a negative asymptotic at Eout € C(Az, Ay) and a
negative asymptotic at 521 which is a pure chord of T;. By [16, Theorem 3.6] this
last disc corresponds to a rigid generalised disc with boundary on R x I'y consisting
of a constant disc at &5, (chord in C(Ay, (A3)) canonically identified with &,; €
C(A7,A3)) and a negative gradient flow line of f_ from the maximum e;” to the
ending point of £),. Translating this back to our setting, the configuration of type I
contributes &9 to m,(£21, €), and thus we have m,(£21,¢) = &0 + yE,"z. [ ]

Remark 10. Generalizing the conjectural [13, Lemma 4.10] to the case of cobord-
isms, one could probably prove that with the choice of basis given above the matrix
of my,(-,e) is actually the identity matrix. However we do not need such a strong
statement on the chain level here, but what we get is that it is the identity in homology
(see details at end of the current section).

We will apply now the previous theorem to a 3-copy (g, X1, X2) of Xy. By
3-copy we mean that Xy = (p"‘ (Xp) and =, = <p"2 (So) for > > 1, and where H;
and H, are small perturbauonls of the Hamlltonlaﬁ H from the beginning of this
section. Moreover, we assume that there exist Morse functions Fy, F, on X such
that F, — F is also Morse, and

o fori = 1,2, %; is viewed as the graph of d F; in a standard neighborhood of X;
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* onthe cylindrical ends of X we have F; =e’(fl-jE —1;),i=1,2, for fii: Af—>R
Morse functions whose €y-norm are strictly smaller than min{n;, 7, — n1}/2 and
such that f> — fj is also Morse.

* we assume that F;, F, and F>, — F; admit a unique maximum on each filling
component of ¥y and no maximum on each component with a non-empty negative
end; and that f1, f> and f> — f; admit a unique maximum on each connected
component.

Note that the critical points of F; are in one-to-one correspondence with the intersec-
tion points in ¥ N X; for i = 1,2 and the critical points of F, — F] are in one-to-one
correspondence with intersection points in £ N X,. Then we have the following.

Corollary 1. Given the 3-copy (Z¢, X1, X2) described above,
ma(es,,s,,€5,,5,) = €5),%,-

Proof. Tt is enough to consider the case where X is connected. The case of a filling
is already known, see for example [20]. We recall a proof in our setting. Assume X
is a connected filling of AT, then we have €55, = 6020,21 and ex, », = 6021,22 and
according to Theorem 6:

0 0 — 0 +
mZ(eEhEz’ 620721) = €30,3 + Yoo

where yaLz € CFT (2, X»), and each element in y(")z has action bigger than the action
0 : : + 0 0
of €55, Observe then that any triangle asymptotic to y,, # €505, €30.5,° and
eoZl s, Would have to leave a small neighborhood of a gradient flow line of F; from
6%1,22 to the maximum eoZo,El' But for a sufficiently small perturbation no yaLz #*
e%o,zz has action big enough for such a triangle to exist.
Suppose now that Xy is a connected cobordism from Ay # @ to A(’)L . Then
es,2, = 650,21 and ex, », = 651,22 and, according to Theorem 6,

- - _ = +
mz(eEhEz’ 620,21) = €x50,% + Yoo

The proof is the same as in the filling case after wrapping slightly the negative ends of
¥ and X5 in the posmve Reeb direction. We wrap so that the negative end becomes
a cylinder over A, U A u A where A1 is a perturbation of a small push-off of
Ay in the positive Reeb dlrectlon and A2 is a perturbation of a small push-off of A1

in the positive Reeb direction. The pseudo-holomorphic disc asymptotic to €5, 5,°
€x,.x, and eg 5 corresponds after wrapping to a triangle asymptotic to the corres-
ponding intersection points. So, then, for the same reasons as before a disc asymptotic

+ — — .
t0 g, €5, x, and eg 5 cannot exist. ]



N. Legout 180

We end this section by proving that the transfer maps preserve the continuation
element. Consider a pair (Vo © Wy, V1 © Wy) such that V3 © W is a small perturba-
tion of (Vo © Wp) the same way as we perturbed X to get 3; previously, in particular
Afﬂ is a perturbation of a push-off of A(jf in the negative Reeb direction. We assume
moreover that the Morse function F used to perturb the compact part of Vo © Wy is
such that (Vp, V1) and (Wy, Wy) are also pairs of cobordisms of the same type, so A
is a perturbation of a push-off of A in the negative Reeb direction.

Giving this, by what we did previously, there are continuation elements ey €
Cthy (Vy, V1), ew € Cthy (Wy, W) and ey ow € Cthy (Vo © Wy, V1 © Wh), described
as follows:

ey = ey +ey = Zeov,i + Ze;,i’
ew = epy + ey = Ze%,,,- + Ze;},i,
eyow = eIO;V + e?, +eyp.
Proposition 11. The transfer map A {’V preserves the continuation element.
Proof. Directly from the definition, one has
AV (evow) = AV (Y + el +ep) = AV () + e + ey =ed + ey

where the last equality holds for energy reason. |
Proposition 12. The transfer map b}/ preserves the continuation element in homo-
logy, i.e., [bY (evow)] = [ew].

