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Partially dissipative systems in the critical regularity
setting, and strong relaxation limit

Raphaél Danchin

Abstract. Many physical phenomena may be modeled by first order hyperbolic equations with
degenerate dissipative or diffusive terms. This is the case for example in gas dynamics, where the
mass is conserved during the evolution, but the momentum balance includes a diffusion (viscos-
ity) or damping (relaxation) term, or, in numerical simulations, of conservation laws by relaxation
schemes.

Such so-called partially dissipative systems have been first pointed out by S. K. Godunov in
a short note in 1961. Much later, in 1984, S. Kawashima highlighted in his PhD thesis a simple
criterion ensuring the existence of global strong solutions in the vicinity of a linearly stable constant
state. This criterion has been revisited in a number of research works. In particular, K. Beauchard
and E. Zuazua proposed in 2010 an explicit method for constructing a Lyapunov functional allowing
to refine Kawashima’s results and to establish global existence results in some situations that were
not covered before.

These notes originate essentially from the PhD thesis of T. Crin-Barat that was initially moti-
vated by an earlier observation of the author in a chapter of the handbook edited by Y. Giga and
A. Novotny. Our main aim is to adapt the method of Beauchard and Zuazua to a class of symmetriz-
able quasilinear hyperbolic systems (containing the compressible Euler equations), in a critical
regularity setting that allows to keep track of the dependence with respect to e.g. the relaxation
parameter. Compared to Beauchard and Zuazua’s work, we exhibit a ‘damped mode’ that will have
a key role in the construction of global solutions with critical regularity, in the proof of optimal
time-decay estimates and, last but not least, in the study of the strong relaxation limit. For simplic-
ity, we here focus on a simple class of partially dissipative systems, but the overall strategy is rather
flexible, and adaptable to much more general situations.

Introduction
An important recent mathematical literature has been devoted to the study of first order

systems of conservation laws. These systems that come into play in the description of a
number of phenomena in mechanics, physics or engineering typically read

d
0 fOV)+ Y an (fF(V) =0 0]

k=1
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where the vector-fields f k k=0,...,d are defined on some open subset @ of R”, and
the unknown V depends on the time variable t € R £ [0, c0) and on the space variable
x € R,

Under rather general conditions, for example whenever (1) is Friedrichs-symmetriz-
able, it is well known that for any V in O and initial data Vy: R? — © such that Vo — V
belongs to some Sobolev space H*(R?) with s > 1 + d/2, then (1) supplemented with
initial data Vj admits a unique classical solution V' on some time interval [T, T'], satis-
fying (V — V) € €,([-T, T]; H*(R%)) (the reader may find the detailed statement and
the proof in e.g. [4, Chapter 10]). At the same time, for most systems of the above type,
smooth solutions (even small ones) blow up after finite time.

In many applications however, friction or diffusion phenomena (through e.g. thermal
conduction or viscosity) cannot be neglected. Typically, they act on some components of
the unknown, while other components remain unaffected. An informative example is gas
dynamics where the mass is conserved (as well as the entropy in the isentropic case). In
order to have an accurate description corresponding to these situations, it is thus suitable to
add in (1) zero (friction) or second (diffusion) order terms that act on a part of the unknown
but, possibly, not on all components. The resulting class of systems is named, depending
on the authors and on the context, hyperbolic-parabolic, partially diffusive or partially
dissipative. It has been extensively studied since the pioneering work by S. Kawashima
in his PhD thesis [24]. One of the main issues is to find as weak as possible conditions
ensuring the existence of global solutions close to constant states, to describe their long
time asymptotics and, where applicable, to study the convergence to some limit system.

Rather than writing out now the class of systems that enter in our study, let us give
a simple example from multi-dimensional gas dynamics. In he barotropic and isothermal
case, the governing equations then read:

{ 3:0 + divy(ov) = 0 inR, x RY, ®

3;(ov) + dive(ov ® v) + VP = A(0,v) inRy x R?.

Above, 0 = o(t, x) € R stands for the density of the gas, and v = v(¢, x) € R¢, for the
velocity. The pressure P = P(p) is a given function of the density. A typical example
is the isentropic pressure law P(9) = ap” with a > 0 and y > 1. The first equation
corresponds to the mass conservation and the second one, to the momentum balance. We
assume that the fluid domain is the whole space which, somehow, means that boundary
effects are neglected. This is a fundamental assumption for our analysis, that strongly
relies on Fourier methods.
Regarding A, the usual assumptions are:

» either A is identically zero: then (2) is the barotropic compressible Euler equations
that is known to be Friedrichs-symmetrizable (again, refer e.g. to [4, Chapter 10]) and
thus enters in the class considered in (1);

e or A(p,v) =T gv for some { > O (this is the so-called damped barotropic compressible
Euler equations, also named Euler equations with relaxation parameter ¢ if f = e71);
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* or A(e.v) =divy (1 (0)(Vxv +'Vyv)) 4+ Vi (A(0)divyv) for some smooth functions A
and p satisfying u > 0 and A + 2u > 0 (then, (2) is the barotropic compressible
Navier—Stokes equations).

It is by now well understood that in the first situation (neither viscosity nor damping),
smooth initial data generate a local-in-time solution that is likely to blow up after finite
time (see e.g. [1,34]) whereas in the second and third situations, small and sufficiently
smooth perturbations of a constant density state

(2.0) with g>0 and P'(@) >0 A3)

produce global strong solutions that are defined for all positive times.

The good diffusive properties of the barotropic compressible Navier—Stokes equations
in the whole space R? (and, more generally, of the full nonisothermal polytropic system)
have been first observed by A. Matsumura and T. Nishida at the end of the 1970s. In [28],
they established the global existence of strong solutions for H *(R?) perturbations of any
constant state of type (3) (see [15] for a version of this result in the broader setting of ‘crit-
ical Besov spaces’). An important achievement in the study of general first order partially
dissipative symmetric hyperbolic systems having both terms of order 0 and 2 has been
made by S. Kawashima in 1984, in his PhD thesis [24]. There, he exhibited a rather sim-
ple sufficient condition that is nowadays called the (SK) (meaning Shizuta—Kawashima)
condition for global existence of strong solutions in the neighborhood of linearly stable
constant solutions. In the case where there is only a 0-order partially dissipative term,
Condition (SK) exactly means that for the linearized system, the intersection between the
kernel of the 0-order term and the set of all eigenvectors of the symmetric first order term
is reduced to {0}.

A bit later, S. Shizuta and S. Kawashima in [33] observed that Condition (SK) is equiv-
alent to the fact that, in the Fourier space, the real parts of all eigenvalues of the matrix
of the linearized system about the reference solution are strictly negative and also to the
existence of a compensating function. That compensating function comes into play for
working out a functional that is equivalent to a Sobolev norm of high order and allows
to recover the optimal dissipative properties of the system. In the same paper, the authors
pointed out that, if in addition of being in a Sobolev space H*(R?) with large enough s,
the discrepancy of the initial data to the reference constant solution ¥ belongs to some

Lebesgue space L?(R?) with p € [1,2), then the global solution V' converges to V in
d

L?(R%) with the same decay rate as for the heat equation, namely (1 +¢)" 27 %), when ¢
goes to infinity. Since then, more decay estimates have been proved under various assump-
tions in e.g. [5,37,40].

A number of more accurate results have been obtained for specific systems. For in-
stance, T. Sideris et al. [35] considered the three-dimensional compressible Euler equa-
tions with damping and Y. Zeng [43] studied a particular class of 4 x 4 nonlinear hyper-
bolic system with relaxation. General partially (0-order) dissipative systems have been
investigated by S. Kawashima and W.-A. Yong in [25,26] and by W.-A. Yong in [42], and
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adapted to second order partially diffusive operators by V. Giovangigli et al. in [18, 19].
Recent works on general partially dissipative systems in the so-called critical functional
framework (that will be recalled later in this text) have been performed by J. Xu and S.
Kawashima [38—40].

It has also been observed by several authors that Condition (SK) is not necessary
for the existence of global strong solutions. For instance, in [31], P. Qu and Y. Wang
established a global existence result in the case where exactly one eigenvector violates
Condition (SK). Toward this direction, one can also mention the paper by R. Bianchini
and R. Natalini [60] that uses nonresonant bilinear forms, and the recent work [8] dedicated
to the mathematical study of a model of mixture of compressible fluids.

The strength of Shizuta and Kawashima’s approach is that it does not require to com-
pute explicitly the Green function of the linearized system under consideration. Although
doing this calculation for the damped barotropic Euler equations presented above is not
an issue, computing the Green kernel associated to the corresponding linearized system
in the nonisothermal case is already more involved, and it soon becomes impossible for
more cumbersome systems (like e.g. systems related to the description of plasma or radia-
tive phenomena, see e.g. [16]). As said before, having a ‘compensating function’ at hand
allows to construct an energy functional that encodes the dissipative properties of the sys-
tem. In Shizuta and Kawashima’s work however, this functional is not so explicit, that
makes difficult, if not impossible, to track the dependency of the solution with respect to
the parameters of the system, when applicable. Another limitation is that it only provides
estimates on the whole solution, without supplying more accurate information on the part
of the solution which is expected to experience a better dissipation.

In [3], K. Beauchard and E. Zuazua took advantage of techniques that originate from
Kalman control theory for linear ODEs so as to construct explicit Lyapunov functionals
for general partially dissipative systems of order 1. They also pointed out the connection
between Condition (SK) and the Kalman criterion for observability in the theory of linear
ODEs (this was also noticed by D. Serre in his unpublished lecture notes [32]). To some
extent, Beauchard and Zuazua’s approach may be interpreted in the broader framework of
hypo-ellipticity as presented by L. Hérmander in [22] or, much more recently, by C. Vil-
lani in [36]. To keep these notes as elementary and short as possible, we refrain from
looking deeper into this direction, though.

Although it is not mentioned in the construction of a Lyapunov functional, Beauchard
and Zuazua’s approach provides for free compensating functions. Furthermore, the con-
struction is elementary (it suffices to compute at most n powers of matrices) and easily
localizable in the Fourier space. Hence, at the linear level, keeping track of the different
behavior of the low and of the high frequencies of the solution is obvious. Their method
further allows to handle some systems that do not satisfy Condition (SK) (but we shall not
investigate this interesting issue here).

The present lecture notes aim at familiarizing the reader with the Beauchard—Zuazua
approach and recent updates that originate from the thesis of T. Crin-Barat and were pub-
lished in [10—12]. As our aim is not to provide the reader with an exhaustive theory of
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partially dissipative hyperbolic systems but rather to present a clear road map allowing
him to tackle efficiently the study of systems of this type, we shall focus on the following
‘academic’ class of partially dissipative hyperbolic systems:

d
0,V + Y AWV = e H(V). 4
k=1
Above, the (smooth) functions Ak (k=1,...,d)and H are defined on some open sub-

set @ of R”, and have range in the set of n x n real symmetric matrices, and in R”,
respectively. The unknown V' = V(, x) depends on the time variable ¢ € R and on the
space variable x € R4 (d > 1). We fix a constant solution V € O of (4) (hence H(V) = 0).
The system is supplemented with initial data Vy € @ at time ¢ = 0, that are sufficiently
close to V. Finally, the relaxation parameter ¢ is a given positive parameter that, except in
Section 4, is taken equal to 1.

A basic example of a physical system in the above class is the compressible Euler
equations with isentropic pressure law P (o) = a0V, if rewritten in terms of the (renor-
malized) sound speed

A2 —1
= (2 ~) (@)7 with 7 £ r—_
y 2
Indeed, the pair (c, v) then satisfies:
d;c +v-Ve + yedivo = 0 inRy x RY, 5
dv+v-Vuo+7cVe+elv=0 inRy xR?.

Under the so-called Condition (SK) (presented in the next section) that is satisfied in
particular by (5), we shall prove the existence of global strong solutions with ‘critical reg-
ularity” for (4) in the neighborhood of any constant solution V' (see Theorems 2.1 and 2.2).
Then, we shall obtain the strong convergence to V in the long time asymptotics with
explicit decay rates (Theorem 3.1). In Section 4, we shall investigate the strong relaxation
limit, that is the convergence of the solutions of (4) to some limit system. Let us shortly
explain what we mean in the simple case of the compressible Euler equations. Making the
following ‘diffusive’ rescaling:

(0. v)(t.x) = (0, eV)(et, x),
we see that the pair (g, v) satisfies:
9:0 + div(gD) =0 inR; x R4,
€20, (37) + ediv(dT ® T) + V(P(3)) + 00 =0 inRy x RY.

Hence, formally, if ¢ and ¥ tend to some functions N and w, then the second equation
above yields
V(P(N))+ Nw =20
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which, plugged in the mass conservation equation, leads to the so-called porous media
equation
d:N — A(P(N)) =0. 6)

The rigorous justification of the convergence of the density to a solution of (6) has been
first carried out by S. Junca and M. Rascle [23] in the one-dimensional case where specific
techniques may be used. In the multi-dimensional case, the weak convergence and the
strong convergence on bounded subsets of R? have been proved by J.-F. Coulombel and
C. Lin in [27], and by Z. Wang and J. Xu in [41]. Results in the same spirit for a class of
partially dissipative hyperbolic systems have been obtained by Y.-J. Peng and V. Wasiolek
in [30]. The approach that is proposed in the present lecture notes allows to get the strong
convergence in the whole space with explicit convergence rates for suitable norms when
the relaxation parameter tends to zero not only for the Euler equations, but also for a class
of partially hyperbolic systems (see Theorem 4.1).

It should be noted that, at the linear level, the method that has been originally proposed
by K. Beauchard and E. Zuazua in [3] works exactly the same for partial differential oper-
ators of any order « and B with « # § (and, more generally, for homogeneous Fourier
multipliers) provided one of them is skew-symmetric and the other one, nonnegative. We
will enrich this method by exhibiting a ‘damped mode’ for low frequencies, first intro-
duced in [12] and [11] to the best of our knowledge. This the key to an optimal treatment
of the low frequencies of the solution in a critical framework. With almost no additional
effort, assuming a bit more integrability on the initial data (expressed in terms of negative
Besov spaces like in the work [40] by J. Xu and S. Kawashima), and arguing essentially
as in the paper by Y. Guo and Y. Wang [21], we will derive optimal time decay estimates,
pointing out better decay for the high frequencies of the solution and for the damped mode.
It turns out that adopting a critical approach with different levels of regularity for low and
high frequencies also allows to keep track of the relaxation parameter ¢ just by suitable
space/time rescaling. This substantially simplifies the study of the strong relaxation limit.
Here again, having a damped mode at hand plays an essential role.

