EMS Surv. Math. Sci. 2 (2015), 1-62 EMS Surveys in
DOI 10.4171/EMSS/8 Mathematical Sciences
© European Mathematical Society

Conjectures on Bridgeland stability for Fukaya categories
of Calabi-Yau manifolds, special Lagrangians, and
Lagrangian mean curvature flow

Dominic Joyce

Abstract. Let (M, J, g, 2) be a Calabi—Yau m-fold, and consider compact, graded Lagrangians L
in M. Thomas and Yau [81, 82] conjectured that there should be a notion of ‘stability” for such L,
and that if L is stable then Lagrangian mean curvature flow {L! : t € [0,00)} with L® = L
should exist for all time, and L>® = lim;— o L’ should be the unique special Lagrangian in the
Hamiltonian isotopy class of L. This paper is an attempt to update the Thomas—Yau conjectures,
and discuss related issues.

It is a folklore conjecture, extending [81], that there exists a Bridgeland stability condition
(Z,P) on the derived Fukaya category Db (M ), such that an isomorphism class in Dbz (M)
is (Z,P)-semistable if (and possibly only if) it contains a special Lagrangian, which must then be
unique.

In brief, we conjecture that if (L, E, b) is an object in an enlarged version of Dbff(M), then
there is a unique family {(L?, E?,b?) : t € [0,00)} such that (L®, E® %) = (L, E.b), and
(L', E',b") =~ (L. E,b)in D2.Z (M) forall ¢, and {L’ : t € [0, 00)} satisfies Lagrangian MCF
with surgeries at singular times 77, 7>, ..., and in graded Lagrangian integral currents we have
lims o0 L* = Ly + -+ + Ly, where L j is a special Lagrangian integral current of phase eimej
for ¢1 > --- > ¢y, and (L1,¢1)....,(Ln, ¢n) correspond to the decomposition of (L, E, b) into
(Z,P)-semistable objects.

We also give detailed conjectures on the nature of the singularities of Lagrangian MCF that
occur at the finite singular times 71, 73, . ...
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1. Introduction

Thomas [81] and Thomas and Yau [82] proposed some interesting conjectures on graded
Lagrangians L in Calabi—Yau manifolds (M, J, g, 2): they defined a notion of ‘stabil-
ity’ [81, Def. 5.1] for Hamiltonian isotopy classes [L] of (almost calibrated) graded La-
grangians L, and conjectured [81, Conj. 5.2] that [L] contains a (unique) special La-
grangian L’ if and only if [L] is stable. Furthermore, they conjectured [82, Conj. 7.3] that
if [L] is stable and L satisfies an extra condition [82, (7.1) or (7.2)] then Lagrangian mean
curvature flow {L? : t € [0, 00)} with L® = L exists for all time, and lim; o, L’ = L’.

Thomas and Yau’s papers [81,82] are remarkably prescient, as they predate (and mo-
tivated) much important mathematics relevant to their picture, including the invention of
Bridgeland stability on triangulated categories [13], the publication of Fukaya, Oh, Ohta
and Ono’s [22-24] and Seidel’s work [74] on Lagrangian Floer cohomology and Fukaya
categories, and progress on singularities of Lagrangian MCF such as Neves [61-63]. 1
believe their big picture is correct, although I think they are too optimistic in expecting
Lagrangian MCF to exist for all time without singularities even in the stable case, and
want to substitute Lagrangian MCF with surgeries instead (see (iv) below).
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The aim of this paper is to update the Thomas—Yau conjectures in the light of subse-
quent discoveries, to add more detail to the picture, and to extend their scope. Thomas
and Yau’s papers are clearly intended as a programme for future research rather than as
precise conjectures; they have many caveats on points they are uncertain about, and the
conjectures they actually state are fairly cautious (for instance, the inclusion of the strong
condition [82, (7.1) or (7.2)] on stable Lagrangians for Lagrangian MCF to converge to a
special Lagrangian).

I am going to be a lot less cautious, and will make conjectures on unique long-
time existence of Lagrangian MCF with surgeries starting from any compact graded La-
grangian with unobstructed Lagrangian Floer cohomology in the sense of [24] (‘HF*
unobstructed’ for short). Nonetheless, I ask readers to take the conjectures in the spirit
they are intended: as provisional, quite probably false in their current form, to be refined
(or discarded) as our understanding improves, but in the mean time, as (hopefully) a useful
guide and motivation for research in the area. I will say more on this in the introduction
to §3.

In reading Thomas and Yau [81, 82], I think it is helpful to impose the standing as-
sumption that all graded Lagrangians L considered are almost calibrated, that is, have
phase variation less than . This is not clearly articulated in [81, 82], although bounds
on the phase variation are assumed in several places, with the almost calibrated condition
used in [82, §5.3]. We need L to be almost calibrated since otherwise the ‘global phase’
¢(L) in [81, §3] is not well-defined, and so ‘stability’ in [81, Def. 5.1] does not make
sense.

Including the almost calibrated assumption, I am not aware of any counterexamples
to the precise conjectures stated in [81, 82] (although I do expect such counterexamples
to exist, see (iv) below). In particular, Neves’ examples [63] of finite time singularities to
Lagrangian MCF discussed in Example 3.28 below are not almost calibrated, and so not
counterexamples to [82, Conj. 7.3].

Here are the main differences between our programme and that of [81, 82]:

(i) We work in the ‘derived Fukaya category’ D?.% (M) of M, as in Fukaya, Oh,
Ohta and Ono [22-24] (see also Seidel [74]). Objects of Db 7 (M) include triples
(L, E,b), where L is a compact, graded Lagrangian in M and £ — L a rank
one local system such that (L, E) has ‘HF* unobstructed’, and b is a ‘bounding
cochain’ for (L, E), as in [24].

Rather than working in a Hamiltonian isotopy class [L] as in [81,82], we work in an
isomorphism class [(L, E, b)] in D?.Z (M).

(ii) The derived Fukaya category D?.% (M) must be enlarged to include immersed La-
grangians as in [2] in dimension m > 2, and certain classes of singular Lagrangians
in dimension m > 3, for the programme to work.

(iii) Our notion of ‘stability’ of Lagrangians is a ‘Bridgeland stability condition’ (Z, P)
on the triangulated category D?.% (M), as in Bridgeland [13].

(iv) Even for a ‘stable’ object (L, E, b) with small phase variation, I do not expect La-
grangian MCF {L’ : t € [0,00)} with L® = L to exist without singularities, as
hoped in [82]. Instead, in a similar way to the proof of the Poincaré Conjecture
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by Perelman and others using Ricci flow (see [60, 68-70]), I expect there to exist
a unique family {(L?, E*,b") : t € [0, 00)} of objects in the isomorphism class of
(L,E,b) in D°.Z (M) with (L°, E®,b%) = (L, E,b), where {L’ : t € [0,00)}
satisfies Lagrangian MCF with surgeries.

That is, at a discrete series of ‘singular times’ t = 77, 75, ... the flow develops
a singularity, but one can continue the flow uniquely for ¢t > T; in a way which
is continuous at ¢ = T; in a weak sense. The L’ for T; — e < t < T; and for
T; <t < T; + € may have different topologies.

(v) Lagrangians L or pairs (L, E) in M ‘with HF* obstructed’ do not give objects of
DP.Z (M), and ‘stability’ does not make sense for them.

For L with HF* obstructed, the author expects that Lagrangian MCF {L! : 1 €
[0, T)} with L°® = L may develop finite time singularities at t = T after which it
is not possible to continue the flow, even with a surgery. So, the long time existence
of Lagrangian MCF with surgeries in (iv) should apply only for Lagrangians with
H F* unobstructed.

Part (iv), our insistence on including finite time singularities of Lagrangian MCF and
surgeries, is the greatest divergence between our picture and that of [81, 82]. As some
justification, note that Neves [63] proves that every Hamiltonian isotopy class [L] of com-
pact Lagrangians L in a Calabi—Yau m-fold (M, J, g, Q) for m > 2 contains (not almost
calibrated) representatives L such that Lagrangian MCF {L’ : t € [0, T)} with L® = L
develops a finite time singularity at ¢ = T, so without (strong) extra assumptions, finite
time singularities of Lagrangian MCF are unavoidable.

One of the goals of this paper is to persuade mathematicians working on Lagrangian
MCEF that obstructions to H F* are important in understanding finite time singularities of
Lagrangian MCEF, that the flow should be better behaved if H F* is unobstructed, and that
tools from symplectic topology such as J-holomorphic curves, Lagrangian Floer coho-
mology, and Fukaya categories, should be used to make the next generation of advances
in the field.

Some evidence for this is provided by Imagi, Oliveira dos Santos and the author [37],
in which, motivated by this paper, we use Lagrangian Floer cohomology and Fukaya
categories to prove that the unique special Lagrangians in C™ asymptotic at infinity to the
union ITo U ITy of two transverse Lagrangian planes ITg, IT4 are the ‘Lawlor necks’ of
[51], and the unique Lagrangian MCF expanders in C™ asymptotic at infinity to ITo U T
are the examples in Lee, Tsui and the author [49, Th.s C & D], as in Theorems 2.6 and
2.14 below.

Section 2 explains some background material, §3 states the conjectures, and §4 dis-
cusses some generalizations.

Acknowledgements. I would like to thank Mohammed Abouzaid, Joana Amorim, Lino
Amorim, Denis Auroux, Mark Haskins, Yohsuke Imagi, Yng-Ing Lee, André Neves, Paul
Seidel, Richard Thomas, and Ivan Smith for useful conversations. This research was
supported by EPSRC grant EP/H035303/1.
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2. Background material

We now summarize the background material we will need to state our conjectures in §3.
We discuss Calabi—Yau m-folds, graded Lagrangians and special Lagrangians in §2.1 and
Lagrangian mean curvature flow in §2.3, giving examples of SL m-folds in C™ in §2.2
and solitons for Lagrangian MCF in §2.4. Section 2.5 explains Lagrangian Floer coho-
mology, obstructions to HF*, and derived Fukaya categories D?.% (M) for embedded
Lagrangians in Calabi—Yau m-folds, and §2.6 considers the extension to immersed La-
grangians.

Some references are McDuff and Salamon [58] for symplectic geometry, the au-
thor [48] and Harvey and Lawson [31] for Calabi—Yau m-folds and special Lagrangians,
Mantegazza [56], Smoczyk [79] and Neves [62] for (Lagrangian) MCF, Fukaya [22,23],
Fukaya, Oh, Ohta and Ono [24] and Seidel [74] for Lagrangian Floer cohomology and
Fukaya categories for embedded Lagrangians, and Akaho and the author [2] for the ex-
tension to immersed Lagrangians.

2.1. Calabi-Yau m-folds and special Lagrangians. We define Calabi—Yau m-folds,
graded Lagrangians, and special Lagrangians.

Definition 2.1. A Calabi—Yau m-fold is a quadruple (M, J, g, 2) such that (M, J) is an
m-dimensional complex manifold, g is a Kdhler metric on (M, J) with Kihler form w,
and €2 is a holomorphic (m, 0)-form on (M, J) satisfying

W™ /m! = (=) D2 12y QA Q. 2.1)

Then g is Ricci-flat and its holonomy group is a subgroup of SU(m). We do not require
M to be compact, or g to have holonomy SU(m), although many authors make these
restrictions.

If (M, J, g, ) is a Calabi—Yau m-fold with Kihler form w, then (M, ®) is a sym-
plectic manifold. A Lagrangian L in M is a real m-dimensional submanifold (embedded
or immersed) with |y, = 0.

Let L be a Lagrangian in M. Then Q| is a complex m-form on L. Equation (2.1)
implies that |Q| L| = 1, where | .| is computed using the Riemannian metric g|z,. Sup-
pose L is oriented. Then we have a volume form dV, on L defined using the metric g|y,
and orientation with |[dV.| = 1,s0 Q| = O -dVL, where ®f, : L — U(1) is a unique
smooth function, and U(1) = {z € C: |z| = 1}.

There is an induced morphism of cohomology groups ®7 : H Lu1),Z2) - HY(L,Z).
The Maslov class u; € H'(L;Z) of L is the image under ©7 of the generator of
HYU(1),Z) =~ Z. If HY(M,R) = 0 then p depends only on (M, ), L and not
on g, J, Q2. We call L Maslov zero if up = 0.

A grading or phase function of an oriented Lagrangian L is a smooth function 6y, :
L — Rwith ®p = exp(ifr),sothat Q| = e'LdVy . Thatis, i 6, is a continuous choice
of logarithm for ®y. Gradings exist if and only if L is Maslov zero. If L is connected
then gradings are unique up to addition of 27rn for n € Z. A graded Lagrangian (L, 01)
in M is an oriented Lagrangian L with a grading 67 . Usually we refer to L as the graded
Lagrangian, leaving 6, implicit.
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An oriented Lagrangian L in M is called almost calibrated if (cos¢ Re Q2 —
sing Im )|z is a positive m-form on L for some ¢ € R. Then L admits a unique
grading 07, taking values in (¢ — 7, ¢ + 7). If a graded Lagrangian L has phase variation
less than 7, then it is almost calibrated.

An oriented Lagrangian L in M is called special Lagrangian with phase €' if © is
constant with value ¢! € U(1). If we do not specify a phase, we usually mean phase 1.
We will write SL for special Lagrangian, and SL m-fold for special Lagrangian submani-
fold. SL m-folds with phase e’? are Maslov zero, and graded with phase function 6, = ¢.
They are minimal submanifolds in (M, g). Compact SL m-folds are volume-minimizing
in their homology class.

Special Lagrangians were introduced by Harvey and Lawson [31, §1II]. The deforma-
tion theory of SL m-folds was studied by McLean [59, §3]:

Theorem 2.2. Let (M, J, g, 2) be a Calabi-Yau m-fold, and L a compact SL m-fold
in M. Then the moduli space M of special Lagrangian deformations of L is a smooth
manifold of dimension b' (L), the first Betti number of L.

2.2. Special Lagrangian m-folds in C™.

Definition 2.3. Let C™ have coordinates (z1, ..., ;) and complex structure J, and de-
fine a Kihler metric g, Kihler form w and (m, 0)-form 2 on C™ by

g = ldz1 > + -+ + [dzpm|?,
® = 5(dz1 AdZ; + -+ + dz A dZp), (2.2)
and Q =dz; A---Adzy.

Then (C™, J, g, Q) is the simplest example of a Calabi—Yau m-fold.
Define a real 1-form A on C™ called the Liouville form by

A =—1Im(z1dZ; + - + zpndZm).

Then dA = w. Thus, if L is a Lagrangian in C™ then d(A|z) = 0. We call L an exact
Lagrangian if A|;, = d f for some smooth f : L — R.

A (singular) Lagrangian C in C” is called a cone if C = tC for all t > 0, where
tC ={tz:z € C}. Let C be aclosed Lagrangian cone in C” with an isolated singularity
at0. Then ¥ = C N 8?"~! is a compact, nonsingular Legendrian (m — 1)-submanifold
of S?~1 not necessarily connected. Let g5 be the metric on ¥ induced by the metric
g on C™ in (2.2), and r the radius function on C™. Define ¢ : ¥ x (0,00) — C™ by
t(0,r) = ro. Then the image of ¢ is C \ {0}, and (*(g) = r2gx + dr? is the cone metric
on C \ {0}.

Let L be a closed, nonsingular Lagrangian m-fold in C™, e.g. L could be special
Lagrangian, or a Lagrangian LMCF expander, as in Definition 2.9 below. We call L
asymptotically conical (AC) with rate p < 2 and cone C if there exists a compact subset
K C L and a diffeomorphism ¢ : ¥ x (T, 00) — L \ K for some T > 0, such that

|Vk((p —L)‘ = 00" '"7*) asr —> oo, forallk =0,1,2,....
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Here V, | .| are computed using the cone metric (*(g). Note thatif p < ¢ < 2 and L is
AC with rate p, then L is also AC with rate 0.

Asymptotically conical special Lagrangians are an important class of SL m-folds
in C™. McLean’s Theorem, Theorem 2.2, was generalized to AC SL m-folds by Mar-
shall [57] and Pacini [67]. Here is a special case of their results:

Theorem 2.4. Let L be an asymptotically conical SL m-fold in C™ for m > 3 with
cone C and rate p € (2—m, 0), and write M for the moduli space of deformations of L
as an AC SL m-fold in C™ with cone C and rate p. Then M?% is a smooth manifold of
dimension bL.(L) = b™~1(L).

Here b*(L) = dim H*(L,R), b¥ (L) = dim HX (L, R) for H*(L,R), HZ(L,R) the
(compactly-supported) cohomology of L, and bfs(L) = b™ k(L) by Poincaré duality.
The next family of AC SL m-folds in C™ was first found by Lawlor [51], and rewritten

by Harvey [30, pp. 139-140]. They are often called Lawlor necks.
Example 2.5. Letm > 2 and ay,...,a; > 0, and define polynomials p, P by

p(x
x2

p(x)=(0+ax?)---(14+apx*)—1 and P(x)= 2.3)

Define real numbers ¢1, ..., ¢, and A by

*© dx *© dx
Pk = /_oo (U tat/Poy M A= /_oo 2/P0)

Clearly ¢, A > 0. But writing ¢p; + -- - + ¢, as one integral gives

3

_ [T p)dx A
h +¢’”_/o PO+ DVPe  do WAl

making the substitution w = /p(x). So ¢ € (0, ) and ¢; +- - - + ¢, = 7. This yields
a 1-1 correspondence between m-tuples (ay,...,a,) with ay > 0, and (m + 1)-tuples
(b1,...,m, A) with g € (0,7), 1 + -+ ¢y = 7w and A > 0.

Fork = 1,...,m, define a function z; : R — C by

. y dx
zk(y) = VO ot + y2, where Y (v) :ak/ (1 + axx2)JP(x)
oo k

Now write ¢ = (¢1, ..., ¢n), and define a submanifold Ly 4 in C™ by
Ly a= {(zl(y)xl,...,zm(y)xm) yeR, x; eR, x12 + - +x,2n = 1}.

Then Ly 4 is closed, embedded, and diffeomorphic to S8™~1 x R, and Harvey [30,
Th. 7.78] shows that Ly 4 is special Lagrangian. Also Ly 4 is asymptotically conical,
with rate p = 2 —m and cone C the union ITy U ITy of two special Lagrangian m-planes
Ty, ITg in C™ given by

Mo = {(x1,....xm) 1 x; €R}, Ty = {(€® x1,....e" %" xp) : x; €R}.
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Apply Theorem 2.4 with L = Ly 4 and p € (2 —m,0). As L = 8™ ! x R we have
bl (L) = 1, so Theorem 2.4 shows that dim M?P” = 1. This is consistent with the fact that
when ¢ is fixed, Ly, 4 depends on one real parameter A > 0. Here ¢ is fixed in M/ as
the cone C = Il U Iy of L depends on ¢, and all Le M? have the same cone C, by
definition.

Imagi, Oliveira dos Santos and the author [37, Th. 1.1] prove a uniqueness theorem
for Lawlor necks. The proof involves deep results on Lagrangian Floer cohomology and
Fukaya categories, and was motivated by the ideas of this paper. The exactness assump-
tion is needed to apply the Fukaya category results. Note that special Lagrangians L
in C™ occurring as blow-ups of graded Lagrangian MCF in a Calabi—Yau m-fold (as in
§3.3 below) are automatically exact, so the exactness requirement does not matter for our
programme.

Theorem 2.6. Suppose L is a closed, embedded, exact, asymptotically conical special
Lagrangian in C™ for m > 3, asymptotic at rate p < 0 to a union T1; U I, of two
transversely intersecting special Lagrangian planes 11, I15 in C™. Then L is equivalent
under an SU(m) rotation to one of the ‘Lawlor necks’ Ly 4 found by Lawlor [51], and
described in Example 2.5.

Here is an example based on Harvey and Lawson [31, §1I1.3.A]:

Example 2.7. Define a special Lagrangian T'2-cone C in C> by
C = {(21,22,23) € C?:|z1| = |z2| = |z3|, z12223 € [0,00)}. 2.4)

This will be important in §3.6 as it is a ‘stable’ special Lagrangian singularity in the sense
of [39, Def. 3.6]. There are three families of explicit asymptotically conical SL 3-folds
L4, L4, L4 for A > 0in C?, each diffeomorphic to S x R? and asymptotic at rate p = 0
to the cone C, where

L ={(z1.22.23) € C 1 [z1P = A = |22* = |z3/*, 212223 € [0,00)}, (2.5)

and Lﬁ‘, Lg1 are obtained from Lf by cyclic permutation of zy, z5, z3.
Example 2.8. In [43—45] we study SL 3-folds in C* invariant under the U(1)-action

el? (z1,22,23) —> (eiezl,e_i922,23) for ¢'? € u().

The three papers are surveyed in [46]. A U(1)-invariant SL 3-fold N may locally be
written in the form

N ={(z1.22,23) € C’: zizp =v(x,y) +iy. z3=x+iu(x,y),
Iz11> — |22 =24, (x,y) €S}, (2:6)

where S is a domainin R?, ¢ € Randu,v: S - R satisfy (in a weak sense if a = 0)
the nonlinear Cauchy—Riemann equations

d d 0
Yo% and —v——2(v2+y2+a2)

o i
ox  dy ox '

o 2.7)
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. . 0 _ ] . . . 3f _
If S is simply-connected, as % = % there exists a potential f for u, v with 3y = U

9 o
% = v, satisfying

(LY 4y2var) 2L 28;7{ o, @3)

In [43,44], for suitable strictly convex domains S C R? and boundary data ¢ : 3S — R,
we prove the existence of a unique f : § — R satisfying (2.8) and f'|ss = ¢, and then
u = % v = % satisfy (2.7) (possibly in a weak sense if a = 0), and N in (2.6) is
special Lagrangian.

When v = y = a = 0, equations (2.7)—(2.8) become singular, and the SL 3-fold N
in (2.6) has a singularity at (0,0, z3) = (O, 0,x + iu(x, O)) in C3. In the simplest cases
N is locally modelled on the cone C in (2.4) near (0, 0, z3), but there are also infinitely
many other topological types of singularities not locally modelled on cones. Note that
the existence and uniqueness results for N are entirely independent of the singularities
appearing in the interior of N.

The following will be important in §3.6. Using the results of [43—46], by choosing
a suitable family ¢’ : ¢ € (—e¢, €) of boundary conditions for the potential f?, we can
construct a family N’ : t € (—e, €) of exact U(1)-invariant SL 3-folds in C> of the form

(2.6) with a = 0, with the following properties:

(i) N' depends continuously on ¢ € (—¢, €) in a suitable sense, for instance as special
Lagrangian integral currents in Geometric Measure Theory.

(ii) N is nonsingular for ¢ < 0.

(iii) N° has one singular point at (0,0,0) € C3, which has tangent cone I1; U Il5,
where T1, I, are U(1)-invariant special Lagrangian planes in C> intersecting non-
transversely with IT; N I1, = R.

(iv) N? fort > 0 has two singular points at (0,0, =z (¢)), where z (¢) depends smoothly
ont and z(¢) — 0 as ¢t — 0. Each singular point is locally modelled on the special
Lagrangian T2-cone C in (2.4).

Thus, isolated singular points of SL 3-folds modelled on the T?-cone C in (2.4) can
appear or disappear in pairs under continuous deformation.

2.3. Lagrangian mean curvature flow. Next we discuss (Lagrangian) mean curvature
flow. A book on mean curvature flow (MCF) for hypersurfaces in R” is Mantegazza [56].
Two useful surveys on Lagrangian MCF are Smoczyk [79] and Neves [62].

Let (M, g) be a Riemannian manifold, and N a compact manifold with dim N <
dim M, and consider embeddings or immersions ¢ : N < M, so that ¢(N) is a subman-
ifold of M. Mean curvature flow (MCF) is the study of smooth 1-parameter families ¢;,
t €[0,7)of sucht; : N — M satisfying

dl[
E = Ht[a

where H,, € C*(f(TM)) is the mean curvature of the submanifold ¢, : N — M. We
usually write N’ rather than ¢, : N < M, suppressing the immersion, so that {N? : ¢ €
[0, T)} is a family of submanifolds satisfying MCF.
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Mean curvature flow is the gradient flow of the volume functional for compact sub-
manifolds N in M. It has a unique short-time solution starting from any compact sub-
manifold N.

