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Counterexamples in 4-manifold topology
Daniel Kasprowski, Mark Powell, and Arunima Ray

Abstract. We illustrate the rich landscape of 4-manifold topology through the lens of counter-
examples. We consider several of the most commonly studied equivalence relations on 4-manifolds
and how they are related to one another. We explain implications e.g. that h-cobordant manifolds
are stably homeomorphic, and we provide examples illustrating the failure of other potential implic-
ations. The information is conveniently organised in a flowchart and a table.

1. Introduction

The goal of this paper is to organise various equivalence relations in 4-manifold topo-
logy, and to understand the connections between them. We consider closed, connected
4-manifolds, unless otherwise specified, and we work in both the smooth and topological
settings. Much work on 4-manifolds focuses on exotic behaviour, e.g. 4-manifolds that
are homeomorphic but not diffeomorphic. We aim to illustrate, more broadly, the wealth
of 4-manifold topology that has been discovered. The flowchart in Figure 1 shows the
relationships between the equivalence relations we study. We will recall their definitions
in Section 2, and prove the nontrivial implications in Section 3.

We collect counterexamples to the converses of the majority of the implications shown.
Most of the results we discuss are known in the literature, although there are some original
observations and results.

The behaviour and study of 4-manifolds is qualitatively different from that in other
dimensions. In lower dimensions, much can be said using tools from geometry, perhaps
best exemplified by the geometrisation theorem [107-109, 134]. Higher-dimensional man-
ifolds are studied via homotopy theoretic and algebraic methods, thanks to the Whitney
trick and the powerful tools of surgery theory [25, 83,102, 130, 141] and the s-cobordism
theorem [17,83,95,122,126]. In dimension four, the Whitney trick does not directly apply,
and surgery and the s-cobordism theorem are only available under special circumstances.

The first major progress on the classification of 4-manifolds was due to Whitehead
and Milnor [97, 145], who classified simply connected 4-manifolds up to homotopy equi-
valence. The homotopy classification has since been completed for more fundamental
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Figure 1. Equivalence relations on 4-manifolds. The implications shown in green are immediate.
The black and blue implications are proven in Section 3. The blue implications hold when the cor-
responding condition is true, e.g. homotopy equivalent 4-manifolds are C P2-stably homeomorphic
if their Kirby—Siebenmann invariants coincide. Where necessary for an implication to make sense,
we assume that the manifolds are smooth. For example, the bottom arrow means that closed, smooth
CP2-stably homeomorphic 4-manifolds are CP2-stably diffeomorphic, since the latter notion is
only defined for smooth 4-manifolds.

equal ks

groups, and remains a topic of active research [18, 58,70, 72,78, 132]. A diffeomorph-
ism classification was, and still remains, out of reach. Prior to the 1980s, progress on
purely topological 4-manifolds was impossible, in the absence of fundamental tools like
topological transversality. Instead, Wall [138, 139] and Cappell-Shaneson [26-28] stud-
ied 4-manifolds up to stable diffeomorphism, namely up to connected sum with copies
of §2 x §2. In particular, Wall gave the stable classification of simply connected 4-
manifolds. As with the homotopy classification, using Kreck’s ideas from [86] the stable
classification has since been completed for more fundamental groups, and remains a topic
of active research [31,38,61,64,69,73,74, 123, 132]. The following examples compare
the equivalence relations of homotopy equivalence and stable diffeomorphism.

Example 1.1. The pairs of manifolds presented in Sections 5.5, 5.6, and 5.12, due to
Kreck [85], Cappell-Shaneson [27,28], and Akbulut [2—4] respectlvely, are smooth, non-
orientable 4-manifolds that are simple homotopy equivalent (in fact they are now known to
be homeomorphic [47,63, 143]) but not stably diffeomorphic. By a result of Gompf [52]
(see Theorem 3.8) smooth, orientable 4-manifolds that are (stably) homeomorphic are
stably diffeomorphic, so it is inevitable that these examples are nonorientable.

Example 1.2. The examples of Teichner [133] from Section 5.11 provide smooth, ori-
entable 4-manifolds that are simple homotopy equivalent but not stably homeomorphic.
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These can be used to construct arbitrarily large collections which have these properties
pairwise. We show in Proposition 5.6 that every such collection is finite.

Example 1.3. In Section 5.9 we discuss two closed, orientable, simply connected topo-
logical 4-manifolds that are stably homeomorphic but not homotopy equivalent, because
they have inequivalent intersection pairings. Proposition 5.5 explains that such a phe-
nomenon cannot occur for smooth, simply connected, closed 4-manifolds.

Example 1.4. The examples of Kreck—Schafer [87] discussed in Section 5.10 are smooth,
orientable 4-manifolds (with nontrivial fundamental groups) that are stably diffeomorphic,
but not homotopy equivalent. They also have isometric intersection pairings.

The constructions of the manifolds mentioned in Examples 1.2 and 1.3 use Freed-
man’s work, which we discuss presently. First we highlight the following open question
comparing stable diffeomorphism and homotopy equivalence.

Question 1.5. Are there arbitrarily large families of smooth 4-manifolds that are all stably
diffeomorphic but pairwise homotopically inequivalent? Or even better, infinite sets with
this property?

The early 1980s saw Freedman’s work [47] showing that the Whitney trick can be
applied in ambient dimension four under certain conditions, establishing the exactness of
the surgery sequence and the s-cobordism theorem with some restrictions on the funda-
mental group [48]. See Sections 3 and 4 for further details. Combined with subsequent
work of Quinn [111], Freedman’s theorem made it possible to upgrade the homotopy
classification, the stable classification, or both, to homeomorphism classifications; see for
example [47,48,59,61,63, 64, 143].

It is straightforward to see that homeomorphism implies homotopy equivalence, for
general spaces. We now explain a sequence of counterexamples to the converse for 4-
manifolds, i.e. pairs of 4-manifolds that are homotopy equivalent but not homeomorphic.
Along the way we illustrate our approach to investigating counterexamples. Namely, while
investigating the failure of the converses of the implications in the flowchart, we will
progressively impose restrictions on the counterexamples, e.g. that they be smooth, or
orientable.

Example 1.6. The well-known pair CP? and *CP? [47] (see Section 5.3) are homo-
topy equivalent but not homeomorphic. The latter manifold, sometimes called the Chern
manifold, was constructed by Freedman and is homotopy equivalent to CIP2, but not
homeomorphic to it. Indeed, CP? and *CP? have unequal Kirby—Siebenmann invari-
ants, implying that *CP? is not smoothable.

The natural question then arises whether there exists a pair of smooth, closed 4-
manifolds that are homotopy equivalent but not homeomorphic. Freedman’s classification
result [47,48] implies that there is no such pair of simply connected 4-manifolds.
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Example 1.7. A pair that satisfies our new demand consists of RP* # CP? and R #
*CP2 [63, 116, 117] (see Section 5.4), where R is a 4-manifold homotopy equivalent
to RP* but with nontrivial Kirby—Siebenmann invariant. However, RP*#CP2 and R #
«CP? are nonorientable.

We can then escalate further to ask for a pair of smooth, closed, orientable 4-manifolds
that are homotopy equivalent but not homeomorphic.

Example 1.8. The simplest such example we know of comes from Turaev [136] (see Sec-
tion 5.7), who showed that for lens spaces L and L’ that are homotopy equivalent but not
homeomorphic, the same holds for the 4-manifolds L x S Land L' x ST.

Finally, one may ask for an infinite collection of closed, smooth, orientable 4-mani-
folds that are homotopy equivalent but not homeomorphic. To our knowledge, this is an
open question. However, the following example answers the question for topological 4-
manifolds.

Example 1.9. Let M := L x S!, where L is a lens space L, 4 with p >2,1 <¢ < p,and
(p,q) = 1. Then Kwasik—Schultz [89, Theorem 1.2] constructed an infinite collection of
closed, orientable, topological 4-manifolds {M;}72,, that are all simple homotopy equi-
valent to M but pairwise not homeomorphic. The proof of Kwasik and Schultz relies on
higher p-invariants. In Section 5.13 we provide a different argument via the surgery exact
sequence that enables us to establish other properties of these manifolds. For example, one
can assume that they are all stably homeomorphic and are pairwise not ~-cobordant.

We will also show (or give citations showing) that all of the pairs of 4-manifolds
discussed in Examples 1.6 to 1.8 are simple homotopy equivalent, and that the pairs from
Examples 1.7 and 1.8 are stably homeomorphic.

As part of surgery programmes to classify 4-manifolds, the relations of simply homo-
topy equivalence, /i-cobordism, and s-cobordism are prominent. All are necessary condi-
tions for homeomorphism. The following theorem compares these three relations. It is the
main original result of the article.

Theorem 1.10. For everyn > 1, there is a collection {N; }l'.’=1 of closed, orientable, topo-
logical 4-manifolds, that are all simple homotopy equivalent and h-cobordant to one
another, but which are pairwise not s-cobordant.

Our proof makes use of a braid of exact sequences due to Hambleton—Kreck [62]
which enables one to estimate the size of the group of homotopy automorphisms of the
4-manifold L, , x S, where L, 4 is a lens space. We combine this with the surgery exact
sequence for 4-manifolds with fundamental group Z/p x Z to construct our families of
examples.

Question 1.11. Is there a pair of smooth 4-manifolds that are simple homotopy equivalent
and /-cobordant, but not s-cobordant? If so, what is the largest possible cardinality of such
a collection of 4-manifolds?
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One should try to answer this question with the strongest possible assumptions on
categories for the /- and s-cobordisms.

Finally, at opposite ends of the flowchart in Figure 1, one can compare with dif-
feomorphism and with CP2-stable homeomorphism/diffeomorphism. The CP2-stable
classification is one of the most tractable [75,76]. It is easy to see that it differs markedly
from the previously discussed classifications, as follows.

Example 1.12. The 4-manifolds S 2 % 8% and S22 X S? are smooth, simply connected,
have equal Euler characteristic, and are CP?-stably diffeomorphic but are not stably hom-
eomorphic and not homotopy equivalent. See Section 5.2.

The diffeomorphism classification, by contrast, is extremely difficult, and in all known
cases varies drastically from the corresponding homeomorphism classifications.

Example 1.13. There are infinitely many smooth, orientable, simply connected 4-mani-
folds that are all smoothly s-cobordant and homeomorphic to one another, but not diffeo-
morphic (see e.g. [8,55]). Since exotic behaviour of this sort is not our primary focus,
we only present the first pair of such manifolds discovered, due to Donaldson [40], in
Section 5.8. It follows that there is no smooth s-cobordism theorem in dimension 4.

There are three implications in Figure | for which we do not yet know whether the
converses hold.

Question 1.14. Does there exist a pair of closed 4-manifolds that are homotopy equivalent
but not simple homotopy equivalent?

It would be interesting if such examples could be found which are (i) smoothable, (ii)
orientable, (iii) topologically A-cobordant, or (iv) smoothly A-cobordant. The most well-
known examples in odd dimensions of homotopy equivalent, but not simple homotopy
equivalent, manifolds are lens spaces. The naive construction of taking the products of
homotopy equivalent lens spaces with S! does not work by the formula for Whitehead
torsion (5.3).

Question 1.15. Is there a pair of 4-manifolds that are (topologically) s-cobordant but not
homeomorphic?

Note that a positive answer to this question would contradict the conjecture that all
groups are good. For more details on this conjecture, see e.g. [80]. For more on the s-
cobordism theorem in dimension four, see Section 3.

Question 1.16. Is there a pair of smooth 4-manifolds that are smoothly /-cobordant but
not smoothly s-cobordant?

Theorem 1.10 provides topological examples of this phenomenon; since the construc-
tion uses the surgery sequence the examples are not obviously smoothable.
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Example 1.1 gives nonorientable examples for the following question, but in the ori-
entable case this is open. Note that smooth, simply connected 4-manifolds that are homo-
topy equivalent are smoothly /-cobordant by Wall’s theorem [139].

Question 1.17. Is there a pair of smooth, orientable 4-manifolds that are topologically
but not smoothly i-cobordant?

As mentioned before, we have restricted ourselves throughout this paper to closed 4-
manifolds. However, interesting phenomena also arise for 4-manifolds with nonempty
boundary and for noncompact 4-manifolds, e.g. the existence of corks [5] and exotic
smooth structures on R* [51], respectively. Other work in these directions include [6,
9,21,22,34,35,54,103,104,127,131,137].

We hope that readers will be motivated by this article to answer the questions we
could not, or to follow the paradigm of progressively imposing restrictions to discover
new unanswered questions of their own.

Outline

In Section 2 we define the equivalence relations we consider. In Section 3 we justify the
implications shown in Figure 1. Section 4 provides a brief review of the surgery exact
sequence. In Section 5 we describe various constructions of 4-manifolds and present a
table summarising the properties of our examples.

Conventions

We write Z /2 = {0, 1} for the integers modulo 2, a group under addition, and C; = {£1}
for the cyclic group of order 2, with multiplication as the group operation. The symbol =~
denotes homotopy equivalence, while >~ denotes simple homotopy equivalence. Depend-
ing on the context the symbol 2 denotes either homeomorphism or diffeomorphism.

2. Equivalence relations on 4-manifolds

Recall that we implicitly assume throughout that 4-manifolds are closed and connected.
We assume that the reader is familiar with homotopy equivalence, homeomorphism, and
diffeomorphism of manifolds, and so we shall not define them. The classification of mani-
folds with respect to these three notions, and their comparison, is a central area of research.
For example, the Poincaré conjecture, which has occupied topologists for over a century,
asks for each n whether every homotopy equivalence from an n-manifold to the n-sphere
is homotopic to a homeomorphism, or even to a diffeomorphism.' In dimensions at least
five, surgery theory provides a concrete, effective framework within which one can try

The Poincaré conjecture is true in the topological category for all n, due to Perelman [107-109],
Freedman [47], and Newman [100]. It is true in the PL category for all n # 4 due to Perelman [loc. cit.],
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to improve a classification of manifolds up to homotopy equivalence to a classification

up to homeomorphism or diffeomorphism. The programme can be applied to topological

4-manifolds under a restriction on the fundamental group; see Section 4 for an overview.
Next we discuss the various notions of stable equivalence.

Definition 2.1. The 4-manifolds M and N are said to be stably homeomorphic if there are
integers s, ¢ such that M# #° (S? x S?) and N# #(52 x §2) are homeomorphic. They
are said to be CIP2-stably homeomorphic if there are integers s, ¢ such that M# #° CP2
and N# #' CP2 are homeomorphic, for some choices of connected sum.

Definition 2.2. The smooth 4-manifolds M and N are said to be stably diffeomorphic
if there are integers s, ¢ such that M# #° (52 x S2) and N# #' (S2 x §2) are diffeo-
morphic. They are said to be CP2-stably diffeomorphic if there are integers s, ¢ such that
M##°CP? and N# #' CP2 are diffeomorphic, for some choices of connected sum.

Note that S? x S? admits an orientation reversing self-diffeomorphism, so there is
essentially only one choice of connected sum. On the other hand CP? does not admit any
such diffeomorphism (nor homeomorphism), so for oriented manifolds there are two pos-
sible connected sums up to diffeomorphism/homeomorphism, usually denoted M # CIP2
and M # CIP2. Therefore, the definitions above say that M and N are CP?-stably dif-
feomorphic (resp. homeomorphic) if there are integers sy, 52, 1, t> such that M# #
CP?# #% CP? and N# #" CP2# #” CP? are diffeomorphic (resp. homeomorphic).
Note that for nonorientable manifolds, there is a unique connected sum N # CP2. We
remark that some authors require s = ¢ in the definition of stable homeomorphism and
diffeomorphism. Manifolds M and N which are stably homeomorphic or diffeomorphic
have s = ¢ in our definition exactly when y(M) = y(N).

We emphasise that “stably” refers by default to connected sum with copies of $% x S2,
and only “CP?-stably” refers to connected sum with copies of CIP2.

To motivate Definitions 2.1 and 2.2, consider an alternative strategy to classify mani-
folds, based on Kreck’s modified surgery [86] and realised by Hambleton—Kreck for e.g.
4-manifolds with finite cyclic fundamental group in [58—61]: first classify manifolds up to
stable homeomorphism, and then investigate the homeomorphism types within each stable
class. In the latter step one attempts to prove that S2 x S? summands can be cancelled,
and this is what Hambleton and Kreck achieved for finite cyclic fundamental groups and
also for more general finite groups under some additional hypotheses. This strategy in
principle also applies to diffeomorphism classifications, but the cancellation step is much

Smale [120, 121], Stallings [124], and Zeeman [146]. In the smooth category it is known to hold in
dimensions 1, 2, 3, 5,6, 12, 56, 61, due to Perelman [loc. cit.], Kervaire-Milnor [77], Isaksen [67], and
Wang—Xu [142]; is false in all odd dimensions other than 1, 3,5, 61; and is false in all even dimensions
8 < n < 200 other than 12, 56, 142, 166, 176, 188. At the time of writing the smooth version is open in
dimensions 4, 142, 166, 176, 188, and for infinitely many even dimensions n > 200; see [19, 68] for the
published state of the art.
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harder. Similarly, another approach to classification is to first classify manifolds up to
CP?-stable equivalence, and then attempt to blow down extraneous CP? summands.
Next we discuss /-cobordisms, simple homotopy equivalences, and s-cobordisms.

Definition 2.3. The 4-manifolds M and N are topologically h-cobordant if there is a 5-
dimensional compact topological cobordism (W; M, N) where the inclusion maps
M — W and N — W are homotopy equivalences. The manifold W is called an h-
cobordism. If M and N are smooth, they are smoothly h-cobordant if they cobound a
smooth /-cobordism.

Associated with a homotopy equivalence f: X — Y between CW complexes X and Y
is an algebraic invariant called the Whitehead torsion t( f) € Wh(m1 (X)), with values in
the Whitehead group of w1(X), which we define next. Let GL(Z[r1(X)]) be the stable
general linear group, and let E(Z[r;(X)]) be the subgroup of elementary matrices, i.e.
consisting of products of the matrices that produce row and column operations. By defin-
ition

Ky (Z[r1(X)]) := GL(Z[m1(X)])/ E(Z[m1(X)])
and
Wh(m (X)) := Ky (Z[m1(X)]) /{£(g) | g € m1(X)}.

For example, Wh({e}) = 0, essentially because of the Euclidean algorithm. See [33] for
an accessible introduction to simple homotopy theory, including more examples of White-
head groups and the definition of Whitehead torsion.

Definition 2.4. A homotopy equivalence f: X — Y between CW complexes X and Y is
a simple homotopy equivalence if its Whitehead torsion t( f') vanishes.

By Chapman’s theorem [32] the Whitehead torsion t( ) only depends on the homeo-
morphism type of X and Y. Hence Whitehead torsion is well-defined for homotopy
equivalences between manifolds which are homeomorphic to CW complexes, e.g. smooth
manifolds or closed manifolds of dimension # 4. It is an open question whether every
topological 4-manifold is homeomorphic to a 4-dimensional CW complex. However, we
can define the notion of simple homotopy equivalence of topological manifolds as follows.
Embed M in high-dimensional Euclidean space. By [83, Essay III, Section 4], there is a
normal disc bundle D(M) admitting a triangulation. The inclusion map zps: M — D(M)
of the 0-section is a homotopy equivalence. Let Z;[l denote the homotopy inverse of zps.

