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The adjoint Reidemeister torsion
for the connected sum of knots

Joan Porti and Seokbeom Yoon

Abstract. Let K be the connected sum of knots K, ..., K,. It is known that the SL,(C)-
character variety of the knot exterior of K has a component of dimension > 2 as the connected
sum admits a so-called bending. We show that there is a natural way to define the adjoint Rei-
demeister torsion for such a high-dimensional component and prove that it is locally constant
on a subset of the character variety where the trace of a meridian is constant. We also prove that
the adjoint Reidemeister torsion of K satisfies the vanishing identity if each K; does so.

1. Introduction

Let M be a compact oriented 3-manifold with tours boundary and X (M) be the char-
acter variety of irreducible representations 1 (M) — SL,(C). It happens very often
that X (M) has a component of dimension 1. For instance, if the interior of M admits
a hyperbolic structure of finite volume, then the distinguished component is 1-dimen-
sional [15] and if M contains no closed essential surface, then every component is
1-dimensional [3].

Once we fix a simple closed curve i on the boundary torus dM, the adjoint
Reidemeister torsion is defined as a meromorphic function on each 1-dimensional
component of X (M) under some mild assumptions [6, 14]. It enjoys fruitful inter-
action with quantum field theory and carries several conjectures consequently. See,
for instance, [5,7, 12]. Recently, it has been conjectured in [8] that the adjoint Reide-
meister torsion satisfies a certain vanishing identity with respect to the trace function
as follows.

Conjecture 1.1. Suppose that the character variety X (M) consists of 1-dimensional
components and that the interior of M admits a hyperbolic structure of finite volume.
Then for generic ¢ € C we have

1
2 B — 1
7.(M: p) M

[pleX i (M)
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where X, (M) is the pre-image of ¢ € C under the trace function X (M) — C of
# C 0M and 7, (M; p) is the adjoint Reidemeister torsion associated to p and a rep-
resentation p: w1 (M) — SL,(C).

As mentioned earlier, there are several 3-manifolds satisfying the conditions
required in Conjecture 1.1. However, there are also several examples of 3-manifolds
with torus boundary whose character varieties have high-dimensional components.
The simplest one might be (the knot exterior of) the connected sum of knots. See
[2, 4, 13] for other examples. Two immediate problems when we consider Conjec-
ture 1.1 for such 3-manifolds are that

(P1) the adjoint Reidemeister torsion is not defined for a component of dimension
> 2;

(P2) the sum in equation (1) does not make sense as the level set XfL (M) is no
longer finite.

Related to these problems, we address the following question.

Question 1.2. Is the adjoint Reidemeister torsion defined and locally constant on
X (M)?

If the answer of Question 1.2 is positive, then the sum in equation (1) makes sense
for M in an obvious way: we understand the sum by taking one representative on each
connected component of X7, (M).

The main purpose of the paper is to investigate Question 1.2 and Conjecture 1.1
for the connected sum of knots. To state our results, let K be the connected sum of
knots Ki,. .., K, in S* with a meridian ;. We denote by M and M; the knot exteriors
of K and K;, respectively. For technical reasons, we assume thatfor 1 < j <n

(C) the level set X}, (M;) consists of finitely many j-regular characters with the
canonical longitude having trace other than £2 for generic ¢ € C.

For example, one may choose K; as a two-bridge knot or a torus knot. It is known
that the character variety X (M) has a component of dimension > 2 as the connected
sum admits a so-called bending. We refer to [10, 11, 13] for details on the bending
construction. Our main theorems are as follows.

Theorem 1.3. Let K be the connected sum of knots K1, ..., K, in S3 satisfying the
above condition (C) and | be a meridian. Then there is a natural way to define the
adjoint Reidemeister torsion on X (M) for generic ¢ € C which is locally constant.

Theorem 1.4. Let K be the connected sum of knots K1, . .., K, in S satisfying the
above condition (C) and u be a meridian. Then the knot exterior M of K satisfies
equation (1) if each M; does so.
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It is proved in [18] that every hyperbolic two-bridge knot satisfies equation (1) for
a meridian u, hence we obtain the following corollary.

Corollary 1.5. The knot exterior of the connected sum of hyperbolic two-bridge knots
satisfies equation (1) for a meridian L.

Remark 1.6. Conjecture 1.1 was derived from the 3d-3d correspondence under the
assumption that the interior of M admits a hyperbolic structure (see [8, Section 3] for
details). It fails without the assumption, since torus knots are non-hyperbolic and do
not satisfy equation (1). However, Theorem 1.4 and Corollary 1.5 suggest that one can
relax the hyperbolicity condition, as the connected sum of knots is never hyperbolic.

The paper is organized as follows. In Section 2, we briefly recall basic definitions
on the sign-refined Reidemeister torsion. We define the adjoint Reidemeister torsion
for the connected sum of knots in Sections 3.1 and 3.2, and prove Theorems 1.3
and 1.4 in Section 3.3.