Proof. Observe first that

bY (evow) = bY (% + €Y +¢y)
=% + bV o AV (D) +bY () +ey)

=epy + by (e} +ey)

for energy reasons. Now, wrapping slightly the positive and negative cylindrical ends
of V; in the positive Reeb direction one can prove that bY (eOV +ey) =ey + Ey,
where Ey;, € C(Ag, A1) is a linear combination of non-Morse chords (same type of
argument as in the proof of Theorem 6).

Now, take a third copy V> ©® W, as in Corollary 1 such that (Vy, V7, V2) and
(Wo, W1, W,) are also 3-copies. We claim that the map

wy (-, b) (evow,,)): Cthy (Wi, Wa) — Cthy (W, Wa) (51)
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is a quasi-isomorphism. Again, this follows from studying the pseudo-holomorphic
curves involved, repeating some arguments of the proof of Theorem 6. As we are
working over a field, it admits an inverse.

Consider finally a fourth copy V3 © W3 being a perturbation of V, © W, using
the same type of perturbation as before. From the third A.-relation satisfied by m"
(see Section 8.1), the fact that m} ©% (eyow,,. evows,) = evows,. and the fact that
b{/ preserves the product structures in homology, we get that the maps

wl (Y (-, 5] (evow,)). bY (evowy,)): Cthy (Wa, Ws) — Cthy (Wo, W3),
wl (-, bY (evowy,)): Cthy (Wa, W3) — Cthy (Wo, W3)

are homotopic. It implies that the map (51) is homotopic to the identity map (after
canonical identification of the generators of the complexes Cthy (W;, W) and
Cthy (Wy, W1)). Finally, as ew,, is a continuation element we have

mg/(erz’b}/(eVOW(n)) = mg/(erzveW()l + EV_VOI)
= mg/(erzveWm) + mgv(erz’ Ew,)
= ewp, T mg/’o(erzv EI;/OI) + mg/’_(eWu’ EI;/OI)
= ewp t+ m?/’_(eﬁ/lz, EI;/()I)

= eWOZ + EI;/()z

where the second to last equality comes from the fact that the connected components
of the cobordisms Wy, W} have non-empty negative end so there is no maximum of the
perturbation Morse function, so m;V’O_ (e%,, Ey;) = 0, and then m;V’O(e;V, Ey) =0
for action reasons. We have thus m;’V (ew, b}/(eV@W)) = b}/(eV@W). As (51) is the
identity in homology, we get [ew] = [b{/(eV@W)]. ]

Remark 11. Observe that the same arguments show that
my (- €): Cthy(T1. T2) — Cthy (So. T2)

is the identity in homology as we have proved that it is an isomorphism (Theorem 6)
and that mx(ex, 5,, €5,,5,) = €3,.5, (Corollary 1).

Remark 12. In Sections 8 and 9 we will extend the algebraic structures we have
encountered to A, ones. In particular, we will define an A,-category of cobordisms
inR x Y, Fuk(R x Y'), and generalize the transfer maps to families of maps satisfying
the Ao-functor equations. Once the technical details to extend our algebraic construc-
tions to Lagrangian cobordisms in a more general Liouville cobordism are carried
out, the transfer maps will provide Aqo-functors Fuk (Xo © X;) — Fuk(X;) from
the full subcategory Fuk “**(Xo © X1) C Fuk(Xo © X1) generated by decomposable
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Lagrangian cobordisms to the Fukaya category of each cobordism. By Proposition 11
and 12 these functors will be cohomologically unital.

8. An A, -category of Lagrangian cobordisms

8.1. Higher order maps

In this sectlon we extend the differential ml and the product m2 to families of
maps m> 7 defined for each (d + I)-tuple of pairwise transverse exact Lagrangian
cobordisms (X, ..., X4) for all d > 1. Remember that we denote

C(AF AF) = Coci(AF AD) @ C*H(AF AD).
We define first six families of maps, b;, by, A;, Ay, b;, and AE:
bEC(AF [ ADH@CAE AT ) ®---@C(AT,AY)
— C* YA AD),
AT (AT | ADHRCAE AL - ®CAL, AT)
— Cn—l—*(Ad ’ (:)l:)v
bY: Cthi(Sg—1.2q) ® Cthy(Zg4-2, Tg—1) ® - ® Cthy (o, X1)
— C* Y(A$.A))
AZ: Cthy(Z4-1.2q) ® Cthy(Sg—s, By—1) ® -+ ® Cth4(To, 1)
— Cp—1-x(A 4, Ay)

as follows:

biag.....a)) =) Y #Mlg s (Va0i8o.ar.....aq. 52l (§)Vao,
Lo LT RAG

by(ag,....a1) =Y Y #Mrxa; ,(Vao:80.a1.....a4,84) (8:)va.o,
Yd.o 8;