Definition 2.5. We say that a homotopy equivalence f: M — N between topological
manifolds (not necessarily of the same dimension) is a simple homotopy equivalence if
the composition zy o f o zy': D(M) — D(N) is a simple homotopy equivalence.

The Whitehead torsion t(W; M) of an h-cobordism (W; M, N) is by definition the
Whitehead torsion of the inclusion map M < W. This also coincides with the Whitehead
torsion of the relative chain complex C« (W, M), where W and M are the universal covers.
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Definition 2.6. The 4-manifolds M and N are topologically s-cobordant if they cobound
a topological i-cobordism W with trivial Whitehead torsion. The manifold W is called
an s-cobordism. If in addition M, N, and W are smooth, then M and N are smoothly
s-cobordant and W is called a smooth s-cobordism.

An h- or s-cobordism approximates a product, in the eyes of homotopy equival-
ence and simple homotopy equivalence respectively. One of the most spectacular res-
ults of the 20th century was Smale’s /-cobordism theorem [120, 121], which states that
smooth, simply connected A-cobordisms between n-manifolds with n > 5 are indeed
homeomorphic to products. This was later extended to other categories and to the case
of s-cobordisms [17, 83,95, 122, 126]. Consequences include the high-dimensional Poin-
caré conjecture in the piecewise-linear category in dimension at least five.

In dimension four, the celebrated work of Freedman and Quinn [47,48] includes an s-
cobordism theorem, with a restriction on fundamental groups. This is the principal method
for establishing the existence of a homeomorphism between 4-manifolds. We state the
result in the next section as Theorem 3.5 and we outline the proof.

3. Justification of implications

The implications given in green in Figure | are immediate from the definitions. Now we
justify the other implications.

Proposition 3.1. Stably homeomorphic 4-manifolds are CP?-stably homeomorphic. Stab-
ly diffeomorphic 4-manifolds are CPP?-stably diffeomorphic.

Proof. Both statements follow from the diffeomorphism
(S? x S?)#CP? = CP? #CP? #CP2. "

To establish the relationship between homotopy equivalence and CP2-stable homeo-
morphism, we will use the following theorem of Kreck. Recall that an identification of
the fundamental group 71 (M) of a 4-manifold M with a group = determines a map
¢y M — Bm, up to homotopy, classifying the universal cover, where B ~ K(m, 1)
is the classifying space.

Theorem 3.2 (Kreck [86], see also [73, Theorem 1.2]).

(i) Two closed, smooth 4-manifolds M and N with fundamental group isomorphic
to 7 and orientation character w: w — C, are CP?-stably diffeomorphic if and
only if

cm«[M] = cn«[N] € Hy(m; Z")/ £ Aut(rr, w).

(i) Two closed, topological 4-manifolds M and N with fundamental group isomor-
phic to 7w and orientation character w: w — Co are CP?-stably homeomorphic if
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and only if their Kirby-Siebenmann invariants in Z/2 agree and
cm«[M] = cn«[N] € Hy(m; Z")/ £ Aut(rr, w).

Here Aut(sr, w) denotes the set of automorphisms of 77 compatible with the map w.
We have to factor out by the action of + Aut(sr, w) in order to account for the choice of
identifications 71 (M) =~ 7 and 71 (N) = 7, and for the choice of (twisted) fundamental
classes in Hq(—; ZY).

The Kirby—Siebenmann invariant ks(M) € 7 /2 of a 4-manifold M is by definition the
unique obstruction for the stable tangent microbundle of M to admit a lift to a piecewise
linear bundle. See [83, p. 318], [48, Section 10.2B], and [50, Section 8.2] for further details
on the definition. In general it will suffice for us to know that the Kirby—Siebenmann
invariant satisfies strong additivity properties, in particular under gluing and connected
sum, and that it vanishes for a 4-manifold M if and only if M x R admits a smooth
structure, if and only if M# #k 52 x 82 admits a smooth structure for some k.

Theorem 3.3. (1) Homotopy equivalent 4-manifolds with equal Kirby—Siebenmann
invariants are CP2-stably homeomorphic.

(2) Smooth 4-manifolds that are CP?-stably homeomorphic are also CP?-stably diff-
eomorphic.

Proof. For the first implication, let M and N be homotopy equivalent 4-manifolds with
equal Kirby—Siebenmann invariants. Fix a map cy: N — Bnm as mentioned above the
statement of Theorem 3.2 and let f: M — N be the claimed homotopy equivalence. Then
define cps := ¢y o f. This ensures that cpr«[M] = cy«[N] € Ha(7w; Z7)/ £+ Aut(m, w),
and so by Theorem 3.2 (ii), we see that M and N are CP2-stably homeomorphic.

For the second implication, let M and N be CP?-stably homeomorphic and smooth.
By Theorem 3.2 (ii) we see that cpyr«[M] = cy«[N] € Ha(; Z¥)/ £+ Aut(wr, w). Then
apply Theorem 3.2 (i) to see that M and N are CIP?-stably diffeomorphic. |

Next we show the relationship between A-cobordism and stable diffeomorphism. The
case of simply connected 4-manifolds was addressed by Wall in [139, Theorem 3]. A sim-
ilar argument also applies in the general setting as explained by Lawson [91, Proposition].
We sketch the proof.

Theorem 3.4 ([139, Theorem 3], [91, Proposition]). Smoothly h-cobordant 4-manifolds
are stably diffeomorphic. Similarly, topologically h-cobordant 4-manifolds are stably hom-
eomorphic.

Proof. The proof is the same in both cases, by using the fact that 5-dimensional topo-
logical cobordisms (W; M, N) admit handle decompositions, i.e. W can be built by
attaching 5-dimensional handles to M x [0, 1] along topological embeddings of the attach-
ing regions [111, Theorem 2.3.1], [48, Theorem 9.1]. In the case of a smooth /i-cobordism,
we get a smooth handle decomposition relative to M by Morse theory.
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In either case, we can perform handle trading to ensure that the handle decomposition
has only 2- and 3-handles since the boundary inclusions M < W and N < W are 1-
connected. Consider the middle level M/, of the cobordism, obtained after attaching
2-handles to M. Since W is an h-cobordism, the 2-handles are attached along trivial

circles, and so
My, = M##"S? x S*# #7252 % §2,

where #; + t, is the number of 2-handles. Here S2 X S2 is the twisted S2-bundle over S2.

If #, = 0 we are done. In case #, # 0, then there is an embedded 2-sphere in M/, with
odd framing of its normal bundle. Via the homotopy equivalence W — M, we see there is
a map of a sphere to M with odd framing of its normal bundle, implying that the universal
cover of M is nonspin. In this case we have that M # (S X §2) == M # (S? x 5?) (see
e.g. [55, Exercise 5.2.6 (b)]), and so we may assume #, = 0 again.

We have now argued that M, is a stabilisation of M. Applying the same argument
to the upside down handlebody, we see further that M, is a stabilisation of N. Thus,
M and N are stably homeomorphic or diffeomorphic, depending on whether the handle
decomposition was smooth or merely topological to begin with. ]

Next we discuss the s-cobordism theorem in dimension four. Below, we say a group
is good if it satisfies the sr;-null disc property [49] (see also [79]). We do not repeat the
definition here. In practice, it generally suffices to know that virtually solvable groups, and
more generally groups of subexponential growth are good, and the class of good groups
is closed under taking subgroups, quotients, extensions, and colimits [49, 88].

Theorem 3.5 (s-cobordism theorem). Let M be a topological 4-manifold with 7 :=
m1(M) a good group.
(1) Let (W; M, M’) be an h-cobordism over M. Then W is trivial over M, i.e. W =
M x [0, 1], via a homeomorphism restricting to the identity on M, if and only if
its Whitehead torsion t(W; M) € Wh(m) vanishes.

(2) Forany ¢ € Wh(r) there exists an h-cobordism (W ; M, M") witht(W; M) = ¢.
(3) The function assigning to an h-cobordism (W; M, M') its Whitehead torsion

(W M) yields a bijection from the homeomorphism classes relative to M of
h-cobordisms over M to the Whitehead group Wh(rr).

Remark 3.6. It was asserted in [115, p.90] that Theorem 3.5 (2) holds in dimension 4
in the piecewise-linear category, and without the assumption on 7 (M). But the proof
there does not take into account the need for geometrically dual spheres to control the
fundamental group of M.

Proof of Theorem 3.5. The statement (1) is [48, Theorem 7.1A], and relies on Freedman’s
disc embedding theorem [47] (see also [20, 48]). We prove (2), which follows the high-
dimensional argument from [98, Theorem 11.1].
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Let A € GLy (Zr) represent ¢. Attach k trivial 2-handles to M x {1} € M x [0, 1].This
yields a bordism W’ from M to M# # ks2x s 2, where we assume that the ascending
spheres of the 2-handles are S? x {sq} in each copy of S? x S2. Forevery 1 <i < k, we
can realise the element

k
(0.(0. A)i_y) € ma(M) & (Zn)? = mo(M# #* 52 x $2)
i=1

by an embedded framed sphere by tubing together parallel copies of the embedded framed
spheres {so} x $2 in S% x S2. Let { f,-}f-‘=1 be the resulting collection of spheres. These
spheres admit pairwise disjoint algebraically dual spheres {g; }f-‘zl, obtained by tubing
together parallel copies of the embedded framed spheres S? x {so} in order to realise
the rows of the matrix (4 7)~!. By the sphere embedding theorem ([48, Theorem 5.1B],
[110, Theorem B]) there is a collection { ﬁ }f-‘zl of topologically flat embedded spheres
with ﬁ homotopic to f; and such that the collection { ﬁ }le admits a geometrically dual
collection of (immersed) spheres {g; }f.‘=1.

Attach 3-handles to W' along neighbourhoods of the spheres { ﬁ }f.;l to obtain a bor-
dism W from M to M’. Since we attached the handles of index 2 along trivial circles,
7 (M) = 7y (W). Since the { f;} have geometrically dual spheres, surgery along them
does not change the fundamental group and so we have 71 (M’) = 71(W). The handle
chain complex C*(W, ﬁ) is

0— C3(W,1\71) ~qfzn i) CZ(W,]VI) ~ @*Zr — 0.

Since A is invertible, H*(VT/, A7I) = 0, and then by duality H*(VT/, 1\71’) = 0 too. Therefore,
W is an h-cobordism. The torsion can be read off from the handle chain complex as
t(W:M) =[A]=c.

Finally, (3) is a consequence of (1) and (2). Surjectivity is immediate from (2). The
proof of injectivity follows [98, Theorem 11.3] and uses (1) and (2). Let (W; M, M) and
(W'; M, M") be h-cobordisms over M with torsion ¢. By (2), there is a 4-manifold N
and an h-cobordism (W"”; M', N) with torsion —¢. By the additivity of Whitehead tor-
sion ([92]), (W Upp W”, M, N) is an s-cobordism. Since 7 is good, W Uy W is
homeomorphic to M x [0, 1] relative to M by (1). In particular, N is homeomorphic
to M. We can thus form (W” Uy W’'; M’, M), which again is an s-cobordism and is
thus homeomorphic to M’ x [0, 1], relative to M’ by (1). We obtain a homeomorphism

W =W Uy (M'x[0,1]) = W Uy W Uy W (M x[0,1]) Uy W = W',
relative to M, as claimed. [

Remark 3.7. Every 5-dimensional s-cobordism (W ; M, N), with no restriction on funda-
mental groups, becomes homeomorphic to a product, relative to M , after sufficiently many
connected sums with $2 x §2 x [0, 1] along arcs joining M and N [112, Theorem 1.1].
This gives another proof of the special case of Theorem 3.4 that s-cobordant 4-manifolds
are stably diffeomorphic/homeomorphic.
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The last remaining implication in Figure 1 is given by the following result of Gompf.

Theorem 3.8 ([52]). Smooth, orientable 4-manifolds that are stably homeomorphic are
also stably diffeomorphic.

In the same paper Gompf also showed that smoothings of a nonorientable 4-manifold
become diffeomorphic after connected sum with sufficiently many copies of §2 X §2.

4. Review of surgery exact sequences

In the next section we will appeal on several occasions to surgery exact sequences. We
refer to [105] for an account of the 4-dimensional case, and e.g. [141] and [36] for detailed
treatments of general surgery theory in dimensions at least 5.

The surgery exact sequences are centred on the structure sets. For the remainder of
this section, let M be a closed, connected, topological 4-manifold.

Definition 4.1. The homotopy structure set of M, denoted $” (M), is by definition the set

of pairs (N, f: N =M ), where N is a closed topological 4-manifold and f is a homotopy
equivalence, considered up to -cobordism over M . That s, [(N, f)] = [(N, f)] € $"(M)
if and only if there is an A-cobordism (W; N, N’), with inclusion maps i: N — W and
i’ N' — W, together withamap F: W — M suchthat Foi = fand Foi' = f'.

Note that F is necessarily also a homotopy equivalence in the definition above.

Definition 4.2. The simple structure set of M, denoted $* (M), is by definition the set of

pairs (N, f: N =M ), where N is a closed topological 4-manifold and f is a simple
homotopy equivalence, considered up to s-cobordism over M. That is,

[(N. Ol =[N, f)] € $5(M)

if and only if there is an s-cobordism (W; N, N’), with inclusion maps i: N — W and
i"" N’ — W, together withamap F: W — M suchthat Foi = fand Foi’ = f’.

Note that F' is necessarily a simple homotopy equivalence. Suppose that 71 (M) is
a good group. Then every s-cobordism is a product, and we can alternatively describe
the equivalence relation in the definition of the simple structure set without reference to
s-cobordisms, by instead requiring a homeomorphism G: N — N’ such that there is a
homotopy f'oG ~ f: N — M.

Continuing with the assumption that 71 (M) is good, it follows that one approach to
the classification of manifolds simple homotopy equivalent to M, up to homeomorphism,
is to first compute the simple structure set of M, and then to compute the set of orbits of
the post-composition action on it by the group hAut® (M) of homotopy classes of simple
self-homotopy equivalences of M. The set of orbits is then the set of homeomorphism
classes M (M) of manifolds simple homotopy equivalent to M.
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Similarly, the set M” (M) of h-cobordism classes of closed 4-manifolds homotopy
equivalent to M is in bijective correspondence with the orbits of §” (M) under the action
of the group hAut(M) of homotopy classes of self-homotopy equivalences of M .

When 71 (M) is good, the surgery sequences are exact sequences of abelian groups,
whose underlying sets are given as follows; the group structures arise via the theory of
spectra and are hard to define geometrically [101, Chapter 5]. The identity element of the
structure sets is given by the identity map M — M. We will explain the terms other than
the structure sets after stating the sequences. Let 7w := 71(M) and let w: 1 — C; be the
orientation character of M. Assume that  is a good group. For the homotopy structure
set, we have an exact sequence:

w
N(M x[0,1], M x{0,1}) > LE(Zx, w) = $"(M) 5> N (M) S LE(Zx, w),
while for the simple structure set we have an exact sequence:
w
N (M x[0,1], M x {0, 1}) 5> LL(Zm, w) = $*(M) > N(M) > Ly(Zx, w),

The degree one normal maps, the terms involving N, are independent of the & and s
decorations. For (X, 0X) equal to either (M, @) or (M x [0, 1], M x {0, 1}), the set
N (X, 0X) consists of the set of manifolds (N, dN) with a degree one map N — X that
restricts to a homeomorphism on dN — dX, together with some normal bundle data that
we will not define here, up to an analogous notion of degree one normal bordism. Details
can be found in the references provided at the start of this section. It will suffice for us to
know that

N(M) = [M,G/TOP]

and
N(M x[0,1], M x {0,1}) = [(M x [0,1], M x {0, 1}), (G/TOP, x)].

For us the only relevant property of the space G/TOP will be the existence of a 5-
connected map G/TOP — K(Z,4) x K(Z/2,2) ([94], [84, p.397]), so in particular

NM) = H (M:;Z)® H*(M:;Z)2). .1

Similarly, for Y a closed 3-manifold, we have [Y, G/TOP] = H?(Y;Z/2). As before the
identity element in the set of normal maps is given by the identity map.

The L-groups L’S’ (Zr,w), LY(Z7,w), Lﬁ (Zr,w), and L5 (Zm, w) have purely algeb-
raic definitions, in terms of 7, w, and the decoration % or s. We will also not go into the
details of the definitions here, but will give a brief overview.

Roughly speaking, Lﬁ(Zn, w) is defined in terms of nonsingular, sesquilinear, her-
mitian forms on free Zm-modules. For L3 (Zmw, w) the Zm-modules must be based, and
certain isomorphisms between based modules are required to be simple, meaning that they
represent the trivial element of the Whitehead group Wh(sr). The identity element in the
L4 groups corresponds to the hyperbolic form, i.e. BF (93) on ®*Zx for some k. There
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is also a version L (Zx, w), where the underlying Z-modules are only required to be
projective.

Elements of the L5 groups consist of a hyperbolic form on a free Z-module equipped
with a choice of a half rank summand of the base module, called a lagrangian, on which
the form vanishes. For the s decorations, we need the module to be based and a cer-
tain short exact sequence related to the lagrangian to have trivial Whitehead torsion. The
identity element of the Ls-groups consists of a hyperbolic form where the lagrangian is
standard. When the orientation character w is trivial, we often suppress w from the nota-
tion of L-groups.

The homomorphisms o in the surgery sequences from degree one normal maps to
the L-groups are called the surgery obstruction maps. Given a degree one normal map
f:N — M, performing surgery on circles produces a map f”, still with target M, that
induces an isomorphism on fundamental groups. The element o ( f') is given by the kernel
of the map induced by f’ on second homotopy groups, called the surgery kernel. Exact-
ness at N (M) requires that 71 (M) is good and relies on [47,48].

Note that L4(Z) = Z, given by the signature of the form divided by 8. Hence,
0: N(S*) — L4(Z) sends [N, f] to sign(N)/8. Using the naturality of the surgery exact
sequence and that L4(Z) contains L4(Z) as a direct summand, we see that the summand
H*(M:Z) = 7 in N (M) is detected by the signature difference

[N, f1= (6(N) —o(M))/8

and maps injectively to L4(Z). The preceding argument applies to L4(Zsr) with both &
and s decorations.

The maps marked W in the surgery sequences are given by the Wall realisation actions
of the L5 groups on the structure sets, which we sketch next. Let h: N — M be a (simple)
homotopy equivalence and let « be an element of the relevant L5 group. Stabilising gives
amap N# #552%x 82 5> M , for some k, whose surgery kernel gives a hyperbolic form.
We then represent the generators of the lagrangian in « by framed, disjointly embedded
2-spheres in N# #552 xS 2, on which we perform surgery. The resulting 4-manifold N’
comes equipped with a (simple) homotopy equivalence 4’: N’ — M and (N’, /') is by
definition the element « - & of the structure set. By construction N and N’ are stably
homeomorphic. It is highly nontrivial to represent the lagrangian by disjointly embedded
spheres, and requires the work of [47,48] and the restriction to good fundamental groups.