2. Review on the sign-refined Reidemeister torsion

2.1. The Reidemeister torsion of a chain complex

Let C, be a chain complex of vector spaces over a field F
i 01
Co=(0—Cp 25— C; = Co - 0)

and H.(Cx) be the homology of C. For a basis ¢ of C, and a basis /4 of Hx(Cx)
the Reidemeister torsion is defined as follows. Here and throughout the paper, every
basis and tuple is assumed to be ordered. For 0 < i < n, we choose a lift ﬁ,- of h;
to C; and a tuple b; of vectors in C; such that d;b; is a basis of d; C;. Then the tuple
¢/ = (0i+1bit1, E ,b;) is another basis of C;. Letting A; be the basis transition matrix
taking ¢; to c;, we have

n .
tor(Cu, cx, ) = [ [ det ATV € ™,
i=0
Also, the sign-refined Reidemeister torsion is defined as
n
Tor(Cr cx,h) = (=1 tor(Cu cashi) € F*, |Cul = ) i (C)Bi (C)
i=0

where o; (Cy) = Z;:o dim C; and B; (C«) = Z;-:O dim H; (Cy).
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Suppose that we have a short exact sequence of chain complexes
0—>C,—>Ci—C]—>0 (2)

with bases cx«, ¢}, and ¢ of Cy, C., and C/, respectively. It is proved in [17,
Lemma 3.4.2] that if c«, ¢}, and ¢/ are compatible with respect to sequence (2), i.e.,
cx = (cl,cl), then

Tor(Cx, cx, hs) = (—1)" T Tor(C,, c., b)) Tor(C),cl, h’) tor(H) 3)
where hy, i), and '] are bases of H.(Cx), H«(C,), and H.(C}'), respectively. Here

b= a1 (CHo(C)). 4)

u =Y ((Bi(Cx) + D(Bi(C) + Bi(C)) + Bi—1 (CHBi(CY)), ©)

and tor(#) is the Reidemeister torsion of the long exact sequence induced from (2)
with respect to ., ', and h,. We refer to [16, 17] for details.

2.2. The adjoint Reidemeister torsion of a CW-complex

Let g be the Lie algebra of SL,(C) and fix a basis of g as

(O L _(t 0 _(00
Yo o) " \o 1) 2"\ o)

Note that the Killing form (-, -) on g is given by

<(lc) _Z), (i, _Z,)> = 8bb' + 4ac’' + 4cd’.

Let X be a finite CW-complex and p: 71 (X) — SL,(C) be a representation. We con-
sider a cochain complex

C*(X:a,) = Homgp, x1(C«(X; Z), g)

where X is the universal cover of X. Here g is viewed as a Z [ (X )]-module through
the adjoint action Ad p: w1 (X) — Aut(g) associated to p. We denote the cohomology
of C*(X;q,) by H*(X;ga,) and call it the twisted cohomology. Note that H%(X;g,)
coincides with the set of invariant vectors in g under the 71 (X)-action.
Letcy,...,c, be all the cells of X and fix their order by cx = (c1,...,¢,). We
assume that each cell ¢; has a preferred orientation and a lift ¢; to X. We define an
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l.(k) € C*(X:;gp) for 1 <i <nand 1 <k < 3 by assigning ¢; to ex and

every cell of X that is not a lift of ¢; to 0. Then the tuple

element ¢

M @ B @ B

CXZ(C sl otn o

is a basis of C*(X; g,). We refer to it as the geometric basis.

Let C«(X;R) be the ordinary chain complex of X with the real coefficient. Note
that the tuple cy is a basis of C,(X;R). For an orientation oy of the R-vector space
H,.(X;R) we define

e(oyx) = sgn(Tor(C«(X;R), cx, hy)) € {£1}

where hy is any basis of H.«(X;R) positively oriented with respect to ox and sgn(x)
is the sign of x € R*.

Definition 2.1. For a basis hy of H* (X g,) and an orientation ox of H.(X;R) the
adjoint Reidemeister torsion is defined as

(X; p,hy,ox) = e(ox) - Tor(C*(X: gp), cx, hx) € C*.

The above definition does not depend on the order, orientations, and lifts of ¢;’s.
Moreover, it does not depend on the choice of a basis of g if the Euler characteristic
of X is zero.

Note that every notion in this section associated to p is invariant under conjugating
p up to an appropriate isomorphism. In particular, the adjoint Reidemeister torsion is
invariant under the conjugation.

Example 2.2. Let ¥ be a 2-torus with a usual CW-structure: one O-cell p, two 1-cells
w and A, and one 2-cell X as in Figure 1 (left). We choose their lifts (to the universal
cover of X)) as in Figure 1 (right) and fix an order of the cells by cx = (p, i, A, X).
Let oy, be the orientation of H(X; R) induced from cx so that e(oy) = 1.

