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Geometric triangulations
and the Teichmiiller TQFT volume conjecture for twist knots

Fathi Ben Aribi, Frangois Guéritaud, and Eiichi Piguet-Nakazawa

Abstract. We construct a new infinite family of ideal triangulations and H-triangulations for
the complements of twist knots, using a method originating from Thurston. These triangulations
provide a new upper bound for the Matveev complexity of twist knot complements.

We then prove that these ideal triangulations are geometric. The proof uses techniques of
Futer and the second author, which consist in studying the volume functional on the polyhedron
of angle structures.

Finally, we use these triangulations to compute explicitly the partition function of the Teich-
miiller TQFT and to prove the associated volume conjecture for all twist knots, using the saddle
point method.
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1. Introduction

Quantum topology began in 1984 with the definition of the Jones polynomial [24], a
knot invariant that Witten later retrieved in the Chern—Simons quantum field theory
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on the three-sphere with gauge group SU(2) [52]. Following Witten’s intuitions from
physics, several Topological Quantum Field Theories (or TQFT for short, meaning
certain functors from cobordisms to vector spaces [7]) were defined in the nineties
and provided new invariants of knots and 3-manifolds [11,12,46,47,50].

The volume conjecture of Kashaev and Murakami—Murakami is perhaps the most
studied conjecture in quantum topology currently [29,37-39]; it states that the colored
Jones polynomials of a given hyperbolic knot evaluated at a certain root of unity
asymptotically grow with an exponential rate, which is the hyperbolic volume of this
knot. As such, it hints at a deep connection between quantum topology and classical
geometry. In the last twenty years, several variants of the volume conjecture have been
put forward for other quantum invariants: for instance the Baseilhac—Benedetti gen-
eralisation in terms of quantum hyperbolic invariants [8], or the Chen—Yang volume
conjecture on the Turaev—Viro invariants for hyperbolic 3-manifolds [15]. Some of
these conjectures have been proven for several infinite families of examples, such
as the fundamental shadow links [17], the Whitehead chains [51] and integral Dehn
fillings on the figure-eight knot complement [41]. See [37,38] for more examples.

In [3], Andersen and Kashaev constructed the Teichmiiller TQFT, a generalised
Topological Quantum Field Theory, in the sense that the operators of the theory act
on infinite-dimensional vector spaces. The partition function of the Teichmiiller TQFT
yields a quantum invariant | Z; (X, «)| € R~ ¢ (indexed by a quantum parameter # > 0)
of a triangulated 3-manifold X endowed with a family of dihedral angles ¢, up to cer-
tain moves on such triangulations with angles (see [3] for details). Taking its roots
in quantum Teichmiiller theory and making use of Faddeev’s quantum dilogarithm,
this infinite-dimensional TQFT is constructed with state integrals on tempered dis-
tributions from the given triangulation with angles. The Teichmiiller TQFT already
admits several formulations and generalisations (see [2—4,26]), and it is still not clear
at the time of writing which formulation one should favor in order to best reduce the
technical constraints in the definitions and computations.

Nevertheless, two points remain clear regardless of the chosen formulation. Firstly,
the Teichmiiller TQFT is a promising lead for obtaining a mathematical model of
quantum Chern—-Simons theory with non-compact gauge group SL(2, C) [3,4,33].
Secondly, the Teichmiiller TQFT should also satisfy a volume conjecture, stated as
follows without details.

Conjecture 1.1 ([3, Conjecture 1], Conjecture 2.13). Let M be a closed oriented
3-manifold and K C M a knot whose complement is hyperbolic. Then the parti-
tion function of the Teichmiiller TQFT associated to (M, K) follows an exponential
decrease in the semi-classical limit h — 0%, whose rate is the hyperbolic volume
Vol(M \ K).
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Generally speaking, solving a volume conjecture requires one to find connec-
tions between quantum topology and hyperbolic geometry hidden in the invariant,
and to overcome technical difficulties (often analytical in nature). The payoff is worth
the hassle, though: the previously mentioned connections can enrich both domains
of mathematics and may provide new insights on how one can best mathematically
model physical quantum field theories. In the present paper, we solve the Teichmiiller
TQFT volume conjecture for the infinite family of hyperbolic twist knots in S> (see
Figure 3 for a picture of these knots). Before, the conjecture was proven for the
first two knots of this family [3] and numerically checked for the next nine [5, 10].
Moreover, since the first version of the present paper, the conjecture has also been
proven for an infinite family of fibered knots in lens spaces [43]. To the authors’
knowledge, the twist knots are now the first infinite family of hyperbolic knots in S3
for which a volume conjecture is proven. Meanwhile, specific infinite families of links
were tackled in [17,51] and the closed integral surgeries on the figure-eight knot were
handled in [41] for the Chen—Yang volume conjecture; this last result is comparable
to the main result of our paper, as the twist knots can also be seen as a family of
Dehn surgeries (on the Whitehead link). We hope that the techniques and results of
this paper can provide valuable insights for further studies of this volume conjecture
or its siblings that concern other quantum invariants [15,29, 38]. Notably, it would be
interesting to try to apply the techniques of this paper to prove other conjectures for
the twist knots.

Let us now specify the objects used and the results proven in this paper. Before
all, we should clarify that the results split in two halves: Sections 3 to 7 focus on the
hyperbolic twist knots with an odd number of crossings, while the even twist knots
are studied in Section 8. Indeed, the constructions and proofs vary slightly depending
on whether the crossing number is odd or even. Hence, the reader interested in discov-
ering for the first time our objects and techniques should focus on the odd twist knots
in Sections 3 to 7. Likewise, Section § is for the experienced reader who wants to
understand the difficulties in generalising our results from one infinite family of knots
to another, and can be a starting point for future further proofs of the Teichmiiller
TQFT volume conjecture.

The first part of this paper deals with topological constructions of triangulations
for twist knot complements (Sections 3 and 8.1).

In the seventies, Thurston showed that hyperbolic geometry was deeply related
to low-dimensional topology. He notably conjectured that every compact, oriented,
irreducible, atoroidal 3-manifold M with (empty or) toroidal boundary and infinite
fundamental group admits a complete hyperbolic metric [48]. This hyperbolization
conjecture was then proved by Thurston for Haken manifolds [35] and later by Perel-
man in the general case [34]. For 3-manifolds with toroidal boundary, such as comple-



F. Ben Aribi, F. Guéritaud, and E. Piguet-Nakazawa 288

ments of knots in the three-sphere, this hyperbolic metric is unique up to isometry, by
the Mostow—Prasad rigidity theorem [36,45]. Hyperbolic geometry can thus provide
topological invariants, such as the hyperbolic volume of a knot complement.

Several knot invariants can be computed from an ideal triangulation X = (T4, .. .,
Ty, ~) of the knot complement S3 \ K, that is to say a gluing of N ideal (i.e., without
their vertices) tetrahedra 71, . . ., Ty along with a pairing of faces ~. As a given knot
complement admits an infinite number of triangulations, it is therefore natural to look
for convenient triangulations with as few tetrahedra as possible.

The twist knots K, of Figure 3 form the simplest infinite family of hyperbolic
knots (when n = 2, starting at the figure-eight knot). Recall that a knot is hyperbolic
if its complement admits a complete hyperbolic structure of finite volume. In order
to study the Teichmiiller TQFT for the family of twist knots, we thus constructed
particularly convenient ideal triangulations of their complements.

An intermediate step was to construct H-triangulations of (S3, K,,), which are
triangulations of S3 by compact tetrahedra, where the knot K, is represented by a
single edge. We now state the first result of this paper.

Theorem 1.2 (Theorem 3.1). For every n = 2, there exist an ideal triangulation X,
of the twist knot complement S3 \ K, with |* J2r4j tetrahedra and a H-triangulation
Y, of the pair (S3, K,,) with L%J tetrahedra. Moreover, the edges of all these tri-

angulations admit orientations for which no triangle is a cycle.

The condition on edge orientations implies that every tetrahedron comes with a
full order on its vertices: such a property is needed to define the Teichmiiller TQFT,
see Section 2. Note that in [8], this property is called a branching on the triangulation
(the first of several similarities between the Teichmiiller TQFT and the Baseilhac—
Benedetti quantum hyperbolic invariants).

To prove Theorem 1.2, we study the cases “r odd” and “n even” separately. In both
cases, we use a method introduced by Thurston [48] and later developed by Menasco
[32] and by Kashaev, Luo, and Vartanov [27]: we start from a diagram of the knot K,
and we obtain a combinatorial description of S3 as a polyhedron glued to itself, where
K, is one particular edge. We then apply a combinatorial trick to reduce the number of
edges in the polyhedron, and finally we triangulate it. This yields an H-triangulation
Y, of (S3, K,,), which then gives the ideal triangulation X, of S\ K, by collapsing
the single tetrahedron containing the edge Kj,.

The numbers L#J in Theorem 1.2 give new upper bounds for the Matveev com-
plexities of the manifolds S> \ K,, and experimental tests on the software SnapPy
lead us to conjecture that these numbers are actually equal to the Matveev complexit-
ies for this family (see Conjecture 3.3 and Remark 3.4).
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In the second part of this paper (Sections 4 and 8.2), we prove the geometricity
of these new ideal triangulations, which means that their tetrahedra can be endowed
with positive dihedral angles corresponding to the complete hyperbolic structure on
the underlying hyperbolic 3-manifold.

In [49], Thurston provided a method to study geometricity of a given triangulation,
which is a system of gluing equations on complex parameters associated to the tetra-
hedra; if this system admits a solution, then this solution is unique and corresponds to
the complete hyperbolic metric on the triangulated manifold.

However, this system of equations is difficult to solve in practice. In the nineties,
Casson and Rivin devised a technique to prove geometricity (see the survey [21]).
The idea is to focus on the argument part of the system of complex gluing equations
(this part can be seen as a linear system) and use properties of the volume functional.
Futer and the second author applied such a method for particular triangulations of
once-punctured torus bundles and two-bridge link complements [22].

In this vein, we prove that the ideal triangulations X,, of Theorem 1.2 are geomet-
ric.

Theorem 1.3 (Theorems 4.1 and 8.2). For everyn = 2, X,, is geometric.

To prove Theorem 1.3, we use techniques of Futer and the second author (see [21,
22]). We first prove that the space of angle structures on X}, is non-empty (Lemma 4.2
for the odd case), and then that the volume functional cannot attain its maximum on
the boundary of this space (Lemma 4.4 for the odd case). Then Theorem 1.3 follows
from a result of Casson and Rivin (see Theorem 2.2).

In the third part of this paper (Sections 5, 6, and 8.3), we compute the partition
functions of the Teichmiiller TQFT for the triangulations X, and Y,, and we notably
prove that they satisfy the properties expected in Conjecture 2.13. Without going into
details, we can summarise these properties as follows.

Theorem 1.4 (Theorems 5.2, 8.4, 6.1 and 8.6). For every n = 2 and every h > 0,
the partition function Z3 (X, &) of the ideal triangulation X, (resp. Z3(Yy, &) of the
H-triangulation Y, ) is computed explicitly for every angle structure a of X, (resp.
of Yy).

Moreover, the value |Zy(X,, a)| depends only on three entities: two linear com-
binations of angles ux, (o) and Ax, («) (which are the angular holonomies of the
meridian and longitude of the knot K, ), and a function (x — Jx, (h, x)), defined on
some open subset of C, and independent of the angle structure o.

Furthermore, the value | Jx,, (h,0)| can be retrieved in a certain asymptotics of the
partition function Z(Yy, @) of the H-triangulation Y.
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The function (% — Jx,, (%,0)) should be seen as an analogue of the Kashaev invari-
ant (-) ;y of [28,29], or of the colored Jones polynomials evaluated at a certain root of
unity J.(N, e2!7/N') where  behaves as the inverse of the color N . It is not clear at the
time of writing that (4 — Jx, (f,0)) always yields a proper knot invariant independ-
ent of the triangulation. However, Theorem 1.4 states that we can attain this function
in at least two ways (as anticipated in the volume conjecture of [3]), which increases
the number of available tools for proving such an invariance. Theorem 1.4 is also of
interest for studying the AJ-conjecture for the Teichmiiller TQFT, as stated in [6].

To prove Theorem 1.4, we compute the aforementioned partition functions, and
especially their parts that encode how the faces of the triangulation are glued to one
another (such a part is called the kinematical kernel). We then show a connection
between this kinematical kernel and the gluing equations on angles for the same tri-
angulation, which allows us to prove that the partition function only depends on the
angle structure « via the weight of o on each edge (which is constant equal to 27)
and via two angular holonomies px, (o) and Ay, («) related to the meridian and lon-
gitude of the twist knot K,,. Finally, we need to establish some uniform bounds on
the quantum dilogarithm in order to apply the dominated convergence theorem in the
computation of the asymptotics of Z3 (Y, ).

At the time of writing, whether or not the partition function always contains such
topological information (the meridian and longitude of the knot) is an open question.
Nevertheless, we hope that the patterns noticed for this infinite family of examples
can illuminate the path.

In the fourth and final part of this paper (Sections 7 and 8.4), we prove that the
function (% — Jx,, (#,0)) (extracted from the partition functions of the Teichmiiller
TQFT in Theorem 1.4) exponentially decreases in the semi-classical limit # — 0%,
with decrease rate the hyperbolic volume. More precisely, we prove the following.

Theorem 1.5 (Theorems 7.1 and 8.7). For every n = 2, we have the following limit:

lim 277 log|Jx, (h.0)] = — Vol(S3\ K,,).
h—0

To prove Theorem 1.5, we apply the saddle point method on the semi-classical
approximation of |Jx, (%, 0)| (expressed with classical dilogarithms Liy), and then
bound the remaining error terms with respect to #.

More precisely, the saddle point method is a common designation of various theor-
ems that state that an integral |, v exp(AS(z))dz behaves mostly as exp(A max, ()(S)))
when A — oo (see Theorem 2.18 for the version we used, and [53] for a survey).
In order to apply this method, we must check technical conditions such as the fact
that the maximum of %1(S) on y is unique and a simple critical point. Fortunately,
in the present paper, these conditions are consequences of the geometricity of the
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ideal triangulations X, (Theorem 1.3); indeed, the equations V.S = 0 here corres-
pond exactly to the complex gluing equations, and their unique solution (the complete
hyperbolic angle structure) provides the expected saddle point. Geometricity was the
main ingredient we needed, in order to go from a finite number of numerical checks of
the Teichmiiller TQFT volume conjecture [10] to an exact proof for an infinite family.

Note that thanks to Theorem 1.3, we did not need to compute the exact value of
the complete hyperbolic structure or of the hyperbolic volume, although such compu-
tations would be doable in the manner of [16] with our triangulations X,.

The previously mentioned error bounds follow from the fact that Jx, (%, 0) does
not depend exactly on the potential function S made of classical dilogarithms, but on a
quantum deformation S; using quantum dilogarithms. An additional difficulty stems
from the fact that we must bound the error uniformly on a non-compact contour,
when 7 — 0T. To the authors’ knowledge, this difficulty never happened in studies
of volume conjectures for other quantum invariants, since asymptotics of these invari-
ants (such as the colored Jones polynomials) involve integrals on compact contours.
Hence, we hope that the analytical techniques we developed in this paper (which are
not specific to the twist knots) can be of use for future studies of volume conjec-
tures with unbounded contours. More precisely, the parity trick in Lemma 7.12 and
its application in the bound for the whole non-compact contour (Lemma 7.13) are our
main additions from the previous techniques of [1].

It is natural to wonder if the main result of this paper can be extended to any knot
complement admitting a geometric triangulation. For such a manifold, we expect the
analytical results of Section 7 to hold similarly (as their proofs did not use the fact
that we studied the twist knots). However, it is yet unclear how one can generalise the
computation and simplification of the partition functions (see Section 5) and its rela-
tion with the gluing equations (Lemma 7.4). We expect that combinatorial techniques
on triangulations, such as those used to define the Neumann—Zagier datum [18, 40],
will be needed.

Part of the results in this paper (Theorems 3.1, 5.2, 8.4, 6.1 and 8.6) were
announced in [10]. Sections 3, 4 and 8.1 appeared in the arXiv preprint [9].

The paper is organised as follows: in Section 2, we review preliminaries and nota-
tion; in Section 3 we construct the triangulations for odd twist knots; in Section 4, we
prove geometricity of these triangulations for odd twist knots; in Section 5 (resp. 6)
we compute the partition function of the Teichmiiller TQFT for the ideal triangula-
tions (resp. H-triangulations), still for odd twist knots; in Section 7, we prove the
volume conjecture for odd twist knots (readers eager to arrive at Section 7 can skip
Section 6 after reading Section 5); finally, in Section 8, we explain how the proofs of
the previous sections differ for the even twist knots.
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2. Preliminaries and notation

2.1. Triangulations

In this section we follow [3,26]. A tetrahedron T with faces A, B, C, D will be denoted
as in Figure 1, where the face outside the circle represents the back face and the centre
of the circle is the opposite vertex pointing towards the reader. We always choose an
order on the four vertices of 7 and we call them O7, 17, 27,37 (or 0, 1, 2, 3 if the
context makes it obvious). Consequently, if we rotate T such that O is in the centre
and 1 at the top, then there are two possible places for vertices 2 and 3; we call T a
positive tetrahedron if they are as in Figure 1, and negative otherwise. We denote by
&(T) € {1} the corresponding sign of T'. We orient the edges of T according to the
order on vertices, and we endow each edge with a parametrisation by [0, 1] respecting
the orientation. Note that such a structure was called a branching in [8].

Thus, up to isotopies fixing the 1-skeleton pointwise, there is only one way of
gluing two triangular faces together while respecting the order of the vertices and the
edge parametrisations, and that is the only type of face gluing we consider in this

paper.

Figure 1. The positive tetrahedron 7.

Note that a tetrahedron 7T like in Figure 1 will either represent a compact tetra-
hedron homeomorphic to a 3-ball B3 (notably when considering H-triangulations) or
an ideal tetrahedron homeomorphic to a 3-ball minus 4 points in the boundary (when
considering ideal triangulations).

A triangulation X = (Ty, ..., Ty, ~) is the data of NV distinct tetrahedra 71, ...,
Ty and an equivalence relation ~ first defined on the faces by pairing and the only
gluing that respects vertex order, and also induced on edges and vertices by the com-
bined identifications. We call My the (pseudo-)3-manifold Mx = Ty U---U Ty / ~
obtained by quotient. Note that My may fail to be a manifold only at (the image by
the quotient map of) a vertex of the triangulation, whose regular neighbourhood might
not be a 3-ball (but for instance a cone over a torus for exteriors of links).
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We denote by X k (for k = 0, ..., 3) the set of k-cells of X after identification
by ~. In this paper we always assume that no face is left unpaired by ~, thus X?
is always of cardinality 2N . By a slight abuse of notation, we also call T; the 3-cell
inside the tetrahedron 77}, so that X 3={Ty,...,Ty}.Elements of X! are usually rep-
resented by distinct types of arrows, which are drawn on the corresponding preimage
edges, see Figure 2 for an example.

An ideal triangulation X contains ideal tetrahedra, and in this case the quotient
space minus its vertices My \ X is an open manifold. In this case we will denote by
M = My \ X° and say that the open manifold M admits the ideal triangulation X .

A (one-vertex) H-triangulation is a triangulation ¥ with compact tetrahedra so
that M = My is a closed manifold and Y ? is a singleton, with one distinguished edge
in Y'1; this edge will represent a knot K (up to ambient isotopy) in the closed manifold
M, and we will say that Y is an H-triangulation for (M, K).

Finally, for X a triangulation and k = 0, 1, 2, 3, we define x;: X 3 5 X2 the
function such that x;(7') is the equivalence class of the face of T opposed to its
vertex k.

Example 2.1. Figure 2 displays two possible ways of representing the same ideal tri-
angulation of the complement of the figure-eight knot M = S3 \ 41, with one positive
and one negative tetrahedron. Here X* = {7y, T_}, X> = {A,B,C,D}, X! = {1, 1}
and X© is a singleton. On the left the tetrahedra are drawn as usual and all the cells
are named; on the right we represent each tetrahedron by a “comb” L1 with four
spikes numbered 0, 1, 2, 3, from left to right. We join the spike j of T to the spike k
of T"if x;(T) = xx(T’), and we add a + or — next to each tetrahedron according to
its sign.

1 —

1
B C
3 2 1 0
o 1 2 3
T

+
Ty _

Figure 2. Two representations of an ideal triangulation of the knot complement S3 \ 4.
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2.2. Angle structures

For a given triangulation X = (Ty,..., Ty, ~) we denote by Sy the set of shape
structures on X, defined as
Sy ={a = (a1, bi.c1,....an,by.cn) € 0,7)3N |

forallk € {1,..., N}, ak—I—bk—{—ck:n}.

An angle ay (respectively by, c) represents the value of a dihedral angle on the edge
0_1) (respectively 0_5 &) and its opposite edge in the tetrahedron Tj. If a particular
shape structure o« = (ay,...,cn) € Sy is fixed, we define three associated functions
aj: X3 — (0,7) (for j = 1,2,3) that send T} to the j-th element of {ay, by, cx} for
eachk e {1,...,N}.

Let (X, o) be a triangulation with a shape structure as before. We denote by
wx.o: X' — R the associated weight function, which sends an edge ¢ € X! to the
sum of angles (T} ) corresponding to tetrahedral edges that are preimages of e by ~.
For example, if we denote by & = (a4, b4, cy,a—,b_, c_) a shape structure on the
triangulation X of Figure 2, then wy (1) = 2a4+ + c4 +2b_ 4+ c_.

One can also consider the closure Sy (sometimes called the space of extended
shape structures) where the ay, by, ¢ are taken in [0, 7] instead. The definitions of
the functions «; and wy , can immediately be extended.

We finally define

Ay = {a e Sy | foralle € X!, wx.o(e) = 27[},
the set of balanced shape structures on X, or angle structures on X, and
Ay = {a € Sy | foralle € X!, wx,o(e) = 27r}

the set of extended angle structures on X .

2.3. The volume functional

In this section we recall some known facts about the volume functional on the space
of angle structures. See for example the survey [21] for details.

One can understand a shape structure (a, b, ¢) on an ideal tetrahedron T as a way
of realising T in the hyperbolic space H?3, with its four vertices at infinity. In this
hyperbolic ideal tetrahedron, the angles a, b, ¢ will represent dihedral angles between
two faces.

The Lobachevsky function A: R — R given by

X

Ax) = —/10g|25in(t)|dt

0
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is well defined, continuous on R, and periodic with period 7. Furthermore, if 7 is a
hyperbolic ideal tetrahedron with dihedral angles a, b, c, its volume satisfies

Vol(T) = A(a) + A(b) + A(c).

Let X = (Ty,...,Tn,~) be an ideal triangulation and +y its space of angle
structures, which is a (possibly empty) convex polytope in R3¥. Then we define a
volume functional V: Ay — R, by assigning to an (extended) angle structure o =
(ai,b1,c1,...,an,bn, cy) the real number

V() = Alar) + A(b1) + Aler) + -+ + Alan) + Abn) + Alen).

By [22, Propositions 6.1 and 6.6] and [21, Lemma 5.3], the volume functional V is
strictly concave on 4y and concave on Ay . The maximum of the volume functional
is actually related to the complete hyperbolic structure, see for example [21, The-
orem 1.2] that we re-state below.