Except for our linear analysis, we here concentrate on first order hyperbolic symmetric
systems with a partial dissipation term of order 0. The class that is considered contains
the isentropic Euler equations with relaxation. We expect the whole strategy modified
accordingly to be adaptable to hyperbolic-parabolic systems, to operators of any order
and to more complex situations where the partially dissipative terms have mixed orders
(see recent examples in [16] and [8]). It would also be of interest to study to what extent it
may be adapted to situations where pseudo-differential operators depending on the space
variable come into play. Since we used mostly Fourier analysis in our investigations, most
of our results can be adapted to periodic boundary conditions in one or several directions,
leading to the same statements in the first three sections (the strong relaxation limit studied
in Section 4 may be different since the rescaling we used there changes the size of the
periodic box). Handling ‘physical’ boundaries requires completely different tools, and we
have no opinion on whether similar results are true or not.
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The rest of these notes unfolds as follows. In the next section, we present Beauchard
and Zuazua’s approach for linear partially dissipative hyperbolic systems with operators
of any orders. This enables us to deduce quite easily global-in-time a priori estimates in
‘hybrid’ Besov spaces with different regularity exponents for low and high frequencies.
We also exhibit a damped mode, the low frequencies of which satisfy better decay esti-
mates and point out that, under additional structure conditions on the system, it is possible
to use without much effort an L? functional framework for the low frequencies. The fol-
lowing sections focus on the nonlinear system (4). In Section 2, we prove global-in-time
results while time decay estimates are established in Section 3. In Section 4, we prove
strong convergence results when the relaxation parameter ¢ tends to O for partially dissi-
pative systems having the same structure as the isentropic compressible Euler equations
with damping. A few technical results are recalled or proved in the appendix.

1. The linear analysis

To better understand the difference between the three model situations corresponding to
system (2), having first a look at the linearized equations about (g, 0) is very informative.
After suitable renormalization, the system to be considered reads:

{ d;a +divu =0 in R4 x RY, ™

d;u + Va —i—K(—A)%u =0 inR; xR

The above cases correspond to (x, ) = (0,0), (k, 8) = (f,0) with f > 0 or (k, ) =
(1 (02),2) (in the special situation A(g) + u(2) = 0 the general case being similar), respec-
tively.

If k = 0, then system (7) is purely first order hyperbolic and no diffusion or dissipative
phenomenon is expected whatsoever since all Sobolev norms are constant in time. In the
multi-dimensional case, dispersive phenomena of wave equation type do exist, but they
concern only the density and the potential part of the velocity (they will not be discussed
here).

Let us focus on the case ¥ > 0 and B # 1 (not necessarily equal to 0 or 2). After suitable
rescaling, one can then suppose that k = 1. In the Fourier variable ¢ corresponding to the
physical space variable x, the above system (7) rewrites

7 @) (% ) (E)=0) eex v

The long-time behavior of the solution (a, u) strongly depends on the eigenvalues of
the (d + 1) x (d + 1) matrix of system (8). The eigenvalue |£|# appears with multi-
plicity d — 1 (this corresponds to the ‘incompressible’ part of the velocity field). The
remaining two eigenvalues A* (£) capture the coupling between a and the ‘compressible’
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part of u, and may be computed by considering the following 2 x 2 reduced system satis-
fied by a and v 2 (—A)fl/zdivv, namely, if « = 1,

da + (—A)V2u =0 inRy xRY,
v — (=A)Y%a + (—A)2v =0 inRy xR,

The corresponding matrix in the Fourier space reads (—(I)EI |5‘3 )
Two different situations occur depending on whether 8 is smaller or greater than 1:

 The ‘dissipative’ situation 8 < 1:

AEE) = €17 (H:W) if £ < 1/2,
AEE) = |§| iy IW) it |E]"8 > 1/2.

Observe that for £ — 0, we have A1 (&) ~ |£|# (parabolic behavior similar to that of
(—A)P/2) while A~ () ~ |£]*# (parabolic behavior of type (—A)1~#/2),

* The ‘diffusive’ situation 8 > 1:

)Li(é“) = %(1 ﬂ:i\/W) if|§-‘|ﬂ_1 <1/2,
B
Ai(é) |$| (l + W) if|§|ﬁ—l >1/2.

For £ — 00, we have A1 (&) ~ |£|# (parabolic behavior like for (—A)#/2) while A~ (§) ~
|E|2~# (parabolic behavior similar to that of (—A)'~#/2),

At the linear level, the damped Euler equations and the compressible Navier—Stokes
equations correspond to the dissipative and diffusive situations, respectively. We observe
that, in the two cases, the whole solution decays to 0 with a decay rate that depends on |&|
although there is no damping term in the linearized mass equation. Note however that,
depending on whether 8 < 1 or § > 1, the behavior of the low and high frequencies of
the solution is exchanged.

Let us revert to our model system (4) with ¢ = 1 for simplicity, namely

d
0,V + Y AK W)V = H(V). )
k=1

Let us fix a constant solution V of (9) (that is, V € O satisfies H(V) = 0) and make the
following structure assumptions on the system:

(H1) Forall V € O, the matrices Ak (V) are real symmetric;

(H2) The spectrum of DH (V) is included in the set {z € C : Rez < 0}.
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In the case H = 0 (no dissipation at all) smooth solutions, even small ones, may
blow up after finite time. At the exact opposite, if the spectrum of DH (V) is included
in the set {z € C : Rez < 0} then it is not difficult to show that small perturbations
of V in the Sobolev space H* with s > 1 4+ d/2 generate global strong solutions that
tend exponentially fast to ¥ when time goes to infinity. We here address the intermediate
situation where some eigenvalues of DH (V') vanish. For expository purpose, we assume
that H is linear and has the block structure:

B 0 . iz
H(V) = (_Lz(v2 ~ ‘7)) with V = (Vz), (10)

where V7 € R"!, V, € R"2 (with ny + np, = n) and L,: R"2 — R"2 is linear invertible
and such that L, + L, is definite positive. Additional structure assumptions on L, and
on the matrices A¥ will be specified later on.

1.1. Reduction of the problem

Denoting Z £ V — V and LZ £ —H(V + Z) (with H as in (10)), the system for Z

reads
d

06Z+ Y AV +2)nzZ+LZ=0. (11)
k=1
and the corresponding linearized system is thus

d
0Z+ Y ApZ+LZ=F wih A*2A%TV) fork=1,....d. (12
k=1

In the Fourier space, the above system recasts in

The symmetry of the matrices A7 ensures that for all £ € R?, the matrix

d
Ag) i)y Ak (13)
k=1

is skew Hermitian, while the symmetric part of L is nonnegative. Denoting by A(D) (resp.
B(D)) the Fourier multiplier of symbol' A (resp. L), system (12) rewrites

9:Z + A(D)Z + B(D)Z = F. (14)

I'Throughout the text, we agree that A(D) £ 1A%  where ¥ stands for the Fourier transform with
respect to the variable x.
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The analysis we present below is valid in the more general situation where:

* A(D) is a homogeneous (matrix-valued) Fourier multiplier of degree « that satisfies
Re(A(w)n-n) =0 forallw € S4andn e C", (15)
where - designates the Hermitian scalar product in C”,

* B(D) is ahomogeneous (matrix-valued) Fourier multiplier of degree § # « such that,
for some positive real number «,

Re(B(w)n-n) > k|B(w)n* forallw € S9! and y € C". (16)

As afirst example, we consider the linearized damped compressible Euler equations about
(0,v) = (1,0) in the case P'(1) = 1, namely

a7)

0:a + divu = f inRy x RY,
du+Va+fu=g inRyxR?,

Then, we have n; = 1, n, = d, and the Fourier multipliers A and B read

N (0 0
a@ =iy ) e BeO=7(y ).

They are of order 1 and 0, respectively. Clearly, (15) holds true, as well as (16) with
Kk =FfL

As a second example, consider the linearized compressible Navier—Stokes equations
about (o, v) = (1, 0). Denoting i = n(@) and A 2 A(0), they read

(18)

dia +divu = f inRy x RY,
du +Va—pAu— A+ p)divu =g inRy x R?.

We still have n; = 1, ny = d, but the Fourier multipliers A and B now read

_ (0 & _ (0 0
A@)—z(tS O) and B@)—(o ﬁ|g|2zd+(x+ﬁ>5®s)'

They are of order 1 and 2, respectively. Both properties (15) and (16) hold true (with «
depending on A and jx) provided & > 0 and A + 2 > 0.
System (14) may be solved by means of Duhamel’s formula:

Z(t) = T()Z(0) + /Ot T(t — 1)F(v)dx, (19)

where (T'(t)):>0 stands for the semi-group associated to operator —(A + B)(D).

The value of T'(¢) may be computed in the Fourier space. Indeed, denote by Z the
Fourier transform of Z with respect to x, and by £ the corresponding Fourier variable.
Then, in the case F' = 0, system (14) rewrites:

3:Z+E@E)Z =0 with E() 2 A®E) + B).
Hence, 2([, £ = exp(—E(S)l)Zo(E). In other words, we have T'(t) = exp(—E(D)t).
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In what follows we set for all w € S?~! and p>0,
A(E) = p®4, and B(E) =k 'pPB, with &= po. (20)

With this notation, we have

A~ ~ B
2.6 = 20.8) exp(~ - (0" 4y + BL)). @

Making the change of variable t 2 (tpP) /K and r £ kp®~P, we discover that z(7) £
Z(t, £) is the solution to

2+ Erpz=0 with E., 2rd, + B, (22)
since we have
z(t) = z(0) exp(—7E; ).

Hence, the case « = 1, B = 0 and k = 1, is generic at the linear level.

1.2. Derivation of a Lyapunov functional

The long-time behavior of z is closely connected to the sign of the real part of the eigen-
values of the matrix E,, defined in (22). The method proposed by K. Beauchard and
E. Zuazua in [3] (see also [13, 14]), that is inspired by Kalman’s control theory for lin-
ear ODE:s supplies a simple way for constructing an explicit Lyapunov functional and an
optimal dissipation term altogether without computing the eigenvalues.

To explain the construction, fix some r > 0 and w € S9-1 and consider the ODE (22)
satisfied by z. Combining the assumptions (15) and (16) with the renormalization (20)
ensures that

Re((Aa,n) . 77) =0 and Re((Bwn) . r)) > |Bun|? forall (w,n) € ST~ x C". (23)
Hence, taking the Hermitian product in C” of (22) with z and keeping the real part yields
1d

2dt

If B,, has rank strictly smaller than #n, then the above inequality does not ensure decay of

|z]> 4+ |Buz|* < 0. (24)

all the components of z (even though this decay exists whenever r > 0 and w € S are
such that the real parts of all the eigenvalues of the matrix E; ,, are positive). To recover
the decay (if any) of the ‘missing components’ of the solution, one can start with the
identity

(Bwz) + (rByAw + B2)z = 0.
Hence, taking the Hermitian product with BAz (we drop the index w for better readabil-

ity), we obtain
Bz'-BAz + r|BAz|* + Bz - BAz = 0.
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Similarly, we have
Bz-BAz +rBz-BA*z + Bz- B*Az =0,
whence
d 2 2 2 2
Z(BZ - BAz) + r|BAz|* 4+ B“z- BAz 4+ Bz- B°Az = —rBz- BA“z.
Remembering (24) and using several times the obvious inequality
2Re(a-b) < Kla|*> + K~'|b|?

with suitable values of K, we discover that one can find some &1 (that can be taken arbi-
trarily small) such that

d
E(|Z|2 + &y min(r, 7 ")Re(Bz - BAZ)) + |Bz|? + &, min(1, r?)|BAz|?
< Ceymin(l,r%)|BA%z)?. (25)

In the case BA? # 0, we need (at least) one more relation to handle the term in the
right-hand side. For that, one can start from the equation

(BAz) + (rBA%* + BAB)z =0

and take the Hermitian scalar product with BA%z, adding up the resulting identity multi-
plied by a small enough ¢, to (25), then iterate the procedure. The fundamental obser-
vation of Beauchard and Zuazua in [3] is that Cayley—Hamilton theorem ensures the
existence of complex numbers cy, ..., c,—1 so that

n—1
A" =" Ak
k=0

Consequently, one can end the process after at most n steps. In the end, we get positive
parameters g9 = 1 and ¢, ..., g4 (that are defined inductively and can be taken arbi-
trarily small) such that for all € S¥~! and r > 0, we have

min(1, 7?) —

n—1
5 284|BwA£)z|2§0

d

_Lrw

ar Lre@+
£=0

with

n—1
Ly (2) 2 |z|? + min(r, r 1) Z egRe(BwAﬁ)_lz« Ba,Aﬁ)Z) (26)
=1
and, additionally,

1
5|z|2 < Lyo(z) <2z 27)
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Denoting
n—1

N, £ inf{zsdBwAgxP, x e Sd—l},
£=0
we conclude from (26) and (27) that

Lyo(t) < e dmn@rNotr ) e S? r>0. (28)
In the particular case where
N, >0 forallwe S, (29)

(the only situation that will be considered in these notes) then N, is actually bounded
away from zero owing to the compactness of the sphere. Hence, (28) implies that there
exists a positive constant ¢ such that forall » > O and w € Sd_l, we have

Lyo(t) < e72mnrITL, ,0), 72 0.
Then, using once more (27) and reverting to the original unknown Z, we conclude that
|21, 8)| < 2e7emnG EPRIEr 7o ). (30)

In other words, if (29) holds, then

» ecither @ > B, and we are in a partially dissipative regime similar to that of linearized
compressible Euler equations,

* ora < B, and we are in a partially diffusive regime analogous to that of the linearized
compressible Navier—Stokes equations.

It has been pointed out in [3] that (29) is equivalent to the Shizuta—Kawashima con-
dition. The following lemma stresses the link between those two conditions, the strict
dissipativity of system (11) and Kalman’s condition for observability.