N

P A p

Figure 1. The cells of a 2-torus and their lifts.
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Let p: 11 (¥) — SL,(C) be a representation with tr p(u) # £2. Up to conjugation

m 0 I 0
p =y o) =y %)

for some m # 41 and ! € C*. With respect to the geometric basis, the boundary maps
§%:C%(=;g,) > C1(Z;gp) and §1: C1(2;g,) - C3(Z; g,) are given by

50 — (Ad p(p) — 13)
Adp(A) —13)’

§' = (Adp(A) =I5 15— Adp(p)).

we have

Here Iy, is the identity matrix of size k. It follows that diim H'(Z;g,) = 1 fori = 0,2,
dim H'(Z;g,) =2fori = 1,and dim H'(Z;g,) = 0 otherwise. Note that H°(X;g,)
is spanned by e, € g, as it is invariant under the actions of i and A. Let P = %ez €
H°(X; g,) and define maps

y0:C%(Sig,) > C,  a > (a(p), P),
Y1 C'(Sig,) > C2 > ((a(i), P, {(d). P)).
Y2 C%(Zig,) = C,  ar (a(X),P).

One easily checks that /! induces an isomorphism H(X;g,) — C fori = 1,3 and ¢>
induces an isomorphism H?(X; g,) — C?2. For simplicity, we use the same notation
¥ for these isomorphisms. We choose a basis hiz of H'(Z; g,) by the pre-image
of the standard basis of C (C? if i = 2) under y. Explicitly, we have h} = p®,
hl = (1@, 1®), and h% = X@. Choosing a tuple b’ of vectors in C'(X; g,) as
b0 = (pM, p@), b1 = (AW 13), and b? = @, we obtain

©(Z:p.hgox) =—1-(m> = D)(m > =1 (=(m*> - DH(m > -1)~" =1L

Note that a different choice of P € H%(Z; g p) changes the basis hy, but still we have
©(X;p,hg,0x) = 1.

2.3. The adjoint Reidemeister torsion of a knot exterior

Let M be the knot exterior of a knot K C S with any given triangulation. It is
well known that dim H; (M;R) = 1 fori = 0, 1 and dim H; (M ; R) = 0 otherwise.
We choose the orientation ops of H«(M;R) induced from a basis hy = (pt, u) of
H.(M;R) where pt is a point in M and p is a meridian of K oriented arbitrarily.

Let p: 11 (M) — SL,(C) be a representation of the knot group. For the sake of
simplicity, we assume that

m#+1 and Agx(m?) #0,
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where m is an eigenvalue of p(u) and Ak is the Alexander polynomial of K. It
follows that if p is reducible, then it should be abelian (see e.g. [1]). Therefore, p is
either irreducible (Section 2.3.1) or abelian (Section 2.3.2).

2.3.1. Irreducible representations. Suppose that p is irreducible. In this case we
further assume that p is p-regular [14, Definition 3.21], i.e., dim H'(M;g,) = 1 and
the inclusion ;. < M induces an injective map H (M ;g,) — H'(1; g,). We choose
an element P € H°(X;g,), where ¥ = 9M, and define maps

Yl Cl(Migp) — C, a (a(i), P),
wzz C2(M; ap) > C, amr (a(fl), P),

where ji and £ are lifts of 4 and X (to the universal cover of M) respectively satisfy-
ing ji C £. Here the boundary torus X is oriented as in Stokes’ theorem. It is proved
in [14] that the p-regularity implies that ¥ induces an isomorphism H*(M;g,) — C
fori = 1, 2. We define

Tu(M:p) =t(M:p,hp,0p) (6)

where hﬁu is a basis of H* (M ; g o) given by the pre-image of the standard basis of C
under . Note that a different choice of P € H°(Z; g ) changes the basis hys but
not the value of 7,,(M; p).

2.3.2. Abelian representations. Suppose that p is abelian. This case might not be
that interesting, as it essentially reduces to the Alexander polynomial. However, we
present it explicitly as a setup for Section 3.

Lemma 2.3. We have dim H'(M; g,) = 1 for i = 0,1 and dim H'(M; g,) = 0
otherwise.

Proof. We choose any Wirtinger presentation of the knot group
(M) =(g1,....8n|7"1, .. Tn-1).

