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On non-commutative formal deformations of
coherent sheaves on an algebraic variety

Yujiro Kawamata

Abstract. We review the theory of non-commutative deformations of sheaves and describe a versal
deformation by using an A°°-algebra and the change of differentials of an injective resolution. We
give some explicit non-trivial examples.

1. Introduction

We consider non-commutative deformations of sheaves on an algebraic variety in this
paper. We consider also multi-pointed deformations, and give some non-trivial examples.
The point is that such deformation theory is more natural than the commutative ones as
long as we consider infinitesimal deformations.

Let F be a coherent sheaf on an algebraic variety X defined over a field k such
that the support of F is proper. We can consider a moduli space M which parametrizes
flat deformations of F. The infinitesimal study of M is to investigate the completed
local ring @M,[F] at a point corresponding to F. The tangent space of M at [F] is iso-
morphic to Ext! (F, F), and the singularity at [F] is described by using the obstruction
space Ext?(F, F). Thus, we can write

Owm,r) = k[Ext' (F, F)*]/(Ext(F, F)*),
where * denotes the dual vector space, k [Ext! (F, F)*] is the completed symmetric tensor
algebra of Ext! (F, F)* and the denominator is a certain ideal determined by Ext?(F, F)*,
an ideal generated by power series on a basis of Ext! (F, F)* corresponding to the mem-
bers of a basis of Ext?(F, F)*.

But it is more natural to consider the completed (non-symmetric) tensor algebra. We
obtain the non-commutative (NC) deformation algebra, the parameter algebra of a versal
NC deformation

R = k(Bxt'(F, F)*)/(Ex*(F, F)*)
where k (Ext! (F, F)*)) is the completed tensor algebra
o0
TeExt (F. F)* = [(Ext'(F. F)*)®
i=0

=k x Ext'(F, F)* x (Ext'(F, F)* @ Ext'(F, F)*) x -

and the denominator is a certain two sided ideal determined by Ext?(F, F)*.
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The only difference of the NC deformations from the commutative ones is that the
parameter algebras are allowed to be not necessarily commutative. Therefore if the param-
eter algebra of the versal NC deformation is ﬁ, then that of the versal commutative
deformation is its abelianization R®® := R/ ([ﬁ , ﬁ])

The abstract existence of a versal (formal) NC deformation is proved in the same way
as in the case of commutative deformations ([12, 13]).

We can describe a versal deformation, as well as proving its existence, by using A°°-
algebra formalism. Such a description is apparently well known to experts, e.g., [15, §4].
But we use injective resolutions instead of locally free resolutions. This has advantage
that our argument works not only for non-smooth non-projective varieties X but also for
objects in a k-linear abelian category with enough injectives. We also put emphasis on the
non-commutativity of the parameter algebras. We treat only formal deformations, but there
are results on the convergence (cf. Remarks 7.11 and 7.12). There is also an exposition
using injective resolutions in [3] based on [14] and [4].

The abstract description of the versal deformation using an A°°-algebra does not
necessarily give solutions to explicit deformation problems because it involves injective
resolutions etc. So we consider simple but non-trivial examples where the versal deforma-
tions are explicitly calculated. We prove that the versal deformation of a structure sheaf of
a subvariety is described by a left ideal (Lemma 7.6). We apply this for lines in a projec-
tive space and prove that the relation ideal is generated by quadratic NC polynomials. We
also calculate the relation NC polynomials for deformations of conics and prove that they
have degree 3.

Structure of the paper. The contents of this paper is as follows. In Section 2, we give
a definition of non-commutative deformations of a coherent sheaf, and express NC defor-
mations as a change of differentials in an injective resolution. We describe them by using
Maurer—Cartan equation in a differential graded associative algebra.

We review the theory of A%°-algebras in Section 3 in order to use it in later sections.
In Section 4, we describe a versal deformation and the deformation algebra, the parameter
algebra of a versal deformation, by using a minimal model A°°-algebra of the DG-algebra
considered in Section 2. The advantage of the minimal model A°° formulation is that the
vector spaces are finite dimensional for fixed degrees, while the DG algebra is infinite
dimensional in each degree. In order to achieve this, we need to introduce infinitely many
multi-linear maps. We prove the versality of the deformation constructed by using the
injective resolution (Theorem 4.6). We extend the whole theory to its refined version of
multi-pointed NC deformations (Theorem 5.2) in Section 5. We make some remarks on
the relationship of NC deformations and iterated self extensions in Section 6.

We consider some explicit non-trivial examples in Section 7. In Example 7.8 on lines
in a projective space, we prove that the higher multiplications m; for i > 3 vanish, while
in Example 7.9 on conics in P#, we prove that m3 # 0 but m; = 0 fori > 4.
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2. Non-commutative deformations and DG algebra

We consider 1-pointed non-commutative (NC) deformations of a coherent sheaf in this
section. The extension to multi-pointed case is treated in a later section.

Let X be an algebraic variety defined over a field k, and let F be a coherent sheaf
on X with proper support. We assume the properness of the support in order to guarantee
that the tangent space of the versal deformation is finite dimensional.

Let (Artz) be the category of associative k-algebras R with a maximal two-sided
ideal M such that R is a finite dimensional k-module, R/M = k, and that M**! =0
for some n. It follows that R /M is the only simple R-module and any finitely generated
R-module is obtained as a successive extension of R/ M.

Definition 2.1. Let X, F be as above, R € (Art), let Fgr be a left R ®; Ox-module
which is coherent as an Ox-module, and let ¢: R/M Qg Fr =~ F be an isomorphism.
Then a pair (Fg, ¢) is said to be a non-commutative deformation of F over R, if Fg is
flat as a left R-module.

Unless M = 0 and R = k, we can define a two-sided ideal / = M" for the maximal
integer n such that M" # 0. Then we have MJ = 0. If we put R" = R/J, then we have
dimy R’ < dimy R. We use this fact for the purpose of inductive argument on dimy, R.

We will describe NC deformation by using injective resolutions.

Lemma 2.2. Let F be a coherent sheaf on X. Then there is an injective Ox -homomorph-
ismi: F — I to an injective Ox-module which satisfies the following condition: for any
deformations Fg of F over any R € (Arty), there are injective R ®j Ox-module homo-
morphisms ig: FR — R ®j I such that R/M Qgir =1i.