A,—;(ad,---,al) = ZZ#‘MleA(J{ d(VO,d;§O’al,---7ada§d)8?_(§i)y0,d,
L TR

Ag(ag,....a1) = )Y #Mrxny ,(oa:80.a1,...,a4,84); (8:)v0.a,
Yo.d 8;

biaa,....a) =Y Y #M3  (vao:80.a1,....a4.80)e7 8:)va.0,
Yd.0o &;

Af(ag,....a1) =) Y #My  (voa:80.a1,....aa,84)6; (8:)v0.-
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Observe that these maps for the case d = 1 have already been considered in Section 3,
and A;r , A2E and b5 have been defined in Section 5.1 already.

Given these families of maps, we define the higher order maps m, as being the
sum myg = mj + mg + m;, where each component is defined by

m+(ad,... ay)
= Z ZM(I;E(ad,...,ad_in),...,bﬁ(ai,ﬂ,...,al)), (52)
J=1 ij+-+i;j=d

mG(ag.....a0) =Y Y #MY (x:80.a1.81.....a4.84)e7 (8:)x. (53)

x€XoNZy §;

m;(ad,...,al)

_Z Zb (AF(ag, . aa—i41),-- - Al (@i 41, a1)), (54)

J=1 ity =

where the maps bi: and AlE are special cases of transfer maps as explained in Sec-
tion 3.2.3, and for j > 2 one has bjE = bjZ and AjE = A}:. In the formulas above, for
1 < j <d fixed and an index iy, the maps bizs and Al-ZS are defined on (with convention
i() = —1)2

Cthy (Bt s Dtepigtotiy) @ o+ & Cthy (Byiy oty s Z2ig_y+tiy)

and the maps A;-“ and b;” on
Cthi (Z14i;_y4otiy» 2d) @ -+ ® Cthy (Zo, iy 41)

For d = 1,2, the formulas (52), (53), and (54) recover the definitions of the differential
m; and the product m, given in Sections 3.1 and 5.1.

Remark 13. Observe that for energy reasons, depending on the d-tuple of asymp-
totics, it can happen that a lot of terms in the formulas (52) and (54) vanish, but for

example, if a; is a Reeb chord in C(A A;F) fori =0,...,d, then none of them

i+1°
vanish.

Remark 14. The maps b; and A defined previously are not useful to define
the maps my but they naturally appear in the proof of the A,o-equations, see Sec-
tions 8.1.1 and 8.1.3 below.

Now, we want to show that the maps {1, }s>1 satisfy the A-equations, i.e., for
all k > 1 and all (k + 1)-tuple of transverse cobordisms (o, ..., Xx), we want to
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check that forevery 1 <d <k and (d + 1)-sub-tuple (X;,,...,%;,) withig<---<ig,

we have
d
22

To simplify notations in the following we assume that the (d + 1)-tuple (Z;,,...,%;,)

QU
~.

wg_;4+1id®? 7" @ m; ®id®") = 0.

||M

is (X, ..., Xg). As usual, we decompose this equation into three equations to check:
d d—j
szd j+1(ld®d I @m; ®id®") =0, (55)
j=1n=0
d d—j
DY my [, Gd® T @ m; ®id®") =0, (56)
j=1n=0
d d—j
DY my (¥ T @ m; ®id®") = 0. (57)
j=1n=0

8.1.1. Proof of equation (55). Consider the boundary of the compactification of
M2 (v0.4:€¢-a1,...,a4,84). According to the compactness results for one-
..... d

dimensional moduli spaces of pseudo-holomorphic discs with cylindrical Lagrangian
boundary conditions as recalled in Section 2.6, the non-trivial components of broken
discs in the boundary consist of two index 1 discs glued along a node asymptotic to a
Reeb chord. If it is a positive asymptotic for the index 1 disc not containing the output
puncture, this disc contributes to a map b;", and if it is a negative asymptotic, this disc
contributes to a map A}F. Hence, we get the following.

Lemma 3. Foralll <d <k,
d ;
Z d J+1(1d®d j—n ®(b+ + A+) ®1d®n) =0.

Then, we also have the following property.

Lemmad. Forall1l <d <k, we have
d

d d—j
DD by (¥ T Rm @id®) + Y Y b ®--®b]) =0.
j=1n=0 j=1 iy 4tij=d

d—

Proof. This time we have to consider the boundary of the compactification of a mod-
uli space Mlzo d()’d,03 80,a1,...,a4,84). Again, as recalled in Section 2.6, the

broken discs are of two types. It can first consist of two index 0 discs glued at a
common intersection point. In this case, the one not containing the output puncture
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asymptotic to Y4, contributes m , and the disc containing the output contributes to
4—j+1- The other type of possible broken disc consists of several (pos-
sibly 0!) non- tr1v1al index O components and an index 1 disc with boundary on the

a banana b>

negative or positive cylindrical ends, such that each index 0 disc is connected to the
index 1 one via a Reeb chord. Observe that the output puncture is asymptotic to a
chord in the positive end, so there are two subcases.