Recall that the corresponding 2-dimensional cell complex X consists of one 0-cell
p,n l-cells gi,...,gn,andn — 1 2-cells ry, ..., r,—1. It is known that X is simple
homotopy equivalent to M and thus we may use X instead of M. We choose a lift of
the base point p arbitrarily and the lifts of other cells accordingly. Then with respect
to the geometric basis, the boundary maps

§%:C%X:g,) = CH(X:gp)
and
§:C'(X;gp) = C*(X:gp)
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are given as

®(g1—1)
8% = :
O(gn — 1)
and
®(dry/dg1) -+ D(0r1/0gn)
@(ry—1/0g1) -+ P(Iry—1/0gn),

where ® is the Z-linear extension of Ad p and dr; /dg; denotes the Fox free differen-
tial. Similarly, as in Example 2.2, we have

m 0

0 m_l)’ m # +1

p(g1) =+ = p(gn) = (
up to conjugation. It is clear that Im§° ~ C?2, Ker§° ~ C and dim H%(X;g,) = 1.
On the other hand, 8! is surjective since Ax (1) # 0 and Ag(m*2) # 0. It follows
that dim H?(X; g,) = 0 and dim H!(X; g,) = 1, since the Euler characteristic of X
is zero. Explicitly, the twisted cohomology of X is generated by

a € C°(X;g,) such that a(p) = ez, (7a)
a € C'(X;g,) suchthata(g;) = e foralll <i <n. (7b)
|

Once again, we choose an element P € H%(Z;g,) = H°(M; g,) and define
v C'(M;q,) — C, o (a(p), P),
Yy C'(M:g,) > C. a+ (a(i), P),

where p and ji are lifts of p and u (to the universal cover of M) respectively satisfying
p C ji. Itis clear from equation (7) that ¥* induces an isomorphism H*(M;g,) — C
fori = 0, 1. We define

Tu(M:p) = t(M:p,hp,0p)

where hfu is a basis of H'(M; g,) given by the pre-image of the standard basis of C
under wi. In fact, one can compute that

up to sign, but we would not use this fact in this paper.
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3. The connected sum of knots

Let K be the connected sum of knots K7, ..., K, in S3. We denote by M and M I
the knot exteriors of K and K, respectively. It is known that the JSJ decomposition
of M consists of a composing space and My, ..., M,.

3.1. A composing space
Let Dy,..., D, be mutually disjoint discs in the interior of a disc D? and let
W = D?\'int(D; U---U D)

be a planar surface. Here int(X) denotes the interior of X. Let Y = W x S, called
a composing space, having n + 1 boundary tori £; = dD; x S! (1 < j <n) and
¥ = 0D? x S!. Letting u = {pt} x S' and A; = D, x {pt}, we have

(YY) =(u, A1, ..., An | [, A1] = -+ = [, An] = 1).

One can check that Hy(Y;R) ~ R is generated by a point p € Y, H;(Y;R) ~ R**1
is generated by w, A1,...,A,, and Hp(Y;R) >~ R” is generated by X¢,..., X,. We
choose the orientation oy of H.(Y ;R) induced from a basis hy = (p, u, A1, ..., An,
X1, ..., 2,) of Hy(Y;R). Here we orient i, A, and X; as in Example 2.2 and
Stokes’ theorem.

Let p: 11 (Y') — SL,(C) be a representation with tr p(u) # £2 and tr p(4;) # £2
for some 1 < j < n. Since  commutes with all A;’s, we have up to conjugation

l.
p(u)=('g mo_l), p(lj)=((’) l_(—)l) (8)
J

for some m # +1 and [; € C*. Note that there is no relation among m, [y, ..., I,.

Proposition 3.1. We have

1 ifi =0,
. 1 ifi =1,
dim H (Vg =" T
ifi =2,
0 otherwise.

Proof. We first compute the twisted cohomology of W. Since W retracts to the wedge
sum V of n circles Ay, ..., A, (with the basepoint p), we may consider V instead
of W:

50 Adp(Ay) — 13
g~ C%°V;igy) = C'(Vigp) ~g", §°= :
Adp(A,) — I3
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From equation (8) with the assumption that tr p(A;) # 2 for some 1 < j < n, we

see
1 ifi =0,
dim H'(W;q,) =dim H' (V;g,) = { 3n—2 ifi =1,
0 otherwise.

Without loss of generality, we assume that /; # +1 and choose a basis h’i,V of
H(W:g,) as

W), = p@. hhp =P, a@ A0 a0 AP a0,

sp sfp

n n—1 n—1

Here we choose a lift of p arbitrarily and determine the lifts of other cells accordingly.
Recall (see Section 2.2) that the notations p(k) and )L](-k) make sense after we fix lifts
of pand A;.

We decompose Y into two copies Y; and Y, of W x I where [ is an interval. It is
clear that both Y; and Y, retract to W and Y7 N Y, = W U W. From the short exact
sequence

0— C*(Y:igp) = C*(Y1:8,) ® C*(Y2:0,)
— C*(W;gp) & C*(W;g,) — 0, )
we obtain
H:0— H(Y;q,) Jo, H(W;g,) & H'(W;g))
E0 HOW:g,) @ HOW:g,) > H'(V:g,)
L H'(Wig) @ H' Wigy) =5 H' (Wigy) @ H' (Wigy)
D H2(Y:q,) — 0. (10)

The map g; in the above sequence sends (x,y) € H'(W;ga,) & H'(W;g,) to
(x —y, ¥ — jtx(x)) where j4 denotes the action on H'(W;gq,) induced from p =
{pt} x S'. More precisely, fixing identifications H®(W;g,) ~ C and H'(W:g,) =~
C3"=2 with respect to hyy, the matrix expressions of go and g are given by