Lemma 1.1. Let A and B be two n x n complex valued matrices. Assume that A is skew-
symmetric in the meaning of (15) and that B is nonnegative in the sense of (16). The
following properties are equivalent:

(1) For all positive gy, . .., en—1, we have
n—1
> el BAY> >0 forallne S
£=0

(2) The Kalman rank property holds, namely the n? x n matrix

B
BA

BA.n—l

has rank equal to n.
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(3) The (SK) condition holds, namely the intersection between ker B and the set of all
eigenvectors of A is reduced to {0}.

(4) All eigenvalues of A + B have positive real parts.

Proof. The equivalence between the first three items is basic linear algebra (see details in
e.g. [3]), while inequality (28) (with A, = A, B, = B and r = 1) ensures equivalence
with the last item. ]

As an example, let us again consider the linearized compressible Euler equations (17).
As said before, (15) and (16) are satisfied witha =1, 8 =0,k = f~L. Furthermore, we

have
(0 0 O .{0 O
Ay =1 (’a) 0) and B, = (0 Id) , sothat B,A, =1 (’a) 0) .

Hence, ( Bfﬁw ) has rank d + 1 and Kalman rank condition is thus satisfied, which gives
eventually

|Z(t,€)| < 2e~cminEITED Z 06y forall € € RY and ¢ > 0.

Since we do not need higher powers of A, to ensure the Kalman rank condition, one can
suspect that one can restrict the sum in the definition of the Lyapunov function L, to
only one term (¢ = 1). Now, the reader may observe by direct computation that B, A2 =
Ag) B,,. Hence,

—B,z- BwAZ)Z = —B,z: Aisz < C|Bc,,z|2

and taking &1 sufficiently small in (25) allows to just have
%(|z|2 + & min(r, r ")Re(Byz - Bwsz)) + |Byz|? + &1 min(1,7?)| By A z|? < 0.
One can be more explicit : since z = (a, 1) and § = rw, we have
min(r, 7 ) Byz- By Awz = min(1, |§[72)(#- (1£)a) = min(1, |§|72) (@ (Da)).
Hence, the Lyapunov functional is of the form
£(&) = [a]* + [a]* + &1 min(1, |€]7%)Re(@- (Da)).

Combining with the Fourier—Plancherel theorem, one can conclude that in order to recover
the full dissipative properties of the linearized compressible Euler equations, it suffices to
consider the functional

lallzz + lul7. + e /d u-(Id—A)"'Vadx
R

with suitably small &1 or, rather, spectrally localized versions of it.
Similar computations are valid for the linearized compressible Navier—Stokes equa-
tions (18). The reader may find more details in [15].
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1.3. Derivation of a priori estimates

Let us assume from now on that « = 1, = 1 and 8 = 0 in (14) (since the general case
o # B reduces to that one). Recall Duhamel’s formula (19). Combining with (30), we get

t
1Z(t,8)| < 2(e—cmi““’fz>’|20(s)| + / e emn(LERE=D)| £ g)] dr).
0

Clearly, if one wants to get optimal estimates then low and high frequencies have to be
treated differently. To proceed, we shall resort to the dyadic decomposition of the Fourier
space provided by some dyadic homogeneous Littlewood—Paley decomposition (A i)jez
with A j 2 ©(27/ D). Here, ¢ is a smooth nonnegative function on R¢, supported in (say)
the annulus {§ € R?, 3/4 < |£| < 8/3} and satisfying

e =1, £#0.

JEZ
By construction, A j is a localization operator in the vicinity of frequencies of magni-

tude 2/. Since A j commutes with any Fourier multiplier, each Z; 2 A j Z satisfies (14)
with source term F; = A; F and initial data Z, ; = A; Zy. Therefore, we have

t
Zj(t)=T®)Zjo +/ T(t —1)Fj(r)dt.
0
Hence, as |£| ~ 2/ on Supp V4 7, we have (changing slightly c if needed),

A~ _ . 27 ~ t _ . 27 _ ~
1Z;(2.8)| 52(e emin(L21 7 0 (E)] + / e e min(1.27) ”lFJ-(r,sndr).
0

Consequently, after taking the L2(R¢) norm of both sides, then using Minkowski inequal-
ity and Fourier—Plancherel theorem, we end up with

—c min 2j ! —¢ min 2j —
||z,~<z)||Lzsz(e emin(1.22) ) 70 1 4 / e min(1.22) f>||F,~<r)||der),
0
whence
t t
1Z; )12 + ¢ min(1.2%) / ||Z_,~||dersz(||zo,_,~||Lz+ / ||Fj(f)||L2df)- 31)
0 0

At this stage, two important observations are in order. First, note that
1/2
2j 2
1200 ~ (Zz ”||Z,-||L2) |
JEZL

Hence, in order to get a Sobolev estimate of Z, it suffices to multiply (31) by 2/* then to
perform an £2-summation on j € Z. However, the second term of (31) will not exactly
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give an estimate in some space L!(0,¢; H ?) since the time integration has been performed
before the summation with respect to j: one ends up in one of the Chemin—Lerner (or
‘tilde’) spaces that have been introduced in [9]. They turn out to be delicate to manipulate
and not adapted to the critical regularity setting we have in mind.

The second observation is that, owing to the factor min(1, 22J ), in order to track as
much information as possible, it is suitable to work with different regularity exponents for
low and high frequencies.

Putting the two observations together, this motivates us to multiply (31) by 2/% with a
different value of the ‘regularity exponent’ s for negative and positive j’s, then to perform
an £! summation with respect to j. The advantage of £! summation — that corresponds
to Besov norms with last index 1 — is that one can freely exchange time integration and
summation on j. Taking into account the possible difference of regularity between the
low and high frequencies leads us to introduce for all pair (s, s”) € R? the hybrid Besov
space E;zi/, that is the set of all tempered distributions z such that

12 g £ 327 Ay zl2 + 3 27 1Az 2 <00 and  lim |32/ D)zl =0.
j<o0 j=>0 ST
(32)
Above, y stands for a compactly supported smooth function on R¢ such that y(0) = 1,
and the condition on y(27/ D)z implies that z has to tend to 0 at oo in the sense of
tempered distributions®. Classical homogeneous Besov spaces correspond to s = s’ and
will be denoted by Bgl

In what follows, it will be sometimes convenient to use the following notation for all

oeR:
1205y = 22714 20 and z)G, 23027 A 2] e,

Even though most of the functions we shall consider here will have range in the set of
vectors or even matrices, we shall keep the same notation for Besov spaces pertaining to
this case.

Now, multiplying (31) by 275 (resp. 275"y for j < 0 (resp. j > 0) and summing up on
j <0 (resp. j > 0) leads to

t
1zl / ||Z||Bs+sz§2(||Zo||gs + [ ”F”ZB;,ld’)’ (33)

t
120, + / 121 v <2(Nzolly, + [1FV, ar) o9

Hence, putting together those two inequalities yields

t t
1200550 + [ 1205+ 120 ) de <212l + [ 1F1 g ac). 09

2This is a way to rule out polynomials from homogeneous Besov spaces, otherwise one would have to
work modulo polynomials which is not suitable when studying PDEs.
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Since a part of the solution experiences direct dissipation, one can suspect the low fre-
quency integrability we get in this way to be not optimal. Recovering better integrability
for a part of the solution is the goal of the next subsection.

1.4. The damped mode

Assume that the dissipation term has an orthogonal block structure that is independent of
the frequency, namely

1
rank B, ® Ker B, = C" forallw € S"!,

with M £ Ker B, independent of w.
Denote by & the orthogonal projector onto M+ and set

W £ P(A+ B)(D)Z. (36)
Since # and B commute, we get the following equation for W':
oW + B(D)W = P(A+ B)(D)F —PA(D)(A+ B)(D)Z.
Because
PAD)B(D)Z = PA(D)PB(D)Z = PAD)W — (PA(D))*Z,
this may be rewritten as
;W + B(D)W = P(A+ B)(D)F — PAD)W + (PA(D))*Z — PA*(D)Z. (37)

As A(D) and B(D) are of order 1 and 0, respectively, multipliers of orders 1 and 2, act
on W and Z in the right-hand side. Hence, the low frequencies of the corresponding terms
are expected to be negligible compared to the left-hand side of (37).

To make this heuristics rigorous, let us look at the equation for W; £ A i W, namely

3, W; + B(D)W; = P(A+ B)(D)F; — PAD)W; + (PA(D))*Z; — PA*(D)Z;.
(38)

Taking the Hermitian scalar product in C" with W}, using (16) with k = 1, the fact that
B(D) is of 0-order and that A(D) is of first order yields

ld &0 7712 7 D 2% NI

S\l H W = C((1+ ENIE;| + [ENW; ] + EP1Z; ) W; .
Hence, integrating on R? and taking advantage of the Fourier—Plancherel theorem and of
the spectral localization yields:

d A . .
EE”VVj”iz +IWl72 < CIWilIzz (1 +2) I Fyllza + 27 Wiz + 2% (1 Z;l.2)
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from which we eventually get for all# > 0 and j € Z, owing to Lemma A.1,
t ot
WOl + [ Wl de < IWOlzz + €A+ 2) [ 15z de
0 0
t t
+C2]/ ||Wj||det+C221/ |Z;llp2dr.
0 0

Therefore, if we multiply by 2/° and sum up on j < j, with jiy chosen so that C2/° < 1/2,
then we end up with

. 1 [ .
WOl + 5 [ 30 2K Wl d
— 2 Jo =
J=Jo J=Jo

t t
= D WOIe+¢ [ Y IR dr+C Y [ 2Dz dx

J<Jo J<Jjo J<Jo

The last term may be controlled by the data according to (33). Furthermore, [|W;| 12 <
|Z;|2 forall j <O0,and 2/6+2) ~ 275 for jo < j < 0. Hence, the above inequality still
holds if one sums up to j = 0. In the end, this allows us to get

t t
W)l Wk, dr < |Zolb /F?d.
[ ()I|B§J+/0 [ ”Bs,l < o||35’1+ ; [ ”35,1 T

Let us finally look at the part of Z that undergoes direct dissipation, namely Z, £ PZ. We
claim that, as expected, the low frequencies of Z, have better time integrability than the
overall solution Z. Indeed, observing that B(D)Z, = W — P A(D)Z and that P B(D)
(restricted to functions defined on M) is invertible, we may write

Z, = (PB)(D)™'W — (P B)(D)"'PAD)Z.

Hence, since (P B)(D) (resp. A(D)) is a 0-order (resp. first order) Fourier multiplier, we
may write
Zollsoir SIS + 12150 and |1 Z2]% S IV + 1Z]1% s
1Zallg S Wy + 120 and 122l S IWIG, +1Z15.,

Then, remembering (33) and using Holder inequality and interpolation in Besov spaces
when needed yields

t
£ . ¢ ) < ¢ ¢
12250 g, g+ 1220 ey S 120l + /0 IFI, d.
This has to be compared with the following (optimal) inequality for the overall solution Z:

t
¢ ¢ < ¢ ¢
1205,y + 122050 m, gin) < 120l + /0 IFIy dv.
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1.5. An L? approach

In this part, we are going to show that under slightly stronger structure assumptions’® on

the linear system (12) than those that have been made so far, it is possible to bound the
low frequencies of the solution in functional spaces built on L? for any p € [1, oo]. This
unusual setting is in sharp contrast with the nondissipative case. In fact, as pointed out
by P. Brenner in [7], apart from the notable exception of the transport equation, ‘most’
first order ‘purely’ hyperbolic systems are ill-posed in L? if p # 2. It turns out that for
nonlinear partially dissipative systems satisfying the structure assumptions of this part, it
is also possible to use, at least partially, an L?-type framework (see details in [10, 12]).
This offers one more degree of freedom in the choice of solutions spaces allowing not
only to prescribe weaker smallness conditions for global well-posedness, but also to get
more accurate information on the qualitative properties of the constructed solutions.

In order to proceed, let us assume without loss of generality that M = R"! x {0} and
decompose Z € R” into (2 ) For expository purpose, further assume that there is no
source term (F = 0). Then, system (11) may be rewritten by blocks as follows:

d (Z A11(D) Ap(D zZ 0 0
_(1)+(11() 12( ))(1)+( )z() (39)
dt \Z, A21(D)  A2(D)) \Z» B2 (D)Z, 0
where the 0-order Fourier multiplier B, (D) has symbol in M, (R), and so on.
In the spirit of the computations of the previous paragraph, let us introduce

W £ Zs + (B3 A21)(D)Z1 + (B3 A22)(D) Zo. (40)

This definition of a damped mode is consistent with the one we used before: we just
applied to (36) the 0-order operator (B2, (D)) ™! that corresponds to the inverse of # B(D)
restricted to M . Now, we note that

0:Z2 + B (D)W = 0.
Hence, relation (40) implies that
W + Bay(D)W = (B A11)(D)3: Z1 + (Byy A22) (D)3 Zs.
Using system (39) for computing d; Z, we get the following equation:

3:W + By(D)W = —(B5, A21)(D)(A11(D)Z1 + A12(D) Z5) — (B3, A2z Byo)(D)W.
(4D
Rewriting the equation of Z; in terms of W yields

3:Z1 + (A11(D) — (A12B55 A21)(D)) Z1 = (A12B3y A22)(D)Z5 — A12(D)W. (42)

3That are in particular satisfied by the linearized Euler equations with relaxation.
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In order to pursue our analysis, we make the following assumption:
A11(D)=0 and A(D) £ —(A1232_21A21)(D) is a positive operator. (43)

By positive, we mean that the symbol Alsz_zl A>3 has range in the set of positive Hermi-
tian matrices of size n,. For this particular structure, the above hypothesis turns out to be
equivalent to Condition (SK) (see Lemma A.3).

Then, after applying A j to (41) and for (42), we obtain

{ 0:Z1j + AD)Z1; = (A12B3) 42) (D) Z2,j — Ar2( D)W, )

9:W; + Baa(D)W; = —(B3; A21A12)(D) Z2,j — (B33 A2 B2a)(D)W;.
Using Duhamel formula for computing Z_; from the first equation of (44), we get
Z1,j(t) = e PV 7y 1(0)

+ /0 e~ t=DAD) (4,1, By A2p)(D) Za; (1) — A1 (D)W (1)) d 7.