Now let (M, J, g, 2) be a Calabi—Yau m-fold, and L a compact Lagrangian subman-
ifold in M. Then the mean curvature of L is H = JV®y, where © : L — U(l)
is the phase function from Definition 2.1. Thus H is an infinitesimal deformation of
L as a Lagrangian. Smoczyk [78] shows that MCF starting from L preserves the La-
grangian condition, yielding a 1-parameter family of Lagrangians {L’ : ¢ € [0, €)} with
L% = L, which are all in the same Hamiltonian isotopy class if L is Maslov zero. This
is Lagrangian mean curvature flow (LMCF). Special Lagrangians are stationary points of
Lagrangian MCF.

We will be especially interested in Lagrangian MCF for graded Lagrangians. Suppose
{L' : t €[0,T)} is a family of compact, graded Lagrangians satisfying Lagrangian MCF.
Then L? are all Hamiltonian isotopic, that is, graded Lagrangian MCF stays within a fixed
Hamiltonian isotopy class. Also, if the phase function 6; 0 takes values in an interval [a, b]
or (a,b), then so does Oy for ¢t € [0,T). Thus, Lagrangian MCF preserves the almost
calibrated condition.

It is an important problem to understand the singularities which arise in Lagrangian
mean curvature flow. Singularities in Lagrangian MCF are often locally modelled on
soliton solutions, Lagrangians in C™ which move by rescaling or translation under La-
grangian MCF.

Definition 2.9. A closed Lagrangian L in C™ is called an LMCF expander if H = aF*
in C®(T'C™|1), where H is the mean curvature of L and F~ is the orthogonal projection
of the position vector F (that is, the inclusion F : L < C™) to the normal bundle
TL+ c TC™|z, and & > 0 is constant.

This implies that (after reparametrizing by diffeomorphisms of L) the family of La-
grangians L’ := /2at L for t € (0, 0o) satisfy Lagrangian mean curvature flow. That is,
Lagrangian MCF expands L by dilations.

Similarly, we call L an LMCF shrinker ift H = oF 1 for @ < 0, and then L! :=
N2at L fort € (—o0, 0) satisfy LMCF, so LMCEF shrinks L by dilations.

We call L an LMCF translator it H = v, where v € C™ is the translating vector
of L, and v the orthogonal projection of v to TL+. Then L’ := L 4tv fort € R satisfy
LMCEF, so Lagrangian MCF translates L in C™.

Finite time singularities of MCF have a fundamental division into ‘type I’ and ‘type II’
singularities:

Definition 2.10. Let (M, g) be a compact Riemannian manifold (e.g. a Calabi—Yau m-
fold) and {L’ : ¢t € [0,T)} a family of compact immersed submanifolds in M (e.g.
Lagrangians) satisfying mean curvature flow. We say that the family has a finite time
singularity att = T if the flow cannot be smoothly continued to [0, T + ¢€) for any € > 0.
As in Wang [84, Lem. 5.1] this implies that limsup,_, 7 || A ||co — oo, where A’ is the
second fundamental form of L’.

We call such a finite time singularity of type I if || A’ ||é0 < C/(T—t) forsome C >0
and all ¢ € [0, T'). Otherwise we call the singularity of trype II.
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We call x € M a singular point of the flow if limsup,_,r | A" [yt |co = oo for all
open neighbourhoods U of x in M.

Huisken [33] showed that type I singularities developing a singularity at x € M are
locally modelled in a strong sense on MCF shrinkers in R” = Ty M, through a process
known as ‘type I blow up’, as in Smoczyk [79, Prop. 3.17] or Mantegazza [56, §3].

However, we are interested in MCF of graded Lagrangians in Calabi—Yau m-folds,
and it turns out that type I singularities do not occur in graded Lagrangian MCEF, as was
proved by Wang [84, Rem. 5.1] and Chen and Li [17, Cor. 6.7] in the almost calibrated
case (i.e. Lagrangians L’ with phase variation less than ) and by Neves [61, Th. A] in
the graded (or Maslov zero) case.

Theorem 2.11. Let (M, J, g, Q) be a compact Calabi-Yau m-fold and {L" : t € [0,T)}
a family of compact, immersed, graded Lagrangians in M satisfying Lagrangian MCF.
Then the flow cannot develop a type I singularity.

A parallel result of Neves [62, Cor. 3.5] says that there exist no nontrivial, immersed,
graded Lagrangian MCF shrinkers in C™ (satisfying a few extra conditions such as closed
in C™ and of bounded Lagrangian angle), so there are no possible local models for type I
blow ups of graded Lagrangian MCF. Examples of Lagrangian MCF shrinkers in C” can
be found in Abresch and Langer [1] for m = 1 and in Anciaux [3] and Joyce, Lee and
Tsui [49, Th. F] in higher dimensions, but none of them are graded.

So, for graded Lagrangian MCF, all finite time singularities are of type IL. It is a
well known ‘folklore’ theorem that type II singularities of MCF admit ‘type II blow ups’,
eternal smooth solutions of MCF in R"” modelling the formation of the singularity in the
small region where the second fundamental form A’ is largest as t — T'. The idea of type
II blow ups is due to Hamilton, and explanations can be found in Smoczyk [79, §3.4] and
Mantegazza [56, §4.1], and for Lagrangian MCF in Han and Li [28, §2]. We state it for
graded LMCF:

Theorem 2.12. Let (M, J, g, Q) be a compact Calabi—Yau m-fold and {L* : t € [0, T)}
a family of compact, immersed, graded Lagrangians in M satisfying Lagrangian MCF,
with a finite time singularity att = T. Then at some singular point x € M of the flow
there exists a type Il blow up.

That is, identifying M near x with TxM = C™ near 0, there exist sequences (1;){2
inf0,T), (x;){2, in M and (A;)72, in (0,00), such that t; — T, x; — x, A; — oo and
/\?(T —t;) > 0asi — oo, and for each s € R the limit

LS = lim A; - (L5477 — xp)

1—>00

exists as a nonempty, noncompact, smooth, closed, immersed, exact, graded Lagrangian
in C™ whose mean curvature A* is nonzero (so that LS is not a union of Lagrangian
planes in C™). All derivatives of A*, and the phase function Of s, are uniformly bounded
independently of s € R. Also L® depends smoothly on s € R, and {L® : s € R} satisfies
Lagrangian MCF in C™.
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A solution {L* : s € R} of MCF for all s € R is called an eternal solution. Two
obvious classes of eternal solutions of Lagrangian MCF in C™ are

(@ LS =Lis independent of s € R, and is an SL m-fold in C™.

(b) LS = L + sv for s € R, where L is a Lagrangian MCF translator in C™ with
translating vector v € C™.

Many examples of special Lagrangian m-folds in C” are known suitable for use in (a),
but for (b) there are few, as we explain in §2.4.

2.4. Examples of solitons for Lagrangian MCF. We now give examples of solitons
for Lagrangian MCF. We are interested in graded Lagrangians, and as in §2.3 there are
no graded Lagrangian MCF shrinkers. The next example describes a family of LMCF
expanders from Joyce, Lee and Tsui [49, Th.s C & D], generalizing the ‘Lawlor necks’ of
Example 2.5.

Example 2.13. Letm > 2, « > 0 and a1, ...,a, > 0, and define a smooth function
P:R—->Rby PO)=a+a; +---+ a, and

P(x) = L (e* TTo (1 + agx®) = 1), x #0. (2.9)

Define real numbers ¢y, . .., ¢, by

b= a /‘°° dx
C T e ae) VP

For k = 1,...,m define a function z; : R — C by

. Y dx
210 = VO far 52, where v () = a 0 ra?) PG
00 k

Now write ¢ = (¢1, ..., ¢m), and define a submanifold Lg in C" by
Lg = {(zl(y)xl,...,zm(y)xm) cy eR, x; €R, x% + .- —I—x,zn = 1}.

Then Lg is a closed, embedded Lagrangian diffeomorphic to S™ ! x R and satisfying

H = aF~+. If @ > 0itis an LMCF expander, and if @ = 0 it is one of the Lawlor necks
Ly, 4 from Example 2.5. It is graded, with Lagrangian angle

Org (21 ()x1. - Zm (D) xm) = X5y Ve () + arg(=y —iP(y)71/?).

Note that the only difference between the constructions of Lg 4 in Example 2.5 and Lg

above is the term e®*” in (2.9), which does not appear in (2.3). If « = 0 then 0% — 1,
and the two constructions agree.

As in [49, Th. D], Lg is asymptotically conical, with cone C the union ITo U ITy of
two Lagrangian m-planes ITo, ITg in C™ given by

Mo = {(x1,....xm) 1 x; €R}, Ty = {(€® x1,....e" %" xy) : x; € R}
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But in contrast to Example 2.5, for @ > 0 we do not have ¢1 + - -+ 4+ ¢, = 7, so Iy and
C are not special Lagrangian.

In [49, Th. D] we prove that for fixed « > 0, the map ®% : (ai,...,am) —
(f1,-- ., ¢m) gives a diffeomorphism

P 1 (0,00)" —> {(P1,....m) € (0.70)" 10 <Py + -+ + ¢ < 7).

That is, for all @ > 0 and ¢ = (P1,...,¢m) With 0 < ¢1,..., ¢, < wand 0 <
¢1+---+¢m < 7, the above construction gives a unique LMCF expander Lg asymptotic
to ITp U Iy.

Motivated by the ideas of this paper, Imagi, Oliveira dos Santos and the author [37,
Th. 1.1] prove a uniqueness theorem for these LMCF expanders when m > 3. The case
m = 2 was already proved by Lotay and Neves [53]. For LMCF expanders, being exact
is equivalent to being graded, or Maslov zero.

Theorem 2.14. Suppose L is a closed, embedded, exact, asymptotically conical La-
grangian MCF expander in C™ for m > 2, satisfying the expander equation H = aF -
for o > 0, and asymptotic at rate p < 2 to a union I1; U I, of two transversely inter-
secting Lagrangian planes 111, 15 in C™. Then L is equivalent under a U(m) rotation
to one of the LMCF expanders Lg found by Joyce, Lee and Tsui [49, Th.s C & D], and
described in Example 2.13.

Example 2.15. In dimension m = 1, the unique connected Lagrangian MCF translator
in C, up to rigid motions and rescalings, is the ‘grim reaper’

{x +iyeC:ye(—n/2,7/2), x= —logcosy},

with translating vector v = 1 € C, which is sketched in Figure 2.1.

MCEF translates in this direction —>

Figure 2.1. ‘Grim reaper’ Lagrangian MCF translating soliton in C

Here is a family of LMCEF translators from Joyce, Lee and Tsui [49, Cor. I]:

Example 2.16. For given constants « > 0 and a;,...,a,—1 > 0, define
¥ () [y & here P (1) 1(m]_[_l(1+ S 1)
i) = ———, where = — agt)e* —1],
—o0 (5= +12)y/P(1) 2\

forj=1,....m—1landy e R.
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L= {(X] Y L‘i‘yz eiw“y),nw)(m—l‘/;—}—yz gi‘/fm—l(y)’; 2_1 Z _1 X
— Lyl () = Larg(y +iP(»)7V?) i X1, xmo.y €R)(2.10)

is a closed, embedded Lagrangian in C” diffeomorphic to R™, which is a Lagrangian
MCEF translator with translating vector (0, ...,0,a) € C™.
Define ¢1, ..., ¢pm—1 € Rby

I -
S EY O

Then ¢y, ..., ¢m—1 € (0,7) withp; +---+¢pm—1 < mw,and ¥;(y) — ¢, as y — o0, and
¥j(y) > 0asy — —oo. For fixed @ > 0, the map (ai,...,am—1) = (@1,...,Pm—1)
is a 1-1 correspondence from (0,00)" ! to {(¢1....,¢m—1) € (0, 7)" 1 1 py + -+  +
dm—1 < JT}-

The phase function 87, of L in (2.10) is a monotone decreasing function of y only,
with limits 7 as y — —oo and Z;":_ll ¢j as y — +oo. Thus, by choosing Z;":_ll bj
close to m, the phase variation of L can be made arbitrarily small.

We can give the following heuristic description of L in (2.10). If y > Othen ¥/, (y) ~

¢; and /a—lj + y2 ~ y, and the terms —‘;; Z?:l vi(y) — (;;arg(y + iP(y)~V/?) are

negligible compared to % y2 in the last coordinate. Thus, the region of L with y >0 is in
a weak sense approximate to

{(xlyem",...,xm_lye"‘ﬁ”’—1 1 Z _1 x2 ) X1, ..., Xmo1 ER, y >0},

But this is just an unusual way of parametrizing

My ={(y1e'® ... ym1€’ " ym) : y; € R}N{(0,....0, ym) - ym < 0},

the complement of a ray in a Lagrangian plane. Similarly, the region of L with y < 01is
in a weak sense approximate to

o= {1 Ym-1.Ym) : ¥j €ER}\{(0,...,0,ym) : ym < O}.

So, L can be roughly described as asymptotic to the union of two Lagrangian planes
o, My = R™ which intersect in an R in C”, the y,-axis {(0,...,0, ym) : ym € R}. To
make L, we glue these Lagrangian planes by a kind of ‘connect sum’ along the negative
Ym-axis {(0, e 0,Vm) tym < 0}. Under Lagrangian mean curvature flow, Iy, ITy re-
main fixed, but the gluing region translates in the positive y,, direction, as though Iy, I14
are being ‘zipped together’.

A slightly more accurate description of the ends of L for large y is that L approxi-
mates H¢ when y > 0 and I1o when y < 0, where H¢ and I, are the non- intersecting
affine Lagrangian planes in C"

1:[¢ = {(yleid)l ey Vm— 1€i¢m_l,ym_i(¢l+"'+¢m—1)) 2 GR}’

~ 2.11)
Mo ={(y1.---. Ym—1.ym — Z) 1 y; € R}.
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We will discuss these Lagrangian MCEF translators further in Example 3.32.

Castro and Lerma [15] give more examples of Lagrangian MCF translators in C2.
Neves and Tian [64] prove some nonexistence results.

2.5. Lagrangian Floer cohomology and Fukaya categories. Let (M, J,g,2) be a
Calabi—Yau m-fold, which may be compact or noncompact, with Kihler form w. We
now explain a little about (embedded) Lagrangian branes (L, E) in (M, ), bound-
ing cochains b for (L, E) and obstructions to HF*, Lagrangian Floer cohomology
HF*((L,E.b),(L', E', b)), the Fukaya category 7 (M), and the derived Fukaya cate-
gory D2.Z (M). Section 2.6 discusses the extension of all this to immersed Lagrangians.

The construction of D?.7 (M) in the generality we need may not yet be available
in the literature. As this paper is wholly conjecture anyway, and clearly the theory will
eventually work, this does not matter very much.

The version of bounding cochains, obstructions to H F*, and Lagrangian Floer coho-
mology we need is in Fukaya, Oh, Ohta and Ono [24]. An early explanation of how to
define the (derived) Fukaya category .% (M), D®.7 (M) is Fukaya [22], and a more recent
survey is Fukaya [23]. Floer [21] originally introduced Lagrangian Floer cohomology.

For exact Lagrangians in Liouville manifolds (a class of noncompact, exact symplec-
tic manifolds), a simpler, more complete, and more satisfactory theory of Lagrangian
Floer cohomology and Fukaya categories is given in Seidel [74], which we used in [37]
to prove Theorems 2.6 and 2.14. In Seidel’s theory there are no bounding cochains or
obstructions to HF*.

However, for our purposes Seidel’s theory (in its current form) will not do: we need
to extend the theory to immersed Lagrangians, and even for exact Lagrangians, bound-
ing cochains and obstructions to H F* will then appear. This extension will be discussed
briefly in §4.1. Also, we wish to stress the idea that Lagrangian MCF is better behaved
for Lagrangians with H F* unobstructed, and in Seidel’s framework this issue is hidden
by restricting to exact, embedded Lagrangians, for which HF* is automatically unob-
structed.

Definition 2.17. Fix a field F, in which we will do ‘counting’ of J-holomorphic curves.
If nontrivial J-holomorphic CP'’s can exist in the symplectic manifold (M, w) we are
interested in, the virtual counts can be rational, so [F must have characteristic zero, and
F = Q,R or C are the obvious possibilities. If M has no J-holomorphic CP!’s (for
example, if w is exact, or if (M) = 0) then F can be arbitrary, so we can take F = Z,,
for instance, which means we do not have to worry about orientations on moduli spaces
of J-holomorphic curves.

The Novikov ring A,y is the field of formal power series Z?io a; P*i for a; € Fand
Ai € Rwith A; — 400 asi — oo, for P a formal variable. Write AZ9 for the subring
of Y72, a; P* in A, with all A; > 0, and A}, for the ideal of Y 72 o a; P in Aoy
with all A; > 0.

Definition 2.18. Let (M, J, g, 2) be a Calabi—Yau m-fold. A Lagrangian brane in M is
apair (L, E), where L is a compact, spin, graded Lagrangian in M, and E — L is a rank
one F-local system on L, for I as in Definition 2.17. That is, E is a locally constant rank
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one [F-vector bundle over L, so thatif p € L then E|, is a dimension one F-vector space,
which is locally independent of p.

In this section we take L to be embedded, but in §2.6 L can be immersed, and in §3
we will (conjecturally) allow L to have certain kinds of singularities.

Remark 2.19. ‘Lagrangian branes’ are the objects for which we will define Lagrangian
Floer cohomology and Fukaya categories; the term is used in the same way by Seidel [74,
§12a] and Haug [32, §3.1], for instance, although with different definitions. Our defini-
tion is designed to try to make the programme of §3 work. The precise details of Defini-
tion 2.18 will be important in Remark 3.7 and §3.4, and are discussed in Remark 3.13.

If we take F = C then £ — L is a complex line bundle on L with a flat connection
Vg, which is determined up to isomorphism by its holonomy Hol(Vg) : w1 (L) — C*.
In Mirror Symmetry it is natural to suppose that Vg preserves a unitary metric on E, so
that Hol(Vg) takes values in U(1) C C*. One can also allow E to be an F-local system
of higher rank. Kontsevich [50] and Fukaya [22, §2.1] include a unitary local system
E — L of arbitrary rank in objects of their Fukaya categories.

We need to restrict to E of rank one, and not to impose the unitary condition.

Much of the literature on Lagrangian Floer cohomology and Fukaya categories in-
cluding [24, 74] omits the local system E — L, which is equivalent to taking E to be
trivial, E = F x L — L. Asin §3.4, we cannot do this, since in the programme of §3.2
involving families (L!, E*, b") for t € [0, 00), starting with E° trivial, after a surgery at
t = T;, we can have E’ nontrivial for ¢t > T;.

Definition 2.20. Let (M, J, g, Q) be a Calabi—Yau m-fold, and L, L’ graded Lagrangians
in M, with phase functions 6y,, 67/, which intersect transversely at p € M. By a kind
of simultaneous diagonalization, we may choose an isomorphism 7, M = C™ which
identifies J|p, g|p. |p on T, M with the standard versions (2.2) on C™, and identifies
T,L.T,L’ with the Lagrangian planes ITg, ITg in C™ respectively, where

o = {(x1,....xm) 1 x; €R}, Ty = {(ei¢‘x1,...,ei¢mxm) txj R}, (2.12)

for ¢1,...,¢m € (0, 7). Then ¢y, ..., ¢, are independent of choices up to order. Define
the degree (1, 1/(p) € Z of p by

mr,(p) = (¢1 + -+ ¢m +0L(p) — 0/ (p))/7.

This an integer as 07/ (p) = 0 (p) +¢1+- -+ ¢ mod wZ. Exchanging L, L’ replaces

D1, PmbyT—1, ..., T—Pm,sothat ur 1/ (p)+pur L (p) = m. Since ¢1,...,¢Im €
(0, ), we see that

OL(p) —0/(p))/m < pr,r(p) < (OL(p) — O (p))/m + m. (2.13)

Here is the basic idea of Lagrangian Floer cohomology. Let (L, E), (L, E’) be
Lagrangian branes in a Calabi—Yau m-fold (M, J, g, 2), and suppose L, L’ intersect
transversely. The aim is to define a A, -module HF *((L, E), (L, E/)) called the
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Lagrangian Floer cohomology, which is the cohomology of a complex of A, -modules
(CF* ((L, E), (L, E’)), d) called the Floer complex.

Figure 2.2. Holomorphic disc ¥ with boundary in L U L’

Define a free, graded Apoy-module CF*((L, E), (L', E')) b

CF*((L.E).(L'.E)) = € Homg(E|p.E'|p) ®& Anoy-

peELNL’:
159 9 %4 (p)=k

Initially we define d : CF¥(L, L") — CF**1(L, L") by

— AqA A
dapy= @ Y (hanMp,) P4 PT (ENoayo PT (E).  (214)
geLNL’: A>0 asnL’ 3EﬂL

wy pr(@)=k+1

for p € LN L' with uy 1/(p) = k and o, € Homg(E|p, E'|p) ®F Anoy, where ./\_/lﬁ’q is
the moduli space of stable J-holomorphic discs X in M with boundary in L U L', corners
at p,q and area A, of the form shown in Figure 2.2, where #vm/\_/l}‘,l, q € Qis the ‘virtual
number of points’ in M4 .q» and the sum is weighted by composition with the parallel
transport maps PT..(E) € Hom]F(E|q, E|p) and PT..(E') € HomF(E’|p, E’|q) in the
F-local systems E, E’ along the two segments of dX. These PT..(E), PT..(E’) are
locally constant on /ﬁ;,q

Constructing an appropriate geometric structure (‘Kuranishi space” or ‘polyfold’) on
M4 2. and defining the virtual count #vm/\/l raise many complicated issues which we
will not go into.

For exact Lagrangians in an exact symplectic manifold, as in Seidel [74], the differ-
ential d in (2.14) has d*> = 0, so HF*((L. E). (L', E")) is well-defined. However, in the
non-exact case we may have d?> # 0, because of contributions to the boundaries 8./\71;,1, q
from holomorphic discs with boundary in L orin L’.

To get round this, Fukaya, Oh, Ohta and Ono [24, §3.6] introduce the notion of a

p.q’

bounding cochain b for (L, E), an element b of the singular (m—1)-chains Cp—1 (L, AJY)
of L with coefficients in Ak, C Apoy, satisfying an equation in Cy—2 (L, AJ,) which is
(very roughly, and oversimplified) of the form

0b+ Y > PA[ME, | xpx b¥], - Holys (E) = 0, (2.15)

k>0 4>0

where M4 %+1 1s the moduli space (as a Kuranishi space or polyfold, of virtual dimension
m + k —2) of isomorphism classes [, Z] where X is a stable J-holomorphic disc of area
A > 0in M with boundary in L, and Z = (zg, z1, ..., z) are cyclically ordered marked
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points in dX. Also /\7l,’j+1 X Lk bk is the moduli space of such [Z, Z] in which z1, ..., z
intersect the chain b in L, and [/\_/lﬁ 11 XLk bk ]Vm is a virtual chain for this. The sum is
weighted by the holonomy Holys (E) € F* of the rank one [F-local system £ — L around
d% C L, which depends only on [0X] € H1(L, Z), and is locally constant on /\_/l,’;1 1

If a bounding cochain b exists for (L, E), we say that (L, E) has HF™ unobstructed,
otherwise we say that (L, E) has HF* obstructed. Implicitly we will always consider
bounding cochains b up to the appropriate notion of equivalence.

To oversimplify even further, suppose that the terms for k > 1 in (2.15) are zero,
and 8./\71‘14 = @ forall A > 0 when k = 0, so that B[M‘fl]vm = 0, and write b =
> 4so PAbaforby € Cpoi(L, Q). Then (2.15) becomes db4 = [M4l]yin - Holys (E)
for all A > 0. So a bounding cochain b exists if [[/\_/lf]vm] = 0in Hpy— (L, Q) for all
A > 0. In particular, if H,,—>(L,Q) = 0 then a bounding cochain exists.

In the general case, if H;,—>(L, Q) = 0then (2.15) may be solved forb = ) ,_, PA.
b 4 by an inductive procedure in increasing A, yielding:

Lemma 2.21. Let (M, J, g, 2) be a Calabi—Yau m-fold and (L, E) an embedded La-
grangian brane in M. If by,—»(L) = 0 then (L, E) has HF* unobstructed.

Suppose b, b" are bounding cochains for (L, E), (L', E’). Then Fukaya et al. [24]
define a modification d?*" of d in (2.14) involving b, b’ and satisfying (d??)2 = 0.
The Lagrangian Floer cohomology HF*((L. E.,b), (L', E',b")) is the cohomology of
(CF*((L,E). (L', E"), db’b/), which may depend on b, b’. Here are some properties of
Lagrangian Floer cohomology in the theory of Fukaya, Oh, Ohta and Ono [24]:

(a) The Lagrangian Floer cohomology HF*((L, E.b), (L', E',b’)) is independent of
the choice of almost complex structure J up to canonical isomorphism, although
(CF*((L, E), (L, E/)), db’b/) does depend on J.