-1, 0 0
1 —1 13,,_2 0 —mzln_l 0
o= (—1 1 ) £1= 0 0 —m 2l
—I3p—2 ‘ I3n—

where Iy is the identity matrix of size k. In particular, Ker g¢ is generated by e + e»
and Ker g; is generated by ey + €31, . . ., e, + ean—1. Here e is a unit vector whose
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coordinates are all zero, except one at the k-th coordinate. It follows that
dimImgy =1, dimImg; =5n—4,
and

dim H°(Y;g,) = dimIm f, = dimKergo = 1,
dim H*(Y;g,) = 2dim H'(W;g,) —dimImg; = n.

Furthermore, we have dim H!(Y; g,) = n + 1, since the Euler characteristic of Y is
Zero. [

It is geometrically natural to choose a basis hiY of H'(Y;g,) as

he = ,®

’

hy = @29, 29),
2 ) 2
hy = (=,...,29).
Alternatively, we may describe the basis hy as follows (as in Example 2.2). Let P =
%ez € H°(Y; g,) and consider the isomorphisms

v H°(Y;g,) — C, o (a(p), P),
Yyl H (Y g,) = C' 0 as (), P), (@), P)..... {2(An). P)).
Y2 H?(Yig,) > C" a ((@(Z1), P).....(a(En). P)).

Then the basis h§, maps to the standard basis of C, C"*1, or C” under y* accordingly.

Proposition 3.2. 7(Y;p,hy,oy) = (=1)""1(m —m~™1)?"2,

Proof. Recall that Y decomposes into two copies Y7 and Y, of W x [ with Y1 NY, =
W U W and that W retracts to V, the wedge sum of n circles A1, . .., A, with the base
point p.

We construct V' x I from two copies of V' (regarding them as V' x d/) by adding
cells px I, Ay x1I,..., A, x I.Choose cell orders of V, V x I, and V x S! as
e cy =(p.A1,..., An),
* cyxs = (cy.cy.cp) wherecy = (px [, Ay X 1,..., Ay X 1),
* cyxst = (cv.cv,cp.cqp).
Then the basis transition between (cyxr1, cyxr) and (cy, ¢y, cyyg1) is an even per-
mutation. On the other hand, for

hyxst = (Pt Ao Ans 21,00, Sy) (= hy)
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a straightforward computation shows that

Tor(Cx(V x ST R), cposts hyxst)

“L,|o|n]o
—1 —1
= (s R gog (In O) T [ I 1010 O (1]
I, I o [T 1,10 -1 0
1 1
=1. (11)

Note that [C«(V x S!;R)]| is obviously even.
We choose any triangulation of Y and cell orders cy, cy;, and cy according to

Cyxsls CvxI, and cy, respectively. Applying formula (3) to the short exact sequence
(9), we obtain

1= (=1)"*Tor(C*(Y:g,).cy.hy) tor(H)

after canceling out the torsion terms for W =~ Y;. Here tor(#) is the Reidemeister
torsion of the long exact sequence (10) with respect to hy and hy . Note that the basis
transition between (cy,, ¢y,) and (cy, cw, cw) is an even permutation. One easily
checks from definitions (4) and (5) thatv =0andu = ) ; Bi(C*(Y;g,) =n — 1
in modulo 2. To simplify notations, we rewrite sequence (10) as

0 — JO L% gor 2% g2 Aoy g3 T g4 81 s D g6

S S S

d d
C fo C2 g0 c2 2 on+l A Con—4 KN con—4 4L on

where the two rows are identified with respect to hy and hy,. We choose a tuple b* of
vectors in H' as

b = ey,

bl = ey,

b? = ey,

b = (e2,€3,....en41),

bt = (en+1,€n42,---,C6n—4),
b’ = (e1,e2,...,en),

b® = ¢

where ey is a unit vector whose coordinates are all zero, except one at the k-th coor-
dinate. Then the basis transition matrix A4; at #’ (see Section 2.2) is given by
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0 0
—1I, 0 0
I
]0 0 —m?l,_ 0 (’)’
As=| 2 0 0 —m 21, ,
0
I3p— 0
_IZn—Z 3n—2 }
Ag = I,.

It follows that

tor(H) = —det A5

, 0 —m2I, , 0 !
m=2 | 0 —m~21,_,

— _1 n—1

(—1D)" " det 5

lays I3, >
n—
_ 1 —m2) I, 0 !

— _1 n—1 ( n

=D det( 0 (1—m—2)1,,_1)
— (m _m—1)2—2n.

419

Note that the third equation follows from the determinant formula for a block matrix.

‘We conclude that
Tor(C*(Y;gp),cy,hy) = (=D)"tm —m™1)2"2,

This completes the proof, since we have g(oy) = 1 from equation (11).