5. Counterexamples
Figure 2 shows what we know about the converses of the implications in Figure 1. In this

section we collect the counterexamples indicated in Figure 2, explaining their construction
and properties. The properties are also collected in Table 1 at the end of the paper.
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. . §5.(5.6.8,12) ]
{ Diffeomorphism Homeomorphism }

§5.8 9

§5.(5,6,12) . R §5.34,7.11,13,14) Simple
Smooth s-cobordism Topological s-cobordism K—=—— )
homotopy equivalence
) §5.14 H?
§5.5.6.12) . . §5.3.4.7,11,13) .
Smooth A-cobordism Topological h-cobordism — [————— Homotopy equivalence

il
§5.(4,7,10) §5.(4,7,9,10,13) f/

. . §5.(5.6,12) .
{ Stable diffeomorphism }::{ Stable homeomorphism }

/)
§5.(2,5,6,12) §5.2,11)

§5.(1,2,9,10)

[ CP?-stable diffeomorphism } EC P2 -stable homeomorphism}*:;//'/

Figure 2. What is known about the converses of the implications in Figure 1. The symbol # denotes
the cases where we know an implication does not hold, indicating which subsections contain cor-
responding counterexamples. The = symbol denotes the three cases where it is unknown whether
an implication holds.

51. S2x S2and S*

* Both manifolds are smooth, orientable, and simply connected.

o As 8% x S? = S*# (8% x S?), they are stably diffeomorphic, and therefore stably
homeomorphic and CP2-stably diffeomorphic.

o x(S? x S?) = 4 #£ 2 = y(S*). Therefore, they are neither (simple) homotopy equi-
valent, s- nor h-cobordant (in either category), homeomorphic, nor diffeomorphic.

This straightforward example shows that to meaningfully ask for homotopically inequi-
valent 4-manifolds that are stably diffeomorphic, one should also require that the Euler
characteristics coincide. Equivalently, one should require that the number of copies of
S2 x S2 added is the same for both manifolds, that is s = ¢ in Definition 2.2.

52. S2x S2and S2% S2

As before S? X S? denotes the nontrivial S2-bundle over S2. It can be constructed by
gluing two copies of D? x §2 together using the Gluck twist on their common boundary
S x S2. Alternatively, recall that oriented 3-plane bundles over S? are classified up to
isomorphism by homotopy classes of maps [S2, BSO(3)] = [S!, SO(3)], and there are
two such homotopy classes. The nontrivial map gives a 3-plane bundle whose sphere
bundle is S2XS2.

e Both S% x S2 and S? X S2 are smooth, orientable, and simply connected.
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o x(S?xS?)=4=y(S?%S?).

« By the diffeomorphisms (52 x §2) # CP2 = CP2#CP #CP? (52X S2)#CP2,
the manifolds are CP2-stably diffeomorphic and CP?-stably homeomorphic.

» The second Stiefel-Whitney classes are distinct, since S? x S? is spin but 2 X §?

is not. So they are neither (stably) diffeomorphic, nor (stably) homeomorphic, nor
(simple) homotopy equivalent, s- nor s-cobordant (in either category).

This example shows that it is easy to find manifolds that are CP2-stably homeo-
morphic or CIP2-stably diffeomorphic but do not satisfy any of the other equivalence
relations.

5.3. CP? and Freedman’s *CP?

Freedman [47, p.370] constructed the manifold *CIP2, which he called the Chern man-
ifold, as follows. Attach a 2-handle to D* along a +1-framed trefoil K, to obtain the
1-trace of the trefoil. The boundary is a homology sphere %, which bounds a compact,
contractible manifold C ([47, Theorem 1.4'], [48, Corollary 9.3C]). Cap off the 1-trace
with C. The resulting closed 4-manifold is *CP?. The same construction with any knot K
with Arf(K) = 1 gives rise to a homeomorphic manifold.

*  The manifolds CIP? and *CP? are orientable and simply connected.

« CP? is smooth. The Kirby—Siebenmann invariant ks(*CP?) = ks(C) = u(X) =
Arf(K) = 1, where (%) is the Rochlin invariant of X, by [48, p. 165] and [56].
Therefore, *CP? is not smoothable, even stably.

» Since the manifolds have isometric intersection forms, they are homotopy equival-
ent [97, 145] and have equal Euler characteristic y(CP?) = 3 = y(xCP?). Since the
Whitehead group of the trivial group is trivial, the manifolds are also simple homotopy
equivalent.

+  Since the Kirby—Siebenmann invariants are different, they are not CIP?-stably homeo-
morphic and therefore not homeomorphic, not s- or s-cobordant, and not stably hom-
eomorphic.

* The smooth questions are not applicable to this pair.

This example shows that one must restrict to manifolds with the same Kirby—Sieben-
mann invariant, and moreover ideally smooth manifolds, to find really interesting examples
of homotopy equivalent but not homeomorphic manifolds.

54. RP*#CP? and R # *CP?

Here *CP? is the Chern manifold from Section 5.3. The manifold R was first construc-
ted by Ruberman [116], as follows. By [47, Theorem 1.4'] and [48, Corollary 9.3C], the
Brieskorn sphere X (5, 9, 13) bounds a compact, contractible, topological 4-manifold U.
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As a Seifert fibred manifold, X (5, 9, 13) admits an orientation preserving order two self-
diffeomorphism ¢ given by the antipodal map on the generic fibres. Since the parameters 5,
9, and 13 are all odd, ¢ is also the antipodal map on the exceptional fibres and ¢ has no
fixed points. The manifold R is then defined as

R:=U/x ~t(x) forx € IU.

A similar construction was previously used by Fintushel-Stern [42] to construct a mani-
fold homeomorphic, but not diffeomorphic to RP#, as we describe in Section 5.6. Ruber-
man’s proof that R is not homeomorphic to RP* utilises Rochlin’s theorem [114] (see
also [46], [82, Chapter XI]) and the fact that the Rochlin invariant ©(3(5,9,13)) = 1.
That R is a homotopy RP* follows from the same principle as in [42]. Namely, write S*
as U U; U, and observe that R is the quotient under a free involution. The same con-
struction can be applied to any integer homology sphere ¥ admitting a free orientation
preserving involution and with w(¥) = 1. While it is a priori not clear that the outcome is
unique up to homeomorphism, this follows from the classification of closed, nonorientable
4-manifolds with order two fundamental group [63, Theorem 3].

In the literature R is sometimes denoted *RP*#. We prefer not to use this notation to
avoid confusion with the star construction defined in Section 5.11. The manifold R also
arises via a surgery construction, which we outline after the following list.

¢ The manifolds RP* # CP? and R # *CP? are nonorientable with nontrivial funda-
mental group isomorphic to Z /2.

« RP*#CP? is smooth by construction. Ruberman—Stern [117] showed that R # xC P2
is also smoothable, as follows. First they showed that there exists a knot K with S3(K) =
0X1(K) = (5,9, 13) a Brieskorn sphere, via an explicit Kirby calculus argument. Let ¢
be a free orientation preserving involution of (5,9, 13) as described at the beginning of
this section. Construct the smooth 4-manifold

X = X1(K)/x ~ t(x) forx € dX1(K).

To see that X is homeomorphic to R # *CP2, let Ug be the compact, contractible, topo-
logical 4-manifold with boundary X (5, 9, 13) provided by [47, Theorem 1.4'] and [48,
Corollary 9.3C]. By Freedman [47] and Boyer [21], there is a homeomorphism

*CP? # Ug = (X1(K) Us(s.o.13) Uk) # Ugx = X1 (K),

since they are both compact, simply connected 4-manifolds with the same intersection
form and the same integer homology sphere boundary. This homeomorphism descends to
a homeomorphism *CP? # R = X when quotienting the boundaries by the involution.
Alternatively, one can apply the classification theorem of [63] to show that X is homeo-
morphic to R # xCP2. Different choices of K, and thereby the Brieskorn sphere, might
give rise to different smooth structures on R # *CIP2, but this is currently an open ques-
tion.



Counterexamples in 4-manifold topology 211

* The manifolds RP* # CP? and R # *CP? are homotopy equivalent, and therefore have
equal Euler characteristic y(RP*# CP?) = 2 = y(R # *CP?). Since the Whitehead
group of Z /2 is trivial, they are also simple homotopy equivalent.

« Since they are homotopy equivalent and smoothable, they are CP2-stably homeomor-
phic and CP2-stably diffeomorphic.

» Hambleton—Kreck—Teichner [63] showed that they are stably homeomorphic, but not
homeomorphic.

* The manifolds are stably diffeomorphic by [50, Theorem 12.3] which states that smooth,
nonorientable, compact 4-manifolds with universal cover nonspin, that are stably homeo-
morphic, are stably diffeomorphic.

» They are not s-cobordant, in either category, since if they were they would be homeo-
morphic by the topological s-cobordism theorem (Theorem 3.5). Since the Whitehead
group of 7 /2 is trivial, they are also not s-cobordant in either category.

We end this section by giving an alternative construction of the manifold R following
Hambleton—Kreck-Teichner [63, pp. 650-1]. There is a degree one normal map, namely
the collapse map Eg — S*, with domain the Eg manifold constructed by Freedman [47,
Theorem 1.7]. Connect sum with RP* in both domain and codomain to obtain a degree
one normal map

F:RP*# Eg — RP*.

The surgery kernel is the image of the Eg form under the map L4(Z) — L4(Z[Z /2], w),
where w:Z /2 — C; is the nontrivial character. But this is the zero map [141, Chapter 13A,
bottom of p.173]. By the definition of L4(Z[Z/2], w), this means that, perhaps after
stabilising with copies of S? x S2, the surgery kernel is a hyperbolic form. Applying [110,
Corollary 1.4] to the surgery kernel, there is a homeomorphism

RP* # Eg# #5 (52 x $2) = X# #*% (52 x §2) (5.1)

for some integer k and for some 4-manifold X. By additivity of the Kirby—Siebenmann
invariant (see e.g. [50, Theorem 8.2]),

ks(X) = ks(X# #*7 (52 x §2)) = ks(RP* # Eg#t #*15(52 x 52)) = ks(Eg) = 1,
whereas RIP# is smooth and so ks(RP#) = 0. We can then define
R = X.

By [63, Theorem 3] the manifold X is determined up to homeomorphism by the existence
of the homeomorphism (5.1), and in particular coincides with Ruberman’s construction.
Since we built R by killing the surgery kernel of a degree one normal map, we have
constructed an element of the structure set, [R — RP*] € §(RP*), and in particular
R ~ RP*.
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5.5. Kreck’s examples K 3 # RP* and #'! (S2x S?%)# RP*

This is a pair of relatively easy to understand exotic 4-manifolds discovered by Kreck [85].
Indeed this was the first known exotic pair of closed 4-manifolds; the examples of Cappell—
Shaneson discussed in Section 5.6 were constructed earlier, but they were not shown to
be homeomorphic until much later [63]. The K3 surface is a well-known smooth, simply
connected 4-manifold. One way to construct it is to first consider E(1) := CP?# #°CP2?,
which comes with an elliptic fibration F: E(1) — S? (be warned that this is not a Serre
or Hurewicz fibration). Generically the point inverse images are tori with trivial normal
bundles T2 x D?2. The fibre sum of two copies of E(1) is the K3 surface:

K3:=EQ2) := E(1) #72 E(1) = (E(1)\ T2 x D?) Ugays1 (E(1)\ T x D?).
We can then construct the manifolds K3 # RP* and #'! (S2 x §2) # RP*.

+  The manifolds K3 # RP* and #'! (S? x §2) # RP* are smooth, nonorientable, and
have nontrivial fundamental group isomorphic to Z /2. They have equal Euler charac-
teristics y(K3#RP*) =23 = y(#'' (52 x $2) # RP%).

« As we will explain below, Kreck showed that K3 # RP* and #'! (8% x §2) # RP*
are homeomorphic but not stably diffeomorphic.

*  Since they are homeomorphic, they are stably homeomorphic, CP2-stably homeo-
morphic, homotopy equivalent, simple homotopy equivalent, and topologically /- and
s-cobordant.

» Since they are not stably diffeomorphic, the two 4-manifolds are not diffeomorphic,
and neither smoothly /-cobordant nor smoothly s-cobordant.

Remark 5.1. More generally, Kreck [85, Theorem 1] showed that there is at least one
such example of a pair of homeomorphic but not stably diffeomorphic smooth 4-manifolds
for each 1-type (7, w: 1 — C,) with 7 a finitely presented group and w nontrivial. By
Gompf’s result (Theorem 3.8), orientable (stably) homeomorphic 4-manifolds are stably
diffeomorphic, so this phenomenon only arises for nonorientable manifolds.

Now we argue why K3 #RP* and #!! (S? x §2) # RP* are homeomorphic. The
intersection form of K3 is isometric to the orthogonal sum of two Eg forms and a rank 6
hyperbolic form. By the classification of closed, simply connected 4-manifolds up to
homeomorphism [47,48], it follows that K3 is homeomorphic to Eg # Eg# # 3 (52 x §?),
where Eg as before denotes the E'g manifold constructed by Freedman [47, Theorem 1.7].
Next, observe that there is a unique connected sum of an orientable manifold with a
nonorientable manifold such as R]P’4, because any two embeddings of D* in RP* are
isotopic. Using this we have homeomorphisms

RP*# K3 >~ RP* # Eg # Es# #° (52 x S?)
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~ RP* # Eg # Eg# #°(S2 x S?)
~ RP*##'" (52 x S2?).

The last homeomorphism uses the classification of closed, simply connected 4-manifolds
again. Here the 4-manifolds Eg # Eg# #° (S2 x S2) and #'" (52 x $2) have isometric
intersection forms, since they are indefinite and have the same rank, parity, and signa-
ture [99, Theorem 5.3].

Next we explain the obstruction to stable diffeomorphism. Heuristically, the construc-
tion of a homeomorphism above does not work smoothly, because one cannot split the K3
surface smoothly, because of Rochlin’s theorem that smooth, spin, closed, 4-manifolds
have signature divisible by 16 [114] (see also [46] and [82, Chapter XI]). When necessary
we use RP*® ~ BZ/2 = K(Z/2,1) as a model for the Eilenberg—Maclane space. Define

B := B7Z/2 x BSpin

and let £: B — BO be the composition

. ytxp e
B = BZ/2 x BSpin —— BO x BO — BO,

where p+ is the orthogonal complement to the tautological line bundle y over BZ/2 ~
RIP*°, p:BSpin — BO is the standard projection, and @ is the map corresponding to
the Whitney sum of stable bundles. Replace £ by a fibration, and by an abuse of notation
denote the resulting homotopy equivalent domain by the same letter B and the new map
to BO again by £.

Let Q4(B, &) denote the group of bordism classes of closed, smooth 4-manifolds,
equipped with a lift to B of the classifying map vyr: M — BO of the stable normal
bundle. In other words, €24(B, £) has elements represented by pairs (M, Vys), where M
is a closed, smooth 4-manifold and v, classifies its stable normal bundle, such that the
following diagram commutes.

B
|
£

M M Bo.

A (B, £)-bordism between (M, V) and (N, Dy ) is a compact, smooth 5-manifold (W, vy )
with a corresponding lift of the stable normal bundle vy: W — BO to B, and a diffeo-
morphism

iyUin:MUN S aw

such that Vi oipy =V and DV o iy = Vy.

For M € {K3 #RP* #'' (52 x §2) # RP*}, Kreck showed that M admits a 2-
connected lift Vps: M — B. Roughly speaking, this is because (B, £) was chosen to be
compatible with the Stiefel-Whitney classes w; (vas) and w,(vys), and also with the fun-
damental group 71 (M ). The following theorem is a special case of [86, Theorem C].
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Theorem 5.2 (Kreck [85]). Let (M, V), (N,Vy) € Qu(B, &) with Vyy and vy 2-conn-
ected. Then M and N are stably diffeomorphic if and only if

(M. V)] = [(N.Vn)] € Qa(B.§)/hAut(B, §),

where hAut(B, &) denotes the group of fibre homotopy classes of fibre homotopy equival-
ences of the fibration §: B — BO.

Kreck showed [85, Proposition 2] that there is an isomorphism
@:Qu(B, &) = /16, (5.2)

with o (# 1 (S% x §52),5) =0and a(K3,s) = 8. Here these are simply connected 4-mani-
folds, and the maps s factor through {*} x BSpin, and correspond to the unique spin
structures on the respective 4-manifolds. The automorphism group hAut(B, §) acts by
isomorphisms of Q4(B, §) = Z/16 and so preserves these two elements. Since « is a
homomorphism and the connected sum is (B, £)-bordant to the disjoint union, it fol-
lows that K3 # RP* and #'' (52 x $2) # RP* are distinct in 4(B, £)/ hAut(B, §) and
are therefore not stably diffeomorphic. Next we proceed to explain the computation of
Q4(B, &) and the isomorphism « in a little more detail.

Represent an element of Q4(B, £) by amap f: M — RP* x BSpin, using the cellular
approximation theorem and the fact that BZ /2 =~ RP*°. Let pry: RP* x BSpin — RP*
be the projection, and make pr; o f transverse to RP3 € RP*. Let F C M be the inverse
image f~'(RP3 x BSpin), which is a closed 3-manifold. The restriction of f to F
determines, with a little work, an induced spin structure on F' and a map

F — RP3 C RP* =~ BZ/2.

So F determines an element of Q57" (BZ/2).

Every element (F, f) of SZSP ln(B’ Z/2) bounds some spin 4-manifold W which admits
a branched double covering W—w restricting to the double cover F—>F corresponding
to f with branching set a 2-dimensional submanifold ¥ of W. We will show the existence
of such a null-bordism in the next paragraph. Note that d(vF) = F, where vF is the
normal bundle of F in M and that Mp := M \ vF is spin. Thus, we can form the closed
oriented spin 4-manifold My := Mg U £ —W, where the orientation on Mr is induced
from the (B, £)-structure on M. Then we define a precursor of the invariant from (5.2), as

alM, ) :=sign(My)—X -3 € Z/32,

where X - ¥ denotes the homological self-intersection number of ¥ C W . Kreck showed
that & is a well-defined invariant of Q24(B, £), namely it is unaffected by cobordism over B
and is independent of the choice of W and the branching set. This uses the Atiyah—Singer
G-signature theorem [12, Section 6] (see also [57]) and Rochlin’s theorem [114] (see
also [46] and [82, Chapter XI]). Thus as alluded to above the exotic behaviour can be
ultimately be traced back to Rochlin’s theorem.
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Now we show the existence of a null-bordism W, as promised. Kreck showed in [85,
Proposition 3] that Qgpm(B Z/2) = Z./8, generated by the pair consisting of

(RP?,inc xs: RP? — RP® x BSpin),

where inc is the inclusion and s is some choice of spin structure. The 3-manifold RP3
bounds the 4-manifold V obtained by adding a 2-handle to D* along an unknot with
framing coefficient 2. A generator of 75 (V) is represented by an embedded 2-sphere. Tak-
ing the 2-fold cover of V branched along such an embedding yields a branched covering
Vv restricting to the standard nontrivial double cover

S3 >~ 9V = RP3 ~ 9V

on the boundary. By taking boundary connected sums of V, we see that \RPP* bounds a
4-manifold Wy = 1KV with a branched double cover as claimed. For any element (F, f)
of Q37" (BZ/2) we can now construct W := W, U, gps W', where W is a spin bordism
from (F, f) to kRP3 over BZ /2. The null-bordism W admits a branched double cover
as required in the definition of &. This completes the description of ¢.

