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Analysis on quasidisks: A unified approach through
transmission and jump problems

Eric Schippers and Wolfgang Staubach

Abstract. We give an exposition of results from a crossroad between geometric function theory,
harmonic analysis, boundary value problems, and approximation theory, which characterize quasi-
circles. We will specifically expose the interplay between the jump decomposition, singular integral
operators, approximation by Faber series, and the Grunsky inequalities. Our unified point of view is
made possible by the concept of transmission.

1. Introduction

A quasiconformal map in the plane is a homeomorphism between planar domains which
maps small circles to small ellipses of bounded eccentricity. A quasicircle is by definition
the image of the circle S! under a quasiconformal map and a quasidisk is the interior
of a quasicircle. In geometric function theory quasicircles play a fundamental role in the
description of the universal Teichmiiller space. They also play an important role in com-
plex dynamical systems. The reader is referred to the book by F. Gehring and K. Hag [25]
for a nice introduction to various ramifications of this topic.

It is a familiar fact in the field that quasicircles have an unusually large number of
characterizations which are not obviously equivalent, and indeed are qualitatively quite
different. See e.g. [25, Chapters 8,9] for some of the classical and also some less well-
known ones. It is somewhat astonishing that these continue to be found. In this paper,
we will focus on the relatively recent ones due to A. Cavus [16], Y. Y. Napalkov and
R.S. Yulmukhametov [41], Y. Shen [60], and the authors [53, 55]. Indeed, our purpose
here is to highlight a characterization based on an interplay between geometric function
theory, harmonic analysis, boundary value problems and approximation theory. This point
of view was investigated by the authors in a series of papers, and in these works, it emerged
that the key to a unified approach is the method of transmission of harmonic functions (or
forms).

The goal of this paper is to give an essentially self-contained exposition of this circle
of ideas and the method of transmission, not least because of its potential applications
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outside geometric function theory. In doing so we have also refined and improved many
of our theorems in previous papers.

To define the notion of transmission, let I' be a Jordan curve separating the Riemann
sphere C into two components €2 and Q5. Given a harmonic function # on €; which
extends continuously to I', there is a harmonic function on €2, with the same continuous
extension on I". We call the new function the transmission of 4. We generalize the concept
of transmission to Dirichlet bounded harmonic functions. For such harmonic functions,
the transmission exists and is bounded with respect to the Dirichlet semi-norm if and only
if the curve T’ is a quasicircle.

Returning to the problem of characterization of quasicircles, it came to light that in
the setting of Dirichlet bounded harmonic functions, a number of perfect equivalences
arise. To begin with, given a Jordan curve I' as above, the following three statements are
equivalent.

(1) T is a quasicircle.
(2) There is a transmission from the Dirichlet space of harmonic functions on €2; to

the Dirichlet space of harmonic functions on €2,, which is bounded with respect
to Dirichlet energy and agrees with transmission of continuous functions.

(3) The linear operator taking the boundary values of a Dirichlet bounded harmonic
function to its Plemelj—Sokhotski decomposition is a bounded isomorphism.

We also show that the jump formula holds up to constants for quasicircles. These results
are due to the authors [53,55].

The first three equivalent statements also are closely related to approximability by
Faber series, the Faber and Grunsky operators, and the Schiffer operator. We thus have the
following further equivalent statements. Attributions in brackets refers to the first proofs
of the equivalence with (1), unless clarified below.

(4) The Faber operator corresponding to €2, is an isomorphism (authors [55]).
(5) The sequential Faber operator is an isomorphism (Cavus [16], Shen [60]).

(6) Every element of the holomorphic Dirichlet space of €25 is uniquely approximable
by a Faber series (Cavus [16], Shen [60]).

(7) The Schiffer operator is an isomorphism (Napalkov and Yulmukhametov [41]).

The implications (1) = (5) and (1) = (6) are due to Cavus [16], and later independently
by Shen [60], while the reverse implications are due to Shen.

The characterization (7) is due to Napalkov and Yulmukhametov [41]. It was proven
independently by the authors [55], using our characterization (4). Unfortunately we were
not aware of the results of Napalkov and Yulmukhametov. We made use instead of the
result of Shen. In some sense, transmission provides a bridge between the result (7) of
Napalkov and Yulmukhametov [41] and (5) of Cavus [16] and Shen [60], by making it
possible to replace the sequential Faber operator with the Faber operator for non-rectifiable
curves. For the special case of rectifiable Jordan curves, the equivalence of (1) and (2) is
due to H. Y. Wei, M. L. Wang, and Y. Hu [69].
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Finally, all of these results are closely connected to the classical result that I' is a
quasicircle if and only if:

(8) The norm of the Grunsky operator is strictly less than one.

The implication (1) = (8) is due to R. Kithnau [33] and (8) = (1) is due to C. Pommer-
enke [43]. In the literature, all proofs of the implication (k) = (1) for k = 4,...,7
(including those due to the authors) rely on the result Pommerenke’s converse to the strict
Grunsky inequalities (8) = (1). We give alternate proofs in this paper which use transmis-
sion only. Our present proofs in the reverse direction (that (1) implies (2) through (7)) also
differ from previous ones given by the authors. We first applied this alternate approach
in [56] in the case of Jordan curves on Riemann surfaces.

In order to define the transmission in a sensible way, some notion of boundary values
is necessary. To this end we also include an exposition of a conformally invariant notion
of non-tangential boundary value, which we call conformally non-tangential (CNT for
short). This was developed by the authors for Jordan curves in Riemann surfaces [57]. The
existence of such boundary values for the Dirichlet space of a simply connected domain
is an automatic consequence of a well-known result of A. Beurling. On the other hand, it
is not true in general that the boundary values of a harmonic function in one connected
component of the complement of I'" are boundary values of a harmonic function in the
other component. Even potential-theoretically negligible sets are not obviously the same:
for example, sets of harmonic measure zero with respect to one side are not necessarily
harmonic measure zero with respect to the other, even for quasicircles. We resolve these
issues and give a general framework for the application of the CNT boundary values to
sewing and transmission. Aside from the bounded transmission theorem mentioned above,
the most important of these results are:

(1) for quasicircles, the potential-theoretically negligible sets on the boundary of €2
are also negligible for 25;

(i) the operator (what we call the bounce operator) taking a Dirichlet-bounded har-
monic function on a doubly-connected region in €21, one of whose boundaries
is I, to the harmonic function on €2, with the same boundary values, is bounded
for any Jordan curve;

(ii1) limiting integrals taken over level curves of Green’s function are the same for any
two Dirichlet bounded harmonic function in a collar near I" which have the same
CNT boundary values (the anchor lemma).

The precise statements are given in Theorems 2.20, 4.6, and Theorem 4.10, respectively.

To conclude, we strive in this paper to show the clarifying power of the transmis-
sion theorem for understanding approximation by Faber series, the Grunsky operator, the
Plemelj—Sokhotski jump theorem, and Schiffer operators. The results should have many
applications in the investigation of the behaviour of function spaces, boundary value prob-
lems, and related operators under sewing. The results here are also the basis for a scattering
theory of harmonic functions and one-forms for general Riemann surfaces [58].
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The paper is organized as follows. In Section 2, we state necessary definitions and
results regarding conformally non-tangential boundary values of Dirichlet bounded func-
tions. After preliminaries on the Dirichlet and Bergman space, and quasisymmetric map-
pings in Sections 2.1 and 2.2, we define certain potential-theoretically negligible sets on
a Jordan curve I with respect to the enclosed domain in Section 2.3, which we call null
sets, and derive their basic properties. A particularly crucial fact is that, in the case that the
Jordan curve is a quasicircle, sets that are null with respect to one of the regions enclosed
by I are also null with respect to the other. In fact, for quasicircles not containing oo, null
sets in I" are precisely Borel sets of capacity zero. After reviewing some basic results on
boundary values of the Dirichlet space of the disk in Section 2.4, we give the definition
and basic properties of CNT boundary values in Section 2.5.

Section 3 contains the first of the main results, namely (1) < (2): a Dirichlet-bounded
transmission exists on Dirichlet space if and only if I" is a quasicircle. Section 3.1 reviews
some known theorems which characterize quasisymmetries in terms of their action on the
homogeneous Sobolev space H /2, and a reformulation in terms of CNT boundary values
up to null sets. This refinement is necessary because sets of harmonic measure zero on a
quasicircle with respect to one side of a curve — which are the images of sets of Lebesgue
measure zero on the circle under a conformal map — need not be of harmonic measure
zero with respect to the other side of the curve. Thus, null sets are necessary. Section 3.2
contains the transmission result.

In Section 4, we establish several useful results regarding boundary values and integ-
rals. We prove that the so-called bounce operator described in the introduction is bounded.
We also prove the “anchor lemma”, which shows that certain limiting integrals taken over
curves approaching the non-rectifiable Jordan curve depend only on the CNT boundary
values. Finally, we give a few useful dense subsets of Dirichlet spaces on simply- and
multiply-connected domains. These ultimately rely on density of polynomials.

Section 5 contains the main results on Plemelj—Sokhotski jump isomorphism and
Schiffer isomorphism, that is (1) < (3) < (7). Section 5.1 defines the Schiffer oper-
ator and proves basic analytic results, Mdbius invariance, and an identity of Schiffer.
Section 5.3 defines a Cauchy integral operator adapted to non-rectifiable curves using
limits of integrals over curves approaching the boundary. We show that for quasicircles
the value of this operator is the same up to constants for curves approaching I" over either
side, in a certain sense involving transmission. We also prove basic identities relating the
Cauchy integral operator to the Schiffer operators, and the Mobius invariance of the oper-
ator. Section 5.3 contains the main results which show that the Plemelj—Sokhotski jump
decomposition exists when I’ is a quasicircle, and in a certain sense this decomposition is
an isomorphism if and only if I is a quasicircle. We also give a new proof of Napalkov and
Yulmukhametov’s result that the Schiffer operator is surjective (and hence an isomorph-
ism) if and only if I is a quasicircle.

In Section 6 we prove that the Faber operator is an isomorphism if and only if I" is a
quasicircle, as well as the existence and uniqueness of Faber series; that is, (1) & (4) &
(5) & (6). We also give a brief review of the equivalence with strict Grunsky inequalities.
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Finally, we would like to mention that, we make no claims to completeness in terms
of the inclusion of all the related literature, and indeed we merely indicate the tip of the
literary iceberg.

2. Function spaces and boundary values

2.1. Dirichlet and Bergman spaces

We denote the complex plane by C and the Riemann sphere by C. We define
Dt={zeC:|z| <1}

and also
D™ ={zeC : |z] > 1} U {oo}.

The circle D+ = {z € C : |z| = 1} is denoted S! and a standard annulus is defined by
A, ={zeC:r<|z| <1}

In what follows, we shall sometimes write @ < b as shorthand for a < Cb, where C
is a constant. In general, the value of C in the estimates may differ from line to line, but
in each instance could be estimated if necessary. Also if a < b and b < a then we write
a=b.

In this paper, a conformal map is always assumed to be one-to-one (not just locally
one-to-one). That is, a conformal map is a biholomorphism onto its image.

The Riemann sphere C is endowed with the standard complex structure given by the
charts

Yo:C — C, o(z) =z,
I/foo:@\{o} —C, VYoo(z) =1/z, z# 00, Ye(00) =0,

and holomorphicity or harmonicity is defined with respect to these charts. That is, let
be an open connected set in C. A function / is holomorphic on € if (1) it is holomorphic
on C\{oo} and (2) if co € €, then g(z) = f(1/z) is holomorphic in a neighbourhood
of 0. Anti-holomorphic and harmonic functions on €2 are defined similarly.

We will also consider smooth one-forms on subsets of (E, where these are defined in
the usual way in terms of the Riemann surface structure of C. Any one-form « is given
in local coordinates by h1(z) dz 4+ h,(z) dz for smooth functions /1(z) and h,(z). A
one-form o on €2 is said to be holomorphic if it can be expressed in local coordinates z
as h(z) dz where h(z) is holomorphic. That is, @ = a(z) dz on Q2\{oo}, and if co € €,
then b(w) = —a(1/w)/w? is holomorphic in an open set containing 0 (so that in a chart
at oo, we may write « = b(w) dw). A one-form is anti-holomorphic if it is the complex
conjugate of a holomorphic one-form.
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We also define the *-operator as follows. If @« = /1(z) dz + h2(z) dZ in local coordin-
ates we define

st = x(h1(z) dz + hy(z) dZ) = —ihydz + ih, dZ.

It is easily checked that this is well-defined with respect to the change of coordinates

z =Yooy (w)=1/w.
lellg = %//Qa/\*&, @2.1)

Define
which might of course diverge. Since any smooth one-form « on €2 can be written (unique-
ly) in z coordinates as
a=hi(z)dz + hy(z)dz 2.2)

for smooth functions &; and A5, then if in (2.2) z is the parameter in C (that is, in ¥g
coordinates), then (2.1) can be written as

1
ol =~ [ (m@F+ ) da. @3)
Q\{oo}

where dA = (dz A dz)/2i is the Euclidean area element in C. This is justified as follows:
when co € €, if ||oz||§2 < oo then there is an R such that

I[P+ P < .

|z|>R

Thus, the point at co can be removed from the domain of integration without changing the
convergence properties or value of the integral.

Definition 2.1. A smooth one-form « is said to be harmonic if da = 0 and d * o = 0;
equivalently, for any point p € Q, @ = dh for some harmonic function # on some open
neighbourhood of p. Note that if co € €2, this restricts the behaviour of o at co since
h(1/z) must be harmonic at 0.

We then define the space of L? harmonic one-forms sp,m(R2) to consist of those
harmonic one-forms o on €2 such that ||l < co. This is a Hilbert space with inner

product
1 _
(o, B) = E// LT 2.4
Q

which is also consistent with (2.1). The Bergman space of one-forms is
A(R) = {a € Aparm(2) : @ is holomorphic},

and fora = h1(z)dz, B = ha(z) dz € A(2), we have

1 N
(o, B) = ;//Q\{oo}hl(z)hz(z) dA.
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The anti-holomorphic Bergman space 4 ($2) consists of complex conjugates of elements
of A(S).

Observe that 4($2) and A(S) are orthogonal with respect to the inner product. We
then obtain the decomposition

Aharm (£2) = A(82) & A(2),
which induces the projection operators

P(£2): Anarm () — A(€2),

- - (2.5)
P(2): Anarm (2) — A(Q).

Definition 2.2. For an open connected set 2 and a smooth function /: Q2 — C we define
the Dirichlet energy of & by
Do (h) = ||dhg. (2.6)

The harmonic Dirichlet space Dyam (€2) consists of those harmonic functions /4 on €2 such
that Dg (h) < oc.

If z is the coordinate in C then (2.6) can be written as

1 iz o2
Da(h) = _// (_‘ + —_‘ )dA. 2.7
7 Ja\foo) 9z 9z

The holomorphic Dirichlet space £ (£2) is the set of holomorphic functions in Dhyrm (£2),
and the anti-holomorphic Dirichlet space £ (€2) is given by the set of complex conjugates
of elements of O (2). The Dirichlet energy on D (2) restricts to

1 o
Da(h) = n/fm{w} W ()| dA.,

and similarly for m Observe that Dy, (2) does not decompose into a sum of ele-
ments of D(Q) and D(Q) unless Q is simply connected (and even in that case, the
decomposition is not unique because constants belong to both spaces).

Note also that the Dirichlet energy is not a norm, since D(c) = O for constants c. If
we define the homogeneous Dirichlet spaces

‘bharm(g) = c(Dharm(sz)/ ~,
where we say that i1 ~ hy if h; — h5 is constant, then this is a normed space, with norm
17l g, @ = (D).

For simply-connected domains d: ﬂjharm(Q) — oAparm (£2) is an isometry.
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In general, if we mod out additive constants, we will denote the corresponding space
with a dot. If an operator L: Dyym(21) = Dharm (21) passes down to a well-defined
operator from Jljharm(Ql) to @harm(ﬂz), we will denote it by L, and similarly for any
other dotted spaces.

To equip the harmonic Dirichlet space with a norm, one could proceed as follows.
Given h € Dpa (), for fixed p € Q we define the pointed Dirichlet norm

17 D, = IldBIG + 1R(P)I*. (2.8)

One immediately sees that the pointed Dirichlet norm is conformally invariant in the
sense that if f is a holomorphic bijection onto its image and f(p) = ¢ then

170 fll Dram(@.0) = 11| Dy (£ (22).0) -

Furthermore, an elementary argument shows that for any p,g € D

”h ”i)harm(DJrap) ~ ||h ”i)harm(DJrsq)'

For this reason, we will drop the point in the notation for the norm and simply write
| - Il Dyurn (2)- From these two facts, it is easily deduced that (1) composition by a bijective
Mobius transformation 7:D — D is a bounded isomorphism of the pointed Dirichlet
space for any fixed p, and (2) if f: Q2 — Q' is holomorphic, then

Cr: Dharm (') = Dharm (Q),
h—hof
is bounded, and if f is furthermore a bijection, then Cy is a bounded isomorphism.
If one restricts to normalized functions /i (p) = 0 for some p € 2, then we use the
notation D, (2); in this case the Dg(h)'/? is a genuine norm.

Finally, for a domain G in the plane, with boundary I', we also define the Sobolev
spaces H'(G) and H'/?(T).

Definition 2.3. The Sobolev space H'(G) consists of functions in L2(G) such that

1/2
I8l i1y = (D () + 1A]122() "> < oo. 2.9)
Forany p € D" and & € Dy (D), it is known that

121 1 +) = 121 Dy D+, p)» (2.10)

with the norm of the right-hand side defined as in (2.8). One can also show that the result
remains true for domains with sufficiently regular boundary. However, note that this is not
true for general Jordan domains.

If the boundary T" is regular enough then one can also take the restriction (trace) of
an H'(G)-function to I, which yields a function k| € H'/2(I") where H'/%(T) is the
space of functions in L2(T") for which

2 1/2
ey = ([ [ LELPR et 111) <o @
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see [65, Chapter 4] for all the details regarding Sobolev spaces. We will reserve the use of
Sobolev spaces for D, so that I' = S! and the above boundary trace is defined.

The homogeneous Sobolev space HY 2(S1) is defined as the space of measurable
functions f:S' — R such that the seminorm

2 1/2
||f||H1/2(§1)=([ /S If(z) ;'gm |dz||d§|) |
is finite.

By a Jordan curve T in C, we mean the image of S! under a continuous map into C
which is a homeomorphism onto its image. Equivalently, it is the image of a Jordan curve
in the plane under a Mdbius transformation. Now given a Jordan domain Q C C, let
ga(z, w) denote Green’s function of €2, that is, the harmonic function in z on Q\{w}
such that gg(z, w) + log |z — w| is harmonic near w and whose limit as z — zg is zero
for any point zo on the boundary of 2.

Definition 2.4. Let " be a Jordan curve bounding a Jordan domain  in C. A collar
neighbourhood of I" in €2 is a set of the form

Ap,r = f(Ar)7
where f:Dt — Q is a biholomorphism such that f(0) =

Setting A = A, ,, we define a norm on Dpym(A) as follows. Let go be Green’s func-
tion of € with singularity at f(0). Let n be the outward unit normal, and ds denote the
integral with respect to arc length, and set

h(0) = — lim i/ h(;)ag—g(é)d (2.12)
r/1 21 Jf(izi=r)

We can also write the integrand as 1 ({) * dgq(¢). Then we define

121 py= 1R II + 1RO, (2.13)
Note that the norm depends on the choice of curve I' towards which we take the limit.
This is a norm, since it is easily seen that

“h + g”i)harm(A) S ||h||:Dhurm(A) + “g”@harm(l‘l)’
lle Al D4y = 1111l Dy )

for any constant ¢, and if ||| p,,...c4) = O then dh = 0 and h (0) = 0, from which it follows
that 4 = 0. Moreover, one has that

1| Dty = 120 f 1 Dpmany = W0 fllZa,y = Wiz - (2.14)

Occasionally, we will say that a linear map L of Dirichlet spaces is “bounded with
respect to Dirichlet energy”, which means that we have an estimate of the form D(L f) <
CD(f); this is of course not a norm estimate. When we say that a linear map is bounded,
we always mean that it is bounded with respect to the corresponding norm.
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2.2. Quasisymmetries and quasiconformal maps

In this section we review definitions and results about quasisymmetries and quasicon-
formal maps.