(1) The output puncture is contained in the index 1 disc. In this case, this disc has
boundary on the positive ends and contributes to b;r while the index 0 discs must then
have at least one positive Reeb chord asymptotic (connecting it to the index 1 disc)
and so each of them contributes to a banana b=. Note that if among the asymptotics
ai,as,...,aq there is a chord in the positive end, this chord could be an asymptotic
of the index 1 disc or of an index 0 banana b=, this is why we have the bold symbols
maps b% in the formula.

(2) The output puncture is contained in an index O disc. This disc contributes

thus to a map b> Then, if the index 1 disc has boundary in the positive ends,

d—j+1°
it contributes, with the index 0 discs not containing the output, to mj+ If the index 0
disc has boundary on the negative ends, it will contribute, with the index 0 discs not

containing the output, to m .

Summing the algebraic contributions of all the different types of broken discs
described above gives the relation. ]

Now, we can compute

d d—j .
> m;—j+1(id®d_j_n ® m; ®id®")
Jj=1n=0
d_d-jd—j+1 k
=YX X Y XA e el ew oi®)
Jj=1n=0 k=1 s=1 ij+tig=d—j+1 ®W®b'}:).
0<r=n—ij——ig_| <is )

In this sum, we fix first the number j of entries for the map m;, and then a partition of
d — j + 1 for the maps b%. Note that if iy < ; the terms bi;(id®i“_j_' ®m; ®id®")
vanish. We could also choose first a partition of d and then the number of entries for
the mt “in the middle.” Thus, the sum above is equal to

is is—J
Z Z ZZ Z A+ bZ R QR blq ]+1(1d®l\ —j—n ®m ®ld®n)
k=1ij+-+ir=d s=1j=1n=0 ® - ®b11)

is is—J

= Z ) Z A,j( ®®) > b (T @m; ®id®")

k=1ij+-+ix=d s=1 j=1n=0 ®"'®bi%)
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Using the definition of b and then Lemma 4, we have

lg ls—]J
DO bE 1 Gd® T @ m; ®id®")
j=1n=0
is is—J
= Z Z bls J+1(1d®’.‘_j_” ®m; ®id®") + m;;
j=1n=0

is
=Y Y bfkr®--®by)+mi
u=1 1) 4+t =is

Given this, we rewrite

d d—j

Yo> wmy(d® T @m, ®id®”)

j=1n=0
d is

S ZA*( ®-®) Y bIBI®--®b)
k=1 ij++ip=d s=1 u=1 ty4-~+ty=iyg RK--- ®blzl:)

d k
+> Y Y aAfeleemi®--®bh)

k=1 ij++ix=d s=1

and we finally use Lemma 3 to obtain

d d—j .
YD mi (4T @ w; @id®)
j=1n=0
d is
-y ¥ ZAZ( ®-®Y > AGL®--®b})
k=1 ij+-+igr=d s=1 u=1ty+-+ty=is ® - ® blzl;)
d k

+ Y YA omf e ®b])

k=1ij++ix=d s=1

d k
Z Yo ARE R @@ ®b])

i1++ir=d s=1
+Z > ZA,j(b, ®--@mi®--®b7) =0.
k=1i1++ir=d s=1

8.1.2. Proof of equation (56). This equation is obtained after describing the broken
discs in the boundary of the compactification of 'M>1:0 4 (x;80,a1,81,...,a4,684).
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As well as in the proof of Lemma 4, there are different types of broken discs, depend-
ing on if it contains an index 1 component or not, but the total algebraic contribution
of them gives the relation (56).

8.1.3. Proof of equation (57). Finally, to get equation (57), we study the broken
discs in the boundary of the compactification of the moduli spaces

‘MZRXA(;””d (yd()’ 8076117 R} ad’ Sd)

and

r/%120 ,,,,, d()/Od;SOval, ce ,ad,(gd)
This gives us respectively the following lemmas.

Lemma 5. Forall d > 1, we have

d J
YO> by (TR0 + A7) ®id®") = 0.
j=1n=0

d—

Lemma 6. Forall d > 1, we have

4 od
DD AT (T @ m; ®id®")

+Y Y AAZ®--®AT)=0.