(b) Let (L', E") : t € [0,1] be a smooth family of Lagrangian branes, with the L’
Hamiltonian isotopic and the E’ locally constant in ¢, and »° a bounding cochain
for (L°, E®). Then Fukaya et al. [24, Th. B & Th. G] explain how to extend b to
a family of bounding cochains b’ for (L?, E*) for t € [0, 1], by pushing forward »°
along a Hamiltonian symplectomorphism of (M, w) taking L° to L!. If (L', E') is
another Lagrangian brane with bounding cochain ' then HF*((L!, E*,b"), (L', E’,
b’)) is independent of ¢ € [0, 1] up to canonical isomorphism. Thus HF*((L, E.b),
(L', E’, b’)) is an invariant of Lagrangian branes up to Hamiltonian isotopy.

This will be important in §3. If the L’ for ¢ € [0, 1] are graded Lagrangians moving
under Lagrangian MCF in a Calabi—Yau m-fold, then they are Hamiltonian isotopic.
If L° extends to a triple (L°, E®, b%), then L? fort € [0, 1] extends naturally to
a family of Lagrangian branes (L’, E?) with E’ locally constant in ¢, and h° to a
family of bounding cochains b’ for (L', E'), so that Lagrangian MCF determines
the flow of triples (L’, E*, b"), not just of Lagrangians L!. We sometimes refer to
this flow for b’ as a kind of “parallel transport’ on the space of bounding cochains
for (L?, EY).

Remark 2.22. We need M to be (symplectic) Calabi—Yau and L, L’ to be graded to de-
fine the degree yuz,1/(p) € Z, which determines the grading of CF*((L, E), (L', E’))
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and HF*((L, E.b), (L, E’,b’)). If we took M symplectic and L, L’ oriented, then
CF*((L.E).,(L",E")),HF*((L, E,b),(L’, E’,b")) would only be graded over Z, rather
than Z.

Lagrangian Floer cohomology is only the beginning of a more general theory of
Fukaya categories, which may be still incomplete in the general case. Let (M, J, g, 2)
be a Calabi—Yau m-fold. The idea is to define the Fukaya category % (M) of M, an
Aoo-category whose objects are triples (L, E,b) of a Lagrangian brane (L, E) in M
with H F* unobstructed, and a bounding cochain b for (L, E), such that the morphisms
Hom((Lo, Eo,bo), (L1, Eq, bl)) in % (M) are the graded A ,,,-modules C F* ((LO, Ey),
(L1, E 1)) from above, with A,-operations

uE CFO ((Li-y. E—1). (Lie. Ex)) X -+ x CF (Lo, Eo). (L1. E1))

for k = 1, with /Ll : CF4 ((L(), E()), (Ll, El)) — CFa1+l((L0, E()), (Ll» El)) the
differential d?0-®1 in the Floer complex. The coefficients in the A, -multilinear map ka
in (2.16) are obtained by ‘counting’ J-holomorphic (k + 1)-gons in M with boundary in
Lo U---U Lg, weighted by parallel transport maps in Ey, ..., Ex.

By a category theory construction, one then defines the derived Fukaya category,
a triangulated category. There are two versions, which we will write D?.% (M) and
D™.Z(M). For DY.% (M), the objects are twisted complexes, as in Seidel [74, §31].
Roughly speaking, a twisted complex consists of objects (Ly, E1,b1),...,(Ln, En, by)
in # (M) together with Floer cochains b;; € CF*((Li, E), (L, E,)) forl < i <
Jj < n satisfying an equation [74, eq. (3.19)] related to (2.15). In particular, objects
(L, E,b) in Z (M) are also objects in D®.Z(M).

The translation functor [1] in the triangulated category D?.Z (M) acts on objects
(L, E, b) by reversing the orientation of L and changing the grading 6y, to 67, + 7. The
(graded) morphisms of objects (L, E,b), (L', E’,b") in D*.% (M) are Hom* ((L, E.b),
(L',E'.b")) = HF*((L,E.,b),(L', E'\})).

The second version D”.% (M), called the idempotent completion, Karoubi comple-
tion, or split closure of D?.% (M), is obtained by applying a further category theory con-
struction to D?.% (M), which adds direct summands (idempotents) of objects in D?.% (M)
as extra objects, as in Seidel [74, §4].

Kontsevich’s Homological Mirror Symmetry Conjecture [50], motivated by
String Theory, says (very roughly) that if M, M are ‘mirror’ Calabi—Yau m-folds then
there should be an equivalence of triangulated categories

D™ F (M) ~ D? con(M).

This has driven much research in the area.

For Mirror Symmetry, one must use D”*.% (M) rather than D?.% (M), as the mirror
category D? coh(M ) is automatically idempotent complete. In §3.1 we will conjecture
that in the situation we are interested in, our enlarged version of D?.% (M) should be
idempotent complete, so that D™.% (M) ~ Db>.Z(M).
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2.6. HF* and D®.% (M) for immersed Lagrangians. For the programme of §3, it will
be necessary to enlarge the derived Fukaya category D?.% (M) of a Calabi—Yau m-fold
(M, J, g, ) to include immersed Lagrangians. As a first step in doing this, Akaho and
the author [2] explain how to generalize the Lagrangian Floer cohomology of Fukaya, Oh,
Ohta and Ono [24] from embedded Lagrangians to immersed Lagrangians with transverse
self-intersections. We now explain some of the main ideas in [2].

Let (M, J, g, 2) be a Calabi—Yau m-fold, and (L, E) a Lagrangian brane in M. As
in §2.5, in the embedded case [24], a bounding cochain for (L, F) is a singular (m—1)-
chain b € Cp—1(L,A,) (or equivalence class of such chains), satisfying an equation
(2.15) involving virtual chains for moduli spaces /Vlg‘i“} (J, B) of J-holomorphic discs in
M with boundary in L.

In the immersed case [2], if L has transverse self-intersections, a bounding cochain
b for (L, E) consists of two pieces of data: a chain b, in Cp—1 (L, AY) as above, and
also, for each point p € M at which two local sheets L, L_ of L intersect transversely
with up . (p) = 1, an element

nov’

bp € Homyp(E4|p, E—|p) ®r AL (2.17)

where we write E4 for the restriction of £ — L to the local sheets L. These b, b
must satisfy equations involving virtual chains for moduli spaces of J-holomorphic discs
in M with boundary in L, but now these J-holomorphic discs can be polygons with
‘corners’ at self-intersection points of L.

For example, suppose that (L1, E1), (L2, E;) are embedded, transversely intersecting
Lagrangian branes in M. Then (L, E) = (L1, E1)U(L3, E») is an immersed Lagrangian
brane in M. A bounding cochain b for (L, E) could consist of be, = by @ by, where b; €
Cm—1(Li, A, fori = 1,2 are embedded bounding cochains for (L1, E1), (L2, E>), to-
gether with elements b, in (2.17) for p € LiNL, withur,,1,(p) = lorpur, r,(p) =1
which encode how the objects (L1, E1, b1), (L2, E», bs) in D?.Z (M) are glued together
to make (L, E, b). For instance, if we have a distinguished triangle in D?.7 (M)

(L17Elab1) é(Lanb) EE— (LZ»E27b2) L (L17Elab1)[l]7

then the b, € Hom]F(E2|p, E1|p) QF Aﬁf\’, for pe Ly N Ly with ur, r,(p) = 1forma
chain in CF! ((Lz, E»), (Lq, El)) representing 3, and b, = 0 otherwise.

Note that 8 is represented by (b,) with b, € HomF(E2|p, E1|p) ®F Apov, but to
define a bounding cochain we require that b, € Homg(E:|p, E1lp) ®r AZY. This can

be achieved by multiplying 8, b, by P* for A > 0, which does not change (L, E, b) up
to isomorphism in D?.Z (M).

pryL_(q) =2

Figure 2.3. J-holomorphic ‘teardrop’ making immersed H F* obstructed
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The new cause of obstructions to H F* for immersed Lagrangians L with transverse
self-intersections is ‘teardrop-shaped’ J-holomorphic discs ¥ of the form shown in Fig-
ure 2.3, with one corner at ¢ € M, and with up 1 (g9) = 2, where L are the local
sheets of L intersecting at g. As ur,,._(q) = 2 the moduli space of such discs has
virtual dimension 0. Such ¥ only obstruct H F* if they have ‘small area’ (that is, area(X)
is smaller than the areas of other relevant curves with boundary in L). Thus we deduce
an analogue of Lemma 2.21:

Lemma 2.23. Suppose (M, J, g, 2) is a Calabi—Yau m-fold and (L, E) is an immersed
Lagrangian brane in M with only transverse self-intersections. If by—2(L) = 0 and L
has no self-intersection points p with jiy+ ;—(p) = 2 or m — 2, where Ly are the local
sheets of L at p, then (L, E) has HF* unobstructed.

In §2.5 we explained that if (L?, E?) : ¢ € [0, 1] is a smooth family of embedded
Lagrangian branes with the L’ Hamiltonian isotopic and the E! locally constant in ¢,
and h° is a bounding cochain for (L°, E?), then 5° extends to bounding cochains b’ :
t € [0,1] for (L*, E") by a kind of ‘parallel transport’, and the isomorphism class of
(L', E',b") in D®.Z (M) is independent of ¢ € [0, 1].

In the immersed case, things are more complicated. Firstly, there are two notions of
Hamiltonian isotopy. Let ! : L — M for ¢ € [0, 1] be a smooth family of compact,
immersed Lagrangians in M, where we also write ¢/ : L — M as L!. We call the family
globally Hamiltonian isotopic if %tt for t € [0, 1] is Hamiltonian flow by H’ o i! for
some smooth H? : M — R. We call the family locally Hamiltonian isotopic if %Lt for
t € [0,1] is Hamiltonian flow by some smooth H? : L — R, where there may exist
P+, P— € L with (! (p3) = ! (p—) but H (p4+) # H'(p—), so that H' does not descend
from L to M.

There is a notion of ‘parallel transport’ for bounding cochains b’ along such local
Hamiltonian isotopies, but it does not work all the time. Suppose for simplicity that L’
has only transverse self-intersections for all # € [0, 1]. Then the self-intersection points
of L' in M depend smoothly on ¢ € [0, 1], so we can write p* = (/(p’) = //(p-) for
the intersection of local sheets LY, > p’,, L*. > p! of L' fort € [0, 1], where p , L',
depend smoothly on ¢. Then p LLt (p") is independent of ¢.

Let b be a bounding cochain for (L?, E") depending smoothly on ¢, with (L’, E’, b")
>~ (L° E°, 5% in D?.Z(M). Then b’ evolves in time by a kind of ‘parallel transport’.
Let p*, p,, L', be as above with mripe (p") = 1. As above, b’ includes an element

b;t € Homg(E' |0, EL| ;1) ®r AZY. Since the local systems E’ are locally constant

in #, we can identify the fibres E, |, for ¢ € [0, 1], and the fibres E” |, for ¢t € [0, 1],
and so regard Homg (E*_ | ,r, EL| 1) ®F AZ? as being independent of ¢. Then bt is not
constant, but evolves by

d
b = (H'(p) = H'(pL)) - log P - by (2.18)

Integrating this over [0, ¢] gives

t s s
b, = plo(H'(p3) — H' (p2)ds 5%, (2.19)
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Suppose bgo # 0, and write bgo = Y {2y a; P* with a; € Homp(EY| 0. E2|0),
ap #0,and 0 < g < A; < Ay <---. Then

f= 3 g Pt Jo(H! (P — H (p))ds (2.20)
i=0

Thus bfpt € Homgp(E" |y, EL| ) ®F AZY C Homg(EY |y, EL| 1) ®F Anoy, required
for b’ to be a bounding cochain by (2.17), if and only if

t
Ao +/ (H"(p%) — H'(p%))ds > 0. (2.21)
0

Hence we have the following situation, which will be important in §3.4. Let (L, E?),
t € [0, 1] be a local Hamiltonian isotopy of Lagrangian branes in M, and 5° a bounding
cochain for (L°, E®). We may extend »° to a family of bounding cochains b : ¢ € [0, T]
for (L', E"),t € [0,T] for some T € [0,1], so that (L, E*,b") = (L° E° b°) in
D®.Z(M). But at time t = T we may cross a ‘wall’ when the Lh.s. of (2.21) be-
comes zero, and we cannot define b’ for t > T. Either (L', E*) for t > T may have
HF* obstructed, or a bounding cochain b* may exist but (L?, E*, b*) 2 (L°, E®, b%) in
D°.Z(M).

The Lagrangian h-principle, due to Gromov [27, p. 60-61] and Lees [52], says that
two Lagrangians L, L’ are locally Hamiltonian isotopic in (M, @) if and only if they are
homotopic in a weak sense, which can be well understood using homotopy theory, and is
weaker than isomorphism in D?.Z (M. So we should expect local Hamiltonian isotopies
to connect Lagrangians with H F* unobstructed and with H F* obstructed, or to connect
non-isomorphic Lagrangians in D?.% (M).

Remark 2.24. Asin §2.5, in the embedded case, the Fukaya category .% (M) has objects
(L, E,b) for (L, E) an embedded Lagrangian brane and b a bounding cochain, but the
derived Fukaya category D?.% (M) has objects twisted complexes, consisting of objects
(L1, E1.b1),...,(Ln, Ey, by) in Z (M) together with b;; € CF*((Li, E;), (L;, E_,-))
for 1 <i < j < n satisfying an equation.

In the immersed case (at least, if we do not require objects of our immersed Fukaya
category to have transverse self-intersections), we can regard such a twisted complex as a
single object (L, E, b) in .# (M), where L is the disjoint union L LI---LI L,,, considered
as a single immersed Lagrangian, E|;, = E;, and b is a bounding cochain for (L, E)
built from by, ..., b, and b;; for i < j. Thus there is no need to add twisted complexes,
and we can suppose all objects of D?.% (M) are of the form (L, E, b).

The idempotent completion D™.% (M) of DY.7 (M) as in §2.5 could still include ob-
jects which are direct summands of some (L, E, b), but do not have a good geometric
interpretation. However, in §3.1 we will conjecture that in the situation we are inter-
ested in, D?.Z (M) is already idempotent complete, so that we can take all objects of
D™.% (M) to be of the form (L, E, b).
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3. The conjectures

I now explain a conjectural picture linking Bridgeland stability on the derived Fukaya
category D?.% (M) of a Calabi—Yau manifold M, special Lagrangians, Lagrangian mean
curvature flow, and obstructions to Lagrangian Floer cohomology. I had help from many
people in forming this picture, and drew inspiration from [13, 24,26, 61,63, 81, 82], and
other places. Any mistakes are my own.

I will state some Conjectures, and also ‘Principles’, which are too vague to be called
conjectures, but describe how I think the mathematics ought to work. This material is
intended to motivate future research. Note that even the Conjectures are imprecise, and
may well be false in their current form.

So, for ambitious readers: few points will be awarded for disproving the conjectures
below, if there is some simple way to rephrase them, retaining their spirit, but excluding
the counterexample you have in mind. Your mission, should you choose to accept it, is to
find the correct version of the conjectures, and prove them; or else to show that the whole
picture is fundamentally flawed.

Be warned that I expect the difficulty of proving Conjectures 3.2 and 3.34 increases
sharply with dimension, and even in dimension 3 is probably comparable in difficulty
to the three-dimensional Poincaré Conjecture, as proved by Perelman and others (see
[68—70] and Morgan and Tian [60]). The two-dimensional case may be feasible, though
challenging. However, verifying that smaller parts of the picture work as expected could
provide a lot of interesting research projects.

3.1. Bridgeland stability on D?.Z (M) for M Calabi-Yau. Let (M, J, g, ) be a
Calabi—Yau m-fold, with Kihler form w, so that (M, w) is a symplectic Calabi—Yau man-
ifold. As in §2.5, we will consider the derived Fukaya category D?.Z (M) of M, in
the sense of Fukaya, Oh, Ohta and Ono [22,24]. Objects of D?.% (M) include triples
(L, E,b), where L is a compact, spin, graded Lagrangian in M and E — L a rank one
F-local system such that (L, E) has HF* unobstructed, and b is a bounding cochain
for (L, E).

Note in particular that not every compact, graded Lagrangian L or brane (L, E)
yields an object of D?.% (M), but only those (L, E) with HF* unobstructed. One of our
themes will be that we expect Lagrangians L with H F'* unobstructed to be better-behaved
from the point of view of Lagrangian MCF.

We hope to use special Lagrangians and Lagrangian MCF in (M, J, g, ) to define
an additional structure on the triangulated category D?.% (M), a stability condition in the
sense of Bridgeland [13] (see also Huybrechts [35]):

Definition 3.1. Let 7 be a triangulated category. A (Bridgeland) stability condition
(Z,P) on T consists of a group homomorphism Z : K¢(7) — C called the central
charge, and full additive subcategories P(¢) C T for each ¢ € R, satisfying the follow-
ing properties:

(i) If A € P(¢) then Z([A]) = m(A)e™® for some m(A) > 0.

(i) Forall¢ e R, P(¢p + 1) = P(p)[1].
(iii) If 1 > ¢ and A; € P(¢;) then Hom(A;, 42) = 0.
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(iv) For each nonzero object F € 7T there is a finite sequence of real numbers ¢; >
¢2 > -+ > ¢, and a diagram in T

0=Fo B——F_ ——F =F,

F
[11\ e [1]\ e [1]\ e ©-1)
Al A2 An

where the triangles are distinguished and A; € P(¢;) for j =1,...,n.

Objects in P(¢) for some ¢ € R are called semistable.

The following conjecture extending Thomas [81] (perhaps excluding (c),(c)’?) is folk-
lore, known for years in some form to many in the Geometry and String Theory commu-
nities, and is mentioned briefly in Bridgeland [13, §1.4].

Conjecture 3.2. Let (M, J, g, ) be a Calabi—Yau m-fold, either compact or suitably
convex at infinity, and D®.% (M) the derived Fukaya category of M in the sense of
[22,24]. Then there exists a natural Bridgeland stability condition (Z,P) on D% (M)
such that:

(@) The central charge Z is the composition of the natural maps

b Ll~[QlL]=/, @
(L,E,b)—~[L] Hpn(M;Z) M) C. 3.2)

Ko(D?Z(M))
(b) If (L, E,b) € DPF (M) with L special Lagrangian of phase ¢'™®, so that L has
constant phase function 0y, = ¢, then (L, E,b) € P(¢).

(c) (Dubious, probably false as stated.) Suppose we enlarge the definition of D?.% (M)
so that it contains ‘as many Lagrangians L as possible for which H F* can be defined’,
including immersed Lagrangians as in §2.6, and some classes of singular Lagrangians.
Then every isomorphism class of objects in P(¢) for any ¢ € R contains a unique
representative (L, E, ) with L a (possibly immersed or singular) special Lagrangian
of phase ¢'™%.

Part (¢) requires the inclusion of badly singular Lagrangians in DY % (M), which
may not be feasible. Here is an alternative which may work with D? Z (M) containing
only more mildly singular Lagrangians:

(¢)’ (Still dubious.) Suppose we enlarge D?.% (M) so that it contains ‘sufficiently many
Lagrangians L for which HF* can be defined’, including immersed and some sin-
gular Lagrangians. Then for any € > 0 and ¢ € R, every isomorphism class of
objects in P(¢) contains a representative (L, E, b) whose phase function 67, maps
O0p:L— (mp —€, 1 + €).

Remark 3.3. (i) The enlargement of D?.Z (M) envisaged in (c),(c)’ adds more objects
to Db.% (M), but it need not change D?.% (M) up to equivalence.

An example of the kind of enlargement the author has in mind is including imm-
ersed Lagrangians in D?.Z (M), as in §2.6. We have embedded and immersed de-
rived Fukaya categories D?. % (M )en C DY 7 (M )i, but if every immersed Lagrangian
(L, E.b) in DY.Z (M )iy, is equivalent to a twisted complex of embedded Lagrangians,
then D2.Z (M)em =~ DY (M )in.
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For many applications in symplectic topology, one only really cares about D?.% (M)
up to equivalence, so adding extra geometric objects to D?.% (M) in this way is unneces-
sary. But for Conjecture 3.2(c),(c)’, it is vital — if an isomorphism class in P(¢) contains
a unique special Lagrangian representative (L, E, b), and L happens to be immersed, then
restricting to embedded Lagrangians would make Conjecture 3.2(c) false. (Examples of
such isomorphism classes are easy to find, e.g. take L = L; U L, for Ly, L, embedded
special Lagrangians of phase ¢'*® with L, N L, # @.) Similarly, we will see that the
programme of long-time existence for Lagrangian MCF we outline below must take place
in an enlarged category of Lagrangians to have any chance of working.

(ii) The uniqueness of (L, E, b) in its isomorphism class in Conjecture 3.2(c), provided it
exists, should be proved as in Thomas and Yau [82, Th. 4.3].

Note however that Thomas and Yau’s method does not exclude the possibility that
L' — L and L” — L are non-isomorphic k-fold multiple covers of a non-simply-
connected special Lagrangian L in M for k > 1, with (L', E’,b") =~ (L", E”,b"”) in
DP.Z(M). A good uniqueness statement in Conjecture 3.2(c) may be that the special La-
grangian integral current in Geometric Measure Theory induced by L is unique, so that
in the case above the special Lagrangian integral currents of both L', L” would be kL.

(iii) There may be a way to construct the expected Bridgeland stability conditions on
D®.Z (M) in examples (though initially without proving that semistable objects are rep-
resented by special Lagrangians) using Mirror Symmetry.

Kontsevich’s Homological Mirror Symmetry Conjecture [50] roughly says that Calabi—
Yau m-folds should exist in ‘mirror pairs’ M, M for which there should be an equivalence
of triangulated categories

D™ .F (M) ~ D coh(M), (3.3)

where D? coh(M ) is the derived category of coherent sheaves on M. (Really M should
be defined over the Novikov ring A pov.)

Kontsevich [50] proved (3.3) when M is an elliptic curve (a Calabi—Yau 1-fold). Sei-
del [73] proved it for M a quartic surface in Ccp? (a Calabi—Yau 2-fold), and Sheridan [76]
proved it for M a smooth Calabi—Yau m-fold hypersurface in CP"*! for m > 3. If
(3.3) holds then stability conditions on D”.% (M) are equivalent to stability conditions
on Db coh(M ). But derived categories of coherent sheaves are generally better under-
stood than derived Fukaya categories.

Bridgeland stability conditions on D? coh(M) are defined by Bridgeland [13, Ex. 5.4]
for M a Calabi—Yau 1-fold and [14] for M an algebraic K3 surface (a Calabi—Yau 2-
fold). Assuming a conjecture on ‘Bogomolov—Gieseker type inequalities’, Bayer, Macri
and Toda [8] construct Bridgeland stability conditions on D? coh(M) for M a Calabi—
Yau 3-fold; the conjecture is proved by Macioca and Piyaratne [54,55] when M is an
abelian 3-fold.

Combining the two, one may be able to construct examples of Bridgeland stability
conditions on D™.% (M) for M a Calabi—Yau 1-fold, 2-fold or 3-fold.
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The next definition and conjecture give an alternative formulation of stability which
is much closer to Thomas’ definition [81, Def. 5.1]:

Definition 3.4. Let (M, J, g, ) be a Calabi—Yau m-fold, either compact or suitably con-
vex at infinity, and D?.% (M) the derived Fukaya category of M, enlarged as in Con-
jecture 3.2 to include immersed Lagrangians, and maybe also some classes of singular
Lagrangians. As in Remark 2.24, we may take all objects in D?.% (M) to be of the form
(L, E,b), we do not need twisted complexes.

Suppose « € R is such that [Q] - [L] ¢ €™ - (0, c0) for all (L, E,b) in D7 (M),
where [Q2] € H™(M;C) and [L] € H,,(M;Z). As there are only countably many such
homology classes [L], this holds for generic « € R. Write A, for the full subcategory
of Db.Z (M) with objects (L, E, b) such that the phase function 7 of L maps L —
(ma, w(e 4+ 1)). Write A,, for the full subcategory of objects in D?.% (M) isomorphic to
an object of Ag, so that Ay, A, are equivalent categories with A, C A, C D?.F(M).