Definition 2.5. Let A and B be open connected subsets of the complex plane. An orien-
tation-preserving homeomorphism ®: A — B is a k-quasiconformal mapping if:

(1) for every rectangle [a, b] X [c,d] C A, ®(x, ) is absolutely continuous on [c, d]
for almost every x € [a, b];

(2) for every rectangle [a, b] x [c,d] C A, ©(-, y) is absolutely continuous on [a, b]
for almost every y € [c,d];

(3) thereis ak € (0, 1) such that |®z| < k|®D,| almost everywhere in A.

We say that a map is quasiconformal if it is k-quasiconformal for some k € (0, 1).

Define

1: C\{0} - C\{0},

z1/z.

Let A and B be open connected subsets of C. We say that a homeomorphism ®: A — B
is a k-quasiconformal mapping if

b, 1od, doy, and 1todoy

are all k-quasiconformal on their maximal domains of definition; as above, we say that ®
is quasiconformal if it is k-quasiconformal for some k. If A, B < C then ® is quasicon-
formal if, given Mdbius transformations S and T such that S(4) € C and T(B) C C,
T o ® o S™! is quasiconformal from S(A) to T(B).

Similarly, for open connected sets 4, B C C we say thatamap f: A — B is conformal
if

f. tof, fot, and to fou

are all conformal on their maximal domains of definition. Conformal maps are 0-quasicon-
formal onto their image, and it can be shown that 0-quasiconformal maps are conformal
(see e.g. [2]). Furthermore, if ®: A — B is quasiconformal and g: A’ — A is conformal
then ® o g: A’ — B is quasiconformal, and if f: B — B’ is conformal, then f o ® is
quasiconformal. If C is any open connected subset of A, then the restriction of ® to C is
a quasiconformal map onto ®(C).

Remark 2.6. Any quasiconformal map ®: C — C extends to a quasiconformal map
from C to C, which takes oo to oo [36, Theorem 1.8.1].

Definition 2.7. An orientation-preserving homeomorphism % of S! is called a quasisym-
metric mapping, iff there is a constant k > 0, such that for every «, and every f not equal
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to a multiple of 2, the inequality

i(a+B)y _ i
l - h(e‘ ) .h(e ) “k
k = | h(ei®) — h(ei@=B))| —

holds.

Let QS(S') denote the set of quasisymmetric maps from S! to S!. Then QS(S!) con-
sists precisely of boundary values of quasiconformal maps, as the following two theorems
show.

Theorem 2.8. Let ®: DT — D™ be a quasiconformal map. Then ® has a continuous
extension to S U D™, and the restriction of this extension to S' is a quasisymmetry. Con-
versely, if ¢: S' — S is a quasisymmetry, then ¢ is the restriction to S' of the continuous
extension of a quasiconformal map ®: D — D™T. In the above, one may replace D
everywhere by D™ and the result still holds.

Proof. By reduction of the problem to the upper-half plane using the conformal equival-
ence of the unit disk and the former, this is just Ahlfors—Beurling’s result in [13]. ]

Definition 2.9. A Jordan curve I in C is a quasicircle if and only if it is the image of S’
under a quasiconformal map ®: C — C. We say that a Jordan domain is a quasidisk if its
boundary is a quasicircle.

Example 2.1. It is known that quasicircles can arise as the Julia sets of rational maps.
Another well-known example is von Koch’s snowflake. See [25] for more information
regarding quasidisks and quasicircles.

Quasidisks have the following important property [25, Corollary 2.1.5].

Theorem 2.10. Let Q be a quasidisk. If f:D* — Q is a biholomorphism, then f extends
to a quasiconformal map of C.

One of the main tools in this paper is the conformal welding theorem.
Theorem 2.11 (Conformal welding theorem). For any quasisymmetry ¢:S' — S, there
are conformal maps f:DT — C and g: D~ — C, with the following properties:

(1) f and g are quasiconformally extendible to C (so that, in particular, Qt= f(D%)

and 2~ = g(D7) are quasidisks);

(2) 3f (DY) = dg(D™), where 3 denotes the boundary; and

3) ¢=(g7" o f)lst.
If we specify the normalization f(0) = 0, g(co) = oo, and g'(00) = 1, then | and g are

uniquely determined.

The normalization above can be replaced with any three normalizations in the interior
of the domains of f or g if desired.
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2.3. Null sets

In this section, we define null sets, which are potential-theoretically negligible sets on
the boundary of a Jordan domain. That is, in specifying a harmonic function of bounded
Dirichlet energy on a Jordan domain by its boundary values, changes to (or non-existence
of) the boundary values on null sets have no effect. We will see that in the special case
that the Jordan domain is bounded by a quasicircle, null sets are those sets of logarithmic
capacity zero.

We first recall the definition of logarithmic capacity [3,47]; we follow [47].

Definition 2.12. Let u be a finite Borel measure in C with compact support. The potential
of 1 is the function

pu(e) = [[ 1oglz — wldiew).
C
The energy of u is then defined to be

10 = [[ pucrdnco).
The equilibrium measure of a compact set K is the measure v such that

I(v) = sup I(n),
HEP(K)
where & (K) is the set of Borel probability measures on K. Every compact set possesses
an equilibrium measure [47, Theorem 3.3.2]. Now the logarithmic capacity of a set £ C C
is defined as

¢(E) = sup el
HeP(K)
KCE compact

For compact sets K, we have
c(K) = e!®,

where v is the equilibrium measure of K.
We say a property holds quasi-everywhere if it holds except possibly on a set of log-
arithmic capacity zero.

Remark 2.13. If a property holds quasi-everywhere, it holds almost everywhere, but the
converse is not true.

In what follows we will often drop the word “logarithmic” and use simply the word
“capacity”.
The outer logarithmic capacity of a set E C C [21] is defined as
*(E) = _inf U).
¢(E) = dof cU)
U open

By Choquet’s theorem [17,47], for any bounded Borel set E, c(E) = c*(E).
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Lemma 2.14. Every bounded set of outer capacity zero in C is contained in a Borel set
of capacity zero.

Proof. Let F be a set of outer capacity zero. Thus, there are open sets U,, n € N, con-
taining F such that ¢(U,) < 1/n. We can choose these sets such that U, C U, for
all n, by replacing U, with U, = N} _, Uy if necessary, and observing that by [47, The-
orem 5.1.2 ()], ¢(U,)) < ¢(Uy) < 1/n since U,, € U,.

The set V' = NS2, Uy, is a Borel set containing F'. Since V' C U, for all n € N, again
applying [47, Theorem 5.1.2 (a)] we see that c(V) < 1/n foralln € C,soc(V)=0. =

Quasiconformal maps preserve compact sets of logarithmic capacity zero. We are
grateful to M. Younsi for suggesting the proof below.

Lemma 2.15. Let K C C be compact. Let U be an open set containing K and f:U — V
be a homeomorphism onto the open set V. C C, which is Holder continuous of exponent
a > 0. If K has capacity zero, then f(K) also has capacity zero.

Proof. Let u be a probability measure with support in f(K). If we define the Borel prob-
ability measure v = f*(u) by v(4) = u(f(A)), then

o ):// // log|z — wl du(2) dpu(w) = //U //U log| /(2) — f(w)] dv(z) dv(w)
// // If() f|(a )|dV(Z)dV(w)+otI(v).

Since the capacity of K is zero, I(v) = —oo. Moreover, the Holder-continuity of f means
that | f(z) — f(w)| < M|z — wl|¥, which yields I(¢) = —oo. Now since p was arbitrary,
f(K) has capacity zero. |

From this, we obtain the following lemma.

Lemma 2.16. Let E C C be a bounded Borel set. Let f:C — C be a homeomorphism
which is Holder continuous of exponent a > 0. If E has capacity zero, then f(E) has
capacity zero.

Proof. By [47, Theorem 5.1.2(b)], we have

c(f(E)) = sup c(K) (2.15)

KC f(E)

K compact
(indeed, this follows directly from the definition of capacity). Thus, if f(E) does not have
capacity zero, there is a compact set K € f(E) such that ¢(K) > 0. Since f is a homeo-
morphism, f~!(K) is a compact subset of E, so by the previous lemma c(f~!(K)) > 0.
Applying (2.15) again with E in place of f(E) we see that ¢(E) > 0, a contradiction. m
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In particular, quasiconformal maps preserve bounded Borel sets of capacity zero, since
they are uniformly Holder on every compact subset [36, p. 71].

Corollary 2.17. Let ¢: S' — S! be a quasisymmetry. Then 1 C S' is a Borel set of
logarithmic capacity zero if and only if ¢ (1) is a Borel set of logarithmic capacity zero.

Proof. By the Beurling—Ahlfors extension theorem (Theorem 2.8), ¢ has a quasicon-
formal extension W: D — D. In fact, this extends to a quasiconformal map of the plane
via

W(z) z € clD,

1/¥(1/z) z e C\clD.

Since a quasiconformal map is uniformly Holder-continuous on every compact subset, the
claim follows from Lemma 2.16. See also [13] for further details. [

d(z) = {

Remark 2.18. In [6], N. Arcozzi and R. Rochberg gave a combinatorial proof that if
¢:S! — Sl is a quasisymmetry and [ is a closed subset of S!, then there is a constant
K > 0 depending only on ¢ such that %C(I) <c(¢p(I)) < Kc([). This of course implies
Corollary 2.17.

We now define null sets. Note that in the sphere, the boundary of a domain is taken
with respect to the sphere topology. So it might include oco.

Definition 2.19. Let € be a Jordan domain in C with boundary T'. Let / C T'. We
say that 7 is null with respect to €2 if I is a Borel set, and there is a biholomorphism
f:DFT — Q such that £~1(I) has logarithmic capacity zero.

The meaning of f~!(I) requires an application of Carathéodory’s theorem, which
says that since €2 is a Jordan domain, any biholomorphism f has a continuous extension
which takes S' homeomorphically to I'. This is true even if I" contains the point at oo,
as can be seen by composing f by a Mobius transformation taking I onto a bounded
curve and applying Carathéodory’s theorem there, and then using the fact that 7" is a
homeomorphism of the sphere. Thus, f~!(/) is defined using the extension of f. Note
that / is a Borel set if and only if '~ (/) is Borel.

If there is one biholomorphism f such that f~!(7) has capacity zero, then g~1(/)
has capacity zero for all biholomorphisms g: D — Q. This is because the Mdbius trans-
formation 7 = g~ ! o f preserves Borel sets of capacity zero in S!, for example by
Corollary 2.17. Also, it is easily seen that one may replace Dt with D~ in the above
definition.

If I is a Jordan curve, bordering domains €2; and €2,, then / might be null with
respect to €2 but not with respect to €25, or vice versa. However, for quasicircles, the
concept of null set is independent of the choice of “side” of the curve. This is a key fact.

Theorem 2.20. Let I" be a quasicircle in C, and let Q1 and Q5 be the connected com-
ponents of C\I'. Then I C T is null with respect to Q21 if and only if it is null with respect
to 5.
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Proof. Choose a Mobius transformation 7" so that 7(I") is a quasicircle in C (and in
particular bounded). Clearly 7'(1) is null in 7'(I") with respect to 7(€2;) if and only if
it is null in T" with respect to €2;, for i = 1, 2. Thus, it suffices to prove the claim for a
quasicircle I' in C.

Let Q7 and Q~ be the bounded and unbounded components of the complement of T
respectively. Let fi:D* — QF be conformal maps. These have quasiconformal exten-
sions to C. Thus, ¢ = f~! o f; has a quasiconformal extension to C, and in particular is
a quasisymmetry.

By definition I is null with respect to Q7 if and only if f+_1(1 ) is a Borel set of
logarithmic capacity zero in S!. By Corollary 2.17, this holds if and only if f~1(I) =
o ( f_;1 (1)) is a Borel set of logarithmic capacity zero in S, that is if and only if / is null
with respect to Q7. ]

We are grateful to M. Younsi for pointing out that the converse to Theorem 2.20
is false by a result of J. Becker and C. Pommerenke [9]. They show that there is a
non-quasiconformal Jordan curve such that the corresponding Riemann maps onto its
complements are Holder continuous.

Remark 2.21. The proof can be modified to show that if 2 is a Jordan domain bounded
by a quasicircle, and I C I' is null with respect to 2, then there is a Mdobius trans-
formation T such that T (/) is a bounded Borel set of capacity zero (in fact, for any
Mobius transformation such that 7'(/) is bounded, it is a set of capacity zero). Similarly,
E. Villamor [67, Theorem 3] showed that if g:D™ — C is a one-to-one holomorphic
k-quasiconformally extendible map satisfying g(z) = z + --- near oo, then there is a «
depending only on the quasiconformal constant such that for any closed I C S!, we have
c(I)'* < ¢(g(A)) < c(I)'. In light of what we have discussed, this implies The-
orem 2.20.

2.4. Dirichlet space of the disk and boundary values

If we write f(z) = Y o0 a,z" as a power series and set z = re'?

coordinates to see that

, one can use polar

oo

Dp+(f) =) nlan|*. (2.16)
n=1
Another important fact about the Dirichlet space is that if f € D(D*) then f has
radial boundary values, i.e. for almost every z € S!, the limit lim,_1- f(rz) =: f(z)
exists; see e.g. [21]. Moreover, by a result of J. Douglas [19], one has that

_ (T[T e-foP
Do () = [ [ HE=LE . @17)

Now for ¢ € ST, let

K@) = (2.18)

=g
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and define the convolution of two functions f, g defined on the unit circle via

2w _
(f *8)(2) = | S8 g@)|dE]. (2.19)
If z e DV and ¢ € S!, then
PO = = 2 (2.20)
Tz =g '
denotes the Poisson kernel of the disk, and we set
2T

P(u)(z2) :/o P (Ou(g)|dE]. (2.21)

Regarding boundary values of harmonic functions with bounded Dirichlet energy, we
will use the following result.

Theorem 2.22. Let f = P(K * ¢) for some ¢ € L%(SY). For fixed 0 € [0,2r), consider
the following four limits:

(1) limy_1~ f(rz) (the radial limit of f);

(2) impy o0 Z,]lv:_N (m)(n)eine (the limit of the partial sums of the Fourier

series for K x ¢);
[4

3) limy_ o+ ﬁ O—Eh (K * @)(e'") dt (the boundary trace of f).

If one of them exists and is finite, they all do and they are equal. The equivalence of (1)
and (2) is Abel’s theorem and a result of E. Landau [34, pp. 65-66]. The equivalence of (2)
and (3) is from Beurling in [12].

The boundary behaviour of elements of Dirichlet space is better than this result indic-
ates in two ways. Firstly, the limit exists not just radially but non-tangentially. Secondly,
the limit exists not just almost everywhere, but up to a set of outer capacity zero.

We now define non-tangential limit. A non-tangential wedge in D with vertex at p € S!
is a set of the form

Wp,M)={zeD:|p—z|<M(l-|z|)} (2.22)
for M € (1, 00).
Definition 2.23. We say that a function 4: D — C has a non-tangential limit of ¢ at p
in St if
lim  h(z)=¢
zeW(p,M)

forall M € (1, o).

Equivalently, in the above definition one may replace non-tangential wedges with Stolz
angles

A(p.a.p) ={z:|arg(l — pz)| <aand |z — p| < p},

where o € (0, 77/2) and p € (0,2cos ).
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The following theorem of Beurling [21, Theorem 3.2.1] improves our understanding
of the boundary behaviour, as promised.

Theorem 2.24. Let h € Dyom (D). Then there is a set I C S' of outer capacity zero such
that the non-tangential limit of h exists on S\ I.

Remark 2.25. By Lemma 2.14, we may take / to be a Borel set of capacity zero.

Since a wedge at p contains a radial segment terminating at p € S!, it is immediate that
if the non-tangential limit exists, then the radial limit exists and equals the non-tangential
limit. Using Theorems 2.24 and 2.22, one then has the following theorem.

Theorem 2.26. Let h € Dyarm (D). Let H be the non-tangential boundary values of h. The
Fourier series of H converges, except possibly on a set of outer capacity zero, to H.

Finally, we have the following.

Theorem 2.27. Let hy, hy € Dham (D). If the non-tangential limits of hy and hy are equal
except on a Borel set of capacity zero, then h1 = hs.

To see this, it is enough to see that if the non-tangential limit of 1 € Dy (D) is zero,
then £ is zero. This follows essentially from the equality of the radial and non-tangential
limits and (2.17).

2.5. Conformally non-tangential boundary values

‘We now extend the notion of non-tangential limits to arbitrary Jordan domains. This exten-
sion is an immediate consequence of the Riemann mapping theorem, and is uniquely
determined by the requirement that the definition be conformally invariant. Although this
extension is by itself trivial, substantial results arise when one considers boundary values
from two sides of the curve, as we will see in Section 3.

Definition 2.28. Let Q be a Jordan domain in C with boundary T'. Let #: Q@ — C be a
function. We say that the conformally non-tangential (CNT) limit of /2 is ¢ at p € I if, for
a biholomorphism f:D* — , the non-tangential limit of 2 o f is ¢ at £~ 1(p).

The existence of the limit does not depend on the choice of biholomorphism, as the
following lemma shows.

Lemma 2.29. Let h:D — C, and let T:D — D be a disk automorphism. Then h has a
non-tangential limit at p € 0D if and only if h o T has a non-tangential limit at T~ (p),
and these are equal.

Proof. The claim follows from the easily verified fact that every Stolz angle at p is con-
tained in the image under 7" of a Stolz angle at 7! (p), and every Stolz angle at T~ (p)
is contained in the image under 7! of a Stolz angle at p. |
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If 2 o f has non-tangential limit ¢ at f~!(p) for a biholomorphism f:D* — Q,
then & o g has non-tangential limit ¢ at g~!(p) for any biholomorphism g: D — Q, by
applying the lemma above to T = g~ o f.

Remark 2.30. This notion of CNT limit is conformally invariant, in the following sense.
If 2 and 2, are Jordan domains and f:$2; — €5 is a biholomorphism, then the CNT
limit of h: Q, — C exists and equals ¢ at p € 92, if and only if the CNT limit of 1 o f
exists and equals ¢ at f~!(p) € ;. The only role that the regularity of the boundary
curves plays in the definition, is that we use Carathéodory’s theorem implicitly to uniquely
associate points on the boundary of d€2; with points on d€2;. Therefore, the boundary is
required to be a Jordan curve. However, even this condition can be removed, by replacing
the boundary of the domain in C with the ideal boundary [58].

Remark 2.31. An obviously equivalent definition is as follows. The CNT limit of 4: Q2 —
Cis ¢ at p € 9Q if, given a conformal map f:D* — Q, defining

Vip.M) = f(W(f~'(p). M),

one has that
211_13}7 h(z) =¢.
zeV(p,M)

Note that, treating the ideal boundary of €2 as a border of 2 [4] (which can be done since €2
is biholomorphic to a disk), the angle of the wedge V(p, M) has a sensible geometric
meaning. That is, let ¢ be a border chart taking a neighbourhood U of p in 2 to a half-disk
which takes a segment of the ideal boundary containing p to a segment of the real axis.
In this neighbourhood, ¢ (V(p, M) N U) is a wedge in the ordinary sense. The boundary
of ¢(V(p, M) N U) meets the real axis at two angles which are independent of the choice
of chart.

Using CNT limits, we can formulate a conformally invariant version of Beurling’s
theorem on non-tangential limits.

Theorem 2.32. Let Q be a Jordan domain with boundary T. For h € Dpam(2), the CNT
boundary values of h exist at every point in T except possibly on a null set I C T with
respect to Q2. If h1 and hy are CNT boundary values of some element of Hy and H, in
Dharm (), respectively, and hy = hy except possibly on a null set, then Hy = H,.