Theorem 2.2 (Casson—Rivin). Let M be an orientable 3-manifold with boundary
consisting of tori, and let X be an ideal triangulation of M. Then an angle structure
a € Ay corresponds to a complete hyperbolic metric on the interior of M (which is
unique) if and only if « is a critical point of the functional V: Ay — R.

In this last case, we say that the ideal triangulation X of the 3-manifold M is
geometric.

2.4. Thurston’s complex gluing equations

To a shape structure (a, b, ¢) on an ordered tetrahedron T (i.e., an element of (0, )3
of coordinate sum ) we can associate bijectively a complex shape structure z €
R + iR-, as well as two companion complex numbers of positive imaginary part

/

4
z =

1
and z" =
1—z z

z—1

Each of the z, z’, z” is associated to an edge, in a slightly different way according to
e(T):

* in all cases, z corresponds to the same two edges as the angle a;

e ife(T) = 1, then z’ corresponds to ¢ and z” to b;

e if&(T) = —1, then z’ corresponds to b and z” to c.

Another way of phrasing it is that z, z’, z” are always in a counterclockwise order
around a vertex, whereas a, b, ¢ need to follow the specific vertex ordering of T'.
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In this article we will use the following definition of the complex logarithm:
Log(z) :=log|z| + i arg(z) forz € C*,

where arg(z) € (—m, 7].
We now introduce a third way of describing the shape associated to a tetrahedron,

by the complex number
y:=¢&(T)(Log(z) —in) €e R +ie(T)(—m,0),

which lives in a horizontal strip of the complex plane.
We now list the equations relating (a, b, ¢), (z,z’,z"”) and y for both possible signs

of T.

Positive tetrahedron:

et (1)
—Log(1 4+ ¢”) = Log(z") = IOgC;EEZ;) +ic
Log(l + e™”) = Log(z") = log(ziiﬁig) +ib

y = log(zzgi) —i(r—a)eR—i(r —a).

z=—-e” e R+iR.y.

Negative tetrahedron:

—y+inm =Log(z) = logC]lEEIZ;) +ia
—Log(1 +e7) = Log(z') = log(zii;lg;) +ib
sin(a)

Log(l + ¢”) = Log(z") = log(sin(b)) e

y = logCEg;)—l-i(n —a)eR+i(m—a).

z=—-eYeR+iR.y.
For clarity, let us define the diffeomorphism
Yr:R+iR.g > R —ie(T)(0,7), z+> e(T)(Log(z)—imn),

and its inverse

w;l:R —ie(T)(0,7) > R+iR~g, ytr> —exp(e(T)y).
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We can now define the complex weight function a)g((:,a: X! — C associated to a
triangulation X and an angle structure & € /y, which sends an edge e € X ! to the sum
of logarithms of complex shapes associated to preimages of e by ~. For example, for
the triangulation X of Figure 2 and an angle structure « = (a4, by, cy,a—,b_,c_),
we have

0y (1) = 2Log(z+) + Log(z}) + 2 Log(zL) + Log(z)

sin(cy)? sin(b4) sin(c_)? sin(a_)
(Sin(b+)2 sin(a ) sin(a—)?2 sin(b-)

) +ioxa(D,

Let S denote one toroidal boundary component of a 3-manifold M ideally triangu-
lated by X = (T1,...,Tn,~), and o an oriented normal closed curve in S. Truncating
the tetrahedra 7 at each vertex yields a triangulation of S by triangles coming from
vertices of X (called the cusp triangulation). If the curve o intersects these triangles
transversely (without back-tracking), then o cuts off corners of each such encountered
triangle. Let us then denote by (z1, ..., z;) the sequence of (abstract) complex shape
variables associated to these corners (each such zj is of the form ZT), » Z’Tjk or Z’T’jk ).
Following [21], we define the complex holonomy HC (o) as

l
HE(0) := ) e Log(zx),
k=1

where € is 1 if the k-th cut corner lies on the left of o and —1 if it lies on the right.
The angular holonomy H® (c) of o is similarly defined, replacing the term Log(zx)
by the (abstract) angle d, = arg(zx) = J(Log(zx)) (which is of the form ary, » ijk
or cry, ) lying in the i-th corner. For example, in the triangulation of Figure 14, we
have

HC(an) = Log(zy) — Log(zy) and HR(mX”) =ay —ay.

The complex gluing edge equations associated to X consist in asking that the
holonomies of each closed curve in M circling a vertex of the induced boundary
triangulation are all equal to 2i 7, or in other words that

a)ga(e) =2inx foralle € X'.

The complex completeness equations require that the complex holonomies of all
curves generating the first homology H;(dM) vanish (when M is of toroidal bound-
ary).

If M is an orientable 3-manifold with boundary consisting of tori, and ideally
triangulated by X, then an angle structure & € Ay corresponds to the complete hyper-
bolic metric on the interior of M (which is unique) if and only if « satisfies the
complex gluing edge equations and the complex completeness equations.



F. Ben Aribi, F. Guéritaud, and E. Piguet-Nakazawa 298

2.5. The classical dilogarithm

For the dilogarithm function, we will use the definition
4
. du
Liz(z) ;= — | Log(l —u)— forz € C\[1,00)
U
0
(see for example [54]). For z in the unit disk, Lix(z) = anl n—2z". We will use
the following properties of the dilogarithm function, referring for example to [,
Appendix A] for the proofs.
Proposition 2.3 (Some properties of Liy). (1) Inversion relation:
A . 72 1 2
L12(—) = —Liy(z) — < ELOg(_Z) forallz € C\ [1, 00).
z
(2) Integral form: forall y € R 4+ i(—m, ),

—i . exp(—i Z%)

lig(—e?) = | 21 gy,

27 i2(=¢") / 4v2 sinh(v) v
veR+iot

In the previous formula and in the remainder of the paper, R + 0% denotes a contour
in C that is deformed from the horizontal line R C C by avoiding 0 via the upper half-
plane (with a small half-circle for example).

2.6. The Bloch—Wigner function
The Bloch—Wigner function D : C — R defined by

D(z) = {‘3(142(2)) +arg(l —z)log|z| ifz € C\R,

otherwise

is continuous on C, and real-analytic on C \ {0, 1} (see [54, Section 3] for details). The
Bloch—Wigner function plays a central role in hyperbolic geometry. The following
result will be important for us (for a proof, see [40]).

Proposition 2.4. Let T be an ideal tetrahedron in H3 with complex shape structure z.
Then, its volume is given by

Vol(T) = D(z) = D(Z ; 1) - D( ! )

1—z
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2.7. Twist knots

n crossings
e e

ok

Figure 3. The twist knot K.

We denote by K, the unoriented twist knot with n half-twists and n 4 2 crossings,

according to Figure 3.

For clarity, we list the names of the first 13 twist knots in the table of Figure 1,
along with their hyperbolic volume and the coefficient of the Dehn filling one must
apply on the Whitehead link to obtain (up to mirror image) the considered knot. The
Dehn coefficient is useful for studying K, for large n on the software SnapPy without
having to draw a huge knot diagram by hand.

n Ky Dehn Surgery coefficient Hyperbolic volume
from the Whitehead link

0 0 (1,0) not hyperbolic

1 31 1,-1) not hyperbolic

2 4 (1,1 2.02988321 ...
3 5 1,-2) 2.82812208. ..
4 6 (1,2) 3.16396322. ..
5 1 (1,-3) 3.33174423 ...
6 8 (1,3) 3.42720524 . ..
7 9% 1,-4) 3.48666014 ...
8 10g (1,4) 3.52619599. ..
9 llayy, (1,-5) 3.55381991 ...
10 124405 (1,5 3.57388254 . ..
11 1343, (1,-6) 3.588913917...
12 144,55, (1,6) 3.600467262. ..

Table 1. The first twist knots.

The twist knots form, in a sense, the simplest infinite family of hyperbolic knots

(for n = 2). This is why our initial motivation was to study the volume conjecture for
the Teichmiiller TQFT for this particular family (see [10]).
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Remark 2.5. The twist knots K»,—; and K5, are obtained, up to mirror image, by
Dehn filling on one component of the Whitehead link with respective coefficients
(1,—n) and (1, n). Replacing a twist knot by its inverse or mirror image has no effect
on the modulus of the associated partition function of the Teichmiiller TQFT (see
Remark 2.12).

Furthermore, as a consequence of the Jgrgensen—Thurston theorem [40, 49], the
hyperbolic volume of K, tends to 3.6638623767088. .. (the volume of the Whitehead
link) as n — +o0.

2.8. Faddeev’s quantum dilogarithm

Recall [3] that for # > 0 and b > 0 such that
b+b Hvh=1,

Faddeev’s quantum dilogarithm ®y, is the holomorphic function on R + 1(2 73 [)

given by

1 e 2z dy -1 1
) = - f eR+1i ,——= )
o(2) = exp ( 4 / sinh(bw) sinh(b_lw)w) o i (2\/ﬁ zﬁ)
weR+i0T

and extended to a meromorphic function for z € C via the functional equation

b:l:l b:l:l
Cbb<z - i—) = (1+ ezﬂbi‘Z)cpb(z + i—).
2 2
Recall that R + ;0T denotes a contour in C that is deformed from the horizontal line
R C C by avoiding 0 by above.

Note that @, depends only on # = Furthermore, as a consequence of the

Con
functional equation, the poles of ®, lie on i [~ Wit ,00) and the zeroes lie symmetrically
on i (—o0, f] We stress the fact that in this paper we always assume that b is a real
positive number, which simplifies several formulas in [3, Appendix A]; notably the
poles and zeroes live in the imaginary line instead of in sectors.

We now list several useful properties of Faddeev’s quantum dilogarithm. We refer
to [3, Appendix A] for these properties (and several more), and to [1, Lemma 3] for

an alternate proof of the semi-classical limit property.

Proposition 2.6 (Some properties of ®p). (1) Inversion relation: for any b € R+
andanyzeR+z( zf)

Dp(z)Pp(—2) = e 17T72(b2+b72)ei7rz2 )
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(2) Unitarity: for any b € R.g and any z € R + l(zf zf)
56 = —
z) = .
R NE)

(3) Semi-classical limit: for any z € R + i (—m, 7),

. z 2 )
@(5) = p(2 55 Lia(—¢) (1 + 0,0+ (67).
(4) Behavior at infinity: for any b € R+,

P (z 1’ z eiln—z(bz—i-b_z)einzz'
(2) R(z ) ®o(2) ﬂi(z)—mo
In particular, for any b € R~g and any d € (2Jﬁ 2I)
|Dp(x +id)]  ~ 1, |Dp(x+id)] ~ e
Rax——o00 Rox—+o00

2.9. The Teichmiiller TQFT of Andersen-Kashaev

In this section we follow [3,25,26]. Let § (R?) denote the Schwartz space of smooth
functions from R? to C that are rapidly decaying (in the sense that any derivative
decays faster than any negative power of the norm of the input). Its continuous dual
S’(R9) is the space of tempered distributions.

Recall that the Dirac delta function is the tempered distribution § (R) —C denoted
by §(x) or § and defined by

8(x)- f = /S(X)f(X)dx = f(0)

xeR

forall f € S(R) (where x € R denotes the argument of f € §(R)). Furthermore, we
have the equality of tempered distributions

S(X) — /e—2nixw dw,

weR

in the sense that for all ' € §(R),

( / e—“"”’dw)u): [ [ rmanas = r0 =5

weR xeR weR

The second equality follows from applying the Fourier transform ¥ twice and using
the fact that F (¥ (f))(x) = f(—x) for f € §(R), x € R. Recall also that the defin-
ition of the Dirac delta function and the previous argument have multi-dimensional
analogues (see for example [25] for details).
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Given a triangulation X, writing X* for its collection of k-cells (k € {0, 1,2,3}),
we assign to the tetrahedra 77,..., Ty € X 3 formal real variables 71, ..., txn. We
name t: 7; + ¢; the corresponding bijection, and t = (¢, ..., ty) the corresponding
formal vector in RX”,

Recall the notation x; (7) € X? for the i -th face (i € {0,1,2,3}) of the tetrahedron
T e X3.

We now define the kinematical kernel of X, which is a tempered distribution.
Note that in many cases of interest (Lemma 5.5 and the proof of Theorem 8.4), a
distribution-free formula holds (Lemma 2.9 below) and might be used as an alternate
definition. However, this is not always the case: in the proofs of Theorems 6.1 and 8.6,
each of the kinematical kernels associated to an H-triangulation Y, is a distribution
supported on a codimension-2 hyperplane. It is yet unclear whether these two types
of kinematical kernels are the only ones that can appear.

Definition 2.7. Let X be a triangulation such that H,(My \ X°, Z) = 0. The kin-
ematical kernel of X is a tempered distribution Ky € §’(RX 3) defined by the integral

K ®) = [[ax [ em D xo(T) — (T 4 3a(T)
 rexd 83T~ x3(T) + H(7)

xeRX

where, with a slight abuse of notation, x;(7") refers to the x;(7T)-th component of
x e RX?. (This convention, of denoting by x; (T') both a 2-cell and the formal variable
associated to it, is taken from [3]: it will help keep our formulas short.)

Essentially, if 7: RX 2UX3 _, RX? denotes the canonical projection, then Ky (t)
associates to a Schwartz function f: RX ’ 5 R the (normalised) integral, over the
affine subspace of RX 2UX? \where the arguments of the §’s vanish, of the product
(f om)-g, where g: RX 2UX° R is the exponential of a certain quadratic form.
More formally, one should understand the integral of the previous formula as the

following equality of tempered distributions, similarly to the above (T denoting the

transpose):
i T irw T hirw T 3
J{-X(t) — dx dwe2urt Rxe 2iTwW Axe 2inw ' Bt c S/(RX )’
xeRX%y cr2N
where w = (wy,..., wy, w/l, .. .,wﬁv) is a vector of 2N new real variables, such that

wj, w]’. are associated to

8(xo(Tj) — x1(Tj) + x2(T}))

and
§(x2(Ty) — x3(Ty) + (7)),
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and where R, A, B are matrices with integer coefficients depending on the values
xk(T}), i.e., on the combinatorics of the face gluings. More precisely, the rows (resp.
columns) of R are indexed by the vector of tetrahedron variables t (resp. of face
variables x) and R has a coefficient ¢(7;) = %1 at coordinate (¢;, xo(7};)) and zero
everywhere else; B is indexed by w (rows) and t (columns) and has a 1 at the
coordinate (w}, t;); finally, A is such that AX 4+ Bt is a column vector indexed by
w containing the values (xo(77) — x1(7}) + x2(7}))1<j<n followed by (x2(7;) —
x3(Tj) +1j)1<j<N-

Example 2.8. For the triangulation of S* \ 4; in Example 2.1, if we denote

x = (A,B,C, D),
t= (ZT+7tT_),

_ / /
w = (wry, wr_, wr, , wy_),
then we can calculate the three matrices

A B C D

et |01 00
|00 1 0|

1
A B C D
wr, [ =1 1 1 0
A= wr_ 0 1 1 -1
- w’T+ 0O 01 —1 Y[
wr_ | -1 1 0 O
ZT+ tr_
wr, 0 0
B V- 0 0
w}+ 1 0 ’
wr_ | 0 1

with the unfortunate clash in notation regarding the letters A, B and A, B. One can
see that the involution A <> D, B <> C, T <> T_ preserves each matrix R, A, B; this
involution also acts as a reflection in Figure 2: it swaps the edges while respecting
their orientations (and reverses 3-dimensional orientation).

Lemma 2.9. Ifthe 2N x 2N matrix A in the previous formula is invertible, then the
kinematical kernel is simply a bounded function given by

1 T -1
Ky (t) = 2int ' (—RA B)t'
XO = T
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Proof. The lemma follows from the same argument as above (swapping integra-
tion symbols and applying the Fourier transform ¥ twice), this time for the multi-

dimensional function

P T
ft = (X — eZLﬂt RX).

More precisely,

P T —rirw T —rirw T
Kx(t) =/dx /dwezmt Rxe 2iTW Axe 2intw ' Bt

XGRXZ weR2N

— /dwe—ZiﬂWTBt/dXﬁ(x)e—ZianAx

weR2N xeR2N
— [dw E_ZiﬂWTBt?(ﬂ)(ATW)
weR2N

1

/dV €_2i”VTA_lBt37(ft)(V)

veR2N

F(F (f)) (A7 Bt)

~ det(4)]

| det(4)]
1
| det(4)]

— ; 2iwt T (—RA™1B)t
| det(A)] '

fi(=A71Bt)

The product of several Dirac delta functions might not be a tempered distribution
in general. However, the kinematical kernels in this paper will always be, thanks to
the assumption that Hy(My \ X°, Z) = 0 (satisfied by any knot complement). See
[3] for more details, via the theory of wave fronts. The key property to notice is the
linear independence of the terms

xo(Tj) — x1(T) + x2(T),  x2(Tj) — x3(Tj) + t;.

Definition 2.10. Let X be a triangulation. Its dynamical content associated to 7 > 0
is a function Oy, x: Ax — S (RX3) defined on each set of angles o € Ay by

exp(h™" a3 (T)Y(T))

Dy (H(T) — - e(T) (o — ar (1))

Dpxt.e)= []

TeXx3

Note that Dy, x (-, @) is in § (R 3) thanks to the properties of ®,, and the positivity
of the dihedral angles in « (see [3] for details).

More precisely, each term in the dynamical content has exponential decrease as
described in the following lemma.
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Lemma 2.11. Letb € Roganda,b,c € (0, ) such thata + b + ¢ = . Then

e
Oy(x = (b +0))

1

1 . - e ﬁcx’
- T ® ( 1 b )‘ Rax——00
Rax—>%oc0 ‘e b X + 2].[\/%( +o) ~ e_ﬁbx
Rax—+o00 '
Proof. The lemma immediately follows from Proposition 2.6 (4). |

Lemma 2.11 illustrates why we need the three angles a, b, ¢ to be in (0, ): b and
¢ must be positive in order to have exponential decrease in both directions, and a must
be positive as well so that b + ¢ < 7w and Pp(x = 2niﬁ (b + ¢)) is always defined.

Now, for X a triangulation such that H,(Mx \ Xo,Z) = 0,4 > 0 and @ € Ay

an angle structure, the associated partition function of the Teichmiiller TQFT is the

complex number

Zy(X,a) = /JCX(t)th,X(t,O()dt e C.
teRX?

Andersen and Kashaev proved in [3] that the modulus | Z3 (X, )| € R is invari-
ant under Pachner moves with positive angles, and then generalised this property to
a larger class of moves and triangulations with angles, using analytic continuation in
complex-valued « [4].

Remark 2.12. If we denote by X # the mirror image of the triangulation X (obtained
by applying a reflection to each tetrahedron), then all tetrahedron signs (7 ) are mul-
tiplied by —1. Therefore, it follows from the definition of the Teichmiiller TQFT and
Proposition 2.6 (2) that Z;,(X*, o) = Z;(X, @), and thus | Z(X*, &) = |Z4(X, @)|.
Consequently, the following results will stand for the twist knots K, of Figure 3 and
their mirror images Kﬁ.

We can now state our version of the volume conjecture for the Teichmiiller TQFT,
in a slightly different (and less powerful) way than the one in Andersen—Kashaev
in [3, Conjecture 1]. Notably, we make the statements depend on specific chosen
triangulations X and Y'; thus we will not be interested in the present paper in how the
following properties change under Pachner moves or depend on the triangulations.
For some insights on these points, see [3]. We also introduced a new combination of
angles py, which has an interesting topological origin.
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Conjecture 2.13 ([3, Conjecture 1]). Let M be a connected closed oriented 3-man-
ifold and let K C M be a hyperbolic knot. There exist an ideal triangulation X of
M \ K and a one-vertex H-triangulation Y of (M, K) such that K is represented by
an edge 7{) in a single tetrahedron Z of Y, and 75 has only one preimage. Moreover,
there exists a function Jx:R~g x C — C such that the following properties hold.

(1) There exist ux, Ax linear combinations of dihedral angles in X such that for
all angle structures o € Ax and all h > 0, we have

1
|Zh(X,Ol)| = ‘ /JX(h,X)GZﬁXAX(a) dxl.

-y (o)
R-+i 27k

Moreover, if M = S3, then Jx can be chosen such that jux, Ax are angular
holonomies associated to a meridian and a preferred longitude of K.

(2) Foreveryb > 0, and for every T € Sy\z X Sz such that wy,. vanishes on the

—
edge K and is equal to 21w on every other edge, denoting

1
h= —m——,
(b +b~1)2
one has N
. 7T—CUYoz(K)
lim [ Oy —————— ) Z4 (Y, )| = |Jx (R, 0)],
dm (T B = k0

(3) In the semi-classical limit h — 07, we retrieve the hyperbolic volume of K as

lim+ 2rhlog |Jx (h,0)] = — Vol(M \ K).
h—0

The rest of the paper consists in proving Conjecture 2.13 for the infinite family
of hyperbolic twist knots (in Theorems 3.1, 5.2, 6.1, 7.1, 8.4, 8.6 and 8.7). Several
remarks are in order concerning Conjecture 2.13.

Remark 2.14. In Conjecture 2.13 (1), one may notice that Jy, ux and Ay are not
unique, since one can for example replace (Jx (%, x), x, ux, Ax) by

1
o either (Jx (%, x)e 2ﬁcx, X, ux,Ax + C) for any constant C € R,

e or (DJx(h,Dx"),x', ux/D, DAy) for any constant D € R* (via the change of
variable x’ = x/D).

Note however that in both cases, the expected limit limy,_, o+ 277 log |Jx (%, 0)| does
not change. When M = S3, a promising way to reduce ambiguity in the definition
of Jx is to impose that uy (o) and Ax(«) are uniquely determined as the angular
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holonomies of a meridian and a preferred longitude of the knot K. In proving Con-
jecture 2.13 (1) for the twist knots in Theorems 5.2 and 8.4, we find such properties
for ux and Ay.

Remark 2.15. The function (& — Jx (%, 0)) should play the role of the Kashaev
invariant in the comparison with the Kashaev—Murakami—-Murakami volume con-
jecture [29, 38]. Notably, the statement of Conjecture 2.13 (2) has a similar form as
the definition of the Kashaev invariant in [28] and Conjecture 2.13 (3) resembles the
volume conjecture stated in [29], where % corresponds to the inverse of the color N.

Remark 2.16. The final form of the Teichmiiller TQFT volume conjecture is not
yet set in stone, notably because of the suboptimal definitions of the function (A —
Jx (%,0)) (in Conjecture 2.13 (1) and Conjecture 2.13 (2)) and the uncertain invariance
of the variables and statements under (ordered) Pachner moves. Nevertheless, we hope
Conjecture 2.13 as stated here and its resolution can help us understand better how to
solve these difficulties in the future.

2.10. Saddle point method

Let n = 1 be an integer. Recall [30] that a complex-valued function (zy, ..., z,) —
S(z1,...,zy) defined on an open subset of C” is called analytic (or holomorphic)
if it is analytic in every variable (as a function of one complex variable). Moreover,

its holomorphic gradient VS is the function valued in C” whose coordinates are
3s

the partial derivatives 7>, and its holomorphic hessian Hess(S) is the n x n mat-
. . J . L 2 .
rix with coefficients the second partial derivatives 3275/(; in both of these cases, the
J

holomorphic designation comes from the absence of partial derivatives of the form
il

z; "
" The saddle point method is a general name for studying asymptotics of integrals
of the form [ f e*S when A — 4o00. The main contribution is expected to be the
value of the integrand at a saddle point of S maximizing R.S. For an overview of such
methods, see [53, Chapter II].
Before going in detail in the saddle point method, let us recall the notion of asymp-
totic expansion.