Since (D) is second order positive and satisfies the assumptions of Lemma A.2, there
exist two constants ¢ and C such that the following bound holds:

_ . —c02] H .
le " *PIA;z )| Logmigmy < Ce™ ¥ Az | Lowm gmy,  J € Z. (45)

Then, we get from Bernstein inequality (151), remembering that all the blocks of A(D)
are homogeneous multipliers of degree 1 and that 32’21 (D) is homogeneous of degree 0,

22
1Z1,;OllLe S e 121, (0)ze
t _ ) _
+ [ D@2 @l + 2 W0 e) d
0
whence taking the supremum or the integral on [0, ¢],
. t
1Z1,;@OllLe + 2% / 1Z1,jllLr dz < 121, 0)|Lr
0
t
+ [ @1 Za gl + 2111 dr
0
Similarly, Lemma A.3 guarantees that we have

e B2D)A 2| 1 p@na gy < Ce™ | Azl Lo@r2irr2y, € Z, (46)

which allows to get eventually

t t t
Wi ()L +/ IWillLe de < W (Ol + 2% / 1Zjllr dz +2’/ [WillLr dz.
0 0 0
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Owing to the factor 2/, there exists an integer jo € 7Z so that the last term may be absorbed
by the left-hand side for all j < jo. Hence, multiplying by 2/* then summing up on j < jo,
with the notation ||Z|| Jo £ > i<io 279 Azl yields

14 14 14 L,
IOl / Wl de < ol / 1Zlae @

while the inequality for Z; gives us

L l, £,J L, L,
120l / 1215 de < 1210l + f (1Za 5 + IW 2, ). @8)

p.1

The definition of W in (40) ensures that for all j < j, (with negative enough j), there
holds that

IWille S 1Z2,jllLe + 2711 Z1jllee and | Zs,jllee S Willee + 271 Z1,jLe. (49)

Hence, adding up € - (47) to (48) with & small enough and negative enough jo, we conclude
that

t
14 L, £, £,
125 0 [O(IIZHIBZLHIWII ’°)dr< 1Zoll ’°.

Of course, combining Wlth (49) yields also

L L,
/ I1Z5, de < 1Zol .

BS+1

By the same token, if we consider a source term F in (39), one gets the following bound:

t
1ZON + [ 1Za0GR + 1Za0 5 + W15 dr S 1200 / 1715 d.
which is actually the same as the one we proved before for p = 2.

At the linear level, there is no restriction on the value of p: it can be any element of
[1, o0]. Reverting to the initial nonlinear system (11), it is possible to work out a functional
framework of LP-type for the low frequencies of the solution. However, owing to the
interactions between the low and high frequencies through the nonlinear terms, there are
some restrictions on p. The most obvious one is that, if combining Bernstein and Holder
inequalities for estimating the medium frequencies in a L2-type space of a product of
low frequencies that belong to a LP-type space, one needs to have p € [2, 4]. In high
dimension, there are stronger restrictions on p. The reader is referred to [10, 12] for more
details and complete statements.

2. Global existence in the critical regularity setting

The principal aim of this section is to prove the global existence of strong solutions for (9)
supplemented with initial data that are a perturbation of a constant state V' satisfying
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Condition (SK). For notational simplicity, we assume that V' = 0 so that the system under
consideration reads”

d
0Z+ Y ANZ)-0Z + BZ =0. (50)
k=1
It is assumed that the (smooth) given functions A!, ..., A range in the set of n x n real

symmetric matrices, and that B = (8 LOZ) with L, € GL,, (R) satisfying for some ¢ > 0,
Loz -z >c|z]?, zeR"™, (51)

Set A(§) & Z,”CLI gx A% with A% £ 4%(0), and B(§) £ B. According to the linear
analysis that was performed in the previous paragraph in the context of system (50), Con-
dition (SK) is equivalent to:

B(§)
Rank BAG) =n forall £ € RY\ {0}. (52)
BA"1(§)
2.1. The main results

In order to find out a suitable functional framework for solving (50), let us temporarily
consider a smooth solution Z. Taking advantage of the symmetry of the matrices A and
integrating by parts, one gets the following ‘energy identity’:

1d

1 )4 k
EEIIZIIiz —Ek; /ﬂ;{dz Zmak(A[m(Z))dx+/d BZ-Zdx =0.

R

Therefore, combining with (51) and Gronwall inequality, we discover that

t t
1Z@)]12, + ¢ / \Zal2s dt < 1 Zoll2 exp(c f IVZ1 dr).
0 0

Hence, even for controlling the L? norm of the solution, a bound of VZ in L{ . (R; L>)
is needed. Since no gain of regularity can be expected on the whole solution (see (34)),
we must assume that Zy belongs to a functional space X that is embedded in the set
of globally Lipschitz functions. If X = H® then this embedding holds if and only if
s > d/2+ 1. In the framework of Besov spaces with last index 1, one can reach the
critical index s = d/2 + 1, owing to the (critical) embedding

B (RY) = €, (RY). (53)

“The reader is referred to [11] for the proof of similar results for more general symmetrizable quasilin-
ear partially dissipative hyperbolic systems satistfying (SK).
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Hence, X must be a subspace of B;’/f“. Consequently, we shall take s = 1 + d/2
in (34).

As regards the value of the regularity exponent s in (33) for the low frequencies, a
natural candidate is s = —1 + d/2 since (33) and (34) together give us a control of Z
in L'(R,: B d/ 2'H) (provided we succeed in bounding in L' (R, ; B d/ 2 1) the nonlinear
term F'), and thus of VZ in L'(R, ; L>). Having at our disposal global L'-in-time esti-
mates for the solution will be particularly comfortable for further analysis in contrast with
the classical ‘Sobolev’ approach for partially dissipative systems where only L2-in time
estimates are available.

To make a long story short, a good candidate for a solution space is the set of func-
tions Z in ‘lf’bl (R4 x R?;R") such that

€€b(R+, d/2 l)ﬂL (R+,Bd/2+l), Zh€€b(R+, d/2+1)ﬂL (R Bd/2+l),

According to the linear analysis presented before, one can expect to get additional infor-
mation for low frequencies, through the damped mode W defined in (40), that is essen-
tially equivalent to d; Z, in our context. We will eventually obtain the following result that
will be proved in the next subsection.

Theorem 2.1. Let conditions (51) and (52) be in force and assume that d > 2. Then, there
exists a positive constant « such that for all Zy € Bd/ 2-1,d/2+1 satisfying

Zo £ | Zol gar-razn < a, (54)
2,1

system (50) supplemented with initial data Z admits a unique global-in-time solution Z
in the set

E2{Z cCRy: BYPPY, Z e LYR4:BIPTY), 80,25 € L' (R4 BIYT)).

Moreover, there exist an explicit Lyapunov functional, equivalent to || Z || Fé/z1a/ and
a constant C depending only on the matrices A¥ and on L, and such that

Z(t) < CZo forallt >0, (55)
where’
Z(1) £ 1 Z1l 5 +1Zll
L?O(Bzd,/lzfl,d/ZJrl Ll(Bd/ZH)
L
U0 Zall g gaoeny 1221y g 120 gy (5O
SWhenever X is a Banach space, p € [1,00] and T > 0, notation || - HLI;(X) designates the Lebesgue

norm L? of functions on [0, T'] with values in X.
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Choosing regularity d /2 — 1 for low frequencies has some disadvantages, though:

* It does not allow to treat the mono-dimensional case since the low frequencies of the
nonlinear terms of type DZ x Z cannot be estimated in L' (R ; Bd/ 2 1) (this is the
needed regularlty for the right-hand side of (33)). Indeed, the numerical product does
not map B,'7(R) x B, /*(R) to By \*(R).

* It does not prov1de us with uniform bounds in the high relaxation asymptotics (see the
beginning of Section 4 for more explanations).

Another possible choice is s = d /2. Then, the solution space becomes the set of Z in
‘€bl (R4 x R¥;R") satisfying

Cety(Ry: BYY) N LY (R BYP?), ZM e G (R4 BY P N LY (R4 BIPT)
plus crucial information from the damped mode that, in particular, will ensure that
VZy e L'(Ry: BYY).  Zs e LA(Ry: BYTD).

This alternative framework allows to consider initial data that are less decaymg at infin-
ity (regularity 32 1 for low frequencies is less stringent than 32 1 ) to handle the
one-dimensional situation, and to provide crucial uniform a priori bounds in the strong
relaxation limit. However, stronger structure assumptions are required on the system (that
are nevertheless fulfilled by the compressible Euler equations). In order to specify them,
let us rewrite system (50) by blocks as follows:

{ 8:Z1 + YU (A5 (2)k 2y + A%y (2)0 Z2) = 0,

PR H (57)
0 Zr+ Y 11 (A5(2)0k Z1 + AB,(2)0k Z2) + L2 Z> = 0.

Then, we need the following additional assumption:
(H3) Forallk € {1,...,d}, All =0and Z — A’l‘1 (Z) is linear with respect to Z5.
Note that in the context of gas dynamics, this just means that there are no terms like Vo

or oV in the density equation, which is indeed the case!

Theorem 2.2. In general dimension d > 1, let the assumptions of Theorem 2.1 concern-

ing system (9) be in force and assume in addition that (H3) holds true. Then, there exists
d/z d/2+1

a positive constant o such that for all Zy € B, satisfying

Z, & ||Zo||§§l!/12,d/z+1 <a, (58)
system (57) supplemented with initial data Zy admits a unique global-in-time solution in
the subspace F of functions Z of €,(R4; B d/2 d/2+1) such that

ZLZ" e YRy BIPTY)., Zie Ll(R+;Bj/12+2), 8:Z> € L'(R4: BY?).

Moreover, there exists an explicit Lyapunov functional that is equivalent to || Z || B2z
and we have the following bound:

Z'(1) < CZ,
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where

Z() & 121 Lo garzar) +1Za a2y + 1Z2]¢

LI(B Ll(Ba'/2+1)

+ ||ZZ|| d/2 + ”Z” d/2+1 + ”azZZHLtl(BZ/IZ)- (59)

L2(BS) LI(BS/]

Theorem 2.2 directly applies to the isentropic compressible Euler equations with relax-
ation, written in terms of the sound speed ¢ and of v (that is, system (5)). The result we
get reads as follows:

Theorem 2.3. Let ¢ > 0, d > 1 and y > 1. There exists a positive constant « such that
d/2 d/2+1

for any data (co, vo) such that co — ¢ and vo belong to B, , and satisfy
Ao = ll(co =T, v0) | gazarns < (60)
system (5) with € = 1 admits a unique global solution (c, v) with
(c—c.v) € G(Ry; Bd/2 d/2+1)
that satisfies
e =&Vl oo, Bz le = ”il(R ;BYTY) + ||U”L1(R+;B;{/f“)
I gy e = ey + 10000 gy < Cobo (6D

A similar statement holds true for the barotropic compressible Euler equations with
general smooth pressure law P satisfying P’ > 0 in a neighborhood of the reference
density o, although one cannot ‘symmetrize’ the system any longer by using the sound
speed. For more details, the reader may refer to [11] where a class of partially dissipative
systems, more general than (9), is considered.

In the rest of this section, we focus on the proof of Theorem 2.1. The reader is referred
to [11] for more general systems and for the proof of Theorem 2.2. A similar statement in
the L? framework has been established in [10].

2.2. A priori estimates

The overall strategy is to apply the Littlewood—Paley truncation operator A j to (50), then
to follow the method that has been described in the previous section so as to get optimal
estimates in L2 for each dyadic block. Performing eventually a suitable weighted summa-
tion on j will lead to the control of Besov norms of the solution, as stated in Theorem 2.1.

Throughout, we assume that we are given a smooth and sufficiently decaying solution
of (50) on [0, T] x R such that

sup [z(D)]l 5 3412 Rd) is sufficiently small. (62)
t€l0,T]

We shall use repeatedly that, owing to the embedding (53), the solution Z is also small in
L%°([0, T] x R9).
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Low frequencies. Let us denote Z; 2A jZ and Fj 2 A ;i F, with

d
FEN (A% — Ak 2)) o z. (63)
k=1
We see that forall j € Z,
d [—
0Zj+ Y A*WZj+ BZ; = F;. (64)
k=1

Hence, taking the L2(R?;R") scalar product with Z 7 and using that the first order terms
are skew-symmetric yields

1d
5312 172+ /RdBZj-Zjdxszde-F,-dx.

The term with B may be bounded from below according to (51). Hence, using the Cauchy—
Schwarz inequality for bounding the right-hand side delivers for some ¢ > 0,

1d
2dt

In order to recover the full dissipation, we proceed as in the previous section, introducing
the functional L, , defined in (26). Adapting the computations therein to the case where
the source term in (12) is nonzero, we get for all r > O and w € sd-1 (with the notations
of (20) and (26)):

—NZjl72 + el Z2, 172 < 1F7 1211 Z; I e

d ~  min(1,r%) & - IO
Trlro(Z) + == el BoAgZ;* < Re(F; - Z;)
k=0
n—1
+min(r,r") Y "(Re(Bo AL Zj- By AL Fy) + Re(Bo AL F B, A Z))).
k=1

In light of the Cauchy—Schwarz inequality, the sum in the right-hand side may be bounded
by

\/Lr,w (Zj)Lr,w (ﬁj)

Hence, using that condition (SK) and (27) ensure the existence of a positive constant
¢o > O such that forall » > 0 and @ € S971,

n—1
Y eklBuALZi? = 2¢0Lrw(Z)), (65)
k=0
we conclude that
d A . 5 A ~ ~
ELr,a)(Zj) + co mln(l’ r )Lr,a)(Zj) =< \/Lr,w(Zj)Lr,w(Fj)~ (66)
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Let us define for all j € Z,
n—1
NI 15 5 . -
21Zjl7.+ > exRe A ((BALT'Z;(®) - (BAGZ;(§)) min(|. |€]7") d.
k=1
Integrating (66) on R4 and observing that, by virtue of (27), we have
1
S1Zilz = 5 <2072, (67)

we get, up to a slight modification of ¢y,

d .
Z-Li +eomin(1,22)%; < ClIFllL V&, (68)

Therefore, taking X = \/&£; and A = C||Fj||z2 in Lemma A.1, then multiplying by
27(d/2=1) delivers for all j < 0,

t
2i@/2n [ ) 4 0 21(d/2+1) / [F; dt < 2742 [ 0)
t
+c2]<d/2—1>/ | Fill2dr.
0

In order to bound the right-hand side, it suffices to combine the following facts that are
proved in e.g. [2, Chapter 2]:

For d > 2, the numerical product maps Bd/2 1(]R“’) d/z(Rd)

to By (RY) 69

and, for all smooth function ®: R¢ — RP vanishing at 0,
D(Z2)|| gar2 < C|Z||Leo) | Z ]| 4as2- 70
[[P( )”35{/12 < C(lIZ]l=) ”Bf,/f (70)
Hence, remembering also (62), we conclude that
||F|| d/2 1 < ||Z|| d/2 1||VZ|| d/2

So, finally, there exist two positive constants co and C such that for all j < 0, we have

t
202D [ (1) 4 ¢g2/(@/2+D / [Z; d < 2/4@PV [¢0)
0

t
+cf ¢ IVZ1 g2 Zll gajps d v with e =1 (71)
JEZ
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High frequencies. In order to bound the high frequency part of the solution, we shall
keep the functional &£;, but one cannot look at I defined in (63) as a source term since
this would entail a loss of one derivative. To overcome the difficulty, we mimic the proof of
the L? estimate recalled at the beginning of this section, writing the system for Z ! £A iZ
as follows:

d d
Zi+ Y ANZ)Z; + BZ; =) [AK(2). A\ Z. (72)
k=1 k=1

Then, taking the L2(R?; R") scalar product with Z ; and integrating by parts yields

1d

S % 12, + /BZ Zjdx = - Z/ (AL, (2))ZE 2" dx

. .
AZ-Z; dx.
+k§:1[1;d[A (Z2).A1Z - Z; dx

The last sum may be bounded according to the following classical commutator estimate
(see e.g. [2, Chapter 2]) that is valid for all s € (—=d/2,d /2 + 1]:

||[Ak(z),Aj]8kZ||Lz5chz—fs”V(Ak(Z))HBg’/lz||Z||Bil with ch=1.
JEZ

Thanks to the embedding (53) and to the definition of || - || B, We have

> [ 0, 202} 27 dx < Co 2 ITAN DD g1 Z1 g, 12 0o
k,tm ’ ’

Hence, owing to (51), we have for all s € (—d/2,d /2 + 1],

1d

PTLR, 172 + ¢l Za,jl172 < Ce; 27|V Z]| 4 32121 gg 1 Zj 2. (73)

To recover the full dissipation, one has to compute for all » > 1 and w € Sd_l, the time
derivative of

n—1
r‘lzr,w(fj) with Zr,w(Zj) £ ZEkRe(BAZ_IZj . BAf))
k=1

as it will generate the term Y ;_ 11 62" |BA’; Z |2, that is, the missing dissipation. To pro-

ceed, one can keep F defined in (63) as a source term and start from (64). For j > 0, the
term 7! yields the factor 27/ that exactly compensates the loss of one derivative when
estimating F in Bd/ 2t1 Hence, it suffices to estimate F in Bg,/lz, which may be done by
combining (70) and the following fact:

the numerical product maps B (]R{d) X Bd/z(Rd) to Bd/z(Rd). (74)
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Remembering (62), we get
X < . .
Il g2 S 1203921921 g 15)

Now, adding up the relation, we get for r—liw (2 i) (after space integration) to (73)
yields for all j > O:

d R . i
Tt ) / e BAGZ; ()7 dE < (277 1 Fyllz2 + ;27 PN ZI% 00 ) 1 25 22
t 2k=0 R4 B,
(76)

and (65) guarantees that

n—1

> [ elsahz, @R ds 2 )

k=0’R

Hence, using Lemma A. 1, multiplying by 2/¢/2+1) and taking advantage of (63) and (75),
we end up with

t
2/(@d/2+1) xj(z)+czf<d/2+1>/ V& dt
0

t
j@d/2+1 [e. ‘
<2 £;(0)+C /(; Cj ”Z”B%HI ||Z||B£1’/1203247/12+1 dr. (78)
Conclusion. Let us put

8D 2D [ N /@R /2 and Je & 1Z1 gapr. (9

Jj<0 Jj=0
Since £; ~ || Z; ||22, we have the following equivalence:
L > | Z| gap-rap1. (80)
2,1
Note that this implies that
d d
< Z_ =
||Z||Bi1~1i forall2 I<s< 2+1. (81)
Hence, we deduce from (71) and (78) that
t t
L(t) + c/ H(r)ydt < £0)+C / H()L(r)d. (82)
0 0

We claim that there exists & > 0 such that if £(0) < « then, for all ¢ € [0, T], we have

£(0) + %/Ot J(t)dT < L(0). (83)
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Indeed, let us choose o € (0,¢/(2C)) so that £ < « implies that (62) is satisfied, and set

To & sup{T1 € [0,T], sup L(t) <a.
tE[O,Tl]

The above set is nonempty (as O is in it) and contains its supremum since £ is continuous
(remember that we assumed that Z is smooth). Hence, we have

To To To
Ty +c | H@dr<EO)+C | H@EE)dT < L(0) + % J(v)dx.
0 0 0

Using the smallness hypothesis on &£(0), one may conclude that £ < « on [0, Tp]. As &£
is continuous, we must have Ty = T and (83) thus holds on [0, T].

Clearly, time ¢t = 0 does not play any particular role, and one can apply the same
argument on any sub-interval of [0, T'], which leads to

t
£(0) + g/ J(t)dr < £(t), 0<to<t<T. (84)
to

Hence, provided that || Zo|| ga/>-1,4/2+1, is small enough, & is a Lyapunov functional that
is, in light of (80), equivalentz’tlo I Z || garz-1.a/2+1.
2,1

2.3. The damped mode

Define W by the relation
0:Z, + L,W =0.

Since L, is invertible, the second line of (57) yields

d
W =2Z+Ly" Y (A5,(2)0x 21 + A5,(2)0k Z2). (85)
k=1

This gives the following equation for W:
d
W + LW = Ly! (Z 3 (A5, (2)0k Z1) + 0, (A5,(2)) 0 Z2 — A’;Z(Z)Lzakw).
k=1
(86)
Applying A; to (86) and denoting W; 2 A ;W leads to

d
W, + LoaW; = Ly! (Z Ao (A5 (2) — A5 Z1) + A5,0:0k 21,5
k=1

+ Aj (9(A52(2)0i Z2) + A (A3, — A5, (Z)W) — /szLzaij)-
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Taking the L2 scalar product with W;, then using (51) and Lemma A.1, we get two positive
constants ¢ and C such that forall j € Z and ¢ € [0, T'], we have

t
W @Ol + C/ IWillz = W (0)]|.2

+c /0 Z 1A;0,((A%,(Z) — AR Z0) 2 + 1T 0,0 71 5 1

+ ||A,- (at(A22<Z) WZ2)llrz + 1A (A%, — A (Z)W)| 12
+ L3 AL Lok W2 ) d (87)

Bernstein inequality (150) guarantees that
125" A5 Lo Wyl 2 < C27 [ Wl

Hence, there exists jo € Z such that for all j < jo, the last term may be absorbed by the
time integral of the left-hand side.

Next, using (57) to compute the time derivatives, we discover that the terms corre-
sponding to

0:((45,(2) = A3 Z1) or 3,(45,(2)) 9 Z>
are of the type K(Z) Z ® V?Z,K(Z)Z ® VZ and K(Z)VZ ® V Z for suitable smooth
functions K. Hence, using (69), (70) and remembering (62) yields
19:((45,(2) = A%)0k Z1l garas + 10, (AS5(2)) D4 Za g

2
< C(1Z1 32 IV Z 1 g2 + ”Z||B§’,/f)'

To handle ||Aj((/T§2 — A’2‘2(Z))W)||Lz, we split W into low and high frequencies. For
the low frequency part, we just write that by composition (70) and product law (69),

. - —ji(4—
14 (A3, = A5 (ZNWO)llL2 = Ce; 27" VN Z ] ara | W 1 gy
s 2,1

For the high frequency part, we further decompose W as follows (in light of (85)):

U

W =27,+ L2 Z(A;lakzl + géczakZz)
k=1

U

+ Ly S ((45,(2) — A0 Zy + (A5(2) — Aok Za),  (88)
k=1

which allows to get

h h h
W < 1Z20g + CUVZNggpe + CIZ1 g IV Zl g 69)
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whence, using (74),
1k k h h
(A2, — A5 (Z)W ||B;1’/12 < ||Z||Bg!/12||W ||B§1’/12
h h
SNZ1 522 (1220 e + IV Z W2 + 121 52 IV Z ) ).
and thus
1A (A%, = A5, (2N WM) 2 < 27 PN Z1 gars (L + 1 Z ) garz) IV Z | gare
2,1 2,1 2,1
with

ch =1.

JEZ

Plugging this information in (87), multiplying by 2/(¢/2=1_ summing up on j < jo and
remembering that || Z|| 54/> is small, we conclude that®
2,1

t
c
Wl ,+—/ W ays dT < [ Wollu)o
” ()”Bj/lz 1 ) o ” ”B;i’/lz 1 = ” 0”351’/12 1
t t
2 L
+C [ 1213451921 g5 +1203g0) dr+ € [ 12000 v

Since
L h
||Z||3;i’/12 < ”Z”B;’f“ + ||Z||B;1’/12+1

and
ZI2 . < NZ W sajai I Z1l ,
” ||B;1!/12 ~ ” ”35,/12 1 ” ||Bi/12+1

taking advantage of (83) eventually yields
t
WO aor + € / IW 1o dT < CL(0) forallz €[0,T].  (90)
B2,1 0 Bz,l
Owing to (89) and (83), the high frequencies of W also satisfy
t
WOy + / WA ysidr < C2(0) forallr €[0.T]. O
2,1 0 2,1

which, as 9, Z, = —L, W, completes the proof of (55).

6Hz_mdling the intermediate frequencies corresponding to jo < j < 0 may be done from (71) since,
then, 2/(@/2+1) ~ 27@127D and | W} |2 < (122
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2.4. Proving Theorem 2.1

Having the a priori estimates (83), (90) and (91) at hand, constructing a global solution
obeying Inequality (55) for any data Z satisfying (54) follows from rather standard argu-
ments. First, in order to benefit from the classical theory on first order hyperbolic systems,
we remove the low frequency part of Z so as to have an initial data in the nonhomoge-

neous Besov space’ Bg /12+1. More precisely, we set for alln € N,

Zl & (1d-S,)Zy with S, £ (27" D). (92)
In light of e.g. [2, Chapter 4], we get a unique maximal solution Z” in

([0 ™) Bd/2+1) ([0 T"): Bd/z)

Since 32/1 is embedded in Bz/l , it is easy to prove from (57) and the composmon and
product laws (69) and (70) that 3, Z; and (0, Z> — L2 Z5) arein L (0,7"; B 51/12 1), and
as Z{ belongs to 32 /12 ' we deduce that Z" is actually in €([0, T”) Bd/2+1 N Bd/2 ),
hence obeys (83) for all # € [0, T"). In particular, the embedding Bg /1 — L*® guarantees
that

Tn
/ IVZ"|| 1 dt < o0,
0

and thus the standard continuation criterion for first order hyperbolic symmetric systems
(again, refer to e.g. [2, Chapter 4]) ensures that 7" = oo. In other words, for all n € N,
the function Z” is a global solution of (57) that satisfies (83), (90) and (91) for all t € R..
Note that, owing to the definition (92), we have

||Zg ||§£1’/12,d/2+1 < ||Zo||§;1’/12,d/2+1 , neN.

Hence, the sequence (Z"),en of global smooth solutions is bounded in the space E of
Theorem 2.1.

Proving the convergence of (Z"),en relies on the following proposition that can be
easily proved by writing out the system satisfied by the difference of two solutions Z
and Z’ of (57) in the following way:

d d
3,(Z -2+ Z AKz)- -0z -2+ B(zZ-27") = Z(Ak(Z’) —AK2)) - 7',
k=1 k=1

applying the Littlewood—Paley truncation operator A j then arguing as for getting (73) and
using product laws (see the details in [1 1, Prop. 2]):

"Recall that for any real number s, the nonhomogeneous Besov space Bj ; is the set of tempered
distributions z such that ||z s , 2 80zlz2 + 2 is0 275|| A z]| 2 is finite.
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Proposition 2.1. Consider two solutions Z and Z' of (57) in the space E corresponding

to small enough initial data Zy and Z| in Bd/2 L4241 Thep e have for all t > 0,

1Z = 2900 307 = 10 = Zoll o
t
C Z|| 5 Z'| 5 Z —7Z'| a2 dr.
+ /0 (|| ||Bi/12,d/2+1 + | ||B;1’/12,d/2+1)|| ||B§1,/12 T

Applying this proposition to Z” and Z™ for any (n, m) € N2, then using Gron-
wall lemma and the definition of the initial data in (92), we gather that (Z"),en is a
Cauchy sequence in the space €,(R4+; B j ), hence converges to some function Z in
C(R4+; B 2 1 ) As the regularity is high, passing to the limit in the system is not an issue,
and one can easily conclude that Z satisfies (57) supplemented with data Z.

That Z belongs to the smaller space E stems from standard functional analysis. Typ-
ically, one uses that all the Besov spaces under consideration satisfy the Fatou property,
that is, for instance

||Z||§d/2—1,d/2+1 < Climinf | Z" ||§d/z—1,d/2+1 .

2,1 2,1
The only properties that are missing are the time continuity with range in Bd/ 21 and the
fact that the limit is an integrable function with range in Bd/ 2+l (and not Just a bounded
measure with respect to the time variable). However, the tlme continuity is known to
be true for general quasilinear symmetric systems (see [2, Chapter 4]) while the time
integrability may be handled like for the compressible Navier—Stokes equation (see [2,
Chapter 10]) or even directly on each finite interval from the L °°-in time properties of the
constructed solution.

Finally, the uniqueness follows from Proposition 2.1.

3. Decay estimates and asymptotic behavior

The global-in-time properties of integrability for the solution Z that have been proved so
far ensure that Z(¢) tends to 0 in the tempered distributional meaning when ¢ goes to co.
In the present section, we aim at specifying the decay rate for some Besov norms of Z,
whenever the initial data satisfy a (mild) additional condition. In the pioneering works
by the Japanese school in the *70s and early ’80s (see e.g. [28, 33]), this condition was
expressed in terms of Lebesgue spaces L? for some p € [1,2). However, it is by now well
understood that it suffices to prescribe that the data belong to some homogeneous Besov
spaces with a negative regularity index.