This follows directly from Theorem 2.24, Theorem 2.27, Lemma 2.14, and the con-
formal invariance of CNT limits (Remark 2.30).

In [53,55] we used limits along hyperbolic geodesics (equivalently, orthogonal curves
to level curves of Green’s function) in place of CNT limits, following H. Osborn [42]. If
the CNT limit exists, then the radial limit exists. Besides being a stronger property, the
CNT limits we later defined [56,57] seem to be more convenient.

We now define a particular class of boundary values. Let  be a Jordan domain in C
with boundary I". We say that two functions /; and &, on I' are equivalent if 7, = hy
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except possibly on a null set / with respect to 2. Denote the set of such functions up to
equivalence by B(T', ). We say that i; = h; if they are equivalent.

Definition 2.33. The Osborn space of I" with respect to €2, denoted H# (I, 2), is the set
of functions & € B(T", 2) which arise as boundary values of elements of Dy (2).

We then define the trace operator
bo r: Onam(2) = H (L, Q2)
and the extension operator
erg: H (I, 2) = Dnarm(2)

accordingly.

Example 2.2. In the case that ' = S! and Q = D™, these maps have simple expressions
in terms of the Fourier series:

o0 o0 o0
bpe s (Zanzn n Za_,,gn) = 3 e,
n=0 n=1

n=—oo
o0 o0 o0

CSI,D-%—( E a,,e”’e) = E ayz" + E a_,z".
n=—00 n=0 n=1

Similar expressions can be obtained for D™.
We shall also need a result about the agreement of Sobolev and Osborn spaces.

Theorem 2.34. Given a function f € H'/2(S') there exits a unique harmonic function
F € Dpym (D) whose CNT boundary values agree almost everywhere with values of f
on S

Proof. By the existence and uniqueness of the solution to the Dirichlet problem (see
e.g. [65, Proposition 4.5, p.334]), f has a unique harmonic extension F € H!(D), and
the CNT boundary values of F are equal to f almost everywhere. ]

In particular, this shows that every H'/2(S!) (which is defined up to a measure zero
set) has a unique extension to an element of #(S!,D*) (which is defined up to a set of
capacity zero).

Finally, we pose the following question. Given a Jordan curve I' in C, and let
and €2, be the components of its complement. For which Jordan curves I is # (I, Q) =
H# (T, 2,)? We answer this question in the next section.
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3. Transmission of harmonic functions in quasicircles

3.1. Vodop’yanov-Nag—Sullivan theorem

First we recall a result due to K. Vodop’yanov [68] regarding the boundedness of com-
position operators on fractional Sobolev spaces which will be useful in proving a charac-
terization result for quasisymmetric homeomorphisms of S!. However, the original result
is formulated for Sobolev spaces on the real line. To this end, one defines the homogen-
eous Sobolev (or Besov) space H'/2(R) as the closure of €°(R) (smooth compactly
supported functions) in the seminorm

_ 2 1/2
||f||f~,m(R)=(/R R%dxdy) | 3.0

Theorem 3.1. The composition map Cy(h):=h o ¢ is bounded from H'Y2(R) 10 HY2(R)
if and only if ¢ is a quasisymmetric homeomorphism of R to R.

See [68, Theorem 2.2].

Remark 3.2. As is customary in Sobolev space theory, the constructions of compositions,
traces and so on, are done using dense subsets of Sobolev spaces, e.g. the set of smooth
compactly supported functions, where for example the composition Cg (h) is well-defined
(i.e. for h € €°(R)). Thereafter, one seeks boundedness estimates with bounds that are
independent of /& and extends the results by density to the desired Sobolev space.

In [39], S. Nag and D. Sullivan showed that quasisymmetries of S! are characterized
by the fact that they are bounded maps of the Sobolev space H'/2(S')/R and in doing so
reproved Theorem 3.1. In what follows we give a presentation of their result adding also
some more references for the sake of completeness.

Theorem 3.3. Let ¢:S' — S! be a homeomorphism. Then the following are equivalent.

(1) ¢ is a quasisymmetry;

(2) ¢ has the following three properties:

(a) ¢ takes Borel sets of capacity zero to Borel sets of capacity zero;

(b) foreveryh € J(S'), Cy(h) € H(S);

(¢) the map h+— h o ¢ obtained in (b) is bounded with respect to Dirichlet energy,
i.e. there is a C such that

Dp+(esip+ (ho¢)) < CDp+(es1 p+ h). (3.2)

Proof. That (1) implies 2 (a) is Corollary 2.17.

That (1) implies 2 (b) are equivalent can be shown by transferring the problem to the
real line. As a consequence of a much more general result for divergence-type elliptic
operators due to A. Barton and S. Mayboroda [8, Theorem 7.18], if H denotes the upper
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half-plane, then there exists a solution to the Dirichlet problem

Au = 0Oon H, (33)

ulgw = f € H'2(R), '
which is unique (up to additive constants) and the estimate

”u”HI(H) < ||f||1'11/2(]R)» 3.4

holds.

Now the fact that for every & € #(R), the composition Cgh € H# (R), is then a con-
sequence of Theorem 3.1.

That (1) implies 2(c) can be shown as follows. Let H € Dyum(DT) be the func-
tion whose CNT boundary values equal /& quasi-everywhere. Let ®: DT — D™ be a
quasiconformal map whose boundary values equal ¢ (which exists by the aforemen-
tioned Beurling—Ahlfors extension theorem). By quasi-invariance of Dirichlet energy (see
e.g. [1]), we have

Dp+(CoH) < CDp+(H) = CD]D)‘*'(eSl,]D)‘*'h)v

where C is of course independent of H. Let F' := CoH — eg1 p+ (Cyh) € HY (D).
Then using F|g1 = 0, the harmonicity of eg1 p+ (Cy/) and the Sobolev space divergence
theorem (see e.g. [22, Theorem 4.3.1, p. 133]), one can show that

/ d(es1 p+ (Cgh)) OF dA = 0.
D+
This yields that
Dp+(esi p+ (Cph)) < Dp+(es1 p+ (Cph)) + Dp+(F)
= Dp+(esi p+ (Cgh)) + 2 /D X d(esi p+ (Cgh)) OF dA + Dp+(F)
= Dp+(CoH). (3.5)

Now assume (2) holds. If (3.2) is valid for any homeomorphism ¢, then transference of
Douglas’s result to the real line in equation (2.17) yields that || Cyu|| HI2R) S [|u ||H1/2(R)’
which by Theorem 3.1 yields that ¢ is a quasisymmetric homeomorphism of the real line.
This completes the proof. ]

In the remainder of the paper, we will say that an operator between Dirichlet spaces
is bounded with respect to Dirichlet energy if it satisfies an estimate of the form given by
equation (3.2).

Conditions (2) (a) and (2) (b) of Theorem 3.3 are not easy to verify, but of course the
direction (2) — (1) can be stated in the following way. Let t‘;’(Sl) denote the space of
continuous functions on S! modulo additive constants.
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Theorem 3.4. Let ¢:S' — S! be a homeomorphism. Assume that there is a dense set
L € HY2(SY) such that L € €(S') and there is an M such that

||C¢h||1.'11/2(§1) = M||h||1-’11/2(§1)-
Then ¢ is a quasisymmetry.

Proof. The proof of this result is embedded in the proof of Theorem 3.1. See also [39,
Corollary 3.2] and [15, Theorem 1.3]. [

3.2. Transmission (overfare)
We are now able to prove the transmission theorem in the simplest case.

Theorem 3.5. Let I be a Jordan curve in C, and let Qy and Q be the components of the
complement. The statements (1) and (2) below are equivalent.

(1) T is a quasicircle.
(2) (@) If I C T is null with respect to 21 then it is null with respect to Q,
(b) H(T,R2q) € H (T, Q), and

(c) the map er,q,br.Q,: Onam(21) = Dhnarm(22) is bounded with respect to
Dirichlet energy.

Needless to say, the roles of 1 and 2 can be switched, so that if transmission from €2
to €2, is possible, it is then possible from 2, to 2.

Proof. We show that (2) implies (1). The truth of either (1) or (2) is unaffected by applying
a global Mobius transformation, so we can assume that I' is bounded. Let Q= be the
connected components of the complement in C; assume for definiteness that Q; = QF
(this can be arranged by composing by 1/z).

Now let fi:D* — QF be conformal maps. By Carathéodory’s theorem, fi each
extend to homeomorphisms from S to I'; denote the extensions also by f+. The function

¢=fi'oflg:S' > 8!

is thus a homeomorphism. We will show that ¢ is a quasisymmetry. Once this is shown, it
follows from the conformal welding theorem that I" is a quasicircle.

To do this, we show that ¢ has properties 2 (a), 2 (b), and 2 (c) of Theorem 3.3. Let /
be a Borel set of capacity zero in S'. Then f_([) is by definition null with respect to Q7.
So by 2 (a) of the present theorem, f_ (1) is null with respect to Q+. By definition ¢ (1) =
f+_1 (f—(I)) is a Borel set of capacity zero in S'. This shows that ¢ has the property 2 (a)
of Theorem 3.3.

Given h € #(S'), there is an H € Dparn (D) with CNT boundary values equal to &
except possibly on a null set /. Also, H o f;l € Dharm (2 71). By definition, H o f+_1 has



Analysis on quasidisks 53

CNT boundary values except on the null set f4 (/). By assumption 2 (b) of the present
theorem, there is a function

U= eF,Q_bF,QJr (H ° f;l) € eDharm(sz_)

whose CNT boundary values agree with those of H o f! except on a null set K contain-
ing fr(I).Set I’ = f;l(K), which is a null set containing /.

By definition, u o f— € Dyym (D7) has CNT boundary values except on the null set
fYK) = ¢~ 1 (1), which contains ¢! (1). These CNT boundary values agree with

ho filo fo=ho¢

except on ¢~ (I"). Thus, the function u o f_(1/Z) has CNT boundary values equal to &
except on ¢~ 1(I’). That is,

uo f-(1/2) = esip+(h o @),

which shows that Cy4h € J(S'). Since A is arbitrary, this shows that property 2(b) of
Theorem 3.3 holds.

To show that 2 (c) of Theorem 3.3 holds, by 2 (c) of the present theorem and conformal
invariance of the Dirichlet norm, there is a constant C > 0 such that

Dg+(erg+br,e-v) < CDg-(v)
for all v € Dharm (7). Then for arbitrary & € H(S'), using the notation above we have

D+ (egi p+(h 0 $)) = Dp+(u o f-(1/7)) = Dp-(u o f-)
= Dgo-(u) < CDgq+(H o f_;l)
= CD]D)+ (H) = CDD+(0§1’D+]’Z).

Thus, ¢ is a quasisymmetry, completing the proof that (2) implies (1).

So we need only show that (1) implies (2). Again, we can assume that I" is bounded
and denote the bounded and unbounded components of the complement by 2 and Q™
respectively. Let fi:D* — QF be conformal maps, which have quasiconformal exten-
sions to C. Thus, ¢ = f;l o f_ is a quasisymmetry of S', and properties (2) (a)—(c) of
Theorem 3.3 hold.

Given a Borel set / € I' which is null with respect to T, by definition f+_1(l ) is
a Borel set of capacity zero in S!. Thus, since ¢! is a quasisymmetry, by Theorem 3.3,
ot (f+_1 (I)) = f~1(I) is a Borel set of capacity zero. Thus, by definition / is null with
respect to 2. This shows that 2 (a) of the present theorem holds.

Denoting R(z) = 1/z, a proof similar to that given above for the reverse implication
shows that (2) (b) of the present theorem holds with the extension to 2~ given by

er.o-bro+H = [esip+(bsip+(H o f1)od)]oRo f1,

where H € Dparm(Q7).
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To show that (2) (c) of the present theorem holds, let C be the constant in Theorem 3.3
part (2) (c). Then we have

Dq-(er.o-br o+ H) = Dp+(es1 p+(bst p+(H o f1) o))
< CDp+(H o f1) = CDqo+(H),

which completes the proof. u

Again, conditions (2) (a) and (2) (b) are difficult to verify in practice. So we give a
more practical version of the (2) — (1) implication. First, we observe that harmonic func-
tions which extend continuously to the boundary have a transmission. That is, let " be a
Jordan curve separating C into two components 2; and €25, and denote the set of func-
tions continuous on the closure of ©2; by €(cl2;) and the set of functions in €(cl€2;)
which are additionally harmonic in ; by €ham(€2;). Then by the existence and unique-
ness of solutions to the Dirichlet problem, given any /41 € Chym(€21) there is an h, €
Charm (22) Whose boundary values agree with those of /11 everywhere. We thus have the
well-defined maps

(991,92: €harm(91) - \eharm(Q2),
(992,91 : €harm(92) - '€harm(Ql)~

It follows immediately from the definition of CNT boundary values that if 4 extends con-
tinuously to a boundary point p € T" then the CNT boundary value exists and equals its
CNT limit. This motivates the definition of a transmission operator Og, g, by restricting
0,9, 10 Dham@,) N Charm(e,)> Which we shall define momentarily. Before doing that
we gather our observations in the following theorem.

Theorem 3.6. Let T be a Jordan curve in C, and let Q1 and Q5 be the connected
components of the complement of T'. If there is a dense set L C Dpam(22), such that
L C €(clQ,), and the continuous transmission on L is bounded with respect to Dirichlet
energy on L, then T is a quasicircle.

Here, by dense set, we mean that for any & € Dpum(22), for all & > 0 there is an
element u € £ such that Dg, (u — h) < ¢. Equivalently, £ is dense in Dham(£22).

Proof. Let f:D% — Qq and g:D~ — Q5 be biholomorphisms. Then by Carathéodory’s
theorem ¢ := g~ ! o f is a well-defined homeomorphism of S!.

Given a £ satisfying the hypotheses, observe that C, £ is dense in Dpam(£22) by
conformal invariance of Dirichlet energy, and by Carathéodory’s theorem Co £ C €(S?).
Also bp- g1C¢ £ is dense. Now for /i € bp- 1C¢ £, define

é¢h = bp+,51Cr0q,.0,Cs-1851 n-h

and note that
Cyph = Cyh.
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By conformal invariance of the Dirichlet spaces and the hypothesis, this is a bounded
operator on H'/2(S"). Thus, applying Theorem 3.4 we see that ¢ is a quasisymmetry
which in turn yields that I" is a quasicircle. ]

Remark 3.7. We have shown that a bounded transmission exists for quasicircles separ-
ating a compact Riemann surface into two components in [57]. The results of that paper
develop a foundation for applying quasisymmetric sewing techniques to boundary value
problems for general Riemann surfaces, and ultimately to a “scattering theory” viewpoint
of Teichmiiller theory [58].

Theorem 3.5 shows that if I is a quasicircle and €21, €2, are the connected components
of the complement, then # (I", 21) = H (T, 2,). We thus define

H(T) = H(T, Q1) = H(T, Q)
in this special case. Now we are ready to define the transmission operators.

Definition 3.8. We have well-defined maps

OQ],QZ = eF,szF,Ql:O(Oha.rm(Ql) - i)harm(QZ),
Ogq,.0, =ere,bro,: Onam(22) = Dham(21).

which are bounded with respect to Dirichlet energy.
We will also use the simplified notation
01,2 = 091,927 02,1 = OQz,le

wherever it can be done without ambiguity.

Remark 3.9. The symbol “O” stands for old English “oferferian” meaning “to transmit”,
which could be rendered as “overfare” in modern English.

The overfare operators are inverses of each other by definition:

Ide@harm(ﬂl) = 01,202,15
Idi)harm(QZ) = 02,101,29

where Id stands of course for the identity on the space indicated by the subscript.

Example 3.1. The overfare operators have a simple form in the case that I' = S!:
[Op+p-7*1(z) = h*(1/2),  [Op-p+h7I(z) = h™(1/2)
for h* € Dham(DF).

The formulation of CNT boundary values and limits is entirely conformally invariant.
However, in the context of transmission, the existence of the overfare depends on the
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relative geometry of the domain 2 and the sphere. That is, it depends on the regularity
of the boundary. It is remarkable that complete symmetry between the boundary value
problems for the inside and outside domains occurs precisely for quasicircles.

Finally, we record the following result.

Corollary 3.10. Let I' be a Jordan curve in C and 21 and 25 be the connected com-
ponents of the complement, and assume that DT — Qi and g: D~ — Q, are biho-
lomorphisms. If there is a dense set L C Dpam(22) such that L C €(cl Q5), on which
Cr 03,1 is bounded with respect to Dirichlet energy, then T is a quasicircle. Conversely,
if T is a quasicircle, then Cr QO ;1 is bounded with respect to Dirichlet energy.

Proof. If T is a quasicircle, then O ; is bounded by Theorem 3.5, and C is an isometry.

Conversely, assume that there is a dense subset £ with the stated properties. Then Cg £
is dense in Oparm (D7) since Cg preserves the Dirichlet energy, and furthermore C, £ C
€(clD™). By assumption Op+ p-Cr 02,1 Cg-1 is bounded on Dharm (D). Hence, Cg-10¢
is bounded on H'/2(S'), and therefore by Theorem 3.4 ¢ = g~ ! o f is a quasisymmetry.
Thus, I is a quasicircle. [

All of the previous theorems involves boundedness with respect to Dirichlet energy,
which is not a norm. Transmission is bounded if one mods out the constants. We define

H(T) = H(T)/ ~

in the same way as for the Dirichlet space. For quasicircles we then have a well-defined
bounded map
01,2 = bF,QléF,§22: e‘Z)harm(szl) - cT)ha.rm(Q2)

and for general Jordan curves a continuous transmission
01,2:€(21) > €(RQy),

where the dotted maps are all defined in the obvious way. We also immediately have the
following reformulation of the results above.

Theorem 3.11. Let T be a Jordan curve in C. There is a bounded map
01,2: gDharm(Ql) - @harm(QZ)»

which agrees with @1,2 on a dense subset of ‘éharm(Ql) if and only if T is a quasicircle.

As in Theorem 3.6, it is enough that the map agrees with (91,2 on a dense subset of
Charm (£21). We also observe that there is a transmission on Bergman space. Namely, if T’
is a quasicircle we define

/1’22 !Aharm(Ql) — eAharm(QZ)
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to be the unique operator satisfying
O’lyzd =d0yz, (3.6)

and similarly for O ,. It is easily checked that this is well-defined using the fact that the
transmission of a constant is (the same) constant. Similarly, for arbitrary Jordan curves T,
continuous transmission induces the transmission on harmonic one-forms

(9/1’22 dt?harm(szl) — deharm(QZ)'

Boundedness of Q' is obviously equivalent to boundedness of O since d: fl')harm(Qk) —
Anarm (2 ) 1 a well-defined isometry.

The question of boundedness of O > on inhomogeneous spaces (such as the pointed
Dirichlet space) is rather problematic. Indeed, let f: DT — Q; and g: D~ — Q, be the
corresponding welding maps; if we like, we can choose the points in the pointed norms
to be 0, £(0), g(00), and co in D+, Qq, R, and D™, respectively. If transmission were
bounded on the pointed Dirichlet space, then

C/10,,,C,

would be bounded with respect to the pointed norms on Dparm (D F), and thus with respect
to H'(D¥). Thus, for a general quasisymmetry ¢ = g~! o f, we would obtain a bounded
map

Cy: H'2(S") - H'2(Sh).

Conversely, if the above map is bounded, then 03,1 = CyCyC,-1 is bounded. However,
this boundedness of Cg is currently unknown. In [52], the authors made an attempt to
prove this, based on an extension result of Z. Ibragimov, see [28, Theorem 3.1 (5)], which
enables one to extend the quasisymmetry ¢ to a quasi-isometry ® on ID. But the prob-
lem arises in connection to showing that composition maps with such quasi-isometries are
bounded on the Sobolev space H (D), which to our knowledge, is also unknown. Regard-
ing optimal results concerning boundedness of C on a wide range of Sobolev (and in fact
even Besov) spaces on the real line, the reader is referred to G. Bourdaud [14].
We end this section with the following interesting question.