Kreck showed [85, p.256] that

Im& = 27/32 = 716,

generated by @(RP*, Vpp4) for some normal smoothing Vp4: RP* — B. In this case
F =RP3, W =V from above, sign(Mr) = sign(D*) = 0 and W="V,so sign(ﬁ/) =1
and ¥ - X = 1. Therefore,

sign(My) = —1,

and so @(RP*, f) = —2. Kreck also showed by analysing the Atiyah-Hirzebruch spectral
sequence for Q4(B, &) that |Q24(B, §)| < 16. It follows that & is an isomorphism onto
27./32 € Z/32. Finally, ®(K3, s) = 16 since F = @, and so Mg = K3. Since Ima =
27./32 we may define

a:=a/2:Q24(B,E) > Z/16,

which gives the isomorphism ¢ that we have been trying to explain.

5.6. RP* and the Cappell-Shaneson exotic RP*

Cappell and Shaneson [27, 28] constructed a smooth manifold R which they showed is
homotopy equivalent, but not stably diffeomorphic, to RPP*; later work [63] showed that R
is homeomorphic to RP*. Fintushel and Stern [41] constructed a smooth manifold R pg
with the same properties as a quotient of S* by an exotic free action of Z/2 on S*.
See [1, Theorem 5.1] for the relationship between the two constructions.

The Fintushel-Stern construction is easier to describe, so we start with that. Start
with two copies of a compact, contractible, smooth 4-manifold U with boundary the
Brieskorn homology sphere U =~ X (3, 5, 19). This homology sphere is a Seifert-fibred
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3-manifold. The antipodal map on the S! fibres induces a fixed-point free, order-two self-
diffeomorphism ¢: dU — dU, as in Section 5.4. Fintushel-Stern showed that there is a
diffeomorphism S$* =~ U U, U. Switching the two U factors of the union gives rise to a
smooth free involution 7: S* — S*. Define

Rps :=S*/T=U/x ~t(x) forxedU.

This inspired the construction of R in [116] given in Section 5.4.
Next we recall the construction of the Cappell-Shaneson R. Let

0 1 0
A=10 0 1
-1 1 0

The matrix A induces a diffeomorphism ¢4: T3 — T3. Consider the punctured 3-torus T03
and the corresponding mapping torus for A, denoted My o. Take RP* and remove a neigh-
bourhood S X D3 of an embedded circle representing the generator of 71 (RP*) =~ Z /2.
Then

R:= (RP*\ S' X D?) Uy My.

« The manifolds R and RP* are smooth and nonorientable. They have nontrivial funda-
mental group isomorphic to Z /2.

* They have equal Euler characteristics y(R) = 1 = y(RP*).

« Cappell-Shaneson [28] showed that R and RPP* are homotopy equivalent, and therefore
simple homotopy equivalent.

e After Freedman’s work it was later shown [63] that these manifolds are furthermore
homeomorphic.

* By combining with their earlier work on 4-dimensional surgery [26, Theorem 2.4],
Cappell-Shaneson [28, p.61] showed that, in addition to not being diffeomorphic, R
and RIP* are not stably diffeomorphic. Alternatively, this can be seen using the « invariant,
defined below, which turns out to be a stable diffeomorphism invariant, via the reduction
of stable diffeomorphism to bordism over the normal 1-type. We refer to Section 5.12,
where we explain this in more detail in the case of Akbulut’s examples.

* Since they are homeomorphic they are stably homeomorphic, simple homotopy equi-
valent, topologically /- and s-cobordant, CP2-stably homeomorphic and CP2-stably
diffeomorphic.

* Since they are not stably diffeomorphic they are not diffeomorphic. They are not smooth-
ly h- or s-cobordant because they are not stably diffeomorphic.

* As mentioned above, the Fintushel-Stern 4-manifold R rs has exactly the same proper-
ties.

‘We now describe the diffeomorphism obstruction from [28] used to show that R is not
diffeomorphic to RP*. Consider the nonorientable linear S3-bundle over S, which we
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denote by S! X 3. Cappell-Shaneson defined an invariant
a: N(S'XS3 > 17/32

from the set of smooth degree one normal maps with target S X §3. Let f: R — S!' X §3
represent an element of N (S' X §3). Define X to be a framed 3-manifold f~1(S3)
obtained by making f transverse to a fibre S3 in S' X §3, taking the inverse image,
and pulling back the framing. Let u(Xg) € Z/16 be the Rochlin invariant of X g, by
definition the signature mod 16 of a framed 4-manifold with boundary X . In addition,
write W := R\ vX R, and let (W) € Z be its signature. Then Cappell-Shaneson defined

a(R, f):=2u(Zg) —o(W) mod 32.

In [28, Proposition 2.1] they showed that « is a well-defined map a: N (S X §3) — Z/32
as claimed. This invariant will be used again in Section 5.12; see also Kreck’s invariant in
Section 5.5, which was inspired by the Cappell-Shaneson invariant.

Let M4 be the mapping torus for the diffeomorphism ¢4: T3 — T3 used in the con-
struction of R. In [28, Propositions 2.1 and 2.2] it was shown that there is a degree one
normal map f: My — S! X S3 and that a(My, f) is nonzero. As such, just as in Sec-
tion 5.5, the exotic behaviour is due to Rochlin’s theorem. In [28, Theorem 3.1], Cappell
and Shaneson use the nontriviality of (M4, f) to show that R is not diffeomorphic
to RP*. This theorem shows that there is a homotopy equivalence /#: R — RIP* that is
not homotopic to a diffeomorphism. Then since every homotopy equivalence of RP* is
homotopic to the identity (cf. Proposition 5.3), it follows that there is no diffeomorphism
between R and RP*. It was shown in [53] that the double cover of R is diffeomorphic
to S4.

The Cappell-Shaneson construction can be varied by making different choices for
the matrix A, giving rise to an exotic RP* denoted R4. The precise conditions are that
A € GL(3,Z) with det(A) = —1 and det(I — A?) = =£1; call such a matrix a Cappell—
Shaneson matrix. It can be seen from the construction that if A and A’ are similar Cappell—
Shaneson matrices then R4 and Ry are diffeomorphic. The universal cover of Ry is
a smooth homotopy 4-sphere. Many of these have been shown to be diffeomorphic to
S* — we refer to the introduction of [81] for a detailed survey. The most general result
in this vein is that the universal cover of R4 arising from a Cappell-Shaneson mat-
rix A with trace n where —64 < n < 69 is diffeomorphic to S 4 [ibid.]. However, this
corresponds to only finitely many similarity classes, and so there are infinitely many
Cappell-Shaneson homotopy 4-spheres which remain as potential counterexamples to the
smooth 4-dimensional Poincaré conjecture.

57. LxSland L’ x S

Let L and L’ be 3-dimensional lens spaces with the same fundamental group that are
homotopy equivalent but not homeomorphic. These are of the form L, 4, and L, 4, with
ged(p.gi) = 1,and 1 < ¢; < p fori = 1,2, such that for some 1, ¢;¢» = £n? mod p
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(for homotopy equivalent), and ¢; # j:q;—Ll mod p (for nonhomeomorphic) [113]. See
also [23,33,37].

* The manifolds L x S! and L’ x S! are smooth and orientable. They have fundamental
group isomorphic to Z/ p x Z, for some p.

* They are homotopy equivalent because L and L' are, and since they are smooth they are
therefore CIP2-stably homeomorphic and CP-stably diffeomorphic.

e The formula for the Whitehead torsion of a product of homotopy equivalences [90,
Corollary 1.3], [92] implies that L x S! and L’ x S! are simple homotopy equivalent.
Indeed, let f: L — L’ be a homotopy equivalence. Leti:Z — Z/p x Z and j:Z/p —
Z/ p x Z be the standard inclusions. Then

t(f x1d) = ju(0(f)) - 2(S1) + x(L) - ix(z(1d)) = O, (5:3)

since y(S1') = 0 = y(L), where i, and j, are the induced maps on Whitehead groups.

* In the late 1960s it was proven that L x S! and L’ x S are not diffeomorphic. If they
were, then L and L” would be smoothly /-cobordant, which can be seen by embedding L
in the infinite cyclic cover L’ x R. Atiyah-Bott [11, Theorem 7.27] and Milnor [98, Corol-
lary 12.12] showed that smoothly A-cobordant lens spaces are homeomorphic. There-
fore L x S' and L’ x S! are not diffeomorphic.

o In the late 1980s, Turaev [136] showed that moreover L x S! and L’ x S! are not
homeomorphic. He showed that for any 3-manifolds M and M’ that do not fibre over S'!
with periodic monodromy, the product M x S! and M’ x S! are homeomorphic if and
only if M and M’ are homeomorphic [136, Theorem 1.5]. To show this he proved that
such M and M’ are topologically /-cobordant if and only if M and M’ are homeo-
morphic. It follows that L x S! and L’ x S are not homeomorphic. Of course this also
reproves that they are not diffeomorphic.

* The manifolds L x S' and L’ x S! are stably diffeomorphic, and therefore stably
homeomorphic. We prove this in Proposition 5.3 below, by adapting a proof of Cappell—
Shaneson [29]. That this is possible was stated in [144].

* By the topological s-cobordism theorem (Theorem 3.5), L x S! and L’ x S! are not
topologically s-cobordant and are therefore not smoothly s-cobordant. Here we use that
Z/p x Z is a good group.

 They are not topologically i-cobordant, as we explain in Proposition 5.4 using [89]. It
follows that they are not smoothly /-cobordant.

* By choosing a large enough value of p, one may use the classification of lens spaces
to find arbitrarily large, finite sets {L; x S'};, such that the elements pairwise satisfy the
above properties.
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Proposition 5.3. Let L and L’ be 3-dimensional lens spaces that are homotopy equi-
valent but not homeomorphic. Then the 4-manifolds L x S' and L' x S' are stably
diffeomorphic.

Proof. The strategy is as follows. Let 71 (L) =~ m1(L') =~ Z/p and let h: L — L' be a
homotopy equivalence. Let $”(L’) be the homotopy structure set of L’ and consider the
map in the surgery sequence

n:8"(L) - N(L') = [L,G/TOP]

with target the normal invariants of L’. This map is defined for 3-manifolds, even though
there is no analogue of the entire surgery sequence for 3-manifolds (but see [84, The-
orem 4] for a version with a homology structure set). We will show that the homotopy
equivalences h: L — L’ and Id: L’ — L’ determine equal elements n(h) = n(Id) € N (L')
i.e. normally bordant degree one normal maps. Crossing with S! we see that

n(h x1d) = n(Id xId) € N (L' x S1).
Since Z/p x Z is a good group, the surgery sequence is exact. Therefore,
[hxId:LxS'—> L' x8' and [[dxId:L xS'— L x S8

are in the same orbit of the action of Lg(Z[Z/p x Z]) on $"(L" x S1). Then, by the
definition of the Wall realisation L” action, it follows that L x S' and L’ x S are stably
homeomorphic. Then since these 4-manifolds are smooth and orientable, they are in fact
stably diffeomorphic by Theorem 3.8.

We therefore have to show that n(h) = n(Id) € N (L’). For this we adapt the proof
of [29, Proposition 2.1], where the corresponding fact for lens spaces with even order
fundamental group was proven in all dimensions, under an additional hypothesis that the
double covers are homeomorphic. We will show that in dimension 3 the extra hypotheses
are not needed.

First recall that there is a 4-connected map k: G/TOP — K(Z/2, 2), corresponding
to a universal cohomology class k € H?(G/TOP; Z/2) [84,94]. This induces a homo-
morphism

ke [L',G/TOP] — [L',K(Z/2,2)] = H*(L';Z/2).

Consider 1(h) and n(Id) as elements of [L’, G/TOP]. Since n(Id) = 0, also k.« (n(Id)) =
0 € H?(L';Z/2). So we have to show that k«(n(h)) = 0, and then we will have shown
that both maps L’ — G/TOP are null-homotopic, and hence that the two lens spaces are
normally bordant. If p is odd, then H?(L';Z/2) =~ H,(L'; Z/2) = 0, so we are done.
We therefore assume that p is even, in which case H 2L 7 /2) = Z/2, and we have
something to check. So let p = 2r, for some r > 1.

Now we diverge from the proof of [29]. Let f: L — L and f’: L’ — L’ be the r-fold
covers so that

m(L) = 7/2 = m(L).
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Note that L and L' are again lens spaces, so L~IL' ~RP3= L, 1. We claim that
(fY*H*(L';2/2) - H*(RP>;Z/2)

is an isomorphism. Note that f/: H;(RP3;Z) — H,(L’;Z) is given by multiplication
with r. Hence, on the cellular Z-chain complexes, f{ is given by multiplication with r, and
thus f; is the identity as can be seen by considering the following commutative diagram
of the cellular chain complexes over Z.

7z 2y7 2.7 .7

| F R P

7 2y7 27 2.7

The claim that (f/)*: H*(L'; Z/2) — H*(RIP3;Z/2) is an isomorphism immediately
follows from this. By the commutative square

(L’,G/ToP] L5 [RP?,G/TOP|

|- |-

2L 2/2) LS HARP;2/2)

in order to prove k«(n(h)) = 0, it suffices to show that

(f")*(n(h)) = 0.

Since (f')*: N (L") — N (RP?) is given by pulling back along f’, we have

(f)* (n(h)) = n(h),

where 71: RP? — RP? is obtained from lifting /1 o f:RP? — L’ to RP> along f” as in
the diagram

RP? --F_y RP?

"

L— 1
We assert that every orientation-preserving homotopy self-equivalence of RP3, and so in
particular h, is homotopic to the identity. It then follows that I is trivial in the structure set
of RIP3, and so 7](}7) = n(Ildgp3) = 0, as desired.

It remains to prove the assertion that every orientation-preserving homotopy self-
equivalence of RP? is homotopic to the identity. This can be proven via obstruction
theory, by iteratively extending a map defined on RP> x {0, 1} to RP? x [0, 1]. Since
the target RP> is path connected, there is no obstruction to extending over the relative
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1-cells of RP3 x [0, 1], i.e. to defining the homotopy on the O-cells of RPP3. For k > 2,
the obstruction to extending over the relative k-cells of RP> x [0, 1] lies in

H¥(RP? x [0, 1], RP? x {0, 1}; 1 (RP?)).

For k = 2, the obstruction vanishes because both maps induce the identity on 77; (RP?) =
7,/2. Since 1 (RP?) = 7,(S3) = 0, the remaining obstruction lies in

H*(RP? x [0, 1], RP? x {0, 1}; 73(RP?)) = Ho(RP? x [0,1];Z) = Z.

The obstruction measures the difference in the degrees of the two maps. Since both are
degree 1, the obstruction vanishes and the assertion is proved. ]

Proposition 5.4. Let L and L' be homotopy equivalent lens spaces that are not homeo-
morphic. The manifolds L x S' and L’ x S are not topologically h-cobordant.

Proof. Assume that there is a topological 4-cobordism W from L x S! to L’ x S!. As
in (5.3) above, taking a product with S! kills the Whitehead torsion, i.e. W x S is an
s-cobordism from L x S' x ST to L’ x ST x S!. The high-dimensional s-cobordism the-
orem then implies that L x S* x ST and L’ x S x S are homeomorphic. But this implies
that L and L’ are homeomorphic by the toral stability property for lens spaces [89] which
can be seen using higher p-invariants [144]. This is a contradiction to our assumption on L
and L’. [

Indeed if L and L’ are not homeomorphic, then even L x R? and L’ x R? are not
homeomorphic [89, Theorem 1.4].

5.8. Donaldson’s examples E(1) and the Dolgachev surface E(1)2 3

As mentioned before, Kreck (Section 5.5) and Cappell-Shaneson (Section 5.6) construc-
ted the first examples of exotic 4-manifolds. These were nonorientable, and the obstruc-
tions used arose from Rochlin’s theorem.

New examples of exotic pairs, including simply connected examples, were provided
by Donaldson [40], and many others after him (see e.g. [8,55]). Donaldson’s first examples
consisted of E(1) = CP2##°CP- and the Dolgachev surface E(1),.3, which is obtained
from E(1) via two log transforms. Let us recall the construction. The 4-manifold E(1)
admits the structure of an elliptic fibration f: E(1) — S2. Let T2 € E(1) be a generic
fibre. Its normal bundle is a copy of 72 x D? embedded in E(1).

In general, a log transform is a surgery operation on a 4-manifold X with a smoothly em-
bedded torus 72 C X with trivial normal bundle which cuts out a neighbourhood T? x D?
of T2, and glues it back via a diffeomorphism of 9(7? x D2?) = T3. Let {a, B, [0D?]} be
a basis for H;(T3). Then by definition we reglue to form

X' := X\ (T2 x D2) U, (T? x D?)
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using a diffeomorphism ¢,: T3 — T3 for some p € Z, corresponding to an element

1 0 0
0 0 1
0 -1 p

of GL(3, Z). Perform two of these log transform operations on E (1), on disjoint generic
fibres of the elliptic fibration, one with p =2 and one with p = 3. The resulting 4-manifold
is the Dolgachev surface E(1); 3. One can also construct E(1)2 3 by a single knot surgery
operation ([43], [44], [55, Section 10.3], [8, Section 6.5]) on a generic fibre of E(1), using
a trefoil knot ([106, p. 7], [45, Lecture 6, Section 2]). Akbulut used this in [7] to obtain a
description of the Dolgachev surface without 1- or 3-handles.

* E(1) and E(1)2,3 are smooth, closed, orientable, and simply connected.

* They have isometric intersection forms (+1) & 9(—1) and so are homeomorphic [47,
48], and therefore (simple) homotopy equivalent, stably homeomorphic, topologically
h- and s-cobordant, and CP2-stably homeomorphic.

*  They are homeomorphic and orientable and therefore stably diffeomorphic and CIP2-
stably diffeomorphic (Theorem 3.8).

e They are smoothly /-cobordant by [139, Theorem 2], and are therefore smoothly
s-cobordant since the Whitehead group of the trivial group is trivial.

* They are not diffeomorphic [40], via tools of Yang—Mills gauge theory.

While Rochlin’s theorem suffices to construct exotic pairs of nonorientable 4-mani-
folds (see Sections 5.5 and 5.6) it seems that one requires the full force of gauge theory to
detect orientable exotic pairs. After Donaldson’s work, Seiberg—Witten theory provided an
easier, but nonetheless still highly nontrivial, way to distinguish manifolds such as E(1)
and E (1), 3 which are related by log transforms or knot surgery. There is a large literature
on generalisations of Donaldson’s example, as described in [8,55]. As stated before, since
this is not our focus we restrict ourselves to recalling the first known example.

5.9. #3 Eg and the Leech manifold

Next we present 4-manifolds that are stably homeomorphic but not homotopy equivalent.
Freedman [47] showed that every nonsingular, symmetric, integral bilinear form can be
realised as the intersection pairing of a closed, simply connected, topological 4-manifold.
The forms @3Eg and the Leech lattice are even, symmetric, positive definite bilinear
forms of rank and signature 24, so they are realised by closed 4-manifolds that we denote
by #> Eg and Le, respectively.

« The manifolds #° Eg and Le are simply connected and orientable with )((#3 Eg) =
26 = y(Le).
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* Since they are spin with signature 24, Rochlin’s theorem implies that the manifolds both
have nontrivial Kirby—Siebenmann invariant, and are therefore not smoothable.

* The manifolds have inequivalent intersection pairings and are therefore not homotopy
equivalent. As a result they are neither simple homotopy equivalent, homeomorphic, topo-
logically h-cobordant, nor topologically s-cobordant.