We have Ag[1] = Agy1 and Ag[1] = Ay41. The condition on « is to avoid tak-
ing phases in a half-open interval (wo, (e + 1)], which could cause problems. If
(L, E,b) € Ay, then L is almost calibrated (has phase variation less than 7).

Using the almost calibrated condition, we see that every (L, E, b) € A, has a unique
global phase ¢(L) € (wa,m(e + 1)) with [; @ = Re'®@) for R > 0, as in Thomas
(81, §3]. If (L',E',b') € Aq then (L',E’,b') = (L,E,b) in D Z(M) for some
(L,E,b) € Ag,and [;, Q= [, Q = Re'? D) where ¢ (L) is independent of the choice
of (L, E, b). Thus we may define ¢(L') = ¢(L) for (L', E',b") € Aq.

In a similar way to Thomas [81, Def. 5.1], we say that a nonzero object (L, E, b) in
Aq or Ay is stable (or semistable) if there is no distinguished triangle

(L1, E1,by) —— (L, E,b) —— (L3, E2.by) —— (L1, E1.b1)[1] 3.4

in Dbﬁ(M) with (L1, Eq,b1), (L2, E2, by) nonzero objects in A, or A, such that
¢(L1) = ¢(L2) (or ¢(L1) > ¢(L2)).
Conjecture 3.5. In Definition 3.4, Ay is the heart of a bounded t-structure on D .7 (M),
and so Aq, Aq are abelian categories, and (3.4) becomes a short exact sequence in Ay
or Ay. Furthermore, the Bridgeland stability condition (Z,P) on D®.% (M) in Con-
Jjecture 3.2 may be described as follows: Z is defined by (3.2), and P(«) = 0, and for
each B € (o, + 1), P(B) is the full subcategory of semistable objects (L, E,b) in Aq
with ¢(L) = 7.

Note that (semi)stability in Definition 3.4 is equivalent to slope (semi)stability on the
(conjecturally abelian) categories Ay, Ay, With slope function

—cosma [; ReQ —sinwar [, ImQ
—sinzwa [; ReQ +cosma [; ImQ

(L, E,b) =

since ¢(L) = tan~'(u(L, E, b)) + ma + 7. Thomas’ analogue of (3.4) is to require
Ly, L, to intersect transversely at one point p, and L to be Hamiltonian isotopic to the
Lagrangian connect sum L;#L, at p. Equation (3.4) is more general, e.g. it does not
imply that L is diffeomorphic to L;#L,. It would be nice to state the relationship between
L and L, L, geometrically rather than categorically.



Conjectures on Bridgeland stability for Calabi—Yau m-folds and Lagrangian MCF 27

As in §2.5, there are two versions D?.Z (M) € D*.% (M) of the derived Fukaya
category, where D?.Z (M) has objects twisted complexes in .Z (M), and D*.Z (M)
has objects direct summands of objects in D?.%(M). By Remark 2.24, for immersed
Lagrangians we do not need to add twisted complexes, so we can take all objects in
D®.Z (M) to be of the form (L, E, b).

We wrote Conjecture 3.2 using D?.% (M), since the extra objects in D*.% (M) are
not geometric, and our programme does not make sense for them. For example, the
map Ko(DY.Z(M)) — H,,(M;Z) in (3.2) is not defined for D*.% (M), as we cannot
associate a homology class to a direct summand of (L, E, b).

However, if D?.% (M) has a Bridgeland stability condition, then it has a bounded
t-structure, and so by Huybrechts [35, Rem. 1.15] it is idempotent complete. Thus Con-
jecture 3.2 or Conjecture 3.5 imply:

Conjecture 3.6. In the situation of Conjecture 3.2, the enlarged version of
DP.Z (M) with objects (L, E, b) for L a possibly singular, compact, immersed, graded
Lagrangian is idempotent complete. Hence D™.F (M) ~ Db % (M), and we can take all
objects of D™ F (M) to be geometric, of the form (L, E, b).

Remark 3.7. A partial verification of Conjecture 3.6 in the case M = T?2 is provided
by Haug [32]. He defines a version of the derived Fukaya category D?.% (T?) in which
the objects are twisted complexes built out of pairs (L, E) for L a compact, spin, graded,
embedded Lagrangian in 72, and E — L a local system, and proves that D?.% (T?) is
idempotent complete.

Haug remarks [32, §1] that for 72, including local systems E — L has the effect of
making D?.% (T?) idempotent complete, and that D?.% (T?) would not be idempotent
complete if we took objects to be twisted complexes of Lagrangians L rather than pairs
(L, E). This shows that including local systems E — L in objects (L, E, b) is necessary
for our programme, since otherwise Conjecture 3.6 and hence Conjecture 3.2 would be
false even for M = T'2. We will see in §3.4 how nontrivial local systems are needed for
some kinds of surgeries.

Haug’s definition of D?.%(T?) is not quite the same as ours. He does not include
bounding cochains b in his objects (L, E) (the simplicity of dimension 1 permits this).
He fixes F = C. His local systems £ — L [32, §3.1.1] are not F-local systems, as in
§2.5, but Apv-local systems of arbitrary finite rank, such that (roughly) the eigenvalues
of Hol(VEg) lie in F* C A}, to leading order.

I expect this should be related to our definition of D®.Z(T?) as follows. In dimen-
sion 1, the combination of a rank one [F-local system £ — L and a bounding cochain b is
essentially equivalent to a rank one Anoy-local system Eyoy — L satisfying Haug’s condi-
tion, where the holonomies satisfy Hol(Vg, ,)[y] = Hol(VEg)[y] - elv® for [y] € m1(L).
Also, I expect that for T2, considering rank one local systems £ — L on immersed
Lagrangians has a similar effect to considering higher rank local systems £ — L on
embedded Lagrangians.

3.2. Approaching Conjecture 3.2 using Lagrangian MCF. Here is our suggestion for
a programme to prove Conjecture 3.2 using Lagrangian MCEF, building on Thomas and
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Yau [82]. We will state a conjecture about it in §3.9, after discussing issues that arise in
the programme in §3.3-§3.8.

Programme for (partially?) proving Conjecture 3.2 using LMCF. Let (M, J, g, )
be a Calabi—Yau m-fold, either compact or suitably convex at infinity, and suppose as in
Conjecture 3.2 that we have extended the definition of D®.Z (M) to include immersed
Lagrangians, as in [2], and some classes of singular Lagrangians.

Define Z : Ko(D?.Z(M)) — C by (3.2), and define P(¢) for ¢ € R to be the full
subcategory of objects A in D % (M) isomorphic to (L, E, b) for L a (possibly singular)
special Lagrangian of phase e'™® with 01 = m¢, as in Conjecture 3.2(c), or alternatively
those objects A in D? % (M) which for any € > 0 are isomorphic to some (L, E,b) with
phase function 0 : L — (n¢ — €, m¢p + €), as in Conjecture 3.2(c)’.

We must prove (Z,P) is a Bridgeland stability condition on D®.Z(M). We discuss
only the problem of verifying Definition 3.1(iv) for objects F = (L, E, b), where (L, E) is
a nonsingular, immersed Lagrangian brane with HF* unobstructed. For such (L, E,b),
we must construct a diagram

O=F0 Fl F2_>"‘_>Fn—l_>Fn:(LaE7b),
o 2w N (3.5)
(L17E15b1) (LZ»EZ’bZ) (Ln»En»bn)
in DY.% (M), where L, ..., L, are either unique (possibly singular) special Lagrangians

with 01, = nwdj for 1 > ¢ > -+ > ¢n, or else (possibly singular) Lagrangians with
0L, : Lj — (n¢; — €, w¢; + €) for arbitrarily small € > 0.
We aim to construct a unique family {(L", E',b") : t € [0, 00)} satisfying:

(a) (L° E° b°) = (L, E,b).

(b) There is a (hopefully finite) series of singular times 0 < Ty < T, < ---, such that
if t €[0,00)\{Ty.T»....} then (L, E*,b') is an object in D®*.Z (M) isomorphic to
(L, E,b), with L' a (possibly immersed or singular) compact, graded Lagrangian in
M, with HF* unobstructed.

(¢) The family {L’ 1t €[0,00)\{T1, T3, .. }} satisfies Lagrangian mean curvature flow,
and {E’ 1t €[0,00)\{Ty, T>, .. }} are locally constant int. (As a shorthand, we will
say that the family of Lagrangian branes {(L', E') : t € [0,00)\{T}, T>....}} satis-
fies Lagrangian MCF.) The bounding cochains b* also change by a kind of ‘parallel
transport’ for t € [0,00) \ {T1, T», ...} as in §2.5-§2.6, to ensure that the isomor-
phism class of (L', E*,b") in DY % (M) remains constant.

(d) Let T; fori = 1,2,... be a singular time and € > 0 be small, so that {L’ it €
(T; — e, Ti)} and {L’ 1t e (T, T; + 6)} satisfy Lagrangian MCF. Ast — T; in
(T; — €, T;), the flow usually undergoes a finite time singularity of Lagrangian MCF.
But see §3.4 for a case in which the limit is smooth ast — T; in (T; — €, T;), and
singular ast — T; in (T;, T; + €).

We do not require (LTi, ETi | bT1) to be an object in D?.Z (M), as the singularities
of LTi may be too bad, and if so, bTi is meaningless.
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The topologies of L fort € (T; —€,T;), and LTi | and L* for t € (T;, T; + €), may
all be different, so we may think of the (possibly singular) manifolds L' as undergoing
a surgery at time t = T;. Nonetheless, the family {L’ te(T;—e,T; + E)} isina
suitable sense continuous, for instance, as graded Lagrangian integral currents in M
in Geometric Measure Theory.

(e) For the case of Conjecture 3.2(c), we have lim;_,oo L' = L; U --- U L,, where
L; is a (possibly badly singular) special Lagrangian with phase e'%i and phase
function 01, = ww;, for ¢1 > ¢ > .-+ > ¢n. The local systems Eq, ..., Ep,
bounding cochains by, . .., b, and morphisms in (3.5) are obtained from lim, _, o, E*
and lim; .00 b?.

For the case of Conjecture 3.2(c), if t > 0 then there is a decomposition L' =
LY I --- I LY, such that 01« maps L; — (n¢pj — €', npj +€)forj=1,...,n,
where €' > 0 with e’ — 0ast — oo.
Remark 3.8. (i) In dimension m > 1, Lagrangian MCF {L’ : t € [0,00)} starting
from a compact, embedded Lagrangian L° can flow to immersed Lagrangians L’ in finite

time, as sketched in Figure 3.1, or vice versa. (When m = 1, embedded curves remain
embedded.)

new J -holomorphic

curve X
Lt <T L' t=T L' t>T
embedded immersed immersed

Figure 3.1. LMCF flowing from embedded to immersed Lagrangians

Therefore, to carry out the programme above, we must include immersed Lagrangians
in D% (M), since otherwise in the situation of Figure 3.1 we could not continue the
programme past ¢ = T. This inclusion was discussed in §2.6, using the extension of [24]
to immersed Lagrangians in Akaho and Joyce [2].

Observe that for Lagrangian MCF {L’ : ¢ € [0, T)} of immersed, graded Lagrangians
L' in a Calabi—Yau m-fold, the L’ for ¢ € [0, T) are all locally Hamiltonian isotopic in
the sense of §2.6, but not necessarily globally Hamiltonian isotopic, as in Figure 3.1.

Thus, for immersed Lagrangian MCF we must deal with the possibility that even
without finite time singularities, the flow may take us from Lagrangians with unob-
structed HF* to Lagrangians with obstructed HF™*, or change the isomorphism class
in Db.7 (M), since we explained in §2.6 that local Hamiltonian isotopies can do this. We
discuss this further in §3.4.

(ii) Notice the strong similarity of the programme above with the proof of the three-
dimensional Poincaré Conjecture by Perelman, Hamilton and others, as in [60, 68-70].
There one starts with a Riemannian 3-manifold (M, g) (the analogue of Lagrangians),
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and applies rescaled Ricci flow, encountering finite time singularities at times 0 < 7 <
T, < --- when one does surgery, until as ¢ — oo the flow converges to a disjoint union
of constant curvature Riemannian 3-manifolds (the analogue of special Lagrangians).

In dimension m = 3, I expect the programme above to be of comparable difficulty
to the Poincaré Conjecture. As the dimension increases, so should the difficulty, as there
will be more kinds of finite-time singularities to worry about.

(iii) There is a literature on mean curvature flow with surgeries for (suitably convex) hy-
persurfaces in R” which resembles our proposal — see for instance Huisken and Sines-
trari [34] and Brendle and Huisken [12].

(iv) As for isolated conical singularities of special Lagrangians [39, §3], one could try to
define an ‘index’ ind(7) for different ‘types’ 7 of finite time singularities of Lagrangian
MCF, which measures the codimension in the infinite-dimensional family .Z of Lagrangi-
ans L in M in which singularities of type t occur in Lagrangian MCF starting from L. So
for instance, Lagrangian MCF starting from a generic Lagrangian L could only develop
singularities with ind(t) = 0.

We could modify the programme above by taking L° to be a generic Hamiltonian
perturbation of L in (a), rather than L°® = L. Then the Lagrangian MCF singularities
occurring at the singular times 77, T3, ... would have to have index 0. This might have
the effect of limiting the kinds of singular Lagrangians that must be included in D?.% (M)
to make the programme work.

For similar ideas in MCF of hypersurfaces in R”, see Angenent and Veldzquez [6]
who construct examples of non-generic finite time singularities of MCF, and Colding and
Minicozzi [18], who classify the possible finite time singularities of MCF starting from a
generic, compact, embedded surface »2in R3,

(v) Taking limits lim; .o, L’ in (€) above is likely to introduce different, and worse, singu-
larities than those in the finite time singularities LT LT2 .. Also, 1 expect lim;_, oo L’
to be unchanged by Hamiltonian perturbations of L, so taking L° generic as in (iv) will
not help.

It seems likely that the possible singularities occurring in lim;—.», L! may be too
severe to incorporate as objects in D?.% (M). Thus, although Conjecture 3.2(c) is more
attractive, Conjecture 3.2(c)’ is more plausible.

(vi) Since {L' : ¢t € [0,00)} above satisfies Lagrangian MCF, one might expect that
{L' : t € [0,00)} depends only on L°® = L, and is independent of E,b in (L, E, b).
However, in §3.4 we will describe a surgery ‘opening a neck’ depending on E, b, so
{L':t € [0, 00)} does depend on all of L, E, b, not just on L.

(vii) Behrndt [10] defines a modification of Lagrangian MCF which works in almost
Calabi—Yau manifolds (M, J, g, 2), that is, a complex m-manifold (M, J) with Kéhler
metric g and nonvanishing holomorphic (m, 0)-form € which need not satisfy (2.1), so
that g need not be Ricci-flat. I expect the whole of this paper also to work for modified
Lagrangian MCF in almost Calabi—Yau m-folds.

3.3. On finite time singularities of Lagrangian MCF. Finite time singularities of La-
grangian MCF were discussed in §2.3. For graded Lagrangian MCF, Theorem 2.11 says
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that any finite time singularity must be of type II, and Theorem 2.12 that any finite time
singularity must admit a ‘type II blow up’ modelled on a nontrivial eternal solution of
Lagrangian MCF in C™. As in the end of §2.3, two natural classes of eternal solutions
are provided by SL m-folds in C"™, and Lagrangian MCF translators.

Motivated by this, the next ‘principle’ gives heuristic pictures of how the author ex-
pects two different classes of finite time singularities to work.

Principle 3.9. Let (M, J, g, Q) be a compact Calabi-Yau m-fold and {L* : t € [0,T)}
a family of compact, immersed, graded Lagrangians in M satisfying Lagrangian MCF,
with a finite time singularity att = T, and a singular point at x € M. Here are broad
descriptions of two classes of such singularities:

(@) Let U be a small open neighbourhood of x in M, which we identify with a small open
neighbourhood of 0 in C" = T, M, and € > 0 be small. Then L* N U approximates
a closed, exact SL m-fold in C™ fort € (T — ¢, T).

Since SL m-folds are stationary points of LMCEF, to ‘first order’ L' N U is constant in
t, but to ‘second order’ L' N U wanders slowly in the moduli space of closed, exact
SL m-folds in C™, until at time t = T it hits a singular SL m-fold. This ‘wandering’
is driven by ‘outside influences’ from the whole of L', not just from L' N U.

For example, if N is an exact asymptotically conical SL m-fold in C™, we could have
L'NU ~ f@t)-N fort € (T —¢,T), where [ : (T —¢,T) — (0,00) is smooth
with f(t) > 0ast — T.

(b) Let U, € be as in (a). Then L' N U approximates a closed, exact LMCF translator
inC" = TxM fort € (T —e€,T). To ‘first order’ L' N U moves by translation in
C™ = Ty M, since it approximates a translating soliton. But to second order it also
wanders slowly in the moduli space of closed, exact LMCF translators in C™, driven
by ‘outside influences’ from the whole of L', until at time t = T it hits a singular
soliton.

For example, if N is an exact LMCF translator in C™ with translating vector v € C™,
we could have L'NU ~ f(t)-N+g(t)-vfort € (T—e,T),where f,g : (T—e,T) —
(0, o0) are smooth with f(t) - Oast — T.

Remark 3.10. (i) We will describe examples of behaviours (a),(b) in §3.5 and §3.8. Sec-
tion 3.7 discusses a class of singularities not of type (a) or (b).

Note that in (a),(b) we do not simply mean that the singularity has a type II blow up
{L* : 5 € R} in Theorem 2.12 with L’ special Lagrangian or an LMCF translator. In
general type II blow ups describe only a small part of the singularity, and may give little
idea of the global geometry and topology near the singular point. The point of (a),(b) is
that in these cases we have a more complete picture of the singularity than a general type
IT blow up gives.

(ii) As in §2.3, Lagrangian MCF shrinkers do not occur in the graded case. The other
major class of Lagrangian MCF solitons, Lagrangian MCF expanders (as in §2.3) are
not relevant to the formation of singularities of the flow (that is, to describing the flow
immediately before the singular time t = 7;). However, we can use Lagrangian MCF
expanders to model the flow immediately after a surgery at a singular time t = T;, and
we do this in §3.4.
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If we believe Principle 3.9, stretching credulity a little further gives:

Principle 3.11. Any type of (sufficiently well-behaved) singularity of SL m-folds, which
can appear as a limit of nonsingular, locally exact SL m-folds, may provide a local model
for finite time singularities of Lagrangian MCF.

Similarly, any (sufficiently well-behaved) singular Lagrangian in C™ which can ap-
pear as a limit of nonsingular, exact Lagrangian MCF translators in C™, may provide a
local model for finite time singularities of Lagrangian MCF.

This suggests a class of research problems:

Problem 3.12. (a) Choose from the literature your favourite family of explicit, nonsin-
gular, exact SL m-folds N in C™ which converge to an explicit singular SL m-fold Ny
as s — 0. For example, let N be an exact AC SL m-fold in C™ with cone C, and take
Ns =s-N fors >0and Ny = C.

Construct examples {L' : t € [0, T]} of Lagrangian MCF in C™ or in a Calabi-Yau

m-fold (M, J, g, Q) with finite time singularities att = T for which LT has a singularity
at x € C™ modelled on Ny, and L* near x fort € (T — e, T) approximates Ny, where
s() — Oast — T, as in Principle 3.9(a).
(b) If you can do (a), determine whether Lagrangian MCF starting from a small generic
Hamiltonian perturbation of L° also develops finite time singularities of the same type. In
this case, we call this type a generic singularity of Lagrangian MCF. If it is not generic,
compute the expected codimension amongst Hamiltonian perturbations of L° in which
singularities of this type occur.

(¢) Repeat (a),(b) for LMCF translators rather than SL m-folds.

3.4. Flowing from unobstructed to obstructed immersed Lagrangians. In Remark
3.8(i) we noted that Lagrangian MCF may take an immersed Lagrangian brane (L', E*)
with H F* unobstructed to one (L’ "E ‘/) for t' > t with HF™* obstructed, without finite
time singularities. This is a problem for the programme of §3.2, as we need (L, E?) to
have H F'* unobstructed for all . We now discuss this problem in more detail, and explain
how to solve it.

Let (M, J, g,2) be a Calabi—Yau m-fold and {(L’, E") : ¢t € [0,T)} a family of
Lagrangian branes satisfying Lagrangian MCF. Suppose, for simplicity, that all the L’
have transverse self-intersections. Then the self-intersection points of L’ in M depend
smoothly on ¢ € [0, T), so we can write p’ for the intersection of local sheets L, , L’ of
Lt fort € [0, T), where p*, L!, depend smoothly on ¢. Then Hii oo (p") is independent
of t.

Suppose that b’ is a bounding cochain for L? depending smoothly on ¢, with (L!, E*, b?)
>~ (L° E°,b%) in D?.Z(M). Then b’ evolves in time by a kind of ‘parallel transport’.
Let p’, L, be as above with Hri,Le (p") = 1. Then as in §2.6, b’ includes an element

b;t € Homg (EY |, E'| 1) ®r AZ9. The analysis of (2.18)~(2.21) holds, with H' =
—0p:. Thus, writing bgo = Z?io a; P*i with ag #Z0and0 < Ag <Ay <Ay <---,we
have

i ) 4 s () — 0,5 (p°
b, =Y g P Jo(Brs (p*) = b1y (P))ds
i=0
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and bt € Homy (E', | pr, EL|pr) ®% Az} € Homy (EY | pr, EL|pr) ®F Aoy, required for
b to be a bounding cochain, if and only if

t
Ao + /O (OLs (p*) — O3 (p*))ds > 0. (3.6)

We can now explain how Lagrangian MCF can flow from H F'* unobstructed to H F'*
obstructed: as ¢ increases, we can cross a ‘wall’ at 1 = T; when the Lh.s. of (3.6) becomes
negative, so that b;, ¢ Homg(E" |, EL| ) Qr AZY for ¢ > Ty. Then b’ is not a

nov
bounding cochain, and (L’, E*) may have H F* obstructed.
Krt e (rH=1

LU g (@)=2 LYy

Figure 3.2. Crossing between H F* unobstructed when area( Etl) < area(Etz) and HF* obstructed
when area(X]) > area(X5)

To make this more explicit, let us simplify further, and suppose that L’ has only two
self-intersection points p’, ¢’ with /LL;,LI,(PI) = 1 and Krt e (¢") = 2, and there
are only two J-holomorphic curves £, ¥4 with boundary in L? which are relevant to
obstructions to H F*, which are as shown in Figure 3.2, so that E’l has two corners at
p'.q" and X% one corner at ¢’. Note that X is the type of curve in Figure 2.3 that can
cause obstructions to immersed H F*.

Then (L, E*) has HF™* unobstructed if and only if area(X%) > area(X?), and if so,
the bounding cochain b’ has

b;,[ = qo P (@) —area(Z)) 4 higher order terms, 3.7

where 0 # a9 € Homg(E", |,, E'|,). We can think of £} — X/ as a ‘virtual J-
holomorphic curve’ with ‘virtual area’ area(X%) — area(X/) and one corner at p’, which
obstructs H F* if this virtual area is negative.

Under Lagrangian MCF we have

%(area(E’z) —area(%})) = — /32’2 dfr: + /azfl déy.
= —[6.r (@") = 011 (4")] (3.8)
+ {011 (4" = 01 (¢") + Oe (p) = e (P")]
=0 (p") = O ().

Suppose now that the family {(L?, E?) : t € [0, T)} passes from HF* unobstructed
when ¢ < Ty to HF* obstructed when ¢ > Tj. Then area(X}) — area(X}) crosses zero
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att = T going from positive to negative, so (3.8) shows that
6,7 (p") =6, 7 (p™) <0. 3.9)
- +

We claim that in the programme of §3.2, the correct thing to do is to change L for
t > T by doing a surgery at p’ when t = T}, a Lagrangian connected sum of the two
sheets L', L’ at p’, so that L for T} <t < Ty + € looks roughly like Figure 3.3. We
will call this surgery ‘opening a neck’. The self-intersection p’ is now gone, and there are

L' pprope(@)=2 LYy
Lt : : - —

area(X}) =
area(X5)

L Lt

Figure 3.3. L for t > T}, after Lagrangian connected sum surgery at p?

two J-holomorphic discs X/, X5 with one corner at ¢*. Since we do the surgery when
area(X}) = area(X}), we have area(X)) = area(X}) for all 7 > Tj, though X7, =}
are in different relative homology classes. As their areas are equal, the obstructions from
¥, X% cancel for suitable E?, and (L’, E*) fort > T; has HF* unobstructed.