Open problem. Characterize the class of quasicircles for which transmission is norm-
bounded on Dirichlet space.
4. The bounce operator and density theorems

The bounce operator. In what follows we will introduce a particular operator

i)harm (A) - °(Dharm (Q) s
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which is defined for any collar neighbourhood A4 of the boundary I" of a Jordan domain,
which shall enable us to approximate functions in Dparm (§2) With respect to the Dirich-
let semi-norm. In connection to the interpretation of the collar neighbourhood, note that
in [56,57] we used the term collar neighbourhood referred for more general domains, but
here in what follows, the special case of Definition 2.4 is enough for our purposes. We
will show that functions in the Dirichlet space of a collar neighbourhood of I" have CNT
boundary values. To prove this, we need a lemma.

Lemma 4.1. Let

A={zeC:r<|z] < R},
By ={z€C:|z|] < R},
B, ={zeC:r <|z|} U{oo}.
For any h € Dnam(A), there is a constant ¢ € C and functions h; € Dpam (B;) fori = 1,2,

such that
h = hy + hy + clog(|z|/R)

forall z € A. If h is real, it is possible to choose hy, h,, and ¢ real.

Proof. We prove the claim for 4 real; the general case follows by separating /4 into real
and imaginary parts.
Choose s € (r, R) and let y be the curve |z| = s traced once counterclockwise. Set

1
c= *dh
27r
Since
/ xd log (|z]) =
y
we then have that

/y*d(h —clog(|z])) = 0.

Set H = h — clog|z|. Since *dH is exact, H has a single-valued harmonic anti-deriv-
ative G in A, which is the harmonic conjugate of H. Thus, F = H + i G is a holomorphic
function in A. Now define

1 [ F©

F = lim — € By,
1(2) = lim > Lz g, zeB
and define F, by
1 [ F©
F. = lim — d €B
2(2) = LT vl ¢, z € B\{oo}

and F,(co) = 0. Observe that F; is holomorphic on By and F; is holomorphic on B;.
Furthermore, for z € A clearly F(z) = Fy(z) — F2(z). Now, setting #; = Re(F7) and
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hy = Re(F,) we obtain the desired decomposition, where /1, h5, and ¢ are real. It remains
to show that h; € Dpym(B;) fori = 1,2.
To show that i1 € Dpum(B1), it is enough to show that there is an annulus

A ={zeC:r<|z| <R}

for r’ € (r, R) such that /1 is in Dyam(A’), since hy is holomorphic on an open neigh-
bourhood of the closure of |z| < 7.

Given any such 7’ € (r, R), the closure of A’ is in B;, and thus the restriction of /4,
to A’ is in Dpam(A”). Furthermore, the restriction of 4 to A’ is in Dyarm(A”’), and a direct
computation shows that log (|z]) is in Dpum(A), and in particular in Dparm(A’). Since
h1 = h — hy — clog (|z]), this proves that i1 € Dyam(A’), and hence in Dpym(B1).

The same argument shows that 71, € Dy (B2). [ ]

Remark 4.2. It is easy to adapt this argument to any doubly-connected domain bordered
by non-intersecting Jordan curves, even on Riemann surfaces [57]. It can be shown that
the decomposition is unique, up to the additive constant which can be transferred between
hl and hz.

Theorem 4.3. Let T be a Jordan curve bounding a Jordan domain Q2 in C. Let A be a
collar neighbourhood of T in Q. If h € Onarm(A) then h has CNT boundary values except
possibly on a null set with respect to Q. Furthermore, there is an H € Dyam(2) whose
CNT boundary values agree with those of h except possibly on a null set.

Proof. By definition of collar neighbourhood, for some p € @ and r € (0, 1), we have
A= Ap; = f(A;), where A, = {z € C : r < |z| < 1}. By conformal invariance of
Dirichlet spaces and CNT boundary values, it suffices to show this for I' = st Q =D,
and A = A,.

Let & € Opam(A,). By Lemma 4.1, h = hy 4+ hy + ¢ log |z| for some functions
hi € Oham(B;),i = 1,2 where By = D% and By = {z : |z| > r} U {oco}. Now c log |z|
extends continuously to 0 on S, and thus the non-tangential boundary values exist and
are zero everywhere on S!. Since 4; € D(DT), it has non-tangential boundary values
except possibly on a null set by a direct application of Beurling’s theorem (Theorem 2.24).
Now £, is continuous on an annular neighbourhood of S! and thus the non-tangential
boundary values exist with respect to D everywhere. Thus, the non-tangential boundary
values of & exist except possibly on a null set.

Furthermore, u(z) = h2(1/Z) € Dparm (D) is continuous on an open neighbourhood
of DT, and its non-tangential boundary values exist everywhere with respect to DT and
equal those of h, with respect to DY, Thus, the function H = h; + u is in Opem (D)
has non-tangential boundary values equal to & except possibly on a null set. ]

Remark 4.4. The proof actually shows a slightly stronger statement: there is an H €
Dharm (2) whose CNT boundary values exist and equal those of /&, precisely where those
of h exist.
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Definition 4.5. Since the function H € Dpam(2) is uniquely determined by its CNT
boundary values on I', Theorem 4.3 induces a well-defined operator

GA,SZ: tharm(A) - °Dharm(Q)

for any collar neighbourhood A of the boundary I' of a Jordan domain. We call this the
“bounce” operator.

It follows immediately from the conformal invariance of the Dirichlet space and CNT
limits that the bounce operator is conformally invariant. That is, if f: Q" — Q is a biho-
lomorphism and A’ is the domain such that f(A’) = A, then

Gao(ho f) =(Gagqh)o f. 4.1
We now prove boundedness of the bounce operator.

Theorem 4.6. Let Q2 be a Jordan domain in C bounded by a Jordan curve T'. For any
collar neighbourhood A of T in Q, G4,q is bounded with respect to the Dirichlet energy;
equivalently, G4,q is bounded. Furthermore, G4, is bounded.

Proof. By conformal invariance of the Dirichlet norm, Dirichlet energy, and CNT limits,
it suffices to prove thisfor A = A, = {z:r < |z| < 1}and Q = D™.
Let h € Dparm(A). Then by [38, Proposition 1.25.2], & is in H!(A). By Theorem 2.34,
G, p+h is the unique Sobolev extension of the Sobolev trace of / in H'/2(S'). Further-
more, by the result on the unique Sobolev extension, see e.g. [65, Proposition 4.5, p. 334],
and the fact that S! ¢ 94, we have
Al g2ty < ol miz@a < 1hla )

Also, by the existence of the unique solution to the Dirichlet problem with bound-
ary data in Sobolev spaces (see e.g. [65, Proposition 1.7, p.360]), the harmonic Sobolev
extension H of h|g: satisfies

IH i@+ < Ilst g2ty
This together with the estimate for ||/|r || g1/2(s1y above yields that
IGap+hllmi@+) < Ihllmca- 4.2)

From this, (2.10) and (2.14), one can easily deduce the boundedness of G4,o. Now if one
applies (4.2) to the harmonic function i — h 4, where hy4 is the average of & given by
17 J4 1> then one has that

Gap+h — Gap+hallmro+) S I1h —hallgia-
Moreover, we know that

Dp+(Gp+h)'/? = Dp+ (Gyp+h — Gyp+ha)'/?

Gap+h — Gap+hallgr+)

IA
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and that

lh—hallgicay = Dalh— )2+ |h = hallr2a
< Da(W)"? + CD4(h)"/?> < Da(W)V?,

where the inequality |2 —h4llz2(@) S Da (h)"/? is the well-known Poincaré—Wirtinger
inequality. Thus, Dp+ (G4 p+h) < D 4(h), as desired. L]

Theorem 4.7. Let Q be a Jordan domain in C bounded by T and let A be a collar
neighbourhood of T" in Q2. The set G4,q(D(A)) is dense in Dnam(2), and G4,0(D(A))
is dense in Dy (2) with respect to the pointed norm.

Proof. By conformal invariance of the Dirichlet semi-norm and (4.1), we may assume
that A = A, and Q = D7 as above.

First, observe that the polynomials C[z, z7!] are contained in D(A,). But for any
integer n > 0, we have

n n

Gy, p+z"=2z" and Gy, p+z " =7",

s0 Gy, p+C[z,z7'] = C[z,Z]. Since C|[z,Z] is a dense subset of Dparm(DT) this proves
the claim. u

In the next theorem, the norm on D (A) is taken to be the restriction of the norm on
Dharm(A), choosing T to be the outer curve (see (2.12) and (2.13)).

Theorem 4.8. Let A be any domain in C bounded by two non-intersecting Jordan curves,
such that 0 and oo are in distinct components of the complement of the closure of A. Then
Laurent polynomials C [z, z'] are dense in D(A) and C[z,z7"] is dense in D(A).

Proof. Without loss of generality assume that the component of the complement of ',
containing A also contains oo, and let B, denote this component. Let By then denote the
component of the complement of I'; containing A; it must also contain 0. We have that
A = By N Bs.

Now let f;: Dt — B; be biholomorphisms for i = 1,2. Let y] = fi(|z| = r) for
r € (0, 1), endowed with positive orientations with respect to 0. For any & € D (A), setting

1 h
h,(z)zhm—/ ﬁdé‘ ZEBi’i=1,2
r/12mi Jyr §—z

we have that /; are holomorphic on B;, and h = hy — h;.

We will show that /; are in D(B;) fori = 1,2. Let C; denote the open domain in B;
bounded by I'; and fi(y5) for s chosen close enough to 1 that it is entirely in A. This
can be done, because the function z + | f;"!(z)| is continuous on By, and is strictly less
than one on Bj. This function has a maximum R < 1 on I'; since I'; is compact, so we
can choose s € (R, 1). To show that h; € D(B;) it suffices to show that h; € D(Cy),
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since /1; is holomorphic on an open neighbourhood of f(|z| < s). Now & € D(C) since
C1 C A, and hy € D(Cy), since the closure of C; is contained in B,. Since iy = h + hj,
this proves the claim. A similar argument shows that 1, € D(B5).

Now we prove the density claims. It clearly suffices to prove the first claim. For the
purposes of this proof, by a “homogeneous” polynomial p in C[z] or C[1/z] we mean
one satisfying p(0) = 0. This can be arranged by adding a constant; in the former case,
these are just the polynomials with zero constant term.

Fix h € Dpam(A) and let the decomposition & = hy — h, be as above. Now Bj is a
Jordan domain, and hence a Carathéodory domain, so polynomial one-forms C[z] dz are
dense in A(B1) [37, Vol. 3, Section 16, Theorem 3.20]. Similarly, C[z] dz is dense in
A(1/B5), so z72C[1/z] dz is dense in A(B,). Therefore, given any & > 0 there exists
p1 € C[z] and p, € C[1/z] such that

ldhi —dpilla < ||dhi —dpillp;, < &/2.

We may choose these polynomials to be homogeneous, without altering the estimate. Set
¢ = h(0) and let p = p; — po + c¢. Using h = hy — h, we see that

17 = pll iy = (Idh1 — dhy — dpy + dpa |3 + e = hO)P)? <.

This proves the claim. ]

Corollary 4.9. Let I be a Jordan curve in C and let Q1 and Q25 be the connected com-
ponents of the complement. Let A1 and A, be collar neighbourhoods of T in Q21 and Q2
respectively, and letU = A1 U A, UT. Let R;: D(U) — D(A;) denote restriction from U
to A; fori =1,2. Thenfori =1,2R;(D(V)) is dense in D(A;) with respect to the norms
and R; (D (U)) is dense in D(A).

Proof. Observe that U is open, so the statement of the theorem makes sense.

Now A; and A, are each bounded by two non-intersecting Jordan curves in C. By
applying a Mobius transformation and conformal invariance of the Dirichlet spaces and
Dirichlet semi-norm, we can assume that oo and 0 are each contained in the interior of one
of the connected components of the complement of U, and not both in the same one. In
that case, the same holds for A; and A,. Thus, C[z,z7!] is dense in D(A;) and D(A4,)
by Theorem 4.8. Since C[z,z7!] € D (U), the theorem is proven. |

It is an indispensable fact that the limiting integral of harmonic functions against L2
one-forms is unaffected by application of the bounce operator.

Lemma 4.10 (Anchor lemma). Let I’ be a Jordan curve in C bounding a Jordan do-
main 2. Let A be a collar neighbourhood of T in Q and let Ty = f(|z| = e™°) for a
biholomorphism f:DV — Q and ¢ > 0. For any h € Dnam(A) and o € A(A), we have

;i\r‘r(l) /Feoe(w)h(w) = 51{1(1) /I‘s a(w)Ga,oh(w). 4.3)
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In particular, if h has CNT boundary values equal to zero except possibly on a null set,
then for any a € A(A), we have

;i\r‘r(l) /Fs a(w)h(w) = 0.

Proof. We assume that I'; are positively oriented with respect to 0. The fact that the left
integral in (4.3) is finite follows from the fact that o and dh are L? on A, since fixing &
such that I is in A, we have by Stokes’ theorem that

o (w)h(w) + //Aa Adh,

where A" C A is the region bounded by I, and I'.
Setting &(w) =a( f(w)) f'(w) and h(w) =h( f (w)), and denoting the circle |z| =e~*
traced counterclockwise by C,, we have

lim | a(w)h(w) = f

N0 Jr, Ts,

/ w(w)h(w) = / & (w)i(w),
T, Ce

so it suffices to prove the claimfor A = A = {z :e7% < |z| < 1}, 2 = D™, and I, = C..

We first show (4.3) for a(w) = w"dw for some integer n. By Lemma 4.1 we can
write h = hy + hy + clog|z|, where b1 € Opam(D ) and hy € Dparm (B), where B =
{z :|z| > e7¥°} U {oo}. Now « and h; extend continuously to S'; thus so does G p+ /2,
and so trivially

lim a(w)hy(w) = lim/ a(w)Gy pt+ha(w).
e\O J, eNo Jc,

Similarly,

lim/ a(w)log|w| = lim/ a(w)Gy p+ log |w|;
eNO J, eNO0 J ¢, ’

in fact, both sides are zero. Finally, since G4 p+/1 = hy, the claim follows.

Thus, the claim holds for any a(w) = p(w) dw for p(w) € C[z, 1/z]. Now the set of
such « is dense in 4 (A). This follows from the density of C[z, 1/z] in D(A) (which is a
special case of Theorem 4.8), and the fact that for some constant k, @ — k/z is exact. So
the proof of the claim will be complete if it can be shown that for / fixed,

o slgr(l) /Cea(w)h(w)

is a continuous functional on #A(A).

With ¢ and A’ the region bounded by Iy, and S, let M = SUPyer,, |h(w)]. Since g,
is a compact subset of A, by a standard result for Bergman spaces there is a constant C
independent of «(w) = a(w)dw such that

sup |a(w)| < lleeflacay-
wel",;o
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Therefore, Stokes’ theorem and Cauchy—Schwarz’s inequality yield that

);i{r(l)/rsa(w)h(w)‘ - ‘/ro a(w)h(w) + //Aa /\dh‘

<2me™ M sup |a(w)| + llollacan 12l Dym(ary
wely,

S (2me™M + |7l Dpmcan) el aca)-

which completes the proof of (4.3).
The proof of the second claim follows immediately from the observation that if z has
CNT boundary values zero except possibly on a null set, then G4 p+/h = 0. |

S. Schiffer and Cauchy operators

5.1. Schiffer operators

We will define certain operators on the Bergman space of anti-holomorphic one-forms
which we call “Schiffer operators”. We require an identity to facilitate the definition.

Now let go be the Green function of €2 from Section 2.1. Schiffer considered the
following kernel function:

*gq

Lo(z,w)dzdw = — 5200

(z,w)dz dw.

Note that Lg is a meromorphic function in z on 2 with a pole of order two at z = w and
no other poles. In fact, it is symmetric, so it is also holomorphic in w except for a pole at
w=z.

Example 5.1. For Q = D™, one has

|z —w]

gp+(z, w) = —log m,

and so
—1 1
2wi (w—z)?
Moreover, by the conformal invariance of the Green function, if ¢ is a conformal map
of Q onto a domain ', then

Lp+(z,w) =

Lo (9(2). p(w)) ¢'(2)¢"(w) = La(z. ), (5.1

which using Riemann’s mapping theorem can be used to calculate the Schiffer kernels of
simply connected domains in the plane.
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Theorem 5.1. Let I' be a Jordan curve, and let Q2 be one of the connected components
of the complement of T in C. Let go(z, w) denote Green’s function of Q. Then for any
one-form o = h(z) dz € A(2), we have

(f/ Lg(z,w)mdedw)-dZZO (5.2)
Q

as a principal value integral.

Proof. Let f:DT — Q be a biholomorphism, chosen so that £(0) = z and 7 be such
that f(n) = w. Let I'; be the image of the circle with centre at the origin and radius e*
under the biholomorphic map f, with positive orientation with respect to w. By Stokes’
theorem, if we denote by C, the circle of radius r centred at w with winding number one
with respect to w, then

// Loz, w)h(w)dw A dw -dz
Q

= lim // Lo, wh(w)dw Adw-dz
™0 Q\B(w r)

1
= lim — —(z w)h(w)dwdz — hm — —(z w)h(w)dw dz.
eNo i Jr, 0z omi Jc, 0z
Note that all integrals take place over the w variable while z is fixed. To say that the output
of the integral on the left-hand side is zero as a form, is equivalent to demanding that for
fixed z the coefficient of dz of the output is zero. Therefore, it is enough to show that

1
lim —_/ 980 (i) i = o, (5.3)
eNO0 Tl Jr, 0z

1
lim —./ 989 (Vi) di = 0. (5.4)
™o Tl Jc, az

Now Green’s function of the disk is given by

gp+(.n) = —log‘l _C)

so by conformal invariance of Green’s function gq ( f(¢), f(1)) = gp+ (¢, n), we have that

Iga 1 /1
S ) = go0 &) = 5775 (5 ) (5.5)

;2'
£10) ;=

Nowlet A, ={z:r <|z| <1} forany r € (0,1) and set A = f(A,). One can see explicitly
from (5.5) that for fixed z, the function

a
K(n) == ——(z, f(n)
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is in Dpym (A, ), so by conformal invariance of the Dirichlet space

d
kw) = K(f 7 () = S2zw)

is in Dparm(A). Thus, we can apply the Anchor lemma (Lemma 4.10) to k and a(w) =
h(w) dw to conclude that the integral in (5.3) is zero. On the other hand, for w in an open
neighbourhood of z, by (5.5) (or directly from the definition of Green’s function) we can
write

g 1
o 9 = < H bl
0z . w) 2(w —z) +Hw)
where H(w) is harmonic in w. Inserting this into the left-hand side of (5.4), we obtain
that the integral is indeed zero. ]

We may now define the Schiffer operator.

Definition 5.2. Let I" be a Jordan curve in @, and let 27 and Q5 denote the connected
components of the complement of I'. For h(w)dw € A4(£21), we define for j = 1, 2:

h(w) dw Adw
Q (w—2)% 2i

— 1
Tq, o h(w)dw = —/ -dz, z€Qj. (5.6)
T
Note that the output is a one-form on £2;. In the case that j = 1, we interpret (5.6) as a
principal value integral. We will see that this is in general a bounded map into A(£2;), and
in that role we refer to T, @, as Schiffer operators.

As in the case of the overfare operator O, we will use the notation T} x in place of
Tg, @, wherever possible.

The operators T;; were first defined by Schiffer [49]. Schiffer investigated these
operators extensively with others; see e.g. Bergman and Schiffer [11], Schiffer and Spen-
cer [51], and Schiffer [18].

The terminology surrounding the Schiffer operators is not entirely consistent. As a
Calder6n—Zygmund singular integral operator acting on functions in the plane, the Schif-
fer operator is bounded on L? (more generally on L?, 1 < p < 00). The integral operator
on general functions in L.2(C) is called the Beurling transform. It is also sometimes called
the Hilbert transform, a term used more widely (in the harmonic analysis and integral
equations context) for a principal value integral along the real line (the explicit formula
is (5.22) ahead, if one chooses there I' = R). Napalkov and Yulmukhametov use the term
Hilbert transform to refer specifically to Ty 2. Of course these integral operators are all
closely related. We reserve the term “Schiffer operator” for the restriction of the singular
integral operator to anti-holomorphic functions on a subset of C.