Proof. For any point x € X, we define stalks of I by I, = Homy(Ox x, Fx). Then I,
has an Oy ,-module structure given by af(b) = f(ab) fora,b € Ox x and f € I. We
claim that I is an injective Oy x-module. Indeed, for any Oyx ,-module M, the map

h:Homy (M, Fy) — Homo, (M, I)

given by
h(f)(m)(a) = f(am)

for f € Homg (M, Fx), m € M and a € Oy, is bijective with inverse given by
h=(g)(m) = g(m)(1)

for g € Homo, (M, Iy).
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There is a natural injective Oy, x-homomorphism i: Fx — I, defined by ix(c)(a) =ac
for ¢ € Fx and a € Oy x. We define an Ox-module / by

I(U) = ]_[ I
xeU

for open subsets U C X. Then [ is an injective Ox-module with a natural injective Oy -
homomorphismi: FF — [.
Since the stalk Fg x has an R ®; Oy, x-module structure, the k-module

Ig,x = Homy (Ox x, Fr,x)

has the induced R ®; Ox, x-module structure given by ra f(b) = rf(ab) fora,b € Ox 4,
r € Rand f € IR x. We define I by

Ir(U) = [] Ir-
xeU

Then I is again an injective module as an Oy-module, and there is a natural injective
R ®; Ox-homomorphism ig: Fg — IR.

The natural surjective Ox-homomorphism Fr — F induces a surjective R ®; Ox-
homomorphism /g — I. Since /g is Ox-injective, there is a splitting Ox -homomorphism
I — Ig. By scalar extension, we obtain an R ®; Ox-homomorphism R ®; I — Ig,
which is bijective due to the flatness of Fg over R. Therefore the lemma is proved. ]

The above lemma is non-trivial in some sense because R ® I appears in the middle
of the flow of arrows in the following diagram:

FR —_— R®k1

l !

F ——b 1.

Corollary 2.3. There is an injective resolution
0> F—->I1°>1' 51?2

as Ox-modules such that, for any deformation Fg of F over R € (Arty), there is an exact
sequence of R @ Ox-modules

0> FrR—>Rx(pI°>RUI' > RQpYI?>— -+,
which is reduced to the first exact sequence when the functor R/ M QR is applied.

Proof. We apply the lemma to the cokernels. ]
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We describe NC deformations by using differential graded (DG) associative algebras.
Let F — I°® be an injective resolution as above, and let

A =Hom*(I°,1°) = (P Hom (I°*,1°)
i€eZ
be the associative DG algebra of graded homomorphisms, where
. o .
Hom'(71°,1°%) = l—[ Hom (1™, I"™*7)
m=0

is the i th graded piece, and the differential of A4 is given by
daf =dr f— (1) fdy
for £ € Hom'(1°®, 1*), where d; denotes the differential of 7.

Lemma 2.4. Let (R, M) € (Arty), and lety € M ® A'. Let dr.; + y be an endomor-
phism of degree 1 of a graded R ®x Ox-module R ® 1°, where dr,; = 1 ® df denotes
the scalar extension of dy. Then the following hold:

(1) (dr.;1 + y)? = 0 if and only if the Maurer—Cartan equation
dr,ay +y>=0

is satisfied, where dr.a4 = 1R ® dy is the scalar extension of d4.

(2) In this case,
HP(R®k 1%, dr1+y)=0

for p >0, and
Fri= H°(R @ I°.dr,1 + )

is flat over R.

Proof. (1) We have

(dr,r + y)(dr,s +y) =dr1y + ydr, + > = dray + y*.

(2) We proceed by induction on dimy R. We take a two-sided ideal J such that
MJ =0, andlet R” = R/J. Then we have an exact sequence of complexes

0->JQ®I°>RRI°*>R QI°—0.
The associated long exact sequence yields the result. ]

The existence of a versal deformation, or a hull, for NC deformations is proved in the
same way as in the case of commutative deformations ([12, 13]). One can describe a versal
deformation using the formalism of A°°-algebras as explained in subsequent sections.
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3. Review on A *-algebra

We recall the definition of A°°-algebras (cf. [11]).

Definition 3.1. (1) Let A = @, A be a graded k-module. An A*-algebra structure
consists of k-linear maps m;: A% — A of degree 2 — i for i > 1 satisfying the following

relations:
Z Dm0 (1% @ my ® 1%7) = 0.

r,t>0,s>1,
r+s+t=i

For example,

i=1: mm; =0.
i=2: mmy+m(-m & 1—1Qm;) =0.
i=3: mmz+m(E—my®1+1Qmj)
+msm R IR 1+103m 1+11Qm;)=0.

(2) Let A, B be A%°-algebras. An A*°-algebra homomorphism f: A — B consists of
k-linear maps f;: A%’ — B of degree 1 —i for i > 1 satisfying the following relations:

Z D" fopi 1 (1% @ mf © 197)
NEES = Y )R G (@ ),

re1,it iy =i

For example,

i=1: fim{=m}fi.
i=2: fimd+ f—miol—1@mb)=mPfh+md(fi ® fi).
i=3: fimi+ fr(-mi®@1+1Qmi)

+ mi1I@1+1@mil+11®mi)

=mff3 +m§(—f1 ®f2+fz®f1)+m§(f1 ® f1® f1).

A DG (differential graded) associative algebra is a special case of an A°°-algebra
where m is the differential, m, is the associative algebra multiplication, and m; = 0
fori > 3.

Let A be a DG algebra. Then its cohomology group H(A) = @, H'(A) is a graded
k-module.

Theorem 3.2 (Kadeishvili [8]). Let A be a DG associative algebra. Then there is an
A®°-algebra structure on the cohomology group H(A) such that m; = 0, my is induced
from the algebra multiplication m‘24 of A, and that there is a morphism of A®°-algebras
f:H(A) — A such that f1 lifts the identity of H(A).
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Sketch of proof. We define k-linear maps m,: H(A)®" — H(A) of degree 2 — n and
fu: H(A)®" — A of degree 1 —n by induction on n > 1, which satisfy the following
relations:

M Y DM (1% @my @ 19) =0,

r,t>0,s>2,
r+s+t=n

@ D D (1% @my @ 1%)

r,t>0,5s>2, n—1

r+s+t=n _ m,qun + Z(_l)i(n—i+1)m124(fi ® fn—i)a

i=1

where m‘l‘1 = dy4 and mf is the associative multiplication.

First we set mq = 0. Let us choose f;: H(A) — A to be any k-linear map which sends
cohomology classes to their representatives.