Definition 2.17. Let f : Q2 — C be a function where 2 C C is unbounded. A complex
power series Zflozo a,z~" (either convergent or divergent) is called an asymptotic
expansion of f if, for every fixed integer N > 0, one has

N

£G) =Y apz 4+ 0(z"WHD)

n=0
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when z — o0. In this case, one denotes

f(2) = Z anz ",

n=0
For various properties of asymptotic expansions, see [53].

The following theorem is due to Fedoryuk and can be found in [20, Section 2.4.5]
(for the statement) and in [19, Chapter 5] (for the details and proofs, in Russian).
Compare also with [44, Theorem 4.2] (in English). To our knowledge, this is the
only version of the saddle point method in the literature for f, S analytic functions in
several complex variables.

Theorem 2.18 (Fedoryuk). Let m = 1 be an integer, and y™ an m-dimensional
smooth compact real sub-manifold of C™ with connected boundary. We denote z =
(z1,...,zZm) € C"™ and dz = dzy ---dzy. Let z — f(z) and z — S(z) be two
complex-valued functions analytic on a domain D such that y™ C D C C™. We con-
sider the integral

F() = / £(2) exp(AS(2)) dz,
ym

with parameter A € R.
Assume that maxe,m RS (z) is attained only at a point z°, which is an interior
point of y™ and a simple saddle point of S (i.e., V.S(z°) =0 and detHess(S)(z%) #0).
Then as A — 400, there is the asymptotic expansion

A—>o00 \ A det HGSS(S) (ZO)

where the cy are complex numbers and the choice of branch for the root

v detHess(S)(z9)

depends on the orientation of the contour y™.
In particular, 1im) 4o 1 10g|F(A)| = RS(2°).

FOO) =~ (2_”>'"/2 exp(A8(z%)) [f(z°)+ickrk],
k=1

2.11. Notation and conventions

Let p € N. In the various following sections, we will use the following recurring
conventions.

* A roman letter in bold will denote a vector of p + 2 variables (often integration
variables), which are the aforementioned letter indexed by 1, ..., p, U, W. For

example,y = (¥1,....Yp, YU, YW).
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* A roman letter in bold and with a tilde ~ will have p + 3 variables indexed by
1,...,p, U V,W.Forexample, §' = (y1,... ,y;,,yb,y{,,y{,l,).

* Matrices and other vectors of size p + 3 will also wear a tilde but will not neces-
sarily be in bold, for example C () = (cy, . .. . Cps CU, CV, CW).

e A roman letter in bold and with a hat ~ will have p + 4 variables indexed by
1,...,p, UV, W, Z.For example,f = (t1,....lp, ty, ty, tw.tz7).

For j € {l,...,p,U,V, W, Z}, we will also use the conventions that:
» the symbols e;, f; are faces of a triangulation (for j € {1, ..., p}),
* the symbol ﬁ]) is an edge of a triangulation (for j € {1,..., p}),

 the integration variable #; lives in R,

» the symbols a;, bj, ¢; are angles in (0, 7) (sometimes [0, r]) with sum 7,

i(r—aj)
2nvh

 the integration variable y; livesin R £ i(wr —a;),

* the integration variable yj’. livesin R +

 the symbols x;, d; are the real and imaginary part of y;,
* the symbol z; lives in R + iR+,

and are (each time) naturally associated to the tetrahedron 7;. Moreover, we will
simply write U, V, W, Z for the tetrahedra Ty, Ty, Tw, Tz.

3. New triangulations for the twist knots

We describe the construction of new triangulations for the twist knots, starting from
a knot diagram and using an algorithm introduced by Thurston in [48] and refined in
[27,32]. For the odd twist knots the details are in this section, and for the even twist
knots they are in Section 8.

3.1. Statement of results

Theorem 3.1. For every n = 3 odd (respectively for every n = 2 even), the trian-
gulations X,, and Y, represented in Figure 4 (respectively in Figure 5) are an ideal
triangulation of S3 \ K,, and an H-triangulation of (S3, K,,) respectively.

Figures 4 and 5 display an H-triangulation Y, of (S3, K,), and the correspond-
ing ideal triangulation X, of S\ K, is obtained by replacing the upper left red
tetrahedron (partially glued to itself) by the dotted line (note that we omitted the num-
bers 0, 1,2, 3 of the vertices for simplicity). Theorem 3.1 is proven by applying an
algorithm due to Thurston (later refined by Menasco and Kashaev—Luo—Vartanov) to
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p tetrahedra

Figure 4. An H-triangulation Y, of (S3, K;;) (full red part) and an ideal triangulation X,, of
§3\ K, (dotted red part), for odd n > 3, with p = ”53.

] +

p tetrahedra

Figure 5. An H-triangulation Y, of (S3, K;;) (full red part) and an ideal triangulation X,, of

§3\ K, (dotted red part), for even n > 2, with p = %

construct a polyhedral decomposition of S3 where the knot K, is one of the edges,
starting from a diagram of K,,; along the way we apply a combinatorial trick to reduce
the number of edges and we finish by choosing a convenient triangulation of the poly-
hedron. Once we have the H-triangulation of (S3, K,,), we can collapse both the edge
representing the knot K, and its one underlying tetrahedron to obtain an ideal trian-
gulation of §3 \ K,,. This is detailed in Section 3.3 (for odd ) and in Section 8.1 (for
even n).

3.2. Consequences for Matveev complexity

An immediate consequence of Theorem 3.1 is a new upper bound for the Matveev
complexity of a general twist knot complement. Recall that the Matveev complexity
¢(S3\ K) of a knot complement is equal to the minimal number of tetrahedra in an
ideal triangulation of this knot complement S \ K (see [31] for this definition and
the original wider definition using simple spines).
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Corollary 3.2. Let n = 2. Then the Matveev complexity ¢(S3 \ K,) of the n-th twist
knot complement satisfies:

(53 \ Ky) sL" + 4J.

Corollary 3.2 follows immediately from Theorem 3.1 and is of double interest.

Firstly, this new upper bound, which is roughly half the crossing number of the
knot, is strictly better than the upper bounds currently in the literature. Indeed, the
usual upper bound for ¢(S3 \ K},) is roughly 4 times the crossing number (see for
example [31, Proposition 2.1.11]); a better upper bound for two-bridge knots is given
in [23, Theorem 1.1], and is equal to n for the n-th twist knot K,.

Secondly, experiments on the software SnapPy lead us to conjecture that the bound
of Corollary 3.2 is actually an exact value.

Conjecture 3.3. Let n = 3. Then the Matveev complexity ¢(S3 \ K,) of the n-th twist
knot complement satisfies

n—|—4J

(ST \ Kn) = | 5

Remark 3.4. The statement of Conjecture 3.3 holds at least for 3 <n <17, 1i.e., when
the triangulation X, has up to 10 tetrahedra. Indeed, Burton [14] has systematically
listed all ideal manifolds of up to 9 tetrahedra (and homeomorphisms between pairs
thereof), which makes a search possible — using certified volume computations under
Sage to ensure a manifold is not in the list. The computations can be done on SnapPy,
with code such as

In[1]: W = Manifold(’5°2_17)

In[2]: W.dehn_£i11((1,6),0)

In[3]: W.identify()

Out[3]: [t00017(0,0), K8_1(0,0), K14a12741(0,0)]

sage: W = snappy.Manifold(’°5_1"2’)

sage: W.dehn_£i11((1,8),0)

sage: W.volume(verified=True)

3.6275344846917

sage: L = snappy.OrientableCuspedCensus[3.6275:3.6276]
sage: len(L)

0

The first block of the above code determines if the manifold obtained by Dehn
filling with coefficient (1, 6) on the Whitehead link complement (i.e., the twist knot
complement S3 \ K15, recall Figure 1) lies in the current census. This manifold is
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identified as K8_1, namely the first knot complement in the census that is triangulated
with 8 tetrahedra. Since it cannot be triangulated with fewer tetrahedra because of the
completeness of the enumeration, its Matveev complexity is indeed equal to |_122—+4J =
8 as expected in Conjecture 3.3. The same conclusion holds if we replace 12 with any
valuein {3,...,15}.

For n € {16, 17}, Corollary 3.2 yields the upper bound 10 for the Matveev com-
plexity of S3\ K, but as the second block of code shows (for n = 16 and the (1, 8)
Dehn filling coefficient), S3 \ K, is not in the census of ideal manifolds with Matveev
complexity 9 or less.

For general 7, no lower bounds for ¢(S3 \ K,) have yet been found, to our know-
ledge.

In the rest of this section, we present one last lead that gives credence to Conjec-
ture 3.3, via the notion of complexity of pairs.

As defined in [42], the Matveev complexity ¢(S3, K,,) of the knot K, in S3 is
the minimal number of tetrahedra in a triangulation of S3 where K,, is the union
of some quotient edges. Since H-triangulations (as defined in this article) are such
triangulations, we deduce from Theorem 3.1 the following corollary.

Corollary 3.5. Let n = 2. Then the Matveev complexity ¢(S3, K,) of the n-th twist
knot in S3 satisfies

c(S3, K,) < {n + 6J.
2
The upper bound of L#J for the knots K, in Corollary 3.5 is better than the
upper bound of 4n + 10 in [42, Propostion 5.1]. For these same knots K}, the best
lower bound to date seems to be linear in log(n), see [42, Theorem 5.4]. Still, we offer
the following conjecture.

Conjecture 3.6. Let n = 3. Then the Matveev complexity ¢(S3, K,,) of the n-th twist
knot in S3 satisfies

+6
(s Kk =|"FS|
2
If true, Conjecture 3.6 would have the surprising consequence that the H-triangu-

n+6
2

that the knot K}, lies in only one edge of the triangulation of S* and that ¥,, admits a

lation Y}, of cardinality |

| would be minimal, although it has the double restriction

vertex ordering.
Conjectures 3.3 and 3.6 are equivalent if and only if the following question admits
a positive answer.

Question 3.7. Let n = 2. Do the respective Matveev complexities of the n-th twist
knot complement and of the n-th twist knot in S always differ by 1, i.e., do we always
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have
c(S3, K,) =c(S3\ Kp) + 1?

Question 3.7 looks far from easy to solve, though. On one hand, it is not clear that
the minimal triangulation for the pair (S3, K,,) can always yield an ideal triangulation
for $3 \ K, by collapsing exactly one tetrahedron (which is the case for X,, and Y,
as we will see in the following section). On the other hand, it is not clear that one
can always construct an H-triangulation of (S3, K,) from an ideal triangulation of
S3\ K, by adding only one tetrahedron.

The previously mentioned lower bound linear in log(n) for ¢(S?3, K,,) comes from
the general property that

1
EC(Mn) < C(S3’ K»)

where M), is the double branched cover of (S3, K,,) [42, Proposition 5.2]. Here M,,
happens to be the lens space L(2n + 1,n) (see for example [13, Section 12]), whose
Matveev complexity is not yet known but conjectured to be n — 1 through a general
conjecture on the complexity of lens spaces [31, Section 2.3.3 page 77]. However, the
current best lower bounds for complexities of lens spaces such as L(2n + 1,n) are
linear in log(n), as a consequence of [42, Section 5.2].

Hence, if the lens space complexity conjecture holds, then we would have from
Corollary 3.5 the double bound

n+6J

7 <t <[

which would imply that ¢(S3, K,,) can only take four possible values. All this makes
Conjecture 3.6 sound more plausible, and Conjecture 3.3 as well by extension.

3.3. Construction for odd twist knots

We first consider a general twist knot K, for n = 3, n odd. We will construct an
H-triangulation of (S3, K,;) and an ideal triangulation of S3 \ K,, starting from a
knot diagram of K. The method dates back to Thurston [49] and was also described
in more detail in [27,32].

For the first step, as in Figure 6, we choose a middle point for each arc of the
diagram, except for one arc where we choose two (the upper right one on the figure),
and we draw quadrilaterals around the crossings with the chosen points as vertices (in
dotted lines in Figure 6).

Observe that dotted edges in the same quadrilateral are isotopic through (S3, K},).
We consider the equivalence relation on dotted edges generated by “being part of
the same quadrilateral,” and we choose an arrow type and an orientation for each
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Figure 6. Building an H-triangulation from a diagram of K.

equivalence class. In Figure 6 there are two such classes, one with a simple arrow
and one with a double arrow. The arrows on the dotted edges are oriented so that
isotopy through (S3, K,) preserves the oriented labels, which makes the directions
keep alternating when one goes around any quadrilateral.

There remains one quadrilateral with three dotted edges and one edge from the
knot K,,. We cut this one into two triangles m and r, introducing a third arrow type,
the “white triangle” one (see Figure 06).

Here m, r, s, D, E are the polygonal 2-cells that (together with the quadrilaterals)
decompose the equatorial plane around the knot; note that m, r, s are triangles, D is
an (n + 1)-gon and F is an (n + 2)-gon.

In Figure 6 we can see that around each crossing of the diagram, there are six
edges (two in blue from the knot, four dotted with arrows) that define an embedded
tetrahedron. We will now collapse each of these tetrahedra into one segment, so that
each of the two “knot edges” is collapsed to an extremal point of the segment and all
four dotted edges fuse into a single one, with natural orientation. The homeomorphism
type of (S3, K,,) does not change if we collapse every tetrahedron in such a way, and
that is what we do next.

After such a collapse, the ambient space (that we will call again S3) decomposes
as one O-cell (the collapsed point), four edges (simple arrow, double arrow, arrow
with a triangle and blue edge coming from K},), five polygonal 2-cells still denoted
by m,r,s, D, E, and two 3-balls B4+ and B_, respectively from above and below the
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(a) (b)

Figure 7. Boundaries of B4 and B_.

figure. The boundaries of B4 and B_ are given in Figure 7. Note that the boundary
of By is obtained from Figure 6 by collapsing the upper strands of K,, and B4 is
implicitly residing above Figure 7 (a). Similarly, B_ resides below Figure 7 (b). Note
that the boundary of D, read clockwise, is the sequence of n + 1 arrows —», <—, —
, ..., < with the simple arrows alternating directions.

By gluing the balls B and B_ along the face E, we obtain a new ball whose face
pairings still describe S3 (see Figure 8 (a)). Indeed, since B_ is behind Figure 7 (b)
and B in front of Figure 7 (a), we can picture the gluing along E in the following
way, from front to back:

e the faces D, m,r,s of B_,
e the 3-cell B_,

e the face E of B_,

* the face E of By,

e the 3-cell By,

e the faces D, m,r,s of By.

Note that in Figure 8 (a) the red dashed faces lie on the back of the figure, and
the only 3-cell now lives inside the polyhedron. Finally, we can rotate this polyhedron
and obtain the cellular decomposition of S in Figure 8 (b), where one face m is in
the back and the seven other faces lie in front.

We will now use the bigon trick to find another polyhedral description of (S3, K},)
with many fewer edges. The bigon trick is described in Figure 9 (a) to (f). We start
at (a), with the two faces I having several edges in common, and a triangle u adjacent
to F' (note that there is a second face u adjacent to the other ' somewhere else). Then
we go to (b) by cutting F along a new edge (with double full arrow) into F’ and a
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(a)

Figure 8. A cellular decomposition of (S3, K;,) as a polyhedron glued to itself.

triangle v. The CW-complex described in (b) is the same as the one in (c), where the
right part is a 3-ball whose boundary is cut into the triangles u and v and the bigon w.
The picture in (d) is simply the one from (c) with the ball rotated so that v lies in the
back instead of w. Then we obtain (e) by gluing the two parts of (d) along the face v,
and finally (f) by fusing F" and w into a new face F”. As a result, we replaced two
simple arrows by one longer different full arrow (where full means that the arrow is
marked by a solid triangle) and we slid the face u up.

Let us now go back to our cellular decomposition of (S3, K,). We start from
Figure 8 (b) and cut D into new faces u and D’ as in Figure 10 (a). Then we apply
the bigon trick p times, where p := %, to slide the cell u on the left D’, and finally
we cut the face obtained from D’ a final time into a p + 2-gon G and a triangle v by
adding a double full arrow. See Figure 10 (b).

Note that if n = 3, i.e., p = 0, we do not use the bigon trick, and simply denote
D’ by v. In this case, G is empty and the double full arrow should be identified with
the simple full arrow.

Then, if p = 1, we triangulate the two faces G as in Figure 11: we add p — 1
new edges drawn with simple arrows and circled k fork = 1,..., p — 1 (and drawn
in different colors in Figure 11 but not in the following pictures), and G is cut into p
triangles ey, . . ., ep. This still makes sense if p = 1, in which case we have G =¢, =¢;
and no new edges.
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Figure 9. The bigon trick.
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(b)

Figure 10. A cellular decomposition of (S3, K,) before and after the bigon trick.

Figure 11. Decomposing the two faces G in a tower of tetrahedra.

Now, by combining Figures 10 (b) and 11, we obtain a decomposition of S3 as
a polyhedron with only triangular faces glued to one another, and K, still represents
the blue edge after identifications. In order to harmonise the notation with the small
cases (p = 0, 1), we do the following arrow replacements:

» replace full black simple arrow by simple arrow with circled 0,
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» replace full black double arrow by simple arrow with circled p,
* replace white triangle simple arrow by simple arrow with circled p + 1.

Moreover, we cut the previous polyhedron of Figures 10 (b) and 11 into p + 4 tet-
rahedra, introducing new triangular faces e, 1 (behind r, u, v), g (behind r, s, v), s’
(completing m,m, s), f, (completing g, s’,u) and fi,..., f,—1 ateach of the p — 1
“floors” of the tower of Figure 11 (from front to back of the figure). More precisely,
fork € {1,..., p — 1}, the new face f; is made of three edges:

* an edge with circled k (curved and going up in the left half of Figure 11),

» anedge with circled k + 1 (or full black double arrow for k = p — 1) in Figure 11,
going from the rightmost vertex to the endpoint of the previous edge,

* the edge with full black simple arrow in Figure 11 going from the rightmost vertex
to the bottom vertex.

We add the convention fy = e; to account for the case p = 0. We also choose an
orientation for the blue edge and thus a sign for the tetrahedron that contains it (this
choice will not have any influence on the ideal triangulation, though).

Finally, we obtain the H-triangulation for (S3, K,) described in Figure 12, for any
p = 0 (recalling the convention fy = ey if need be).

In the H-triangulation of Figure 12 there are

¢ 1 common vertex,

e p+5= ”zi edges (simple arrow ﬁs) double arrow r]_d), blue simple arrow fn)
and the simple arrows %, R np—_,_i indexed by O, ..., p + 1 in circles),

* 2p+8=n+5faces(er,....eps1, f1.--os [p, & m, 1, 8,8 u,v),

© p+4="8tetrahedra (Ty,...,T,, U V. W, Z).

We are now ready to obtain an ideal triangulation of S\ K,,. From the H-tri-
angulation of (S3, K,) of Figure 12, let us collapse the whole tetrahedron Z into a
triangle: this transforms the blue edge (corresponding to K) into a point, collapses
the two faces m, and identifies the faces s and s’ in a new face also called s, and the
double arrow edge to the arrow with circled p + 1.

Hence, we get an ideal triangulation of the knot complement S> \ K,,, detailed in
Figure 13.

In Figure 13 there are

e ] common vertex,

e p+3= ”Zﬁ edges (simple arrow ﬁ? and the simple arrows FE, e, m indexed
by 0,..., p + lincircles),

* 2p+6=n+3faces(er,....ept1, f1,.... fp. & 1.5, U, V),

« p+3 =" tetrahedra (Ty....,T,, U, V. W).



Figure 12. The H-triangulation Y;, for (S3, K,,), n odd, n = 3, with p =

n—3
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n—3
5 -

Q2<k=sp-—-1

Figure 13. The ideal triangulation X, for 3\ K,;, n odd, n = 3, with p
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3.4. Proof of Theorem 3.1
We can now conclude with the proof of Theorem 3.1.

Proof of Theorem 3.1. The triangulations of Figures 12 and 13 correspond to the com-
mon “comb representation” of Figure 4.

Similarly, the triangulations of Figures 21 and 22 (constructed in Section 8.1)
correspond to the common “comb representation” of Figure 5. ]

4. Angle structures and geometricity (odd case)

In this section, n will be an odd integer greater than or equal to 3.

4.1. Geometricity of the ideal triangulations

Here we will compute the balanced angle relations for the ideal triangulations X,, and
their spaces of angle structures sy, . We will then prove that the X, are geometric.

Theorem 4.1. For every odd n = 3, the ideal triangulation X, of the n-th twist knot
complement S3 \ K, is geometric.

To prove Theorem 4.1, we follow Futer—Guéritaud [21]: we first prove that the
space of angle structures sy, is non-empty (Lemma 4.2); then we prove by con-
tradiction that the volume functional cannot attain its maximum on the boundary
Ay, \ Ay, (Lemma 4.4),

For the remainder of this section, n will be a fixed odd integer, n = 7. Recall that
p= % The cases n = 3,5 (i.e., p = 0, 1) are similar and simpler than the general
following n = 7 case, and will be discussed at the end of this section (Remark 4.5).

Recall that we denoted by 7g., . . ., mﬁz € (X,)! the p + 3 edges in X, respect-

ively represented in Figure 13 by arrows with circled O, .. ., circled p + 1 and simple
arrow.
Fora = (ay,b1,c1,....ap,bp.cp,au.byu.cu.ay.by,cy,aw,bw,cw) € Sx,, a

shape structure on X, we compute the weights of each edge:

© o5(@) = wx, o) = 2au + by + cv +aw + bw,

© wo(@) = wx,.«(M0) = 2a1 + 1 +2az + -+ 2a, +ay + cw,
* 01(@) 1= wx,,0(1) = 2b1 + 03,

o« op(@) = 0x,.a() = ck—1 + 2bg + g1 (for2 <k < p—1),
* wpla) = U)Xn,a(n_p)) =cp—1+2b, + by + by +aw,

o wp1(a) i=wx,,o(p+1) =cp +bu +2cy +ay +cy +bw + cw.
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The space of angle structures Ay, is made of shape structures o € Sy, satisfying
wj(a) = 2w forall j € {s,0,..., p + 1}. The sum of all these equations says that
all the angles add up to (p + 3)m, which is true in any shape structure, therefore we
can drop wo (o) as redundant. Using the properties of shape structures, #y, is thus
defined by the p + 2 following equations on «:

e Es(@):2ay = ay + cw,

o Ei(®):2by + c3 =27,

o Er(a):ick—1+2bg +cpyr1 =2m (for2 <k <p-—1),

* Ey(a)icp—1+2b, + (by + by +aw) =2,

e Eppi(@):3cy,+ (ay +ay +cw) +3(cu +cv + bw) =31 ;

the last line was obtained as 3B, 1 + 2B; — 3Fy — 2Fy — 2Fw, where Fj is the
relationship a; + b; + ¢; = m and B; is the relationship w; () = 2. In other words,

Ax, ={a €8x, |forall j € {s,1,....,p+ 1}, E;(@)}.
Lemma 4.2. The set Ay, is non-empty.