* Since they are spin and the Euler characteristics and the signatures coincide, #° Eg
and Le are stably homeomorphic and therefore also CP2-stably homeomorphic, as fol-
lows. The stable classification of closed, simply connected, spin topological 4-manifolds is
essentially due to Wall [139, Theorems 2 and 3]: two such 4-manifolds are stably homeo-
morphic if and only if there are choices of orientations with respect to which the manifolds
are equivalent in the topological spin bordism group ;0" """ = Z, with the isomorphism
given by [M] + o (M) /8. Wall worked in the smooth category, but the analogous topolo-

gical category result is straightforward to deduce [73, Section 2.2].

* The smooth questions are not applicable to this pair.

The downside of this example is that the manifolds are not smoothable. It turns out
that this is inevitable when considering simply connected 4-manifolds, as shown by the
next proposition.

Proposition 5.5. Closed, smooth, simply connected 4-manifolds M and N with equal
Euler characteristics are stably diffeomorphic if and only if they are homotopy equivalent.

Proof. Let M and N be closed, smooth, and simply connected 4-manifolds. Assume
that M and N are homotopy equivalent. Then they have isometric intersection forms,
for some choice of orientation, so by [139, Theorem 2] they are smoothly /-cobordant,
and by [139, Theorem 3] (see also Proposition 5.3) they are stably diffeomorphic.

For the other direction, assume M and N are stably diffeomorphic and y(M) = y(N).
Then modulo changing orientations, 0 (M) = o(N). Since y(M) = y(N) and 0 (M) =
o (N), the intersection forms of M and N are either both definite or both indefinite. In
the definite case, the intersection forms must be diagonal by Donaldson’s theorem [39],
and so the intersection forms are isometric, and therefore the manifolds are homotopy
equivalent [97, 145]. For the indefinite case, note that since the hyperbolic form is even,
and the intersection forms of M and N become isometric after stabilising, they are either
both odd or both even. Indefinite forms are determined up to isometry by the rank, parity,
and signature [99, Theorem 5.3] and so again M and N are homotopy equivalent. ]

Finally, we note that any pair of even, inequivalent, nonsingular, symmetric, integ-
ral, bilinear forms with equal rank and signature could have been used in this section to
produce a pair of stably homeomorphic but not homotopy equivalent manifolds.
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5.10. Kreck—Schafer manifolds

Kreck and Schafer [87] constructed smooth 4-manifolds that are stably diffeomorphic but
not homotopy equivalent. As observed in Proposition 5.5, their examples are necessarily
not simply connected.

They used the following general construction. Start with a finite presentation of a
group. Form the corresponding presentation 2-complex X . Thicken it to a 5-dimensional
manifold N(X), e.g. by embedding X in R> and letting N(X) denote a smooth regular
neighbourhood [140]. Then consider the 4-manifold N (X). One can use this to find a
4-manifold with any given finitely presented fundamental group.

For any two finite 2-complexes X and X’ with the same fundamental group, there are
integers m, n such that X v™ §2 ~ X' " §2 [66, (40)]. It follows that the boundaries of
the 5-dimensional thickenings ON(X) and ON(X’) are stably diffeomorphic.

Kreck and Schafer used finite 2-complexes X and X’ with the same fundamental
group, as above, that have the same Euler characteristic but are not homotopy equival-
ent. Finding examples of 2-complexes with this property is rather difficult, but examples
are known [93,96, 119]. Kreck and Schafer’s obstruction applies for many nontrivial fun-
damental groups, the smallest of which is Z/5 x Z/5 x Z /5. Kreck and Schafer then
showed that for their particular choices of X and X’, the 4-manifolds ON(X) and dN(X")
are not homotopy equivalent. These manifolds have the additional interesting property that
their intersection forms, and indeed their equivariant intersection forms, are hyperbolic.

* The manifolds IN(X) and dN(X’) are smooth, nonsimply-connected, oriented man-
ifolds with the same Euler characteristic that are stably diffeomorphic but not homo-
topy equivalent.

* Since they are not homotopy equivalent, they are also not simple homotopy equivalent,
nor homeomorphic, nor diffeomorphic, nor /- or s-cobordant in either category.

*  Since they are stably diffeomorphic they are stably homeomorphic, CPP2-stably dif-
feomorphic, and CP2-stably homeomorphic.

Kreck and Schafer found pairs of 4-manifolds with the properties listed. Are there
stable diffeomorphism classes of smooth, oriented 4-manifolds containing infinitely many
homotopy equivalence classes, all with the same Euler characteristic? Or even arbitrarily
many?

5.11. Teichner’s E # FE and =E # «E

A star partner of a 4-manifold M is a manifold M such that there exists a homeomorph-
ism M # «CP? =~ «M # CP? preserving the decomposition on 75, where *CP? is the
Chern manifold whose construction we recalled in Section 5.3. Let E denote the unique
fibre bundle over RIP? with fibre S2, that has orientable but not spin total space. We give
a Kirby diagram in Figure 3. This is a smooth, closed, orientable 4-manifold with funda-
mental group Z /2. Teichner [133] showed that E has a star partner % £ which is simple
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Figure 3. A Kirby diagram for the manifold E, the unique fibre bundle over RP? with fibre S2,
that has orientable but not spin total space.

homotopy equivalent to £ but has opposite Kirby—Siebenmann invariant. This will also
follow from the more general Lemma 5.7 and Proposition 5.11 below. By the surgery
exact sequence, if 71(M) =~ Z/2, then xM is unique up to homeomorphism if it exists
(see also [133, Theorem 1]). In particular, this means that xE is the unique star partner
for E.

* The manifolds £ # E and xE # % E are orientable, with nontrivial fundamental group
isomorphic to Z /2 x 7, /2.

e The manifold E is smooth by construction, and therefore so is E # E. The mani-
fold xE is not smoothable, but it is currently open whether *E # % E is smoothable.
Indeed * E # * E has vanishing Kirby—Siebenmann invariant and so is stably smoothable,
i.e. there exists a k such that * E # x E# #* (S? x S?) is a smooth manifold.

 Teichner [133, Proposition 3] showed that E # E and *E # % E are not stably homeo-
morphic, and therefore they are not homeomorphic and not s- or /- cobordant.

* They are simple homotopy equivalent, since E and * E are simple homotopy equivalent.
This will also follow from Lemma 5.7 later, since we will show that they are both star
partners of E # % E. Recall also that the Whitehead group of the infinite dihedral group is
trivial [125], and so it also suffices to know that they are homotopy equivalent.

* Since they are homotopy equivalent and have trivial Kirby—Siebenmann invariant they
are CP2-stably homeomorphic. The homeomorphism from (5.4) below gives an alternat-
ive argument, and shows that only one CP2-factor is required.

+ For smooth examples with the same properties, consider the pair E # E# # k (5% x 8?)
and *E # xE# #5 (52 x §2). As mentioned above, there exists k for which these are
smooth since ks(E # E) = ks(* E # x E) = 0. These two manifolds are still simple homo-
topy equivalent, CP2-stably homeomorphic and therefore CP2-stably diffeomorphic, but
not stably homeomorphic, and therefore not stably diffeomorphic, neither smoothly s- nor
h-cobordant, and not diffeomorphic.
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Taking connected sums of E # E and *E # xE, as well as sufficiently many copies
of §2 x S2, one can construct homotopy equivalence classes containing arbitrarily many
stable homeomorphism classes of smooth, orientable 4-manifolds using the techniques
of [133]. We omit the details. In [132, Example 5.2.4], Teichner also constructed similar
examples for finite fundamental groups with quaternionic 2-Sylow subgroup.

As a counterpoint to these examples we show that it is impossible to find infinite famil-
ies of 4-manifolds that are all homotopy equivalent but pairwise not stably homeomorphic.
For this proof, we will need the following terminology. The normal 1-type of a smooth
4-manifold M is a fibration £&: B — BO, inducing an injection 75(B) — m,(BO) and
an isomorphism on 7; (B) — 7; (BO) for i > 2, which further admits a lift Vps: M — B
of the stable normal bundle vps: M — BO, inducing an isomorphism 771 (B) — 71 (BO)
and a surjection 75 (B) — m2(BO). A choice of a lift Uy is called a normal 1-smoothing
of M. For a normal 1-type (B, §), let Q24(B, &) denote the group of bordism classes of
normal 1-smoothings. For topological 4-manifolds, we have parallel notions of a topolo-
gical normal 1-type B — BTOP and topological normal 1-smoothings lifting the stable
topological normal bundle. For a topological normal 1-type (B, £), let QIOP(B, &) denote
the group of topological bordism classes of topological normal 1-smoothings.

Proposition 5.6. The set of stable homeomorphism types of closed 4-manifolds in a fixed
homotopy type is finite. Moreover, the set of stable diffeomorphism types of closed, smooth
4-manifolds in a fixed homotopy type is finite.

Proof. Let M be a closed 4-manifold with 7w := 71 (M) and orientation character w. We
will use that the composition

shM) S N (M) S L Zw, w)

in the surgery sequence is trivial, in both the smooth and topological categories, and with
no restriction on fundamental groups.

First we give the proof in the topological category. We claim that the map 7: $* (M) —
N (M) has finite image. Recall from Section 4 that

NM) = H*(M:;Z)® H>*(M:;Z)2).

Here we see that H2(M ;7 /2) is finite and by Poincaré duality H*(M;7Z) = Ho(M ; Z").
So when M is orientable, we have that

H()(M;Zw) = Ho(M;Z) ~ 7,

which maps injectively into L} (Zm, w) under the surgery obstruction map o. Consider
the degree one normal map f: M# # k Eg — M given by the collapse map, where as
before Eg denotes the manifold constructed by Freedman [47, Theorem 1.7]. Then under
the augmentation map Lﬁ (Zm) — Lﬁ (Z),o([M# #* Es, fl) mapstok € Z = L4(Z). 1t
follows that the image of ¢ is infinite and therefore since o is a homomorphism, the kernel
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of o is finite. When M is nonorientable, Ho(M;Z") = Z/2, and so N (M) is already
finite. This completes the proof of the claim.

To complete the proof in the topological category we show that two elements (N, f),
(N', f') € $"(M) with equal image in N (M) are stably homeomorphic. Let (B, £)
denote the topological normal 1-type of M and let Vs be a topological normal 1-smooth-
ing. Then Vs o f and Dy o f/ are normal 1-smoothings for N and N’ respectively, and
moreover (N, Dy o f) and (N', Up o f') are equal in Q3°F (B, £) by hypothesis. By [86,
Theorem C], the manifolds N and N’ are stably homeomorphic. This completes the proof
of the first statement.

Now assume that M is a smooth, closed 4-manifold. If M is orientable, then by [52]
(see also [50, Theorems 12.13]) every pair of stably homeomorphic smooth 4-manifolds
is stably diffeomorphic, and so we are done. Suppose that M is nonorientable. As in the
topological case, it suffices to show that the set N Pf(M) of smooth normal invariants is
finite. Since PL/O is 6-connected,

NP (M) = [M,G/O] = [M,G/PL] = NPL(M),
and so it suffices to show that NP (M) is finite. The fibre sequence
TOP/PL — G/PL — G/TOP
induces an exact sequence of sets
[M, TOP/PL] — [M,G/PL] — [M,G/TOP],
which translates to
H3*(M:Z/2) - NTE(M) - N(M).

The first and last terms are finite sets, and therefore so is N PX (M) = NP (M), as desired.
"

Next we take the opportunity to prove some basic facts about the star construction,
some of which were used in the discussion at the start of the section. We show that star
partners are simple homotopy equivalent and that the star partnership relation is symmet-
ric. Then we discuss uniqueness of star partners, and we give a criterion that guarantees
star partners exist.

Lemma 5.7. Let M be a 4-manifold with a star partner M. Then M and xM are simple
homotopy equivalent.

Proof. We use an argument due to Stong [129, Section 2]. For a 4-manifold M and
B € ma(M), let cap(M, B) be the result M Ug D> of adding a 3-cell to M along B.
Let

h: M #CP? — M # xCP?
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be a homeomorphism preserving the decomposition of 7. Let o € 7,(CP?) 2 Z be a
generator. Then /. («) generates 7, (*CIP?). Further,

cap(CP?,a) ~; §* and cap(xCP2, hy(a)) ~, S*.
Therefore,

M = M #S* ~; M #cap(*CP?, h(x))
cap(M # *CP?, hy(ar)) == cap(xM # CP2 h;! o hy(a))

*

cap(*M # CP?, ) = *M #cap(CP? o) ~5 M # S* = M,

I

Il

as desired. -

Note that * M and M have opposite Kirby—Siebenmann invariants, by additivity of the
Kirby—Siebenmann invariant under connected sum [50, Theorem 8.2].

In the next proof we will need the following fact. If the universal cover M is nonspin
and the fundamental group of M is good, then xM is unique up to homeomorphism [129,
Corollary 1.2].

Proposition 5.8. Let M be a 4-manifold with a star partner *M . Suppose that 71 (M)
is good. Then the relation of being a star partner is symmetric, i.e. M is a star partner
of xM.

Proof. We must show that there is a homeomorphism M # CP? =~ xM # «CP?, pre-
serving the decomposition on 5.

First we show that M # CP? is a star partner for M # *CP?. By the classification of
closed, simply connected 4-manifolds [47,48], there is a homeomorphism

*CP? #+«CP? = CP* # CP?
preserving the decomposition on 7,. Therefore,
(M #CP?) #CP? = (M #+«CP?) # «xCP?,

preserving the decomposition on m,. This shows that M # CP? is a star partner for
M #xCP?.

Since *M is a star partner of M, we see that *M # CP? =~ M # «xCP?, preserving
the decomposition on 5. By taking a connected sum on both sides with *CPP2, we see
that M # «CP? is a star partner of M # *CP2,

Thus both M # CPP? and * M # «CP? are star partners for M # «CIP2. Next we apply
the uniqueness of star partners for manifolds with nonspin universal covers and good fun-
damental group mentioned above. More precisely, we apply [129, Theorem 1.1 (b)], using
CP? as the closed 1-connected 4-manifold, Wy = M # CP? and W, = xM # xCP?2. By
the previous two paragraphs we have homeomorphisms

CP? # (M #CP?) = «xCP? # (M # xCP?) = CP? # (xM # «CP?),
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and Stong’s theorem gives us the desired homeomorphism M # CP? = &M #+CP? that
preserves the decomposition on 5. ]

Example 5.9. Teichner showed in [133] that uniqueness of star partners does not hold for
nonspin manifolds with spin universal covers. In particular, there are homeomorphisms

E#(E#CP?) = E#(+xE #xCP?) = xE # (E #*CP?) = «E # (xE # CP?), (5.4)

where we have used that E # CP? 2 E # «CP? by Proposition 5.8, and that E # +CP? =~
*E # CIP?, by the definition of xE. This shows that both E # E and *E # *E are star
partners of £ # xE.

Next we give a general criterion for when star partners exist. For example, this can be
used to establish the existence of * E. The proof will use the following notion.

Definition 5.10. Let M be a 4-manifold. An immersion of a 2-sphere : $? 9> M is said
to be RP2-characteristic if for every immersion R: RP? &> M such that R*w;(M) = 0,
wehavea-R=R-Re€Z/2.

The following consequence of work of Stong [128] is probably well known to the
experts, but has not appeared in print before.

Proposition 5.11. Let M be a 4-manifold with good fundamental group and containing
an immersion R:RP? 9> M such that R - R = 1 mod 2 and R*w;(M) = 0. Then a star
partner x M exists.

Proof. The manifold M can be constructed as follows. Start with M # *CP? and let «
be an immersed sphere in *CP? with trivial self-intersection number, () = 0, repres-
enting a generator of 7, (*CP?). Note that « is self-dual. In the construction of *CP?2
from Section 5.3, one can find such an « by gluing together the track of a null-homotopy
for the trefoil in D* with the core of the attached 2-handle, and then adjusting the self-
intersection number by adding small cusps. Since the mod 2 intersection numbers are
such that « - R = 0 # R - R € Z/2, « is not RIP?-characteristic. Stong [128, p. 1310]
proved that in this setting, where (M) is good, and o admits an algebraically dual
immersed sphere but is not RPP?-characteristic, then o is homotopic to an embedding o’
Since A(a’,@’) = 1, it follows that &’ has a regular neighbourhood with boundary S3.
Consequently, M # xCP? = N # CP?, where N is obtained from M # xCP? by repla-
cing a regular neighbourhood of &’ by D*. By construction, N is a star partner for M,
which we denote by *M . ]

5.12. Akbulut’s exotic (S! X $3) # (S2 x §2)

In[3, §3] and [4] (see also [8, Section 9.5]), Akbulut constructed a smooth, closed 4-mani-
fold P that is homotopy equivalent to Q := (S! X §3) # (52 x $2), but not diffeomorphic
to Q. We give the construction presently. A manifold with similar properties was first
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Figure 4. (a) A Kirby diagram for the product ¥ x [0, 1], where X denotes the (2, 3, 7)-Brieskorn
sphere. The handle decomposition has a 3-handle that is not pictured. The dotted circle indicates
the complement in D3 x [0, 1] of the product concordance from the figure eight knot to itself. A
—1-framed 2-handle is then attached along this concordance. The resulting handlebody has bound-
ary X #—3X. The 3-handle is attached along the connected sum sphere to finish the construction.
Here we have used that X is the result of —1-framed Dehn surgery on the figure eight knot. (b)
A nonorientable 1-handle is attached, along with two 2-handles. The attaching sphere of the new
1-handle is shown using the notation of [2], [8, Section 1.5]: they are identified via the orientation
preserving diffeomorphism (x, y, z) + (x, —y, —z), with respect to coordinates based at the centre.
One of the new 2-handles is shown in grey to help the reader distinguish between the two 2-handles.
It is required, but can be checked, that the 2-handles are attached along curves disjoint from the
attaching 2-sphere of the 3-handle from (a). The manifold P is formed by gluing on D*.

constructed by Akbulut in [2]. We say more about that and other alternative constructions
at the end of the section.

Let X denote the (2, 3, 7)-Brieskorn sphere. Recall that the Rochlin invariant of X,
denoted by w(X), is by definition the signature mod 16 of a smooth, spin 4-manifold
with boundary X. In this case u(X) = 8 mod 16. Attach a nonorientable 1-handle to
3 x [0, 1], joining the two boundary components, followed by a pair of 2-handles, as
shown in Figure 4. One then checks that the boundary of this new handlebody is S3, so it
can be capped off with D*, yielding the desired manifold P.

* The manifolds P and Q are smooth, closed, and nonorientable. They have nontrivial
fundamental group Z.

* The Euler characteristics are equal: y(P) =2 = x(Q).

* The equivariant intersection form of P can be computed from its handle description.
Wang’s classification [143] of nonorientable 4-manifolds with fundamental group Z up to
homeomorphism then shows that P and Q are homeomorphic, since they have isomorphic
equivariant intersection forms and equal Kirby—Siebenmann invariant. Here P and Q both
have trivial Kirby—Siebenmann invariant since they are smooth.

* Since they are homeomorphic, P and Q are topologically h-cobordant, and conse-
quently s-cobordant since the Whitehead group of Z is trivial.
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 They are not stably diffeomorphic, which implies that they are not smoothly /-cobord-
ant; the latter fact was shown by Akbulut [3, Theorem 3]. His proof can be adapted to
show the stronger fact that P and Q are not stably diffeomorphic, as we explain next.