Now assume that m; and f; are already defined fori < n. Let U,: H(A)®" — Abea

k-linear map of degree 2 — n defined by

n—1
Up=Y (=D Om(fi ® fui) - > D o (1% @my @ 19),
i=1 r,it>0,2<s<n-—1,
r+s+t=n

For example, U, = m‘z“( f1 ® f1). Then the condition (2) becomes
mffn + Uy = fimy.

A complicated calculation shows that m‘f U, = 0, where we need to be careful on the sign
changes.

We define m,, = [U,], where [ ] denotes the cohomology class in H(A). Then it follows
that fim, —U, € Im(m‘f). We choose any k-linear map f;, such thatm‘l“fn = fim, — Uy,
then (2) is satisfied. Then we can check the relation (1) by a complicated calculation
again. |

The composition of A°°-morphisms f: A — B and g: B — C is defined as follows:
o= Y. (=DZ=i@tDe o(fy ®--® f,).
r=1,y ij=n
The identity morphism f = 1: A — A isdefined by f; = 1 and f,, = 0 forn > 2.

Proposition 3.3. Let A be a DG algebra, and let f: H(A) — A be the A®°-morphism
obtained in the previous theorem. Then there is an A*°-algebra morphism g: A — H(A)
such that g o f = 1g(a).



Y. Kawamata 244

Proof. We will define the g, inductively. The conditions are

Z D) g1 (1% @ mf ® 19) + Z(_l)tgr+l+t(l®r ®mj ® 1%7)

r,t>0, r,t>0,
r+l1+t=n r+2+t=n
= > (Dt AW @0 ),
r>2,%ij=n
g1f1 =1,and

Z (—)Zi<k bt D g (fy® fi,) =0
r>1,Y ij=n
forn > 2.
If the g; for i < n are already determined, then g, is chosen such that it has given
values on f7(A)®” and the k-subspace V of A®”" generated by elements of the form

X1 ®: QX @dXr41 @ Xrg2 ® ++ Q Xp.

Such a g, exists because f;(4)®" NV = 0. |

4. Description using A *°-structure

Let F be a coherent sheaf on an algebraic variety X with proper support, and let 4 =
Hom®(/°, I°®) be the DG algebra considered in §2. We know that H?(A) = Ext?(F, F).
The cohomology space H(A) has an A®°-structure, and there are A°°-morphisms

f:H(A) > A and g:A — H(A).

We will describe versal NC deformation of F using these A°°-algebras and morphisms.
In general, for R € (Artg), we define

mRn: R ® H'(A)®" — R @ H*(A),
SR R @ H'(A)®" — R @ H'(A).
and so on by the extensions of scalars.

We consider the Maurer—Cartan equation in A%°-algebras using the following propo-
sition:

Proposition 4.1. Let (R, M) € (Artg), and let f: A — B be an A®°-morphism. Let x €
M® A and y = Zizl fri(x®) € M ® B. If x satisfies the Maurer—Cartan equation
D mi,(x®)=0e R A%,
i>1

then so does y:
> omR,(y®)=0e R B>
i>1

We note that the sums are finite because M 1is nilpotent.
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Proof. We have

Yomi® = Y mH(fi®) @ ® fi, (x®))

n>1 N,i1,eein>1

— Z (_I)Zj<k ij(l_ik)mf(fil R ® fin)(x®(2}':1 ij))
N,i1,eein>1

_ Z (=) £, (1% ® m;4 ® 1®t)(x®(r+s+t))
rt>0, s>1

= Z (=) frs14: (x® @ m (x®) ® x®")
r,t>0,s>1

=0,

where we dropped the subscripts R for simplicity. ]

In the above argument, we followed the Koszul rule of the signs:
xRy)(zQw) = (_1)deg(y)deg(2)xz ® yw.

For example, the signs in the third line of the equations come from the interchanges of
the f;; and x, because deg(x) = 1 and deg(fi;) = 1 —ij, so that x fi; = (=1)'7% f; x.
Lemma 4.2. Let A be a DG algebra, and let

fiHA) - A and g:A— H(A)

be A®-morphisms such that g o f = lg(ay. Let (R, M) € (Arty), letx e M ® H'(A),
andlety =3} ;o fRi(x®) e M ® A'. Then,

x=) gri(y®).

i>1
Proof. We have
>a0® = Y al(faGE @ ® fi, ()

n>1 Myitsensin>1

Z (—)Zi= 0= (£ ... ﬁn)()C@(Z;l:lij))

N,i1,eensin>1

= (g0 /ax®

n>1

= X. L]
Corollary 4.3. x € M ® H'(A) satisfies the MC equation if and only if

y=Y frix®)eM®A

i>1

satisfies the MC equation.
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Now we construct a versal deformation over its parameter algebra, called the defor-
mation ring. Let {v; } be a basis of H'(A). Let x € H'(A)* ® H'(A) be the tautological
element corresponding to the identity of H!(A). Then we can write

*
ng v; ® v;
i

for the dual basis {v}} of H'(A)*.
Let
mu: T"HY(A) = (H'(A)®" — H?(A)

be the A°°-multiplication, let

n n
mpm =y mi: @ T H'(4) - H?(A).

i=2 i=0
and let .
mpy g H*(A)* > P T H (4)*
i=0
be the dual map. We define

n
R, =@ T H (A)*/m}, , H?(A)*,
i=0

where Ry = k, Ry = k @ H'(A)*, and the product of total degree more than n is set
to be zero. There are natural surjective ring homomorphisms R, — R, for n > n’. Let
M, = Ker(R, — Ro = k). Then we have M"*! = 0. We define the formal completion

D _ 1 _ eyl * * ry2 *
R=1imR, = T*H'(4)*/m* H?(4)

as a quotient algebra of the completed tensor algebra

oo

1‘[ H'(4)%)

where we set formally m = Z?iz m;.
Let

MR,,i: Rn ® T"H'(A) - R, ® H*(A)

be the map obtained from m; by scalar extension.

Lemma 4.4. R, is the largest quotient ring of @"_, T' H'(A)* such that
n

> mg,i(x®) =0

i=2

in R, @ H*(A).
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Proof. Let {w;} be a basis of H?(A), and let {w} be the dual basis of H?(A)*. We write
mk(vil ®"'®vik) = Zail ..... lk,]w]
J
Then

ka(w ) - Z diy,.. 5lk3]vll Q- ® vlk

.....