Proof. For small € > 0, define

aj €
bi | =|m—€(j?+1) forl<sj<p-1,
¢j €j?
ap /2 —e(p*+2p—1)/2
by | :=|n/2—€e(p>*-2p+1)/2]|,
p ep?
ay ay cw n/2+ep?/2
bU = bV =\law | ‘= 7'[/3
cu cy bw /6 —€p?/2

By direct computation, we can check that this « is a shape structure (the angles are
in (0, ) if € is small enough), and that the equations E;(«) are satisfied for j €
{s,1,....,p+1}. =

We will say that a tetrahedron 7" of a triangulation X endowed with an extended
shape structure o € Sy is flat for « if at least one of the three angles of T is zero,
and taut for o if two angles are zero and the third is 7. In both cases, 7" has a volume
equal to zero.
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Lemma 4.3. Suppose o € Ay, \ Ax, is such that the volume functional on Ay,
is maximal at «. If an angle of o equals 0, then the other two angles for the same
tetrahedron are 0 and m. In other words, if a tetrahedron is flat for o, then it is taut
for «.

Proof. The proof is a computation, for which we refer to [22, Proposition 7.1].
The basic idea is that unflattening a single flat-but-not-taut tetrahedron will make its
volume increase with unbounded derivative. |

Next, we claim that among the volume maximizers, there is one such that
(av.,by,cy) = (av.,by.cv) = (cw.aw, bw).

The involution (ay, by, cy) <> (cw.aw, bw) preserves all equations E;(«), so by
concavity of the volume function, there is a maximizer such that (ay, by, cy) =
(cw,aw, bw). By Eg(a) this implies ay = ay = cw. The order-3 substitution of
variables

(auy.bu,cy) — (av,by,cy) = (cw,aw.bw) — (av.bu,cv)

then clearly leaves E, and E, 1 unchanged, so by concavity we may average out and
find a maximizer such that U, V, W have the same angles, as desired.

These identifications make Eg(«) redundant. Moreover, dropping the angles of V'
and W as variables, we may now rewrite the system of constraints as

e E1:2b1 + ¢ =2m,
o Epicp—1+2by +cpr1 =2m for2 <k <p-—1),
s E,icp-1+2by +3by =2m,

° E;)+1:CP +ay + 3CU =T (not 27'[')

Lemma 4.4. Suppose that the volume functional on Ay, is maximal at a. Then o
cannot be on the boundary Ax, \ #x,, and is necessarily in the interior Ay, .

Proof. By Lemma 4.3, it is enough to show that there are no taut tetrahedra, i.e., that
each tetrahedron has at least one angle that is not in {0, 7 }.

First, the tetrahedron 7}, is not taut. Indeed, on one hand ¢, = 7 would by £
entail ay = cy =0, hence by = &, incompatible with £ 1’,. On the other hand, suppose
by contradiction that ¢, = 0. Observe that the non-negative sequence (0, ¢y, ..., ¢p)
is convex, because Ej can be rewritten cx—; — 2¢x + Ck+1 = 2ax > 0 (agreeing that
“co” stands for 0). Hence, ¢y = --- = ¢, = 0, and b, € {0, 7} by Lemma 4.3. If
b, = 0 then (E7, E;,H) yield (ay, by, cy) = (0,27/3, /3). If b, = m they yield
(ay,by,cy) = (m,0,0). In either case, all tetrahedra are flat so the volume vanishes
and cannot be maximal. This contradiction shows ¢, > 0.
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Next, we show that U is not taut. We cannot have cy = w or by = 7w, by E;, 11
and E;,. But ay = m is also impossible, since by E;,H it would imply ¢, = 0, ruled
out above.

We can see by induction that by, ..., b,_; > 0: the initialisation is given by Ej,
written as by = 7w — ¢ /2 > 7/2. For the induction step, suppose bg_; > 0 for some
1 <k < p—1:then cx—1 < m, hence Ej implies by > 0.

Finally, by, ...,bp—1 < m: we show this by descending induction. Initialisation:
by E,—1, we have b,_1 < m —cp/2 < m since T}, is not flat. For the induction step,
suppose bg41 < w for some 1 < k < p — 1: then 0 < bg4; < m by the previous
induction, hence cxq > 0 by Lemma 4.3, hence Ej implies by < 7. ]

Remark 4.5 (Cases p = 0, 1). The above discussion is valid for p > 2. If p =1,
we have only the weights ws, @p+1 and w,, the latter taking the form 2b, + by +
by + aw (i.e., the variable “c,_;” disappears from equation E;,). The argument is
otherwise unchanged — the inductions in the proof of Lemma 4.4 being empty.

If p = 0, we find only one equation E’_ , : ay + 3cy = m (i.e., the variable

p+1
“cp” disappears). The volume maximizer (ay, by, cy) on the segment from (7, 0, 0)

to (0,27 /3, 7 /3) yields the complete hyperbolic metric.

Remark 4.6. In most boundary points of 4y, (e.g. inside a top-dimensional face of
Ax, ), some tetrahedron is flat but not taut. From such a point, it is easy to increase
volume by moving inwards (see Lemma 4.3). The proof of Lemma 4.4 above essen-
tially says that every boundary point is either of that sort, or has zero volume. Ideal
triangulations other than X,, do not always have that convenient property: compare
with Lemma 8.3 below (for even twist knots) and the more involved discussion that
follows it.

Proof of Theorem 4.1. In the case n = 7, we have proven in Lemma 4.2 that Ay, is
non- empty, thus the volume functional V: A_Xn — R admits a maximum at a certain
point @ € 4y, as a continuous function on a non-empty compact set. We proved in
Lemma 4.4 that o ¢ Ay, \ sy, , therefore a € sy, . It follows from Theorem 2.2 that
X, is geometric.

For the cases n = 3 and n = 5, we follow the same reasoning, replacing Lemma 4.4
with Remark 4.5. ]

4.2. The cusp triangulation

If we truncate the ideal triangulation X, of Figure 13 by removing a small neighbour-
hood of each vertex, then we obtain a cellular decomposition by compact truncated
tetrahedra of the knot exterior S \ v(K,) (where v(K) is an open tubular neighbour-
hood of K). This induces a triangulation on the boundary torus dv(K}), where each
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triangle comes from a pre-quotient vertex of a tetrahedron of X . See Figure 14 for the
full description of the triangulation of this torus.

The triangles are called (in blue) by the names of the corresponding truncated
vertices (written k; for the k-th vertex in the j-th tetrahedron), the edges are called
(in black) by the names of the truncated faces they are part of, and the angles a, b, ¢ at
each corner of a triangle (in brown) obviously come from the corresponding truncated
edges in X,. Note that we did not put the indices on a, b, ¢ for readability, but it
goes without saying that angles a, b, c in the triangle k; are actually the coordinates
aj, bj, cj. Moreover, for some small faces, we only indicated the brown a angle for
readability; the b and ¢ follow clockwise (since all the concerned tetrahedra have
positive sign).

We drew three particular curves in Figure 14: my,, in violet and dashed, lx,, in
green and dashed, and finally the concatenation / )?n := (i) U---U (vi) in red. These
curves can be seen as generators of the first homology group of the torus. We call my,,
a meridian curve since it actually comes from the projection to dv(K}) of a meridian
curve in S3\ K, the one circling the knot and going through faces s and E on the
upper left of Figure 6, to be exact (we encourage the motivated reader to check this
fact by following the curve on the several pictures from Figure 6 to 13). Similarly, /x,,
and Iy = (i) U---U (vi) are two distinct longitude curves, and Iy = corresponds to
a preferred longitude of the knot K, i.e., a longitude with zero linking number with
the knot.

This last fact can be checked in Figure 15: on the bottom of the figure, the sub-
curves (i) to (vi) are drawn on a truncated tetrahedron U'; on the top of the figure, the
corresponding full longitude curve (in red) is drawn in the exterior of the knot (in blue)
before the collapsing of the knot into one point (compare with Figure 6). We check
that in each square on the left of the figure, the sum of the signs of crossings between
blue and red strands is zero (the signs are marked in green circled + and —), and
thus the red longitude curve has zero linking number with the knot, i.e., is a preferred
longitude.

To the curves my, and lx, are associated combinations of angles (the angular
holonomies)

my, (@) == HR®(my,) = ay —ay and Ix, (@) := HR(lx,) = 2(cy — bw).

following the convention that when the curve crosses a triangle, the lone angle among
the three is counted positively if it lies on the left of the curve, and negatively if it lies
on the right. Remark that this convention cannot rigorously be applied to the red curve
l}o(n = (i) U---U (vi) in Figure 14, since it lies on edges and vertices. Nevertheless,
one can see in Figure 14 that in the homology group of the boundary torus, we have
the relation

l)?n = an + 2my,,.
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4.3. The complex gluing equations

Here seems to be an appropriate place to list the complex versions of the balancing
and completeness equations for X, which will be useful in Section 7.

For a complex shape structure Z = (z1,...,2p,zZu. zv, zw) € (R + iR>0)1’+3,
its complex weight functions are
- 0@ = of () = 2 Logzu) + Log(z)) + Log(zj) +

Log(zw) + Log(zy,).

. a)é)c(i) = w;?ma(ﬁ;) = 2Log(z1) + Log(z}) + 2Log(z2) + --- + 2Log(zp) +
Log(zy) + Log(z).

¢ 0€@) =0 @) = 2Log(=}) + Log(z}),

. w,ic (z):= a)gha () = Log(z;_,) +2Log(zy) + Log(z; ) (for2<k < p—1),

. wf(i) = a)fn’a(n_;) = Log(z,_;) + 2 Log(z,) + Log(zy) + Log(zy,) +
Log(zw),

« 0% ,@ = of ,(p+1) = Log(z)) + Log(zy) + 2 Log(z})) + Log(zy) +
Log(zy,) + Log(zy,) + Log(zy,).

It follows from Theorem 4.1 that there exists exactly one complex angle struc-

urez® = (29,..., ZI(]), 210], Z?,, ng) € (R + iR+¢)?*3 corresponding to the complete

hyperbolic metric. This Z° is the only Z € (R + iR~¢)?*? satisfying
oy (Z) = 0§ (@) = = o5, (Z) = 2ir
as well as the complex completeness equation
Log(zy) —Log(zy) =0

coming from the meridian curve my,, .

These conditions are equivalent to the following system €y’ (z) of equations on Z:
* &x,,0(Z):Log(z}) +2Log(z1) + --- + 2Log(z,) + 2Log(zy) = 2im,
* &x,.1(Z):2Log(z]) + Log(z}) = 2im,
*  E&x,x(2):Log(z;_,) +2Log(z}) + Log(zy,,) = 2im (for2 <k < p-—1),
. 8;:((:“p+l(i): Log(zé) + 2Log(zg) —Log(zw) =0,
+ &9 ,(@):Log(z}y) — Log(zu) =0,
¢ Zy =Zy.
Indeed, notice that the equation w§ (z) = 2im was redundant with the other com-

plex balancing equation. Remark furthermore that the variable zy only appears in the
equation zy = zy, which is why we will allow a slight abuse of notation to use the
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equations
€x,,02),....Ex,,p-12), 8% ,.,@2),&x ((z)
also for a variable z = (z1,...,2p,zv. zw) € (R + iR~ ()?*2 without the coordinate

zy (see Lemma 7.4).

5. Partition function for the ideal triangulations (odd case)

Notation 5.1. From now, we will denote by = the equality up to taking the complex
modulus.

In this section, n will be an odd integer greater than or equal to 3, and p = %
We will compute the partition functions of the Teichmiiller TQFT for the ideal trian-
gulations X, of the twist knot complements S3 \ K, constructed in Section 3 and we
will prove that they can be expressed in a simple way using a one-variable function
independent of the angle structure, as well as only two linear combinations of angles,
which are two independent angular holonomies in the cusp link triangulation.

This results in a slightly different version of the first statement in the Andersen—
Kashaev volume conjecture of [3, Conjecture 1 (1)]. Note that our partition functions
are computed only for the specific ideal triangulations X;,. In order to generalise The-
orem 5.2 to any ideal triangulation of a twist knot complement, one would need further
properties of invariance under change of triangulation (more general than the ones dis-

cussed in [3]). A version for the even case is proved in Section 8.3 (see Theorem 8.4).

Theorem 5.2. Let n = 3 be an odd integer and p = % Consider the ideal tri-
angulation X, of S3 \ K, described in Figure 13. Then for all angle structures

o =(ai,....cw) € Ax, and all h > 0, we have

* J
Zh(Xn,O[) :[JX;1(hsx)ezﬁXAXn(a)dx,

LMy, (@)
R+i o T

with

* the degree one angle polynomial
Hx, 0= ay —ay,
* the degree one angle polynomial

Ax,:o = 2(ay —ay + cy — bw),



Geometric triangulations and the Teichmiiller TQFT volume conjecture for twist knots 331

* the map

() T (o) = [ @y’ 2T 0n T P

v () Pe(yy + )P (V)
Dp(y]) - Pu(yp) 7

where
y’:y;,a:]ﬁ[(R— i (n—ak))xH(R-l— i (n—a,)),
T o 2R —uw  2nvh
T
Y =1
Yy
Yw |
[ —2pm
—Zn(kp—@)
an . 5
—p(p+ D
(P> +p+hnm
- ]T -
and
11 1 -1 0]
1 2 2 =2 0
Qn: . .
1 2 p —p O
-1 =2 -P P 3
0 0 0 1 0]

The reader may notice that indices corresponding to V' are missing in the integra-
tion variables. This comes from the change of variables x = y}, — y,, which makes
x replace the variable yj,. Simply speaking, we chose to make V' disappear rather
than U, because V' appeared a lot less than U in the defining gluing equations (see
end of Section 4).

Remark 5.3. Note that, if youfixsa >0andx € R + i (_#E’ #}7), the integration

contour ¥’ in the definition of Jx, (%, x) depends a priori on the angle structure o;
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however, since the integrand in Jy, (%, x) is a holomorphic function of the variables
in y’ on a neighbourhood of ¥’ in C?*2, it follows from the Bochner-Martinelli
formula (that generalises the Cauchy theorem, see [30]) and the fast decay properties
of this integrand at infinity that ¥’ could be replaced with a different contour. In this
sense, Jx, (A, x) is independent of the angle structure «. Nevertheless, picking the
particular contour ¥’ = ¥'(h, a) with the complete structure @ = o® will help us
prove the volume conjecture in Section 7.

Remark 5.4. The quantities jtx,, (o) and Ax,, () in Theorem 5.2 satisfy the following
relations with the angular holonomies corresponding to the meridian and longitude
curves my,, (o), Ix,, (o) from Section 4.2:

ux, (@) = myx,(«) and Ay, (a) = Ix,(a) + 2myx, ().

Hence, Ax, (@) is the angular holonomy of a curve on dv(K,,) that is equal in homo-
logy to the curve l)(}n = (i) U--- U (vi) (of Figures 14 and 15), thus Ay, () comes
from a preferred longitude of the knot, as expected in Conjecture 2.13 (1). Similarly,
Mx, (@) is associated to a meridian of the knot.

We will need two lemmas to prove Theorem 5.2.

Lemma 5.5. Let n = 3 be an odd integer and p = % For the ideal triangula-
tion X, of S\ K, described in Figure 13, the kinematical kernel is Kx, (t) =
expint T Qpt), wheret = (11, . . ., th tu, ty.tw) | € RXi and O, is the following
symmetric matrix with half-integer coefficients:

ot th—1 tp ty ty tw
n [ 1 1 1 1 -1 0 0
t2 1 2 2 2 -2 0 0
Q’n:zp_l | ) p—1 p—1|—=(p-=-1 0 0
tp 1 2 p—1 )4 —-p 0 0
tu -1 -2 —(p—-1) —p p+2 =3/2 1
ty 0 0 0 0 -3/2 1 -1/2
w L 0 O 0 0 1 —-1/2 0

Proof. Letn = 3 be an odd integer and p = % We will denote by

~ 3
t=@T),....tW) = t1,....tp.tu. ty . tw)" € R%x

a vector whose coordinates are associated to the tetrahedra (¢; for 7). The generic

vector in RX# corresponding to the face variables will be denoted by

2
X = (el,...,ep,ep+1,f1,...,fp,v,r,s,g,u)T c R,
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By definition, the kinematical kernel is

Kx, () = /dx l_[ 21 meMxoMUD§(x(T) — x1(T) + x2(T))
xz TEX -8(xa(T) — x3(T) + 1(T)).
Following Lemma 2.9 we compute from Figure 13 that

- ey CoigzwT —oizw T B
K t) = dx dw eZznt Rxe 2iTwW Axe 2intw ' Bt
Xn s

<cRXZ WER2(PHI)

where w = (wi,..., ww, W, ..., w{,V)T e R2(Pt3) and A is given in Table 2, while
matrices R and B are given by

el ep epr1 | 1 .. fp | r K g u
t 1 0
: 0 0
R= 1 0 1 ’
ty 0O -1 0 0 O
ty 0 0 0O 0 0 -1 0
w | 00 0 0 -1 |
..t ty tyv tw
wi 0 ]
wp 0
wy
wy
wy
B = w] 1
: 0
wp
wyy
wy, 0
wyy, | 1 ]

Careful computation yields that det(4) = 1 and that the inverse A~! is given in
Table 3.
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I
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1
Table 2. A.
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Wp
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Hence, following Lemma 2.9, we have

~ 1 S TT —1 z LT —1 ~
K ) = 2izt ' (—RAT'B)t _ eZtnt (—RA B)t‘
X, (1) Tdet(d)]

The lemma finally follows from the identity
20, = (—RA'B) + (—RA™'B)T,
where Q n 1s defined in the statement of the lemma. ]
The following lemma relates the symmetric matrix Q » to the gluing equations.

Lemma 5.6. Let n = 3 be an odd integer and p = "7_3 Let o = (ay, b1, c1, ...,
aw, bw,cw) € Sx, denote a shape structure. If we denote by Q, the symmetric
matrix from Lemma 5.5, C(a) = (c1,....cw) ", and T () = (ay — 7, ... ,dp — T,
T —ay.m—ay,w —aw)", then (indexing entries by k € {1,..., p} and U, V, W)
we have the vector equality

x~
Il
—

: k(s (@) = 2(p +2)m) + Yk jor—j (@)
20,T (@) + C(a) = k=p : ,
S
3Ax, (@) + w5(a) — 37
3r — ws(a)

where

© 1= wpt1(@) — ws(@) = (p(ws(@) =2(p + 2)7)

P
1
[ Wp— i 2 — =A
+ 2 Jop—i (@) + 27 = Sx, (@)
Jj=1

and Ax, (@) = 2(ay —ay + ¢y — bw).
In particular, for a € Ay, an angle structure, the vector of angles
k=1

—2n(kp — X&)

20,T(@) + Cla) = _k=r

(P*+ p+2)w — $Ax, (@)
3Ax, (@) — 7

T

only depends on the linear combination Ax, ().
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Proof. The lemma follows from direct computations. ]
We can now proceed with the proof of Theorem 5.2.

Proof of Theorem 5.2. Letn = 3 be an odd integer and p = "=3. We want to compute
the partition function associated to X, and prove that it is of the desired form. We
know the form of the kinematical kernel from Lemma 5.5. Let us now compute the
dynamical content. Let & = (ay, by, c1,...,aw,.bw.cw) € Ax,, i > 0 and t =
(Zl, .. Ip,tu,ty, tw)T S RX'%.

By definition, the dynamical content Dy, x, (t, ) is given by

Di x, (T, ) =
31 Bp
where
i
3k = q>b<tk —&(Tx) (r —ag)),
2nvh )
and 6(05) = (c1,....Cp,CU, CV, cw) ' as in the statement of Lemma 5.6. Now, we

can compute the partition function of the Teichmiiller TQFT. By definition,

Zy( Xy, ) = /de(Xn(f)i);,,Xn(f,a).
TeRXil
We do the following change of variables:
. yl’czzk—ﬁ(n—ak)forl <k<p
« Y =u+ ﬁ(n —a) forl e {U,V,W},
and we denote
V = (e Yy YU Y )

We also denote

7 :=1£[(R—2ﬂf<n—ak>) <[T(R+ ﬂf(ﬂ—az))

k=1 =U,V,W

the subset of C?73 on which the variables in §' will reside. Finally, we denote

271«/_

(o) := § -

T
=(a1—n,...,ap—n,n—aU,n—aV,n—aW) .
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as in the statement of Lemma 5.6. We can now compute

Zy(Xn, )
_ / di Ky, ©)Ds.x, (. o)
feRXi
=[dy’ chn( ﬂff(a))i)hx ( —ZM/—F(“) a)
V'€ o

OnT(a)+—= C(oc)T '~ 5= C@)TT (@)

/dy/eZHry/TQnYwL ZT @7 0n¥' 50
. Oy (yy) P (¥y) P (yyy)
Dp(yy) - Pu(yy)

* /d ) 2in§' T 0,3+ 2T @7 8,5 +=C@ Ty Po(yy) Po () Po (Vi)
ye
Dy (y}) -+ Po(yy)

VeV o
/dy,emny Oy +-L 'W(ot)—r ’cbb(yU)(Db(yV)cbb(yW)
Dy (yy) - Pu(yy)

if’e@;_a
where "W(oe) = 2an(a) + 5(0(). Now, from Lemma 5.6, we have

—2pm

2 (kp — KEZD)

W(a) = :
—p(p+ Dr
(P*+ p+2)m — 12x, (@)
%)an () —
e

We define a new variable x := y}, — y, living in the set

Yy =R+ (ay —avy),

i
2nvh
and we also define y’ (respectively ¥, ) exactly like §' (respectively 37;1 ) but with
the second-to-last coordinate (corresponding to the tetrahedron V') taken out. We
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finally define
[ W1 ] [ —2pm
Wk —2m(kp — H51)
W, = : = : (1)
Wa.p —p(p+ Dm
Wa.u (P> +p+Drm
_Wn,W_ L s i
and
11 1 -1 0]
1 2 2 20
On = : : (1b)
1 2 p —-p O
-1 -2 -p P 5
[0 0 0 45 0]

Notice that @, is obtained from Q~ » by the following operations:
e add the V-row to the U -row,
¢ add the V-column to the U -column,
¢ delete the V-row and the V -column,
and W, is obtained from "W(a) by the same operations on rows.
We can now use the substitution y;, = y;; + x to compute
2in§'" 0n¥' = 2in((y'T Qu¥' = pyy” = Yy yiw)
+ (P + 25" = 3vyry + 20p + v = yrw)
=2im(y"" Qny' — xyy — Xy +x%),

and
1

Vi

1

W Tar
W)y =

(W] + (5, @) — )

thus

25T B, +-L W) 5 Po(Vy) P (V) Do (V)
Z;,(Xn,a)é dy/eZHry ony +ﬁW(a) y b(yu)/b(yv) bSyW)
@y (y)) -+ Po(y,)
* / dix dy’ 20 O Xy ¥+ Jr Oy Hx G, (@-m)

()P (yy + X) P (yyy)
Dp(y}) - DPu(yy)

where the variables (y’, x) in the last integral lie in y;l’a X Zy;ga.
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Finally, we obtain that
N 1
Z(Xn, ) = / Ty, (h, x)e 2/ Xn @ g 5
x€R+ ﬁMXn (@)
where

Jx, (h,x) = [dy'eZi”(y/TQ"y/“(x_yb_y%/))eJlﬁ(y/TW”_”x)

Y’ CPo(y) Po(yy + X)Po(yyy)
Dp(y}) -+ Po(yy)

El

Y =Y, , and ux, () = ay — ay, which concludes the proof. [

We conclude this section with a slight rephrasing of Theorem 5.2, in the following
Corollary 5.7. Although the expression in Theorem 5.2 was the closest to the state-
ment of [3, Conjecture 1 (1)], we find that the following re-formulation has additional
benefits: the integration multi-contour is now independent of % and the integrand is
closer to the form eZS®) that we need in order to apply the saddle point method
(see Theorem 2.18, where A — oo should be thought of as 2w/ — 07T).