Letc: O# #k(S2 x §2) — S! X §3 be the map collapsing all $? x S? factors. Akbulut
constructed a homotopy equivalence

FiP##Y(S2x §2) - o# #5 (52 x §?) forall k,
such that the Brieskorn sphere X is the inverse image under
gi=co f: P##F (2 x 5?) - sT % §3
of a copy of §3in S! X S3 and such that
o ((P##5(S2 x §2)) \vE) = o(S3 x [0, 1J# #571 (S% x §2)) = 0.

We can consider (P# #* (S% x §?), g) as a degree one normal map in N (S X S3), as
usual modulo smooth normal bordism.

We compute the Cappell-Shaneson a-invariant a: N (S! X §3) — Z /32, described in
Section 5.6:

a(P##R(S? x §7), ) = 2u(S) — o ((P##¥ (52 x §2)) \ vE) =2-8 —0 = 16 mod 32.
If P and Q were stably diffeomorphic, then we can use a diffeomorphism
h: Q# #* (52 x $2) — P##* (52 x §?)

to obtain an degree one normal map (Q# # k(S 2 x §?),g oh). Since h is a diffeomorphism
we would have

a(Q# #5 (52 x §2), g o h) = a( P##* (5% x §2),g) = 16.

However, Akbulut also computed that a(Q# # k (8% x §2),£) = 0 for every degree one
normal map £: O# #¥ (52 x $2) — S! % §3. 1t follows that P and Q are not stably
diffeomorphic.

* Since P and Q are not smoothly /-cobordant, they not smoothly s-cobordant, nor dif-
feomorphic.

* They are CP2-stably diffeomorphic and CP2-stably homeomorphic, because they are
homotopy equivalent and both have vanishing Kirby—Siebenmann invariant. Moreover,
via explicit handle manipulation [3, Theorem 1], [4], [8, Exercise 9.3], one sees that P is
the result of a Gluck twist on an embedded 2-sphere in Q. This shows that not only are P
and Q CP2-stably diffeomorphic, but in fact P # CP? =~ Q # CPP? [3, Corollary 2].

Notably the pair P and Q comprise the first example where the Gluck twist operation
on a 2-sphere changes the smooth structure of a 4-manifold. Whether this is possible
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in the orientable setting remains open. Other examples of the operation changing the
smooth structure on nonorientable 4-manifolds are given in [135], [71, Proposition 1.6].
See also [10] for a condition that implies the Gluck twist operation does not change the
diffeomorphism type.

As mentioned above, another manifold with similar properties as P was constructed
by Akbulut in [2]. That manifold, which we call P’, also has an explicit handle decomposi-
tion [2, Figure 4.6] consisting of one 0-handle, one 1-handle, two 2-handles, one 3-handle,
and one 4-handle. Since P’ is nonorientable, the 1-handle is necessarily nonorientable. In
other words, P’ is obtained by attaching two 2-handles to S! X D3 and then capping
off with another copy of S! X D3. Akbulut showed using explicit moves on the handle
decompositions that

P§ Uy (RP? X D?) == R#(S? x S?),

where Pj:= P’ \ IntS' X D? and R is the Cappell-Shaneson exotic RP* from Sec-
tion 5.6. The double cover of P’ is the standard (S x S3)# #7252 x S2, as shown in [135,
Proposition 9], using the fact that the double cover of R is diffeomorphic to S 4153]. Akbu-
Iut’s construction from [2] can be modified to use other Cappell-Shaneson RP*s, some
of which are not known to have standard double covers. Akbulut showed that P’ is homo-
topy equivalent to Q. As with P, the classification result of Wang [143] shows that P’
is homeomorphic to Q. Akbulut used explicit moves on the handle decompositions to
show that P’ is not diffeomorphic to Q, reducing the problem to the fact that the Cappell-
Shaneson exotic RPP# from Section 5.6 is not diffeomorphic to RIP*. In has been claimed
(see [3, Theorem 1] and [4]) that P and P’ are diffeomorphic, but a proof has so far not
appeared.

Another construction of a manifold homeomorphic but not diffeomorphic to Q was
given by Fintushel-Stern in [42], using the technology of [41]. By surgering an excep-
tional fibre of the (3, 5, 19)-Brieskorn sphere, they constructed K, a homology S2 x S!.
They then formed X, the mapping cylinder of the quotient map K — K/t where ¢ is
the free involution contained in the S!-action on K, as in Sections 5.4 and 5.6. To fin-
ish the construction Fintushel and Stern showed that K is the boundary of a homotopy
(ST x D3)# (5% x S?), whose union with X is the desired manifold M . Using the invari-
ant defined in [41], they showed that M is not smoothly s-cobordant to Q. They also
showed using the handle decomposition, and the fact that ¢ is isotopic to the identity, that
the double cover of M is diffeomorphic to the standard (S x §3)# #7252 x S2. It is not
known whether Akbulut’s P is diffeomorphic to M.

5.13. Kwasik—Schultz manifolds homotopy equivalent to L x S

The existence of these manifolds is the content of Example 1.9 from the introduction,
which was first proven in [89, Theorem 1.2]. We restate the theorem and give an original
proof below.

Theorem 5.12. Let M := L x S, where L is a lens space L, s withp > 2,1 <q < p,
and (p, q) = 1. Then there is an infinite collection of closed, orientable, topological
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4-manifolds {M;}S2 |, that are all simple homotopy equivalent to M but pairwise not

i=1
homeomorphic.

Proof. The proof will use the simple surgery exact sequence. The simple L-group satisfies
L(Z[Z/p x Z]) = Z" & (torsion),

where
. (p+1)/2 podd
(p+2)/2 peven.

In both cases r > 1 since p > 2. To compute these L-groups, first use Shaneson split-
ting [118] to obtain

LY(ZIZ/p x 7)) = L3(Z[Z/ p)) & LY(ZIZ/ p)).

Then LZ(Z [Z/p]) = Z" & T, where T is a torsion group and the free part is detected by
a multi-signature invariant: see [13, 16] for p odd, [15, Theorem 2] for p = 2k and [65,
p- 227 and Proposition 12.1] for the deduction of the general case. On the other hand,
L%(Z[Z/ p]) = 0 as shown in [13, 14] and [65, Theorem 10.1] for p odd, [15, Theorem 7]
for p = 2¥, and again [65, p. 227 and Proposition 12.1] for general p.

Since Z/p x Z is a good group, the simple surgery sequence is exact. The normal
maps N (M x [0,1], M x {0, 1}) are given by the direct sum of

H*(M x[0,1]. M x{0,1};Z/2)

and
HY(M x [0,1], M x{0,1};Z) =~ H\(M x [0,1];Z) ~ Z & Z/ p,

as in (4.1). In particular, the normal maps have rank 1. Hence, the quotient
LY(Z[Z/p x Z]) /o (N (M x [0,1], M x {0,1}))

is infinite. By exactness this quotient acts freely on the structure set $°(M), and so the
structure set of M is also infinite. In order to complete the proof, we need to consider the
manifold set:

M(M) := {N aclosed 4-manifold | N >~; M }/homeomorphism.

This set is isomorphic to the simple structure set $°(M) modulo the action of the simple
homotopy self-equivalences of M. We will show that the group hAut(M) of homotopy
classes of homotopy self-equivalences of M is finite in Lemma 5.13 below. It follows that
the group of simple homotopy self-equivalences hAut® (M) is also finite. Then M (M) is
the quotient of an infinite set $*(M) by a finite group, so is again infinite. The elements
of M (M) comprise the manifolds {M; }°2, in the theorem statement. |
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* The elements of M(M) are orientable and have nontrivial fundamental group iso-
morphicto Z/p x Z.

* They are in general not known to be smoothable, but their Kirby—Siebenmann invariants
vanish because they are all bordant to the smooth manifold M. For L’ homotopy equi-
valent, but not homeomorphic, to L, the smooth 4-manifold L’ x S ! lies in M(M). In
particular, we know that L’ x S! is simple homotopy equivalent to M by (5.3). However,
such examples account for at most finitely many of the elements of M (M ). Therefore the
smooth equivalence relations are not applicable in general.

* As they lie in the same simple structure set, they are all homotopy equivalent and simple
homotopy equivalent to one another, and therefore in particular all have equal (vanishing)
Euler characteristics.

* Since they are obtained from the action of L1(Z[Z/p x Z]), the elements of M (M ) are
stably homeomorphic and CP2-stably homeomorphic.

* The elements of M (M) are by definition pairwise nonhomeomorphic. The cardinality
of M(M) was first shown to be infinite in [89, Theorem 1.2]. As a result, since Z/p X Z
is a good group, they are also not topologically s-cobordant, by the s-cobordism theorem
(Theorem 3.5).

* An infinite subset of the manifolds in M (M) are in addition not topologically s-cobord-
ant to one another. To see this we argue as follows. Infinitely many of the elements of L£
that we used, namely those in the Z" summand detected by multisignatures, are nontrivial
under the forgetful map

Li(Z[Z)p x 7)) — L%(Z[Z/p x Z]) = &"Z.

This can be seen directly from the definition of multisignatures or by observing that
the Rothenberg exact sequence [118, Proposition 4.1] implies that the kernel of the map
LY (R) — Lﬁ (R) is 2-torsion for every ring with involution R and every n € Z. It follows
that the quotient of these elements by the image of the Z factor in the normal invariants,

LYZ[Z/p x Z]) /o (N (M x[0,1], M x {0,1})) = &""'Z,

also act nontrivially on the homotopy structure set $”(M). As above r > 2 so this is
infinite. Recall that the equivalence relation defining this set is topological /-cobordism
over M. The quotient of $” (M) by the group of homotopy self-equivalences of M is the
manifold A-cobordism set:

M"(M) := {N aclosed 4-manifold | N ~ M}/ h-cobordism.

As before, the homotopy self-equivalences form a finite group, so can only identify finitely
many of the manifolds. It follows that there is an infinite subset of M (M) represented by
manifolds that determine distinct elements of M” (M), and are therefore pairwise not
topologically h-cobordant.
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These examples contrast with Teichner’s examples in Section 5.4 in that we have infin-
itely many, and the stable homeomorphism statuses are different. A similar phenomenon
to the manifolds in M (M) arises for manifolds homotopy equivalent to RP* # RPP* [24],
except that these manifolds are of course nonorientable.

We next prove the following lemma, which was used in the proof of Theorem 5.12.

Lemma 5.13. The group of homotopy self-equivalences hAut(M) of M is a finite group.

Sketch of proof. For this we will use the braid of exact sequences from Hambleton—Kreck
[62, p. 148], which applies since M is spin. This braid in particular fits the group of homo-
topy self-equivalences hAut(M ) into an exact sequence [62, Corollary 2.13],

Q¥"(B,M) — hAut(M) ——> hAut(B) (5.5)

sandwiched between the homotopy automorphisms hAut(B) of the Postnikov 2-type B,
and a spin bordism group szin(B, M) that we shall define below.

Since (M) = 0, the Postnikov 2-type of M is B := B(Z/p x Z). The homotopy
classes of homotopy equivalences of B are therefore isomorphic to the automorphisms of
the group Z/ p x Z. This group of automorphisms is a finite group.

Let QSpm(M ) C QSpm(M ) denote the subset of bordism classes (X, f) where the
reference map f: X — M has degree 0, let 0: QSpm(B M) — QSpm(M ) be the bound-
ary map in the long exact sequence of the pair, and let QSpm(B M) C QSpm(B M) be

I(QSpm (M)). By [62, Lemma 2.2], there is a long exact sequence

QP"(M) — QP(B) —— Q"B M) —— QP"(M) —— QP(B).

The four nonrelative spin bordism groups, and the first and last maps in the sequence, can
be computed using the (natural) Atiyah—Hirzebruch spectral sequence for the generalised
homology theory of spin bordism. We omit the details, because very similar details will
appear below in the proof of Lemma 5.14. There we will restrict to p a power of 2, but the
computation that both the cokernel of the map Q237" (M) — Q27" (B) and the kernel of the
map Qip in(M ) — Q5P Q,""(B) are finite groups is similar for all p > 2. To avoid essentially
repeating ourselves, we only give the details in the proof in Section 5.14 below, since in
that case the result is new, and more precise upper bounds are required. It follows that
SAZ‘z-pm(B , M) is finite. Therefore (5.5) shows that hAut(M) is finite, as desired. [ ]

5.14. Simple homotopy equivalent, 7z-cobordant 4-manifolds that are not
s-cobordant

We construct arbitrarily large collections of closed, orientable, topological 4-manifolds
that are simple homotopy equivalent and /.-cobordant but not topologically s-cobordant.
This will prove Theorem 1.10, which we restate below. We will employ the same scheme
as in the previous subsection. The manifolds in each collection will be simple homotopy
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equivalent and /-cobordant to a fixed 4-manifold L, ; X S 1 for some r. We will show
that by making r large enough we can obtain a collection of 4-manifolds of any given size,
with the following properties.

* They are orientable and have nontrivial fundamental group isomorphic to Z /2" x Z
for some r > 8.

* They are all simple homotopy equivalent and topologically /-cobordant to one another.
As a result, they are homotopy equivalent, stably homeomorphic, and CP2-stably
homeomorphic. They are pairwise not topologically s-cobordant and therefore not
homeomorphic.

* Since they are homotopy equivalent they all have vanishing Euler characteristic, the
same as Lpr 1 x S1.

* They are all stably homeomorphic and CP?-stably homeomorphic.

*  We do not know whether they are smoothable, and therefore the smooth questions are
not applicable.

Theorem 1.10. For every n > 1, there is a collection {N;}}_, of closed, orientable,
topological 4-manifolds, that are all simple homotopy equivalent and h-cobordant to one
another, but which are pairwise not s-cobordant.

Proof. Let M, := Lyr 1 x Sl forr > 1.Letm, :==Z/2" x Z,and let G, := Z/2". The
proof will again use the surgery sequence, both with the / and s decorations. We begin by
investigating the individual terms. Shaneson splitting [118] shows that

Li(Zn,) = LY(ZG,) & L2 (2G,) and LE(Zn,) = L22G,) ® L2(ZG,).
Then by [15, Theorem 7], we know
L3(ZG,) =0 = L%7G,).

Here we use that s = 0, in the notation of that theorem (this is a different s to the s-dec-
oration of the L-groups). By [15, Theorem 1], we have that

LY(2G,) = 2mD),
where m(r) := 2"~! + 1. By [15, Theorem 2] and [30, Theorem B],
LYZG,) = 2™ & (2/2)"7,

where
n(r) =222 +2)/3] — r/2] — 1.

Putting this all together, we have

Li(Zn,) = 2" & (2/2)"" and LY(Zn,) = 2m®.
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The kernel of the forgetful map L (Zn,) — LZ(ZJT,) is the torsion summand
K :=ker(L{(Zn,) — L¥(Zn,)) = (2/2)"®,

since Lé’ (Z7,) is torsion free and the kernel of the map L (R) — Lf,’ (R) is 2-torsion,
for every ring with involution R and every n € Z by the Rothenberg exact sequence [118,
Proposition 4.1]. The elements in K act on the simple structure set of M/, producing topo-
logical manifolds that are stably homeomorphic and simple homotopy equivalent to M,
We can compute the normal maps as

N (M, x [0, 1], My x {0, 1})
~ H*(M, x [0,1]. M, x {0,1}; Z) & H*(M, x [0,1]. M, x {0,1}: Z/2)
7 DL/2" DL)2.
We have a direct sum because there is a 5-connected map ([84])

G/TOP — K(Z.4) x K(Z/2.2).

The Z summand is detected by the ordinary signature, and in particular it maps to one of
the multisignature summands in Z”") C Li(Zrn,), under the surgery obstruction map.
The torsion summand Z /2" @ Z/2 could map to the torsion elements in L (Zmn,). But
at least a summand of LZ(Z,), one isomorphic to (Z/ 2)"(=2_acts nontrivially on the
simple structure set. Note that

|(Z/2)n(r)—2| — 2n(r)—2.

Still, it might be the case that some of the elements of the simple structure set $*(M,)
obtained by this action of LI are identified by the action of the simple homotopy self-
equivalences hAut® (M, ). Note that | hAut® (M, )| < | hAut(M,)|. We will show the fol-
lowing lemma.

Lemma 5.14. Letr > 8. Then
2"M=2 /| hAut(M,)| > 1.

Moreover;, for any k there exists an r with 2"~2 /| hAut(M,)| > k.

Every element M, (k) := « - [Id: M, — M,] € §°(M,) arising from the action of an
element x € K maps trivially to the homotopy structure set S (M,), by the diagram

LY(Zmy) —C— $°(My)

l |

LiZn,) X shM,).
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The M, («) are all therefore h-cobordant to M,. Since they arise from the action of the
simple L-group L(Zmn,), they are all simple homotopy equivalent and stably homeo-
morphic to one another. By Lemma 5.14, there is more than one orbit of { M, (k)}rex/
hAut’(M,), and these are not s-cobordant and therefore not homeomorphic manifolds.
Moreover, for a given k we can choose r so that there are at least k orbits, and therefore
we find arbitrarily large collections. |

Now we prove Lemma 5.14.

Proof of Lemma 5.14. As in Section 5.13, we use the braid from [62]. There we claimed
that hAut(L, 4 x S1) is finite for any lens space L, 4 with p odd. Now we claim the
same when p = 2", and moreover in this case we compute an explicit upper bound, in
terms of r, for the order of hAut(L, 4 x S!). The braid includes the exact sequence [62,
Corollary 2.13]

Q¥"(B,, M,) — hAut(M,) — hAut(B,), (5.6)

so we need upper bounds for the cardinalities of Qgpi"(Br, M,) and hAut(B,), where
hAut(B;) denotes the set of homotopy self-equivalences of the Postnikov 2-type B, up
to homotopy. The spin bordism group Qgpm(Br, M) also appeared in the proof of Lem-
ma 5.13, and we refer the reader there for the definition.
First we compute hAut(B,). Since m5(M,) = 0, the Postnikov 2-type B, is given
by B, . Therefore,
hAut(B,) =~ Aut(Z/2" x 7).

We will now show that | hAut(B,)| = 22”. An arbitrary endomorphism of Z /2" x Z maps
(1,0) to (a,0) and (0, 1) to (b, z), for some a,b € Z /2" and z € Z. For an automorphism,
we must have that z = £1 and @ must be a generator of Z/2". Hence, there are 22" =
2.2r=1. 27 gllowed choices for z, a and b.

To find an upper bound for |§2§pm(Br, M,)| we use the following exact sequence ([62,
Lemma 2.2)):

Q¥ (M) > QF"(B,) — QF" (B My) — QM) - QP (B,). (57

We investigate the bordism groups using the Atiyah—Hirzebruch spectral sequence. The
sequence we need, for X € {M,, B,}, is

E2, = Hp(X: Q™) = Q37" (X).

In the range of interest 0 < g < 5, we have
Z forqg = 0,4,

Q;pinz 7/2 forq =1,2,
0 forg = 3,5.
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We also need the homology of M,., which by the Kiinneth theorem with Z /2-coefficients
is as follows:
7/2 fork = 0,4,
Hy(M,;Z]2) = § (Z/2)? fork =1,2,3,

0 otherwise.