We have u, 7 7 (pT1) = 1 and QLT‘ (p™) > 9Lr1 (p™) by (3.9). Suppose strict

+ 5 + -
inequality holds, 6 T (p™) > 6 T (p™1). Then from Definition 2.20, we see that there
i r

is an identification T,7y M = C™ identifying J | »71- &l ,m1 with the standard versions on
C™, and identifying 7,7 Lil Ty LT with the Lagrangian planes ITg, [Ty in (2.12) for
O1,- - Pm € (0, ) with 0 < ¢y + -+ + ¢, < 7, where @1 + - - - + ¢, < 7 comes from
M, T T (PTI) = 1land GLTl (pTl) > QLQ (PT1)~

+ +

Thus, by Example 2.13 there is a unique, exact Joyce—Lee—Tsui Lagrangian MCF
expander L(}, with @ = 1in 7,7, M asymptotic to 7,7, Li‘ UT,n LTt and Theorem
2.14 shows that L;} is the only LMCF expander with & = 1 in 7),7; M asymptotic to
T,m Li‘ UT,n LT1. Note that \/2(t — T}) - Lé for t > T satisfy Lagrangian MCF
inT,nM = C™. We now aim to define the L! for T} < ¢t < T1 + € by gluing in
V2(t —Ty)- L}) into LT1 near p7t.

To define the local systems E’ for ¢ > T, note that b;‘rl =agp + --- by (3.7), where

0 # ag € Hom]F(EI1 [p71 ET |pr1). As ET1 has rank one, ag # 0 implies that ag is
an isomorphism. For T} < t < T} + €, we define E’ to be equal to E71 away from the
‘neck’ region joining L4T_l with L7, and on the ‘neck’ region we use the isomorphism a
to identify E71|; 4+ and ET1|;—. This choice of E’ is necessary for the obstructions to
HF* for (L', E") from X7, ¥} to cancel.

The bounding cochain b’ for T} < t < T; + € should be roughly equal to 7! away
from the ‘neck’ region. On the ‘neck’ region, b’ should somehow encode the higher order
terms in b;lTl = ag + -+, possibly in the form b’ ~ log(ag' o b:‘Tl) - [87~1], where
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[S"'] € C—1(L*,Z) is a fundamental cycle for the new small (m — 1)-sphere S™~!
spanning the ‘neck’ in L’.

Remark 3.13. We can now see an important reason why our programme requires the
inclusion of the rank one F-local systems E — L in the objects (L, E, b) of D®.Z (M),
as mentioned in Remark 3.7. We can also justify our definition of Lagrangian branes in
Definition 2.18.

Firstly, note that if the initial local systems E’ for ¢ < Tj above are trivial, the local
systems E’ for ¢ > T; may not be trivial, as across the ‘neck’ region E’ for t > T has
holonomy ag € HomF(EI‘ 71 ED |pT1) =~ IF, and we need not have ag = 1. So this
surgery can pass from trivial to nontrivial local systems E’. If we omitted local systems E
in DV Z (M), then the data ag in b7t would be lost under the surgery, and L’ fort > T
might have H F* obstructed.

Secondly, we take I to be a field (rather than say a commutative ring) so that 0 #
ag € F implies that ag is an isomorphism.

Thirdly, observe that the argument above would not work for higher rank local systems
E — L, which is why we restrict to rank one. If £ T\ has different ranks 74 on Li‘ , then
it cannot extend across the ‘neck’ to make E’ forz > Ty. If ETt has the same rank n > 1
on Li‘ , LTt then ag # 0 no longer implies that ag is an isomorphism, so we cannot use
ag to extend ET1 across the ‘neck’.

Our discussion has shown the following rather neat:

Evidence for the viability of the programme of §3.2. Let (M, J, g, Q) be a Calabi—Yau
m-fold and {(L', E?) : t € [0,T)} be a family of Lagrangian branes in M satisfying
Lagrangian MCF.

Suppose that (L', E') has HF* unobstructed for 0 <t < Ty < T, butatt = T}
crosses a ‘wall’ into HF* obstructed, because at a transverse self-intersection point p of
LT with ;LLJTr] L (p) = 1. the data b’, in the bounding cochain b' leaves Homg (E", | 5,

Et_lp) R An%)?/ in HomF(Efi_|p, Et_|p) QF Anoy whent = Tj.

Then (at least if strict inequality holds in (3.9)) there is a unique Lagrangian MCF
expander in T\, M asymptotic to TI,Li1 u TPLZI, which we can (conjecturally) use to do
a surgery att = T so that the flow can continue fort > Ty with HF* unobstructed, as in

§3.2. The analogue does not hold for flowing from H F* obstructed to HF* unobstructed.

It also suggests a research project:

Problem 3.14. Suppose (M, J, g, ) is a Calabi-Yau m-fold, L a compact, immersed
Lagrangian in M with a transverse self-intersection point at p € M with local sheets
Ly, and N a Joyce—Lee-Tsui Lagrangian MCF expander in T, M asymptotic to T, L U
Ty L_ and satisfying H = F*. Prove that for small € > 0, there is a unique family
{L" : t € (0,€)} of compact, immersed Lagrangians in M satisfying Lagrangian MCF,
such that lim;_.o L* = L° in a suitable sense, and for small t we have L' ~ V2t -N
near p and L' ~ L + tHy away from p.

Motivated by the first version of this paper, Problem 3.14 has now been proved by
Begley and Moore [9].
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Ilmanen, Neves and Schulze [36] study the evolution of ‘networks’ (roughly, finite
graphs smoothly embedded in R?) in the plane under mean curvature flow. In a similar
way to Problem 3.14, they show [36, §7] that one can glue a certain kind of self-expander
in at a singular point when ¢ = 0, and obtain existence of MCF for networks for ¢ € [0, €).

In the next example we use ‘opening necks’ to resolve an apparent counterexample to
our programme.

Example 3.15. Let (M, J, g, ) be a Calabi—Yau m-fold, and (L1, E1), (L2, E>) be em-
bedded, transversely-intersecting, special Lagrangian branes in M with phases e!™%1  ¢!7%2
for ¢ < ¢, with HF* unobstructed. Choose bounding cochains by, b, for (L1, E1),
(Lz, Ez) Let O 75 ,3 € HFI((Lz, Ez,bz), (Ll, El,bl)), and (,Bp) S CFI((Lz, Ez),
(Lq, El)) represent B, where for all p € Ly N L, with 7, 1,(p) = 1 we have 8, €
Homz (Ez|p. E1lp) ®F Anoy -

Suppose B, € Homg(E>|p, E1lp) ®r AZY for all p. Set (L,E) = (L1, Ey) U
(L2, E3), considered as an immersed Lagrangian brane in M . Then using the notation of
§2.6, b = by & b, ® (B,) is a bounding cochain for (L, E), where by, = by @ b, in
Cm—1(L,AS) = Cu—1(L1, Af,) & C—1(L2, AJf), and the data b, for each p € M
at which two local sheets L4, L_ of L intersect transversely with uy_ 1 (p) = 1 are
by =Bpif Ly = Ly, L_ = Ly, and b, = 0 otherwise. We now have a distinguished

triangle in the derived Fukaya category D?.% (M) of immersed Lagrangians
B
(Ll, El,bl) — (L, E,b) — (Lz, Ez,bz) — (Ll, El,bl)[l] (310)

Let us apply the programme of §3.2 to (L, E, b). Since L is a union of special La-
grangians of different phases, it is stationary under immersed Lagrangian MCEF, so the
obvious answer is that (L?, E*,b") = (L, E,b) for all t € [0, c0). Equation (3.10) gives
a diagram for (L, E, b) of the form (3.5) withn = 2

0= F() —>F1 = (Ll,El,bl)—>F2 = (L,E,b)

Fﬂ\ / (1] 4 /

(L1, E1,b1) (L2, Ez,b)

However, in §3.2 we want such a diagram with ¢; > ¢,, but we assume that ¢; < ¢,.
So writing (L?, E*,b") = (L, E,b) for all t € [0, 00) does not satisfy the programme of
§3.2, as although we have long-time existence of Lagrangian MCEF, the limiting behaviour
at infinity is wrong, and this looks like a counterexample.

Here is the explanation. Although (at least initially) the L?, E* are independent of ¢,
the bounding cochains b’ do evolve in time. Suppose p € L1 N L, with uz, 1, (p) = 1.
Then (2.18)—~(2.21) with Hy,, = —01, = —n¢; for j = 1,2 shows that the data b; in
b should evolve according to the equation

d , '
g =7b1—¢2) log P D).
SO as bg = Bp. the solution is b; = pr1—¢)t . Bp. Thus, we have

(L', E')Y = (L1, E\) U (Ly, E;), b' =by @by & (P*@17921 .8 ), (3.11)

at least for small ¢.
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Write B, = apP*» + -+ if B, # 0, where 0 # a, € Homg(E3|,, E1]p) and A, > 0,
and set A, = oo if B, = 0. Then

btp — apPAp+ﬂ(¢l_¢2)t + ...

’

so b!, € Homp(E}|p. Ef|p) ®r AZD if 1 € [0,4,/7(d2 — p1)].

Thus, at time 7' = (minp A,)/7(¢2 — ¢1), the flow crosses a ‘wall’ after which b’ in
(3.11) is no longer a bounding cochain, as b’, leaves Homg (E | 5, E{|,) ®F A7 for some
p. We claim that the right thing to do is to ‘open a neck’ at time t = T at each p with A,
minimal, gluing in a Joyce-Lee-Tsui LMCF expander. Then L’, E* will undergo some
nontrivial evolution forz > T.

To see that a suitable LMCF expander exists to glue in at p, note that 0 ; (p) = 7¢;
for j = 1,2, s0 0.,(p) < 6r,(p) by assumption, and as pyr,1,(p) = 1, the first
equation of (2.13) gives 01, (p) < 61, (p) + . These are the conditions for the existence

of an LMCF expander in T, M asymptotic to T, L1 U Tp L.

3.5. ‘Neck pinches’ using Lawlor necks. The programme of §3.2 requires a flow {L’ :
t € [0, 00)} starting from a single Lagrangian L = L, but converging as t — oo to a
union L; U --- U L, of several (possibly intersecting) special Lagrangians of different
phases, where we regard Ly U --- U L, as a single immersed Lagrangian. Thus, we
need a local model for how one Lagrangian L can break up into a union L{ U L, of two
Lagrangians under the flow, at some singular time ¢ = 7;, in the notation of §3.2.

We call this local model a ‘neck pinch’, as it involves the Lawlor necks Lg 4 of
Example 2.5 as A — 0, so that the ‘neck’ pinches to a point. It is an example of Prin-
ciples 3.9(b) and 3.11, where the special Lagrangian local models are the Lawlor necks
Ly, 4. The possibility of such pinching behaviour is clear from Thomas and Yau [82], and
Neves [61, §4] proves that it occurs in an example, where both [61,82] work with SO(m)-
equivariant Lagrangians, so that Lagrangian MCF is reduced to understanding evolution
of real curves.

Conjecture 3.16. The following behaviour, which we call a ‘neck pinch’, can occur in
Lagrangian MCF with surgeries in Calabi—Yau m-folds for m > 2, as in §3.2. Further-
more, ‘neck pinches’ are a generic singularity. That is, if Lagrangian MCF beginning
from L° develops a neck pinch, then Lagrangian MCF beginning from any sufficiently
small Hamiltonian perturbation L° of L also develops a neck pinch.

Let (M, J, g, ) be a Calabi-Yau m-fold, and extend D®.% (M) to include immersed
Lagrangians, as in [2). Suppose {(L*,E") : t € (T —¢,T + €)} for € > 0 small is
a family of immersed Lagrangian branes in M with HF™* unobstructed, and {b' : t €
(T — €, T + €)} a corresponding family of bounding cochains, satisfying the following
conditions:

() The (L', E',b") fort € (T — €, T + €) are all isomorphic in Db F (M).

(i) When t < T, L', E' depend smoothly ont € (T —€,T), and {(L',E?) : t €
(T — €, T)} satisfies Lagrangian MCF, with a finite time singularity at t = T, with
one singular point p € M.



38 D. Joyce

Similarly, when't > T, L', E* depend smoothly ont € [T,T + €), and {(L!, E?) :
t € [T, T + €)} satisfies Lagrangian MCF. The topology of L fort € (T —e, T + €)
changes discontinuously att = T. Nonetheless, the family {L' : t € (T —e, T +¢)}is
continuous at t = T in a suitable sense, e.g. as graded Lagrangian integral currents
in Geometric Measure Theory.

(iii) Identifying M near p with T,M = C™ near 0, for eacht € (T —¢,T), L' approx-
imates a ‘Lawlor neck’ Ly, a(r) from Example 2.5, after a translation and a U(m)
rotation in C™. Here A(t) > 0 is small and A(t) — 0ast — T, so that Ly), ()
converges to a union Ilg U Ilgr) of transversely intersecting special Lagrangian
planes inC™ ast — T.

(iv) Fort € [T, T + ¢€), there is a self-intersection point p' of L' where two local sheets
L', of L' intersect transversely with Kri L (p') = 1. Here p*, L', depend smoothly

ont € [T, T +¢€), with pT = p.
(v) We have QLJTr(pT) =01 (p7), and 9Lt+(p’) <O (p")fort € (T,T +¢).

(vi) The F-local systems E! fort € [T, T + €) are constructed from the F-local systems
E" fort’ € (T —€,T) by deleting the ‘neck’ in L* and extending E* over p' in L',
in the unique possible way (at least for m > 3).

(vii) Whent € [T, T + ¢€), the bounding cochain b* for L' includes an element b;, €

HomF(Ej_ |prs EL| pt) @ AZD as in §2.6. This is of the form

nov

b;t = agP*D 4 higher order terms,

where ag € Homg(E"|,r, EL|,¢) is the natural isomorphism induced from E" for
t' € (T —e,T) using (vi), and A(t) = f} (QLi (p%) — eLi (ps))ds, sothat A\(T) =0
and A(t) > Ofort € (T, T + €) by (v).

Remark 3.17. (a) The ‘neck pinching’ behaviour of Conjecture 3.16 is inverse to the
‘opening a neck’ behaviour of §3.4. So, for example, we can imagine a flow {L’ : ¢ €
[0, 00)} satisfying the programme of §3.2, with two singular times 0 < 77 < T, which
starts with a single L for 0 < ¢ < T}, undergoes a ‘neck pinch’ at# = T and becomes a
union L = L} UL} of Lagrangians L}, L} intersecting at one point p’ for Ty <t < T,
and then at # = T, ‘opens the neck’ at p’ and turns back into a single Lagrangian L’
fort > T>.

Note that these inverse singular behaviours involve different (though related) geomet-
ric local models, Lawlor necks Ly, 4 and Joyce-Lee—Tsui expanders Lg. We do not just
naively run the local picture for the flow in reverse. Note too that ‘neck pinching’ works
only for m > 2, whereas ‘opening necks’ works for m > 1, so when m = 1, ‘opening
necks’ has no inverse behaviour.

In a similar way, the author expects that many types of finite time singularity possible
in the programme of §3.2 should have a corresponding inverse type, so that changes in the
topology of L, and other qualitative features, are reversible. An exception to this is that
when m = 1, the flow can only decrease the number of self-intersection points, making
the curve ‘less immersed’.
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(b) Theorem 2.6 shows that Lawlor necks Lg 4 are the only possible geometric local
models for such ‘neck pinches’.

(c¢) The inequality 9Lz+ (p") < Oz: (p") in (v) is the opposite of (3.9) in §3.4. Heuris-
tically, we expect ‘small necks’ to shrink under Lagrangian MCF when (9Lr+ (p") <
01 (p"), and to grow when 9U+ (pH) > 01 (p").

(d) The case m = 2 in Conjecture 3.16 is special. For m > 3, the family F of AC special
Lagrangian ‘Lawlor necks’ L in C™ asymptotic to ITo U Iy is (isomorphic to) (0, 0o),
and all such L are exact. When m = 2, the family F is R2 \ {0}, and the subfamily Fexact
of exact Lis R\ {0} C R? \ {0}, since then F ey, contains both the Ly 4 for A > 0 and
Ly, 4 for A < 0 in Example 2.5.

Also, when m = 2 the local systems E" fort’ € (T — €, T) could have nontrivial
holonomy around the ‘neck’. If so, the definition of E? for ¢ € [T, T + ¢€) in part (vi) no
longer makes sense, since we cannot extend E?” over p’ in L.

One conclusion is that for m = 2, though neck pinches should be generic under
Hamiltonian perturbations, they may be nongeneric (and of index 1) under Lagrangian
perturbations, since Lagrangian perturbations may allow the flow to wander in F =
R? \ {0} rather than Fex, = R\ {0}, and will only hit the singularity 0 € R? in real
codimension 1 amongst initial Lagrangians.

We can also ask: if Lagrangian MCF {L! : t € (T — ¢, T)} develops a singularity as
t — T modelled on Lawlor necks Ly 4 for A € (0,00) C Fexaer = R\ {0}, rather than
continuing for ¢ > T using immersed SL 2-folds as in Conjecture 3.16, why not continue
using Lawlor necks Z¢, 4 for A € (—00,0) C Fexaet = R\ {0}, immediately opening the
neck again, in a similar way to §3.4?

The author expects that this is the correct thing to do if E " fort' € (T —¢€,T) has
nontrivial holonomy around the ‘neck’. But in the trivial holonomy case, it would change
the isomorphism class of (L, E*,b") in D?.% (M), and so should be avoided according
to the philosophy of §3.2.

3.6. Including singular Lagrangians in D?.% (M ); LMCF for Lagrangians with sta-
ble conical singularities. The programme of §3.2 involves flows {L’ : ¢ € [0, c0)} with
the L’ immersed Lagrangians which can be singular at the singular times ¢t = Ty, 1>, .. .,
where we do not require (L7, ETi bTi) to be objects of DY.%(M). In this section we
argue that in dimension m > 3, we must also allow the L? to have certain kinds of ‘stable’
singularities for ¢t # T;. To complete the programme, Lagrangian MCF must work for
such singular Lagrangians, and we must include them as objects in the derived Fukaya
category D?.F(M).

In [38—42] the author studied compact SL m-folds L with isolated conical singulari-
ties in a Calabi—Yau m-fold M. That is, L has singularities py, ..., px locally modelled
on closed special Lagrangian cones Ci,...,Cy in C™ which have isolated singulari-
ties at 0 € C™. As in [39], the deformation theory of L involves an obstruction space
O = 01 & --- ® O which is the sum of contributions O; from each singular point p;,
depending only on the cone C;. We call the singularities p; and the SL cones C; sta-
ble [39, Def. 3.6] if the obstruction spaces O; are zero. By [39, Cor. 6.11], if L has only
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stable isolated conical singularities, then the moduli space M of SL deformations of L
is a smooth manifold.

Few examples of stable SL cones are known. The SL T'2-cone C in C? in equation
(2.4) of Example 2.7 was shown to be stable in [38, §3.2]. Ohnita [66] found four more
examples of stable SL cones in dimensions 5, 8, 14, and 26. In dimension m = 2, any
irreducible, immersed SL cone in C? is a Lagrangian plane R?, or a finite cover of R?
branched at 0. Nontrivial branched covers of R? are unstable. So there are no singular
stable SL cones in C2.

Principle 3.18. (a) In the programme of §3.2, in dimension m > 3, for the Lagrangians
L' at nonsingular times t # T; we should allow Lagrangians with ‘stable special La-
grangian singularities’. These should include stable isolated conical singularities, as
in [39], and probably also other classes of non-isolated or non-conical singularities.

For example, if m = k + [ withk,l > 0 and C is a stable special Lagrangian cone
in C* as above, the author expects that Lagrangians L with [-dimensional singularities
locally modelled on C x R! in Ck x C' = C™ are “stable’.

In dimension m = 3, Lagrangians with conical singularities modelled on the T?-cone
C in (2.4) may be the only kind required. As m increases, the singularities allowed will
probably become more and more complicated.

(b) For each such class of stable singularities one should prove short time existence for
Lagrangian MCF.

(¢) One should extend the definitions of Lagrangian Floer cohomology, obstructions to
HF*, and D% (M) to include each such class of stable singularities.

For (b), the author’s PhD student Tapio Behrndt proved [11, Th. 5.12]:

Theorem 3.19. Let (M, J, g, Q) be a Calabi—Yau m-fold, and L a compact Lagrangian
m-fold in M with isolated conical singularities modelled on stable SL cones in C™ (with
any phase ¢'?®). Then for small € > 0 there exists a unique smooth family {L" : t € [0, €)}
satisfying Lagrangian MCF with L° = L, where the L' are compact Lagrangians in M
with stable isolated conical singularities.

Problem 3.20. Extend the theories of Lagrangian Floer cohomology, obstructions to
HF*, and Fukaya categories D*.% (M) to include Lagrangians L in M with isolated
conical singularities modelled on stable special Lagrangian cones C in C™, such as the
T2-cone C in C? in (2.4). The main technical issues will involve studying moduli spaces
of J -holomorphic discs ¥ in M whose boundaries 0% lie in L and pass through singular
points of L.

Problem 3.20 can be approached as an exercise in Symplectic Field Theory, as in
Eliashberg et al. [20]: given L with conical singularities at py, ..., px modelled on stable
SL cones Cq,...,C, C C™, wedelete py, ..., pi from L, M, and treat M \{p1,..., pr}
as a noncompact symplectic manifold with concave cylindrical ends modelled on S~ x
(—00,0),and L\ {p1,..., px} as a noncompact Lagrangian with cylindrical ends mod-
elled on X; x (—00,0) for j = 1,...,k, where ¥; = C; N 821 is the special
Legendrian link of the cone C;.

The reason we need to include Lagrangians with ‘stable singularities’ in the pro-
gramme of §3.2 is that (the author expects) for m > 3 there should exist examples of
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flows {L’ : ¢ € [0, T)} in nonsingular Lagrangians with a finite time singularity atz = T,
such that one can only continue the flow for # > T by using Lagrangians with stable
singularities.

Example 2.8 described a continuous family of exact SL 3-folds N’ in C> for ¢ €
(—¢, €), such that N is nonsingular forz < 0, and N 0 has one (non-stable) singular point
with tangent cone R® LIz R?, and N* for ¢ > 0 has two singular points modelled on the
stable SL T2-cone of (2.4). By Principles 3.9(a) and 3.11, we should expect there to exist
similar examples of Lagrangian MCF L’ : ¢t € (—¢, ¢) with surgeries, such that L’ is
nonsingular for ¢ < 0 with a finite time singularity at ¢t = 0, and L° has one singular
point with tangent cone R® LI R3, and L’ has two stable singularities modelled on C
in (2.4) fort > 0.

Remark 3.21. We temporarily write Db (M )nonsing for the derived Fukaya category

of nonsingular immersed Lagrangians, and D?.7 (M )sing for the category including La-

grangians with ‘stable special Lagrangian singularities’. It seems likely that D?.% (M )sing
and D°.Z (M Jnonsing 1eed not be equivalent categories. 1If so, Db ZF (M )sing May be
preferable to Db (M )nonsing in the sense of being better behaved, more natural, or the
right category to use in Mirror Symmetry. To test this, we should start in dimension

m = 3 by including Lagrangians with isolated singularities modelled on the T2-cone C

in (2.4).

The following example was suggested to me by Ivan Smith. Harris [29] constructs
a smooth family (M?,w") : ¢t € [0, €) of symplectic Calabi—Yau 6-manifolds for small
€ > 0, with the following properties:

(i) M is independent of ¢, and is the result of adding a 2-handle to 7*S>. There is an
isomorphism H2(M!,R) = R identifying [w’] with ¢. Thus (M", ") is an exact
symplectic manifold if and only if # = 0.

(ii) For ¢ > 0 there is a compact, embedded Lagrangian L’ in (M, ®") diffeomorphic to
S3, depending smoothly on ¢, with 0 # [L!] € H3(M*;Z) = Z.

(iii) There are no Lagrangian S*’s in (M°, ®°), and in fact, no compact, exact, embedded

Lagrangians in (M°, »°) at all.

(iv) Asin[29, Rem. 3.7], L® = lim,_,o L? is a singular Lagrangian in M °, which topo-
logically looks like an S* with an S collapsed to a point p, so that topologically L°

is modelled on a T?-cone near p.