Corollary 5.7. Let n = 3 be an odd integer and p = % Consider the ideal trian-
gulation X, of S* \ K, from Figure 13. Then for all angle structures a € Ay, and
all h > 0, we have

Z3(X.) £ [ S, (b0 @ ax

R+ipy,, (@)

with the map

2mh

N 1 p+3 inQn)’-‘rix(x—yU —yW)+yTWn—rrx
dxn:(h,X)H( ) ye

27‘[\/% 7, ® ( yu )CD (YU+X)(D ( Yw )
X b 27[«/% b 27[«/% b 27[«/%
q>b(2;«l/t7)mq>b(2sz/ﬁ) ’

where x, , Ax,, Wn, Qn are the same as in Theorem 5.2, and
b4
Yo =[[R—i(x—a) x [ [R +i(x —ar)).
k=1 I1=UW

Proof. We start from the expressions in Theorem 5.2, and, with # > 0 fixed, we do the
change of variables y; = (Zn\/ﬁ)y]’- for j e{l,....p,U W}andx= QrA)x. m
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6. Partition function for the H-triangulations (odd case)

As stated in the introduction, this section is not essential for understanding the proof
of the volume conjecture in Section 7, and thus may be skipped at first read. However
similar this section looks to the previous Section 5, subtle differences remain in the
equations and calculations, and details should thus be read carefully.

Before stating Theorem 6.1, we compute the weights on each edge of the H-trian-
gulation Y;, given in Figure 12 (for n = 3 odd).

Recall that we denoted by ﬁ()), RN r;p—ﬁﬁ; n_d), ?n) € (Y,)! the p + 5 edges in
Y,, respectively represented in Figure 12 by arrows with circled O, .. ., circled p + 1,
simple arrow, double arrow and blue simple arrow.

For

o= (al,bl,CI,...,ap,bp,Cp,aU,bU,CU,aV,bV,CV,aW,bW,CW,aZ,bZ,CZ) ESYn

a shape structure on Y, the weights of each edge are given by

© @s(@) == wy,o(T5) =2ay + by +cv +aw +bw +az,

© O4(@) = wy, o) =bu +cu +cw + bz +cz,

o wole) := wy,o(M0) =2ay +c1 +2as + -+ + 2a, +ay + cw,

© 01(@) = w0y, (01) =251 + e,

* (@) 1= 0y, (%) = ck—1 + 20k + cppr (for2 <k < p—1),

© wp(@) := 0y, (lp) = cp-1 + 2b, + by + by + aw,

* Bp+1(@) = 0x,a(lpr1) = ¢ +cu +ay + ey +bw +bz +cz,
. 63;;(0() = a)Y,,,a(?n)) =az.

Note that some of these weights have the same value as the ones for X, listed in
Section 4 (and are thus also denoted by w; (), and some are specific to Y, (and are
written with a hat).

We can now compute the partition function of the Teichmiiller TQFT for the H-tri-

angulations Y, and prove the following theorem. We will denote by Sy,\z the space
of shape structures on every tetrahedron of Y, except for Z.

Theorem 6.1. Let n = 3 be an odd integer, p = % and Y, the one-vertex H-tri-

angulation of the pair (S3, K,,) from Figure 12. Then for every h > 0 and for every
T € Sy, \z X Sz such that wy, . vanishes on K, and is equal to 21 on every other
edge, one has

(K»)
lim @b(—” ¥y B

Zy (Y. ) = Jx, (1,0),
o mivh ) # (Y X (
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where Jx, is defined in Theorem 5.2.

Before proving Theorem 6.1, let us mention a useful result: the fact that @, is
bounded on compact horizontal bands.

Lemma 6.2. Let# > 0 and § € (0, 7/2). Then

Ms s = max b, (z
85 zeR+i[8,7r—8]| b( )|

is finite.

Proof. Leth > 0 and § € (0, w/2). By contradiction, let us assume that My ; = oo.
Then there exists a sequence (z,)nen € (R + i[8, m — 8])N such that

|@p(zn)| —— o0.
n—oo

If (N(zy))nen is bounded, then (z,),en lives in a compact set, which contradicts

the continuity of |®y|.
If (M(z))nen admits a subsequence going to —oo (resp. 00), then the image of
this subsequence by |®y,| should still tend to oo, which contradicts Proposition 2.6 (4).
]

Proof of Theorem 6.1. Letn = 3 be an odd integer and p = % The proof will con-
sist in three steps: computing the partition function Z (Y7, «), applying the dominated
convergence theorem in « — 7 and finally retrieving the value Jx, (%,0) ino = 7.

Step 1. Computing the partition function Z3(Y,,«). Like in the proof of Theorem 5.2

we start by computing the kinematical kernel. We denote by
A~ Y3
t=1(,..., Ip—1,1p, tu,tv,tw,tz) € R

the vector whose coordinates are associated to the tetrahedra (¢; for 7;). The generic
. 2 . . .
vector in RY7 which corresponds to the faces variables will be denoted by

A 2
X=(e1,....pt1s f1,.-0s fp, 0,188, g u,m) e RYn,

By definition, the kinematical kernel is

Ky, (t) = [ dx l—[ (2imeMXMUT) (10 (7Y (T + xo(T))
serr? TV +8(x2(T) — x3(T) + t(T)).
Following Lemma 2.9, we compute from Figure 12 that
Ky, () = /di dw e2imt ! 8% ,~2inWT H% ,~2inW " Di

KeRYr WeR2(P+4)
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where the matrix H is given in Table 4 and the matrices S and D are given by

el .. ep epr1 | S1 . fp|w r s s g u m

t 1 0

%)}
Il

<

o

o
coc oo
o oo
coc oo
c o oo

|

_

o
- o o o

131 tp ty ty tw tz

(W)
1
_S\
—

wy L 1]

Let us define S the submatrix of S without the m-column, H the submatrix of H
without the m-column and the wy -row, Ry this very wy-row of H, D the submatrix
of D without the wy-row, x the subvector of X without the variable m and w the
subvector of w without the variable wy . Finally, let us denote

ff oy (X) = eZirr(fTS—wVRV)x.

We remark that H is invertible (whereas H was not) and det(H) = —1. Observe that
since H and its inverse H ~! (which is written a little further) have integer coefficients,
their determinants are 1 or —1, which is enough for concluding that | det(H)| = 1 in
the following computations.
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g =) c o oo
N = o T oo
% o Tooo
% o 0001_
) — —_ 0 O —~
< = oo oo
> = oo —~ o
r/ﬂ, — — —
p—
<
=)
< —
A.I.T — —
.,D.
N
Vw. —
o
V)
_ —
V)
]
p N[~ N NSESSN-SNN
3 3|3 33 3 3 8

Table 4. H .
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Hence, by using multi-dimensional Fourier transform and the integral definition
of the Dirac delta function, we compute

KY (E) — /df( /dﬁ’ 2int ' Sk —ZZJTWTHX —217r TDt
n
ReRYA WeR2(PHH

— /dm/de dx dwezintzme—ZinwVvaeZirrfTSx

—2izw T —2izw T Dt
meR wyeR xeR27+7 weR2,+7 e 2imwW  HX ,—2izw ' Dt

_ 2intzm —2inw ! Dt —2inw ! Hx
_/dme z /de/dwe /dx Jiwy (X)e

meR wy ER weR2,+7 xeR27P+7

— 8(—t2)/de/dw e 2T D (f L Y (H W)

wy €ER weR2,+7

=9 IZ)/de |det(H)| F(F (S 0y )(H ' DY)
wy €R
= 8(_IZ)/de ff,wv(—H_lDf)
wy €R
= 5(—IZ)/de p2in@ T S—wy Ry)(—H~' DY)
wVE]R
= 8(_IZ)eZinfT(—SH_1D)E/de e_Zi”wV(—RVH_lDE)

wy €R

= 8(—17)e? 7t SHTIDEs(_ Ry 1 DY),

We can now compute H ! as in Table 5 and thus get —Ry H™'Dt =ty —ty —t7
and

nootn - tp—1 1 1y ty two otz
n 11 1 1 |o ~1 0 0 |

1 1 2 .- 2 2 0 -2 0 O

SH_ID—tp_l r 2 - p—1 p—-110 —(p—1 0 O

- = 1 1 2 .- p—1 P 0 —-p 0 O

ty -1 -2 -~ —(p—=1) —p 0 p+1 1 0

ty o o -- 0 0 —1 0 0 O

tw 0 0 0 0 0 0 0 O

tz 0 0 0 0 0 0 0 0
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/wZOO o|o olcoco T oo
/wwOO olo ol o o oo
/wvl2 + = —|+ + o oc oo
p N
/wUOO o|o olcocoo T o
& — A QU OR|— — QU
5 | I L2
T S —
/wp [ [
o
N — N A | — [o\Ig\|
EN < Il
= — — — —
s | | e < e I ]
T
— - N
ST 9 LT T L= =7 =
| [ wn
%}
2
- - - =
W12 + | — |+ +t oo o — %_a
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— — o
S —a + |~ —|+ +t o oo —~
p N
I — —
3 @ S [
.ﬂ —
wp |
o . o
N
3 (e
- — — — —
3 @ | [
L 1
-~ 8 F| o N 1_.pvrs/gu
(SR epw,zf ~ rm.f “

H ! =
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Since
tT(=SH™'D)t =tT Qut + (tv —tv)(t1 + -+ + ptp — pty),

where t = (t1,...,1,.ty,tw) and Q, is defined in Theorem 5.2, we conclude that
the kinematical kernel can be written as

Ky (f) — eZiﬂ(tTQnt"‘(fV_tU)(fl+"'+Ptp_PtU))8(_tZ)8(tU —ty —tz).

We now compute the dynamical content. We denote by
o = (a1, b1, c1,...,aw,bw,cw,az,bz,cz)
a general vector in Sy,,. Let # > 0. The dynamical content Dy, y, (t.a) is equal to

eﬁé(aﬁi Sudv3w

313p3z°

where 3 = ®p (tx — S(Tk)ﬁ(ﬂ —ay)), and é(a) =(C1,-.-,Cp,CU,CV CW,CZ) .
Let us come back to the computation of the partition function of the Teichmiiller
TQFT. By definition,

Zy (Y, ) = /df Ky, €) Dy, (. ).
teRY7
We begin by integrating over the variables 7 and ¢z, which consists in removing the

two Dirac delta functions §(tz) and §(ty — ty — tz) in the kinematical kernel and
replacing ¢z by 0 and 7y by 7y in the other terms. Therefore, we have

(S ) %)

_ ¢ ezintTQnteﬁ(cm +teptpt(cu+ev)tu +CWtW)H(t, ),

teR”t2
where t = (t1,....1p,ty.tw) and
TI(t, o, )
D+ St —av)) @yt + S —ay)) (1w + S (r —aw))
- Oy (11 — (v —an)) - @ty — 5 (1 — ap)) '
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Step 2. Applying the dominated convergence theorem for « — t. For the rest of the
proof, let
v =(aj,bi,ci,....az.b; ., c7) € Sy,\z X Sz

be such that w;(t) = 2x forall j € {0, 1,...,p —1, p}, ®;(r) =2 forall j €
{s,d,p+ 1} and @E(t) =al, =0.
Let § > 0 such that there exists a neighbourhood U of 7 in Sy, \z x Sz such that
for each o € U N Sy, the 3p + 9 first coordinates ay, ..., cw of o live in (8, @ — §).
Then foralle € U N Sy, forany j € {1,..., p,U,V, W}, and for any ¢t € R, we
have i
|eﬁ"f"q>b(z TR c-))il( < Mgy e 770N
e S
Indeed, this is immediate for # < 0 by Lemma 6.2 and the fact that ¢; > §. For ¢t > 0,
one has to use that b; > ¢ but also Proposition 2.6 (1) and (2) to remark that
j j i i Le))2
(e + z;—ﬁ(bf tep)| = |ou(~ + z;—ﬁwj +¢)) |G e

—1_(h:tec;
< Mg e ﬁ(b./ +cA,)t'

Consequently, we have a domination of the previous integrand uniformly over
uns Yo i.e.,

|ezinyTQnyeﬁ(Cltl+'“+Cpfp+(CU+CV)IU+CW1‘W)H(t’ a, h)l
< (M h)p+3e—ﬁ8(lt1|+-~-\tp|+2|tU|+|fW|)
foralla € U N Sy, and forall t € RP*2,

Since the right-hand side of this inequality is integrable over R?*2, we can then

apply the dominated convergence theorem to conclude that @y ( ;ﬂ;“;i)zh(yn, a)

tends to
dt eZi”‘T Qnteﬁ(cftl ety (el +eb )iy +c€VtW)H(t, . h)
teRP+2
as o € Sy, ,« — 7 (recall that ¢} denotes the ¢; coordinate of 7).
Step 3. Retrieving the value Jx, (f,0) in @ = t. Let us now prove that

. 1 T T T T T
/dt 2imt T Ont o (it t +Cpt”+(CU+CV)tU+CWtW)H(t, T, h) = Jx, (h,0).

teRP1+2
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We first do the following change of variables:
. y;’cztk—ﬁ(”_a@f(’rl <k <p,
.y =u+ ﬁ(n —aj) forl € {U W},
and we denote
Y =0y ) T
Note that the term

CDb(tU + 2”1—\/5(71 —af,))

will become .
i
‘Db(yb + m(afj —a{,)) = @,(yy),
since
ag —ay = (0s(v) —2m) + (0g(r) — 27) = 0.
We also denote by
Y, = ﬁ(R — L(Jt —a}é)) X H(R + L(JT — alt)),
’ kel 2R I<U.W 27 vh

the subset of C?*2 in which the variables in y’ reside.
By a similar computation as in the proof of Theorem 5.2, we obtain

/dteZintTQnte\}E(clftl+...+cf,tp+(c,rj+cf/)ty+cIEVtW)H(t . h)
teRP+2
;/dy/eZiny/TQny/+ng(r)Ty’ Dy () Po(yy) Po(yyy)
Dy (yy) - Pu(yy)

’

y’ei‘/;,.t
where for any a € Sy,\z, W() is defined as

W(e) :=20,T (@) + C(@) + (0,...,0,cy,0)7,

349

following the definitions of I'(«) and C(«) in the proof of Theorem 5.2. Hence, from

the value of Jx, (%, 0), it remains only to prove that W(t) = W,.
Let us denote by

A:(ulv"'vup’quuV’uW)'_)(ul""vup’quuW)

the process of forgetting the second-to-last coordinate. Obviously, C(x) = A(C()).
Recall from Lemma 5.6 that W(«) =20, ' (@) + C() depends almost only on edge

weights of the angles in X,.
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Thus, a direct calculation shows that, for any @ € Sy, \z, we have

0

Wia) = AW (@) + 0
cy —4(wr —ay) +3(r —ay) — (m —aw)
ay —ay

Now, if we specify o = 7, then the weights wy,, j (o) appearing in A(:W(Ol)) will
all be equal to 27, since

ws (1) = s (1) — c?)z: (1) =27

and
0p1(1) = Ba(2) + Bp11 (1) = 2 — 2 (1)) = 2.
Hence
_ 0 -
W) = W + 0
T —1Ax,(0) + ¢, — 4 —afy) + 3(w —al,) — (v —afy)
i ag —ay i

Recall that af; — aj, = 0, and remark finally that

1
T — EAXn(r) +cy —4(@ —ay) + 3w —ay) — (r —ay)
=3agy —2ay +ay + by —w
=2(agy —ay) + (ay — cyy)

= —(dg(r) —2m) — d)z(r) = 0.

Hence, W(t) = W, and the theorem is proven. ]

7. Proving the volume conjecture (odd case)

We now arrive to the final and most technical part of this paper, that is to say the proof
of the volume conjecture using detailed analytical methods. We advise the reader
to be familiar with the proofs and notation of Section 5 before reading this section.
Having read Section 6 is not as essential, but can nevertheless help to understand some
arguments in the following first three subsections. The main result is as follows.
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Theorem 7.1. Let n be an odd integer greater or equal to 3. Let Jx, and Jx, be the
functions defined in Theorem 5.2 and Corollary 5.7. Then we have

lim 2whlog|Jx, (h,0)| = lim 2xhlog|3x, (h,0)| = — VoI(S> \ K,).
h—0T h—0T

In other words, the Teichmiiller TQFT volume conjecture of Andersen—Kashaev is
proved for the infinite family of odd twist knots.

The proof of Theorem 7.1 will be split into several lemmas. The general idea
is to translate the expressions in Theorem 7.1 into asymptotics of the form of The-
orem 2.18, and check that the assumptions of Theorem 2.18 are satisfied one by one,
i.e., that we are allowed to apply the saddle point method. Technical analytical lem-
mas are required for the asymptotics and error bounds, notably due to the fact that we
work with unbounded integration contours.

More precisely, here is an overview of Section 7.

* Sections 7.1, 7.2 and 7.3. For the “classical” potential S, we check the prerequis-
ites for the saddle point method, notably that 9(S) attains a maximum of
—Vol(S$3\ K,) at the complete angle structure (from Lemma 7.2 to Lemma 7.8).
This part refers to Thurston’s gluing equations and the properties of the classical
dilogarithm.

* Section 7.4. We apply the saddle point method to the classical potential S on a
compact integration contour (Proposition 7.9) and we then deduce asymptotics
when the contour is unbounded (Lemma 7.10 and Proposition 7.11). This part is
where the analytical arguments start.

* Section 7.5. We compare the classical and quantum dilogarithms Li, and &}, in
the asymptotic b — 0% (Lemmas 7.12, 7.13, 7.14) and deduce asymptotics for the
quantum potential S}, (Proposition 7.15). This part, and Lemma 7.13 in particular,
contains the heart of the proof, and needs several new analytical arguments to
establish uniform bounds on an unbounded integration contour.

* Section 7.6. In order to get back to the functions Jy, and Jx, of Theorem 7.1,
we compare the two previous potentials with a second quantum potential S, related
to Jy, (Remark 7.16) and we deduce the corresponding asymptotics for S
(Lemma 7.17 and Proposition 7.18). This part uses similar analytical arguments
as the previous one, and is needed because of the particular construction of the
Teichmiiller TQFT partition function and the subtle difference between bLZ and %

* Section 7.7. We conclude with the (now short) proof of Theorem 7.1 and we offer
comments on how our techniques could be re-used for further works.

Let us finish this introduction by establishing some notation. For the remainder of

this section, n will be an odd integer greater or equal to 3 and p = ”2;3
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Let us now recall and define some notation.

*  We denote the following product of open “horizontal bands” in C,
P
U:=][®R +i(=7.0)x [[R+i(0.7)).
k=1 1=UW

an open subset of C?+2,

» For any angle structure = (ay,...,cw) € Ax,, we denote

p
Yo := [[R—i(r —aw) x [[R +i(x —a).
k=1

I=UW

352

an affine real plane of real dimension p + 2 in C?*2, contained in the band U.

«  For the complete angle structure «® = (ay, ..., c%,) € Ay, (which exists because

of Theorem 4.1), we denote
yo = 0.

*  We define the potential function S: U — C, a holomorphic function on p + 2

complex variables, by

S(y) =iy  Qny + ¥ Wy +iLiz(=e”') 4 --- + i Lis(—e’?)

—2i Liy(—e”V) — i Lip(—e*W),

where Q, and W, are like in Theorem 5.2.

7.1. Properties of the potential function S on the open band U

The following lemma will be very useful to prove the invertibility of the holomorphic

hessian of the potential S.

Lemma 7.2. Let m = 1 an integer, and Sy, Sy € My, (R) such that Sy is symmetric

positive definite and S, is symmetric. Then the complex symmetric matrix S1 + iS>

is invertible.

Proof. Let v € C™ such that (S + iS2)v = 0. Let us prove that v = 0.

Since S; and S are real symmetric (hence hermitian), we have
37810, Sv €R.
Now, since (S; + iS2)v = 0, then

0=0"(S1+iS)v="10"Siv+iv' Sy,

thus, by taking the real part, we get 0 = &' Sjv, which implies v = 0 since S is

positive definite.
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We can now prove that the holomorphic hessian is non-degenerate at each point.

Lemma 7.3. Foreveryy € U, the holomorphic hessian of S is given by:

Hess(S)(¥) = (o) )
€SS =
y 0y;0yx j,ke{l,...,p,U,W}y
—1
= 0 0 0
=2i j —1 :
2i0n + i 0 e (2) 0
0 0 T+e U (1)
0 0 0 TFeow

Furthermore, Hess(S)(y) has non-zero determinant for everyy € U.

Proof. The first part follows from the double differentiation of S and the fact that
dLiz(—e”
L (=e") _ o1+ &%)
dy
fory € R £i(0, ) (note that y € R 4 i (0, ) implies —e” € C \ R).
Let us prove the second part. Let y € U. Then J(Hess(S)(y)) is a symmetric
matrix (as the sum of Q, and a diagonal matrix), and

R (Hess(S)(y))

—(i5557) 0 0 0

= 0 —Six=7 1) 0 0

0 0 —(557) 0

0 0 0 - (i)

is diagonal with negative coefficients (because J(y1),..., I(yp) € (—m, 0) and
S(yv),S(yw) € (0,7)). Hence, it follows from Lemma 7.2 that Hess(S)(y) is invert-
ible for every y € U. ]

The following lemma establishes an equivalence between critical points of the
potential S and complex shape structures that solve the balancing and completeness
equations.

Lemma 7.4. Let us consider the diffeomorphism

Vo= ( [Tvr ): (R + iR=0)?*? — U,

Te{Ty,...Ty,UW}
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where Y was defined in Section 2.4. Then  induces a bijective mapping between
{y € U;VS(y) = 0} and
{z=(z1.....250.2u.zw) € R+ iR50)?*? |
€x,,0@) N+ NEx, p-1(Z) A gi’on’p—f—l(z) A 8}0(3,,s(z)}7
where the equations Ex, 0(z), ..., Ex,, p—1(Z), 8§Z,p+1(z), €y, s(z) were defined at
the end of Section 4.
In particular, S admits only one critical point y® on U, corresponding to the

complete hyperbolic structure z° on the geometric ideal triangulation X, (adding Z?,

equal to Z?] ).
Proof. First we compute, for everyy € U,

91S(y) —Log(1 4+ €”1)

VS(y) =1 8,S() | =2iCnY + W +i| —Log(l + )
du S(y) 2Log(1 + e¥?)
awS(y) Log(1 + e?V)

Then, we define a lower triangular matrix

1 y2 y3 Yp | YU YW
yw [ 1 ]
y2 -2 1 0
¥3 1 -2 1
A= € GLy12(Z).
o 1 =2 1,0 0
yu 1 1 0
yw oL 0 00 1 |

and we compute

2i(y1+--+yp—yu)—2np—iLog(l+e’1)
—2iy1+27+2i Log(14+e”1)—i Log(1+¢72)
27w —i Log(1+e”')+2i Log(1+€”2)—2iy,—i Log(1+e€”3)

A-VS(y)=| 27 —iLog(1+e”*1)+2i Log(1+e”*)—2iy;—i Log(1 +eY+)

2m —i Log(14e”’72)+2i Log(1+e”»')—2iy, 1 —i Log(14e’7)
w—i Log(14e?7)+2i Log(1+e?V)+iyw
w+iyy +i Log(1+e?W)
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For 1 < k < p, by denoting yx = Y1, (z), we have

Log(zg) = yr + im,
Log(z;) = —Log(1 + e’%),
Log(z;) = Log(1 + e™”%),
and for / = U, W, by denoting y; = ¥'1,(z;), we have
Log(z;) = —y1 +im,
Log(z)) = —Log(1 + ¢ ™),
Log(z;') = Log(1 + 7).