J=lij+-+i;j=d

We can now prove equation (57) for d > 1 in a direct way:

d d—j

Z my J+1(id®d I @ m; ®@id®")

j=1n=0

d—jd—j+1 k

=2 Y YAl e ® AR T @ m; ®id®)

J=1n=0 k=1 s=1 ij+-tix=d— ]+1 ® - ®A“)
0<r n— ll—'"—ls 1<ig

d is is—J

= ZZ Db (AL @ ®AL (T @ m; @id®")
k=1ij+-+iy=d s=1j=1n=0 ®®AE)
d k iy Is—J

= Zbl:( ®--®) Y AF_ ;i (d® T @m; @id®")
k=1i++ir=d s=1 Jj=1n=0

)
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Observe that using the definition of A, then adding the vanishing term AT o m; , and
then applying Lemma 6, we have the following consecutive equalities:

iy is—J
Z Z Alé J+1(1d®is_j_n ®m; ®id®")
j=1n=0
is—1lig—j
= z :  ®is—j—n . ®n
_ZZAiS_j+l(ld Qm; ®id )+A om; +A10m +
j=1n=0
iy is—J
— Z Z Al\ j+1(1d®ls_]—n ®mj ®1d®n) + m;
j=1n=0

—Z Y A;AZ @ ®AT) +m;,

u=1ty+-+ty=is

If we plug it into the expression above, we get

d d—j
Yo g (¥ @ m; @id®”)
j=1n=0 ‘
d k is
-y Y Yh(ale-e(Y Y aale-ead)
k=1 ij++ig=d s=1 u=1ty4-+t,=is )
R ® Ail)
+Z > Zbk(AZ ® - @um; @ ®AY).
k=1 ij++ix=d s=1
Finally, we apply Lemma 5 and we obtain
d d—j
D> my_ i, (d® T @ m; @id®")
j=1n=0
d k iy
=Y X Yu(aie-e(X Yh@aLe-ead)
k=1 ij+-+ig=d s=1 u=1 t;+-+ty=is )
R ® Ail)

+Z > Zbk(AZe@ Qu ® - ®AY)

k=1iy1+- -Hk—ds 1

—Z > Zbk(AEe@ @m ® - @AT

k=1i1+-+ix=d s=1

+Z > Zbk(AZ@) @um; ® - ®AF) =0.

k=1ij4+ig=d s=1
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8.2. Fukaya category of Lagrangian cobordisms

We define an Ao-category Fuk(R x Y') whose objects are exact Lagrangian cobor-
disms whose negative ends are cylinders over Legendrian admitting augmentations.
We define this category by localization, in the same spirit as the definition of the
wrapped Fukaya category of a Liouville sector in [20] to which we refer for details
about quotient and localization, as well as [23].

Definition 4. A Hamiltonian isotopy ¢; of R x Y is called cylindrical at infinity if
there exists a R > 0 such that ¢; does not depend on the symplectization coordinate
tin (—oo,—R) x Y and (R,00) X Y.

Let E be a countable set of exact Lagrangian cobordisms in R x Y, with neg-
ative cylindrical ends on Legendrian submanifolds of ¥ admitting an augmentation.
Assume that any exact Lagrangian cobordism A~ <y AT such that A~ admits an
augmentation is isotopic to one in E through a cylindrical at infinity Hamiltonian iso-
topy. For each cobordism A~ <y A™ in E, we choose a sequence X° of cobordisms

= (2O, xM @

as follows. First ©(© = 3. and then we need to make several choices:

(1) asequence {n; }i>1 of real numbers such that ) >0 1j 1s strictly smaller than
the length of the shortest Reeb chord of AT U A~, and denote

i
=Y.
j=1

(2) given that X is cylindrical outside [—7, T'] x Y, and given N > 0, we choose
Hamiltonians H;: R x Y — R, i > 1, being small perturbations of it y (see
Section 7) and set =) = (p;}'[(Z) such that £ is the graph of dF; in a
standard neighborhood of the 0-section in 7*X, for F;: ¥ — R Morse func-
tion satisfying the following:

(@ on ZN(T 4+ N,o0) xY), resp. XN ((—oo, =T — N xY), Fj is
equal to e’ (f;t — 1), resp e'(f;” — ;) where f*: AT - R are
Morse functions such that the €°-norm of fijE is strictly smaller than
min{7;, i+1}/2;

(b) the functions F; — F}, fijE - fjﬂE are Morse fori # j;

(¢) the functions fii and fijE - fjjE admit a unique maximum on each con-
nected component while the functions F; and F; — F; admit a unique
maximum on each filling connected component and no maximum on
each connected component of £ admitting a non-empty negative end.
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We call such a sequence of cobordisms cofinal. Note that an augmentation of A~ gives
canonically an augmentation of the negative end of £® for i > 1. The construction
is inductive and the different choices above are made so that for any (d + 1)-tuple of

cobordisms X, X1, ..., X4 in E (not necessarily distinct), and any strictly increasing
sequence of integers ig < i; < --- < ig, the cobordisms Z(()ZO), E(l”), o Egd) are

pairwise transverse. Let us construct now a strictly unital A-category @ as follows:

e Obj(O): pairs (£, &™) where X € E is an exact Lagrangian cobordism from A~
to AT, and ¢ is an augmentation of A™;

* we set
homo (S5 £). (21, £7)
Cth (=, =) ifi < j,
. @) . _ . - -
= Zzesz7 it ¥o=24,i = jand g, = &7,
0 otherwise,
where egi) is a formal degree 0 element.