All this suggests that D?.% (M Dnonsing 18 empty for ¢ = 0, and nonempty for # > 0.
This counts as pathological behaviour, discontinuous in ¢, since the Db 7 (M? )nonsing for
small 7 > 0 are not deformations of D?.% (M O)nonsing in a meaningful sense. Intuitively,
one would expect objects to disappear under small deformations owing to obstructions,
so that Dbﬂ\(M’)mming for ¢t > 0 should be smaller than Dng(MO)nonSmg_

It seems plausible that we can choose the L up to Hamiltonian isotopy so that L° has
one singular point p locally modelled on C in (2.4), and L’ for ¢ > 0 is locally modelled
near p on Lf(t) in (2.5), where A(t) — 0 ast — 0. If so, L° may give an object in
DY Z (M®)ng, and the derived categories D?.# (M?)g,, may depend continuously on
t € [0, ¢€). So in this example, Db F (M )sing May be better behaved than Db ZF (M nonsing
under deformations of (M, w).
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3.7. Collapsing zero objects in D?.% (M). Let (L, E) be a Lagrangian brane in C™,
either embedded or immersed. Since L is displaceable (Hamiltonian isotopic to a disjoint
Lagrangian, by translations in C™), there are two possibilities, either:

(A) (L, E) has HF™ obstructed; or

(B) (L, E)has HF* unobstructed, and for every bounding cochain b for (L, E), (L, E, b)
=~ 0in D®.Z(C™). Then we call (L, E, b) a zero object.

In this case L must also be exact, and strictly immersed (not embedded).

For the second part of (B), note that dilation in C™ induces an infinitesimal deformation
of (L, E,b), corresponding to a class in HF'((L, E,b), (L, E,b)). As (L, E,b) = 0,
this deformation class is zero, so dilations of L are Hamiltonian isotopies, and L is ex-
act. But by an argument of Gromov there are no nonempty, compact, exact, embedded
Lagrangians in C™, since then we would have

H*(L; Apoy) = HF*((L,F x E,0), (L,F x E,0)) = 0.

Example 3.22. Until recently it was believed there are no compact, graded, embedded
Lagrangians in C”. However, Ekholm, Eliashberg, Murphy and Smith [19, Cor. 1.6]
found an example of a compact, graded, embedded Lagrangian S' x S in C?, and prod-
ucts give Lagrangian (S! x $2)"’s in C*". These all have HF* obstructed, as they are
not strictly immersed.

Example 3.23. Writing " = {(xo....,%n) € R™"! 1 x2 4+ .- 4+ x2}, the Whitney
sphere L = 1(8™) is the Lagrangian immersion ¢ : S — C™ given by

0 (X0, X1y . n s Xp) —> (x1(1 +ix0), ..., xx (1 + ixg)).

1+ x2

It has the special property of having conformal Maslov form. It has one transverse self-
intersection point at p = (0,...,0) = ¢(1,0,...,0) = «(—1,0,...,0), with ,uL_,LJr(p)
= —1, ur,,._(p) = m+ 1. Thus if m > 2, Lemma 2.23 shows that L has HF*
unobstructed, so as in (B), (L, E, b) = 0 in D?.Z (C™).

Ekholm, Eliashberg, Murphy and Smith [19, §1] construct Lagrangian immersions j :
S§™ — C™ for m odd, with one transverse self-intersection point p with puz, 1_(p) = 2.
If m > 3 it has HF™* obstructed, as in (A).

Next we consider graded, immersed Lagrangian MCF in an example in C.

Example 3.24. Let L be a graded, immersed Lagrangian in C shaped like an oo sign, not
necessarily symmetric, bounding two ‘teardrop’ J-holomorphic curves ¥;, %5, as shown
in Figure 3.4, and let E — L be a rank one F-local system, which is classified by its
holonomy Hol(Vg)[L] € F* around L.

Then (L, E) has HF* obstructed if area(X;) # area(X,). If area(X;) = area(X,),
there is a unique choice of Hol(Vg)[L] = 1 which makes the obstructions to H F* due
to X1, X, cancel, and then (L, E) has H F* unobstructed.



Conjectures on Bridgeland stability for Calabi—Yau m-folds and Lagrangian MCF 43

Consider the immersed Lagrangian MCF (‘curve shortening flow’) {L’ : ¢t € [0, T)}
in C starting from L% = L with first finite time singularity at/ = 7. The curve shortening

Figure 3.4. ‘oo sign’ Lagrangian L in C

flow is well understood, as in Abresch and Langer [1], Angenent [4,5], Grayson [25], and
others, and we can give a good description of the flow. The difference area(X})—area(X5)
is constant during the flow, and both area(X]), area(X5%) decrease until the smaller be-
comes zeroatt = T.

Type II blow up in these regions gives the ‘grim reaper’

Lt t<T
\

possible L?, t > T (non-graded)

<~ . .
singularity

Figure 3.5. Lagrangian MCF when area(Etl) > area(E’z)

In the case area(X]) > area(X5), the flow is sketched in Figure 3.5. The loop bound-
ing X, shrinks to a point at # = T, and the curve develops a cusp singularity. A type II
blow up of this singularity sees only the small, highly curved regions indicated, and yields
the ‘grim reaper’ translating soliton from Figure 2.1. Note that in this case, the type II
blow up only gives a rather incomplete picture of what is happening.

Following Angenent [5], one can continue the flow for# > T after asurgery att =T
eliminating the self-intersection point, as in the last picture of Figure 3.5, but then the L’
for t > T are non-graded. From the point of view of this paper, this is the wrong thing
to do, and only works as dimension m = 1 is so simple. A better answer is that after the
singularity att = T, one cannot continue the flow in graded Lagrangian MCF fort > T.
This does not contradict the programme of §3.2, as the initial Lagrangian L in Figure 3.4
has H F* obstructed in this case. We will discuss this phenomenon further in §3.8.

In the case area(X%) = area(X)), the flow is sketched in Figure 3.6. The whole oo
sign shrinks to a point at # = 7. It is not a type I singularity modelled on a Lagrangian
MCEF shrinker, since this cannot happen in graded Lagrangian MCF as in §2.3. The curve
does not rescale homothetically, but as in Figure 3.6 the curve shrinks faster in the vertical
than in the horizontal directions. Type II blow ups at either end of the oo sign yield a ‘grim
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reaper’ translating soliton, as in Figure 2.1, as indicated. So, in this case of an immersed
curve in C with HF* unobstructed, the whole curve collapses to a point in finite time
under Lagrangian MCF.

e, . Lt1,0<Z1<lz<T._ '
-

Type II blow up in these regions gives the ‘grim reaper’ l

finite time Y &
- - o « e
singularity T . .

L2 0<t;<tr,<T

Figure 3.6. Lagrangian MCF when area(Z’l) = area(EtZ)

More generally, for Lagrangian MCF {L! : ¢ € [0, T)} of compact, immersed, graded
Lagrangians L’ in C™ with H F* unobstructed, I expect that the typical behaviour is for
the whole of L’ to collapse to a point at time ¢ = T (though possibly undergoing other
surgeries along the way, as in §3.4-§3.6).

Similarly, for immersed Lagrangian MCF {L’ : ¢t € [0, T)} with HF* unobstructed
in a Calabi—Yau m-fold (M, J, g, Q), connected components L} of L' = L% II L in
small open balls in M may collapse to a point in finite time # = 7. When this happens,
in the programme of §3.2, the correct thing to do is to delete the collapsed component L,
and continue flowing the remaining components L whent > T. As (L}, E{,b}) isa
zero object in D?.% (M), deleting it does not change the isomorphism class in D?.Z (M).
We state this as:

Principle 3.25. The following behaviour, called ‘collapsing a zero object’, is a possible
model for finite time singularities in the programme of §3.2.

Let (M, J, g, ) be a Calabi-Yau m-fold, and extend D®.% (M) to include immersed
Lagrangians, as in [2). Suppose {(L',E") :t € (T —€,T + €)} for e > 0 small is a
family of Lagrangian branes in M with HF* unobstructed, and {b* :t € (T —¢,T +¢€)}
a corresponding family of bounding cochains, satisfying the following conditions:

(i) The (L', E',b") fort € (T — €, T + €) are all isomorphic in D? F(M).

(i) When t < T, L', E' depend smoothly ont € (T —€,T), and {(L',E?) : t €
(T — €, T)} satisfies Lagrangian MCF, with a finite time singularity at t = T, with
one singular point p € M.
Similarly, whent > T, L', E* depend smoothly ont € [T, T + €), and {(L*, E") :
t € [T, T + €)} satisfies Lagrangian MCF.

(iii) Fort € (T—e, T) there is a decomposition (L', E*,b") = (L}, E}, b)) LI(L}, E5, b}),
with L', L open and closed in L'. There exists a continuous § : (T —€, T') — (0, 00)
with 8(t) — 0 ast — T such that L} € Bsy(p) forallt € (T —€,T), where
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Bs)(p) is the open ball of radius §(t) about p in M. That is, the whole of L}
converges uniformlyto p € M ast — T.

(iv) (LY, E}, b)) =0in DPZ (M) fort € (T —e, T), sothat (L', E*,b") == (L%, E5. bY)
in Db.Z (M).

(V) The family {(L%, E5,b%) :t € (T —e, T)} LL{(L", E*,b") : t € [T, T +¢€)} is smooth
inte(T—¢€,T+e¢).

Rather than taking LT = L2T to be a nonsingular immersed Lagrangian at t = T, we

could instead write LT = {p} U LT where {p} = lim, 7 L is regarded as an extreme
example of a singular Lagrangian in M.

Recall that a graded Lagrangian L is almost calibrated if it has phase variation less
than 7r. The almost calibrated condition is preserved by Lagrangian MCF. The next lemma
implies that ‘collapsing zero objects’ does not happen in almost calibrated Lagrangian
MCF.

Lemma 3.26. Suppose L is a compact, immersed, graded Lagrangian in C™, or in a
small open ball Bg(p) in a Calabi-Yau m-fold (M, J, g, 2). Then L has phase variation
greater than . That is, L is not almost calibrated.

To prove the lemma, assume for a contradiction that the phase function 67, of L maps
O : L — [¢p — Z.¢ + Z]. consider [, (cos¢Re Q2 — sing Im ), and note that the
homology class [L] in H,,(C™,Z) or H,,(M,Z) is zero.
Problem 3.27. Find global geometric models for how such ‘collapsing a zero object’
finite time singularities occur in MCF for compact, immersed, graded Lagrangians L' in
C™ with HF* unobstructed.

Even for m = 1 there may be something new to say.

Example 3.28. Let (M, J, g, 2) be a Calabi—Yau m-fold for m > 2, L a compact La-
grangian in M, and p € L. In [63], Neves defines another Lagrangian L in M, which is
Hamiltonian isotopic to L and coincides with L except in a small open neighbourhood of
p. Here L, L are locally SO(m) surfaces of revolution on the curves in sketched in Figure
3.7. (Actually Neves restricts to m = 2, but the same ideas should work for all m > 2.)

L L

\p\

Figure 3.7. Neves’ Lagrangian with a finite time singularity under LMCF

Neves’ main result [63, Th. A] is that Lagrangian MCEF starting from L develops finite
time singularities. This is important, as it shows that finite time singularities in Lagrangian
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MCEF are unavoidable in many situations (although note that L has phase variation greater
than s, so this does not show that almost calibrated Lagrangian MCF has finite time
singularities).

Figure 3.8. First singular time ¢t = 77 of Lagrangian MCF from L

What actually happens in Lagrangian MCF starting from L? Neves’ proof does not
tell us, as he assumes for a contradiction that no finite time singularity occurs. The author
expects a Lagrangian MCF with surgeries {L’ : ¢ € [0,7)} in M with L°® = L, with
two singular times 0 < T} < T, < T. Fort € [0,T1), L! looks much like Z, but
as t — T in [0, Ty), the region marked with crosses ‘x’ in Figure 3.7 undergoes a
‘neck pinch’. At ¢ = T, as sketched in Figure 3.8, LT1 decomposes as LIT1 i LZTI,
where LIT1 is a small immersed S™ near p with one transverse self-intersection point
with ur 1 (p) = m + 1, a “Whitney sphere’ as in Example 3.23, and L2Tl looks quite
like the original L.

Then as ¢ increases from 77 to T», the component L’l should shrink to a point, until
at the second singular time ¢ = 75 it undergoes ‘collapsing a zero object’ as in Prin-
ciple 3.25. Meanwhile, the Lagrangian MCF of L) looks quite like that of the original
L, and continues for ¢t > T,. Thus, at least conjecturally, Neves’ examples [63] are not
counterexamples to the programme of §3.2.

3.8. What goes wrong in LMCF of obstructed Lagrangians. The programme of §3.2
claims that if (M, J, g, Q) is a Calabi—Yau m-fold and L a compact, immersed, graded
Lagrangian in M with HF* unobstructed, then graded Lagrangian MCF with surgeries
{L! :t €]0,00)} with L°® = L should exist for all time. But if L has H F* obstructed, the
author expects that Lagrangian MCF {L' : ¢ € [0, T)} can develop finite time singularities
att = T such that one cannot continue the flow for t > T, even after a surgery.

In dimension m = 1, we met an example of this in Example 3.24: if L is the ‘oo
sign’ Lagrangian in C from Figure 3.4 with area(X) # area(X,), then Lagrangian MCF
starting from L has a finite time singularity after which one cannot continue in graded
Lagrangian MCF (though in this case one can continue in non-graded Lagrangian MCF
after a surgery).

We now discuss the nature of these terminal singularities of H F*-obstructed La-
grangian MCF. T expect they should be impossible in H F*-unobstructed flow, and so
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the obstructions should be present locally as the singularity forms. As in §2.5-§2.6, ob-
structions to H F'* for a Lagrangian L or brane (L, E) are caused by ‘bad’ J-holomorphic
discs ¥ in M with boundary in L, of two kinds:

(i) For L embedded, moduli spaces M‘l‘l of J-holomorphic discs ¥ with area A > 0
and one boundary marked point, whose virtual classes [[M3]yin] are nonzero in
H,,_»(L,Q). (This is oversimplified.)

(i) For L immersed, ¥ of type (i), and also ‘teardrop-shaped’ J-holomorphic discs X of
the form shown in Figure 2.3, with one corner at ¢ € M, and with w1 (q) = 2,
where L4 are the local sheets of L intersecting at g.

Thus an obvious guess is that the singularities we are interested in occur when such a
‘bad’ ¥ shrinks to a point, and area(X) — 0. As L is graded, X of type (i) have constant
area under Lagrangian MCF, so they are not relevant. For X of type (ii), as for (3.8) under
Lagrangian MCF we have

d
& area(X) = — /82 dfy =0r_(q) — 0L, (q),

so area(X) will decrease under Lagrangian MCF if 0, (q) > 0. _(q).
Therefore we propose:

Principle 3.29. In contrast to §3.2, Lagrangian MCF {L' : t € [0,T)} of compact,
immersed, graded Lagrangians L or branes (L, E) with HF* obstructed in a Calabi—
Yau m-fold may develop finite time singularities at t = T, such that one cannot continue
the flow fort > T in graded LMCE, even after a surgery.

A typical way in which this occurs is that fort € (T — €, T), there exists a ‘teardrop’
J -holomorphic curve X' with boundary in L' of the form shown in Figure 2.3, and
area(X!) — O0ast — T, where X' causes L' to have HF* obstructed if area(X!) is
small enough.

In dimension m > 2, this should be possible for L° with arbitrarily small phase
variation.

Note that this is exactly what happens in Example 3.24 in dimension m = 1.

Remark 3.30. We are restricting to graded Lagrangians, so as above, discs X of type (i)
have constant area under the flow, and cannot cause singularities.

We could generalize the programme of §3.2 to oriented Lagrangians rather than graded
Lagrangians, so that HF*((L, E,b), (L, E', b)) is Z-graded rather than Z-graded. In
this case, curves of type (i) can cause singularities. For non-graded L, the area of curves
3 of type (i) change under Lagrangian MCF by

%area(Et) =—uz -[021], (3.12)
where ;€ H'(L,R) is the Maslov class from §2.1, and [0X!] € H,(L,R). Astherh.s.
of (3.12) is independent of ¢, if j7, - [03°] > O then unless other singularities happen first,
the area of ! shrinks to zero at time 7 = area(X°)/(ur - [0X°]). So in the non-graded
analogue of Principle 3.29, we should also include shrinking of type (i) discs X. Groh,
Schwarz, Smoczyk and Zehmisch [26] used this idea to study singularities of Lagrangian
MCEF for monotone Lagrangians in C™.
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Example 3.31. Wolfson [85] constructed an example of a Calabi—Yau 2-fold (M, J, g, 2)
(a K3 surface) with the following properties:

(i) There exists @« € H,(M,Z) with o - « = —4, such that every compact, immersed
Lagrangian L in M has [L] € Z -« C Hy(M,Z).

(i1) There exists an immersed Lagrangian two-sphere L in M with [L] = «.

(iii) There does not exist a compact, immersed SL 2-fold L’ in M with homology class «
(even if one allows branch point singularities in L").

Here (iii) is proved as follows: L’ must be connected, as we cannot split« = 8 + y for
B # 0 # y homology classes represented by SL 2-folds. Suppose L’ has genus g, and
for simplicity has k transverse self-intersection points. An easy calculation shows that
[L']-[L']=2¢g+2k—2>-2But[L'|=aando-a = —4.

So we can ask: what happens to Lagrangian MCF {L! : ¢t € [0,T)} in M with
L% = L? I expect that L has HF* obstructed, and that a finite time singularity develops
at t = T after which one cannot continue the (graded) flow, as in Principle 3.29. As
evidence for this, note that if Lagrangian MCF with surgeries {L’ : 1 € [0, 00)} existed
for all time, one would expect L’ = lim;_, L' to be an SL 2-fold in homology class «,
which is excluded by (iii).

Wolfson uses his example to prove something different. Schoen and Wolfson [71]
show that by minimizing volume amongst (not necessarily graded) compact, immersed,
oriented Lagrangians L in a Calabi—Yau 2-fold in a fixed homology class o and taking
a limit, one can construct a singular Lagrangian L’ with minimal volume in homology
class «, such that L’ is Hamiltonian stationary and has finitely many singular points of
two kinds:

(a) Branch points, like those of Riemann surfaces, and

(b) Singularities modelled on certain Lagrangian cones Cp 541 in C? for p > 1. These
Cp,p+1 are Hamiltonian stationary, but not Maslov zero, or graded.

If there are only singular points of type (a), then L’ is special Lagrangian. Wolfson
deduces [85, Th. 3.3] that in his example, the minimizer L’ must have singular points
of type (b). But then L’ is not graded, so it is not a possible limit lim,_,, L’ for graded
Lagrangian MCF.

The next example gives a heuristic description of how the author expects the finite
time singularities in Principle 3.29 may form geometrically.

Example 3.32. Example 2.16 described a family of Lagrangian MCF translators L in C™
given in equation (2.10), asymptotic to the union of two Lagrangian planes ITg, Ty =
R™ intersecting in R. We have sketched L in Figure 3.9 (not easy to draw in only two
dimensions).

We indicate the intersection of L with the z,,-axis, the curve

LN {(O,...,O,zm) 1 Zm E(C}
={(0.....0. 3y = LYy (y) — Larg(y +iP(y)"V/?)) 1 y € R},

which bounds a noncompact J-holomorphic curve X in the z,,-axis as shown.
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We will try and describe a type II singularity of Lagrangian MCF {L! : ¢ € [0,T)}
with a singularity at x € M modelled on these LMCF translators L, using Princi-
ple 3.9(b). Identifying M with T, M = C™ near x € M, each L’ should to ‘first or-
der’ approximate an LMCEF translator L from Example 2.16, and as t — T these LMCF
translators should slowly shrink homothetically, as well as translate. What interests us is
the ‘second order’ changes to L which cause this shrinking.

[ o

intersection of L with z,,-axis

direction of
translation

Figure 3.9. Joyce-Lee—-Tsui Lagrangian MCF translator from Example 2.16

Far to the right in Figure 3.9, the LMCEF translator L approximates two non-intersecting
affine Lagrangian planes I, 1:[¢ in C™” from (2.11), just as far to the right in Figure 2.1,
the ‘grim reaper’ approximates two non-intersecting parallel lines in C. I suggest that to
‘second order’ in L?, the two planes 1:10, I:[¢ should be bent towards each other by a small
angle, introducing a new immersed self-intersection point, and so that the noncompact J -
holomorphic curve ¥ becomes a compact ‘teardrop’ as in Figure 2.3, which makes H F*
obstructed. This modification L of L is sketched in Figure 3.10.

intersection of L with z,,-axis

direction of
translation
—

~

Iy
Figure 3.10. Modification L of Joyce—Lee—Tsui LMCF translator

I expect that this ‘bending’ of 1:[0, 1:I¢ towards one another is both the ‘outside influ-
ence’ in Principle 3.9(b) which makes L shrink and causes the finite time singularity, and
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also the cause of the self-intersection point, the ‘teardrop’ curve ¥, and the obstructions
to HF*.

Conjecture 3.33. In dimension m > 2, Example 3.32 describes a possible finite time
singularity of graded, immersed Lagrangian MCF with HF* obstructed, after which one
cannot continue the flow in graded Lagrangian MCF.

Such finite time singularities admit type II blow ups, as in Theorem 2.12, which are
Lagrangian MCF translators from Example 2.16.

This is a generic singularity of Lagrangian MCEF, that is, if Lagrangian MCF starting
from L° develops such a singularity, then so does Lagrangian MCF starting from any
sufficiently small Hamiltonian perturbation L° of L°.

All this is possible for Lagrangians with arbitrarily small phase variation.

3.9. A Thomas-Yau type conjecture. Finally we state our second main conjecture,
about the programme of §3.2, which summarizes the discussion of §3.2-§3.7. We call
it a “Thomas—Yau type conjecture’, as it aims to update the conjectures of Thomas and
Yau [81, 82].

Our focus here is mostly on the unique long-time existence of immersed Lagrangian
MCEF with surgeries, although proving the conjecture would go some way to proving
Conjecture 3.2 on Bridgeland stability conditions. To simplify the possible finite time
singularities, we take L generic in its Hamiltonian isotopy class. To minimize the sin-
gular Lagrangians to be included in D?.# (M), we do not require (L7, ETi bTi) or
limr o0 (LY, E*, b?) to be objects in D?.Z (M).

Conjecture 3.34. Let (M, J, g, ) be a Calabi-Yau m-fold, either compact or suitably
convex at infinity, and D®.Z (M) an enlarged version of the derived Fukaya category
of Lagrangian branes in M from [24], including classes of immersed or singular La-
grangians, depending on the dimension m:

(i) When m = 1, D?.Z (M) can be the usual derived Fukaya category of nonsingular,
embedded Lagrangian branes.

(i) Whenm > 2, D?.Z (M) must include immersed Lagrangians, as in Akaho and Joyce
(2] and §2.6. For m = 2, these are all of D?.Z(M).

(iii) When m > 3, DY.Z (M) must also include singular Lagrangians with stable spe-
cial Lagrangian singularities, as in §3.6. When m = 3, these include Lagrangians
with isolated conical singularities in the sense of [38-42] modelled on the special
Lagrangian T?-cone from (2.4), and this may be the only kind of stable singularity
when m = 3. When m > 4, stable singularities may be more complicated, and need
not be isolated.

Let (L, E) be a Lagrangian brane in M with HF* unobstructed, and suppose L is
generic in its Hamiltonian isotopy class. Let b be a bounding cochain for (L, E). Then
there is a unique family {(L', E',b") : t € [0, 00)} satisfying:

(@ (L E°b°%) = (L.E.b).
(b) There is a finite series of singular times 0 < T < T, < --- < Ty such that if

t €[0,00) \{T1,...,Tn} then (L', E*,b") is an object in D®.F (M) isomorphic to
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(L, E,b), with L' a (possibly immersed or singular) compact, graded Lagrangian in
(M, w), with HF* unobstructed.

(¢) The family {L’ it € ]0,00)\ {T1,..., TN}} satisfies Lagrangian mean curvature
Sflow, and {E’ it €[0,00) \ {Ty,..., TN}} is locally constant in t. The bounding
cochains b also change by a kind of ‘parallel transport’ for t € [0,00)\ {T1,T>, ...}
as in §2.5-8§2.6, to ensure that the isomorphism class of (L', E*,b") in D?.Z (M)
remains constant.

(d) At each singular time Ty, ..., Tn, the flow undergoes a surgery, which may involve
a finite time singularity of Lagrangian MCF, and a change in the topology of L'.
The kinds of surgery allowed include ‘opening a neck’ as in §3.4 when m > 1, ‘neck
pinches’ as in §3.5 when m > 2, transitions to and from Lagrangians with ‘stable spe-
cial Lagrangian singularities’ as in §3.6 when m > 3, and ‘collapsing zero objects’
as in §3.7 for m > 1 (the latter is excluded for almost calibrated Lagrangians).