We have
n
Y omrax®) = Y mpiv) @ @] Quiy ® -+ R vy)
k=2 k,it,..., ix

= § Aiyyesi,j Uzl Q- ® v ® w;.
koityeensips]

Therefore, Y _, mg x (x®¥) = 0in R ® H?(A) if and only if Y;_, m}(w}) = 0in R
for all j. ]

Corollary 4.5. Let y, = > '_, fr,.i(x®) € R, ® AL. Then
(an,I + yn)2 =0

as an endomorphism of R, ® I*, where we denote dg,,;1 = 1g, ® dj.

By Lemma 2.4, we define an NC deformation
F, =Ker(dr, 1 + yn: R, ®I° - R, ® I")

of F over R,,.
A versal NC deformation G of F over § is defined in a similar way as in the case of
commutative deformations.
(S’ M) = l(ln(Sn’ Mﬂ)

is an inverse limit of objects (S, M,) € (Arty), and
G =1limG,
<«
is an inverse limit of NC deformations G, of F over S, which satisfy the following

conditions:

(1) For arbitrary NC deformation Fg of F over (R, M ) € (Arty), there is an algebra
homomorphism ¢: S — Rsuchthat Fg = R Q¢ 3 G.

(2) The cotangent map ¢x: M /M? — M/M? is uniquely determined by Fg.
The following theorem is apparently well known to experts (cf. [15]):

Theorem 4.6. Let F = lim F,, be the inverse limit. Then the formal deformation F over R
is a versal non-commutative deformation of F.
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Proof. We have to prove the following statement:

Let R be a quotient algebra of @®}_, TiH'Y(A)* such that R, is its quotient
algebra. Assume that there is an element y € R ® A which satisfies the Maurer—
Cartan equation and induces y, on R, ® A'. Then R = R,,.

Indeed, since the tangent space of NC deformations, i.e., the set of NC deformations
over k[t]/(¢?), is a vector space H ! (A), the parameter algebra S of the versal deformation
is a quotient algebra of the completed tensor algebra

H H'(4)*)

by the condition (2). By the condition (1), there is an algebra homomorphism ¢,,: S — R,
which is automatically surjective, since R, is a quotient algebra of
n

1—[ ( Hl ( A)*)®m

m=0
LetR=S /M™". Since there is an NC deformation over R inducing F,, by ¢y, there is y
as above. If R = R,,, then it follows that S=R

We will derive a contradiction assuming that R # R,. We may assume that the images

of R and R, to quotient algebras of

n—1
@Priata>
i=0

coincide. Let

n
yR=)_ fRi(x®)eR®A" forx=>) v} ®v € H (A)*® H'(A).
i=1
Wesetz =y —yr € M" ® A'. We note that y satisfies the MC equation over R, but yr
does not because neither does x over R.
We have y® = (yg + 2)® = y¥' fori > 2, and we have

X —ZgRt(yR

i=1

Let
n
= gri(y®).

i=1
Then we have x’ = x + gg.1(2). It follows that x® = x"® for i > 2. Since y satisfies
the MC equation over R, so does x’. But since mlH(A) = 0, we deduce that x satisfies the
MC equation over R, a contradiction. [

The parameter algebra R of the versal deformation is called a deformation algebra
of F.
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5. 1-pointed versus r-pointed deformations

Now we consider r-pointed deformations for a positive integer r > 1. If r = 1, then they
are NC deformations in the previous sections. It is a refined version in the case where the
coherent sheaf F has a direct sum decomposition to r ordered factors

F= é;Fi.
i=1

We consider the base ring k", the product ring of r copies of k, instead of k. F has
a structure of a left k”-module, where the orthogonal idempotents ¢; (1 <i < r) of k"
correspond to the projections FF — F; = ¢; F.

Let (Art;) be the category of pairs (R, M) such that R is an associative k" -algebra
with an augmentation R — k" and M is a two-sided ideal satisfying the conditions that R
is a finite dimensional k-module, R/M =~ k", and that M n+1 — 0 for some n. We have

R/M = GraR/Mi

i=1

for maximal two-sided ideals M;. It follows that the R/ M; are the only simple R-modules
and any finitely generated R-module is obtained as a successive extension of the R/M;
(cf. [10]).

Definition 5.1. Let F =@D;_, F; be a direct sum of coherent sheaves with proper supports
on an algebraic variety X and R € (Art;). Let Fg be a left R ®; Ox-module which is
coherent as an Ox -module. Then a pair (Fg, ¢) is said to be an r-pointed non-commutative
deformation of F over R, if Fp is flat as a left R-module and ¢: k™ ® g Fg — F is an
isomorphism.

The injective resolution F — I*® are k" -equivariant in the sense that 1* = @;_, 1.,
where the F; — I are injective resolutions. The graded ring A = Hom®(/°,/°®) has a

structure of k" -bimodules; we have a direct sum decomposition

.
Hom*(I°.1°) = €P Hom*(I;.1}).
i,j=1

It is convenient to write 4 in a matrix form 4;; = Hom®(/;

AjjAg = 0if j # k.

The constructions of the deformation ring and the versal deformation are generalized
from the 1-pointed case to the r-pointed case in the following way. The cohomology
groups H?(A) = Ext?(F, F) have also k" -bimodule structures. H(A) = @, H'(A) has
an A®-structure with a k”-bimodule structure. If n > 0, then there is an injective homo-
morphism from a direct summand

i j’), because we have

TEHY (A) — TEH'(A)
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between tensor products. For example,
TZH'(A) =@ H'(A); ® H' (A)j C TZH'(A).
i,jk
The A°°-multiplications
mpy: T H' (A) — H?(A)

for n > 2 are induced from the 1-pointed case m, = m,ll We define

n
R, = P T H' (A)*/(mf, )" H*(A)*
i=0
for mfz,n] =Y i_,m!, and )
R = 1(1_ R!
as before.
In order to define F", we take the tautological element

x = Zv?@vi € H'(A)* @ H'(A)
i

again, where each v; belongs to a H ! (A)j, for some s, so that v/ belongs to (HY(A)*)ss.
Let

n
= fhix®) e R, @A,
i=1

where f Isz ; is induced from f;. Then we define

Fnr=Ker(dR,r“1+yn:R;®krIO—>R;®krll) and F’ =1lim F/.