0
The Aso-operations are given by the maps defined in Section 8.1 for each

d + 1)-tuple of cobordisms £ £ 50 with jo < iy <.+ < iy, ie., for
p 0 1 d
such a tuple we have a map

wg: Cthy (5477 329) @ ... @ Cthy (250, (V) — cthy (3§, £0)

These maps extend to maps defined for any (d + 1)-tuple E(()iO), Egil), e ES" ) with
the condition that the elements e%) € hom(g((E(»i), sj_), (Ej(.i), s]._)) behave as strict
units.

We finally define the Fukaya category Fuk(R x Y') of Lagrangian cobordisms in
R x Y as a quotient of @ by the set of continuation elements, as follows. Consider
3 € E together with an augmentation e~ of A™. For all i < j, there is a continuation
element e z() € home (@), 67), (2V), 7)) as described in Section 7, which is
acycle in @. Let Tw(©) denote the A-category of twisted complexes of @ and €
the full subcategory of Tw(() generated by cones of the continuation elements. We
define Fuk(R x Y) := @Q[€~!] to be the image of ( in the quotient Tw()/€.

Defined as follows, the category Fuk(R x Y) depends on various choices, namely,

(1) the choice for each X in E of a cofinal sequence £°* = (2@, =M ),

(2) the choice of the countable set E of representatives of Hamiltonian isotopy
classes of exact Lagrangian cobordisms with negative end admitting an aug-
mentation.



Aoso-category of Lagrangian cobordisms in the symplectization of P x R 191

The fact that the quasi-equivalence class of the category does not depend on the
choice of a cofinal sequence for each element in E is purely algebraic. Assume ©°
is a cofinal sequence for X which is a subsequence of a bigger cofinal sequence X°.
Then, denote © the category constructed using the cofinal sequence ¥* and O the
one constructed using X°. The inclusion functor O = O is full and faithful, and if
€ C TwO denotes the full subcategory generated by cones of continuation elements,
one gets a cohomologically full and faithful functor (5[‘5"1] — O[€~1]. Moreover,
the continuation elements become quasi-isomorphisms in @[€~!] thus this functor
is a quasi-equivalence. Now, if £*! and £*?2 are two cofinal sequences for X, then
one can find a cofinal sequence »* such that %' U X°, i = 1,2, are also cofinal
sequences. As ¥* and =% are subsequences of * U ¥°, the Fukaya category con-
structed using the cofinal sequence s quasi-equivalent to the one using X* U z*
which is quasi-equivalent to the one using X*".

Then, the fact that the category does not depend (up to quasi-equivalence) on the
choice of representatives of cylindrical at infinity Hamiltonian isotopy classes follows
from the invariance result:

Proposition 13. Let Yo be an exact Lagrangian cobordism and (¢} )sefo,1] a cyl-
indrical at infinity Hamiltonian isotopy such that ¥y and %1 := (pé (Xo) are trans-
verse. Then, for any T exact Lagrangian cobordism transverse to Xy and %1, the
complexes Cthy (X¢, T') and Cthy (21, T') are homotopy equivalent.

Proof. All the ingredients to prove this proposition already appeared in Section 4.
Observe first that if Xg is a cobordism from A to AS’ then X; is a cobordism from
A7 to A;r with Af Legendrian isotopic to A(“)—L. The isotopy from 3¢ to 31 can be
decomposed as a cylindrical at infinity isotopy of £ giving a cobordism T from AT
to Af, followed by a compactly supported Hamiltonian isotopy from $oto =;. The
proof of the proposition now goes as follows.

Start from X and wrap its positive, resp. negative, end in the positive, resp neg-
ative, Reeb direction to obtain the cobordism Ef), s > 0, having cylindrical ends over
Ay and AJ where A3, = A + 50,. Take s big enough so that the Cthulhu
complex Cthy (X9, T') has only intersection points generators.