Hence, we compute, for all z € (R + iR~)? T2,

Log(z})+2Log(z1)+---+2Log(zp)+2Log(zy)—2in
2Log(z])+Log(z5)—2in
Log(z})+2Log(z5)+Log(z5)—2in

A-(VS(Y(z) =i Log(z,_,)+2Log(z}) +Log(z; ) —2ix

Log(z, ;) +2Log(z, ) +Log(z,)—2ix
Log(Z;,) +2Log(z,)—Log(zw)

Log(z}y)—Log(z)

This last vector is zero if and only if one has
€x,,02) N+ AEx, p-1(2) ANEY, ,11(2) N EY ((2).
Since A is invertible, we thus have

(z € (R+iR=0)"*? and Ex,,0(2) A -+ A Ex, p-1(2) A EY ,,1(2) AES, ((2))

= (W(z) € Uand (VS)(w(z))) = 0. [
Let us now consider the multi-contour
D
Y =Yoo = [[R—i(r—ap) x [ [R +i(x —a})).
k=1 I=Uw

where a® € Ay, is the complete hyperbolic angle structure corresponding to the com-
plete hyperbolic complex shape structure z°. Notice that y° € ¥° c U.
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We will parametrise y € Y¥° as

1 x1 +id}
y=|:|= : =x+id°,
yw xw +idy,
whered,? =—(n—a2) <Ofork=1,...,pand d? =71—a? >0forl =UW.
For the scrupulous readers, this means that d° is a new notation for I"(«?), where
I"(cr) was defined in Section 5. Notice that ¥% = R?*2 4 id® ¢ C?*2 is an R-affine
subspace of C?*+2,

7.2. Concavity of S on each contour ¥,

Now, we focus on the behaviour of the real part .S of the classical potential, on each
horizontal contour Y.

Lemma 7.5. For any a € Ay, the function RS: Y, — R is strictly concave on Y.

Proof. Let a € Ay, . Since RS: Y, — R is twice continuously differentiable (as a
function on p + 2 real variables), we only need to check that its (real) hessian matrix
(NS|y,)” is negative definite on every point X + id € Y,.

Now, since this real hessian is equal to the real part of the holomorphic hessian of
S, it follows from Lemma 7.3 that for all x € R?12, this real hessian is

&1 0 0 0
(RS]y,)" (x + id) = R(Hess(S)(x +id)) = | ¢ = 0 o |

0O - 0 %y O

0 --- 0 0 Fw
where :

&k = —;s(—l = e—xk—idk>

The matrix is diagonal with negative coefficients, since dj, ..., dp € (—m,0) and
dU,dW € (0, 71).

In particular, (RS]|y,)” is negative definite everywhere, thus RSy, is strictly
concave. ]

7.3. Properties of %S on the complete contour ¥°

On the complete contour ¥°, the function S is not only strictly concave but also
admits a strict global maximum, at the complete structure y°.
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Lemma 7.6. The function RS: ¥Y° — R admits a strict global maximum on y° € Y°.

Proof. Since the holomorphic gradient of S: U — C vanishes on y° by Lemma 7.4,
the (real) gradient of 9.5 |yo (which is the real part of the holomorphic gradient of S)
then vanishes as well on y, thus y? is a critical point of RS |yo.

Besides, .S |yo is strictly concave by Lemma 7.5, thus y? is a global maximum
of RS|yo. (]

Before computing the value %S (y®), we establish a useful formula for the poten-
tial S.

Lemma 7.7. The function S: U — C can be re-written

S(y) =i Lip(—e”!) + +++ + i Lip(=e”?) + 2i Lip(—e™"V) + i Lip(—e ")
2

2
T
+iy " Quy + ivE +inW +y'W, +i7.

Proof. We recall the well-known formula for the dilogarithm (see Proposition 2.3 (1)):
A . 2 1 2
le(—) = —Liy(z) — < ELOg(_Z) forallz € C\ [1, 4+00).
z
We then apply this formula for z = —e”? for [ € {U, W} to conclude the proof. =

We can now use this formula to prove that the hyperbolic volume appears at the
complete structure y?, in the following lemma.

Lemma 7.8. We have
R(S)(y?) = —Vol(S> \ Ky).

Proof. From Lemma 7.7, for ally € U we have

S(y) =i Lia(—e”') + --- + i Lia(—e”?) + 2i Lia(—e™7Y) 4+ i Lio(—e™”W)
y2 7.[2
+iy" Quy + ivE + iTW +y"W, + i

thus
R(S)(¥) = — I(Liz(—e)) —--- — J(Liz(—e”7))
—23(Lia(=e 7)) — I(Liz(—e™"))
2

N y
— «S(yTQny + 35 + 7W> + Ry " Wa).
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Recall that for z € R + iR, the ideal hyperbolic tetrahedron of complex shape z
has hyperbolic volume D(z) = J(Li(z)) + arg(1 — z) log|z| (where D is the Bloch—
Wigner function). Note that for z = z; = —e”* (with 1 < k < p), we have

arg(l — z)log|z| = —cpxx
and for z = z; = —e ! (with [ € {U, W}), we have

arg(l — z)log|z| = byx;.
Thus, fory € U,

R(S)(¥) = = D(z1) —++- = D(zp) =2D(zy) — D(zw)
—c1X1 — - —CpXp + 2byxy + bwxw
- 2XTQnd —2dyxy —dwxw + XTW,,.
Recall that z° is the complex shape structure corresponding to the complete hyper-
bolic structure on the ideal triangulation X,, where z{, is the complex shape of both
tetrahedra U and V' (because of the completeness equation zyy = zy ). Thus
—Vol(S*\ K») = =D(z7) —--- = D(z,) — D(zp) — D(zy) — D(z,)
= —D(z}) —--- = D(zp) = 2D(z3)) — D(z).

Hence, we only need to prove that (x°)T - 7 = 0, where

—c¥ 0
7= - + W —20,d°+| o

213?, —2%;}

bW _dW

Since dlo = — a? = b? + clo for/ = U, W, we have
cf

7T=—| o

Cp

2¢p;

0
Cw

+ W, —20,d°.

It then follows from the definitions of ‘W, 'W,,, f, C ,d? and their relations estab-
lished in Sections 5 and 6 that 7 = 0. More precisely, define for instance

P =a’® (0,0,7) € Sy,\z x @,
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which satisfies the assumptions on t in Theorem 6.1 (as can be checked by computing
the weights listed at the beginning of Section 6). Then recall from the end of the proof
of Theorem 6.1 and the fact that (a§,, by, cfy) = (a}, b}, c}) that

W, = W(r°) :=20,T (% + C(° + (0.....0,c%.0)T
= 2Q,,d0 + (c?, el 02,2(:?],(:0W)T,

and thus 7 = 0. The readers having skipped Section 6 can instead use the identity
W(x) =20,T (o) + C(x) at the end of Section 5 to arrive at the same conclusion. =

7.4. Asymptotics of integrals on ¥°

For the remainder of the section, let 7o >0 and y ={y e ¥° | |y —y° || < ro}
a p + 2-dimensional ball inside ¥° containing y°. We start with asymptotics of an
integral on this compact contour y.

Proposition 7.9. There exists a constant p € C* such that, as A — oo,

/ dye™® = p)="3% exp(AS(¥*) (1 + 04-00(1)).

Y
In particular,
1
—log /dy MO 5 RS(y%) = — VoI(S? \ K).
A A—>00
%

Proof. We apply the saddle point method as in Theorem 2.18, withm = p + 2, y" =
v,z2=y,z2°=y% D =U, f =1and S as defined in the beginning of this section.
Let us check the technical requirements:

0 is an interior point of y by construction,

*y
* max, RS is attained only at y° by Lemma 7.6,

+ VS(y% = 0byLemma 7.4,

» detHess(S)(y%) # 0 by Lemma 7.3.

Thus, the first statement follows from Theorem 2.18, with

p+2

(2m) 2 g
/detHess(S)(y?)

The second statement then follows from immediate computation and Lemma 7.8.

Cc*.
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Now, we compute an upper bound on the remainder term, i.e., the integral on
Y0\ y the whole unbounded contour minus the compact ball.

Lemma 7.10. There exists constants A, B > 0 such that for all A > A,

/ dy M@

Yoy

AM
< Be™™,

where M := maxy, RS.

Proof. First we apply a change of variables to p 4+ 2-dimensional spherical coordin-

ates
ye¥\y < r7 € (rg,00) x SP*1,
which yields
[e.e]
/dy M) — /dVOlSp+l /rp—HeAS(r?)dr
:yO\y Sp-H ro
forall A > 0.

Consequently, we have for all A > 0:

' / dy SO

y()\y

o0
< Vol(SPTY)  sup /r”“e“ﬁ(s)(’?) dr.
Tesrtl Yo
Letus fix 77 € S?*! and denote by f = fz =0 N(S)(r77)) the restriction
of M(S) on the ray (rg, 00) 7. Let A > 0. Let us find an upper bound on
o0

/ pPHLAL() g4

ro

Since N(S) is strictly concave by Lemma 7.5 and f is its restriction on a convex
set, f is strictly concave as well on (rg, +00) (and even on [0, +00)). Now, let us

consider the slope function N: [rg, +00) — R defined by N(r) := f(’r):—fo(m) forr >
ro and N(ro) := f'(ro). The function N is C! and satisfies N'(r) = f/(:)_—_rév(r) for
r > rg. Now, since f is strictly concave, we have f'(r) < N(r) for any r € (rg, 00),

thus N is decreasing on this same interval. Hence,

o o o0
/ PPHLALC) o — A (F0) / PPHLANGI—r0) ) < AS (7o) / DL AN(rO)r—r0) 4 .

ro ro ro
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Note that N(ro) = f'(r¢) < 0 by Lemmas 7.5 and 7.6. Using integration by parts, we
can prove by induction that

0 p+1

/rp—i-le)LN(ro)(r—ro)dr — W Z( 1)p+1 k(P + 1)! NG ))k
kS k=0

Moreover, N(ro) = f'(ro) = ((VR(S))(ro77); 77 ), and since S is holomorphic,
we conclude that (77 +— N(ro) = fin, (ro)) is a continuous map from S?T1 to R_y.

Hence, there exist my, m» > 0 such that 0 < my < |N(ro)| < m for all vectors 7j €
Sp+1

We thus conclude that for all A > we have the (somewhat unoptimal) upper

miro’
bound:
o
I (p+ 1! - D!
/rlH‘leAf(r)dr < elf(ro) (AN(}, ))p+2 Z( 1)p+1 —k (AN( ))k
ro 0 k=0
I (p gl
Afro)| &~ Z p+1—k k
Se (-1 —— 7 @AN(ro))"r
+2
(AN(ro))7+2 &
p+1
<! DN k
< NG Z(p + DU ANGo)rol
(»+ 2)'|AN(r0)r0|P+2
< M0 NGO = (p+2)! ré}—i-ze/lf(ro).
Now, since
o
/rp+lelf7(r) dr < CeM )
ro
forall A > —— e forall 77 € SP*! and with the constant C > 0 independent of A and

n , we can finally conclude that

o0
’ /dy MO < Vol(sPT1)  sup /‘rp“e'lm(s)(’_”))dr < C Vol(SPH)erM
T esr+l
y()\y n ro
for all A > — P where M = maxy, NS. This concludes the proof, by putting A4 :
and B := C Vol(SP*1), n

mlr()
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Finally, we obtain the asymptotics for the integral on the whole contour ¥°.

Proposition 7.11. For the same constant p € C* as in Proposition 7.9, we have, as

A — 00,
/ dy = pA= 3 exp(AS(YO)(1 + 03500 (1)
yO
In particular,
1
)—Llog /dy MO 5 RS(y0) = — VoI(S3 \ K).
A—>00

y()

Proof. As for Proposition 7.9, the second statement immediately follows from the
first one. Let us prove the first statement.
From Lemma 7.10, for all A > A, we have

/ dy e*S®)

Yoy

AM
< Be™™.

Then, since M < R(S)(y°) by Lemmas 7.5 and 7.6, we have

/dy MO = 0/1—)00(/\_%’_2 exp(AS(y?))).
YOy

The first statement then follows from Proposition 7.9 and the equality

/dy A = /dy S +/dy MW, L]
Yo 14 YOy

7.5. Extending the asymptotics to the quantum dilogarithm

Let us now introduce some new notation.

*  We let R denote any positive number in (0, ), for example 7/2. Its exact value
will not be relevant.

*  We denote 1; = (R, 00), I := (—00,—R), Ag the closed upper half circle
of radius R in the complex plane, and Qg := I, UAgr U [ I"{ . Remark that we
can replace the contour R + 0" with Q in the definition of ®y, by the Cauchy
theorem.

* For § > 0, we define the product of closed “horizontal bands” in C

D
Us = [[R +i[~7 +8.=8) x [ [R + i[8. = - 8)),
k=1 I=UWwW

a closed subset of U.
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» For b > 0, we define a new potential function S,: U — C, a holomorphic function
on p + 2 complex variables, by

, Dy (2L-)> Dy (32
Sp(y) = lyTQny + yT'Wn + 27b? Log( 27b 27b )
o (an q)b(an

where Q, and ‘W, are like in Theorem 5.2.

The following lemma establishes a “parity property” for the difference between
classical and quantum dilogarithms on the horizontal band R + i (0, ).

Lemma 7.12. Forallb € (0,1) andall y € R +i(0, 7),

%<L°g<¢b(2ny_b>) <27rb2 f2(~e” y)>)
= ER(L(’g(cpb(znb)) (2nb2 Li2(= ey)))

Proof. Letb € (0,1)and y € R +i(0, ).
From the fact that Li, is real-analytic and Proposition 2.3 (1) applied to z = —e”,

we have
—i . 5 — i . —y
3ob? Li(—e™) = b2 Liz(—e™)
l' 7.[2 y2
= CLin(—e¥y = _)
2nb2( 2(=¢) = =3
_ .2
I A S S
2mb? 12b2  47b2

Moreover, from Proposition 2.6 (1) and (2), we have

CDb(z_jb) = (Db(lz_Tyb) = @b(zi—b) exp(—l —(b% 4+ b~ 2)) exp(—ln(zib)z)

Therefore,

Log(@b(znyb» (271b2 L12( e y))
i 5

:Log(@b(ﬁ)) (2 2 Liy (— ey)) 12b,

and the statement follows. n

As a consequence, we can bound uniformly the difference between classical and
quantum dilogarithms on compact horizontal bands above the horizontal axis.
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Lemma 7.13. Forall § > 0, there exists a constant Bg > 0 such that for all b € (0, 1)
andally e R+ i[8, m — 4],

m(LOg(q)b(zzyrb)) - (2712 LiZ(_ey)))‘ < Byb®.

Moreover, Bg can be chosen of the form Bs = C/§ + C' with C,C' > 0.

The proof of Lemma 7.13 is quite lengthy, but contains relatively classical calcu-
lus arguments. The key points are the fact that J(y) is uniformly upper bounded by a
quantity strictly smaller than 7, and that we can restrict ourselves to y € (—o0, 0] +
i[§, m — 4] (thanks to Lemma 7.12) which implies that R (y) is uniformly upper
bounded by 0. The necessity of this last remark stems from the fact that the state
variable y must be integrated on a contour with unbounded real part in the definition
of the Teichmiiller TQFT, whereas the contour is usually bounded when studying the
volume conjecture for the colored Jones polynomials. Compare with [1, Lemma 3].
The parity trick of Lemma 7.12 and its application to an unbounded contour are the
main technical novelties compared with the methods of [1].

Proof. Let 6 > 0. In the following proof, y = x + id will denote a generic element

in (—o0,0] 4+ i[§, m — 4], with x € (—00,0],d € [§, m — §]. We remark that we only

need to prove the statement for y € (—oo, 0] + i[§, & — §], thanks to Lemma 7.12.
We first compute, forany b € (0,1) and y € R + i[§, w — 4],

v
Logo (L) = [ pCid
27h 4w sinh(bw) sinh(b~1w)
U)EQRb
_ / exp(—iZ*)dv
) 4vsinh(b2v) sinh(v)
vEQR
1 [ exp(—i%)) (vb?)
= — v,
b2 J 4v2sinh(v) sinh(vb?)

VEQR

where the first equality comes from the definition of @, (choosing the integration

contour €2 gp), the second one comes from the change of variables v = % and the last

one is a simple re-writing.

Next, we remark that there exists a constant og > 0 such that |(Sin}'f(v))” | < op for

all v € R U Dg, where Dg is the upper half disk of radius R. Indeed, note first that
sinh is nonzero everywhere on R U Dg. Then a quick computation yields

v rou(l+ cosh(v)?) — 2sinh(v) cosh(v)
(sinh(v)) N sinh(v)3 ’
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which is well defined and continuous on R U D, has a limit of —1/3 at v = 0 and has
a zero limitin v € R, v — £00. The boundedness on R U D i follows.
Now, it follows from Taylor’s theorem that for every b € (0, 1) and every v € Qpg,

(vb?)

——— =1+ (vb*)*e(vb?),
Sinh(ub?) — | T (07D

where
1

e(vb?) = /( — )( e ))//(vbzt)dt.

0

It then follows from the previous paragraph that |e(vb?)| < og for every b € (0, 1)

and every v € Qpg.
Recall from Proposition 2.3 (2) that for all b € (0, 1) and all y € R + i[§, w — 6],

1 [ exp(—i?) —i

— dv = Lis(—e”).
b2/402 sinh(v) YT 22 i2(=¢”)
vEQR

Therefore, we can write forallb € (0,1) and all y € R 4+ i[5, 7 — §]:

y 1 [exp(—iZ? (vb?)
L0g<q)b<2nb>> (271b2 Liz(= e)’)) T2 ) 42 sinh(v) (sinh(vbz) B 1) dv
VEQR
1 exp(—i 2 ) = 5
N ?/ 42 smh(v) @b e(vbT)dv

vEQR

2 2, €Xp(—i > )
=b / b)  Sinh (o) 4s1nh(v)

veQR
Now, it suffices to prove that the quantity
([ ooria)
4 smh(v)
veQR

is uniformly bounded on y € (—0c0,0] + i[8, 7 — 6], b € (0, 1). We will split this
integral into three parts and prove that each part is uniformly bounded in this way.
Firstly, on the contour I;, we have forallb € (0,1) andall y € R 4+ i[5, 7 — §]:

2, €Xp(—i 2)XPIT)
'm( /E(”b)4smh(v) ) /(b)451nh(v) ‘

vel;{ UGIR
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o0
exp(—i £~
s/|e(vb2)||p,—")|dv
4 sinh(v)
R

T
S— | —o7—dv

R

_SR
JTORE 7w
28(1 — e2R)’

where in the last inequality we used the fact that e 2R v < sinh(v) for all v = R.
Secondly, on the contour I, we have similarly for all b € (0,1) and all y €

R+, -4
exp(—i %)
/6( ) 4 sinh(v) dv

yv)
¢ 2N " m’
Jf( / (v b) 4smh(v) dv)‘ <

vely, vell;

exp(—i 22|
/'6( 4| A sinh(o)] "

Ie p(i 2l
/'6(_ 4smh(v) Tsinh(v)

—S)v
)

OR exp(
4 sinh(v)
R

T
OR
T/—l_e_zRevdU
R

/A

/N

2

2(1 —e™2R)
~ 4sinh(R)’

Finally, to obtain the bound on the contour A g, we will need the assumption that
y € (—00,0] + i[6, m — 8], since the upper bound will depend on % (y). Moreover,
we will use the fact that since | sinh | is a continuous nonzero function on the contour
AR, it is lower bounded by a constant sg > 0 on this countour. We then obtain, for all
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be(O,l)andallye(—oo 0]—|—i[8 T =4

exp(—i 2 exp(—i )
‘f)t( /e(vbz) 4s1nh(v) )‘ ‘ f @ bz) 4 sinh(v) '

vEAR
22|
/' (vb 4|smh( )| I sinh(o)] OV

vEAR

< ;—’; [exp(m(—i);[—v)) dv
— OrR eXp<5}i(y)f3(v) + S(y)iﬁ(v))d

4sp T
vEAR

(0 + (7 —S)R)
T

/N

O—R(ﬂR) exp
4sp

ormReR

< ’

4SR

where the fourth inequality is due to the fact that 9i(y) <0, J(v) = 0,0 < J(y) <
7 —38and N(v) <R
The lemma follows, by taking for example the constant
JmRe_s?R L OR n ormReR
28(1 —e~2R) * 4sinh(R) 4sg

The following lemma is simply a variant of Lemma 7.13 for compact horizontal

Bg =

bands with negative imaginary part.

Lemma 7.14. For all § > 0, there exists a constant Bs > 0 (the same as in Lemma
7.13) such that for allb € (0,1) and all y € R —i[§, 7w — §],

‘m<L0g(¢b(2zyrb)) (271b2 Liz(=e )))| < Bsb”.

Proof. The result follows immediately from the fact that Li,(-) = Lix(-), Proposi-
tion 2.6 (2) and Lemma 7.13. ]

The following Proposition 7.15 will not actually be used in the proof of The-
orem 7.1, but fits naturally in the current discussion.

Proposition 7.15. For some constant p' € C*, we have, asb — 07,

: 2
/dyeznbz Se(y) /dye’yTQ’;yT:}yTW” Db (55)” Po (575
Dp(375) - @ (27rb

Yo Yo
52780 1 pt2
— ¢ 27mb (p b (1 + 0b—>0+ (1)) + Ob—)()+ (1))
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In particular,

27b? log / dye 22 $o)

y0

—— RSy = —Vol(53\ Kp).
b—>0+

Proof. The second statement follows from the first one from the fact that the beha-
viour of

(P'BPT2(1 + 0y 0+ (1) + Opgt (1))

is polynomial inb as b — 0.
To prove the first statement, we will split the integral on ¥ into two parts, one on
the compact contour y from before and the other on the unbounded contour ¥° \ y.

First we notice that there exists a § > 0 such thatforally = (y1...., yp. Yu.Yw)
in ¥°, I(y1),...,3(yp) € [=(r —§), =48] and I(yv), I(yw) € [§, ¥ — §]. From
Lemmas 7.13 and 7.14, if we denote ({1,...,8p, Cu.Cw) == (—1,...,—1,2,1), it

then follows that

m(z leSb(y) 2 bZS(y))‘

(ZEJ(LOg(%(znb)) (2nb2L12( eyj)»)‘
imw«wg@«m» (sraetie)|

< (p + 3)Bsb>.