Remark 3.3. We have 7(Y'; p, hy,oy) = 1 for n = 1. This agrees with the compu-

tation given in Example 2.2, as Y retracts to a 2-torus whenn = 1.
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3.2. The knot exterior of the connected sum

The composing space Y has n + 1 boundary tori ¥;,...,%, and £.For1 < j <n we
glue the knot exterior M; of K; C S* to Y by using a homeomorphism dM; — X;
that maps the meridian and canonical longitude of K; to  and A;, respectively. The
resulting manifold M is a compact 3-manifold with 0M = X and is the knot exterior
of the connected sum of K, ..., K,. We refer to [9, Example IX.21] for details. We
choose the orientation oy of H.(M;R) as in Section 2.3, i.e., the one induced from
the basis hpr = (pt, ) of Ho(M;R).

Let p: m1 (M) — SL,(C) be an irreducible representation. We denote by m and
[; eigenvalues of p(u) and p(A;) respectively as in equation (8). For simplicity we
assume that

m#+1 and Ag,(m*) #0 foralll < <n, (12)

where Ag; is the Alexander polynomial of Kj. It follows that each restriction
pj:mi(Mj) — SL,(C) of p is either irreducible or abelian. We further assume that if
p;j s irreducible, then

l; #+1 and pjis p-regular. (13)

Without loss of generality, we assume that py, . . ., pr are abelian and pg1,. .., p, are
irreducible where k should be less than 7, otherwise p becomes abelian. In particular,
lj # x1forsomel < j <n.

Proposition 3.4. We have
; —k ifi =1,2,
dim Hi(M3 ) = | "
0 otherwise.
Proof. From the short exact sequence
n n
0— C*(M:g,) > P C*(Mj:q,) & C*(Y:g,) > @ C*(Z):8,) — 0. (14)
j=1 j=1
we have

n n
F G
9:0 - H°(M;g,) = @HO(Mj;gp) ® H°(Y;q,) = EBHO(Ej;gp)
j=1 j=1

n n
D F G
== H'(M:g,) — D H'(M;:9,) @ H' (Y:9,) — P H'(Z):9,)
ji=1 ji=1

n n
D F, G
— H>(M;g,) — €D H*(M;:0,) & H*(Y:g,) — ED H*(Z): 8,)
j=1 Jj=1

D
3 H3*(M:;g,) — 0. (15)
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With respect to the bases hy, hys,, and hy given in Example 2.2 and Sections 2.3
and 3.1, the map Gy in sequence (15) can be identified with

Go:CF1 5 €, (xpaee o Xpa ) > (X1 — Voo Xk — Vs =Yoo a—y). (16)
————
n—k
It follows that
dimIm Gy = dimKer Dy =k + 1
and
dimIm Dy =n—k — 1.

Also, the matrix expression of

Gl:(CZn-f-l N CZn

is given by
1 -« 0|l=1]0 -+ 0
K1 0] 0 |-1 0
G =|: N N oo
0 1 |-1]0 0
0 -+ ko| O 0 v —1

where «; = (hlle ()Tj), P). Since we obtain an invertible matrix (of size 2n) from
G by deleting the (n + 1)-st column, we have dimIm G; = 2n and dim Ker G; =
dimIm F; = 1. [ ]

Welet P = %ez € H%(Y;g,) and define maps

vl H'(M;g,) — C, o — (a(f), P),
Y2 HX(M:g,) — C"7*, a > ((@(Skg1), P, ... (@(E0), P)).

Lemma 3.5. ¢! induces an isomorphism H'(M; g,)/Im Dy — C and ¥? is an
isomorphism.

Proof. It is clear that ¥! is compatible with the isomorphism H 1(Mj; gp) — C,
a +— (a(ft), P) for 1 < j < n. In particular, ! is surjective. On the other hand,
it follows from sequence (15) that an element of Im Dy maps to the trivial ele-
ment in H1(M;; g,) under the restriction map H'(M;g,) — H'(M;;g,). There-
fore, ¥! induces a map H'(M; g,)/Im Dy — C which is an isomorphism since
dim H'(M; g,) = n — k and dimIm Dy = n — k — 1. The second claim that ¥ is
an isomorphism is obvious from sequence (15). ]
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Recall that the basis h3; of H°(3;:g,) gives us an isomorphism

n
P H =8, ~C".

j=1
Denoting by (ey, ..., e,) the standard basis of C”, we choose a basis of Im D as

(Do(ex+1)s---»Dolen—1)).

Note that equation (16) shows that the above tuple is indeed a basis of Im Dy. We
then extend it to a basis h}u of H'(M; g ) by adding an element £ at the first position
which maps to the standard basis of C under v/ !:

hy, = (&, Do(ek41). .- .. Do(en—1)).

We also choose a basis hﬁl of H*(M; g,) by the pre-image of the standard basis of
C™~* under 2. With the above choice of hy, we define the adjoint Reidemeister
torsion for the connected sum as follows.