In order to understand how these spaces come into play, looking first at the linearized
at the linearized system (12) with no source term is very informative. Let Z be the corre-
sponding solution. Using (30) and Fourier—Plancherel theorem yields for all # > 0:

1Z;(@)llL2 < Cl1Z;(0)|ppe ™02 ez, 93)
J J
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This means that the high frequencies of Z decay to 0 exponentially fast, and that the low
frequencies behave as those of the heat flow. More precisely, for all « > 0, we have

@12 Z; ()2 < CRY)* 2P| Z;(O) 2. 120, j <0.
Hence, since the function x%/2¢~* is bounded on R4, we eventually get for all s € R,

12| Z())|%1a < CallZoll%, . ¢ >0. (94)
2,1

B =

We note that, as for the free heat equation, in order to obtain some decay for the low
frequencies, a shift a regularity is needed. This is the reason why it is natural to assume
that the data have negative regularity to eventually get some decay rate for the norms we
considered before for the global solutions to (50). In fact, to compare our results with the
classical ones in the literature, one can introduce another family of homogeneous Besov
spaces, namely the sets B; oo Of tempered distributions z on R satisfying

Izl gs 2 sup 2jS||AjZ||L2 <oo and lim ||y(27/ D)z|L~ = 0. (95)
2,00 jGZ j_)_oo

Owing to the critical embedding

Izl 4o a Slzllerway. 1=p =2,
3270 qgay ~ T HEIRD

making assumptions in spaces Bioo with a negative s is weaker than in the pioneering
works on decay estimates [28] where the initial data were assumed to be in L1 (this cor-
responds to the endpoint value s = —d/2) or (see [33]) in L? for some p € [1,2) (take
s=d/2—d/p).

This motivates the following statement that we shall prove in the rest of the section:

Theorem 3.1. Let the assumptions of Theorem 2.1 be in force, and assume in addition
that Zy € Bz_f;‘)for some oy in(1—d/2,d/2). Let

-1
£ (01 +d/2=1)/2. co 2 (1Zoll gzo1 + 1 Zol apraner) ™.

Then, the global solution Z constructed in Theorem 2.1 also belongs to L*°(R 4; Bz_ o)
and there exists a constant Cy that may be computed in terms of co such that

(14 o) | ZA) | sajos + (1 + cot)* (1 ZON" 4y2er + 10: Z2(O]] 4721
32’1 Bz,l Bz’1
< C0||ZO||§;1/12—1,d/2+1.

Remark 3.1. Under the (stronger) structure assumptions of Theorem 2.2, one can prove a
similar result assuming only that o is in (—d /2, d /2]. The inequality we eventually get is

(1 + o)™ | ZO a2 + (1 + o> NZO o1 + (L4 cot)* @ 18: Z2 (1)1
2,1 2,1 2,1

= CollZoll garo.aros
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with
-1
o 2 (o1 +d/2)/2 and ¢ = (”ZOHB;‘; + ||Z()||§;1/12,d/2+1) /al.

Remark 3.2. Even though the negative Besov space assumption is weaker thanin e.g. [33],
the obtained decay rates are the same ones. Note also that || Zg|| g7 can be arbitrarily
large: only || Zo|| Fa/zra/ has to be small.

The linear decay rate for low frequencies turns out to be the correct one for the solution
of the nonlinear system (50), and better (algebraic) decay rates hold true for the high
frequencies and for the damped mode. At the same time, although the high frequencies
of the solution of the linearized system (12) have exponential decay, it is not the case for
the nonlinear system (50) owing to the coupling between the low and high frequencies
through the nonlinear terms. We do not claim optimality of the above decay rates for the
high frequencies but, for sure, it is very unlikely that they are exponential even for very
particular initial data.

Let us briefly explain the general strategy of the proof. The starting point is to show
that the additional negative regularity is propagated for all time (with a time-independent
control). Then, we shall combine it with Inequality (84) and an interpolation argument so
as to exhibit a decay inequality for || Z(¢)|| it The rate that we shall get in this way
turns out to be precisely the one that was expected from our linear analysis in (94). Then,
interpolating with the estimate in the negative space will enable us to capture optimal
decay rates for intermediate norms || Z(7)|| zs .

To the best of our knowledge the idea of combining a Lyapunov inequality with dissi-
pation and interpolation to get (optimal) decay rates originates from the work by J. Nash
on parabolic equations in [29]®. Implementing it on partially dissipative or parabolic sys-
tems in a functional framework close to ours is rather recent. The overall strategy is well
explained in a work by Y. Guo and Y. Wang [19] devoted to the Boltzmann equation and
the compressible Navier—Stokes equations in the Sobolev spaces setting, and Z. Xin and
J. Xu in [37] used an analogous approach to prove decay estimates for the compress-
ible Navier—Stokes equations in the critical regularity framework. The idea of prescribing
additional integrability in terms of negative Besov norms instead of Lebesgue ones seems
to originate from a paper by J. Xu and S. Kawashima [40].

Finally, let us emphasize that it is possible to do without a Lyapunov functional (like
in e.g. [17]) but, somehow, the proof is more technical and less ‘elegant’.

8Special thanks to L.-M. Rodrigues for pointing out this reference to us.
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3.1. Propagation of negative regularity

In order to prove that the regularity in Bz_ o1 is propagated for all time, let us start from the
equation of Z; written in the following way:

d d
0:Z; + > ANZD)WZ; + BZ; = Y [4K(2). Aj1k Z.
k=1 k=1

Taking the L? scalar product with Z j and using (51) yields

1d

d
S IZi s + e Z2122 = 30 MA AN Z 11212 s 96)

k=1

One can show (combine the commutator inequalities of [2, Chapter 2] with (70)) that

) . d d
sup2 7 |[4¥(2). A1k Z |12 < CIVZ| gare| Z] gon  if —= < =01 < = + L.
jezZ 2,1 2,00 2 2

Hence, dropping the nonnegative term in the left-hand side of (96), using Lemma A.1 and
taking the supremum on j yields (as || Z | Lo is small):

t
12055 = 1 Zoll sz +€ [ IVZlgglZlgiz dr. 120

which, after applying Gronwall lemma, leads to

t
120Nz =120l ex0(C [ 1921395 a7).

Whenever Z satisfies (54), the global solution of Theorem 2.1 has (small) gradient in
L'(Ry; Bi/lz). Hence, the above inequality guarantees that Z is uniformly bounded
in Bz_ oL: there exists a constant C depending only on o and such that

sup [Z(®)[| gy = Cll Zoll g0 ©7)
>0 %0 o0

3.2. Decay estimates for the whole solution

The starting point is Inequality (84) that is valid for all 0 < #y < ¢, and the fact that

~ i(d/2—1)+ 1,2%/ _
P~ Xzzzj( /2—1)+max( )||Zj||L2 and H = ||Z||Bi/12+1.
Jje

Being monotonous, the function &£ is almost everywhere differentiable on R 1 and inequal-
ity (84) thus implies that

d
Ei +cH <0 ae.onRy. 98)
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Now, if —07 < d/2 — 1, then one may use the following interpolation inequality:

‘ ¢ 1-6 ¢ 0 . d d
1210 5 (1205 0m0) ™ (1Z150) " with (1= 801+ 5) =010 =5 —1
which implies, taking advantage of (97), that

1/(1=80) —80/(1—6
12O 2 12O 0-) 1 Z0l 2. (99)
To handle the high frequencies of Z, we just write that, owing to (55), we have
1/(1—8o) —80/(1—0
12OV g0 2 (12O 5a20) "1 Zol bR (100)
Putting (99) and (100) together and remembering that
L =N Z G0 + 1 Z 1 g (101)
2,1 2,1
one may thus write that for a small enough ¢ > 0, we have
H 2 coé‘il/(l"%) with ¢g é C(”Zo“é*al + ||Z()||Ed/2—1,d/2+1)790/(1790).
2,00 2,1
Reverting to (98), one eventually obtains the following differential inequality:

dt

which readily leads to
L(1) < (1 + cot) "% 2(0). (102)

Now, replacing 6y with its value, and using (101), one can conclude that

| Z@®)]l ~d/2 Lajae S (14 cot)™ 1 Zoll ~d/2 rd2+1 Wwith oy £ %(O’l + % - 1).
(103)
As regards the low frequencies of the solution, this decay is consistent with (94) in the
cases = —ojanda =01 +d/2— 1.

3.3. High frequency decay

From (76) and (77), we gather

1d
Sl ted; 527 INE N2 1Zj N2 + €2 f<d/2+1>||Z||2d/2+1,/ j owith Y ¢i=1.
Jj=0

Hence, bounding F; according to (75) yields

1d
S+ e S G2TEDNZ Y o (121 gz + 121 g )V
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with

ch = 1,

J=0

whence

(Cf,/ £)* S 2/t z) o211 Z ~d/2d/2+1(e VEDY

By time integration (viz. we use Lemma A.1), we deduce that

V&) <e™\/£;(0)

t
+ C2—J(d/2+l)/ e—c(r—r)oj(r)||Z(r)||B§1/lz+1 ||Z(r)||§§z/12,d/z+1 dr.
0 X )

2dt

Hence, multiplying both sides by 2/(4/2+1D then summing up on j > 0 and using the
equivalence of the high frequency part of (79) with the norm in B d/ + , we end up with

t
1200z 5 N Zollhgnes + [ N2 gy 12O g d.
2,1 s s
Consequently, for all # > 0,

(1 + cot)?® ||Z<z)||”d/2+1 < (14 cot)®e™ | Zo|" par

1 4 cot —e(t—1) )
T+ cot I Nzl 5 dr.
+/(; (1 —}—cor) € (1 +con)™ || (T)”ijf’d/”‘) T

Inequality (102) ensures that

SUP(l + o) | Z(7)ll 5 pél2drz+t = < C||Zo||§d/2 1Ld/2+1.

Clearly, one can find a constant Cy depending only on «; and cq such that

t 201
[ T+t V™ et g < Co, t>0.
o \ 1+ cot - -

Hence, in the end, we get

sup(l + co)** | ZO)ay21 =< Coll Zoll gar-r.aresi. (104)
t>0 2,1 2,1

3.4. The decay of the damped mode

According to (86) and to (57), the damped mode W 2 —L;18t Z, satisfies a relation of
the form
W + LW ~Z-VN*Z+VZ-VZ+(1+Z)VW
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and, according to (85), we have
W~Z,+VZ+ZVZ.

Therefore, applying A ; to the above equation, taking the L? scalar product with W; &
A_/ W and using the Bernstein inequality in order to bound the last term, we get for all
j ez,

1d .
anjniz +c|Wil2, < C(1A; (1 + 2)Z - V2 Z)| 12
+ 1A (1 + Z)VZ-VZ)|2 + 18;(VZy - Z)|12) [ Wjll2 + C27|W; 12,

Let us choose jo € Z such that C2/0 < ¢/2 (so that the last term may be absorbed by
the left-hand side). Then, using Lemma A.l, multiplying both sides by 2/ @/2=1) then
summing up on j < jo, we end up with’

t
WO < e MWol g +C | e DA+ 2)Z @ VEZ 010
B2,1 B2,1 0 BZ,I
+ (1 +2)VZ®VZI|Sap +1Z ® VZal|ap)de. (105)
2,1 2,1
Since d > 2, the product laws (69) and (74) guarantee that
I+ 2)Z & V?Z| garz1 + 11 + Z)VZ & VZ| sa/21
2,1 2,1
< (1 Z| Z| sarz | Z | 5
S+ ”B;{/f)” a1 21 garosr
which, combined with (103) and the fact that || Z|| za/2 is small implies that
2,1
11+ 2)Z @ V2 Z| garz—1 + |(1 + Z)VZ @ VZ| garz-1 S (1 + cot) >*1 £3(0).
2,1 2,1
Similarly, we have
||Z ® VZZHJ_z';d/Z—l 5 ||Z||i~;d/z 5 ”Z”%d/z—l,d/”l 5 (1 + COI)_Zalcfz(O)-
2,1 2,1 2,1
Hence, using (105) and arguing as in the previous paragraph, we end up with
sup(1 + cot)>* WO a2 < Coll Zoll gar-r.arsr. (106)
t>0 2,1 2,1

In other words, the decay rate for the low frequencies of the damped mode in norm Bg ’/12_1

is the same as that of the high frequencies of the whole solution.
Summing up the results of the previous paragraphs completes the proof of Theo-
rem 3.1.

Rigorously speaking the low frequencies that are here considered are lower than with our previous
definition since it may happen that jo < 0. However, one may check that the high frequency decay estimate
in (104) still holds if we put the threshold at some jo < 0: the argument we used works if summing up on
J = Jjo provided we change the ‘constants’ accordingly.
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4. On the strong relaxation limit

This section is devoted to the study of a singular limit problem for the following class of
partially dissipative hyperbolic systems:
d Bz
025+ > ANz Z® + =0, (107)
e
k=1

where, denoting Zé‘m £ A’gm (0) and Xé‘m (Z2) £ A’gm (Z2) - /Té‘m, we assume that for all
ke{l,....d}:

@))] A {‘1 =0, and A {‘1 is linear with respect to Z, and independent of Z,
) A k and /’fé‘l are linear with respect to Z and independent of Z5,
(3) /Té‘z is linear with respect to Z,

(4) condition (SK) is satisfied by the pair (A(§), B) with A(£) defined in (13), at every
point £ € R¥ \ {0}.

The linearity assumption is here just for simplicity as well as the fact that there is no
0-order nonlinear term. At the same time, assuming that A’l‘2 and A’;l (resp. A’l‘l) only
depend on Z; (resp. Z») is very helpful, if not essential. All these conditions turn out
to be satisfied by the compressible Euler equations written in terms of the sound speed
(see (5)).

We want to study the so-called ‘strong relaxation limit’, that is whether the global
solutions of (107) constructed before tend to satisfy some limit system when & goes to 0.

A hasty analysis suggests that the part of the solution that experiences direct dissipa-
tion, namely Z£ with the notation of the previous sections, tends to 0 with a characteristic
time of order ¢ and that, consequently, Z{ tends to be time independent (since, for all
k e{l,...,d}, wehave A¥ = 0and A¥, is independent of Z). To some extent this will
prove to be true but, even for the simple case of the linearized one-dimensional compress-
ible Euler equations, the situation is more complex than expected. Indeed, consider

{ d;a+ dyu =0, (108)

du + 0,a + e lu=0.