Let us now focus on the compact contour y and prove that

_1 _1 0
[dyeh#&@)=ehﬂmykﬂwﬁal+0mm+0»+*%am4nl
Y

From Proposition 7.9, by identifying A = 2 and p' := ,0(271)1%r2 it suffices to
prove that

_1_ 0
/ dy 3750 (ozaz b W=5W) _ 1) _ ,zz 560 gy

14

This last equality follows from the upper bound (p + 3)Bsb? of the previous para-
graph, the compactness of y, and Lemma 7.6.
Finally, let us prove that on the unbounded contour, we have

1 1 0
/dyeh#&“)=enﬂsw’0mm+uy

Yoy
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Let A, B be the constants from Lemma 7.10. From the proof of Lemma 7.10, we have
that, for all b < (2w A)~1/2,

/dyen‘bzm(sxy) < Benr M
y()\y

Moreover, for all b € (0, 1) andy € Y%\ y, we have e2nb2 RSWI=SB) < o (p+3)Bsb?

Let us denote v := w. Thus, for all 5 > 0 smaller than both (2774)~/2 and

1/4
(zﬂ(pi3)38) /4 we have
‘ /dyezjgbzsb(y) _ ' /dyem‘sz(y)eMgz(sb(y)—S(y))
Yo\y Yo\y
- / dy e 37 MO 5 L RS @)-5@)
YOy
< BeanzM (0 +3)Bsb? < g5z (M+V)
_1_g(y0
= eanZS(y )Ob—>0+(1)’
which concludes the proof. u

7.6. Going from b to A

Recall that for every b > 0, we associate a corresponding parameter
h:=b(1+b>)7%>

For b > 0, we define a new potential function S}: U — C, a holomorphic function
on p + 2 complex variables, by

(27“/,)2 (y[)
)

So(¥) =iy T Quy + 7 Wy + 2h Log( e
2nf b 2nf

Py, (-2

where 0, and W, are like in Theorem 5.2.

Remark 7.16. Notice that

1 p+3 1w
300,01 = |(57)" [y estesi),
y()

Indeed, this follows from taking t = 7% in Theorem 6.1, where 7° is defined at the
end of the proof of Lemma 7.8.
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The following Lemma 7.17 will play a similar role as Lemmas 7.13 and 7.14, but
its proof is fortunately shorter.

Lemma 7.17. For all § € (0, Z), there exists constants cg, Cs > 0 such that for all
be(0,c5)andally € R 4+ i([—(x —§),—6] U [§, m — §]), we have

n _l s y(1+b2) . —l 227 [y ) -
Sh<(2ﬂb2 Liz(—e )) <2nb2(1 + b%)” Liz(—e ))) < Gs.
Proof. Let§ € (0, Z). Let us define

. ]
Kl )

(m =8 +c3)=m—-6/2.

so that

We consider the function
(x,d,u,b) > | Log(1 + e THid)A+ub?)y

which is continuous and well defined on [—1, 0] x [§, # — 8] x [0, 1] x [0, cs]; indeed,
since
d(1+ub®) < (x =8 (1 +c¢5)=n—8/2 <,

the exponential will then never be —1. Let us denote by Ls > 0 the maximum of this
function.
Let us define

A(b, y) := J(Lin(—e*172)) — (1 4 b?)? Lip(—e”))

forallbe (0,1)and all y € R 4+ i([— (7w —§), =] U [6, w — §]).

We first remark a parity property like in Lemma 7.12. Indeed, it similarly follows
from Proposition 2.3 (1) that A(b, y) = —A(b,—y) = —A(b, ) = A(b, —y) for all
be(0,1)andall y € R 4 i([—(w —§), —8] U [8, w — §]). Thus, we can consider that
y € Rgo + i[8, @ — §] in the remainder of the proof.

It then follows from Taylor’s theorem that for all b € (0, 1) and all y € R¢o +
i[6, 7 — 4],

1
A(b,y) = 3(—(/L0g(1 + ey(1+”b2))(—yb2)du) —(2b% + b4)Li2(—ey))
0
1

= —bz;“s(y(/Log(l + ey(1+"b2))du) + (24 b?) Liz(—ey)).
0
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We will bound |¥b’2y)| separately for f(y) € [—1, 0] and then for R(y) € (—oo0, —1).
Firstly, we have, forall y € [—1,0] + i[§,7 — ] and all b € (0, c5),

‘A(b,y)

1
S < i [ 1nog -+ 0 an) + @+ 67 i)
0

< V1+ (w—68)2Ls + 3Ly,

where L is the maximum of (x,d) + |Liz(—e”)| on (—00,0] x [§, 7 — §].

Secondly, let y = x 4+ id € (—oo,—1] +i[6, 7 — 8] and b € (0, cs). For all u €
[0, 1], we have |e?1+46%)| < [ therefore (from the triangle inequality on the Taylor
expansion):

ex(1+ub2) 2x

e
1 — ex(1+ub?) 1 — e2x°

|Log(1 + ey(1+"b2))| < —log(l— |ey<1+”b2)) = log(l +

hence

1
BOD <[ 11081 + 0w + @ 4 80 L)

0
2x

S Vx2+(m —5)21 ieZX + 3L

< Es + 3L5,

where Eg is the maximum of the function x € (—oo, —1] —~ /x2 + (7 —§ 2%.
We now conclude the proof by defining

=—max{\/l+(n— §)2Ls +3L§, Es + 3L}, ]

We can now state and prove the final piece of the proof of Theorem 7.1.

Proposition 7.18. For the constant p' € C* defined in Proposition 7.15, we have, as

h— 0T,
) o y 2(1) y
J J b<2n h) b( [)
= ez SO ("3 (1 + 0o+ (1)) + Op_o+(1)).
In particular,
(2mh) log /dy eTmSM| RS(y%) = —VoI(S3 \ K,,).
hA—0t

y0
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Proof. The proof will be similar to the one of Proposition 7.15 (notably, the second
statement follows from the first one in the exact same way), but will need also
Lemma 7.17 to bound an extra term. Let us prove the first statement.

Let § > 0 such that the absolute value of the imaginary parts of the coordin-

ates of any y € ¥° lying in [§, = — §]. Let us again denote ({1, ..., ¢, {u, {w) :=
(—=1,...,—=1,2,1). Then for all y € Y0 and all b (0, cg), it follows from Lem-
mas 7.13, 7.14° and 7.17 that

9 (— 5! ‘

x(m L) — (y))

)‘R(Z% (Log(%( )~ (Ggeeen))

sim m<<Log<@b<”‘;+b*’“>> (s i)

Jj=1

+Z|§,|]m = b2 Lip(—¢% (146%) ) — (2 b2(1+b2) Liy(— eyl)))’
e

< (p+3)(Bgb® + Cp) < (p +3)(By + Cy).

The remainder of the proof is now the same as for Proposition 7.15, by identifying
A= ﬁ and taking 7 small enough so that the associated b satisfies

1/2
0 < b < min{cs, (274)~"/2, 2 .
<b< mln{c’g (27 A) (2n(p 3By + Cb’)) } n

7.7. Conclusion and comments

Proof of Theorem 7.1. The second equality follows from Remark 7.16 and Proposi-
tion 7.18, and the first equality follows from the identity

Jx, (h,x) = 27vh 3x, (h, Qe Vh)x). .

Some comments are in order.

* The various upper bounds we constructed were far from optimal, since we were
mostly interested in proving that the exponential decrease rate yielded the hyper-
bolic volume. Anyone interested in computing a more detailed asymptotic expan-
sion of Jy,, (%, 0) (looking for the complex volume, the Reidemeister torsions or
potential deeper terms such as the n-loop invariants of [18]) would probably need
to develop the estimations of Lemmas 7.10, 7.13 and 7.17 at higher order and
with sharper precision, as well as carefully study the coefficients appearing in
Theorem 2.18.
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* In this theory, the integration variables y; in 3, (%, 0) lie in an unbounded part
of C, contrary to what happens for Kashaev’s invariant or the colored Jones poly-
nomials. This is why uniform bounds such as the ones of Lemmas 7.10, 7.13,
and 7.17 were new but absolutely necessary technical difficulties to overcome to
obtain the desired asymptotics. Since these results do not depend of the knot, tri-
angulation or potential function S (assuming it has the same general form as in
here), we hope that they can be of use to further studies of asymptotics of quantum
invariants such as the Teichmiiller TQFT.

8. The case of even twist knots

When the twist knot K, has an even number of crossings, we can prove the same
results as for the odd twist knots, which are

* the construction of convenient H-triangulations and ideal triangulations (Sec-
tion 8.1),

» the geometricity of the ideal triangulations (Section 8.2),
* the computation of the partition functions of the Teichmiiller TQFT (Section 8.3),
* the volume conjecture as a consequence of geometricity (Section 8.4).

We tried to provide details of only the parts of proofs that differ from the case
of odd twist knots. As the reader will see, most of these differences lie in explicit
values and not in general processes of proof. As such, we expect that the techniques
developed in the previous sections and adapted in this one can be generalised to sev-
eral other families of knots in 3-manifolds.

8.1. Construction of triangulations

In the rest of this section we consider a twist knot K,, with n even, n = 4 (the case
n = 2 will be treated in Remark 8.1). We proceed as in Section 3, and build an H-tri-
angulation of (S3, K,,) from a diagram of K,,. The first step is described in Figure 16.
Note that D is once again an (n + 1)-gon, and E is an (n + 2)-gon.

From Figure 16 we go to Figure 17 and Figure 18 exactly as in Section 3.

Then we add a new edge (with simple full arrow) and cut D into u and D’ (see
Figure 19 (a)), and then we apply the bigon trick p times, where

n—2
7

pi=

We finally obtain the polyhedron in Figure 19 (b).
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Figure 16. Building an H-triangulation from a diagram of Kj,.

(a) (b)

Figure 17. Boundaries of B4 and B_.

We can then decompose the polyhedra in Figure 20 into ordered tetrahedra and
obtain the H-triangulation of Figure 21. Along the way, in order to harmonise the
notation with the small cases (p = 0, 1), we did the following arrow replacements:

» replace full black simple arrow by simple arrow with circled 0,

» replace full black double arrow by simple arrow with circled p + 1,
* replace double arrow by simple arrow with circled p,

» replace full white arrow by double full white arrow.

Moreover, we cut the previous polyhedron into p + 4 tetrahedra, introducing new
triangular faces v (behind ep41, 7, u), g (behind f,, s, u), s’ (completing m, m, s),
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(a)

Figure 19. A cellular decomposition of (S3, K;,) before and after the bigon trick.

and fi,..., fp—1 at each of the p — 1 floors of the tower of Figure 20. We add the
convention fo = e to account for the case p = 0.
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A flip move and a tower of tetrahedra.

Figure 20.
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We now chop off the quadrilateral made up of the two adjacent faces G (which
are (p + 2)-gons) and we add a new edge (double full arrow) and two new faces
ep+1, fp. We triangulate the previous quadrilateral as in Figure 11 and we finally
obtain a decomposition of S2 in three polyhedra glued to one another, as described in
Figure 20. Note thatif p = 1, then G = e; = e, = fo = fp—1 and there is no tower.

In the H-triangulation of Figure 21 there are

¢ 1 common vertex,

e p+5= ”—;8 edges (simple arrow ﬁs), double white triangle arrow Eg), blue simple

arrow En) and the simple arrows ﬁg, ..., Mp+1indexed by O, ..., p + 1 incircles),
* 2p+8=n+6faces(er,....ept1, f1s.--s fp, g m, 18,8 u,v),
« p+4="Ftetrahedra (Ty,...,T,, U V. W, Z).

Finally, by collapsing the tetrahedron Z (like in the previous section) we obtain
the ideal triangulation of S3 \ K, described in Figure 22. We identified the face s’
with s and the white triangle arrow with the arrow circled by p.

In Figure 22 there are

¢ ] common vertex,

e p+3= # edges (simple arrow ﬁ? and the simple arrows %’, ..., Np+1 indexed
by O,..., p + 1incircles),

* 2p+6=n+4faces(er,....€pt1, f1:---s fp. & T, S, U, V),
© p+3 =" tetrahedra (Ty,...,T,, U, V. W).

Remark 8.1. When n = 2, i.e., p = 0 here, the triangulations of Figures 21 and 22
are still correct (with the convention fo = ej), one just needs to stop the previous
reasoning at Figure 19 (b) and collapse the bigon G into a segment.

In this case, the ideal triangulation X, of the figure-eight knot complement
S3\ K, described in Figure 22 has three tetrahedra, although it is well known that
this knot complement has Matveev complexity 2. The ideal triangulations of Figures 2
and 22 are actually related by a Pachner 3 — 2 move.

8.2. Gluing equations and proving geometricity

As in Section 4.3, we constructed in Figure 23 a triangulation of the boundary torus
0v(K,) from the datum in Figure 22. Here for the positive tetrahedra T, ..., T, we
only indicated the brown a angles for readability (the b and ¢ follow clockwise). We
also drew a meridian curve my, in violet and dashed, a longitude curve ly, in green
and dashed, and a preferred longitude curve / }‘}n = ())U---U(vi) in red (one can check
it is indeed a preferred longitude in Figure 24).
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n—2
5 -

Q=<k=p-—-1

An H-triangulation for (S 3K n), neven,n = 4, with p

Figure 21.
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w
_ n—2
- 2

<ksp-—1)

2

Figure 22. An ideal triangulation for S3 \ K,,, n even, n > 4, with p
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Figure 24. A preferred longitude l)(}n = (i) U---U (vi) (in red) for the even twist knot K;,, seen
in S3 \ K, (left) and on the truncated tetrahedron U (right).

Let us now list the angular and complex weight functions associated to edges of

X, Fora = (ay,bi,c1,....ap.bp,cp,ay.by.cu,ay.by,cy,aw.bw.cw) € Sx,
a shape structure on X,,, we compute the weights of each edge:

ws(@) = wx, .«(5) = 2ay + by + cy +aw + bw,

wo(@) = wx,,«(Mo) = 2a1 + c1 +2az + -+ + 2a, + ay + cw,

w1(®) := 0x,.a(M1) = 2b1 + c2,

o (@) := 0x,,0 () = ck—1 + 2bg + cyg for2 <k < p—1),

wp(@) 1= Wx, () = cpot + 2by + by + 2cy +ay + by +aw + cw,
wpt1(@) 1= wx, o (p11) = ¢p + by + cv + bw.

For a complex shape structure Z = (z1, ..., Zp, Zy, zv, zw) € (R + iR-)? T3,

its complex weight functions are
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« wl@ = of @) = 2Log(zy) + Log(z},) + Log(z})) + Log(zw) +
Log(zy),

. a)g:(i) = wj?ma(%) = 2Log(z1) + Log(z}) + 2Log(z2) + --- + 2Log(zp) +
Log(zy) + Log(zy).

« of @ =of () =2Log(z}) + Log(z}),

. a),(g @):= a);?ma () = Log(z;_;) +2Log(zy) + Log(z; ) (for2<k < p—1),

. a);c(i) = wg((:n,a(n_p)) = Log(z,_,) + 2 Log(z,) + 2 Log(zy) + Log(z)) +
Log(zy) + Log(zy,) + Log(zw) + Log(zy

« 0% @ =0f ,(p1) =Log(z)) + Log(zy) + Log(z}) + Log(z}y).

To the meridian curve my, and the longitude curve lx, are associated angular
holonomies

myx, (@) :=ay —ay, Ix,(@):=2(aw —by),

and one possible complex completeness equation is once again (from the meridian
curve)
Log(zy) — Log(zy) = 0.

Furthermore, one can again see in Figure 23 that in the homology group of the bound-
ary torus, we have the relation

Iy, =() U--- U (vi) = Ix, + 2my,.

Using properties of shape structures, we see that the balancing conditions are equi-
valent to the following p + 2 equations:
o Eg(a):2ay + by +cy + aw + by = 2,
o FEi(a):2b1 + ¢ = 2m,
o Ep(a)ick— +2bp +cpq41 =2n (for2 <k <p—1),
* Ey(a)icp—1 +2by, +by +2cyu +ay + by +aw + cw =2,
s Epti(a)icp +by +cy + bw = 2.

The missing (p + 3)-rd equation, stating that the angles around the vertices of degree
2p + 3 in Figure 23 add up to 2, is redundant: summed with all of the above, it
becomes simply that the sum of all angles is (p + 3)x.

Theorem 8.2. X, is geometric forn > 2 even.
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Proof. We begin by treating the case of n > 6, 1.e., p > 2. First we show that the space
of positive angle structures is non-empty. For small enough € > 0, the values

aj €
by | = 7—e(j2+1) forl<j<p-1,
¢ €j?
ap 3n/d—e(p®>+2p—1)/2
by | = w/d—e(p?—=2p+1)/2|,
Cp ep?
au ay cw /4 +ep?/2
bul=lcev|=1|bw|:=|2n/3-¢€p?/3
cu by aw /12 —€p?/6
give a positive solution to Eg, Eq, ..., Ept1.

Next, we claim that among the volume maximizers, there is one such that U, V, W
have identical angles modulo the permutation used in the formula above. Let F;
denote the constraint a; + b; + ¢; = . The angles of U, V, W appear only in equa-
tions Es, Ep, Ep4 1. These can be rewritten

Epy1 | cp+ (bu + cy + bw) = 2m,

3E, +2E; — BFy +2Fy +2Fw) | 3cp—1 + 6bp + (ay + ay + cw)
+3(cy + by + aw) = 3w,

Es— (Fy + Fw) | 2au = ay + cw.

The involution (ay, by, cy) <> (cw,aw, bw) preserves these equations, so by con-
cavity of the volume function, there is a maximizer such that

(ay.by.cy) = (cw.aw.bw).

The last of the 3 equations above then gives ay = ay = cw . The order-3 substitution
of variables

(av.bu,cy) = (ay,cy.by) = (cw,bw,aw) — (av.bu,cv)

then clearly leaves the other two equations unchanged, so by concavity we may aver-
age out and find a maximizer such that (ay, by, cy) = (ay,cyv,by) = (cw,bw,aw),
as desired.

These identifications make Eg redundant. Moreover, dropping the angles of V' and
W as variables, we may now rewrite the system of constraints as

° E122b1—|—C2=27T,
o Epick—1+2bk +cpp1 =2n(for2<k <p-1),
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. E;,: Cp—1 +2by, +ay +3cy =n  (not2m!),

* E,ii¢p+3by =27,

Recall from Lemma 4.3 that at a volume maximizer, if ajb;c; = O then a;, b;, ¢j are
0,0, 7 up to order.

Lemma 8.3. At a volume maximizer, if axbycy = 0 then k = p and (ap, by, cp) =
(0,0, ).

Proof. First, E1/J+1 gives by = (2n —¢p)/3 € [n/3,27/3] so the tetrahedron U is
not flat.

e Letus show by inductionon 1 <k < p — 1that by > 0. By E; wehave by = —
c2/2 > /2, giving the case k = 1. For the induction step, suppose 2 <k < p —1
and bg_; > 0. Then cx—; < 7, which by Ej implies that by > 0.

* Let us now show by descending induction on p — 1 > k > 1 that by < =. For the
initialisation, suppose (a@p—1,bp—1,cp—1) = (0, 7r,0) and aim for a contradiction.
Recall that p > 2: by Ej,—; we have ¢, = 0, hence by = 27/3by E}, ;. Butc, =
0 also implies b, € {0, 7}, hence b, = 0 by E,. Together with ¢,—1 = 0, by E,
this yields ay + 3cy = 7. But we showed that by = 27/3, hence (ay, by, cy) =
(0,2m/3, /3), a forbidden configuration. This contradiction shows b,_; < 7.

For the (downward) induction step, suppose p —2 >k > 1 and by 41 < 7. Actu-
ally 0 < by < 7 (previous bullet-point), hence 0 < cg41: by Ej, this implies
bk <T7T.

It remains to rule out ¢, = 0. Note that the non-negative sequence (0, cy, ..., cp)
is convex, because Ej can be rewritten cx—; — 2¢g + cg+1 = 2a > 0 (agreeing
that “co” stands for 0). But we showed 0 < b,_; < m: hence, c,—1 > 0 which

; p
entails ¢, > >=1Cp—1 > 0. [

We can now prove that the volume maximizer has only positive angles. By the
above lemma, if not, then we may assume (ap, by, cp) = (0,0, ) and that all other
tetrahedra are nondegenerate. We will exhibit a smooth path of deformations of the
angles, along which the derivative of the volume is positive. (As a function of the
angles, the volume of an ideal tetrahedron is not smooth near the point (0, 0, ), but
it has a well-defined derivative in the direction of any segment.)

Using Ep—1, E,, E, ., itis straightforward to check that the angles satisfy

p+1°
ap—1 ap ay (m+cp—2—2cp-1)/2 0 (m+cp-1)/2
bp—1 b, by |= (m —cp—2)/2 0 /3 . @

Cp—1 Cp CU Cp—1 T ow/6—cp_1/2
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For small ¢ > 0, the #-deformation given by (aj . b}, c}) = (ak.bg.c) for 1 <k <
p —2and

a;)—l a;] aif ap—1 0 ay -1 2 -1
b;,_l bztz b |=1|bp-1 O by|+t] 1 0 2/3
¢ty ol Cp—1 T CU 0 -2 1/3
is still an angle structure, i.e., satisfies E1, ..., E,_j, E;,, E;,H. By definition of the

volume functional 'V (Section 2.3), we have for this deformation

(—a'v) | sin(bp—1) sin®(by) sin(cy)
exp = .

ot sin(ap—1)  sin®(ap)

3)

Each factor sin(6) appears to the power d6/9¢, but tripled for 6 = ay, by, cy because
there are 3 isometric copies of the tetrahedron U. The p-th tetrahedron stays flat,
hence does not contribute volume. The formula for cy in (2) gives0 < ¢, 1 < 7 /3.
We proved in the lemma above that (0, c1, ..., ¢p) is convex, hence nondecreasing;
thus (2) also yields a,—; € [7/6, /2]. Therefore,

sin(bp—1) - 1 .
sin(ap—1) ~ sin(w/6) N

On the other hand, still using (2),

sin?(by ) sin(cy) 3 sin(w/6 —cp—1/2) - 3 sin(/6) 3

sin®(ay)  4sin’(w/2+cp1/2) ~ 4sind(n/2) 8

by an easy monotonicity argument for ¢, ranging over [0, 7r/3]. In conclusion, (3)
is bounded above by 2 - 3/8 < 1, hence (dV/d¢),_¢+ > 0 as desired.

Thus, the volume maximizer is interior to the space of angle structures. By The-
orem 2.2, this implies Theorem 8.2 for p > 2. It only remains to discuss p = 0, 1.