Denote also A;r’a = AT + ad, and Al_,—b := A7 —b0; fora,b > 0 so that Ata
lies entirely above AJTr and A7 _, lies entirely below A7. Denote C * a concordance
from AS’, s to Afta and C~ a concordance from Al_,—b to Aa,_s. We can assume that
CtNn(R x A';) = C™ N (R x A7) = @. Concatenating the concordances C~ and
C* with 3¢ gives C~ © Eg ® C™* which is an exact Lagrangian cobordism from
A7 _,t0 Af’a, satisfying Cth4 (C~ © 5 © C*,T) = Cth4(=$, T) by construction,
where it is an equality of complexes. Finally, wrap the ends of C~ © £§ ® C* in such
a way that it “translates back” Aia to Af and A7 _, to AT, to obtain a cobordism
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T from A7 to A;r, Hamiltonian isotopic to ¥; by a compactly supported Hamilto-
nian isotopy. Invariance of the Cthulhu complex by wrapping the ends and compactly
supported Hamiltonian isotopy ends the proof. ]

9. Higher order maps in the concatenation

In case of a (d + 1)-tuple of concatenated cobordisms (Vo © Wy, ..., Vg © Wy) one

can also define higher order maps mZGW, which will recover the maps m§ defined in

the previous section in the case of concatenation of a cobordism with a trivial cylinder.
We define recursively, for d > 1, the maps

A :Cthy (Va1 © Wa—1,Va © Wa) ® -+~ ® Cth (Vo © Wo, Vi © W)
— Cthy(Vo, Va),

by Cthy (Va—y © Wa—1,Va © Wa) ® --- ® Cth (Vo © Wo, Vi © W1)
— Cthy (Wo. Wa)

as follows. First, b}/ and A}'V are the transfer maps from Section 3.2, and then for
d > 2 one sets

d
A =>" DY AV@®! ®---eb]).

S=2 1<iy,...,ig
i1+-tis=d
d
vV _ VAW w
by=3 0@ @AY
S=1 1<iy,...,ig
i1 +tig=d

Using the maps AY, Y from Section 8.1. Observe that the maps b and A} already
appeared in Section 6.3. Given this, we define
) OV Cthy (Vymi @ W1, Vg O W) ® - ® Cthy (Vo © Wo, Vi © Wy)
— Cthy (Vo © Wy, Vg © Wy)

by

d
/O =3 S w0l @ @b)) + wl @AY ®- 0 AY).
s=1 1<iy,...,is
i1+tig=d
We will first prove that the maps AV]W and b}/ satisfy the A,-functor equations, and
then we will prove that the maps ; ow satisfy the Ao equations. We start by proving
the following.
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Lemma 7. Foralld > 1,

Z ZbV(AW®---®A,V}’)+AJ‘."(b}j®---®b}f)=o.
Jj=1 ij+- i =

Proof. This holds by definition of the maps. Observe that we have already made use
of the case d = 1 in Section 6.2. For d > 2, one has

Z YAV @A)+ AV (B ®---®b]
J=1 ij++i;j=d

=by oA} + A} ob)

d
+3 YAl e @A) +AV®! ®--0b)).
J=2 iyttij=d
Observe that Ag/ R Az/ takes values in Cthy (Vy—;;, Va) ® -+ ® Cth4. (Vo, Vi)
and b}j ® -~ ® b, takes values in Cthy (Wy—;;. Wa) ® -+ ® Cth (Wp, W;,), hence

the maps b}/ and AJW are the one corresponding to one cobordism only and not the
concatenation, as defined in Section 8.1. So, the sum above equals

w 14 w v
Al —|—b oAV +bY

+Z YA e @A)+ AV (B ®--@b])
J=2 iy+-+i;j=d

_AW+bd+Z Yo/ A e @A)+ AV B! @ @b,
J=lij++i;=d

where note that in the sum on the right we have A}’V o bg = 0. Then, this gives 0 by
definition of bg and Ag’. ]

Now, we can prove the following.

Lemma 8. Foralld > 1

d
Yo Y mlAe--eAl)
s=1 ij+rtig=d
d d—j
w d®--- Qi VoW 9id® --- ®id) =
+Y Y AV (e ®idem! Y ®id® - ®id) =0
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and

d
Yo Y wmfele--®b))

s=1 i) 4 tig=d

d d-j
v : : VOW o : .
. . ®id , d®---®id) = 0.
+Z“;)bd_‘/+l(ld® idem/ " ®id®--- ®id)
J=1n= n

Proof. We prove it by recursion on d. For d = 1, the relations above means that b}/
and A {'V are chain maps, which is the content of Proposition 3 and Proposition 4. Note
that we have also proved the case d = 2 in Section 6.3. For d > 2, we have

d
2. 2m/@Afe oAl

s=1 ij+-tig=d

d d—j
w d®-- ®i VoW 2id® --- Qi
+Z“;)Ad_j+l(1d® idem/°" ®id®-- ®id)
J=1n= n

d
=Y. YAl ®- oAl + AV omy©”
s=1 iy 4-tig=d

d—1d—j
+Y DAY e Ridem!©Y ®id® - ®id);
j=1n=0 n

but, by definition of mZQW,

W . VOW
Aj om

d
=AVo (Z > w0 @ @bl) +m{" A @ ® A,-Vf’))
s=1ij+-+tig=d

d
:Z ZA{VOIHEV’JFO(I)Z®'-'®bx)+m;/’0_(AZ’®..‘®Al!’}’
s=1ij+tig=d

So, we get

d

Yoo Y A @--®@A)