Jmey,
We compare deformation rings
R'=1lmR). R =lmR}
of 1-pointed and r-pointed deformations. Their Zariski cotangent spaces are the same,
H'(A)* = (Ext'(F, F))".

The truncated deformation ring R}, of r-pointed deformations is a quotient algebra of the
tensor algebra over k”:

T H' (A = [[TEH (A =k x HY(A)* x (H'(A)* @k H' (A)*) x -+,
i=0

where the tensor products are taken over the base ring k”.
There is a split surjective ring homomorphism

k" x T¢H (A)* — T H' (A)*.
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We have
TS HY A = (K" x TgH'(A)%)/J

where the ideal J is generated by relations

,
Y ei=1 and H'(A)}H'(A)f, =0for j # k.

i=1

The degree O part of 7). H 1(A)* is k", which is larger than k, but positive degree parts are
quotients of the usual tensor products T,éH 1(A)*. Therefore, the r-pointed deformation
ring R” is not exactly a quotient of the 1-pointed deformation ring R?, but almost is. In
particular, r-pointed deformations are derived from a special case of 1-pointed deforma-
tions.

We note that the deformation Fgr over R}, is different from the one induced from the
deformation Fp1 by the natural ring homomorphism R! — R’. For example, Fgr is flat
over Ry, and k" ®pg;, Fr; = F,butk ®pg1 Fpi = F. We have

Fry, = (R}, ®gy Fgy)/N,

where N is a submodule consisting of irrelevant factors of Fp1 that are attached in the
extension process; we have to attach F;’s instead of F' (cf. Example 7.3).
The following theorem is a consequence of Theorem 4.6:

Theorem 5.2. The formal deformation Fr of F over R" is aversal r-pointed non-comm-
utative deformation of F in the following sense. If (Fg, ¢q) is any r-pointed non-commut-
ative deformation over (R, M) € (Arty) such that ¢{:k" @ g Fr — F is an isomorphism,
then there exist an integer n and a k™ -algebra homomorphism " : R}, — R such that there
is an isomorphism ¢": R @gr F;;, — Fg, which induces ¢ over k'.

6. Remark on universal extensions

We consider iterated self extensions of F = @D;_, F; in this section. NC deformations

of F are iterated self extensions of F'. Conversely, any iterated self extensions of F are

expected to be expressed as NC deformations of F, and the versal deformation is given by

a tower of universal extensions. Indeed if F is a simple collection, i.e., if End(F) =~ k",

then it is the case ([10, Theorem 4.8]). The point is that the parameter algebra in this case

is naturally given as the endomorphism ring of the iterated non-trivial self extensions.
We define inductively a tower of universal extensions by E, = F and

0 — Ext'(E],F)* ®kr F — E, . - E} -0 (6.1)
for n > 0, or equivalently

n,i i -0,

0— @Extl(Er F)* ®k Fj — Epyy; — Ey;
J
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where we note that E}, = P]_, Ej ; is a left k"-module and Ext!(El, F) is a k'-

bimodule. The above exact sequence corresponds to a natural morphism

Ext!(E!, F)[-1] @ E! = @Ext (Ep; Fpl-11® E;; > F =@ F
J

in the derived category.
On the other hand, in the notation of the previous sections, from an exact sequence

0—> (M 1)"'H—>Rr1—>R -0
we obtain an exact sequence
0— M )" ®kr F— FJ., — F] —0, 6.2)

where we note that (M, )"+ @gr  F = (M), )""' ®r F

We expect that (6.1) and (6.2) are isomorphic as exact sequences of Qx-modules. For
example, we have M = M| = Extl(F, F)*, and this is the case forn = 0.

In the case n = 1, from an exact sequence

M} ® Hom(F, F) — Ext!(F, F) — Ext'(F}, F)
— M| @ Ext'(F, F) — Ext*(F, F),
we deduce that
Ext! (F1, F) = Ker (M;* ® Ext!(F, F) — Ext*(F, F)).
Thus,
Ext'(Fy, F)* = Coker (my: Ex(F, F)* — (Ext'(F, F)*)®%) = M2.

Thus each of the corresponding terms in (6.1) and (6.2) coincide for n = 1.

We compare universal extensions corresponding to 1-pointed and r-pointed deforma-
tions:

Lemma 6.1. There are natural split surjective homomorphisms E} — ET.

Proof. Forn =0, we have Ej = Ej = F.
Assume that there is a split surjective homomorphism E! — E”. Then there is an
induced split surjective homomorphism

Ext'(E!, F)* — Ext!(E", F)*.
Since
Ext'(E;. F)* @ F = Y Ext'(E}. F;)* & F.
ij

Ext'(E,. F)* @ F =Y Ext'(Ej. F))* ® F;,

i
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we have a split surjective homomorphism
Ext'(E!, F)* ® F — Ext'(E., F)* ® F,

hence there is also a split surjective homomorphism E; N A ]

7. Examples

We consider some examples of versal NC deformations in this section. We start with a
trivial example:

Example 7.1. Let F = O be the structure sheaf of a point x € X. We claim that the versal
deformation F of F is isomorphic to the deformation algebra R, which is commutative
and isomorphic to the formal completion of the local ring OAx, x-

F is a simple collection with r = 1, i.e., a simple sheaf in this case, hence the versal
deformation is given by the tower of universal extensions ([10, Theorem 4.8]). Therefore
it is sufficient to prove that any NC deformation Fg of F over some R € (Arty) obtained
by successive non-trivial extensions is of the form Fg =~ Ox/J for an ideal J such that
Supp(Fg) = {x}. We proceed by induction on dim R. Let

0—>0y—E—O0Ox/J]—0

be a non-trivial extension. Since Ext! (Ox,Oy) = 0, the natural surjective homomorphism
Ox — Ox/J lifts to a homomorphism Oy — E. Let J' be the kernel. Then there are
homomorphisms

(9)(/]/ - FE — (9)(/.]

whose combination is surjective and the first homomorphism is injective. There are two
cases:

length(Ox/J’) —length(Ox/J) =0 or 1.

In the first case, we have J = J’ and the homomorphism E — Ox/J splits, a contra-
diction to the hypothesis that the extension is non-trivial. In the second case, we have
E = Ox/J’, and the claim is proved after taking the inverse limit.

Remark 7.2. Let F = O, for a smooth point x € X. Then we have
Ext? (O, Oy) = APK" forn = dim X.

The deformation algebra is isomorphic to the formal power series ring k[x1, ..., x,].
There are no obstructions for commutative deformations of F', but the non-commutative
deformations are highly obstructed.