The “nesting” — that the kernel function is derived from the Green’s function of a
larger domain than the domain of integration — is a central feature of the Schiffer oper-
ators, which he explored at length in [18]. The Schiffer kernel is closely related to the
so-called fundamental differential. On general domains and Riemann surfaces, there is
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also a related operator derived from integrating against the Bergman kernel obtained from
a larger domain. (This does not appear in the present paper, because the Bergman ker-
nel of the sphere is zero). Adding to the terminological confusion described above, some
authors refer to the fundamental bi-differential as the Bergman kernel. On the double of a
Riemann surface, certain identities relate the Schiffer and Bergman kernels [51].

As a first step, we establish the existence of this integral. Assume for the moment
that Q; is bounded, that is, oo € Q5. For fixed z € Q;, the integrand 1/(w — z)? is
obviously in L?(21), so this is immediate. If z € 4, fora biholomorphism f:D1 — Q,
let I'; be the image of the curve |z| = ¢~¢ under f with the same orientation, and let C,
be the circle centred on z traced counterclockwise. Then

1 / h(w) dwAdw
- . dz

Q (w—2)2  2i

- umi,/ Marz—nmi_/ hwydw .7)
eNo 27l Jp, (w—2) ™o 27i Je, (w—2z)

Let Ay = {z : s < |z| < 1} where s is fixed so that z is not in the closure of By = f(Ajy).
The first limit exists, by the fact that h(w) dw and dw/(w — z)? are in A (By) and
1 h(w)dw
— ——dz
eNo 27l Jp, (w—2z)

1 h(w)dw // h(w) dw/\dw-dz
(

an 1—‘l—logs (w - ) w _Z)2 2l

The limit of the second term in (5.7) can be shown to be zero by an explicit computation.
Theorem 5.1 can now be applied to de-singularize the kernel function. For a(w) =
h(w)dw € A(21), we have

Tq, 0, 0(z) = //Ql(zm w_2) —Lg,(z, w))h(w)dw/\dw dz (5.8)

since this new term does not have an effect on the existence or value of the integral.

We can deal with the general case that €2; might be unbounded by establishing the
invariance of the integrals under Mobius transformations, which is interesting on its own.
To this end, define the pull-back of & under w = M(z) by

M*a(z) = h(M(z))M’(z)dz,
and similarly define the pull-back of (w) = g(w) dw by
M*B(z) = g(M(2)M'(z) dz.

Theorem 5.3. If M:C — C is a Mobius transformation taking i bijectively to Q i for
j = 1,2, then foralla@ = h(w) diw € A(Q), we have

[Ta,0, M*a] = M*(Tg, 5 al. (5.9)
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Proof. Assume first that j = 2. Setting w = M(z), n = M (), «(n) = h(n) d 71 and using

the identity
M'OM'(2) 1
_ , 5.10
MQ) - M@)E ~ C—272 10

which holds for arbitrary Mobius transformations, yields that

-M'(z)dz

M* [Tszl ﬁza](z)

1/ h(n)  diAady
g, (n—M(2))? 2i

= h( ) ! ! M ’
B _/Ql @) - MM M@OM'(Q)—=— - M'(z)dz

_ // h(M@)M'(§) dE A ¢
o

(§—2)? 2i
[Tﬂl,ﬂzM O[](Z).

In the case that j = 1, we use (5.1) with ¢ = M. When combined with (5.10), the
argument above may be repeated using the expression (5.8). ]

Note that the de-singularization of the integral allowed the application of change of
variables in the proof above. As a consequence, we see that the Mobius transformation
preserves the original principal value integral. This can also be shown directly.

Remark 5.4. If one views the Schiffer operators as acting on a Bergman space of func-
tions A (z) rather than on the L? space of one-forms 4(z) dZ, their Mobius invariance is
obscured.

As promised, Theorem 5.3 implies the existence of the integrals defining the Schiffer
operator, since we may apply a Mdbius transformation to reduce the general case to the
case that 2 is bounded, which we dealt with above.

Remark 5.5. If z € Q;, the meaning of this one-form at z = oo is obtained by applying
the change of coordinates z = 1/¢, dz = —d ¢/¢? to express it in coordinates at oo:

l/ h(w) dw/\dw.d;’ re1/9,.

o, 1—w0)? 2

Alternatively, one may transform both the input and output simultaneously using The-
orem 5.3 with M(z) = 1/z.

Finally, we have the following.

Theorem 5.6. Let I be a Jordan curve in C, and let Q1 and Q5 be the components of the
complement of T in C. The Schiffer operators Tq, q; are bounded from 4(£21) to A(82;)
forj =1,2.
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Proof. By Theorem 5.3, we may assume that co € €27, so that €2 is bounded. The integ-
rands in the definitions of Tq, o, and Tq, o, given in (5.6), and (5.8) respectively are
non-singular and holomorphic in z for each w € Q5 and w € 21 (in each case), and fur-
thermore both integrals are locally bounded in z. Therefore, the holomorphicity of Tg, q;
follows by moving the 9 inside (5.6) and (5.8), and using the holomorphicity of the integ-
rands in each case.

The LP-boundedness of these operators for 1 < p < oo, considered as singular integral
operators, is a consequence of the boundedness of singular integral operators of Calderén—
Zygmund type, see e.g. [35, p. 26]. ]

5.2. Cauchy operator

As usual, consider a Jordan curve I in C. For now we assume that oo is not in I'. Let Q4
and €2, denote the components of the complement.

Definition 5.7. For & € D(2;) we will consider a kind of Cauchy integral obtained as
follows. Let f: D — Q2 be a biholomorphism. If we let I'; be the image of the closed
curve |z| = e~ % under f, with the same orientation, and g ¢ T, then we define

q N ( 1 )
JQ‘h(Z) B 2711' 61{12) h(w) w—z w-—g dw
_ —q .
=5 ;{r(l)/ h(w) w —Z)(w q) z € C\T. (5.11)

The term involving ¢ amounts to an arbitrary choice of normalization. In the case that
q = oo, this reduces to

1 h(w) —
h(z) o 8\0/ — dw z e C\TI.

This is almost a Cauchy integral, of course. We will motivate the definition of J?-zl
after first establishing some of its properties.

First, we observe that J¢ is Mobius invariant in a certain sense. The invariance follows
from the identity

M'(w)(M(z) — M(q)) _ z—¢
(M(w) = M(2)(Mw) —M(q)) (w—2)(w—gq)
which holds for any Mobius transformation M. Observe that the usual normalization
q = oo obscures the Mobius invariance of the Cauchy kernel. Using this identity, together
with a change of variables and conformal invariance of the Dirichlet space, we obtain the
following.

(5.12)

Theorem 5.8. Let I' be a curve in C and 1, Q2 be the connected components of the
complement. Let M be a Mobius transformation. Then for any h € D(M(21)), we have

[JMggz)l) JoM =J4 (hoM).
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Observe that Theorem 5.8 extends the definition of the integral to the case that co € I'.
For the moment, this says only that if the limit exists on one side, then it exists on both,
and the two sides are equal. We will show that the limit exists whenever i € Dy, (21).

In the remainder of the section we will: (1) provide identities relating J¢ to the Schiffer
operators; (2) show that the output is in Dyam (21 U 25); and (3) show that for quasi-
circles, the limiting integral is, up to constants, independent of which side of I" you choose
to take the limit in.

Let 9 and 9 denote the Wirtinger operators on the Riemann sphere.

Theorem 5.9. Let I' be a Jordan curve separating C into connected components
and Q5. Assume that q¢ ¢ T. Then

I, h(z) = Tg, 0,0h(2), z€Qo, (5.13)
0Jh h(z) = 0h(z2) + T, ,0h(z). z€Qy, (5.14)
G, h(z) =0, zeQUQ,. (5.15)

Proof. If g € X,, then the first claim follows by applying Stokes’ theorem and bring-
ing d under the integral sign, as does the third in the case that z € ;. Denote the circle
|z — g| = r traced counter-clockwise by C,. Using the fact that

1

a
lim—,/ 28D (w: 2yh(w) = hg),
~Nomi Je, dw

by Stokes’ theorem, we have for ¢ € 21 and z € €2, that

7 h(z) = lim [i( L w%q) R L) q)]h(w)dw + h(q)

e\0 2ri\w —z i

1 10 _
// |:2m( w—z w_q)_ﬁggl(wﬂ)]ah(w)dw/\dw+h(q),
Q

(5.16)

Noting that the integrand is non-singular, applying d, to both sides using Theorem 5.1)
proves the first claim. Applying 9, proves the third claim in the case that ¢ € 2 and
VARS 92.

If z € Q; and g € 2,, we have similarly that

1 0gq,
h(z) //Q [27”( _Z—w_q)—i-m (w, ):|8h(w)dw/\dw+h(z)
(5.17)

Applying 3, completes the proof of the third claim, and applying 9 using (5.8) proves
the second claim in the case that g € 2,. To prove the second claim in the case that
q € 21, we add a further term to (5.17) which removes the singularity at g as in (5.16)
and apply 0. L]
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For j = 1,2 we denote

ng,ﬂjh = J‘SIhh|Q]

Theorem 5.9 immediately implies that these are bounded with respect to the Dirichlet
energy.

Corollary 5.10. Let T be a Jordan curve in C and choose q ¢ T'. Then

J‘SIZIZ @harm(Ql) — O(Dharm(Q] @] Qz)q,
J?zl,g_,3@(91) - D(Q), j=12.

If g € Q;, then the image ofJg21 Q; is Dgq(82;). Furthermore, each of the operators above
are norm-bounded and bounded with respect to Dirichlet energy.

Proof. The characterization of the images and boundedness with respect to the Dirichlet
energy follow immediately from Theorems 5.6 and 5.9, together with the fact that the
integral kernel of J ?21 vanishes for z = q.

It remains to show that J¢ is norm-bounded. Assume first that g € Q2. If we use g as
the fixed point in the definition of the norm on £2,, we then have that

139 51ll, = Da,d1 ">

since J‘f’zh(q) = 0. Thus, J‘f’z is norm-bounded.

By composing with a Mobius transformation and applying Theorem 5.8, we can as-
sume that ¢ = oo and 0 € ;. Since we have already shown boundedness with respect
to Dirichlet energy, it remains only to show that |J‘11,1h(0)| is controlled by the norm
of h. Now let f: Dt — Q be a conformal map such that £(0) = 0. Using gg, (z,0) =
—1log | f~1(z)| and arguing as in (5.16) and (5.17), we see that

_ 1 ang
h(O) llm/ [2nlw — w —(w ,O)}h(w)dw+h(0)

= hm— |:l— U (w)}h(w)dw—l-h(O)

N0 27 1 (w)
= ! f1@ 1
r]l/l 2i Jiz= r[f(g) ;]h(f@))dE—i-h(O)
S 1 5 d§
//m[f({) }‘Wl FIE) ==+ h(0). (5.18)

It is clear that if we choose the point in the definition of the norm on Dy, (€21) to be 0,
then it suffices to estimate the first integral. Since f is one-to-one, the integrand is non-
singular. Now let R = inf¢|—, | f({)|. Since R > 0, we have

//r<|§|<1 J;/((g)) 2dA; = //f(A,)‘%rdA” < oo
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/fAr\%)sz; < o0,

so by Minkowski’s inequality applied to the domain A, we have

/ 1 2
ff LRI
FULIVA (RS
and therefore we obtain that || log (f(z)/z)||q, < oo. Inserting this in (5.18) and applying
Cauchy—Schwarz’s inequality, we obtain

139 1h(0)] < |1(0)| + D, (log (f(2)/2))/?Dg, (ho £)'/2,

Obviously,

which (using the conformal invariance of the Dirichlet energy) proves the boundedness
of J ?’1 .

In the case that ¢ € €21, once again one trivially obtains that J‘f’l is norm-bounded by
choosing ¢ to be point in the norm on Dy (21). Then J‘f,2 is shown to be bounded by
choosing the point in the norm on Dy, (22) to be 0o, and estimating

1 —h(w)

9 h = lim —
J1’2 (00) s{r(l) 2mi Jr, w—gq

dw

as above. |

Observing that J‘élc is constant in €27 and 2, for any constant ¢, we also obtain
well-defined operators

jﬂl:i‘)harm(gl) - ﬂ.harm(Ql ) Q2)7
Jo,.20 Dnam (1) = Dham(Q), &k =1,2.

These are obviously bounded by Corollary 5.10, and it is easily verified that these are
independent of g.

As in the case of the overfare and Schiffer operators, we will use the notation JZ in
place of J§ _and J7, in place of J?zj ., Wherever possible.

The operator J{ is motivated as follows. Setting aside the normalization at ¢, we would
like to define the Cauchy integral

1 [ h(w)

2wi Jrw—z

dw

of a function & € #(I", 1), but there are two obstacles: the curve I' is not rectifiable, and
functions in % are not particularly regular. This problem is solved by considering instead
J, er.oh.

The question immediately arises: if one considers instead nger,gzh, is the result the
same? Of course, this requires that # (I", Q1) € # (T, Q25) at least, which we know is true
for quasicircles. In fact, up to constants, it is indeed sufficient that I" is a quasicircle.
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Theorem 5.11. Let I" be a quasicircle in C, and let Qy and 25 be the connected com-
ponents of the complement. Fix q ¢ T, then for any h € Dparm (1), we have

Jih = =J,01 5h.
The same results hold with the roles of 21 and 2, switched.

Proof. Let By and B, be collar neighbourhoods of I' in €27 and €25, respectively. Let
U = B; U B, UT. This is an open set bordered by two analytic curves. By Corol-
lary 4.9, the class Ry D(U) of elements of D(U) is dense in @(Bl). Furthermore, by
Theorem 4.7, GAI,QIO(I)(Bl) is dense in i)harm(Ql). Thus, since GBl,Ql is bounded by
Theorem 4.6, GBI’QI Rl D(U) is dense in i)harm (21). By Theorem 3.11, 01,2 is bounded,
so it is enough to prove the theorem for such functions.

Let h € D(U). Since h extends continuously to ', the CNT boundary values of RyA
and R,/ with respect to €21 and €25 both equal the continuous extension, and hence each
other. Thus,

012Gp, o, Rih = Gp, q,Ron (5.19)

from which we conclude that the formula holds in the homogeneous sense; that is, with
dots.

Fix z € C\T. Since B; are collar domains, by definition there are biholomorphisms
fi:DT — Q; so that f;(A,,) = B; for annuli A,, ={z:r; <|z| <1} fori =1,2.
Let T'! denote the limiting curves f;(|z| = e~®) with orientations induced by f;. By
Carathéodory’s theorem, the maps f; extend homeomorphically to maps from S! to I,
so for any fixed ¢, the curves I’ ; are each homotopic to I', and hence to each other. Thus,
since z and ¢ are eventually not in the domain bounded by I'! and "2, we have

1 1 1
lim — h(w)( — )dw
r}

e\O0 271 w—z w-—gq

— lim - h(w)( L _ L) dw, (5.20)
r2

e\0 271 w—z w-—g¢q

where the negative sign arises from the change of orientation between the integrals.
Finally, applying the anchor lemma 4.10 for fixed z with

a(w) = (wl—z _w;—q) dw,

we have fori = 1, 2 that

1 1 1
J!Gp, o, R;ih(z) = lim —[ h(w)( — —) dw. (5.21)
eN\o 2i Jri w—z w—¢

Here, we may have to shrink the domain B; so that neither z nor ¢ are in the closure,
to ensure that « € L2(B;). This does not affect the validity of the argument, since given
nested collar neighbourhoods B} C B;, by definition

Gp ., = GB;.9;h|B;
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Thus, combining (5.19), (5.20), and (5.21), we have
J?GBl,Qlth = _JgOI,ZGBl,Qlth'

The equation also holds in the homogeneous sense. Using density and boundedness com-
pletes the proof. ]

Remark 5.12. The negative sign is an artifact of the change of orientation induced by
the switch from the domain ©2; to 5. In previous publications [53, 56] we chose the
orientations in such a way that the sign did not change.

Remark 5.13. Our proof of Theorem 5.11 given in [53] contains a gap, which is not hard
to fill in a couple of ways, but only if one mods out by constants. Here it is filled by the
proof of the anchor lemma, which we stated and proved for the first time in [56].

Finally, we record the following obvious fact.

Theorem 5.14. Let T be a Jordan curve in C and let Q1 and Q, be the components of
the complement. Fix g ¢ T, and let h € D(2;).
If q € Qj, then
h(z)—h e Qi
P LRV IO RERL
! —h(q) zgQ;UT,
whereas if ¢ ¢ Q;, then

h(Z) RS Qj,

q —
14 = {0 ¢ QUL

Proof. This follows from the ordinary Cauchy integral formula. ]

5.3. The Schiffer isomorphisms and the Plemelj—Sokhotski isomorphisms

The classical Plemelj—Sokhotski jump formula can be expressed using a principle value
integral on the curve. That is, if u is a smooth function and I" is a smooth Jordan curve
in C, for zg € T, define

_ 1 u(f)
Hu(z0) = PV.5— [ —> gz (5.22)

rf{—zo

Of course, one could weaken the analytic assumptions. We have [10]

1 u(é)

z—>zF 2ni Jr{—z

At = :t%u(zo) + Fu(zo), (5.23)

where lim,_, - respectively denotes the limits taken in the bounded and unbounded com-
ponents 24 and 2_ of the complement of I'.



Analysis on quasidisks 75

Thus, defining the functions

1 u($)

hk(z)=—, —d;, ZGQk,k=1,2,
2ni Jr{—z

for any point zg € I, it follows that
lim hy(z) — lim A1(z) = u(zp),
z—2Zg z—Zg

which is referred to as the Plemelj—Sokhotski jump formula. When the map that takes u
to (h1, hy) is an isomorphism, we will refer to it as the Plemelj—Sokhotski isomorphism.

Of course, this decomposition has been studied extensively, for various curves I" and
various boundary values. Since quasicircles are not in general rectifiable, this hinders the
formulation of the jump decomposition. B. Kats studied Riemann—Hilbert problems (i.e.
more general versions of the Plemelj—Sokhotski jump problems) on non-rectifiable curves,
see e.g. [32] for the case of Holder continuous boundary values, and the survey article [31]
and references therein. Also, the jump decomposition was shown to hold for a range of
Besov spaces of boundary values by the authors, for d -regular quasidisks [54], which are
not necessarily rectifiable.

In this paper, we do not integrate over the curve directly, but use limiting curves as
in previous sections. Thus, rectifiability is not necessary. We show that the map u —
(h1, hy) is an isomorphism precisely for quasicircles, and that the jump formula holds up
to constants. Here, we circumvent the need for a principal value integral along the curve.
Nevertheless, we have the following problem.

Open problem. Can a meaningful principal value integral Hu be defined when T is a
quasicircle and u € #(I"), and a corresponding formula (5.23) found?

We will show the result of Napalkov and Yulmukhametov, that J 1,25 J?’z, and the
Schiffer operator T, are isomorphisms precisely for quasicircles. To do this, we first
require a lemma. This lemma says that the jump formula holds for functions which are
boundary values of holomorphic maps in a collar neighbourhood of T".

Lemma 5.15. Let T be a Jordan curve in C and let 2, and Q5 be the connected compon-
ents of the complement. Let B be a collar neighbourhood of T in Q21. Assume that q is not
in the closure of B. If H € D(B), then J?,zGB’QI H extends to a holomorphic function
H, on Q, U T U B, which satisfies

Hy(z) = J‘{,IGB’QI H(z)— H(z), z¢€eB.
Furthermore, JLII,ZGB,QI H has a transmission in Dnam (21), given explicitly by
OZ,IJ‘{,ZGB,Ql H = GB,SZ] HZ = J?’IGB,Ql H — GB,Ql H.