Additionally, H{(M,;Z) =~ Z /2" & Z. Since B, = B, can be constructed from M, by
adding cells of dimension four and higher, for A € {Z /2, Z} the induced map

Hi(M;: A) — Hi(B;; A)

is an isomorphism for k = 0, 1, 2 and a surjection for k = 3. Finally, we will need that
Hs(B,;Z) = 7)/2".

Now we use this homology information together with the spectral sequences to obtain
an upper bound for the cardinality of the cokernel of the map Qgpm(Mr) — szm( B,)
from (5.7). The map M, — B, induces maps between each page of the spectral sequences
computing Qgpm(M,) and Qgpm( B;). The nonzero terms E, , on the E* page with p + ¢
= 5 are as follows:

Hi(—=:Z), H3(—Z/2), H4y(—1Z/2), Hs(—Z).

The maps Hy(M;;Z) — Hi(By;Z) and H3(M,;Z/2) — H3(M,;Z/2) are onto as
explained above, so by naturality of the spectral sequence these terms do not contribute to
the cokernel. The mod 2 fundamental class in H4(M,;Z/2) =~ 7 /2 maps nontrivially to
H4(B,;7/2) = (Z/2)?, so possibly one Z/2 could contribute to the cokernel (whether
or not it does so depends on differentials which we shall not take into account). The only
other contribution to the cokernel comes from the term Hs(B,;Z) = Z/2". As a result
the cokernel of Qgp in (M) — Qgpin(B,) has at most 2" +! elements.

Next we find an upper bound on the size of ker(@ipm(M,) — Qip in(Br)). We do this
by considering the composition

QP (M) — QP (M) — QP(B,).

Consider the Atiyah—Hirzebruch spectral sequence computing Qipm(Mr). The nonzero
terms Ej,q on the E? page with p + g = 4 are

Ho(M:;Z), Hx(My;Z/2), H3(M;;Z/2), H4(M;;Z).

The map Hy(M;; Qipin) ~ 7 — Hy(B;; Qipin) =~ Z is an isomorphism, as explained
above. The image of the inclusion Qipm(M,) - Qipm(M,) consists of elements with
trivial image under the edge homomorphism Qipm (M) > Hy(M,;7) =~ Eg,o term on
the E? page, since the latter map is given by the mapping degree times the fundamental
class [M,].
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It follows that the kernel of Qipi“(Mr) — Qipi”(B,) is generated by elements coming
from the terms

Hy(My3Z/2) = (Z/2)* and  H3(M;:Z/2) = (Z/2),
and so the kernel has at most 24 elements. Thus, by (5.7), we see that
|Q§pm(3r,Mr)| < rtl g4 — or+s,
It now follows from the sequence (5.6) that
|hAut(M,)| < |hAut(B,)| - |Q" (B, M,)| < 237 . 27+5 = 237+5,

An elementary calculation, recalling that n(r) = [2(2"72 4+ 2)/3| — |r/2] — 1, shows
that for r > 8, we have
n(ry—2—-3r—-5>0.

This implies that
2n(r)—2/| hAut(Mr)| > 2n(r)—2/23r—5 — 2n(r)—2—3r—5 > 1,

as desired. In addition, note that n(r) —2 — 3r — 5 — oo as r — oo. It follows that for a
given k, there exists an r such that

2"(=2 /| hAut(M,)| = 2" (72735 S u

Acknowledgements. The authors thank the Max Planck Institute for Mathematics in
Bonn, where much of the research leading to this article occurred. We also thank Jim
Davis, Kent Orr, Patrick Orson, and Peter Teichner for several helpful discussions. Finally,
we are very grateful to an anonymous referee for many helpful comments which helped
us to improve the exposition.

Funding. D. K. was supported by the Deutsche Forschungsgemeinschaft under Germany’s
Excellence Strategy — GZ 2047/1, Projekt-ID 390685813. M. P. was partially suppor-
ted by EPSRC New Investigator grant EP/T028335/1 and EPSRC New Horizons grant
EP/V04821X/1.



Equivalence relations

Properties

Examples

diffeomorphic
homeomorphic
smoothly s-cobordant
smoothly /-cobordant
top. s-cobordant

top. h-cobordant

simple homotopy equiv.

homotopy equiv.
CP2-stably diffeo.
52 x §2-stably diffeo.

CP?-stably homeo.

52 x §2-stably homeo.

equal y

7 =1
oriented

smooth

v v v v/ X

X

S4 and §2 x §2

§5.1

S2 x 2 and S2 X% S2

§5.2

nfa v V X n/a n/fa X n/a
v v v v v vV vV X

n/a

RP4 #CP2 and R # *xCP2

§5.4

Counterexamples in 4-manifold topology

X
X

v o v v v/
o v v v/

X
X
v v v v v v/

o/ 7
o/ 7

X X

K3#RP*and #'1(S2 x §2) # RP*

RP* and R
Ly XSl,..

5
§5.6

v

X

X

. Lp x S, with

§5.7

Li ~LjbutL; ¢ L; fori # j

E(1)and E(1)2,3

#3Eg and Le
§5.10 Kreck—Schafer manifolds

v v v v v v v v v S X

o/ 7

4
v
X
X

§5.8

n/a

n/a

n/a

n/a

n/a

§5.9

X

v v v v/

X v v vV X

4

§5.11 Teichner's E # E# #5 (52 x §2)

and +E # x E# #5 (52 x §2)

§5.12  Akbulut’s P and Q

v v v v X
o/

v

n/a

n/a

n/a

n/a

X

v vV V nla nla

v V vV 1

X
X

M(Lp,q % S1), p odd, co set

{M; ()} ek

§5.13

n/a

X

n/a

A 1

n/a

§5.14

241

Table 1. Counterexamples in 4-manifold topology.



D. Kasprowski, M. Powell, and A. Ray 242

References

(1]

2

—

3

—

[4

—_

(5]

[6

[

[7

—

(8

—

[9

—

(10]
[11]
[12]
[13]
(14]

[15]

[16]

(17]
[18]

[19]

[20]

I. R. Aitchison and J. H. Rubinstein, Fibered knots and involutions on homotopy spheres. In
Four-manifold theory (Durham, NH, 1982), pp. 1-74, Contemp. Math. 35, Amer. Math. Soc.,
Providence, RI, 1984 Zbl 0567.57015 MR 780575

S. Akbulut, A fake 4-manifold. In Four-manifold theory (Durham, NH, 1982), pp. 75-141,
Contemp. Math. 35, Amer. Math. Soc., Providence, RI, 1984 Zbl 0564.57014

MR 780576

S. Akbulut, On fake S3%S! # S2% x S2. In Combinatorial methods in topology and algeb-
raic geometry (Rochester, NY, 1982), pp. 281-286, Contemp. Math. 44, Amer. Math. Soc.,
Providence, RI, 1985 Zbl 0577.57004 MR 813119

S. Akbulut, Constructing a fake 4-manifold by Gluck construction to a standard 4-manifold.
Topology 27 (1988), no. 2, 239-243 7Zbl 0649.57011 MR 948185

S. Akbulut, A fake compact contractible 4-manifold. J. Differential Geom. 33 (1991), no. 2,
335-356 Zbl 0839.57015 MR 1094459

S. Akbulut, A solution to a conjecture of Zeeman. Topology 30 (1991), no. 3, 513-515

Zbl 0729.57009 MR 1113692

S. Akbulut, The Dolgachev surface. Disproving the Harer—Kas—Kirby conjecture. Comment.
Math. Helv. 87 (2012), no. 1, 187-241 Zbl 1251.57022 MR 2874900

S. Akbulut, 4-manifolds. Oxf. Grad. Texts Math. 25, Oxford Univ. Press, Oxford, 2016

Zbl 1377.57002 MR 3559604

S. Akbulut and D. Ruberman, Absolutely exotic compact 4-manifolds. Comment. Math. Helv.
91 (2016), no. 1, 1-19  Zbl 1339.57003 MR 3471934

S. Akbulut and K. Yasui, Gluck twisting 4-manifolds with odd intersection form. Math. Res.
Lett. 20 (2013), no. 2, 385-389 Zbl 1291.57020 MR 3151654

M. E. Atiyah and R. Bott, A Lefschetz fixed point formula for elliptic complexes. II. Applic-
ations. Ann. of Math. (2) 88 (1968), 451-491 Zbl 0167.21703 MR 232406

M. F. Atiyah and I. M. Singer, The index of elliptic operators. III. Ann. of Math. (2) 87 (1968),
546-604 Zbl 0164.24301 MR 236952

A. Bak, The computation of surgery groups of odd torsion groups. Bull. Amer. Math. Soc. 80
(1974), no. 6, 1113-1116 Zbl 0336.18012 MR 494156

A. Bak, Odd dimension surgery groups of odd torsion groups vanish. Topology 14 (1975),
no. 4, 367-374 Zbl 0322.57021 MR 400263

A. Bak, The computation of surgery groups of finite groups with abelian 2-hyperelementary
subgroups. In Algebraic K-theory (Proc. Conf., Northwestern Univ., Evanston, Ill., 1976),
pp. 384-409, Lecture Notes in Math. 551, Springer, Berlin, 1976 Zbl 0346.57012

MR 0470029

A. Bak, The computation of even dimension surgery groups of odd torsion groups. Comm.
Algebra 6 (1978), no. 14, 1393-1458 Zbl 0447.57022 MR 507109

D. Barden, The structure of manifolds. PhD Thesis, 1963

H. J. Baues and B. Bleile, Poincaré duality complexes in dimension four. Algebr. Geom.
Topol. 8 (2008), no. 4, 2355-2389 Zbl 1164.57008 MR 2465744

M. Behrens, M. Hill, M. J. Hopkins, and M. Mahowald, Detecting exotic spheres in low
dimensions using coker J. J. Lond. Math. Soc. (2) 101 (2020), no. 3, 1173-1218

7Zbl 1460.55017 MR 4111938

S. Behrens, B. Kalmdr, M. H. Kim, M. Powell, and A. Ray (eds.), The disc embedding the-
orem. Oxford Univ. Press, Oxford, 2021 Zbl 1469.57001 MR 4519498


https://zbmath.org/?q=an:0567.57015&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=780575
https://zbmath.org/?q=an:0564.57014&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=780576
https://zbmath.org/?q=an:0577.57004&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=813119
https://zbmath.org/?q=an:0649.57011&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=948185
https://zbmath.org/?q=an:0839.57015&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1094459
https://zbmath.org/?q=an:0729.57009&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1113692
https://zbmath.org/?q=an:1251.57022&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2874900
https://zbmath.org/?q=an:1377.57002&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3559604
https://zbmath.org/?q=an:1339.57003&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3471934
https://zbmath.org/?q=an:1291.57020&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3151654
https://zbmath.org/?q=an:0167.21703&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=232406
https://zbmath.org/?q=an:0164.24301&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=236952
https://zbmath.org/?q=an:0336.18012&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=494156
https://zbmath.org/?q=an:0322.57021&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=400263
https://zbmath.org/?q=an:0346.57012&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0470029
https://zbmath.org/?q=an:0447.57022&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=507109
https://zbmath.org/?q=an:1164.57008&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2465744
https://zbmath.org/?q=an:1460.55017&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4111938
https://zbmath.org/?q=an:1469.57001&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4519498

(21]
(22]
(23]
[24]
[25]
[26]
(27]
(28]
[29]

(30]

(31]

(32]
(33]
(34]
(35]
[36]
(37]
(38]
(39]
[40]
[41]

[42]

Counterexamples in 4-manifold topology 243

S. Boyer, Simply-connected 4-manifolds with a given boundary. Trans. Amer. Math. Soc. 298
(1986), no. 1, 331-357 Zbl 0615.57008 MR 857447

S. Boyer, Realization of simply-connected 4-manifolds with a given boundary. Comment.
Math. Helv. 68 (1993), no. 1, 20-47 Zbl 0790.57009 MR 1201200

E. J. Brody, The topological classification of the lens spaces. Ann. of Math. (2) 71 (1960),
163-184 Zbl 0119.18901 MR 116336

J. Brookman, J. F. Davis, and Q. Khan, Manifolds homotopy equivalent to P" # P". Math.
Ann. 338 (2007), no. 4, 947-962 Zbl 1129.57029 MR 2317756

W. Browder, Surgery on simply-connected manifolds. Ergeb. Math. Grenzgeb. (3) 65,
Springer, New York-Heidelberg, 1972 Zbl 0239.57016 MR 0358813

S. E. Cappell and J. L. Shaneson, On four dimensional surgery and applications. Comment.
Math. Helv. 46 (1971), 500-528 Zbl 0233.57015 MR 301750

S. E. Cappell and J. L. Shaneson, Construction of some new four-dimensional manifolds.
Bull. Amer. Math. Soc. 82 (1976), no. 1, 69-70 Zbl 0326.57004 MR 394709

S. E. Cappell and J. L. Shaneson, Some new four-manifolds. Ann. of Math. (2) 104 (1976),
no. 1, 61-72 Zbl 0345.57003 MR 418125

S. E. Cappell and J. L. Shaneson, Nonlinear similarity. Ann. of Math. (2) 113 (1981), no. 2,
315-355 Zbl 0477.57022 MR 607895

S. E. Cappell and J. L. Shaneson, Torsion in L-groups. In Algebraic and geometric topology
(New Brunswick, NJ, 1983), pp. 22-50, Lecture Notes in Math. 1126, Springer, Berlin, 1985
Zbl 0567.57025 MR 802784

A. Cavicchioli, F. Hegenbarth, and D. Repovs, On the stable classification of certain 4-
manifolds. Bull. Austral. Math. Soc. 52 (1995), no. 3, 385-398 Zbl 0863.57014

MR 1358695

T. A. Chapman, Topological invariance of Whitehead torsion. Amer. J. Math. 96 (1974), 488—
497 7Zbl 0358.57004 MR 391109

M. M. Cohen, A course in simple-homotopy theory. Grad. Texts in Math. 10, Springer, New
York-Berlin, 1973 Zbl 0261.57009 MR 0362320

A. Conway, L. Piccirillo, and M. Powell, 4-manifolds with boundary and fundamental
group Z. 2022, arXiv:2205.12774

A. Conway and M. Powell, Embedded surfaces with infinite cyclic knot group. 2020,
arXiv:2009.13461

D. Crowley, W. Liick, and T. Macko, Surgery theory: Foundations. In progress, 2019, http://
www.math.uni-bonn.de/people/macko/sb-www.pdf

J. E. Davis and P. Kirk, Lecture notes in algebraic topology. Grad. Stud. Math. 35, Amer.
Math. Soc., Providence, RI, 2001 Zbl 1018.55001 MR 1841974

A. Debray, Stable diffeomorphism classification of some unorientable 4-manifolds. Bull.
Lond. Math. Soc. 54 (2022), no. 6,2219-2231 MR 4528620

S. K. Donaldson, An application of gauge theory to four-dimensional topology. J. Differential
Geom. 18 (1983), no. 2, 279-315 Zbl 0507.57010 MR 710056

S. K. Donaldson, Irrationality and the /-cobordism conjecture. J. Differential Geom. 26
(1987), no. 1, 141-168 Zbl 0631.57010 MR 892034

R. Fintushel and R. J. Stern, An exotic free involution on S*. Ann. of Math. (2) 113 (1981),
no. 2, 357-365 Zbl 0474.57014 MR 607896

R. Fintushel and R. J. Stern, Another construction of an exotic 3 x ! # 82 x S2. In Four-
manifold theory (Durham, NH, 1982), pp. 269-275, Contemp. Math. 35, Amer. Math. Soc.,
Providence, RI, 1984 Zbl 0559.57009 MR 780583


https://zbmath.org/?q=an:0615.57008&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=857447
https://zbmath.org/?q=an:0790.57009&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1201200
https://zbmath.org/?q=an:0119.18901&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=116336
https://zbmath.org/?q=an:1129.57029&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2317756
https://zbmath.org/?q=an:0239.57016&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0358813
https://zbmath.org/?q=an:0233.57015&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=301750
https://zbmath.org/?q=an:0326.57004&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=394709
https://zbmath.org/?q=an:0345.57003&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=418125
https://zbmath.org/?q=an:0477.57022&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=607895
https://zbmath.org/?q=an:0567.57025&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=802784
https://zbmath.org/?q=an:0863.57014&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1358695
https://zbmath.org/?q=an:0358.57004&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=391109
https://zbmath.org/?q=an:0261.57009&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0362320
https://arxiv.org/abs/2205.12774
https://arxiv.org/abs/2009.13461
http://www.math.uni-bonn.de/people/macko/sb-www.pdf
http://www.math.uni-bonn.de/people/macko/sb-www.pdf
https://zbmath.org/?q=an:1018.55001&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1841974
https://mathscinet.ams.org/mathscinet-getitem?mr=4528620
https://zbmath.org/?q=an:0507.57010&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=710056
https://zbmath.org/?q=an:0631.57010&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=892034
https://zbmath.org/?q=an:0474.57014&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=607896
https://zbmath.org/?q=an:0559.57009&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=780583

[43]
[44]

[45]

[46]

[47]
(48]
[49]
[50]
[51]
[52]
(53]
[54]
[55]
[56]

[57]

(58]
[59]
[60]
[61]
[62]

[63]

D. Kasprowski, M. Powell, and A. Ray 244

R. Fintushel and R. J. Stern, Constructions of smooth 4-manifolds. Doc. Math. Extra Vol.
ICM Berlin (1998), 443-452 Zbl 0899.57012 MR 1648094

R. Fintushel and R. J. Stern, Knots, links, and 4-manifolds. Invent. Math. 134 (1998), no. 2,
363-400 Zbl 0914.57015 MR 1650308

R. Fintushel and R. J. Stern, Six lectures on four 4-manifolds. In Low dimensional topology,
pp. 265-315, IAS/Park City Math. Ser. 15, Amer. Math. Soc., Providence, RI, 2009

Zbl 1195.57001 MR 2503498

M. Freedman and R. Kirby, A geometric proof of Rochlin’s theorem. In Algebraic and geo-
metric topology (Stanford, CA, 1976), Part 2, pp. 85-97, Proc. Sympos. Pure Math., XXXII,
Amer. Math. Soc., Providence, RI, 1978 Zbl 0392.57018 MR 520525

M. Freedman, The topology of four-dimensional manifolds. J. Differential Geometry 17
(1982), no. 3, 357453 Zbl 0528.57011 MR 679066

M. Freedman and F. Quinn, Topology of 4-manifolds. Princeton Math. Ser. 39, Princeton
Univ. Press, Princeton, NJ, 1990 Zbl 0705.57001 MR 1201584

M. Freedman and P. Teichner, 4-manifold topology. I. Subexponential groups. Invent. Math.
122 (1995), no. 3, 509-529 Zbl 0857.57017 MR 1359602

S. Friedl, M. Nagel, P. Orson, and M. Powell, A survey of the foundations of four-manifold
theory in the topological category. 2019, arXiv:1910.07372

R. E. Gompf, Three exotic R*’s and other anomalies. J. Differential Geom. 18 (1983), no. 2,
317-328 Zbl 0496.57007 MR 710057

R. E. Gompf, Stable diffeomorphism of compact 4-manifolds. Topology Appl. 18 (1984), no.
2-3, 115-120 Zbl 0589.57017 MR 769285