Example 7.3. Let X = {xy = 0} C P? be the union of two distinct lines, and let
F=0x/(x)®0x/(y) = Fx® F,

be the sum of structure sheaves of these lines. We compare 1-pointed and 2-pointed defor-
mations of F.
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The 2-pointed deformation ring is calculated in [10, Example 5.5]:

R? = (lft l;{t) mod (2)

and dim R? = 4. On the other hand, the 1-pointed deformation ring is

R' = k[x,y]/(xy) = k(x. )/ (xy. yx)
and dim R! = oc.
The corresponding deformations are as follows. There are non-trivial extensions
0—0x/(y) — Fﬁx — Ox/(x) = 0,
0— Ox/(x) > F}, — Ox/(y) = 0,

where FZ_ (resp. F,) are invertible sheaves on X whose degrees on the irreducible
components Ly = {y = 0} and L, = {x = 0} of X are (0, 1) (resp. (1, 0)). We have

F?=F!=F, ®F},.
On the other hand, we have
Fl = (F7)®" @ 0x/(x) ® (F7,)®" & Ox /(y).

Example 7.4. Let X = {x2 + y2 + y3 = 0} C P? be a rational curve with one node, and
let F be the structure sheaf of the normalization of X.

X has a singularity which is analytically isomorphic to the singularity of the variety
considered in the previous example. We have again R = k[x, y]/(xy), and F becomes
an invertible sheaf on an infinite chain of rational curves.

We have Endy (F) = k, but Endp,, (F) = k[t]/(1* 4 1) (see [9]).

Example 7.5 ([10, Example 5.8]). Let X = P(1, 2, 3) be a weighted projective plane, and
let F = Ox (1) be a reflexive sheaf of rank 1 corresponding to a line on X connecting its
two singular points.

Then the deformation ring for NC deformations is an infinite dimensional algebra

R =k{x,y)/(x% %),

where the generators x, y, respectively correspond to local extensions of F near the sin-
gularities of types 1 (1, 1) and (1, 2). But

R = k[x,y]/(x2.»?)

is finite dimensional for commutative deformations.
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Lemma 7.6. Let X be a proper variety and let Y be a closed subvariety. Let F = Oy =
Ox /J be the structure sheaf of Y regarded as an Ox -module. Assume that

H°(X,0x) = H*(X,0y) =~k and H'(X,0y)=0.
Then the versal deformation F of F is of the form
F= L{I_H(Rn ® Ox)/Jn

for left R, ® Ox-ideals J,,. Moreover, if J ® Ox (1) is generated by global sections h;
(i =1,...,r)foraveryample invertible sheaf Ox (1) on X and if H' (X, J ® Ox (1)) =0,
then there are global sections Ei of li(_m(Jn ® Ox (1)) which generate l(iLn(Jn ® Ox (1))
and induce h; € J ® Ox(1).

Proof. Since F is a simple sheaf, a versal NC deformation is obtained by a sequence
of universal extensions. We prove that a deformation Fg over R € (Arty) is of the form
(R ® Ox)/Jg for aleft R ® Ox-ideal Jg by induction on dimg R = i. Let

0—>0y > E—(R®0x)/Jp =0
be a non-trivial extension of NC deformations over an extension
0—->R/M—-R—-R —0

of parameter algebras. Since Ext! (Qx, Oy) = 0, the natural homomorphism R ® Oy —
(R’ ® Ox)/Jg lifts to an Ox-homomorphism R ® Oy — E. Thus, there is a commuta-
tive diagram

0 Ox 0P oY ——0
0 Oy E (RR®0x)/Jg —— 0

of Ox-modules. Since the vertical arrows at both ends are surjective, so is the middle
vertical arrow.
Since H°(X,Ox) = H°(X, Oy) = k, the natural homomorphism

H°(0%) — H(E) = R.

is an isomorphism. Using this isomorphism, we define a left R-module structure on (9)62 h
Then the middle vertical arrow becomes a homomorphism of left R ® Ox-modules, and
we have E =~ (R ® Ox)/Jg for aleft R ® Ox-ideal Jg.

We prove that the generating sections of J ® Ox (1) extend to generating sections
of Jr ® Ox (1) by induction again. From an exact sequence of kernels

0->JQ0x(1) > Jp®0x(1) > Jpr ® Ox(1) = 0
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we deduce that the homomorphism
HY(X. Jr ® Ox (1)) > H(X. Jr ® Ox (1))

is surjective, hence the global sections are liftable. By Nakayama’s lemma, they are gen-
erating. ]

The following lemma says that the NC deformations of a Cartier divisor is not inter-
esting:

Lemma 7.7. Let F = Op be the structure sheaf of a Cartier divisor D C X. Assume that
H*(Op) = H'(Op(D)) = 0.

Then the NC deformations of F' are unobstructed, i.e., the deformation ring is isomorphic
to a non-commutative formal power series ring k{(xy, ..., Xxp ) for m = dimExt!(F, F).

Proof. We have an exact sequence 0 — Ox(—D) - Ox — Op — 0. Then there is an
exact sequence

Ext! (Ox(—D), F) — Ext*(F, F) — Ext*(Ox, F).
Hence, Ext?>(F, F) = 0. n
Therefore, we consider NC deformations of higher codimensional subvarieties:
Example 7.8. Let X = P” be a projective space with homogeneous coordinates

[xla e axn-‘rl]a

and let
F=0L=k[x1,...,xp41]/(x1, ..., Xp—1)"
be the structure sheaf of a line L, where ~ denotes a coherent sheaf on X associated to a
graded module.
We claim that the deformation algebra is given by

ﬁ = k((al,bl, . ,an_l,bn_l»/(aiaj —aja,',b,-bj —bjb,',a,'bj —bja,' —Cljb,' + biaj)

and the versal deformation is given as a quotient by a left ideal:

F=R[x1,....xp+1]/(x1 + @1Xn + b1Xnt1, -+ Xne1 4 @ne1Xn + bpe1Xn+1)”™,
where ~ denotes a coherent R ® Ox-module associated to a graded module.