Recall that O ; is the solution of the Dirichlet problem on €2; with continuous bound-
ary values Hs|r.
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Proof. Assume that ¢ € Q5; by Theorem 5.8 and conformal invariance of the bounce
operator and CNT boundary values, we can assume that ¢ = co. The first claim is just the
ordinary Cauchy integral formula combined with the anchor lemma. Let f: DV — Q;
be the biholomorphism such that f(A) = B for an annulus A = {z : r < |z| < 1}, and
let I'{ be the corresponding images under f of circles |z| = e™* as usual, with orientation
induced by f. Let y be the analytic curve which is the inner boundary of B; that is, the
image of |z| = r under f.
Define

w—z

o = [ 0,
Y

which is holomorphic in the open set 2, U I' U B. By the Anchor lemma (Lemma 4.10)
and the fact that H is holomorphic, for all z € 25, we have

1 H(w)
1,60 H(z) = lim —
J1,2 B, H(z) 8{% 2mi Jrp w—z

dw = H,(z). (5.24)

By the ordinary Cauchy integral formula, for all z € B, we have

1 H
H(z) = lim — W)
eN\o0 27l Jpl w—zZ

dw — Hy(2).

Applying the Anchor lemma (Lemma 4.10) again, we see that
H(z) =){,Gpa H(2) — Hx(z) (5.25)

forall z € B.

We now prove the second claim. Since H; extends continuously to I', its CNT bound-
ary values with respect to €21 equal its CNT boundary values with respect to €2,, which
are equal to those of J‘f,ZGl;»,gz1 H by (5.25). Of course the CNT boundary values are all
continuous extensions. Thus,

Gpo Hy = 02,1J?,2GB,91 H. (5.26)

To see that Gp .o, Hz € Dpam(22), let By = f(A’) be a collar neighbourhood of T
in ©; where A’ is chosen so that its inner boundary is contained in A. Since H, is holo-
morphic on an open neighbourhood of the closure of By, its restriction to Bj is in D(By).
Since Gp,q, is bounded by Theorem 4.6, the transmission G o, H> = Gp, o, H2 (where
H, is restricted to By) is in Dparm (€21) as claimed.

Finally, applying Gp,q, to both sides of (5.25), which leaves the first term of the
right-hand side unchanged, and using (5.26), we obtain

Gg.o, H =J{,Gpa H(z)—02.1)] ,Gpa, H

on ;. This completes the proof of the case that g € €2,.
When g € 24, the proof above can be repeated with the Cauchy kernel replaced by
1/(w—z) —1/(w — q) in each step, with no other changes. |
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Theorem 5.16 (Transmitted jump formula for quasicircles). Let I be a quasicircle in C
and let Q1 and Q2 be the connected components of the complement. For all h € Dy (21),
we have

h = jl,lh — 02,1j1,2h-

Proof. By Lemma 5.15, the claim holds for all / of the form Gp,q, H for H € D(B).
By Theorem 4.7, G o, D (B) is dense in Dham(£21). Thus, the theorem follows from the
fact that J is bounded by Corollary 5.10. ]

Remark 5.17. This can be thought of as the classical jump formula modulo constants
expressed in terms of the transmission.

Lemma 5.15 generates a large class of functions in the Dirichlet space for which there
is a continuous transmission, which will be useful in proving injectivity of the jump and
Schiffer operators ahead. Recall that the overfare operator for one-forms O’ used below
was defined by equation (3.6).

Lemma 5.18. Let ' be a Jordan curve separating C into components Q1 and Q».

(1) For all h € Gp,o,D(B) N D(2y), J‘II,ZE has a continuous transmission in
i)harm(Ql) given by _ - —
OZ,IJ?,Zh = J‘ll,lh —h.

(2) For all @ € 5[(}3,91@(8) N D(Ry)], Tl,zi_z has a continuous transmission in
fA’harm(Ql) given by
0;71T1,2& = -+ Tl,l&-

Proof. The first claim follows directly from Lemma 5.15. Now let @ = ah. Applying now
Theorem 5.9 to the right-hand side of (1), we see that

P(21)0; T a = Ty ,1@,
P(Q1)0; Ta = —a.
Applying 9 to the left-hand side of (1) and using Theorem 5.9 again proves the claim. m

We can now prove that T , is one-to-one.

Theorem 5.19. Let T be a Jordan curve separating C into components Q and Q.
(1) Ti is injective (Napalkov and Yulmukhametov [41]).
(2) For any collar neighbourhood B of T in 21, T , restricted to

0[Gp,, D(B) N D(21)]

has left inverse —P(Ql)(%’l, where P(S21) is the projection defined in (2.5).
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Proof. The second claim follows immediately from Lemma 5.18 (2).

Let B = f(A) be a collar neighbourhood of T" in €21 induced by some biholomorphism
f:D% — Q; and annulus A. Now for any n > 0, by conformal invariance of the bounce
operator (4.1), we have

GB,Q]Cf—lw_n = Cf—lGA,Der_n = Cfflw",
and so B :
dCr—1C[z] € 9[Gp,@,D(B) N D(21)].

Furthermore, 5‘€f—1 C[z] is dense in A(£21).
By the second claim, for any @ € dCy-1C[z] if Ty 2& = 0, then @ = 0. On the other
hand, for z € Q, fixed, dw/(w — z)? € A4(2), and for any & € #4(;), we have

Ti0(z) = (oz(w), (wd_—wz)z)
This proves the first claim since, by Lemma 1 in [41], the system
{w € Qq; ; z € Qz}
(w—2)?
is complete in A(), and therefore if (a¢(w), dw/(w — z)?) = 0, then a = 0. [

This implies that the Cauchy-type operator J? , 1s injective. It is convenient to record
the two cases g € 21, 5.

Corollary 5.20. Let ' be a Jordan curve T in C.
(D (@) jl,z is injective.
(b) For any collar neighbourhood B of T in 24, on @(Ql) N GB’QIo(D(B), the
left inverse is given by —méz,b
(2) Fixq € Q5. Forany p € Q1, J‘f,z is injective from m to Dy(R22).
(3) Fixq € Q1. Then J‘f,z is injective from D (1) to D(Q2).

Proof. (1) (a) follows immediatelz from Theorems 5.9 and 5.19. To see (1) (b), observe
that Lemma 5.15 tells us, for any & € Gp,q, D(21), that

0,80 b= =34 h+ .

Thus, the same formula holds for the homogeneous spaces, and the claim follows.

To prove (2), by Theorem 5.19 (1) and Theorem 5.9, ifJ‘f,zﬁ =0, then / is a constant c.
Ifhe Dy (), then ¢ = h(p) =0, s0 h = 0. On the other hand, if g €2, then c =h(q) =0.
This proves (3). ]

The left inverses in (2) and (3) are easily obtained by keeping track of constants appro-
priately.
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Theorem 5.21 (Napalkov and Yulmukhametov [40,41]). Let I" be a Jordan curve separ-
ating C into components 21 and Q. If any of the following four conditions hold, then T’
is a quasicircle.

(1) Ty is surjective.

(2) The restriction ofjl,z to @(Ql) is surjective onto @(92).

(3) The restriction ofJ‘f’2 to D, (S21) is surjective onto Dy (22) for some q € Q2 and
p e Q1.

(4) The restriction of.](f,2 to D(21) is surjective onto D(23) for q € Q.

Proof. The first and second claim are equivalent by Theorem 5.9. If (3) or (4) holds,
then (2) clearly holds. Thus, it suffices to show that (2) implies that I" is a quasicircle.
Assume that (2) holds. Let

K: D(Q2) — D(2))

be the right inverse of J 1,2 On @(Ql). Choose a collar neighbourhood B = f(A,) of T’
in 1, where f: Dt > Q isa biholomorphism. As in the proof of Theorem 5.19,

GB’QICfflC[l/Z] is dense in D(Q), since

Gp,a,Cr-1C[1/z] = Cr-1G4 p+C[1/z] = €1 C[Z]
and polynomials are dense in J[)(]Dﬁ). Since J 1,2 is bounded and surjective, the set

L= jl,ZGB,Qlcf—lC[l/Z]

is dense in @(Ql). Furthermore, Lemma 5.15 guarantees that £ C 8(0192), and by
Lemma 5.18 for every element # € £, we have

(92,1h_ = @2,1.']1,21(1;: (jl,lK_ K)h.
We can also conjugate to get transmission of elements h € £ C D(Q,), that is
O2,1h = (J1,K - K)h.

Since J 1,1K — K is bounded, Theorem 3.11 applies, and we can conclude that I is a
quasicircle. This proves (2). ]

Theorem 5.22 (Napalkov and Yulmukhametov [40,41]). Let I" be a Jordan curve separ-
ating C into components Q1 and 2. The following are equivalent.

(1) T is a quasicircle.

) jl,z is a bounded isomorphism from @(Ql) onto @(Qz).

(3) Ti,2 is a bounded isomorphism.
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(4) For g € Q, and p € Q4, J‘f,z is a bounded isomorphism from D,(21) into
Dy (22).

(5) Forq € 24, J?,z is a bounded isomorphism from D(21) into D ().

If any of these hold, then the inverse of jl’z is —5(91)02,1, and the inverse of Ti
is —=P(21)0, ;.

Proof. 1f (2), (3), (4), or (5) holds, then by Theorem 5.21 I is a quasicircle.

Conversely, assume that I is a quasicircle. By Theorem 5.19 and Corollary 5.20, we
have that the maps in (2)—(5) are injective.

By the inverse mapping theorem it is enough to show that the maps in (2)—(5) are
surjective. For ¢ € Q,, surjectivity of J‘f’z follows immediately from surjectivity of J 1,25
as does surjectivity of T; » by applying Theorem 5.9. For ¢ € €2, surjectivity of J‘f,z
follows from that of J; 5 after observing that in this case J’fyzc = —c for any constant c,
and thus the constants can be adjusted as needed. Thus, it suffices to prove surjectivity
of 1,2-

Assume that g € Q5. To see that .']1,2 is surjective from @(Ql) to 5[)(92), let h €
c1')(522). Let H = —(')2,1h, where the bounded transmission 02,1 exists by Theorem 3.5.

Now H = H; + H,, where Hy € ID(Ql) and H, € !D(Ql). For all z € Q,, we have
jl,ZFZ(Z) = j1,2H(Z) = jz,zh(z) = h(z),

where the first equality is by part one of Theorem 5.14 with j = 2 (one can choose there
q € 25), the second equality is by Theorem 5.11, and the third equality is by Theorem 5.14
part two with j = 2. This completes the proof. ]

Again, the inverse of J’f , can be obtained by adjusting constants.

Remark 5.23. As far as we know, the fact that T; » is an isomorphism was not known
to Schiffer even for stronger assumptions on the curve. We have generalized this and the
jump isomorphism to various settings (taking into account topological obstacles); namely
to compact Riemann surfaces separated by a quasicircle [56]; and with M. Shirazi, to com-
pact Riemann surfaces with n quasicircles enclosing simply connected domains in [44].
The converse, that Ty is an isomorphism then I is a quasicircle, only exists in genus
zero. It is an open question whether a suitably formulated converse holds in genus g > 0,
though it seems plausible once the topological differences are taken into account.

We now prove that the Plemelj—Sokhotski jump decomposition is an isomorphism
precisely for quasicircles. For g € 25, define

M?(21): Dharm (1) = D(21) & Dy (R2),
h (Jtll,lh’J(IIJh)’

and for g € 1, define
M?(Q1): Dnam (1) = Dy (1) & D(RQ2).
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Similarly, we have the following operator on harmonic Bergman space:

M/(Ql): rA’harm(Ql) g CA(Ql) D 04’(92),

’ o (5.27)
a+ B (a+T,18,Ti28),

where & € A(21) and B € A(Q).
With this notation, we have the following theorem.

Theorem 5.24. Let I' be a Jordan curve separating C into components Q1 and Q. The
following are equivalent.

(1) T is a quasicircle.
(2) Forany q € C\T', M4(Q2y) is an isomorphism.
(3) M/(R21) is an isomorphism.
4@ M(Ql) is an isomorphism.
It is enough that (2) holds for a single q.

Proof. We first prove that (1) is equivalent to (3). Assuming that I' is a quasicircle, by
Theorem 5.22, Ty, is an isomorphism. Given 7 = o + E € Apam(€21), assume that
M'(221)t = 0. Then Tl’z,g =0, so E = 0. Since o = oz+T1,1,§ =0, we see that T = 0,
so M'(2,) is injective. Given any (7,0) € A(Q1) @ A(Q2), choose B such that T1,2,§= o.
Setting o = r—TUE, we have

M'(Q1)(@ + B) = (v, 0).

Conversely, if M/(2;) is an isomorphism, in particular Ty, is surjective, so by The-
orem 5.21 T’ is a quasicircle.

(4) is obviously equivalent to (3), after observing that dM?(2;) = M'(21)d by The-
orem 5.9. It remains to show that (2) and (1) are equivalent. If (2) holds, then J‘f’z is an
isomorphism and in particular surjective, so I is a quasicircle by Theorem 5.21. Assume
that T is a quasicircle. We have already shown that M (€21) is an isomorphism, so in par-
ticular M(£21) is surjective. The fact that M?(£2;) is surjective follows from observing,
for any constant function c, that

(0,—c) g€y,
M?(Q2)c = 5.28
(E1)e { (c,0) q € 2, ( )

so the constant can be adjusted as needed. Also, if M?(2y)h = 0, then M'(21)dh = 0

Since we have already shown that M'(€2;) is injective, we have that # = ¢ for some
constant ¢. By (5.28), h = 0. [ ]

In the case that I' is a quasicircle, we call M?(2;) the Plemelj—Sokhotski jump
isomorphism. This establishes that the jump decomposition holds up to constants on quasi-
circles, with data in J¢(I").
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Theorem 5.25. Let T be a quasicircle separating C into components Q2 and Q. For any
u € H(I'), there exist h; € D(2;) such that the CNT boundary values u; of h; satisfy

U=uy—uy
except possibly on a null set. The hy and h, are unique and are given explicitly by
(hy.h2) = M(Qy) ér,g, u.

Proof. Fix ¢ € C\TI'. Given u € #(T'), denote h = er,o, U, so that (hy, hy) = M?h. To
show that u; — u, = u it suffices to show that

h=h; —0y,1h,.

But this is precisely Theorem 5.16.
To see that the decomposition is unique, let H; be another pair of functions such that
u = br,g, H1 —br,q, H>. Inthat case, h = Hy — 03,1 Hz, so

hy — Hy + Oa,1(Hy — hy) = 0. (5.29)

By Theorem 5.22, I"(Ql)Oz,l is one-to-one on P (£2,). Applying this to (5.29), we obtain
that H, — h, = 0. Inserting this back into (5.29) yields h; — H; = 0. [ ]

Interestingly, the jump formula holds for u € #(I") for arbitrary quasicircles, for
those u which are boundary values of the set Gp,q, O (B), which is dense in Dparm (£21).
Although M9 (€2;) is bounded, this does not obviously imply that the jump formula holds
on J(T") for arbitrary quasicircles. We thus have the following open question.

Open question. For which quasicircles " does the jump formula hold on # (I")?
This is clearly closely related to the open problem on boundedness of transmission.

Remark 5.26. The operator P(£21)02,; also appears in conformal field theory (usually
with stronger analytic assumptions). Theorem 6.5 generalizes to higher genus, that is, this
operator is inverse to a kind of Faber operator. This fact can be exploited to give an explicit
description of the determinant line bundle of this operator; see [44] for the case of genus g
surfaces with one boundary curve. The general case of genus g with n boundary curves is
work in progress with D. Radnell.

Remark 5.27. The connection of the jump problem to Schiffer operators T; ;, was expli-
cit from the beginning in the work of Bergman and Schiffer [11]. The survey [50] focusses
in particular on the real jump problem and its relation to boundary layer potentials. The
connection to the complex jump theorem which we give here is more direct. The paper of
H. Royden [48] connects the Schiffer kernel functions to the jump problem on Riemann
surfaces. His results are phrased somewhat differently, in terms of topological condi-
tions for extensions of holomorphic and harmonic extensions on domains; indeed, the
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Plemelj—Sokhotski jump formula is not mentioned explicitly. However, it can be derived
as a special case of his results, but with more restrictive analytic assumptions on the func-
tion on the curve; namely, that it extend holomorphically to a neighbourhood of the curve.
Our paper [56] considers jump decompositions and Schiffer kernels on Riemann surfaces,
in the setting of Dirichlet spaces and quasicircles, extending some of the results given here
to higher genus.

6. Faber and Grunsky operators

6.1. The Faber operator and Faber series

The Faber operator, see e.g. [63], arises in the theory of approximation by Faber series
in domains in the plane or sphere, and has its origin in the work of G. Faber [23]. The
Faber operator is typically defined as follows. Let I" be a rectifiable Jordan curve separ-
ating C into components 27 and 2,. Assume for the moment that €2; is bounded, that
is 00 € Q,, and that 0 € ;. Let /:D* — Q be a conformal map, such that £(0) = 0.
Let i be a holomorphic function on D~ and assume that 4 o f~! extends to an integ-
rable function on I'; that is, & has boundary values in some sense (e.g. non-tangential) and
ho f~! € L1(T"). Then the Faber operator is defined by

Fh(z) = _L/llhof—_l(w)dw.

2mi w—z

For various choices of the regularity of I" and the space of holomorphic functions
on DT, this is called the Faber operator. The Faber operator is closely related to the
approximation by Faber polynomials of a holomorphic function on €2, in general. The
nth Faber polynomial corresponding to the domain 25 is defined by

Uy

2mwi Jr w—z

Fa(2) = F((O ™)) = —

The Faber operator produces a Faber series as follows. Let /(z) be a holomorphic
function in cl(D™) which vanishes at the origin. Assume that I" is an analytic Jordan
curve, so that we may focus on the heuristic idea. If 1(z) = hy;z7! 4 hyz™2 4 -+, then
it is easily verified that the function H(z) = ¥ h(z) is holomorphic on the closure of 2,
and vanishes at co. Furthermore, one has the polynomial series

Hz)=Fhz) =) aF((O)7) =) haFu(2)
n=1 n=1

called the Faber series of H . This series converges uniformly on the closure of €2,. One of
the advantages of Faber series over power series, is that for sufficiently regular functions it
converges uniformly on compact subsets of the domain. That is, unlike power series, they
are adapted to the geometry of the domain.
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If one refines the analytic setting, as we do below, then one can investigate different
kinds of convergence of the series. Existence and uniqueness of a Faber series correspond
to surjectivity and injectivity of the Faber operator respectively. Since % is defined on 2,
and f~! on Q, the composition 4 o f~! is not necessarily defined anywhere except
on I'. Thus, the boundary behaviour of 42 and f~! play a central role in the study of the
Faber operator.

There is a vast literature on the Faber operator, Faber series, and their approximation
properties. Moreover, the analytic properties of the Faber operator as they relate to the reg-
ularity of the curve and the function space, and approximability in various senses by series
of Faber polynomials has been extensively studied. See the books of J. M. Anderson [5]
and P. K. Suetin [63] (note that the 1998 English translation of the 1984 original has an
extensively updated bibliography). Some more recent papers are H. Y. Wei, M. L. Wang
and Y. Hu [69], D. Gaier [24], Y. E. Yildirir and R. Cetintas [70].

Here we define a Faber operator with domain D (ID™) for arbitrary Jordan curves using
transmission on the circle. Since the boundary behaviour of a holomorphic function 4 (z)
on D is identical in every sense to that of Op- p+h(z) = h(1/Z), we will replace the
domain D (D7) of the operator by (D).

Definition 6.1. For g € Q2,, we define a Faber operator by setting
17 = —J],Cr-1: Do (D) — Dy (). (6.1)

It follows immediately from Corollary 5.10 and conformal invariance of Dirichlet
space that I;’( is a bounded operator. The choice ¢ = oo and p = f(0) corresponds to
the operator F described above. From here on, we refer to (6.1) as the Faber operator, and
use the new notation to distinguish it from the heuristic discussion above.