In the Fourier space, this system translates into

a6 (e S)E)-6)

+ Inlow frequencies |§| < (2¢)~!, the matrix A(£) of this system has the following two
real eigenvalues:

AT () = i(l + /1 —(2¢£)2).
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For ¢ going to 0, we observe that
ATE) ~e ! and AT(§) ~ 2.

This means that one of the modes of the system is indeed damped with coefficient !
but that the overall behavior of solutions of the system is like for the heat equation
with vanishing diffusion.

 In high frequencies |£| > (2¢)~!, the matrix A(£) has the following two complex
conjugated eigenvalues:

AE () = %(1 +i/(266)2 - 1).

Clearly, ReA*(£) = (2¢)™! and ImA* (&) ~ i§ for £ — co. Hence, there is indeed
dissipation with characteristic time ¢ for the high frequencies of the solution.

The ‘low frequency regime’ is expected to dominate when ¢ — 0, as it corresponds to
|€| < & !. Consequently, the overall behavior of system (108) might be similar to that of
the heat flow with diffusion ¢, that is to the inviscid limit'°. However, we have to keep
in mind that the low frequencies of the ‘damped mode’ (that here corresponds to the
combination u + €dxa) should undergo a much stronger dissipation.

Based on this simple example, it looks that in order to investigate the high relaxation
limit, it is suitable to use a functional framework that not only reflects the different behav-
ior of the low and high frequencies (with threshold being located around £~!) but also
emphasizes the better properties of the damped mode.

4.1. A ‘cheap’ result of convergence

Let us revert to the general class of systems (107) supplemented with initial data Z§. The
structure assumptions that we made at the beginning of the section enable us to apply The-
orem 2.2. In this subsection, we shall take advantage of elementary scaling considerations
S0 as to establish that both Z{ — Z7 ; and Z7 converge strongly to 0 for suitable norms.
The reader may refer to the next subsection for a more accurate result.
The starting observation is that if one makes the following change of time and space
scale:
Z(t,x) & Z%(et, ex), (109)

then Z* satisfies (107) if and only if Z satisfies 57).
Now, it turns out (see [2, Chapter 2]) that homogeneous Besov norms rescale as fol-
lows:
M oao o~ o5—d/2 )
2l g, = &2z, (110)

10This phenomenon that is well known in physics is sometimes called overdamping.
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Furthermore, by adapting the proof therein, one can prove that

Iz, =Pz and 2@l ez (111)

2,1 B2,1 2,1 BZ,l

where we have used the notation

te B - he A -

Izl & 3 2MNAzle and 2l A3 2Azle. (12)
JEZ,2) <a JEZ,2i>a

Putting together (110), (111), the change of unknowns (109) and Theorem 2.2 readily

gives the following global existence result that is valid for all £ > 0.

Theorem 4.1. There exists a positive constant o such that for all ¢ > 0 and data Z
satisfying
—1 -1
Zf) = ||Zo|| d/2 +e ||Zo|| d/2+1 =a, (113)

system (107) supplemented with mltlal data Z§ admlts a unique global-in-time solu-
tion Z° satisfying the inequality

Z7(1) = CZ4 (114)
with
L,e~ h,e~
B0 £ N2y oy + N2 e, + 2T G + 12805 e
e PNZE1E e N ZE g 1025 e
2 Lz(Bd/Z LI(B /+ 2 LI(B /)

The above theorem implies that Z{ — Z$(0) and that Z5 — 0 when ¢ — 0. Indeed,
from the definition (112), it is obvious that for all > 0, § > 0 and s € R, we have

L B <n ||Z|| and [z|%7 B~ 77_’3||Z|| : (115)

Hence, using (114) and Holder inequality yields

h 1
12°1 gy < Ce'? %5 (116)

Thanks to (113) and, again, to (114), this allows to get

1250 2 02 < Cas'/?. (117)
In order to justify that Z{ — Z$(0), one may bound d;Z{ through (107) remembering
that the blocks A¥, are linear with respect to Z5. From the product law (69), and from
(114) and (117), we get

& . < & . € . 2.1/2
||8t21||L2(R+;Bg’/1271) < ”ZZ||L2(R+;B;{/12)||Z ||L°°(R+;Bi/12) < Ca®e"",

and thus
ZE(t) — Z% o || sap < Ca®(st)Y? forallt > 0. (118)
1 1,01l g
’ 2,1

In conclusion, Z5 tends to 0in L?(R 4 ; Bg,/lz) with rate of convergence ¢'/2, and Z{—Z$
converges to 0in L*([0, T; Bd/2 'Y with rate (¢T)'/2 forall T > 0.
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4.2. Connections with porous media-like equations

In order to exhibit richer dynamics in the asymptotics & — 0, one may perform the fol-
lowing ‘diffusive’ rescaling:

(Z5.Z5) (. x) = (Z§.e7' Z5)(e 7" 1. x). (119)
Dropping the exponents ¢ for better readability, we get the following system for (Z1.7Z5):
0 Z1+ Yhoy AR (Z)0k Zy + Yo (Al + AS(Z1) 0k Z2 = 0,

20. 22 + ¢ Y4 (A%, + AK(Z,,6Z2)) 0 Z> (120)
+ ZZ=1(‘Z§1 + 1@1(21))%21 + LyZ, = 0.

From the second line, one can expect that

d
WEaZ,+L;! (Z(/ﬂ‘l + Ak (Zl))akzl) — 0. (121)
k=1

In order to find out what could be the limit system for 71, letus systematically express Z>
in terms of W and Z; by means of (121) in the first line of (120). We get

.71 + Z(E{; + ALZD)) (W + AL W) Z,
k
+ Z (A + A (Z0)) L5 0k (A5, + A5,(21))30Z1)

JFZA11 YWah + A5(Z0)0Z ) Zy = o.

Introducing the following second order operator:

AE N AL LT AL 0y, (122)
kL

the above equation may be rewritten:

0. 21 + AZ1 + Q1(Z1. VP Z1) + 02(VZ1,VZy)
+Tl(Zl,VZI,Vzl)+T2(21,21,V221)=S, (123)

where Q1, Q> (resp. T, T») are bilinear (resp. trilinear) expressions that may be com-
puted in terms of the coefficients of the matrices A¥,, A%, and of L', and

d

d
S &Y (A + Ak(Z1)o Z T OV)okZ1. (124)
k=1 k=1
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Consequently, if (121) is true, then we expect Z, to tend to N with N satisfying

3N + AN + Q1(N,V2N) + 0>(VN,VN)
+ T1(N,VN,VN) + T>(N,N,V>N) = 0. (125)

Since we assumed both Condition (SK) and that A f‘l =O0forallk €{l,...,d},LemmaA.3
in the appendix ensures that (125) is a quasilinear (scalar) parabolic equation.

Before justifying the above heuristics in the general case, let us consider the compress-
ible Euler equations with high relaxation, that is

9:0° + div(p®v®) =0 inRy x RY, 126)
9; (0°v%) + div(0®v® @ v8) + V(P(0%)) + ¢ 0% =0 in R4 x R,
Under the isentropic assumption
P(z) = AzY with y > 1land 4 >0, (127)

the above system enters in the class (107) if reformulated in terms of (c?, v¥), where

Cgé(yA)l/z ay—1

%)Y and ¥ —— (128)

Indeed, (c?, v®) satisfies

~ (129)
;08 + 08 - Vol + YceVee + e 1vf = 0.

{ d;¢® + v8 - Vet 4+ yeédive® = 0,
So, if we set ¢ £ M}%I/—Z(Z))V, then conditions (1) to (4) below (107) are satisfied with
Z7 =c®*—cand Z5 = v®.
Now, performing the diffusive rescaling:

@.5)(r.x) & (. e v) (e 1), (130)
system (126) becomes
0:0° + div(g°7°) = 0 inR; xR9, a3
£20,(0°7°) + ediv(5°7¢ ® 7°) + V(P(0%)) + 0 =0 inRy x RY,

and it is thus expected that
V(P(2°)) + 0°0°* — 0 whene — 0.

Plugging this relation in the mass conservation equation, we conclude that g° formally
converges to some solution N of the porous media equation:

3N — A(P(N)) = 0. (132)
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The general result we shall prove for system (107) reads as follows for the particular case
of the isentropic Euler equations'':

Theorem 4.2. For any d > 1, consider the Euler equations (126) in R with pressure
law (127) and initial data (0§, v§) such that

(°—2) e ByPnBYP and v§e BY? 0 BIPT
There exists a > 0 independent of ¢ such that if

—1 -1
(e — . v B +ell(ef — 2. vl "3 g = (133)

then (126) supplemented with (03, vg) has a unique solution (0°, v®) with (0° — 0, v®) €
€ (R4+; B 5/12 N Bd/2+1) satisfying in addition

_ L, — h,
Ie® - @, ‘*“)IIL;(]R iy Tel@ —2. S)IIL;(]R ey +e'2l0" = 2ll o, g
€ /2y, L.}
I Nty + VI oo
ey—1 ey (146! <
FIT @ VE@DI < Ca (139

Furthermore, for any Ny in Bg, /12 such that
INoll gar2 = er.

equation (132) has a unique solution N in the space €p(R4; B d/2) NL' R, Bd/2+2)
satisfying for all t > 0,

t
N@)| N | sajzs2 dt < C||No| gasa.
IFO1ggp+ [ 17 g dr = C1oll g
Finally, if one denotes by (¢, V°) the rescaled solution of the Euler equations defined
through (130) and assumes in addition that
N7 &
INo — QO”B;{/IZ‘I < Ce,

then we have

e, VP@)

58 + ”N ||L°°(R Bd/2 1)

L'(R4:B57)

+||N —5° < Ce. (135)

I, a2+

T A more general statement allowing for Besov spaces constructed on L” may be found in [10].
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Proof. Let us assume for a while that ¢ = 1 so that one can readily take advantage of
Theorem 2.3. As a first, we want to translate Theorem 2.3 in terms of o, where ¢ and o
(resp. ¢ and p) are interrelated through (128).

On the one hand, inequality (61), the property of interpolation in Besov spaces and
Holder inequality with respect to the time variable imply that

—C| R < —C ~
||C C||L2(R+;Bi/12+l) = C”(C() C, v0)||B£1,/12,d/2+1.

On the other hand, using the fact that the composition inequality (70) is actually valid for
all positive Besov exponents (see e.g. [2, Chapter 2]), we may write that

—C|| pas2+e = |0 — O|| paj2+e T =0,1.
lle CllBg,/IH lo Qlled,/IH or o
Finally, we note that ;v = —v — 0~ !V (P(g)) — v - Vv and that

||U : VU”LI(]RJr;Bi/IZ) =< C”v”LC’O(RJr;Bi/IZ)”VU”LI(RJr;Bi/IZ)'

Therefore, the last term of d,v may be ‘omitted’ in inequality (61), and we get

— -y,
e =2 Voo, .par2ar1) + llo = Q||L2(R+;Bi/12+l) Il @, s,
¢ -1
+ ||v||L2(R+;Bi/12) + ||U + 0 V(P(Q))||L1(R+,Bi/12)
< Cl(co —o. vo)||§;i/12,d/z+1. (136)

Now, for general ¢ > 0, performing the rescaling (109) and remembering the equivalences
(110) and (111) gives the first part of Theorem 4.2.
Finally, owing to the diffusive rescaling (130), the pair (0%, v°) satisfies

~ ~ V(P (o°
0,0 — AP@F)) = —div@W®) with e 2 e 4 YL@ f’ ).
Q
Thanks to (110), the bound for the last term in (136) translates into
We < Cae, (137)

L'(R4;B51)
which completes the proof of (134).
Proving that g° tends to some solution N of (132) may be done exactly as below. =

The following result gives explicit convergence rates for the strong relaxation limit in
the general case.

Theorem 4.3. Assume that'> d > 2 and consider a system of type (120) for some & > 0.
Let the structure hypotheses listed below (107) be in force. There exists a positive con-
stant o (independent of €) such that for any initial data Ny € Bzd/l2 for (125) and

12The one-dimensional case is tractable either under specific assumptions on the nonlinearities that are
satisfied by the Euler equations, or in a slightly different functional framework. More details may be found
in [10].
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ZS € Bj/lz N Bd/2+1f0r (120) satisfying
| Nol gare < e, (138)
= ||Zo 1|| ;1/12 +8||ZO 2” ;1/12 +8||Zo 1|| d/2+1 +82||Zo 2” d/2+1 <a, (139
system (125) admits a unique solution N in the space

€ (R4: BYD) N LY (R BT,

satisfying for all t > 0,
t
I8 @0+ [ 1F1900 v < ClRol 2. (140)
2,1 0 2,1 2,1

and system (120) has a unique global-in-time solution Z%in CR4;B 2d/12 N Bd/2+l) such
that

£,e71 -1 -1 h,e7!
”Z ”LOO(]R Bd/z + ¢ 2||LOQ(]R Bd/z +8|| ”LOO(R Bd/2+1 + ¢ ||Zz||Loo(]R Bd/2+1)
£, -1
+ ||ZSI|L18(]R Bd/2+2) +e ||Z£||L1(R Bd/2+1 + ||ZZ||L1(]R+,B2d’/12+1)
-1 e
FIZEI o+ WP ey < O, (141)

where W* has been defined in (121).
If; in addition,
| No — ZiO”B;l"/lZ—l < Ceg,

then we have

IN —Z3) apy + N = Z3|

Loy 5! <Ce. (142)

LI®R By
Proof. Here we drop exponents ¢ for better readability. That (120) supplemented with
initial data Z, admits a unique global solution satisfying (141) follows from Theorem 2.2
after suitable rescaling. Indeed, if we make the change of unknowns

(Z1, Zy)(1,x) = (Zl, Z;)(E% f), (143)

then we discover that Z satisfies (120) if and only if Z is a solution to (57). Then, taking
advantage of the equivalence of norms pointed out in (110) and (111) gives the desired
global existence result and (141) up to the last term since defining the damped mode as
in (85) would lead to the function

d d
Zz + L;l Z(A_écl + Zé‘l(fl))akzl + 8L51 Z(“Yécz + 121262(21,822))8k22. (144)
k=1 k=1
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However, combining inequality (14 1) (without the last term of course) with (115) ensures
that

”ZIHLoo(R Bd/2 +8||ZZI|L00(R Bd/2 +”VZZ||L1(R .Bd/z) 523

Hence, the last term of (144) is of order ¢ in L' (R4 ; B d/z) and W does satisfy (141).