Definition 3.6. Let M be the knot exterior of the connected sum of knots K;,..., K,
in §3 and p: w1 (M) — SL,(C) be an irreducible representation satisfying condi-
tions (12) and (13). We define the adjoint Reidemeister torsion (associated to p and
the meridian p) as

w(M:p) =t(M:p.hy,om). a7
Note that it reduces to the standard definition (6) of a knot exterior whenn = 1.

Lemma 3.7. Equation (17) does not depend on the choice of P € H°(Y ; g,) and the
order of indices of L1, ..., 2n-

Proof. If we replace P by cP for some ¢ € C*, then the basis transition matrices
for H(M; g,) is %In_k for both i = 1,2 and thus 7, (M ; p) does not change. If we
exchange two indices other than n, then the basis transition is clearly an odd permu-
tation for both H!(M; g,) and H*(M; g,,). Therefore, 7,,(M; p) does not change. If
we exchange the index n with another one, then the basis transition for H2(M; g,) is
an odd permutation. On the other hand, since ex1 + -+ + e, € Im Gy = Ker Dy (see

equation (16)), we have Dg(e,) = —Do(ex+1) — - — Do(en—1). It follows that the
basis transition matrix for H'(M; @p) has determinant —1 and thus 7, (M; p) does
not change. |

Theorem 3.8. 7,,(M;p) = (m —m~1)2""2¢,(M1; p1) ... Tu(My; pn).
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Proof. Choose any triangulation of M with any cell order cjs. We denote by cy

(resp., cp; and cx;) the cell order restricted to Y (resp., M; and ;). Note that the

Euler characteristics of M, M;, Y, X; are even. Consequently, we may assume that

the number of i -dimensional cells in each of M, M;, Y, and X; is even by applying

the barycentric subdivision once. Let e = 1 (resp., —1) if the basis transition between

(¢cgys....cx,,cm) and (cym,, ..., cM,, cy) is an even (resp., odd) permutation.
Applying formula (3) to the short exact sequence (14), we obtain

n
e [] Tor(C*(M;:g,). er; . ha,) - Tor(C*(Y:g,). ey . hy)
]:1 n

= (~1)""™ Tor(C*(M: g,). et hag) - [ | Tor(C*(E;: gp). ex; . ) - tor(8).
Jj=1

where tor(§) is the Reidemeister torsion of the long exact sequence (15) with respect
to hMJ. Lhy, hgj ,and hyy. It is clear from definition (4) that v is even since the number
of i-dimensional cells in each of M, M;, Y and X; is even for all i. Also, a direct
computation from definition (5) gives that ¥ = n in modulo 2. Recall Proposition 3.4
that there are two trivial terms H%(M;g,) and H3(M;g,) in §. Ignoring these trivial
terms, we rewrite § as

G D F G D F. G
0— 60 B gl B g2 "1, g3 7Lgt ZLgs 2,60 267 50
G l D F G D F G l
Ck+1 gcn é)cn—k _>1 (CZn-H __)1 (CZn __)1 (Cn—k _g (C2n—k __3 cn
where the two rows are identified with respect to hMj, hy, hy s and hys. We choose
a tuple b’ of vectors in §' as

b% = (e, e2,...,ex41),

b' = (Ckt1-€k42s---1€n—1),

b? = ¢

b = (e1,€2,...,€n, €ny2,€n43,...,€2n41),
b* =9,

b = (e1,€2,....en—k),

b = (n—kt1.Cn—kc42:- - €2n—k)

b’ =0

where ey is a unit vector whose coordinates are all zero, except one at the k-th coor-
dinate. Then the basis transition matrix A; at §° (see Section 2.2) is given by
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Ao = I 41,
-1
I | 0
~1
A = -1 ,
0 Tn—k—1
-1
0| —1 0
A2=( 0 1),
Iy—k-1 O
1
: I, 0
1
As=1] 1 0o|o0],
K1
: 0|1
Kn
1 o0 -~ 0
K1 0| -1 0
e R R
0 1 0 0
0 kn| O -1
A5=In—k,
In_x | O
Ag = 0 ,
In—k "
A7 = -1,

It follows that

nn+1) nn+1)
——+1 )

tor(§) = (=) (=) * =D (=) "2 (=) = (=)
Therefore, we conclude that
n
e [ [ Tor(C*(Mj:g,). ep,; . hag;) - Tor(C*(Y: g,). ¢y . hy)
j=1

n
nn—+1)
= (=1)" 2 " Tor(C*(M:g,). epm . hay) [ | Tor(C*(Z):gp). ex; . hy)).
j=1

(18)
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On the other hand, applying formula (3) to the short exact sequence