s=1 ij+-+ig=d
d d—j

+Y Y AY (e ®idem! Y ®id® - @ id)
j=1n=0
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d
= Ywtale oAl
s=1 ij+tis=d

d
+Y Y AV om! B! @--@b)
s=1 i+ +tig=d

d—1d—j
+Y DAY e @idem)©Y ®id®--- ®id).
j=1n=0
Then one has
d—1d—j
DY AY (e ®idem! Y Ride- - ®id)
j=1n=0

d—1d—jd—j+1

=22 2 DAY G! ®--0b;y)([de-- ®idem) Y ®id

J=1n=0 s=2ij4tig=d—j+1 ® -+ ®id)
d—1d—jd—j+1 s

- Y Yarele:-
JEIN=0s=2 iydetig=d—j+11=1 ®b} (R @m/°" ®.. ®id)

® - ®b))

d s dp i

=2 D> 2D ) Ao ek e oue. i
s=2i1++ig=d I=1j=1n=0 R ® bx)

s i i=J

:Z Z ZAS (bis®"'®Zzbi,(ld®"'®mj® ®...id)

§=2 iy +tig=d =1 j=1n=0 ®®bx>

Observe that i; < d — 1 so by recursion we have that

d—1d—j
oY AV e Ridem!Y @ide - ®id)
j=1n=0
d K i
=Y X YAl(e-e) Ywlele-eb)
§=2 i1 +tig=d I=1 u=1 t;+-+ty=i R ® bil )
So, we get

d
Yoo Y ml@AaV @Al

s=1ij+-tig=d
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+Y Y AV (e ®idem! Y gide - ®id)

s=1 il ++1S=d

d s i
£y Y ZAEV(”X@“@Z > my ! ®--®b)

s=2 i1+"'+is=d I=1 u=1t +-+ty=i; ® e ® bi])

_Z va+(AW® ®AW)

s=1 ij+-+is=d

d K i
£y % ZAEV(”X‘X"“@Z > mY b ®--- b))

s=1 i1 —‘,—J,-l_s:d =1 u=1 t;+-+t,=i; ® ces ® b“)

where we have used the fact that A{’V om)” =0. By definition of my it gives

d
=> > Z D AN, @b/ )AY @0 AlY)
s=1 ij++ig=d u=1 t1+-+ty=s
d

s i
£y Y YaAr(Ele-e)y Y wlele--ob)

s=1 ij+tig=d I=1 u=1 ty+-+ty=i X Q bil)

and finally, using Lemma 6 which states in this case that

d d—j
Z AZV_j_H(id@d—j—n ®mJW ®id®n)
j=1n=0
d
+Y YAl oAl =0
J=lij++i;=d

and Lemma 7, one obtains that the sum vanishes and that the maps AJW satisfy the
Aco-functor equations.
One proves analogously that the maps b}/ satisfy the Ao-functor equations. m

Vo

Proposition 14. The maps m ; W satisfy the Ao-equations.
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Proof. Forall d > 1, one has

n

d d—j
——
YY) wifl (de--@ideom Y @ide - ®id)
j=1n=0 '
d—j+1

- ( 3 Y wf B! @ b))

J:n k=1 ij+-+ig=d—j+1
+uf O A @0 Al)) e @w O @ @id)

is is—J
= Z > ZZZmW+° bi, ®
k=1i1++ir=d s=1j=1n=0 ®bls_]+l(id®...®m}/®W®...®id)

® - ®bl)
+mk (AW® ®Azs ]+1(1d® ®mV®W®...®id)®...®AK’)

_ Z Z ZmW+O(bV

k=1ij+-+ir=d s=1 is is—J
®Y Y b ;[ @u/®?" .. ®id)
j=1n=0 ®...®bK>
d k
V,0— w
> 2w (A
k=1 ij+-+ix=d s=1 iy ig—j

®Y > A ,({[d®®

j=1n=0 i
j=1n m}/GW‘X’"'@ld)@"‘@AZ/)-

Using Lemma 8, the sum above is equal to

d is
Z Z me+0(bv®___®z Zmllj’(b;/lt@...@b;j)

k=1ij+-+ip=d s=1 u=111+-+ty=is ® - ® bV)
i

d k
+y Y Zm,f’o‘( ® - ®Z dmyAY @@ AY)

k=1ij+-+ir=d s=1 u=1 ty+-+ty=i w
u=ls R ® Ail )
d j—u+1
— w,+0 . . w : :
—Z Z Z m;”, 1 (d®--- ®idem, Qd®---Qid)
j=1 r +...+r/=d u=1 s=1 k—s s—1

.(1,;’/_ ®...®b}’1)
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d j j—u+1
> Y > m 07 (d®- ®id®m) ®id®- ®id)
j=1 r|+-~~+r_i=d u=1 s=1 k—s S—l
-(A;//_ ® ® AK
=0
as the maps m"’ ; and m satisfy the Aoo-equations. |
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