* For p = 1 we find the initial gluing equations

E;: 2ay + by +cy +aw +bw =27
Ei: 2b1+by +2cy +ay +by +aw +cw =27
E>: c1+by +cv +bw=2m

(only the term “c,—1” has disappeared from E1). Symmetry between U, V, W can
be argued as in the p > 2 case, reducing the above to

El: 2by+ay+3cy=nm
E}: c1 + 3by = 2m.
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The tetrahedron U is not flat, as by = 2n —c1)/3 € [7/3,27/3]. If ¢c; =0
then by € {0, w} must be 0 by E7, hence (ay, by, cy) = (0,27/3, 7/3) which is
prohibited. If ¢c; = & then

a; ay 0 m/2
by by|l=|0 =n/3
1 cy T 7/6
can be perturbed by adding
2 -1
t] 0 2/3
-2 1/3

(where 0 < ¢t < 1) to produce a path of angle structures, yielding as before
-V

exp(—at )

e For p = 0 it is straightforward to check that (ay, by, cy) = (ay, cy,by) =

(ew,bw,aw) = (/6,21 /3, w/6) yields the complete hyperbolic metric (this is

actually the result of a 2 — 3 Pachner move on the standard triangulation of the

figure eight knot complement into two regular ideal tetrahedra). Theorem 8.2 is
proved. |

_ sin?(by ) sin(cy) 3 <1
=0 sin®(ay) 8

8.3. Computation of the partition functions

The following theorem is the version of Theorem 5.2 for even n. Note that here
Ux, (@) = —my, (a) and once again Ay, («) = lx, (&) + 2my, («) corresponds to
a preferred longitude.

Theorem 8.4. Let n be a positive even integer and p = % Consider the ideal
triangulation X, of S*\ K, described in Figure 22. Then for all angle structures
o =(ai,....cw) € Ax, and all h > 0, we have

* .
Zn(Xn, @) = / Tx, (. x)e2 i 0@ g .

LM, (@)
R+i T

with
* the degree one angle polynomial px,: o — ay —ay,

* the degree one angle polynomial Ax,: o — 2(ay —ay + aw — by),
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* the map

Jx,: (h, x) '—>/ dy’ ezi”y/TQ"y/ezi”x(x_yb_yﬁ/)eﬁ(y/TW”_”x)
Y _ Oy (x — yy) Po(yyy)
D (y)) -+ Po(yy) Po(yy)

where
i i
Yy R — (r—ap))) x (R + (r —aw)),
o= (I (R gt aw))x (R G —am)
_ o _
[ 3] 5
: —2n(kp—@)
y/: y1/7 ’ an E}
/
Yu —p(p+ m
L Yw —(p*+p+3)n
- 7-[ —
and
1 1 1 1 0]
1 2 2 2 0
Qn: . . . . . .
12 - p p+1 -1
00 -0 -1 0]

Proof. Since the computations are very similar to those of the proof of Theorem 5.2
we will not give all the details. Let n > 2 be an even integer and set p = % As
before, we denote by t = (t1, ... tp—1. tp, tu, ty, tW)T € RX’ the vector whose
coordinates are associated to the tetrahedra, and X = (ey,...,ep.€pt1, f1..... fp., V.1,
s,g.u)| e RX ? the face variables vector.

Like in Lemma 5.5, we compute Ky, (t) = meZi”ET(_ReAleﬂ, where B
is like in the proof of Lemma 5.5, but A, (e standing for even) is given in Table 6 and
R, is given by

ey ep eptr1 | 1 . fp v T K g u
t i 1 0 ]
: 0 0
Re — tp 0 1 ,
ty O1 0 0 o0
ty 0 0 00 -1 0 O
0 0

tw
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Jp

S2

1

€p+1

€p

€2

el

Table 6. A,.

Wp

388
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Careful computation yields that det(4,) = —1 and that A, ! is given in Table 7.
Hence,

Kx, (t) = expQint' Qnt),

where
5 _ (“ReA7'B) + (—R.A;'B)T
On =
2
3] 1 tp—1 tp 1104 ty tw
n [ 1 1 1 1 1 0 0
tr 1 2 2 2 2 0 0
_ tp1 1 2 p—1 p—1|p—-1 0 0
tp 1 2 p—1 p )4 0 0
v 1 2 p—1 D p+1 —1/2 -1
ty 0 0 0 0 -1/2 -1 -1/2
tw L O O 0 0 -1 -=1/2 0
Now, like in Lemma 5.6, if we denote
Cla)=(cr,..oem)T,
and
INo):=(a1—m,....,ap —m,ay —n,n—ay,n—aW)T,
then (indexing entries by k € {1, ..., p 4+ 3}) we can compute

: k(ws(@) = 2(p +2)70) + Y5_y jo—j (@)
20,T (@) + C(a) = k=p : ,

6/
%AXn (O{) -7
3r — ws(o)

where

G = ws(@) — wp+1(@) + (p(ws(a) —2(p + 2)7)

P
1
3" jop—j (@) — 47 + =2
+j=110)p j(@) —4m + > X, (@)

and Ay, (o) = 2(—ay + ay — by + aw).
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Notably, for all angle structures « € Ay,,,

—27(kp — @)

20,T(@) + Cla) = k=r

—(pPP+p+Hr + %/\Xn (@)
%AXn ((X) -7

4

The above computations are fairly quick consequences of the similarities between
the matrices Q » and the weights w; (a) whether n is odd or even.

Denote again by o = (ay, b1, ¢1,...,aw, bw, cw) a general vector of dihed-
ral angles in 4y, . Let > 0. Since the tetrahedron Ty is of positive sign here, the
dynamical content Oy, x, (t, @) thus becomes

eﬁé(aﬁf 3v3w 7
31 3p3U
where 3 = Pp(t; + ﬁ(n — ag)), According to tetrahedra signs, we do the fol-
lowing change of variables:

. y,/c=tk—ﬁ(n—ak)forkE{l,...,p,U},

. y; = [l —|— 27'[1«/5(7[ —al) forl S {V, W},
and we define y' := (y,...,y,. Yy, Yy y{,V)T. We also denote
~ i i
Yy, = R — (m —ag)) x R + (m—ayp)).
b= [1(R - r—a0) < [1(B+ 2 —an)

After computations similar to the ones in the proof of Theorem 5.2, we obtain

2T 0,541 (20, T (@)+C@)T§ D, (y7,) Py (yy
Zi (X, @) é/dy/ezmy 0n¥'+ 7 20nT(@+C@) 'y /b(yV) b(,yW) .
J P (y1) - P () Po(yy)
Ve o
We define a new variable x := y;, + y}, living in the set

i

Y0 =R+ ay —ay),
h,a 271\/%((] V)
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and we also define y’ (respectively ¥, ) exactly like §' (respectively @;l ) but with
the second-to-last coordinate (corresponding to yy ) taken out. We also define

Waa [~ —2pm
Wui | | —2m(kp = 5652)
Wn = = .
Wa,p —p(p + D=
Wau —(p?2+p+3)n
_Wn’W_ L T -
and
11 1 1 0]
1 2 2 2 0
Qn = :
1 2 p P 0
1
1 2 p p+1 —3
o0 -~ 0 -1 0]

This time, @, is obtained from Qn by replacing the two rows corresponding to yy
and yy with their difference (row of yy minus row of yy ), and by replacing the two
columns corresponding to yy and yy with their difference. We now use the substitu-
tion y;, = x — y;; and we compute

.~ ~ ~ . 2 2
2in§' T 0n§ = 2iw((y T Oy — (p + Dyy” + yuyw) + (0 + Dy = yyyy
2
— 20V = Yy = Yy yw)
=2in(y'T Qny + Xy} — xyly — x2).

and
1 T ~ Ter 1 T 1
20T @ +C)'y = ﬁ(wny +x(2kxn(a)—n)),
thus
Zn(Xn. ) ;/dy/gZiﬂi/TQ,,i/-ﬁ-\}E(ZQvnf‘(a)-i-é(a))Ty/ c/I)b(y{,)CDb(y{,V) /
@y (yy) - Po () Po(yyy)

i’e??;l,a
i / / / / 1 ’ 1
= / dxdy’ 2T T 00y +xGy =y =N+ 7 (W y +x(§/)LX,, (a)—jf))
. q)b(x_yU)cDb(yw)
P (y)) -+ Po(yp) Po(yy)’

where the variables (y’, x) in the last integral lie in ¥;  x iyg o Lhe theorem follows.
[
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We now state the counterpart of Corollary 5.7, which is proven in exactly the same
way.

Corollary 8.5. Let n be a positive even integer, p = % and Xy, the ideal triangula-
tion of S3 \ K, from Figure 22. Then for all angle structures o € Ax, and all h > 0,
we have

Zh(Xnaa) ; /SXn(h’X)eM}thAXn(a)dxs
R+ipy,, (@)

with the map

1 )p+3/ iy Ony+ixvy —yw —0+y | Wn—nx
ye

3x,: (B, x) —> (27[\/?1 o

Yo Oy (5 22) Do (52272)

Y
() By (1)

iy,
q)b(Zn«/ﬁ)
where x, , Ax,, Wn, Qn are the same as in Theorem 8.4, and
Yo=( [IR=itr—a))x ®+i(x—aw)).
k=1,..,p,U
Proof. Exactly similar to the proof of Corollary 5.7. |
We finally come to H-triangulations for even twists knots. Again, before stating

Theorem 8.6, we compute the weights on each edge of the H-triangulation Y;, given
in Figure 21 (for n = 3 even).

We use exactly the same notation as the odd case. We denoted by %, e ptd ,ﬁs),
—

2. Ky € (Y»)! the p + 5 edges in Y, respectively represented in Figure 21 by arrows

with circled O, ..., circled p + 1, simple arrow, double arrow and blue simple arrow.
For

o= (alvbl’clv .. ,ap,bp,Cp,aU,bU,CU,aV,bV,CV,aW,bW,CW,aZ,bZ,CZ) E SYn

a shape structure on Y,,, the weights of each edge are given by

© O5(@) = wy,.«(M5) = 2ay + by +cv +aw + bw +az,

* a(@) = wy,(12) = bu + cu + cw + bz + ez,

e wola) = a)yn,a(ﬁ())) =2a1+c1+2ax+ -+ 2ap, +ay + cw,

© 01(@) =0y, o) = 2b1 + 2,

o (@) 1= 0y,.o(%) = k-1 + 2bg + cry1. (for2 <k < p—1),

© Op(@) = wy,o(lp) = cp1+2by + cu +ay + by +aw +bz +cz
© wpt1(@) = 0y, «(Mpr1) = ¢p + bu + v + bw,

~ e
. a)z(a) = wy,.«(Ky) =az.
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We can now compute the partition function for the H-triangulations Y, (n even),
and prove the following theorem. As for the odd case, we will denote by Sy, \z the
space of shape structures on every tetrahedron of Y, except for Z.

Theorem 8.6. Let n be a positive even integer and p = % Consider the one-vertex
H-triangulation Yy, of the pair (S3, K,,) described in Figure 21. Then for every h > 0
and for every T € Sy,\z X Sz such that wy,, ¢ vanishes on K_)n and is equal to 21w on
every other edge, one has

—

. T — wy,,«(Kn) *

lim (BN 7 (v, @) = Iy (7. 0),
K3 b( i A ) "

where Jx,, is defined in Theorem 8.4.

Proof. Letn be an even integer and p = % The proof is similar to the odd case and
will be separated in three steps: computing the partition function Z3 (Y, ), apply-
ing the dominated convergence theorem in o« — 7 and finally retrieving the value
Jx,(h,0)ino = 7.

Step 1. Computing the partition function Z3(Y,,«). Like in the proof of Theorem 8.4
we start by computing the kinematical kernel. We denote

A 3
t = (tl""atpth7tV7tW7tZ) ERYH

and
N 2
X = (€1, p,pt1, f1sevos fpoU, 18,8 g u,m) € RY7 .
Like in the proof of Theorem 6.1, using Figure 21, we compute
A n ~ 27t T 6% —inwTAH.% —2inwT DE
J{Yn(t) =/dx /dweZtnt Sexe 2iTW Hexe 2iTW Dt,
FeR2(P+4)

. 2
keRYi

where D is like in proof of Theorem 6.1, whereas the matrix ﬁe is given in Table 8
and the matrix S, is given by

el .. ep epr1 | 1 o folv 1 K s’ g u m
n [ 1 0 T
0 0
. tp 0 1
Se =1, 01 0 00 0 0|
ty 0 0 00 -1 00 0 O
tw 0O0 0 OO0 -1 0
tz L 00 0 OO0 O 1 |
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Like in the odd case, let us define S, the submatrix of §e without the m-column,
H, the submatrix of ﬁe without the m-column and the wy-row, Ry this very
wy -row of ﬁe, D the submatrix of D without the wy-row, X the subvector of X
without the variable m and w the subvector of w without the variable wy . We remark
that H, is invertible and det(H,) = —1. Hence, by using multi-dimensional Fourier
transform and the integral definition of the Dirac delta function like in the odd case,
we compute

Ky, ®) = 8(—iz)e* ™ CSHIDig_R, g1 D).
We can now compute H, ! as in Table 9, and thus find that

—Re’VHe_lDf =—iy —ty

and
B 131 i tp—1 tp ty ty tw tz i
t 1 1 1 1 0 -1 0 1
t> 1 2 2 2 0 -2 0 2
) tp—1 1 2 p—1 p—110 —(p—-1) 0 p-1
—SeH, D= tp 1 2 p—1 p 0 —p 0 p
tv 12 p—=1 p |0 —=(p+1) -1 p+1
ty 0 0 0 0 0 0 0 0
tw 0 0 0 0 0 0 0 -1
ty 0 0 0 0 0 0 0 0
Since
t1 (=S H; ' D)t =tT Qut + (—ty —ty)(t + -+ + plp + (p + Diw)
+iz(ti+ -+ ptp + (p+ Div —tw),
where t = (t1,...,1p,ty,tw) and Q, is defined in Theorem 8.4, we conclude that

the kinematical kernel can be written as
Ky (f) — Q2T Qnt—twiz+(tz—ty—ty)(n +"'+ptp+(P+1)tU))5(tZ)8(_tU —ty)
a .
We now compute the dynamical content. We denote by
o = (alsblvclv .. ,aW,bW,CW, az, bZ’CZ)
a general vector in Sy,,. Let # > 0. The dynamical content Dy, y, (t, ) is equal to

CTi Zy Zw

€ﬁ p—’
[l 262022z

where 6(0() =(c1,...,.cp.cU, CV, Cw, cz)T.
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Let us come back to the computation of the partition function of the Teichmiiller
TQFT. We begin by integrating over the variables ¢y and 7z, which consists in remov-
ing the two Dirac delta functions §(—tz) and §(—ty — ty) in the kinematical kernel
and replacing ¢z by 0 and ¢y by —fy in the other terms. Therefore, we have

%(Zﬂ‘ij;)zh(n,a)

> /dteZintTQnte\}g(cltl+"'+Cpfp+(CU—CV)tU+CWZW)H(t’Ot’h)

’

teRP T2
where t = (¢1,...,1,,ty,tw) and

_ 3vdw

313p3U
Step 2. Applying the dominated convergence theorem for « — t. This step is exactly
as in the proof of Theorem 6.1. As for the odd case, for the rest of the proof, set

I, o, h) :

v = (aj,bi.ci.,....ay,by,c;) € Sy,\z XSz

be such that w;(r) = 2 forall j € {0,1,....,p— 1, p + 1}, ®j(r) = 2x for all
j €{s.d, p} and cZ)K—>(r) =al =0.

Step 3. Retrieving the value Jx,, (h,0) in « = t. Similarly to the odd case, we do the
following change of variables:

. y;:tk—m(ﬂ—ak)forke{l,,p,U},

. y{/V =ty + 2nl«/ﬁ(n —aw),

and we denote y' = (y1,..., ¥y, Yy yiy) . Again,
ag —ay = (0g(v) —27) + (&4(r) —27) = 0.

We also denote by

g;l’r = H(R— ﬁ(n —a}é)) x (]R n 2;\/%(” _a;V)>’

k=1,...p,U

the subset of C?*2 on which the variables in y’ reside.
By a similar computation as in the proof of Theorem 8.4, we obtain

it T (Tt teltp+ (el —cT )ty +clyt
dteZtht Q”te«/?t( 14 plp (U [/)U w W)H(t,f,h)

teRP+2
;/dy,eziny’TQny’+JEW(r)Ty’ ‘D/b(—Y&)‘Db(y/W) _
P (y1) - P () Po(yy)

reqy)
y eyh.t
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where for any @ € Sy,\z, W(«) is defined as

W(a) :=20,T () + C() + (0,...,0,—cy,0) T,

withT'(0)=(a1 —m,....ap —m,ay — .7 —aw) " and C(a)=(c1,.. 1 CpyCULCW).
Hence, from the value of Jx, (%, 0), it remains only to prove that W(z) = W,.
Letusdenote by A: (uy,...,up,uy, uy,uw)— (U1,...,up, uy, uw) the process

of forgetting the second-to-last coordinate. Then obviously C(«) = A(é (). Recall
from the proof of Theorem 8.4 that 'VV(a) =20,T () + C(x) depends almost only
on edge weights of the angles in X,.

Thus, a direct calculation shows that for any « € Sy,,\ z, we have

0

Wa) = A(W(0)) + 0
—Ccy + (71' —av) + (JT —aw)
ay —ay

Now, if we specify o = 7, then the weights wy,, ; (o) appearing in A("VV(O()) all
become 27, since ws(t) = ds(t) — @?(r) = 27 and w, (1) = Og(1) + Op (1) —
2(mr — c?)? (t)) = 2m. Hence

W) =W, + 0

%Axn(r) - —cy 4+ (r—ayp) + (r—ay)
at —at
U~ %

Finally, since %A’Xn (r) = ay, —ag + ay, — by, and af; — aj, = 0, we conclude that
W(tr) = W, and the theorem is proven. [

8.4. Geometricity implies the volume conjecture

In this section we will prove the following theorem, which can be compared with
Theorem 7.1.

Theorem 8.7. Let n be a positive even integer, and Jx,, , $x, the functions defined in
Theorem 8.4 and Corollary 8.5. If the ideal triangulation X, is geometric, then

lim 2whlog|Jx, (h,0)| = lim 27hlog|3x, (h,0)| = — VoI(S> \ K,).
h—0t h—>0~t
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The following Corollary 8.8 is an immediate consequence of Theorem 8.7 and
Theorem 8.2.

Corollary 8.8. The Teichmiiller TQFT volume conjecture of Andersen—Kashaev is
proven for the even twist knots.

Proof of Theorem 8.7. To prove Theorem 8.7, we will follow exactly the same general
path as in Section 7. For the sake of brevity, we will thus only state the modifications
that are due to the fact that n is even instead of odd. For the remainder of the section,
let n be a positive even integer such that X, is geometric. Let us first list the changes
in notation.

* The open “multi-band” is now

Ui=( [J®+i=m.00) x R +i(0.7)),

k=1,...,p,U
and the closed one Us (for § > 0)is Us := [[r—,
(R +i[8, m = §]).
* Assaid in Corollary 8.5,
Yoi= ( [IR=iCr =) x R +i(r —aw)).

k=1,...,p,U
» The potential function S: U — C is now

S:=y iy 0,y +y' W, +iLis(—e”") + - +i Liy(—e’?)
+iLip(—e’V) —i Lip(—e™?Y) — i Lis(—e?™).
The expressions of its quantum deformations S, and S}, (for b > 0) should be
obvious.

» The vector ¢, first appearing in Proposition 7.15,is now ¢ := (—1,...,—1,-2,1).

We will state and prove several facts, which are variants of statements in Section 7.

Before all, let us remark that the non-degeneracy of the holomorphic hessian of S
(Lemma 7.3) and the strict concavity of :(S) (Lemma 7.5) are obtained immediately
by arguments and computations similar with the ones in Section 7.

Relating the vanishing of V.S to Thurston’s gluing equations (Lemma 7.4) needs
a little more detail.

Fact 1. The diffeomorphism  induces a bijective mapping

{y € WwVS(y) =0} < {z € R+iR0)P T EF (2)}-
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The system &y’ (z) of equations (satisfied by the complete hyperbolic structure)
is
* &x,,0(z):Log(z}]) +2Log(z1) + --- + 2Log(zp) + 2Log(zy) = 2im,
* &x,,1(z):2Log(z}) + Log(z}) = 2im,
* &x,k(z):Log(z;_,) +2Log(z}) + Log(z;,,) = 2im (for2 <k < p—1),
* &% p+1(@):Log(z,) + 2Log(zy) + Log(zw) = 2im,
« &y s(z):Log(zy) — Log(zy) = 0.

To prove Fact 1, let us first compute, fory € U,
—Log(1 + e’1)
VS(y) =2iQny + Wy +1i —Log(1 + e’7)

—Log(1 +e?Y) —Log(1 +e77?)
Log(l + &™)

Then, we define the matrix

Y1 y2 y3 Yp | YU YW
w1 ]
¥2 -2 1 0
»3 1 -2 1
A= € GLy12(Z).
o, 1 =2 10 o0
YU 171 1
ywo | 0 010 1 |

and we compute A - VS(y):

2i(y1 +"'+yp—yU)—27Tp—iLog(1 + e1)
—2iyy + 27 + 2i Log(1 + e”1) — i Log(1 + e”2)
—2iy, 4+ 2w — i Log(1 4+ e”1) 4 2i Log(1 + e”2) —i Log(1 + ¢”3)

—2iyr + 2w —i Log(l 4 e”%=1) + 2i Log(1 + e”*) —i Log(1 + e?*+1) |,

—2iy,—1 + 2w —i Log(1 + e?7=2) + 2i Log(1 + e’»—1) —i Log(1 4 e”7)
6//
—iyy +im +iLog(l+¢e’")
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where
&" :=iyy —iyw — 2w —i Log(1 + €”?) — i Log(1 + ¢”V)
—iLog(l +e V) +iLog(l+e’").
Hence, we compute, for allz € (R 4+ iR~)? 12,

Log(z]) +2Log(z1) + -+ +2Log(zp) + 2Log(zy) — 2ixm
2Log(z]) + Log(z5) — 2im
Log(z}) + 2Log(z5) + Log(z}) — 2in

A- (VS (Y (z))=i Log(z;_,) + 2Log(zy) + Log(z; ) —2in ,

Log(z,_,) +2Log(z,_,) + Log(z,) — 2in
—Log(z,) —2Log(zy;) — Log(zy,) + 2in
Log(z}y) — Log(z0))

which is zero if and only if the system €y’ (2) is satisfied. Fact 1 then follows from
the invertibility of A.

The second fact, a variant of Lemma 7.7, is proven similarly, using Proposi-
tion 2.3.

Fact 2. The function S: U — C can be re-written

S(y) =i Liz(—@yl) 4+ Liz(—eyP) + 2i Liz(—eyU) +1i Liz(—e_y”’)
2 2 2
T
+iyTQuy +iL iy T, i
2 2 3

Consequently, the fact that iR(S)(y®) = — Vol(S3 \ K,,) is proven like in the proof

of Lemma 7.8, using the particular form of S stated in Fact 2, and the fact that at the
0 o 0 —,0 .

complete angle structure, —e”U = z;; = z}, = —e™ 7V is the complex shape of both

tetrahedra U and V.

The rest of the statements in Section 7 (Lemma 7.6 and Proposition 7.9 to Propos-
ition 7.18) are proven in exactly the same way, using the new notation defined at the
beginning of this proof.

Notably, we obtain the following asymptotic behaviour for Jx,, (%, 0):

1
2nvh

p+3 +2
S, (1.0) = (-—=) eSO (R T (1 + 04t (1) + Opsgr (D).
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