In order to prove the convergence of Z1 to N, let us first verify that S defined in (124)
is of order ¢ in L'(R;; B ) As d > 2, it is just a matter of taking advantage of the
product law (69) to get

S| waz-1 S (U 1Z1ll 42 IVW | arz—t + W a2 IV Z1 || sajo-r.
1511 gare—r < (1+] 1”3;{/12)” I garz=r + IWl gar2 IV Z1ll garos
Hence,

||S||L1(R+;Bi/12_l) < (] + ”Zl||L°°(R+;Bi/12))”W”Ll(]R.;.;Bi/lz)
and using (141) and the smallness of the initial data thus yields

IS1,1 @, :per1) = Cear (145)

Let us next briefly justify that any data No satisfying (138) gives rise to a unique global
solution N of (125) in €, R4; Bj/lz) NLY(R4; Bg,/12+2) satisfying (140). In fact, since
the operator # is strongly elliptic, the parabolic estimates in Besov spaces with last index 1
recalled in Proposition A.1 ensure that any smooth enough global solution N satisfies for
allt > 0,

t
IN @Il gar2 +[0 1Nl garz+2 d T < | Noll a2
t
+ [0l g +1Q2(VF. V)
0 2,1 2,1
+ Ty (N.VN.VN)| yar2 + IT2(N . N.V2N)|| gar2) d T
2,1 2,1

Using the stability of the space Bg,/lz by product and an obvious interpolation inequality,
the nonlinear terms may be estimated as follows:

10:1(N, V>N B2 S IN] Amllvzﬁll B2 S IN] ‘d/2||j\7||32d’/12+2,
102(VH. V)| g2 < ||VN||2W2 S PR N e
ITi N R VD)l a2 < 1T g ||VN||2M SRS
128 8. V9l g2 < NN IV o S NN 12 101 o
Hence, we have for all ¢t > 0,

t
Fol, ) yaez d < 1ol
IFO1ggp+ [ 17 g dr 5 1ol g

t
U U ) 1 gl ¥l s
[ O+ 1T g T V1 g
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Clearly, if the solution is small enough (which is ensured if the initial data is small) then,
the last term of the right-hand side may be absorbed by the left-hand side, leading to
Inequality (140). The above formal inequalities combined with a suitable contracting map-
ping argument (in the spirit of the one that is used e.g. for solving the incompressible
Navier-Stokes equations, see details in [2, Chapter 5]), allow to conclude to the global
existence of a solution to (125), fulfilling the desired properties

To finish the proof of Theorem 4.3, we have to compare 7, Wlth N.To proceed let
us subtract (125) from (123). We get the following equation for & N 2 21 N:

38N + ASN = S — 01(Z1,V*SN) — 01(8N,V>N) — 0,(VZ,,VSN)
— 0,(VSN,VN)=T\(§N,VZ,,VZ,) = Ty(N,V§N ,VZ;)
—Ty(N,VN,V8N)—T>(8N,Z,,V*Z,) — T»(N,8N,V?*Z,)
—T»(N,N,V%§N).

Hence, by virtue of Proposition A.1, for all # > 0, we have

1SN | S SN O gar—1 + IS
) 2,1

LBy HnLL By

+101(Z1. V2Nl pary + 1 016N, V)|
V2,1

LIBITY
LIBIPTH

+1Q2(VZ1, VEN) |y o=ty + 1Q2(VEN V)| 1y gz,

+ |\ Ty(N . VZ1.VZ)|, 1, parr- y+ ITy (N, VSN, VZ)],,

LB LIBIPEY

+ ITy (N, VN, VSN)| afe-1) + ITa(8N ., Z, V2 Z))|

L}(BY LIBIH
+ |ITo(N, 8N, V2 Z )| am1y + I To(N, N, V2N)|

LYBY LIBYY:

d/2

So, using (69), the stability of B by product, (145), (138) and (140), we find that

ISV , S 1SN )4 ja/2-1 + N

L°°(Bd/2 1)OL (Bd/2+1
((1 + ”(N’ Zl)”L,OO(Bi/IZ))”N||L°°(Bd/2 + ”Zl||L°°(BZ’/12))”VSN”L}(B;{/]Z)
U 20l NEiY

-
IV gy + 19200 i ISR oo

LIBY

)”szl”Lz(Bd/Z L2540

S 18N )l garz-1 + et + (e + @SNy garzen) o g
Hence, as « is small enough, we get

1SN || LS 1SN ), i+ e forallr >0, (146)

L°°(Bd/2 l)ﬂL (Bd/2+1

which completes the proof of the theorem. ]
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We end this section with a few remarks. The first one is that, for small ¢, it is natural
to modify the definition in (121) so as to have a damped mode that is expressed in terms
of Z, and N. If we set

d
W& Zy+ Ly' Y (A% + A% (M) N, (147)
k=1

then we have
d ~ ~ ~ ~ ~
21 Y (A5, (NN + A, (8N Zy)-
k=1

In order to bound the right-hand side, one can observe that

145, (V) 3% N | a2y 3 <IN BN

LoR4;B5?
d/2)||3k21 [

L'(R4;B L'(R4:BYPHY

142N 21l 1 g, gy S 1SN

L'(Ri;B L2(R1;B L2R4;B50)
Hence, taking advantage of inequalities (140), (141) and (142), and of interpolation inequal-
ities yields

IW = Wil i, g0z < Ca(IBNO)l gt + ), (148)

LR+ B

which guarantees that W satisfies (121).
Note also that, since Z; is bounded in €, (R4; B;’,/ﬁ) independently of &, using (140)
and (142), and interpolating, one obtains

IN — Zi| <Ce®, Be(01).

LR8P
Finally, observe that if we introduce the following rescaled solution of the limit system
Né(t,x) & N(et, x),
then combining (142) with the definition of Z {in (119) yields
Z;=N°+0() in LRy BT

which is, indeed, a more accurate information than what we had in Theorem 4.1 or
in (118). Similarly, putting (142) and (148) together yields the following expansion:

d
=—eL;! Z AKX+ AE(N®)3N® +0(e) in L'(Ry: BSD).
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A. Appendix
The following classical result (see the proof in e.g. the appendix of [12]) has been used a

number of times in this text.

Lemma A.1. Let X:[0,T] — R be a continuous function such that X? is differentiable.
Assume that there exists a constant ¢ > 0 and a measurable function A:[0,T] — Ry such
that

1d
EEXZ +cX?><AX ae onl0,T].
Then, forall t € [0, T], we have
t t
X() +C/ X(t)dt < Xo +/ A(r)dr.
0 0

We frequently took advantage of the fact that applying derivatives or, more generally,
Fourier multipliers on spectrally localized functions is almost equivalent to multiplying
by some constant depending only on the Fourier multiplier and on the spectral support.

This is illustrated by the classical Bernstein inequality that states (see e.g. [2, Chap-
ter 2]) that for any R > 0 there exists a constant C such that for any A > 0 and any function
u:R? — R with Fourier transform supported in the ball B(0, R1), we have

19%ullze < CTHEATG=D 1y, ¢ eN?, 1< p<gq< oo (149)

The reverse Bernstein inequality asserts that, under the stronger assumption that # is sup-
ported in the annulus {x € R? : rA < |x| < RA} for some 0 < r < R, then we have in
addition,

lellzr < CAT I Vullzr, 1= p < oc0. (150)

A slight modification of the proof of (149) allows to extend the result to any smooth homo-
geneous multiplier: denoting by M a smooth function on R¢ \ {0} with homogeneity y,
there exists a constant C such that for any A > 0 and any function u: R? — R with Fourier
transform 7 supported in the annulus {x € R? : rA < |x| < RA}, we have

IM(DYulze < CA TG~ D ulr, eeNY 1<p<g<oco.  (I51)

In the last section, in order to study the convergence to the limit system, we used
maximal regularity estimates in Besov spaces with last index 1 for parabolic system.
These estimates are well known for the heat equation (see e.g. [2, Chapter 2]). Below,
we extend them to semi-groups generated by strictly elliptic homogeneous multipliers in
the following meaning: we consider functions #4 € € (R4 \ {0}; M, (C)) homogeneous
of degree y, such that the matrix () is Hermitian and for some ¢ > 0, satisfies

(AE)z-2) > clE]|z]>. &£ e R\ {0}, z e C". (152)
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Proposition A.1. Let z € €' (R S') satisfy

{a,z + AD)z=f onRi xRY, (153

Z|s=0 = Zo on R4,

Then, for any p € [1,00] and s € R the following inequality holds true for all t > 0:

t t
120l + [ 1215550 de = € 1aoly, + [ 151y, ar). ase
Proof. 1f z satisfies (153) then for any j € Z, we have
9:z; + A(D)z; = f; with z; £ Ajzand f; £ A, f.

Hence, according to Duhamel’s formula,
t
zi(t) = e APz 4 / e~ =DAD) £ (1) dr. (155)
0

Let us provisionally admit the following lemma.

Lemma A.2. There exist two constants co and C such that the following inequality holds
forall j € Z,t > 0and p € [1,00]:

1A APz, < Ce % | Az Lo, (156)

Then, plugging (156) into (155) yields for all j € Z,

. t .
Iz ) lLr S e 2" | zg,;|lLr + / em2" ) £ (1) || d. (157)
0

Hence, taking the supremum on [0, ¢] (resp. integrating on [0, ¢]), we get for all j € Z,

7(:027/'1) (

Izj Lo .:27) + 27 11zj 10,520y S (1 —€ Izo.jllzr + 1 fillL1o2.2))-

Just bounding the prefactor in the right-hand side by 1, multiplying the two sides by 2/¢
and summing up on Z yields the claimed inequality. ]

Proof of Lemma A.2. Thanks to the homogeneity of +4, using a suitable change of vari-
ables reduces the proof to the case j = 0. Indeed, if we set {(x) £ z(277 x), then we have
Aol(27x) = Ajz(x) and

e-szAA(D)Aoé-(zjx) = e_A‘A(D)AjZ(X)v A =0.

Then, consider a function ¢ in D (R? \ {0}) with value 1 on a neighborhood of the support
of ¢ and write that

eftA(D)AOC — ‘rf;-fl((pef)tef\a(-)AOé-)

= grdou with g0 2 @0 [ @O de,
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If it is true that
lgallr < Ce™0* (158)

then using that the convolution product maps L! x L? to L? implies that
le™**® AotllLr < llgallLillAolis < Ce™* Aot Lr,

and we get (156) after reverting to the original variables.
In order to prove (158), it suffices to establish that

lga(x)| < C(1+ |x)"@e @, xeRY, 1 >0.
Now, integrating by parts, we get
—d
@m)?ga(x) = (14 1x1?) “ha(x)

with
A i x- -
ha(x) 2 fRd e T EP(E)(Id—Ag)? (W) dE.
Of course, the integral may be restricted to Supp ¢ which is a compact subset of R¢ \ {0}.
Owing to (152), on this subset, there exists a positive constant co such that all the eigen-

values of the (Hermitian) matrix #4(£) are bounded from below by 2¢o. Now, since the
differential of the exponential map may be computed by the formula

1
DeX-H = / IO XHe™X g1, H e Mu(R),
0
the chain rule entails that
1
D¢ (e_’\""(é)) -H = —A/ e_’l(l_’)"“(S)(DgeA(E) . H)e_“""(‘f) drt.
0

Hence, there exist two constants C and C’ such that

|D§(e_““($))| < C'he 200% < Cem0h ) >0, £ € Supp ¢.

By induction, one can get similar estimates for higher order derivatives of & > e ~A*®)
which eventually yields

lhi(x)] < Ce™*, xeR4 A>0,
and completes the proof. ]

Remark A.1. In the case p = 2 one can work out a shorter proof, based on the Fourier—
Plancherel theorem. However, it is interesting to point out that the very same result holds
for any value of p in [1, oo] including 1 and oo, and with a constant independent of p.



Partially dissipative systems 189

The following lemma ensures that in the setting of system (57), if both Condition (SK)
and AII‘I(V) =0 for all k € {1,...,d} are satisfied, then the second order differential
operator +4 defined in (122) is indeed strictly elliptic in the sense of Proposition A.1, with
y =2.

Lemma A.3. Consider two n x n Hermitian matrices A and B such that

0 A12) (O 0 )
A= and B = 159
(A21 Az 0 By (15

with A1 € Mnl,nz(c): A € an,nl (C), Ayy € an,nz ((C) and By, € an,nz((j). Sup-
pose also that By, is positive. Then, By, is invertible and the following two properties are
equivalent:

(1) The matrix A1232_21A21 is a ny X ny positive matrix.

(2) Condition (SK) holds true (that is, the four equivalent conditions of Lemma 1.1
are satisfied).

Proof. The invertibility of B;, being obvious, let us first assume that Alsz_zl Ay 1s pos-
itive. Then, the rank of A,; must be equal to 7, and so does the rank of B, A,;. Now, we

observe that
0 0
BA = .
(BzzAzl BzzAzz)

Hence, the rank of ( BBA) is equal to n; + n, = n, and Condition (SK) is thus satisfied.

Conversely, if A has the special structure (159) then an easy induction reveals that the
bottom left block of any positive power k of A ends with A,;. The same property clearly
holds for BAF that thus looks like

0 0
k _
BA* = (BZZCkAZI Dk) for some Ci, Dy € M,,(C).

Now, since B, is invertible, for all K € N, we have
I”ank(BzzckAzl) < rank(AZI) = ral’lk(BzzAzl).

As the block at the bottom left of BA is equal to B, A»1, one can conclude that, under
assumption (159) we automatically have

B

B BA
rank ( B A) = rank :

BA.n_l

Hence, if we assume in addition that Condition (SK) is satisfied, then we must have
rank(B2»A»1) = ny, and thus rank(A»1) = 111, too. Now, since ‘A1, = A,;, forall z e C™,
we have

A1232_21A212 cZ = Bz_zlAle . Ale.
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As 32_21 is positive, the right-hand side is nonnegative and vanishes if and only if A2;z =0
and thus if and only if z = 0 since rank(A4,;) = n;. Hence, 4 232_21 Ajy is positive, which
completes the proof. ]
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