0> P Cu(Tj:R) > P Cu(Mj:R) & Cu(Y:R) — Cou(M:R) >0, (19)

ji=1 =1
we have
n
e- H Tor(Cs(M;:R). cp; . hag,) - Tor(Cu (Y i R). ¢y, hy) (20)
j=1

n
= (=Y ][ Tor(Ca(Z: R). cx; . hs,) - Tor(C (M R). cpr. hag) - tor(¥),
j=1

where tor(§’) is the Reidemeister torsion of the long exact sequence induced from (19)

with respect to the bases /iy B hy i hy, and hjps. Repeating similar computations, we

have v’ = v/ =0 mod2 and tor(§') = (—l)n(n2+l). Then, from equation (20) we

have

e-[[etom,) - eloy) = (=15 [ ] e(ox;) - eom). 21
=1

J

i=1
Combining equations (18) and (21) with Example 2.2 and Proposition 3.2, we obtain
the desired formula. ]

3.3. Proofs of Theorems 1.3 and 1.4

Recall that X' (M) is the character variety of irreducible representations 71 (M) —
SL>(C) and X7, (M) is the pre-image of ¢ € C under the trace function X (M) — C
of j1. We use the notations X (M;) and X}, (M;) similarly for 1 < j < n. Since we
assumed that

(C) the level set X7, (M;) consists of finitely many j-regular characters with the
canonical longitude having trace other than +2 for generic ¢ € C,
conditions (12) and (13) in Section 3.2 are satisfied for generic ¢ € C. It follows that

the adjoint Reidemeister torsion is well defined on the level set X7, (M) for generic

ceC.

Lemma 3.9. The connected components of X (M) are the pre-images of the restric-
tion map (i.e., induced by the inclusions M; — M ):

®: X6 (M) — [TX5 M) uley 1)\ {(en]. - .. [ea])}

Jj=1

where aj: w1 (M) — SL»(C) is the abelian representation with tr(aj (1)) = ¢, and
[o¢j] denotes its character.



J. Porti and S. Yoon 426

Proof. We first prove that @ is surjective. Let p; be a representation 7;(M;) —
SL,(C) satistying tr(p; (1)) = ¢ for 1 < j <n. Since we assume that ¢ 7# +2, we can
conjugate each p; so that py (1) = p2() = -+ = pp(w). This is sufficient to extend
these representations to p: w1(M) — SL,(C) which is irreducible since at least one
of p;’s is irreducible.

For a point p in the image of ®, without loss of generality, we may assume p =
([eal, - - -5 [ox]s [ok+11s - - - » [on]), where @y ..., a are abelian and pg 41, ..., oy are
irreducible. To analyze the pre-image ®~!(p), consider two characters in ®~1(p),
those are conjugacy classes of irreducible representations p and p’ of 71 (M). As
tr(p(p)) = tr(p’ () # +2, after conjugating we may assume that p(u) = p’(u). Let
D C PSL,(C) denote the centralizer of p(i1) = p'(w). Since tr(p(n)) = tr(p’ (1)) #
+2, the group D is conjugate to the group of diagonal matrices and thus D =~ C*. Let
p;j and ,o]’- denote the respective restrictions of p and p’ to 71 (M;). The assumption
o(u) = p’(w) implies that
e forj=1,...,k p = p;.. It is because of that the genericity assumption (12)

implies that p; and p} are abelian, and an abelian representation of a knot exterior

is determined by the trace of u;

o forj=k+1,...,n, p;. and p; are conjugate by some matrix of D, because an
irreducible representation is determined by its character.

Namely, p and p’ differ by bending along some of the tori X1, ..., X,. Note that
bending along all tori X441, ..., 2, simultaneously by the same matrix in D does not
change the conjugacy class. It follows that the pre-image ®~!(p) is homeomorphic
to
(Dx--xD)/D 2 (C*x -+ x C*) JC* = (C***1,
n—k n—k

As the pre-images of ® are connected and the image is discrete, those pre-images are
the connected components. |

From Theorem 3.8 and Lemma 3.9, we obtain Theorem 1.3: the adjoint Reide-

—1)2n—2 :

meister torsion is locally constant on X, (M ). Note that the term (m —m in

Theorem 3.8 is the constant (¢ — 4)"~! on X, (M).
On the other hand, we have

|
(C2 . 4)n—l Z o
e on M P)

n

1

(> s aoia)
=1 et oy M) T Myieg) 7T (M)

1 1
2 <H 2 (Mj;p))ﬂm(Mj;aj)’

T
JS{1,n}  j&J [pleXs(M;) M jeJ
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where J runs on all subsets of {1, ..., n} different from the whole set (J is the subset
of indexes j such that the restriction to 71 (M) is abelian, hence J may be empty but
not the whole set). Note that each connected component of X7, (M) is homeomorphic
to (C*)! for some 0 </ < n — 1 and that we understand the sum Ziplexs ) by
taking one representative on each connected component of X7, (M), which agrees
with the ordinary sum for M;. This completes the proof of Theorem 1.4, because we
have assumed that foreach j = 1,...,n:

1

- =0.
7, (Mj; p)

lple X (M)
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