Denote the set of polynomials vanishing at ¢ by C,[z]. Assume that f(0) = p € C,
and let IV be a fixed simple closed analytic curve in € with winding number zero with
respect to p. By Lemma 4.10, for any & € Co[Z], we have

— 1 1 1
?/’l ZI;IFO]D—,]DWM = —— uof_l(w)( ——) dw,
2mi Jr w—z wW-—g¢g
where u(z) = h(1/Z). It is easily shown that the output is a polynomial in (z — p)~!. In
particular, we define the Faber polynomials as follows.

Definition 6.2. Let I' be a Jordan curve separating C into Q1 and Q5. Assume that g € Q5
and let p = f(0).Let f:D* — Q be a conformal map. The nth Faber polynomial with
respect to f is

u(z) = 1) € Cyll/ (2 = ).

If g =00 and p = 0, we have &, (z) € C[1/z]. It is easily checked that &, has
degree —n in (z — p).
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Remark 6.3. For a bounded domain D bounded by a Jordan curve, polynomials are dense
in A(D) [37], so polynomials vanishing at a fixed point ¢ are dense in D, (D). So for
p € Ry, setting M(z) = 1/(z — p) and D = M(Q1), we see that C4[1/(z — p)] is dense
in Dy ($21). Thus, since @, has degree —n in (z — p) for each n, we see that the image
of I;I( is dense in Dy (£22).

Example 6.1. Consider the elliptic domain

B . . X2 y2
]E_{x+1yeC,(5/—4)2+(3/—4)2<1}.

The function g(z) = z + i is a one-to-one, holomorphic mapping of D~ onto C\cI(E).
Substituting z + i for g(z) in @, = Ig (z"), a rather lengthy calculation yields that the
Faber polynomials {®, (z)};2, associated with [E are the monic Chebyshev polynomials,
given by

Po(z) =1,

Qu(z) =2""{[z+ V22— 1]"+[z—-V22=1]"}, n=12,....

By a Faber series we mean a series of the form

0o
3 ha®a(2),
n=1

whether or not it converges in any sense. With notation as in Definition 6.2, we also define
what we call the sequential Faber operator

1}6‘*:62 — D(Q2),,
A Az, .. ) > — ;.
(A1, A2,..0) ,;\/E k

It commonly appears in this form in univalent function theory [20,43].
Theorem 6.4. Let T' be a Jordan curve separating C into components 2, and Q. Let
g € Q, and fix a conformal map f:DT — Q1. The following are equivalent.

(1) T is a quasicircle.

(2) The Faber operator I? is a bounded isomorphism.

(3) The sequential Faber operator is a bounded isomorphism (Shen [60]).

(4) Every element of D4(822) is approximable in norm by a unique Faber series
3% | hn®y satisfying (hy, ha/~/2,h3//3,...) € €% (Shen [60]).
If any of conditions (2)—(4) hold for a single q and single choice of f:Dt — Q4, then
they hold for every q € Q25 and every choice of f.
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Proof. The equivalence of (1) and (2) follows immediately from Theorem 5.22 together
with the fact that Cs-1: Do(D+) — D, (1) is a bounded isomorphism, where p = f(0).
The equivalence of (2) and (3) follows from the fact that

Ak _
(A1 A2 As. .. )HZ £zt 6.2)

is a bounded isomorphism from £2 to Do(D ).

To show that (2) and (4) are equivalent, first observe that for any Jordan curve Iq
is injective, since Cy-1:Do(D*) — D,(21) is an isomorphism and Ji 1,2 18 injective by
Corollary 5.20 (1). Now assume that (2) holds. Given any H(z) € O (92), let H = I;{h.
This function % has a power series expression

h(z) = hZ + haZ? + -+,

which converges in Do(D ) to h. Since I;I, is bounded, applying it to both sides we see
that

H(z) =) hn®u(2)
n=1

is convergent in the norm. Uniqueness follows from injectivity of If,.
To see that (4) implies (2), observe that (4) implies that the sequential Faber operator is
surjective. Since (6.2) is an isomorphism, I;I, is surjective, and hence an isomorphism. m

The result that (1) implies (3) and (4) was obtained earlier by Cavus [16]. Note that
Cavus and Shen work with the conformal map on the outside of the disk. Another differ-
ence of convention is that they phrase their results in terms of Bergman spaces, which is
equivalent under the isometry /& > &’ between Dirichlet and Bergman spaces. We altered
both conventions in order to harmonize our presentation.

Wei, Wang, and Hu [69] showed that for a rectifiable Jordan curve, the Faber operator
is an isomorphism if and only if the curve is a rectifiable quasicircle. Our results rely on
transmission and the limiting integral, which enable us to remove the assumption of rec-
tifiability. A key result in our approach is the equality of limiting integrals up to constants
from either side (Theorem 5.11), which was originally proven in [53].

The proofs given here that (2)—(4) imply (1) are also new in that they do not use
Pommerenke’s result that the strict Grunsky inequalities imply that I" is a quasicircle (see
Theorem 6.13 ahead).

The inverse can be given explicitly. Denote by Po(ID 1) the projection onto Do (D).

Theorem 6.5. Let T’ be a quasicircle separating C into components 21 and Q. Let
g € Q, and fix {:DT — Q. The inverse of I;], is Po(DT)CrOy,;.
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Proof. Let p = f(0). Observe that Po(D+)Cr = C¢P,(£21). Thus, by Theorem 5.22,
we have

—Po(DF)Cr02,1) ,Cr-1h = —C4PH(21)02,1)¢ ,Cr-1h
=h

for all h € Do(D+). So this is a left inverse, which must also be the right inverse by
Theorem 6.4. u

Remark 6.6. In Theorem 6.4, the result of Shen that (3) = (1) is stronger in comparison
to our result (2) = (1); on the other hand, (1) = (2) is stronger than (1) = (3). Also,
Shen’s result is still stronger in that it does not require assuming that the domain is a
Jordan curve. It is not immediately clear what the meaning of transmission would be when
the complement of f(ID*) is not the closure of a Jordan domain. We did not pursue this
issue. It seems to be of interest, in light of the fact that Faber polynomials have meaning
for degenerate domains, among other reasons.

6.2. Grunsky inequalities

The Grunsky inequalities originally stem from H. Grunsky’s studies in the context of
univalent function theory [26]. The operator (or matrix) involved in those studies, which
is referred to as Grunsky operator, have grown to become a powerful tool in many areas
of mathematics.

The Grunsky operator (in various shapes) has been explored by many authors, for
example A. Baranov and H. Hedenmalm [7] and G. Jones [30]. L. A. Takhtajan and
L.-P. Teo showed that it provides an analogue of the classical period mapping of com-
pact surfaces for the universal Teichmiiller space [64]. See also V.L. Vasyunin and N. K.
Nikol’skif for an exposition of its appearance in de Branges’ work on complementary
spaces [66]. There are many interesting results relating the analytic properties of the Grun-
sky matrix Gry to the geometric or analytic properties of the conformal map f and/or its
image f(D™T); see for example Jones [30], Shen [59], or Takhtajan and Teo [64].

The treatment as an integral operator goes at least as far back as Bergman and Schif-
fer’s classic paper [11], as described in the explanation following Theorem 6.17 ahead.

We shall first define the Grunsky operators acting on polynomials, and later extend
them by Theorem 6.9 to Dirichlet spaces. In Theorem 6.11 we will define the Grunsky
operators in the more general setting of quasicircles.

Definition 6.7. Given a Jordan curve I' separating C into €; and 5 as above, let
f:DT — Q be a conformal map with f(0) = p and fix g € Q5. The Grunsky oper-
ator on polynomials is defined by

Gl‘f = PQ(D+) Cf 0,2’1 I;I»I (C()[E] — @0(D+) (63)
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As we saw in the previous section, I} takes polynomials to polynomials in
Cy4[1/(z — p)], which have continuous transmission. It follows from Lemma 5.15 that
the output of Grs on polynomials is in Do(D*). Since for any i € Do(D+), we have that

h =140 =37, =3 ,Ch

is constant, and the transmission and pull-back of constants are also constant, the Grunsky
operator is independent of g.

Remark 6.8. By the Anchor lemma (Lemma 4.10), this agrees with the classical defini-
tion of the Grunsky coefficients. We choose ¢ = oo € €27 and p = 0 to be consistent with
the usual conventions, though the reasoning works for arbitrary g and p. The classical
definition (in fact, one of several) is that the Grunsky coefficients b, of a univalent map
of the disk are given by

o0
u(f(2) =2+ ) bz, (6.4)
k=1
where ®,, is the nth Faber polynomial. Recalling that I;’, (z7")=®,,, the fact that &, ( f(2))
has this form follows from a simple contour integration argument (or from Corollary 5.20).
By the Anchor lemma (Lemma 4.10) applied to ®,,, together with the fact that

Po(DT) Cr = CrPo(27),

we have
o0
Gr(Z") = Y _ bukz®.
k=1
Thus, we see that the Grunsky coefficients are just the coefficients of the matrix repres-
entation of Gry.

The Grunsky operator and Faber polynomials are often formulated for conformal maps
g:D™ — Q4, of the form g(z) =z + by + b1 /z + - - -, where €1 contains the point at co.
Choosing ¢ = 0, the Faber polynomials are then defined by ®, = Ig (z"), and the Grunsky
coefficients by

-1
Ou(g(2) =27+ Y buzt.
n=—0oo
The convention that g takes D™ onto a domain containing co seems to provide an advant-
age in some proofs [20,43], in that the area of the complement of g(ID7) is finite; this
appears to be the motivation for the choice. However, the advantage is illusory: the import-
ant fact is that the functions to which the Grunsky operator is applied have finite Dirichlet
energy. The following identity shows that either choice is as good as the other. Setting
f(z) =1/g(1/z), then it is easily checked, for n > 0 and m > 0, that

ben,fm(g) = anm(f) (6.5)
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Another approach to the definition of the Grunsky coefficients is through generating func-

tions, e.g.
-1

—log g’(c0) = Z bymz"w™,

n=—00,m=—00

) g(z) — g(w)
Og —w

z —

where g’(0c0) = lim;_,o g(z)/z for suitably chosen branches of logarithm. One can
recognize immediately the relation to the integral kernel in Theorem 6.17. This also visibly
demonstrates (6.5). The Faber polynomials can also be defined using generating functions
related to the integral kernel of the Faber operator, see e.g. [20,29, 63].

We now extend Gry to the full Dirichlet space.

Theorem 6.9. Let T' be a Jordan curve separating C into components Q1 and Q2. Fix
q € Q. Let {:DT — Q4 be a conformal map. Gry extends to a bounded operator

Gry: Dop(DF) — Do(DT)
of norm less than or equal to one. For all h € Do (D), the extended operator satisfies
712 712 712
S L ] (6.6)
If T has measure zero, then equality holds.

Proof. First observe that the Grunsky operator satisfies the following invariance property
when restricted to polynomials. For any Mobius transformation M, we have

GI‘Mof = Gl‘f. (6.7)

This follows from the fact that Cyy O}Vl(ﬂz) M@ = 0’2,1 C)ys and, by Theorem 5.8,

M(q) _ 14
CMJM(Ql),M(Qz) = JI,Z CM

We will first show the inequality (6.6) for polynomials. By the above observation, it
is enough to prove it when 2, contains co, and p = 0 € ;. We can also assume that
q = oo.

For r € (0, 1), let C, be the positively oriented curve |z| = r. For h=hz+-+
hz™ € Cylz], we set

m
Hw) =17 =) h,®,.
n=1
Observe that since H (w) vanishes at co, we have

lim Hw)H'(w) dw = 0.
A (w)H' (w)
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Thus, by (6.4) and using the fact that Z = r2/z on C,, we have

_ 1 _
20> < —lim — h(w)H' (w) d
[ f ||1)q(gzl) = rl/rPl 27 Jrc) (w)H'(w) dw
1 .
= — lim —/ H(f(2))(H o f)(z)dz
r /1 2mi C,
1 m m o0
= lim — haz " + buiZ® )
m m o0
X (Z nhyz "1 — Z Z kbnkzk_l) dz
n=1 n=1k=1
m m o0
= lim — h,r?z" + b_rzz_k)
m m o0
X (Z nhyz "1 — Z Z kb,,kzk_l) dz
n=1 n=1k=1

o0 m
2
112y = | 22 D2 bakhn
k=1n=1

If T has measure zero, equality holds. The theorem now follow from density of Cy[z]
in Dy(DT). (]

2
Do(D+)’

From now on, Gry refers to this extended operator.

Corollary 6.10. For any Mobius transformation M, Gry.r = Gry.

Proof. This follows from (6.7), since the extended operator must also satisfy this identity.
[

Usually normalizations are imposed on the function classes, especially the derivative
at the origin or at co. These normalizations obscure the Mobius invariance of various
objects, such as the Grunsky operator and Cauchy integral operator, and furthermore limit
the applicability of the stated theorems unnecessarily. So we have removed them as much
as possible throughout the paper.

Theorem 6.11. If T is a quasicircle dividing C into Q4 and Q_, and f:Dt — Q4 isa
biholomorphism, then
Gry =P((DT)Cr 0, 1.

Proof. The expression is a bounded extension of (6.3) by Theorem 3.5. ]

Remark 6.12. As is well known, using the identity in Remark 6.8, one can show that only
injectivity of f is necessary in order to define the bounded Grunsky operator on Dirichlet
space. This is usually formulated as an extension to sequences in £2.
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Theorem 6.13 (Kiihnau [33], Pommerenke [43]). Let T be a Jordan curve in C. The
following are equivalent.

(1) T is a quasicircle.
(2) The Grunsky operator has norm strictly less than one.
(3) The Grunsky operator has norm strictly less than one on polynomials.

(4) There is a k such that or all h € Do(DT),
Re(Op+ p-h, Gry i) < «||h|>. (6.8)

(5) The inequality (6.8) holds for polynomials.

Before the proof of the theorem, let us recall the classical Grunsky inequalities in
geometric function theory and their connection to Theorem 6.13. Setting

h(z) = MZ 4 -+ A,Z",

(3) says that there is some k < 1 such that for all choices of parameters Aq,...,4, € C,
we have
n n 2 n
SR bi| = Y KIAKR 6.9)
k=1 m=1 k=1

Item (5) says that there is some « < 1 such that for all such choices of parameters, we

have o )
‘Z mek*klm’ <k k|l (6.10)
k=1

k=1m=1
Proof. Since the Grunsky operator has a bounded extension to the whole space by The-
orem 6.9 and polynomials are dense in the Dirichlet space, claims (2) and (3) are equi-
valent. Similarly, claims (4) and (5) are equivalent. By the Cauchy—Schwarz inequality,
applied to
Re(l, Op- p+Grph) = Re(Op+ p-h, Gry h),

(2) implies (4), using the fact that Op- p+ is norm-preserving. Thus, it is enough to show
(1) = (2)and (5) = (1).

(1) = (2). If T is a quasicircle, then by Theorem 6.4 I;’, is an isomorphism, so there is
a c > 0 such that

1Rl = clilpme

for all A. Inserting this in (6.6), we see that
IGr/hllpy+y < V1= 2llhlg 57y

(5) = (1). This is [43, Theorem 9.12] applied to (6.8), applied to g(z) = 1/f(1/z).
The different convention for the mapping function does not alter the result; see (6.5) ahead.
(]
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Remark 6.14. A simple functional analytic proof that any of (2)—(5) implies (1) can be
given, if we assume in addition that I" is a measure zero Jordan curve. Assuming that
[Grg|| < k < 1 say, and applying the equality case of (6.6), we obtain

Al 0,@) = V1= k2| hlg 57

So the image of I} is closed, and by Remark 6.3 it is &, (£2,). Hence, by the open map-
ping theorem I;I, is a bounded isomorphism, and therefore Theorem 6.4 yields that T is a
quasicircle. The proof that (2) implies (1) that we give here is adapted from Shen [60].

Remark 6.15. In order to define the Faber polynomials and the Grunsky coefficients b,
in (6.6), it is only required that f is defined in a neighbourhood of 0 and has non-vanishing
derivative there. It is classical that (6.9) and (6.8) each hold for x = 1 if and only if f
extends to a one-to-one holomorphic function on D [20]. Equation (6.9) (with x = 1)
is usually called the strong Grunsky inequalities, while (6.8) is usually called the weak
Grunsky inequalities [20]. The computation in the proof of Theorem 6.9 is the usual proof
of the strong Grunsky inequalities.

Remark 6.16. The proof of Theorem 6.9 is easily modified to show that for any one-to-
one holomorphic function f on D, the Grunsky operator (expressed as a function of the
parameters ox = Ax/+/k) extends to a bounded operator on £2, see e.g. [20,43].

The Grunsky inequalities have been generalized in many ways. J. A. Hummel [27]
generalized the inequalities to pairs of non-overlapping maps. The authors have extended
this to arbitrary numbers of non-overlapping maps in genus zero [46]; Grunsky inequalit-
ies were proven for the case of n non-overlapping maps into a compact surface of genus g
by M. Shirazi [61,62]. This has applications to Teichmiiller theory and is related to gen-
eralizations of the classical period mapping to the infinite-dimensional Teichmiiller space
of bordered surfaces of arbitrary genus and number of boundary curves [45]. For an early
overview of Faber—Grunsky matters with a tidy description of the algebraic identities and
relations involved, see E. Jabotinsky [29]. The thesis of Shirazi [61] also contains a his-
torical survey of the Faber and Grunsky operator.

Finally, we include an integral expression for the Grunsky operator, due to Bergman
and Schiffer [11]. It is most conveniently expressed in terms of the Bergman space of
one-forms.

If Q2 is simply connected, then

d: D(Q) — AQ)

is norm-preserving and, in fact, if € is simply connected it becomes an isometry when
restricted to D (2), for any g € 2. We then define

Gr): ADT) — ADY)

by B
dGry = Gr/y 0.
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With this definition, we have the following theorem.

Theorem 6.17. For any Jordan curve T' and conformal map f:D* — Qy, we have

rfa = f* Ty, l(f 1)

B F1w) f) T
= /[D 2 ((f(w) “FoR  we 2)2)“(“’) Adw-dz.

Proof. Set p = f(0). Assume for the moment that I" is a quasicircle. Then, fixing some
q € 25, we have

—0PE(DT)Cr 0,107 ,Cr10 '
—IC,Pp(21)02,135 ,07 (f )@
= —f*P(Ql)aoz,lch,zgfl(fil)*&-

Gr} a

Here, it is understood that 3! is a choice of inverse of 9: Do(D) — A(D). Now
applying Theorems 5.16 and 5.14, we see that
Gria = —f*P(Q)IJ], — 100~ (f ) *a
= ["PQ)TL (/) a,

which proves the first claim. The integral formula is obtained by substituting (5.8) into the
right-hand side and changing variables, using the fact that

YWD @)
27i (f 1 (w) = f71(2))2
If T is a Jordan curve but not a quasicircle, we apply the same argument to polynomi-

als i € Cy[z], using Lemma 5.18 in place of Theorem 5.16. The result is then extended
to Do (D 1) using Theorem 6.9. [

dw-dz.

Lo, (w,z) =

Bergman and Schiffer directly defined an operator using this integral formula, and
observed that it recovers the Grunsky operator when applied to polynomials, see [11,
pp- 239-240]. In particular, their integral formulation agrees with the unique operator
extension of the Grunsky matrix to £2, if we identify sequences with elements of (D)
as in Theorem 6.4.

Remark 6.18. It can be shown that the integral formula in Theorem 6.17 is a bounded
operator for arbitrary one-to-one f:[D — C, and this agrees with the extension of the
Grunsky operator of Theorem 6.9. Although Bergman and Schiffer [11] assume that the
boundaries are analytic Jordan curves, they were certainly aware of this fact.

Acknowledgements. We are grateful to Gérard Bourdaud and Nages Shanmugalingam
for discussions regarding boundedness of certain composition operators, and to Malik



E. Schippers and W. Staubach 94

Younsi for discussions on sets of logarithmic capacity zero. Finally, we are grateful to the

referee, whose suggestions have improved the overall presentation of the paper.

Funding. The first author was partially supported by NSERC grant RGPIN-2015-0368]1.