We use Lemma 7.6. The sheaf J ® Ox (1) for the ideal sheaf J of L C X is generated
by global sections xi, ..., x,—; and H'(X,J ® Ox (1)) = 0. Hence Fg should be of
the form (R ® Ox)/Jg for an ideal sheaf Jg such that Jg ® Ox (1) is generated by the
following global sections which are linear forms on the Xx;:

X1+ aixy, +bixpyt, ..o Xn—1 + Ano1Xn + bu—1Xn41.

where we note that elements of the form 1 + r with r € M are invertible, so that the
coefficients can be reduced to the above form.
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Let R™ be the maximal abelian quotient of R. Then it is the completed local ring of a
Grassmann variety G(2,n + 1) at a point. Since R and R®™ have the same Zariski cotan-
gent spaces, the variables of R are the a;, b; as in the above expression of F. Since R™ is
a smooth commutative ring, the relations for R are contained in the commutator ideal of
the variables.

In order to determine the quadratic terms in the relations, we calculate

my:Ext!(F, F) x Ext!(F, F) — Ext*(F, F)
explicitly. We have
Ext!(F, F) = k20D = HO(Np/x),
Ext2(F, F) = k>=D0=2/2 £ gY(N; ) =0,

where N ,x is the normal bundle of L in X. Let 71, > be the homogeneous coordinates
on L, and let vy, ..., v,_; be the normal directions of L. Then Ext! (F, F) has a basis

v =ty (=01,1<j<n-1),
and Ext?>(F, F) has a basis
wijk =t v Ay ((=0,1,2, 1 <j<k<n-—1).
Therefore, m; is surjective and its kernel has a basis
VojVoj, VojV1j, VijVoj, V1jV1j, VojVok + VokVo,,
VojVU1k + VikVoj, V1jVok + VokV1j, V1jVik + V1kV1j,  VojVik — V1jVoks

where 1 < j <n — 1 for the first 4 terms, and 1 < j < k < n — 1 for the rest. The dual
basis of Im(m3}) = Ker(mz)* C (Ext! (F, F)*)®? is given by

ajdj —a_,'a,',bibj — b,-bi,a,-bj —bjai —ajb,' + b,-aj

forl <i < j <n—1,where{a; bj};; C Ext! (F, F)* is the dual basis of {vo;, v1;}i,;-
They are the leading terms of the relations for R.

Now we prove that there are no higher order terms in the relations, i.e., we prove that
there is no higher Massey products. We use the fact that the variables x1, ..., X,4+; in F
are commutative. We have in F s

0=1xixj —xjx;
= (aja; —aja,-)x,zl + (bjbj — bjbl‘)x,%_;'_l + (aib; —bja; —a;b; + bjaj)xpxn11.
Therefore, we have
ajaj —aja; = bjbj —b;b; = a;b; —bja; —ajb; + bja; =0

in F. If there were higher order terms in the relations of R on top of the quadratic relations
above, then there were more relations of order > 3, a contradiction to the fact that the
relations are given by m* Ext?(F, F), and their number is 3(n — 1)(n — 2)/2. Thus, the
claim is proved.
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In particular, if n > 3, then the NC deformations of F are obstructed, because there
are non-trivial relations for ﬁ, but there are more NC deformations than commutative
deformations.

For example, if n = 3, then lines on P3 are parametrized by G (2, 4) under commutative
deformations, but the deformation ring for NC deformations is

R =k(a.b.c.d)/(ab—ba,cd —dc,ad — da — be + cb).

We note that this kind of examples are not artificial. For example, if we consider a
Calabi—Yau manifold Y such that L C Y C P”, then the deformation ring of Oy, on Y,
which is an important invariant of an analytic neighborhood of L in Y, is a quotient ring
of R (cf. [2]). In this sense, it is interesting to calculate versal deformations of rational
normal curves of higher degrees.

Example 7.9. Let X = P* with homogeneous coordinates [x, y,z, w], and let F = O =
k[x,y,z,w,t]/(x,y,zt —w?)™ for a conic L in X.
We claim that the deformation ring R of F is given by

R = k{ao,ai,az,bo,b1,ba,co, ..., ca)/(aobo — boao + (arby — brai)co,
aoby — brag + a1bo — boay + (a1by — bray)cy,
aobsy — brag + a1by — biay + azbo — boaz + (a1br — bray)ca,
ayby — byay + azby — biaz + (a1by — bray)cs,
aszby —bras + (ar1by — bray)ca,
agco — coao + (aic1 — c1a)co,
aopcy — c1aop + aico — coar + (arjc1 — crap)cy,
agcz — €240 + aic1 — €1a1 + azco — codz + (a1c1 — c1ar)ca + (arc3 — c3ar)co,
aogcs — c3dg + ayjcy — cxay + acy —craz + (ayc; — cray)es + (a1c3 — csap)cy,
agCs — €440 + a103 — €3a1 + a2 — C2az + (a1¢1 — c1a1)cs + (@13 — c3ar)ee,
ayc4 — caay + azcs — czaz + (aycz — czap)cs,
axcq — Caaz + (ayc3 — c3ay)ca,
boco — cobo + (b1c1 — c1b1)co,
boc1 — c1bo + bico — cob1 + (b1c1 — c1b1)c,
boca — cabg + bic1 — c1b1 + baco — coba 4 (b1c1 — c1b1)c2 + (bics — ¢3b1)co,
bocs — c3bo + bica — c2by + bac1 — c1ba + (bic1 — c1b1)es + (bicz — e3bi)ey,
bocs — cabg + bicz — c3by + baca — caby + (bicy — c1b1)cs + (bicz — c3by)ca,
bica —c4by + barcz — c3by + (bics — c3by)cs,
bacq — caby + (b1c3 — C3b1)C4),
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and the versal deformation F is given by

F = R[x,y,z,w,t]/(x +aoz +a1w+ast, y +boz + biw + bat,

zt —w? + c022 +ci1zw + ¢zt + czwt + C4l2).

We note that there are order 3 terms in the relations of R ,i.e.,m3 # 0,butm; =0fori > 4.

In order to prove the claim, we argue similarly to the previous example. We have
Npps = O(2)* @ O(4) and

0— Ox(—4) —> (9)((—3)2 ®d Ox(—2) — (9)((—1)2 ® Ox(-2) > Ox — O — 0.
Hence,

Ext'(F,F) = H°(P',02)* ® O(4)) = k!!,
Ext*(F, F) = H°(P!,0(4) ® 0(6)%) = k'°.