We do not require (LTi, ETi /bTi) to be an object in D?.F (M), as the singularities
of LTi may be too bad, and if so, bTi is meaningless.

(€) The family {L? : t € [0, 00)} is continuous as graded Lagrangian integral currents in
M in Geometric Measure Theory.

In graded Lagrangian integral currents, we have lim; soo L' = L1+---+ L, for some
n > 0,where 0 # Lj for j = 1,...,n is a nonzero, compactly-supported, graded,
special Lagrangian integral current with phase ¢'™®/ and grading 0y, ; = 7o), with
¢1 > 00> ¢n

For the Bridgeland stability condition (Z,P) on D?.% (M) discussed in Conjecture
3.2,if n = 1then (L, E,b) € P(¢1), and otherwise (L, E,b) ¢ P(¢p) forany ¢ € R.

Remark 3.35. (i) The most feasible case of the conjecture is that of Lagrangian MCF
in dimension m = 2, starting from an almost calibrated Lagrangian L generic in its
Hamiltonian isotopy class.

(ii) Assuming the initial object (L, E, b) is semistable or stable in the sense of Conjectures
3.2 and 3.5 means in part (e) that the limit lim,_,o, L’ = L is only one (singular) special
Lagrangian, rather than a finite union L U ---U L, of special Lagrangians with different
phases, but otherwise it does not simplify things: we still expect nontrivial finite time
singularities, and surgeries.

(iii) It is an interesting question whether there are useful extra assumptions on L which
limit the kinds of singularities occurring at the singular times 77, 75, . ... For example,
if L is generic in its Hamiltonian isotopy class then only singularities of ‘index zero’
appear, as in Remark 3.8(iv), and if L is almost calibrated, then as in §3.7 ‘collapsing zero
objects’ cannot happen. Thomas and Yau give conditions [82, (7.1) or (7.2)] preventing
‘neck pinches’ in §3.5 dividing L into two pieces L LI L, from happening, although I
expect other singularities can.

There are some very special situations in which Lagrangian MCF is known to exist
for all time without singularities, such as the Lagrangian T™-graphs in 7™ studied by
Smoczyk and Wang [80], or Lagrangian MCF starting from a small perturbation of a
smooth special Lagrangian. But apart from these, I do not know of any useful, nontrivial
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conditions on L under which I expect the flow to exist for all time without singularities,
as hoped for in [82, Conj. 7.3].

4. Generalizations

Finally we discuss two variations on the conjectural picture of §3. The first in §4.1 is a
simplification: for (immersed) exact Lagrangians in exact Calabi—Yau m-folds, we can
use a (not yet written down) version of Seidel’s Lagrangian Floer theory [73] in place of
that of Fukaya et al. [24], and in particular, we can dispense with Novikov rings A poy.
The second, in §4.2, considers whether we can generalize our picture to Lagrangian MCF
in Kédhler—Einstein manifolds rather than Calabi—Yau m-folds.

4.1. Exact Lagrangians in exact Calabi-Yau m-folds. Consider the situation of §3 in
the special case in which the Calabi—Yau m-fold (M, J, g, ) is noncompact, and (M, w)
is a Liouville manifold in the sense of [73], so that the Kihler form w = dA for some
Liouville form A. Then we can restrict our attention to exact graded Lagrangians L in M,
and for each such L we can choose a potential fr, : L — Rwithdf;, = A|L.

Then Seidel [73] defines Lagrangian Floer cohomology HF*(L1, L,) and Fukaya
categories D?(F (M))ex, D™ (F (M))ey for embedded, exact, graded Lagrangians L, L,
in M, which are simpler and more complete than Fukaya, Oh, Ohta and Ono [22-24].
Here are two differences between the two theories:

(1) Seidel does not work over the Novikov ring A oy. This is because Aoy in [24] keeps
track of infinite sums Z?io n; P4 where n; is the number of J -holomorphic discs
of area A; and A; — oo asi — oo in a problem, but in the exact case, the area A for
J-holomorphic discs is uniquely determined.

(ii) Seidel does not include bounding cochains in his theory. This is because bounding
cochains b for L are there in [24] to compensate for J-holomorphic discs ¥ with
boundary in L, but for L exact, there are no such non-constant ¥. In effect, Seidel
sets b = 0 throughout.

I expect that for exact Lagrangian branes (L, E) in Calabi—Yau Liouville manifolds,
one should be able to carry out a simplified version of the programme of §3, using an
extended version of Seidel’s theory [73] in place of an extended version of Fukaya et
al. [22-24]. To do this, one must extend Seidel’s derived Fukaya category D™ (% (M ))ex
of exact Lagrangians to include immersed Lagrangians, as in §2.6, and some classes of
singular Lagrangians, as in §3.6.

We need not work over A,y as in (i), instead one should take just coefficients in the
field F of Definition 2.17. However, including immersed Lagrangians will mean that one
has to consider obstructions to H F* and bounding cochains, as in (ii). The next definition
explains how to do this.

Definition 4.1. Let (M, J, g, ) be a Calabi—Yau Liouville manifold, and (L, E) a com-
pact, graded, immersed Lagrangian brane in M with only transverse self-intersection
points, with potential f7 : L — R. Here E — L is a rank one F-local system as in §2.5.
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Define a bounding cochain b = (bp) for L to assign to each point p € M at which
two local sheets L%, L2 of L intersect transversely with p Lo (p) = land f L7 () =

f12(p), an element b, € Hom]p(E+|p, E_|p), as in (2.17) but without the ‘®QrAZY’.

This data (b,) must satisfy the following condition: for each point ¢ € M at which two
local sheets L‘_ﬂ_, L1 of L intersect transversely with p 19,14 (g) = 2, we should have

> Noprowpi (0py ®-+-®bp,) = 0 in Homg(E4|g. E_|g). (4.1)

k>0, pi,..., Pk € M: local sheets Li[,Lfi of L
intersect transversely at p;, i, p;  p; (i) =1,
Lyt .=

fLii(pi)>fL£i(Pi)yi =1,....k

Figure 4.1. Holomorphic (k 4+ 1)-gon X with boundary in L, case k = 3

Here the term

Ng.pioopx € Hom(E4|g, E4|p,) ®F Hom(E_|p, . E4|p,_,)®F
o+ ®@r Hom(E_|p,, E+|p,) ® Hom(E_|p,, E_|4) (4.2)

in (4.1) ‘counts’ J-holomorphic discs X of the form shown in Figure 4.1, in the case
k = 3, weighted by the parallel transport in £ around 0% in the clockwise direction in
Figure 4.1, where the parallel transport from ¢ to pj contributes the term Hom(E 4 |4, E4|p,)
in (4.1), and so on. Contracting Ny, p, ..., p in (4.1) withb,, € Homp(E4|p,, E—|p,).- ...
bp, € HomF(E+ | s » E—|Pk) yields an element of Homp (E+|q, E_|q), as desired.
The area of X in Figure 4.1 is

area(S) = f14(6) = /1 @) = ko (fy1 (p0) = fr0 (p0)) < f19.(@) = fro @)

Since these areas are uniformly bounded, standard results on J-holomorphic curves tell
us that the family of such X for all k, pq, ..., pr is compact, and therefore the sum (4.1)
has only finitely many nonzero terms, and is well defined.

If L is embedded, then there are no possibilities for p or ¢ above, so b = @ is trivially
the unique bounding cochain.

We say that (L, E) has HF* unobstructed if a bounding cochain b exists, and has
HF* obstructed otherwise. To work with Lagrangians L rather than Lagrangian branes
(L, E), we take E to be the trivial F-local system F x L — L.
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The next conjecture, similar to Akaho and Joyce [2], should not be difficult.

Conjecture 4.2. Seidel’s theory of Lagrangian Floer cohomology and Fukaya cate-
gories [ 73] may be extended to include immersed Lagrangians L and Lagrangian branes
(L, E) with transverse self-intersections with choices of bounding cochains, in the sense
of Definition 4.1.

The author expects that the programme of §3 can be carried out for exact Lagrangians
in this extended Seidel-style derived Fukaya category. Sections 3.4 and 3.5 should be
modified as follows. Suppose as in §3.4 that {(L!, E’) : t € [0,T)} is a family of
exact Lagrangian branes satisfying Lagrangian MCF, with transverse self-intersections,
potential functions f7:, and bounding cochains b’ for ¢ € [0, T') as in Definition 4.1.

Write p’ for an intersection of local sheets LY, , L” of L’ for ¢t € [0, T), depending
smoothly on 7, with Hri L (p") = 1. Then b’ includes an element b;t € Homg (E".| 1,

EL| ) if fLr+ (p") = fr: (p"). Then ‘opening a neck’ at p’ as in §3.4 should happen
at time 1 = Ty if b;, # 0 and we have szJr(p’) > fre (pH) for Ty —e <t < Ty and
fLil (PTI) = szl (PT] )-

Similarly, for the ‘neck pinch’ in §3.5, the analogue of Conjecture 3.16 should say
that the immersed Lagrangian LT at the singular time ¢ = T should have potential f; 7
with fLZ'r(p) = frr(p), and thjL(p’) > fL;(p’) forT <t <T+e€,andb'(p') = ay
for T <t < T + €, where ay is as in Conjecture 3.16(vii).

4.2. ‘Balanced’ Lagrangians in Kéihler—Einstein manifolds. Let (M, J, g) be a Kih-

ler manifold. Then mean curvature flow of compact submanifolds preserves Lagrangian

submanifolds not only if g is Ricci-flat (the Calabi—Yau case), but also if g is Einstein,

that is, if (M, J, g) is a Kdhler—FEinstein manifold. Thus, it is natural to ask whether, and

to what extent, the programme of §3 can be generalized to Kidhler—Einstein manifolds.
To do this, we should answer the following questions:

Question 4.3. (a) Compact, graded Lagrangians in Calabi-Yau m-folds have the prop-
erty that Lagrangian MCF stays in the same Hamiltonian isotopy class. Is there an inter-
esting class of Lagrangians in Kdhler—Einstein manifolds with the same property?

(b) For a Calabi-Yau m-fold M, one can define derived Fukaya categories D?.F (M),
D™ % (M) of graded Lagrangians, which are Z-graded triangulated categories. What is
the appropriate analogue in the Kdhler—Einstein case?

(¢) As in §3.1, for Calabi-Yaus there conjecturally exist Bridgeland stability conditions
on DYZ (M)~ D™ F (M), such that special Lagrangians are semistable. In the
Kiihler—Einstein case, is there some useful notion of ‘stability condition’ on D®.Z (M)
or D™ % (M), such that minimal Lagrangians are semistable?

(d) In the Calabi-Yau case, as [82, Th. 4.3] special Lagrangians are unique in their
isomorphism classes in D? Z (M). In the Kiihler—Einstein case, are minimal Lagrangians
unique in their isomorphism classes in D% (M)?

(e) As in §3.9, for Calabi—Yaus we conjecture unique long-time existence of Lagrangian
MCF with surgeries starting from a Lagrangian brane (L, E) with HF* unobstructed.
Should we expect an analogue in the Kdhler—Einstein case?
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Note that the Einstein condition on (M, J, g) is that the Ricci curvature R,y of g

satisfies R;p = Agyp for some A € R, where A = 0 is the Calabi—Yau case. By rescaling
g we can take A = 1,0 or —1. The cases A > 0 (so g has positive scalar curvature) and
A < 0 (so g has negative scalar curvature) are likely to behave differently, and should be
considered separately. When A > 0, [w] is a positive multiple of ¢; (M) in H?(M,R), and
so the symplectic manifold (M, w) is called monotone. Monotone symplectic manifolds
have been extensively studied.

(a)

(b)

(©)

Here are some partial answers to Question 4.3:

The appropriate class of Lagrangians are known as ‘balanced’ or ‘Bohr—Sommerfeld
monotone’ Lagrangians, as in Seidel [75, §6], for instance. For a balanced Lagrangian
L, the mean curvature H corresponds to an exact 1-form on L, so LMCF stays in the
same Hamiltonian isotopy class.

When A > 0, balanced Lagrangians are sometimes called monotone Lagrangians,
although definitions of these vary (balanced implies monotone, but the definition of
monotone Lagrangians involving 7, (M, L) rather than H,(M, L;R) does not imply
balanced).

We would like to define a Fukaya category D?.Z (M) of balanced Lagrangians in
a Kéhler—Einstein manifold (M, J, g). When A < 0 (negative scalar curvature), a
model for this is provided by Seidel [75], who defines D?.% (M) when M is the
genus two curve.

When A > 0 (positive scalar curvature, monotone), a Fukaya category D?.7 (M) is
defined by Sheridan [77, §3], following Oh [65] and Seidel [74]. In this case one
can include an extra parameter w € [F, where [ is the base field as in §2.5, to get
categories D?.Z (M )" for w € F generated by Lagrangian branes (L, E), such that
for a generic p € L we have

Z sign(¥) Holyx (E) = w,
Maslov 2 J -holomorphic discs X
in M withp € 3X C L
where Holyx(E) € F is the holonomy of the F-local system £ — L around 0¥ C
L. One expects D?.Z(M)¥ = 0 for all but finitely many w € F. Lagrangians in
Db.Z(M)* for w # 0 are called weakly unobstructed.

In both cases D?.Z (M) will not be a Z-graded triangulated category: for oriented
Lagrangians it will be Z,-graded, though as in Seidel [72] we can improve this to
Zoj-graded if k divides ¢; (M).

As DY.Z (M) is not Z-graded, Bridgeland stability conditions on D?.% (M) do not
make sense. Also the central charge map Z in (3.2), and phases of Lagrangians, make
no sense in the Kihler—Einstein case.

Nonetheless, it seems possible that some features of Bridgeland stability may survive
to the Kéhler—Einstein case, in particular, being given a set of ‘semistable objects’
(represented by minimal Lagrangians) satisfying some axioms, such that every object
in D?.Z (M) has a unique decomposition into semistable objects of the form (3.1).
This may be worth further study.
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(d) When A > 0 (positive scalar curvature), minimal Lagrangians need not be unique in
their isomorphism classes in D?.%(M). For example, a minimal Lagrangian L in
CP™ (such as the Clifford torus) is isomorphic to all of its images under the Lie group
Aut(CP™) = PU(m + 1).

When A < 0 (negative scalar curvature), the author expects minimal Lagrangians to
be unique in their isomorphism classes in D?.% (M).

This is parallel to uniqueness for Kéihler—Einstein metrics: if (M, J) is a compact
complex manifold, then Kéhler—Einstein metrics on M are unique in their Kéhler
classes if A = 0 or A < 0, but need not be unique if A > 0.

(e) The author’s guess is that the answer is yes: or at least, in any dimension m in which
Conjecture 3.34 holds for Calabi—Yaus, some analogous conjecture on long-time ex-
istence of LMCF with surgeries should also hold in dimension m for the Kéhler—
Einstein case.

Some justification is that if the conjecture is false, it will be because of singular be-
haviour of LMCF developing locally near a point x € M. But locally, LMCF in
Calabi—Yau m-folds and in Kihler-Einstein manifolds looks essentially the same, the
differences are global.

Example 4.4. (i) Let M be CP!, a Kihler-Einstein manifold with A > 0, and L an
embedded S! in CP!, which is automatically Lagrangian. Then CP! \ L is two open
discs D1 LI D;, and L is balanced if and only if area(D;) = area(D5).

One can show using known results on the curve-shortening flow [1, 4,5, 25] that La-
grangian MCF in CPP! starting from L® = L exists for all time and converges as  — oo
to a great circle (a minimal Lagrangian in CP!) if L is balanced, and collapses to a point
in finite time if L is unbalanced.

(i) Let M be a Riemann surface of genus g > 1 with a hyperbolic metric, a Kéhler—
Einstein manifold with A > 0, and L an embedded S' in M with [L] # 0in H,(M,7Z).
Then Lagrangian MCF in M starting from L° = L exists for all time and converges
as t — oo to the unique closed geodesic y in M with homology class [L]. Here y is
balanced, and the flow stays in a fixed Hamiltonian isotopy class (the Hamiltonian isotopy
class of y) if and only if L is balanced.

This suggests that in (i), (ii), all (indecomposable?) objects in D®.Z (M) are ‘semista-
ble’, so the notion of stability in (c) above is not interesting for m = 1.

Example 4.5. Let M be (C}P’z, a Kihler—FEinstein manifold with A > 0, and take ' = C.
Mirror Symmetry [7] predicts that the mirror of M is the Landau—-Ginzburg model f :
U= (C"»? - C, f(x,y) = x +y + 1/xy. Thus for w € C we expect an equiv-
alence of Z,-periodic triangulated categories D™.% (CP?)¥ ~ MF(f —w : U — C),
where D”.% (CP?)¥ is the idempotent-completed Fukaya category of oriented, balanced
Lagrangian branes (L, E) in CP? as in (b) above, and MF(- - - ) is the matrix factorization
category. Since f is Morse, this indicates that D™.% (CP?)¥ ~ DZZ (Vecte) if w is one
of the 3 critical values 3, 3¢27%/3 3¢27/3 of £ and D™.Z (CP?*)* =~ 0 otherwise.
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Few examples of oriented, balanced Lagrangians in CP? are known, up to Hamilto-
nian isotopy. They include the minimal Lagrangian Clifford torus

T(?l = {[20,21,22] € (CIF)Z : |Zo| = |Z]| = |22|},

and two exotic examples, the Chekanov torus TC2h [16], and the Vianna torus T\% [83]. All
three are pairwise non Hamiltonian isotopic [16, 83].

I expect the following picture. Each of T3, T3,. T should have C-local systems
EY EY E¥ for w = 3,3e27/3 3¢727/3 guch that (T3, EY), (T3, E&), (T2, EY,
are nontrivial objects in D*.% (CP?)¥ for each w. Furthermore, we should have (T3, EY)
~ (T&.EY) = (TZ. EY), because there is basically only one interesting object in
D™.F(CP*)* ~ D} (Vectc).

As an aside, note that End*(73, EY) = End*(F @ F[1]) as a Z,-graded ring, where
F is a simple object with End(F) = C. Thus D?.% (CP?)¥ is not idempotent complete,
since (T3, EY) is indecomposable in D?.Z(CP?)¥, but decomposes as F @ F[1] in
D™ .Z (CP?)¥. This suggests that the analogue of Conjecture 3.6 may be false for CP?.

Lagrangian MCF starting from (72, EY) is stationary, as 7¢ is minimal. I conjecture
that Lagrangian MCF starting from (73, E&) or (T2, E¥) exists, with surgeries, for
all time, as in (e) above, and converges as t — 00 to (TCZI, EZ), or one of its images
under PU(3). If this is so, then the exotic tori Tczh, T\% and their local systems E&,, Ey;
can be obtained from TCZ1 and E} by applying one or more Lagrangian surgeries which
change the Hamiltonian isotopy class of 73, but not the isomorphism class of (73, EY)
in D®.Z (CP?)».

My guess is that the right kind of surgery is that described in Remark 3.17(d) in the
special case m = 2: at the singular time ¢ = T there should be a ‘neck pinch’ as in §3.5,
where E& , E¥ have nontrivial holonomy around the S* of the ‘neck’, and for ¢ > T one
immediately ‘opens the neck’ as in §3.4, but in the opposite direction.

If this is correct, then there should exist an immersed Lagrangian LT in CP? diffeo-
morphic to S? (a Whitney sphere?), with one transverse self-intersection point p, such
that resolving LT by connected sum at p in one way gives Tczl (up to Hamiltonian iso-
topy), and in the other way gives Tczh or T\%r Immersed Lagrangians with few double
points are discussed by Ekholm et al. [19].

References
[1] U. Abresch and J. Langer, The normalized curve shortening flow and homothetic solutions,
J. Diff. Geom. 23 (1986), 175-196. Zbl 0592.53002 MR 845704

[2] M. Akaho and D. Joyce, Immersed Lagrangian Floer theory, J. Diff. Geom. 86 (2010), 381—
500. arXiv:0803.0717 Zbl 1226.53085 MR 2785840

[3] H. Anciaux, Construction of Lagrangian self-similar solutions to the mean curvature flow in
C", Geom. Dedicata 120 (2006), 37-48. Zbl 1098.35074 MR 2252892

[4] S. B. Angenent, On the formation of singularities in the curve shortening flow, J. Diff. Geom.
33 (1991), 601-633. Zbl 0731.53002 MR 1100205


https://zbmath.org/?q=an:0592.53002
http://www.ams.org/mathscinet-getitem?mr=MR0845704
http://arxiv.org/abs/0803.0717
https://zbmath.org/?q=an:1226.53085
http://www.ams.org/mathscinet-getitem?mr=MR2785840
https://zbmath.org/?q=an:1098.35074
http://www.ams.org/mathscinet-getitem?mr=MR2252892
https://zbmath.org/?q=an:0731.53002
http://www.ams.org/mathscinet-getitem?mr=MR1100205

58

[5]

(6]

[7]

[8]

9]

[10]

(1]

[12]

[13]

[14]

[15]

[16]

(17]

(18]

[19]

(20]

(21]

[22]

D. Joyce

S. B. Angenent, Parabolic equations for curves on surfaces: Part II. Intersections, blow up and
generalized solutions, Ann. Math. 133 (1991), 171-215. Zbl 0749.58054 MR 1087347

S.B. Angenent and J. J. L. Velazquez, Degenerate neckpinches in mean curvature flow, J. reine
angew. Math. 482 (1997), 15-66. Zbl 0866.58055 MR 1427656

D. Auroux, L. Katzarkov and D. Orlov, Mirror symmetry for weighted projective
planes and their noncommutative deformations, Ann. Math. (2) 167 (2008), 867-943.
arXiv:math.AG/0404281 Zbl 1175.14030 MR 2415388

A. Bayer, E. Macri, and Y. Toda, Bridgeland stability conditions on threefolds I:
Bogomolov-Gieseker type inequalities, J. Alg. Geom. 23 (2014), 117-163. arXiv:1103.5010
Zbl 1306.14005 MR 3121850

T. Begley and K. Moore, On short time existence of Lagrangian mean curvature flow,
arXiv:1501.07823, 2015.

T. Behrndt, Generalized Lagrangian mean curvature flow in Kihler manifolds that are al-
most Einstein, pages 65-79 in W. Ebeling, K. Hulek and K. Smoczyk, editors, Complex and
differential geometry, Springer Proc. Math. 8. Springer, Heidelberg, 2011. arXiv:0812.4256
Zbl 1243.53106 MR 2964468

T. Behrndt, Mean curvature flow of Lagrangian submanifolds with isolated conical singulari-
ties, arXiv:1107.4803, 2011.

S. Brendle and G. Huisken, Mean curvature flow with surgery of mean convex surfaces in R3,
arXiv:1309.1461, 2013.

T. Bridgeland, Stability conditions on triangulated categories, Ann. Math. 166 (2007), 317—
345. arXiv:math.AG/0212237 Zbl 1137.18008 MR 2373143

T. Bridgeland, Stability conditions on K3 surfaces, Duke Math. J. 141 (2008), 241-291.
arXiv:math.AG/0307164 Zbl 1137.18008 MR 2376815

I. Castro and A. Lerma, Translating solitons for Lagrangian mean curvature flow in
complex Euclidean plane, Internat. J. Math. 23 (2012), 1250101, 16pp. arXiv:1007.1886
Zbl 1262.53054 MR 2999046

Y. Chekanov and F. Schlenk, Notes on monotone Lagrangian twist tori, Electron. Res. An-
nounc. Math. Sci. 17 (2010), 104—121. arXiv:1003.5960 Zbl 1201.53083 MR 2735030

J. Chen and J. Li, Singularity of mean curvature flow of Lagrangian submanifolds, Invent.
math. 156 (2004), 25-51. arXiv:math.DG/0301281 Zbl 1059.53052 MR 2047657

T. H. Colding and W. P. Minicozzi II, Generic mean curvature flow I: generic singularities,
Ann. Math. 175 (2012), 755-833. arXiv:0908.3788 Zbl 1239.53084 MR 2993752

T. Ekholm, Y. Eliashberg, E. Murphy and I. Smith, Constructing exact Lagrangian immersions
with few double points, Geom. Funct. Anal. 23 (2013), 1772-1803. arXiv:math.SG/1303.0588
Zbl 1283.53074 MR 3132903