References

(1]
(2]
(3]
(4]

(5]

(6]

(7]

(8]

(9]

(10]
(11]
[12]
(13]
[14]
(15]

[16]

L. V. Ahlfors, Remarks on the Neumann—Poincaré integral equation. Pacific J. Math. 2 (1952),
271-280 Zbl 0047.07907 MR 49474

L. V. Ahlfors, Lectures on quasiconformal mappings. Second edn., Univ. Lecture Ser. 38,
Amer. Math. Soc., Providence, RI, 2006 Zbl 1103.30001 MR 2241787

L. V. Ahlfors, Conformal invariants. Topics in geometric function theory. AMS Chelsea Pub-
lishing, Providence, RI, 2010 Zbl 1211.30002 MR 2730573

L. V. Ahlfors and L. Sario, Riemann surfaces. Princeton Math. Ser. 26, Princeton Univ. Press,
Princeton, NJ, 1960 Zbl 0196.33801 MR 0114911

J. M. Anderson, The Faber operator. In Rational approximation and interpolation (Tampa, FL,
1983), pp. 1-10, Lecture Notes in Math. 1105, Springer, Berlin, 1984 Zbl 0578.41024

MR 783258

N. Arcozzi and R. Rochberg, Invariance of capacity under quasisymmetric maps of the circle:
an easy proof. In Trends in harmonic analysis, pp. 27-32, Springer INJAM Ser. 3, Springer,
Milan, 2013 Zbl 1266.31002 MR 3026346

A. Baranov and H. Hedenmalm, Boundary properties of Green functions in the plane. Duke
Math. J. 145 (2008), no. 1, 1-24 Zbl 1157.35327 MR 2451287

A. Barton and S. Mayboroda, Layer potentials and boundary-value problems for second order
elliptic operators with data in Besov spaces. Mem. Amer. Math. Soc. 243 (2016), no. 1149
Zbl 1378.35100 MR 3517153

J. Becker and C. Pommerenke, Holder continuity of conformal mappings and nonquasicon-
formal Jordan curves. Comment. Math. Helv. 57 (1982), no. 2, 221-225 7Zbl 0502.30013
MR 684114

S. R. Bell, The Cauchy transform, potential theory and conformal mapping. Second edn.,
Chapman & Hall/CRC, Boca Raton, FL, 2016 Zbl 1359.30001 MR 3467031

S. Bergman and M. Schiffer, Kernel functions and conformal mapping. Compositio Math. 8
(1951),205-249 Zbl 0043.08403 MR 39812

A. Beurling, Ensembles exceptionnels. Acta Math. 72 (1940), 1-13  Zbl 0023.14204

MR 1370

A. Beurling and L. V. Ahlfors, The boundary correspondence under quasiconformal mappings.
Acta Math. 96 (1956), 125-142 Zbl 0072.29602 MR 86869

G. Bourdaud, Changes of variable in Besov spaces. II. Forum Math. 12 (2000), no. 5, 545-563
Zbl 0971.46022 MR 1779495

G. Bourdaud and W. Sickel, Changes of variable in Besov spaces. Math. Nachr. 198 (1999),
19-39 Zbl 0930.46026 MR 1670436

A. Cavus, Approximation by generalized Faber series in Bergman spaces on finite regions with
a quasiconformal boundary. J. Approx. Theory 87 (1996), no. 1, 25-35 Zbl 0877.30017

MR 1410610


https://zbmath.org/?q=an:0047.07907&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=49474
https://zbmath.org/?q=an:1103.30001&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2241787
https://zbmath.org/?q=an:1211.30002&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2730573
https://zbmath.org/?q=an:0196.33801&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0114911
https://zbmath.org/?q=an:0578.41024&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=783258
https://zbmath.org/?q=an:1266.31002&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3026346
https://zbmath.org/?q=an:1157.35327&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2451287
https://zbmath.org/?q=an:1378.35100&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3517153
https://zbmath.org/?q=an:0502.30013&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=684114
https://zbmath.org/?q=an:1359.30001&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3467031
https://zbmath.org/?q=an:0043.08403&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=39812
https://zbmath.org/?q=an:0023.14204&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1370
https://zbmath.org/?q=an:0072.29602&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=86869
https://zbmath.org/?q=an:0971.46022&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1779495
https://zbmath.org/?q=an:0930.46026&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1670436
https://zbmath.org/?q=an:0877.30017&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1410610

(17]
(18]
(19]
(20]

(21]

(22]
(23]
(24]
[25]
[26]
[27]

(28]

(29]
(30]

(31]

(32]

(33]
(34]
(35]
(36]

(37]

Analysis on quasidisks 95

G. Choquet, Theory of capacities. Ann. Inst. Fourier (Grenoble) 5 (1953/54), 131-295

Zbl 0064.35101 MR 80760

R. Courant, Dirichlet’s principle, conformal mapping, and minimal surfaces. Springer, New
York-Heidelberg, 1977 Zbl 0354.30012 MR 0454858

J. Douglas, Solution of the problem of Plateau. Trans. Amer. Math. Soc. 33 (1931), no. 1,
263-321 Zbl 0001.14102 MR 1501590

P. L. Duren, Univalent functions. Grundlehren Math. Wiss. 259, Springer, New York, 1983
Zbl 0514.30001 MR 708494

O. El-Fallah, K. Kellay, J. Mashreghi, and T. Ransford, A primer on the Dirichlet space. Cam-
bridge Tracts in Math. 203, Cambridge Univ. Press, Cambridge, 2014 Zbl 1304.30002

MR 3185375

L. C. Evans and R. F. Gariepy, Measure theory and fine properties of functions. Cambridge
Stud. Adv. Math., CRC Press, Boca Raton, FL, 1992 Zbl 0804.28001 MR 1158660

G. Faber, Uber polynomische Entwickelungen. Math. Ann. 57 (1903), no. 3, 389-408

Zbl 34.0430.01 MR 1511216

D. Gaier, The Faber operator and its boundedness. J. Approx. Theory 101 (1999), no. 2,
265-277 Zbl 0943.30025 MR 1726457

F. W. Gehring and K. Hag, The ubiquitous quasidisk. Math. Surveys Monogr. 184, Amer.
Math. Soc., Providence, RI, 2012 Zbl 1267.30003 MR 2933660

H. Grunsky, Koeffizientenbedingungen fiir schlicht abbildende meromorphe Funktionen.
Math. Z. 45 (1939), no. 1, 29-61 Zbl 0022.15103 MR 1545803

J. A. Hummel, Inequalities of Grunsky type for Aharonov pairs. J. Analyse Math. 25 (1972),
217-257 Zbl 0273.30011 MR 311893

Z. Ibragimov, Quasi-isometric extensions of quasisymmetric mappings of the real line com-
patible with composition. Ann. Acad. Sci. Fenn. Math. 35 (2010), no. 1, 221-233

Zbl 1198.30021 MR 2643406

E. Jabotinsky, Representation of functions by matrices. Application to Faber polynomials.
Proc. Amer. Math. Soc. 4 (1953), 546-553 Zbl 0052.30001 MR 59359

G. L. Jones, The Grunsky operator and the Schatten ideals. Michigan Math. J. 46 (1999), no. 1,
93-100 Zbl 0968.47008 MR 1682890

B. A. Kats, The Riemann boundary value problem on non-rectifiable curves and related ques-
tions. Complex Var. Elliptic Equ. 59 (2014), no. 8, 1053-1069 Zbl 1314.30063

MR 3197033

B. A. Kats, The Riemann boundary value problem for holomorphic matrices on a nonrectifi-
able curve. Izv. Vyssh. Uchebn. Zaved. Mat. (2017), no. 2, 22-33 7Zbl 1404.30043

MR 3702210

R. Kiihnau, Verzerrungssétze und Koeffizientenbedingungen vom Grunskyschen Typ fiir quasi-
konforme Abbildungen. Math. Nachr. 48 (1971), 77-105 Zbl 0226.30021 MR 296289

E. Landau, Darstellung und Begriindung einiger neuerer Ergebnisse der Funktionentheorie.
Springer, Berlin, 1929 Zbl 55.0171.03

O. Lehto, Univalent functions and Teichmiiller spaces. Grad. Texts in Math. 109, Springer,
New York, 1987 MR 867407

O. Lehto and K. I. Virtanen, Quasiconformal mappings in the plane. Second edn., Grundlehren
Math. Wiss. 126, Springer, New York-Heidelberg, 1973 Zbl 0267.30016 MR 0344463

A. L. Markushevich, Theory of functions of a complex variable. Vol. I, II, 1II. English edn.,
Chelsea Publishing Co., New York, 1977 Zbl 0357.30002 MR 0444912


https://zbmath.org/?q=an:0064.35101&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=80760
https://zbmath.org/?q=an:0354.30012&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0454858
https://zbmath.org/?q=an:0001.14102&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1501590
https://zbmath.org/?q=an:0514.30001&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=708494
https://zbmath.org/?q=an:1304.30002&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3185375
https://zbmath.org/?q=an:0804.28001&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1158660
https://zbmath.org/?q=an:34.0430.01&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1511216
https://zbmath.org/?q=an:0943.30025&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1726457
https://zbmath.org/?q=an:1267.30003&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2933660
https://zbmath.org/?q=an:0022.15103&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1545803
https://zbmath.org/?q=an:0273.30011&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=311893
https://zbmath.org/?q=an:1198.30021&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2643406
https://zbmath.org/?q=an:0052.30001&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=59359
https://zbmath.org/?q=an:0968.47008&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1682890
https://zbmath.org/?q=an:1314.30063&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3197033
https://zbmath.org/?q=an:1404.30043&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3702210
https://zbmath.org/?q=an:0226.30021&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=296289
https://zbmath.org/?q=an:55.0171.03&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=867407
https://zbmath.org/?q=an:0267.30016&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0344463
https://zbmath.org/?q=an:0357.30002&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0444912

(38]

(39]

[40]

(41]

(42]

[43]

[44]

[45]

[40]

[47]
(48]
[49]
(501
[51]

(52]

(53]

[54]

[55]

E. Schippers and W. Staubach 96

D. Medkova, The Laplace equation. Boundary value problems on bounded and unbounded
Lipschitz domains. Springer, Cham, 2018 Zbl 1457.35002 MR 3753597

S. Nag and D. Sullivan, Teichmiiller theory and the universal period mapping via quantum
calculus and the H /2 space on the circle. Osaka J. Math. 32 (1995), no. 1, 1-34

Zbl 0820.30027 MR 1323099

V. V. Napalkov, Jr. and R. S. Yulmukhametov, Criterion of surjectivity of the Cauchy trans-
form operator on a Bergman space. In Entire functions in modern analysis (Tel-Aviv, 1997),
pp. 261-267, Israel Math. Conf. Proc. 15, Bar-Ilan Univ., Ramat Gan, 2001 Zbl 1003.30028
MR 1890542

V. V. Napalkov, Jr. and R. S. Yulmukhametov, On the Hilbert transform in the Bergman space.
Mat. Zametki 70 (2001), no. 1, 68-78 Zbl 1060.30065 MR 1883772

H. Osborn, The Dirichlet functional. I. J. Math. Anal. Appl. 1 (1960), 61-112

Zbl 0099.08103 MR 133473

C. Pommerenke, Univalent functions. Studia Math. 25, Vandenhoeck & Ruprecht, Gottingen,
1975 Zb10298.30014 MR 0507768

D. Radnell, E. Schippers, M. Shirazi, and W. Staubach, Schiffer operators and calculation of a
determinant line in conformal field theory. New York J. Math. 27 (2021), 253-271

Zbl 1456.30026 MR 4209534

D. Radnell, E. Schippers, and W. Staubach, A Model of the Teichmiiller space of genus-zero
bordered surfaces by period maps. Conform. Geom. Dyn. 23 (2019), 32-51 Zbl 1426.30031
MR 3917230

D. Radnell, E. Schippers, and W. Staubach, Dirichlet spaces of domains bounded by quasi-
circles. Commun. Contemp. Math. 22 (2020), no. 3, Art. ID 1950022 Zbl 1441.30055

MR 4082224

T. Ransford, Potential theory in the complex plane. London Math. Soc. Stud. Texts 28, Cam-
bridge Univ. Press, Cambridge, 1995 Zbl 0828.31001 MR 1334766

H. L. Royden, Function theory on compact Riemann surfaces. J. Analyse Math. 18 (1967),
295-327 Zbl 0153.39801 MR 214757

M. Schiffer, The kernel function of an orthonormal system. Duke Math. J. 13 (1946), 529-540
Zbl 0060.23708 MR 19115

M. Schiffer, Fredholm eigenvalues and Grunsky matrices. Ann. Polon. Math. 39 (1981),
149-164 MR 617457

M. Schiffer and D. C. Spencer, Functionals of finite Riemann surfaces. Princeton Univ. Press,
Princeton, NJ, 1954 Zbl 0059.06901 MR 0065652

E. Schippers and W. Staubach, A symplectic functional analytic proof of the conformal weld-
ing theorem. Proc. Amer. Math. Soc. 143 (2015), no. 1, 265-278 Zbl 1310.30008

MR 3272752

E. Schippers and W. Staubach, Harmonic reflection in quasicircles and well-posedness of a
Riemann-Hilbert problem on quasidisks. J. Math. Anal. Appl. 448 (2017), no. 2, 864-884
Zbl 1357.31001 MR 3582264

E. Schippers and W. Staubach, Well-posedness of a Riemann—Hilbert problem on d-regular
quasidisks. Ann. Acad. Sci. Fenn. Math. 42 (2017), no. 1, 141-147 Zbl 1365.30020

MR 3558521

E. Schippers and W. Staubach, Riemann boundary value problem on quasidisks, Faber iso-
morphism and Grunsky operator. Complex Anal. Oper. Theory 12 (2018), no. 2, 325-354

Zbl 1391.30054 MR 3756161


https://zbmath.org/?q=an:1457.35002&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3753597
https://zbmath.org/?q=an:0820.30027&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1323099
https://zbmath.org/?q=an:1003.30028&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1890542
https://zbmath.org/?q=an:1060.30065&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1883772
https://zbmath.org/?q=an:0099.08103&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=133473
https://zbmath.org/?q=an:0298.30014&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0507768
https://zbmath.org/?q=an:1456.30026&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4209534
https://zbmath.org/?q=an:1426.30031&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3917230
https://zbmath.org/?q=an:1441.30055&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4082224
https://zbmath.org/?q=an:0828.31001&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1334766
https://zbmath.org/?q=an:0153.39801&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=214757
https://zbmath.org/?q=an:0060.23708&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=19115
https://mathscinet.ams.org/mathscinet-getitem?mr=617457
https://zbmath.org/?q=an:0059.06901&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0065652
https://zbmath.org/?q=an:1310.30008&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3272752
https://zbmath.org/?q=an:1357.31001&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3582264
https://zbmath.org/?q=an:1365.30020&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3558521
https://zbmath.org/?q=an:1391.30054&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3756161

(561

(571

(58]
[59]
(60]
[61]
(62]
[63]
[64]
[65]
(66]

[67]

[68]
[69]

[70]

Analysis on quasidisks 97

E. Schippers and W. Staubach, Plemelj—Sokhotski isomorphism for quasicircles in Riemann
surfaces and the Schiffer operators. Math. Ann. 378 (2020), no. 3-4, 1613-1653

Zbl 1461.30098 MR 4163537

E. Schippers and W. Staubach, Transmission of harmonic functions through quasicircles on
compact Riemann surfaces. Ann. Acad. Sci. Fenn. Math. 45 (2020), no. 2, 1111-1134

Zbl 1461.30051 MR 4112278

E. Schippers and W. Staubach, A scattering theory of harmonic one-forms on Riemann sur-
faces. 2021, arXiv:2112.00835

Y.-1. Shen, On Grunsky operator. Sci. China Ser. A 50 (2007), no. 12, 1805-1817

Zbl 1138.30305 MR 2390490

Y.-1. Shen, Faber polynomials with applications to univalent functions with quasiconformal
extensions. Sci. China Ser. A 52 (2009), no. 10, 2121-2131 Zbl 1181.30014 MR 2550270
M. Shirazi, Faber and Grunsky operators on bordered Riemann surfaces of arbitrary genus and
the Schiffer isomorphism. PhD thesis, University of Manitoba, Winnipeg, 2019

M. Shirazi, Faber and Grunsky operators corresponding to bordered Riemann surfaces. Con-
form. Geom. Dyn. 24 (2020), 177-201 Zbl 1451.30085 MR 4150224

P. K. Suetin, Series of Faber polynomials. Anal. Methods Spec. Funct. 1, Gordon and Breach
Science Publishers, Amsterdam, 1998 Zbl 0936.30027 MR 1676281

L. A. Takhtajan and L.-P. Teo, Weil-Petersson metric on the universal Teichmiiller space.
Mem. Amer. Math. Soc. 183 (2006), no. 861 Zbl 1243.32010 MR 2251887

M. E. Taylor, Partial differential equations I. Basic theory. Second edn., Appl. Math. Sci. 115,
Springer, New York, 2011 Zbl 1206.35002 MR 2744150

V. I. Vasyunin and N. K. Nikol’skii, Operator-valued measures and coefficients of univalent
functions. Algebra i Analiz 3 (1991), no. 6, 1-75 Zbl 0791.30010 MR 1167676

E. Villamor, An extremal length characterization of closed sets with zero logarithmic capacity
on quasicircles. Complex Variables Theory Appl. 19 (1992), no. 4, 211-218 Zbl 0756.30014
MR 1284113

S. K. Vodop’yanov, Mappings of homogeneous groups and embeddings of functional spaces.
Sibirsk. Mat. Zh. 30 (1989), no. 5, 25-41, 215 Zbl 0731.46019 MR 1025287

H. Y. Wei, M. L. Wang, and Y. Hu, A note on Faber operator. Acta Math. Sin. (Engl. Ser.) 30
(2014), no. 3,499-504 Zbl 1295.30126 MR 3160700

Y. E. Yildirir and R. Cetintas, Boundedness of Faber operators. J. Inequal. Appl. (2013),
Art. ID 257 Zbl 1283.41006 MR 3066834

Received 4 September 2020.

Eric Schippers
Department of Mathematics, Machray Hall, University of Manitoba, Winnipeg,
Manitoba R3T 2N2, Canada; eric.schippers@umanitoba.ca

Wolfgang Staubach
Department of Mathematics, Uppsala University, 751 06 Uppsala, Sweden; wulf@math.uu.se


https://zbmath.org/?q=an:1461.30098&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4163537
https://zbmath.org/?q=an:1461.30051&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4112278
https://arxiv.org/abs/2112.00835
https://zbmath.org/?q=an:1138.30305&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2390490
https://zbmath.org/?q=an:1181.30014&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2550270
https://zbmath.org/?q=an:1451.30085&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4150224
https://zbmath.org/?q=an:0936.30027&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1676281
https://zbmath.org/?q=an:1243.32010&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2251887
https://zbmath.org/?q=an:1206.35002&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2744150
https://zbmath.org/?q=an:0791.30010&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1167676
https://zbmath.org/?q=an:0756.30014&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1284113
https://zbmath.org/?q=an:0731.46019&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1025287
https://zbmath.org/?q=an:1295.30126&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3160700
https://zbmath.org/?q=an:1283.41006&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3066834
mailto:eric.schippers@umanitoba.ca
mailto:wulf@math.uu.se

	1. Introduction
	2. Function spaces and boundary values
	2.1. Dirichlet and Bergman spaces
	2.2. Quasisymmetries and quasiconformal maps
	2.3. Null sets
	2.4. Dirichlet space of the disk and boundary values
	2.5. Conformally non-tangential boundary values

	3. Transmission of harmonic functions in quasicircles
	3.1. Vodop'yanov–Nag–Sullivan theorem
	3.2. Transmission (overfare)

	4. The bounce operator and density theorems
	5. Schiffer and Cauchy operators
	5.1. Schiffer operators
	5.2. Cauchy operator
	5.3. The Schiffer isomorphisms and the Plemelj–Sokhotski isomorphisms

	6. Faber and Grunsky operators
	6.1. The Faber operator and Faber series
	6.2. Grunsky inequalities

	References