F is written in the above form by Lemma 7.6. We will determine the relations among
variables a;, bj, cx in R.
The quadratic terms of the relations are determined by the multiplication

my:Ext' (O, 0r) ® Ext' (O, 01) — Ext*(Or,0Op).
We take the dual basis
ag,ay.ay, by, by. b3 cy.ci.c5.¢5.¢
of Ext! (@1, @), and a basis
do,di.dy . d3,dy eg.e1, €5, €5, ¢5,e5,¢6, fo' [ S S5 o' IS s
of Ext?>(Or, O1), so that the multiplication map satisfies the following:

ma(a;,ai) = my(b;,bf) = ma(cf,cf) =0,

ma(a;,b}) = —my(b;,af) = d, ;,
ma(a;,c;) = —ma(cf,af) = e/ ;,
may(bf,c;) = —ma(cf,bf) = fi%;.

Therefore, the image of the map m%: Ext*(O1, O)* — (Ext' (O, (9L)*)®2 is spanned
by the following:

aobo — boao, apb1 — brag + aiby — boay,
aoby — brag + a1by — biay + axbo — boas,
airby —bray + azby — bras, azby — bras,

aopCo — Codo, ApC1 — C1dg + a1Co — Cod1,
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agca — €240 + aijcy — c1ay1 + azco — boca,
apC3 — €300 + a102 — C2a1 + dzC1 — C1d2,
apgCq4 — Cqdg + ayc3 — c3ay + arcp — cras,
A1Cq4 — C4a1 + ApC3 — €302, AxC4 — Cad7,
boco — cobo, boc1 — c1bo + bico — coby,
boca — c2bo + bicy — ¢1by + baco — coba,
boC3 — C3b0 + blcz - C2b1 + bZCl — Clbz,
boca — cabg + b1cz — c3b1 + bacy — cabs,
b1€4 — C4b1 + sz3 — C3b2, b26‘4 — C4b2.

These terms give the relations in degree 2.
The higher order terms are determined by the following argument. We have

0=xy—yx
= (apz + ayw + azt)(boz + biw + bat) — (boz + byw + bat)(apz + ayw + ast)
= (aoho — boao)z* + (aohy — biag + aibg — boar)zw
+ {(aobs — brag + azby — boaz)zt + (a1by — byar)w?}
+ (a1ba — baay + azby — biaz)wt + (azbs — byas)t? (7.1)

and

0=x(zt —w?) — (zt —w?)x
= (apz + a1w + ast)(zt — w? + coz? + c1zw + c2zt + c3wt + C4t2)
— (2t —w? 4+ coz% 4 crzw + 22t + 3wt + c4t?) (X + aoz + a1w + ast)
= (aoco — Coao)z> + (aoc1 — c1ag + aico — cod1)z>w
+ {(aocz — Cadg + aco — coaz)zzt + (aic1 — clal)zwz}
+ (agcz — c3ap + ajca — cpay + azey — craz)zwt
+ {(aoca — caao + azcr — c2az)zt* + (ayc3 — czar)wt}

+ (a1cs — c4ay + arcs — czar)wt? + (azcs — caan)t’. (7.2)
Since

(a1by — bray)w? = (a1by — bray)(zt + coz? + c1zw + cazt + cawt + C4t2),
(aic1 —cray)zw? = (arc1 — cra1) (2%t + coz® + c122w + 222t + czzwt + c42t?),

(a1c3 — cza)w?t = (aycs — c3a1)(zt? + coz?t + crzwt + c22t? + cawt? + cat?)
modulo (zt — w? 4 coz? + c1zw + cazt + cawt + c4t?), (7.1) and (7.2) become

(aobo — boag + (a1by — byay)co)z>
+ (a0b1 —byag + arbg — boa; + (a1by —blal)cl)zw
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+ (aoba — brag + arby — byay + azbo — boas + (a1by — bray)cz)zt
+ (a1b2 —byay + azb; — bras + (Cllbl —b1a1)63)wt
+ (a2bs — bras + (a1by — bray)ca)t?

and

(aoco —coap + (ajcy — (31611)00)23

+ (aocl —c1ag +ajco —coay + (arcq — clal)cl)zzw
+ (aoc2 — c2a0 + arcy — cray + azco — coar

+ (a1c1 — crar)es + (arcs — c3ay)co)z°t
+ (a003 —cC3d9 +ajcy —cray + azcp —cran

+ (arc1 — c1a1)es + (arcz — czap)cr)zwt
+ (aOC4 — Caa9 +ajc3 —c3ayg + azcr — cran

+ (a1c1 — crar)cs + (arcs — czar)cz)zt?
+ (aIC4 —c4ay + azes —czaz + (ajc3 — C3a1)63)wt2

3
+ (a26'4 —cqaz + (arcz — C3Cl1)C4)[ .
Therefore, we have our claim.

Remark 7.10. Let C be a smooth rational curve on a Calabi—Yau 3-fold. If C is con-
tractible to a point by a bimeromorphic morphism X — X whose exceptional locus
coincides with C, then the NC deformation ring of O¢ is finite dimensional. It is interest-
ing to know whether the converse is true.

By [1], there is an example where C is not contractible but the abelianization of the
deformation ring is finite dimensional. In this example, the normal bundle of C is iso-
morphic to @ (2) & @ (—4) (hence not contractible). The deformation ring is a quotient of
a non-commutative formal power series ring with 3 variables by an ideal generated by 3
relations. By [5] and [16], it is known that such a ring is finite dimensional if the 3 rela-
tions are generic quadratic forms (this information, opposite to author’s naive expectation,
was given to the author by Professor Spela Spenko through Professors Michel Van den
Bergh and Keiji Oguiso).

Remark 7.11. By [15, Lemma 4.1], the versal formal NC deformation is convergent in
the sense that ||m,|| < C" and || f || < C”" for suitable norms and a constant C > 0 which
is independent of 7.

Remark 7.12. Zheng Hua informed the author that, if the bounded derived category of
coherent sheaves D?(coh(X)) has a strong exceptional collection consisting of line bun-
dles, e.g., X = P", then the NC deformation algebra of any coherent sheaf F on X is
algebraic in the following sense; the A®°-algebra Ext*(F, F) is quasi-isomorphic to a
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finite dimensional A°°-algebra B such that m,‘? = 0 for all n > ny with a fixed ng (cf. [7,
Theorem 4.4], [6]). We note that B is not necessarily minimal, i.e., mf may not vanish.

It is also interesting to know whether there is a bound of the degrees of equations of the

NC deformation algebra in the case of a rational curve in a projective space with respect
to the degree of the curve.
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