Y. Eliashberg, A. Givental and H. Hofer, Introduction to Symplectic Field Theory,
Geom. Funct. Anal. (2000), Special Volume, Part II, 560-673. arXiv:math.SG/0010059
Zbl1 0989.81114 MR 1826267

A. Floer, Morse theory for Lagrangian intersections, J. Diff. Geom. 28 (1988), 513-547.
7Zbl 0674.57027 MR 965228

K. Fukaya, Floer homology and mirror symmetry. II, Adv. Stud. Pure Math. 34 (2002), 31—
127.Zbl 1030.53087 MR 1925734


https://zbmath.org/?q=an:0749.58054
http://www.ams.org/mathscinet-getitem?mr=MR1087347
https://zbmath.org/?q=an:0866.58055
http://www.ams.org/mathscinet-getitem?mr=MR1427656
http://arxiv.org/abs/math/0404281
https://zbmath.org/?q=an:1175.14030
http://www.ams.org/mathscinet-getitem?mr=MR2415388
http://arxiv.org/abs/1103.5010
https://zbmath.org/?q=an:1306.14005
http://www.ams.org/mathscinet-getitem?mr=MR3121850
http://arxiv.org/abs/1501.07823
http://arxiv.org/abs/0812.4256
https://zbmath.org/?q=an:1243.53106
http://www.ams.org/mathscinet-getitem?mr=MR2964468
http://arxiv.org/abs/1107.4803
http://arxiv.org/abs/1309.1461
http://arxiv.org/abs/math/0212237
https://zbmath.org/?q=an:1137.18008
http://www.ams.org/mathscinet-getitem?mr=MR2373143
http://arxiv.org/abs/math/0307164
https://zbmath.org/?q=an:1137.18008
http://www.ams.org/mathscinet-getitem?mr=MR2376815
http://arxiv.org/abs/1007.1886
https://zbmath.org/?q=an:1262.53054
http://www.ams.org/mathscinet-getitem?mr=MR2999046
http://arxiv.org/abs/1003.5960
https://zbmath.org/?q=an:1201.53083
http://www.ams.org/mathscinet-getitem?mr=MR2735030
http://arxiv.org/abs/math/0301281
https://zbmath.org/?q=an:1059.53052
http://www.ams.org/mathscinet-getitem?mr=MR2047657
http://arxiv.org/abs/0908.3788
https://zbmath.org/?q=an:1239.53084
http://www.ams.org/mathscinet-getitem?mr=MR2993752
http://arxiv.org/abs/1303.0588
https://zbmath.org/?q=an:1283.53074
http://www.ams.org/mathscinet-getitem?mr=MR3132903
http://arxiv.org/abs/math/0010059
https://zbmath.org/?q=an:0989.81114
http://www.ams.org/mathscinet-getitem?mr=MR1826267
https://zbmath.org/?q=an:0674.57027
http://www.ams.org/mathscinet-getitem?mr=MR0965228
https://zbmath.org/?q=an:1030.53087
http://www.ams.org/mathscinet-getitem?mr=MR1925734

(23]

[24]

[25]

[26]

[27]

(28]

[29]

(30]

(31]

(32]
(33]

[34]

(35]
(36]

(37]

(38]

[39]

[40]

[41]

Conjectures on Bridgeland stability for Calabi—Yau m-folds and Lagrangian MCF 59

K. Fukaya, Floer homology of Lagrangian submanifolds, Sugaku Expositions 26 (2013), 99—
127. arXiv:1106.4882 Zbl 1305.53085 MR 3089207

K. Fukaya, Y.-G. Oh, H. Ohta and K. Ono, Lagrangian intersection Floer theory — anomaly
and obstruction, Parts 1 & II. AMS/IP Studies in Advanced Mathematics, 46.1 & 46.2,
A.M.S /International Press, 2009. Part I: Zbl 1181.53002 MR 2553465 Part I1: Zbl 1181.53003
MR 2548482

M. Grayson, Shortening embedded curves, Ann. Math. 129 (1989), 71-111. Zbl 0686.53036
MR 979601

K. Groh, M. Schwarz, K. Smoczyk and K. Zehmisch, Mean curvature flow of mono-
tone Lagrangian submanifolds, Math. Z. 207 (2007), 295-327. arXiv:math.DG/0606428
Zbl 1144.53084 MR 2324804

M. Gromov, Partial Differential Relations, Ergeb. der Math. und ihrer Grenzgebiete 9,
Springer-Verlag, Berlin, 1986. Zbl 0651.53001 MR 864505

X. Han and J. Li, The second type singularity and Lagrangian mean curvature flows, Chin.
Ann. Math. Ser. B 32 (2011), 223-240. arXiv:0711.4566 Zbl 1221.53098 MR 2773226

R. M. Harris, Distinguishing between exotic symplectic structures, J. Topology 6 (2013), 1-29.
arXiv:1102.0517 Zbl 1287.53074 MR 3029419

R. Harvey, Spinors and calibrations, Academic Press, San Diego, 1990. Zbl 0694.53002
MR 1045637

R. Harvey and H. B. Lawson, Calibrated geometries, Acta Math. 148 (1982), 47-157.
7Zbl 0584.53021 MR 666108

L. Haug, The Lagrangian cobordism group of T2, arXiv:1310.8056, 2013.

G. Huisken, Asymptotic behaviour for singularities of the mean curvature flow, J. Diff. Geom.
31 (1990), 285-299. Zbl 0694.53005 MR 1030675

G. Huisken and C. Sinestrari, Mean curvature flow with surgeries of two-ASconvex hypersur-
faces, Invent. math. 175 (2009), 137-221. Zbl 1170.53042 MR 2461428

D. Huybrechts, Introduction to stability conditions, arXiv:1111.1745, 2011.

T. Ilmanen, A. Neves and F. Schulze, On short time existence for the planar network flow,
preprint, 2014.

Y. Imagi, D. Joyce and J. Oliveira dos Santos, Uniqueness results for special Lagrangians and
Lagrangian mean curvature flow expanders in C™, arXiv:1404.0271, 2014.

D. Joyce, Special Lagrangian submanifolds with isolated conical singularities I. Regular-
ity, Ann. Global Anal. Geom. 25 (2003), 201-258. arXiv:math.DG/0211294 Zbl 1068.53037
MR 2053761

D. Joyce, Special Lagrangian submanifolds with conical singularities. II. Moduli spaces,
Ann. Global Anal. Geom. 25 (2004), 301-352. arXiv:math.DG/0211295 Zbl 1068.53038
MR 2054572

D. Joyce, Special Lagrangian submanifolds with isolated conical singularities. III.
Desingularization, the unobstructed case, Ann. Global Anal. Geom. 26 (2004), 1-58.
arXiv:math.DG/0302355 Zbl 1068.53039 MR 2054578

D. Joyce, Special Lagrangian submanifolds with isolated conical singularities. IV. Desin-
gularization, obstructions and families, Ann. Global Anal. Geom. 26 (2004), 117-174.
arXiv:math.DG/0302356 Zbl 1078.53045 MR 2070685


http://arxiv.org/abs/1106.4882
https://zbmath.org/?q=an:1305.53085
http://www.ams.org/mathscinet-getitem?mr=MR3089207
https://zbmath.org/?q=an:1181.53002
http://www.ams.org/mathscinet-getitem?mr=MR2553465
https://zbmath.org/?q=an:1181.53003
http://www.ams.org/mathscinet-getitem?mr=MR2548482
https://zbmath.org/?q=an:0686.53036
http://www.ams.org/mathscinet-getitem?mr=MR0979601
http://arxiv.org/abs/math/0606428
https://zbmath.org/?q=an:1144.53084
http://www.ams.org/mathscinet-getitem?mr=MR2324804
https://zbmath.org/?q=an:0651.53001
http://www.ams.org/mathscinet-getitem?mr=MR0864505
http://arxiv.org/abs/0711.4566
https://zbmath.org/?q=an:1221.53098
http://www.ams.org/mathscinet-getitem?mr=MR2773226
http://arxiv.org/abs/1102.0517
https://zbmath.org/?q=an:1287.53074
http://www.ams.org/mathscinet-getitem?mr=MR3029419
https://zbmath.org/?q=an:0694.53002
http://www.ams.org/mathscinet-getitem?mr=MR1045637
https://zbmath.org/?q=an:0584.53021
http://www.ams.org/mathscinet-getitem?mr=MR0666108
http://arxiv.org/abs/1310.8056
https://zbmath.org/?q=an:0694.53005
http://www.ams.org/mathscinet-getitem?mr=MR1030675
https://zbmath.org/?q=an:1170.53042
http://www.ams.org/mathscinet-getitem?mr=MR2461428
http://arxiv.org/abs/1111.1745
http://arxiv.org/abs/1404.0271
http://arxiv.org/abs/math/0211294
https://zbmath.org/?q=an:1068.53037
http://www.ams.org/mathscinet-getitem?mr=MR2053761
http://arxiv.org/abs/math/0211295
https://zbmath.org/?q=an:1068.53038
http://www.ams.org/mathscinet-getitem?mr=MR2054572
http://arxiv.org/abs/math/0302355
https://zbmath.org/?q=an:1068.53039
http://www.ams.org/mathscinet-getitem?mr=MR2054578
http://arxiv.org/abs/math/0302356
https://zbmath.org/?q=an:1078.53045
http://www.ams.org/mathscinet-getitem?mr=MR2070685

60

[42]

[43]

[44]

[45]

[46]

[47]

(48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]
(58]

[59]

[60]

[61]

D. Joyce

D. Joyce, Special Lagrangian submanifolds with isolated conical singularities V. Survey and
applications, J. Diff. Geom. 63 (2003), 279-347. arXiv:math.DG/0303272 Zbl 1076.53064
MR 2015549

D. Joyce, U(1)-invariant special Lagrangian 3-folds. I. Nonsingular solutions, Adv. Math. 192
(2005), 35-71. arXiv:math.DG/0111324 Zbl 1078.53046 MR 2122280

D. Joyce, U(1)-invariant special Lagrangian 3-folds. II. Existence of singular solutions, Adv.
Math. 192 (2005), 72—134. arXiv:math.DG/0111326 Zbl 1079.53076 MR 2122281

D. Joyce, U(1)-invariant special Lagrangian 3-folds. III. Properties of singular solutions, Adv.
Math. 192 (2005), 135-182. arXiv:math.DG/0204343 Zbl 1080.53047 MR 2122282

D. Joyce, U(1)-invariant special Lagrangian 3-folds in C3 and special Lagrangian fibrations,
Turkish Math. J. 27 (2003), 99-114. arXiv:math.DG/0206016 Zbl 1040.53091 MR 1975333

D. Joyce, Singularities of special Lagrangian submanifolds, pages 163—198 in S.K. Donald-
son, Y. Eliashberg and M. Gromov, editors, Different Faces of Geometry, International Math-
ematical Series volume 3, Kluwer/Plenum, 2004. arXiv:math.DG/0310460 Zbl 1080.53079
MR 2102996

D. Joyce, Riemannian holonomy groups and calibrated geometry, Oxford Graduate Texts in
Mathematics 12, Oxford University Press, 2007. Zbl 1200.53003 MR 2292510

D. Joyce, Y.-I. Lee and M.-P. Tsui, Self-similar solutions and translating solitons for
Lagrangian mean curvature flow, J. Diff. Geom. 84 (2010), 127-161. arXiv:0801.3721
7Zbl 1206.53071 MR 2629511

M. Kontsevich, Homological algebra of mirror symmetry, Proc. ICM Ziirich 1994, vol. I,
pages 120-139, Birkhéuser, 1995. arXiv:alg-geom/9411018 Zbl 0846.53021 MR 1403918

G. Lawlor, The angle criterion, Invent. Math. 95 (1989), 437-446. Zbl 0662.49018
MR 974911

J. A. Lees, On the classification of Lagrange immersions, Duke Math. J. 43 (1976), 217-224.
7Zbl 0329.58006 MR 410764

J. D. Lotay and A. Neves, Uniqueness of Lagrangian self-expanders, Geometry & Topology
17 (2013), 2689-2729. 2012. arXiv:1208.2729 Zbl 1302.53088 MR 3190297

A. Macioca and D. Piyaratne, Fourier—Mukai transforms and Bridgeland stability conditions
on abelian threefolds, arXiv:1304.3887, 2013.

A. Macioca and D. Piyaratne, Fourier—Mukai transforms and Bridgeland stability conditions
on abelian threefolds II, arXiv:1310.0299, 2013.

C. Mantegazza, Lecture Notes on Mean Curvature Flow, Progress in Math. 290, Birkhauser,
Basel, 2011. Zbl 1230.53002 MR 2815949

S. P. Marshall, Deformations of special Lagrangian submanifolds, Oxford D.Phil. thesis, 2002.

D. McDuff and D. Salamon, Introduction to symplectic topology, Oxford University Press,
1995. Zbl 0844.58029 MR 1373431

R. C. McLean, Deformations of calibrated submanifolds, Comm. Anal. Geom. 6 (1998), 705—
747. 7Zbl 0929.53027 MR 1664890

J. Morgan and G. Tian, Ricci flow and the Poincaré Conjecture, Clay Mathematics Mono-
graphs, 3, AM.S./C.M.L, 2007. arXiv:math.DG/0607607 Zbl 1179.57045 MR 2334563

A. Neves, Singularities of Lagrangian mean curvature flow: zero-Maslov class case, Invent.
math. 168 (2007), 449-484. arXiv:math.DG/0608399 Zbl 1119.53052 MR 2299559


http://arxiv.org/abs/math/0303272
https://zbmath.org/?q=an:1076.53064
http://www.ams.org/mathscinet-getitem?mr=MR2015549
http://arxiv.org/abs/math/0111324
https://zbmath.org/?q=an:1078.53046
http://www.ams.org/mathscinet-getitem?mr=MR2122280
http://arxiv.org/abs/math/0111326
https://zbmath.org/?q=an:1079.53076
http://www.ams.org/mathscinet-getitem?mr=MR2122281
http://arxiv.org/abs/math/0204343
https://zbmath.org/?q=an:1080.53047
http://www.ams.org/mathscinet-getitem?mr=MR2122282
http://arxiv.org/abs/math/0206016
https://zbmath.org/?q=an:1040.53091
http://www.ams.org/mathscinet-getitem?mr=MR1975333
http://arxiv.org/abs/math/0310460
https://zbmath.org/?q=an:1080.53079
http://www.ams.org/mathscinet-getitem?mr=MR2102996
https://zbmath.org/?q=an:1200.53003
http://www.ams.org/mathscinet-getitem?mr=MR2292510
http://arxiv.org/abs/0801.3721
https://zbmath.org/?q=an:1206.53071
http://www.ams.org/mathscinet-getitem?mr=MR2629511
http://arxiv.org/abs/alg-geom/9411018
https://zbmath.org/?q=an:0846.53021
http://www.ams.org/mathscinet-getitem?mr=MR1403918
https://zbmath.org/?q=an:0662.49018
http://www.ams.org/mathscinet-getitem?mr=MR0974911
https://zbmath.org/?q=an:0329.58006
http://www.ams.org/mathscinet-getitem?mr=MR0410764
http://arxiv.org/abs/1208.2729
https://zbmath.org/?q=an:1302.53088
http://www.ams.org/mathscinet-getitem?mr=MR3190297
http://arxiv.org/abs/1304.3887
http://arxiv.org/abs/1310.0299
https://zbmath.org/?q=an:1230.53002
http://www.ams.org/mathscinet-getitem?mr=MR2815949
https://zbmath.org/?q=an:0844.58029
http://www.ams.org/mathscinet-getitem?mr=MR1373431
https://zbmath.org/?q=an:0929.53027
http://www.ams.org/mathscinet-getitem?mr=MR1664890
http://arxiv.org/abs/math/0607607
https://zbmath.org/?q=an:1179.57045
http://www.ams.org/mathscinet-getitem?mr=MR2334563
http://arxiv.org/abs/math/0608399
https://zbmath.org/?q=an:1119.53052
http://www.ams.org/mathscinet-getitem?mr=MR2299559

[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]
[70]

[71]

[72]

(73]

[74]

[75]

[76]

(771

(78]

[79]

[80]

[81]

Conjectures on Bridgeland stability for Calabi—Yau m-folds and Lagrangian MCF 61

A. Neves, Recent progress on singularities of Lagrangian Mean Curvature Flow, pages 413—
418 in Surveys in geometric analysis and relativity, Adv. Lect. Math. 20, Int. Press, Somerville,
MA, 2011. arXiv:1012.2055 Zbl 1268.53073 MR 2906935

A. Neves, Finite Time Singularities for Lagrangian Mean Curvature Flow, Ann. Math. 177
(2013), 1029-1076. arXiv:1009.1083 Zbl 06176987 MR 3034293

A. Neves and G. Tian, Translating solutions for Lagrangian mean curvature flow, Trans.
A. M. S. 365 (2013), 5655-5680. arXiv:0711.4341 Zbl 1282.53057 MR 3091260

Y.-G. Oh, Floer cohomology of Lagrangian intersections and pseudo-holomorphic disks. I,
Comm. Pure Appl. Math. 46, 949-993, 1993. Zbl 0795.58019 MR 1223659

Y. Ohnita, Stability and rigidity of special Lagrangian cones over certain minimal Legendrian
orbits, Osaka J. Math. 44 (2007), 305-334. Zbl 1141.53048 MR 2351004

T. Pacini, Deformations of Asymptotically Conical special Lagrangian submanifolds, Pacific
J. Math. 215 (2004), 151-181. arXiv:math.DG/0207144 Zbl 1086.53075 MR 2060497

G. Perelman, The entropy formula for the Ricci flow and its geometric applications,
arXiv:math.DG/0211159, 2002.

G. Perelman, Ricci flow with surgery on three-manifolds, arXiv:math.DG/0303109, 2003.

G. Perelman, Finite extinction time for the solutions to the Ricci flow on certain three-
manifolds, arXiv:math.DG/0307245, 2003.

R. Schoen and J. Wolfson, Minimizing area among Lagrangian surfaces: the mapping prob-
lem, J. Diff. Geom. 58 (2001), 1-86. arXiv:math.DG/0008244 Zbl 1052.53056 MR 1895348

P. Seidel, Graded Lagrangian submanifolds, Bull. Soc. Math. France 128 (2000), 103—148.
arXiv:math.SG/9903049 Zbl 0992.53059 MR 1765826

P. Seidel, Homological mirror symmetry for the quartic surface, arXiv:math.SG/0310414,
2003.

P. Seidel, Fukaya categories and Picard—Lefschetz theory, E.M.S., Ziirich, 2008.
Zbl 1159.53001 MR 2441780

P. Seidel, Homological Mirror Symmetry for the genus two curve, J. Algebraic Geom. 20
(2011), 727-769. arXiv:0812.1171 Zbl 1226.14028 MR 2819674

N. Sheridan, Homological Mirror Symmetry for Calabi—Yau hypersurfaces in projective
space, arXiv:1111.0632, 2011.

N. Sheridan, On the Fukaya category of a Fano hypersurface in projective space,
arXiv:1306.4143, 2013.

K. Smoczyk, A canonical way to deform a Lagrangian submanifold, arXiv:dg-ga/9605005,
1996.

K. Smoczyk, Mean curvature flow in higher codimension — introduction and survey, pages
231-274 in C. Bér, J. Lohkamp and M. Schwarz, editors, Global Differential Geometry,
Springer Proc. Math. 17, 2012. arXiv:1104.3222 Zbl 1247.53004 MR 3289845

K. Smoczyk and M.-T. Wang, Mean curvature flows of Lagrangian submanifolds with con-
vex potentials, J. Diff. Geom. 62 (2002), 243-257. arXiv:math.DG/0209349 Zbl 1070.53042
MR 1988504

R. P. Thomas, Moment maps, monodromy and mirror manifolds, pages 467-498 in K.
Fukaya et al., editors, Symplectic geometry and mirror symmetry, World Scientific, 2001.
arXiv:math.DG/0104196 Zbl 1076.14525 MR 1882337


http://arxiv.org/abs/1012.2055
https://zbmath.org/?q=an:1268.53073
http://www.ams.org/mathscinet-getitem?mr=MR2906935
http://arxiv.org/abs/1009.1083
https://zbmath.org/?q=an:06176987
http://www.ams.org/mathscinet-getitem?mr=MR3034293
http://arxiv.org/abs/0711.4341
https://zbmath.org/?q=an:1282.53057
http://www.ams.org/mathscinet-getitem?mr=MR3091260
https://zbmath.org/?q=an:0795.58019
http://www.ams.org/mathscinet-getitem?mr=MR1223659
https://zbmath.org/?q=an:1141.53048
http://www.ams.org/mathscinet-getitem?mr=MR2351004
http://arxiv.org/abs/math/0207144
https://zbmath.org/?q=an:1086.53075
http://www.ams.org/mathscinet-getitem?mr=MR2060497
http://arxiv.org/abs/math/0211159
http://arxiv.org/abs/math/0303109
http://arxiv.org/abs/math/0307245
http://arxiv.org/abs/math/0008244
https://zbmath.org/?q=an:1052.53056
http://www.ams.org/mathscinet-getitem?mr=MR1895348
http://arxiv.org/abs/math/9903049
https://zbmath.org/?q=an:0992.53059
http://www.ams.org/mathscinet-getitem?mr=MR1765826
http://arxiv.org/abs/math/0310414
https://zbmath.org/?q=an:1159.53001
http://www.ams.org/mathscinet-getitem?mr=MR2441780
http://arxiv.org/abs/0812.1171
https://zbmath.org/?q=an:1226.14028
http://www.ams.org/mathscinet-getitem?mr=MR2819674
http://arxiv.org/abs/1111.0632
http://arxiv.org/abs/1306.4143
http://arxiv.org/abs/dg-ga/9605005
http://arxiv.org/abs/1104.3222
https://zbmath.org/?q=an:1247.53004
http://www.ams.org/mathscinet-getitem?mr=MR3289845
http://arxiv.org/abs/math/0209349
https://zbmath.org/?q=an:1070.53042
http://www.ams.org/mathscinet-getitem?mr=MR1988504
http://arxiv.org/abs/math/0104196
https://zbmath.org/?q=an:1076.14525
http://www.ams.org/mathscinet-getitem?mr=MR1882337

62 D. Joyce

[82] R. P. Thomas and S.-T. Yau, Special Lagrangians, stable bundles and mean curvature
flow, Comm. Anal. Geom. 10 (2002), 1075-1113. arXiv:math.DG/0104197 Zbl 1115.53054
MR 1957663

[83] R. Vianna, On exotic Lagrangian tori in CIP’z, arXiv:1305.7512, 2013.

[84] M.-T. Wang, Mean curvature flow of surfaces in Einstein four-manifolds, J. Diff. Geom. 57
(2001), 301-338. arXiv:math.DG/0110019 Zbl 1035.53094 MR 1879229

[85] J. Wolfson, Lagrangian homology classes without regular minimizers, J. Diff. Geom. 71
(2005), 307-313. Zbl 1097.53052 MR 2197143

Received 21 January, 2014; revised 02 September, 2014


http://arxiv.org/abs/math/0104197
https://zbmath.org/?q=an:1115.53054
http://www.ams.org/mathscinet-getitem?mr=MR1957663
http://arxiv.org/abs/1305.7512
http://arxiv.org/abs/math/0110019
https://zbmath.org/?q=an:1035.53094
http://www.ams.org/mathscinet-getitem?mr=MR1879229
https://zbmath.org/?q=an:1097.53052
http://www.ams.org/mathscinet-getitem?mr=MR2197143

	Introduction
	Background material
	Calabi–Yau m-folds and special Lagrangians
	Special Lagrangian m-folds in Cm
	Lagrangian mean curvature flow
	Examples of solitons for Lagrangian MCF
	Lagrangian Floer cohomology and Fukaya categories
	HF* and DbF(M) for immersed Lagrangians

	The conjectures
	Bridgeland stability on DbF(M) for M Calabi–Yau
	Approaching Conjecture 3.2 using Lagrangian MCF
	On finite time singularities of Lagrangian MCF
	Flowing from unobstructed to obstructed immersed Lagrangians
	`Neck pinches' using Lawlor necks
	Including singular Lagrangians in DbF(M); LMCF for  Lagrangians with stable conical singularities
	Collapsing zero objects in DbF(M)
	What goes wrong in LMCF of obstructed Lagrangians
	A Thomas–Yau type conjecture

	Generalizations
	Exact Lagrangians in exact Calabi–Yau m-folds
	`Balanced' Lagrangians in Kähler–Einstein manifolds

	References