R. E. Gompf, Killing the Akbulut—Kirby 4-sphere, with relevance to the Andrews—Curtis and
Schoenflies problems. Topology 30 (1991), no. 1, 97-115 Zbl 0715.57016 MR 1081936
R. E. Gompf, Group actions, corks and exotic smoothings of R%. Invent. Math. 214 (2018),
no. 3, 1131-1168 Zbl 1406.57017 MR 3878728

R. E. Gompf and A. 1. Stipsicz, 4-manifolds and Kirby calculus. Grad. Stud. Math. 20, Amer.
Math. Soc., Providence, RI, 1999 Zbl 0933.57020 MR 1707327

F. Gonzélez-Acuia, Dehn’s construction on knots. Bol. Soc. Mat. Mexicana (2) 15 (1970),
58-79 7Zbl 0229.55004 MR 356022

C. M. Gordon, On the G-signature theorem in dimension four. In A la recherche de la topo-
logie perdue, pp. 159-180, Progr. Math. 62, Birkhduser Boston, Boston, MA, 1986

MR 900251

I. Hambleton and M. Kreck, On the classification of topological 4-manifolds with finite fun-
damental group. Math. Ann. 280 (1988), no. 1, 85-104 Zbl 0616.57009 MR 928299

1. Hambleton and M. Kreck, Smooth structures on algebraic surfaces with cyclic fundamental
group. Invent. Math. 91 (1988), no. 1, 53-59 Zbl 0609.57008 MR 918236

I. Hambleton and M. Kreck, Cancellation, elliptic surfaces and the topology of certain four-
manifolds. J. Reine Angew. Math. 444 (1993), 79-100 Zbl 0779.57015 MR 1241794

1. Hambleton and M. Kreck, Cancellation of hyperbolic forms and topological four-manifolds.
J. Reine Angew. Math. 443 (1993), 21-47 Zbl 0779.57014 MR 1241127

I. Hambleton and M. Kreck, Homotopy self-equivalences of 4-manifolds. Math. Z. 248
(2004), no. 1, 147-172 Zbl 1068.57018 MR 2092726

1. Hambleton, M. Kreck, and P. Teichner, Nonorientable 4-manifolds with fundamental group
of order 2. Trans. Amer. Math. Soc. 344 (1994), no. 2, 649-665 Zbl 0830.57012

MR 1234481


https://zbmath.org/?q=an:0899.57012&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1648094
https://zbmath.org/?q=an:0914.57015&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1650308
https://zbmath.org/?q=an:1195.57001&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2503498
https://zbmath.org/?q=an:0392.57018&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=520525
https://zbmath.org/?q=an:0528.57011&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=679066
https://zbmath.org/?q=an:0705.57001&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1201584
https://zbmath.org/?q=an:0857.57017&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1359602
https://arxiv.org/abs/1910.07372
https://zbmath.org/?q=an:0496.57007&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=710057
https://zbmath.org/?q=an:0589.57017&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=769285
https://zbmath.org/?q=an:0715.57016&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1081936
https://zbmath.org/?q=an:1406.57017&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3878728
https://zbmath.org/?q=an:0933.57020&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1707327
https://zbmath.org/?q=an:0229.55004&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=356022
https://mathscinet.ams.org/mathscinet-getitem?mr=900251
https://zbmath.org/?q=an:0616.57009&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=928299
https://zbmath.org/?q=an:0609.57008&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=918236
https://zbmath.org/?q=an:0779.57015&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1241794
https://zbmath.org/?q=an:0779.57014&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1241127
https://zbmath.org/?q=an:1068.57018&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2092726
https://zbmath.org/?q=an:0830.57012&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1234481

[64]

[65]

[66]

[67]
[68]

[69]

[70]

[71]
[72]
(73]
[74]

[75]

[76]
[77]
(78]
[79]
[80]
[81]

(82]

Counterexamples in 4-manifold topology 245

1. Hambleton, M. Kreck, and P. Teichner, Topological 4-manifolds with geometrically two-
dimensional fundamental groups. J. Topol. Anal. 1 (2009), no. 2, 123-151 Zbl 1179.57034
MR 2541758

I. Hambleton and L. R. Taylor, A guide to the calculation of the surgery obstruction groups
for finite groups. In Surveys on surgery theory, Vol. 1, pp. 225-274, Ann. of Math. Stud. 145,
Princeton Univ. Press, Princeton, NJ, 2000 Zbl 0952.57009 MR 1747537

C. Hog-Angeloni and W. Metzler, Geometric aspects of two-dimensional complexes. In Tio-
dimensional homotopy and combinatorial group theory, pp. 1-50, London Math. Soc. Lec-
ture Note Ser. 197, Cambridge Univ. Press, Cambridge, 1993 Zbl 0811.57001

MR 1279175

D. C. Isaksen, Stable stems. Mem. Amer. Math. Soc. 262 (2019), no. 1269 Zbl 1454.55001
MR 4046815

D. C. Isaksen, G. Wang, and Z. Xu, Stable homotopy groups of spheres. Proc. Natl. Acad.
Sci. USA 117 (2020), no. 40, 24757-24763 Zbl 1485.55017 MR 4250190

D. Kasprowski, M. Land, M. Powell, and P. Teichner, Stable classification of 4-manifolds
with 3-manifold fundamental groups. J. Topol. 10 (2017), no. 3, 827-881 Zbl 1407.57018
MR 3797598

D. Kasprowski, J. Nicholson, and B. Ruppik, Homotopy classification of 4-manifolds whose
fundamental group is dihedral. Algebr. Geom. Topol. 22 (2022), no. 6, 2915-2949

7Zbl 07633488 MR 4520681

D. Kasprowski, M. Powell, and A. Ray, Gluck twists on concordant or homotopic spheres.
2022, arXiv:2206.14113

D. Kasprowski, M. Powell, and B. Ruppik, Homotopy classification of 4-manifolds with
finite abelian 2-generator fundamental groups. 2020, arXiv:2005.00274

D. Kasprowski, M. Powell, P. Teichner, Algebraic criteria for stable diffeomorphism of spin
4-manifolds. 2021, arXiv:2006.06127

D. Kasprowski, M. Powell, P. Teichner, The Kervaire-Milnor invariant in the stable classific-
ation of spin 4-manifolds. 2021, arXiv:2105.12153

D. Kasprowski, M. Powell, and P. Teichner, Four-manifolds up to connected sum with com-
plex projective planes. Amer. J. Math. 144 (2022), no. 1, 75-118 Zbl 07465467

MR 4367415

D. Kasprowski and P. Teichner, CP2-stable classification of 4-manifolds with finite funda-
mental group. Pacific J. Math. 310 (2021), no. 2, 355-373 Zbl 1472.57025 MR 4229242
M. A. Kervaire and J. W. Milnor, Groups of homotopy spheres. I. Ann. of Math. (2) 77 (1963),
504-537 Zbl 0115.40505 MR 148075

M. H. Kim, S. Kojima, and F. Raymond, Homotopy invariants of nonorientable 4-manifolds.
Trans. Amer. Math. Soc. 333 (1992), no. 1, 71-81 Zbl 0779.57016 MR 1028758

M. H. Kim, P. Orson, J. Park, and A. Ray, Good groups. In The disc embedding theorem,
pp- 273-282, Oxford Univ. Press, Oxford, 2021

M. H. Kim, P. Orson, J. Park, and A. Ray, Open problems. In The disc embedding theorem,
pp. 353-384, Oxford Univ. Press, Oxford, 2021

M. H Kim and S. Yamada, Ideal classes and Cappell-Shaneson homotopy 4-spheres. 2017,
arXiv:1707.03860

R. C. Kirby, The topology of 4-manifolds. Lecture Notes in Math. 1374, Springer, Berlin,
1989 Zbl 0668.57001 MR 1001966


https://zbmath.org/?q=an:1179.57034&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2541758
https://zbmath.org/?q=an:0952.57009&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1747537
https://zbmath.org/?q=an:0811.57001&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1279175
https://zbmath.org/?q=an:1454.55001&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4046815
https://zbmath.org/?q=an:1485.55017&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4250190
https://zbmath.org/?q=an:1407.57018&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3797598
https://zbmath.org/?q=an:07633488&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4520681
https://arxiv.org/abs/2206.14113
https://arxiv.org/abs/2005.00274
https://arxiv.org/abs/2006.06127
https://arxiv.org/abs/2105.12153
https://zbmath.org/?q=an:07465467&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4367415
https://zbmath.org/?q=an:1472.57025&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4229242
https://zbmath.org/?q=an:0115.40505&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=148075
https://zbmath.org/?q=an:0779.57016&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1028758
https://arxiv.org/abs/1707.03860
https://zbmath.org/?q=an:0668.57001&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1001966

[83]

[84]

[85]

(86]
[87]
[88]

[89]

(90]
[91]

(92]

(93]

[94]

[95]

[96]

[97]

[98]
[99]
[100]

[101]

D. Kasprowski, M. Powell, and A. Ray 246

R. C. Kirby and L. C. Siebenmann, Foundational essays on topological manifolds, smooth-
ings, and triangulations. Ann. of Math. Stud. 88, Princeton Univ. Press, Princeton, NJ, 1977
Zbl 0361.57004 MR 0645390

R. C. Kirby and L. R. Taylor, A survey of 4-manifolds through the eyes of surgery. In Surveys
on surgery theory, Vol. 2, pp. 387-421, Ann. of Math. Stud. 149, Princeton Univ. Press,
Princeton, NJ, 2001 Zbl 0974.57012 MR 1818779

M. Kreck, Some closed 4-manifolds with exotic differentiable structure. In Algebraic topo-
logy, Aarhus 1982 (Aarhus, 1982), pp. 246-262, Lecture Notes in Math. 1051, Springer,
Berlin, 1984 Zbl 0547.57009 MR 764582

M. Kreck, Surgery and duality. Ann. of Math. (2) 149 (1999), no. 3, 707-754

Zbl 0935.57039 MR 1709301

M. Kreck and J. A. Schafer, Classification and stable classification of manifolds: some
examples. Comment. Math. Helv. 59 (1984), no. 1, 12-38 Zbl 0551.57018 MR 743942

V. S. Krushkal and F. Quinn, Subexponential groups in 4-manifold topology. Geom. Topol. 4
(2000), 407-430 Zbl 0954.57005 MR 1796498

S. Kwasik and R. Schultz, Toral and exponential stabilization for homotopy spherical space-
forms. Math. Proc. Cambridge Philos. Soc. 137 (2004), no. 3, 571-593 Zbl 1077.55005
MR 2103917

K. W. Kwun and R. H. Szczarba, Product and sum theorems for Whitehead torsion. Ann. of
Math. (2) 82 (1965), 183-190 Zbl 0142.40703 MR 182972

T. Lawson, Decomposing 5-manifolds as doubles. Houston J. Math. 4 (1978), no. 1, 81-84
Zbl 0384.57017 MR 515791

W. Liick, A basic introduction to surgery theory. In Topology of high-dimensional manifolds
(Trieste, 2001). No. 1, 2, pp. 1-224, ICTP Lect. Notes 9, Abdus Salam Int. Cent. Theoret.
Phys., Trieste, 2002 Zbl 1045.57020 MR 1937016

M. Lustig, Infinitely many pairwise homotopy inequivalent 2-complexes K; with fixed 71 K;
and y(K;). J. Pure Appl. Algebra 88 (1993), no. 1-3, 173-175 Zbl 0805.57002

MR 1233322

I. Madsen and R. J. Milgram, The classifying spaces for surgery and cobordism of manifolds.
Ann. of Math. Stud. 92, Princeton Univ. Press, Princeton, NJ, 1979 Zbl 0446.57002

MR 548575

B. Mazur, Relative neighborhoods and the theorems of Smale. Ann. of Math. (2) 77 (1963),
232-249 7Zbl0112.38301 MR 150786

W. Metzler, Uber den Homotopietyp zweidimensionaler CW-Komplexe und Elementar-
transformationen bei Darstellungen von Gruppen durch Erzeugende und definierende Rela-
tionen. J. Reine Angew. Math. 285 (1976), 7-23 Zbl 0325.57003 MR 440527

J. Milnor, On simply connected 4-manifolds. In Symposium internacional de topologia algeb-
raica International symposium on algebraic topology, pp. 122-128, Universidad Nacional
Auténoma de México and UNESCO, Mexico City, 1958 Zbl 0105.17204 MR 0103472

J. Milnor, Whitehead torsion. Bull. Amer. Math. Soc. 72 (1966), 358-426 7Zbl 0147.23104
MR 196736

J. Milnor and D. Husemoller, Symmetric bilinear forms. Ergeb. Math. Grenzgeb. (3) 73,
Springer, New York-Heidelberg, 1973 Zbl 0292.10016 MR 0506372

M. H. A. Newman, The engulfing theorem for topological manifolds. Ann. of Math. (2) 84
(1966), 555-571 Zbl 0166.19801 MR 203708

A. J. Nicas, Induction theorems for groups of homotopy manifold structures. Mem. Amer.
Math. Soc. 39 (1982), no. 267 Zbl 0507.57018 MR 668807


https://zbmath.org/?q=an:0361.57004&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0645390
https://zbmath.org/?q=an:0974.57012&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1818779
https://zbmath.org/?q=an:0547.57009&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=764582
https://zbmath.org/?q=an:0935.57039&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1709301
https://zbmath.org/?q=an:0551.57018&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=743942
https://zbmath.org/?q=an:0954.57005&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1796498
https://zbmath.org/?q=an:1077.55005&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2103917
https://zbmath.org/?q=an:0142.40703&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=182972
https://zbmath.org/?q=an:0384.57017&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=515791
https://zbmath.org/?q=an:1045.57020&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1937016
https://zbmath.org/?q=an:0805.57002&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1233322
https://zbmath.org/?q=an:0446.57002&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=548575
https://zbmath.org/?q=an:0112.38301&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=150786
https://zbmath.org/?q=an:0325.57003&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=440527
https://zbmath.org/?q=an:0105.17204&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0103472
https://zbmath.org/?q=an:0147.23104&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=196736
https://zbmath.org/?q=an:0292.10016&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0506372
https://zbmath.org/?q=an:0166.19801&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=203708
https://zbmath.org/?q=an:0507.57018&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=668807

[102]
[103]
[104]

[105]

[106]
[107]
[108]

[109]
[110]

[111]
[112]
[113]
[114]
[115]
[116]
[117]
[118]
[119]
[120]
[121]
[122]
[123]

[124]

Counterexamples in 4-manifold topology 247

S. P. Novikov, Homotopically equivalent smooth manifolds. I. Izv. Akad. Nauk SSSR Ser. Mat.
28 (1964), 365-474 Zbl 0151.32103 MR 0162246

P. Orson, and M. Powell, Mapping class groups of simply connected 4-manifolds with bound-
ary. 2022, arXiv:2207.05986

P. Orson and M. Powell, Simple spines of homotopy 2-spheres are unique. 2022,
arXiv:2208.04207

P. Orson, M. Powell, and A. Ray, Surgery theory and the classification of closed, simply
connected 4-manifolds. In The disc embedding theorem, pp. 331-352, Oxford Univ. Press,
Oxford, 2021

J. Park, Non-complex symplectic 4-manifolds with b = 1. Bull. London Math. Soc. 36
(2004), no. 2, 231-240 Zbl 1064.57029 MR 2026418

G. Perelman, The entropy formula for the Ricci flow and its geometric applications. 2002,
arXiv:0211159

G. Perelman, Finite extinction time for the solutions to the Ricci flow on certain three-
manifolds. 2003, arXiv:0307245

G. Perelman, Ricci flow with surgery on three-manifolds. 2003, arXiv:0303109

M. Powell, A. Ray, and P. Teichner, The 4-dimensional disc embedding theorem and dual
spheres. 2020, arXiv:2006.05209

F. Quinn, Ends of maps. III. Dimensions 4 and 5. J. Differential Geometry 17 (1982), no. 3,
503-521 Zbl 0533.57009 MR 679069

F. Quinn, The stable topology of 4-manifolds. Topology App!. 15 (1983), no. 1, 71-77

Zbl 0536.57006 MR 676968

K. Reidemeister, Homotopieringe und Linsenrdume. Abh. Math. Sem. Univ. Hamburg 11
(1935), no. 1, 102-109 Zbl 0011.32404 MR 3069647

V. A. Rohlin, New results in the theory of four-dimensional manifolds. Doklady Akad. Nauk
SSSR (N.S.) 84 (1952), 221-224 Zbl 0046.40702 MR 0052101

C. P. Rourke and B. J. Sanderson, Introduction to piecewise-linear topology. Ergeb. Math.
Grenzgeb. (3) 69, Springer, New York-Heidelberg, 1972 Zbl 0254.57010 MR 0350744

D. Ruberman, Invariant knots of free involutions of S*. Topology Appl. 18 (1984), no. 2-3,
217-224 7Zbl 0559.57016 MR 769292

D. Ruberman and R. J. Stern, A fake smooth CP? # RP*. Math. Res. Lett. 4 (1997), no. 2-3,
375-378 Zbl 0887.57029 MR 1453067

J. L. Shaneson, Wall’s surgery obstruction groups for G x Z. Ann. of Math. (2) 90 (1969),
296-334 Zbl 0182.57303 MR 246310

A.]J. Sieradski, A semigroup of simple homotopy types. Math. Z. 153 (1977), no. 2, 135-148
Zbl 0358.57006 MR 438321

S. Smale, The generalized Poincaré conjecture in higher dimensions. Bull. Amer. Math. Soc.
66 (1960), 373-375 Zbl 0099.39201 MR 124912

S. Smale, Generalized Poincaré’s conjecture in dimensions greater than four. Ann. of Math.
(2) 74 (1961), 391-406 Zbl 0099.39202 MR 137124

S. Smale, On the structure of manifolds. Amer. J. Math. 84 (1962), 387-399

Zbl 0109.41103 MR 153022

F. Spaggiari, On the stable classification of Spin four-manifolds. Osaka J. Math. 40 (2003),
no. 4, 835-843 Zbl 1050.57020 MR 2020662

J. Stallings, Polyhedral homotopy-spheres. Bull. Amer. Math. Soc. 66 (1960), 485488

Zbl 0111.18901 MR 124905


https://zbmath.org/?q=an:0151.32103&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0162246
https://arxiv.org/abs/2207.05986
https://arxiv.org/abs/2208.04207
https://zbmath.org/?q=an:1064.57029&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2026418
https://arxiv.org/abs/0211159
https://arxiv.org/abs/0307245
https://arxiv.org/abs/0303109
https://arxiv.org/abs/2006.05209
https://zbmath.org/?q=an:0533.57009&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=679069
https://zbmath.org/?q=an:0536.57006&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=676968
https://zbmath.org/?q=an:0011.32404&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3069647
https://zbmath.org/?q=an:0046.40702&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0052101
https://zbmath.org/?q=an:0254.57010&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0350744
https://zbmath.org/?q=an:0559.57016&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=769292
https://zbmath.org/?q=an:0887.57029&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1453067
https://zbmath.org/?q=an:0182.57303&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=246310
https://zbmath.org/?q=an:0358.57006&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=438321
https://zbmath.org/?q=an:0099.39201&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=124912
https://zbmath.org/?q=an:0099.39202&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=137124
https://zbmath.org/?q=an:0109.41103&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=153022
https://zbmath.org/?q=an:1050.57020&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2020662
https://zbmath.org/?q=an:0111.18901&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=124905

[125]
[126]
[127]

[128]

[129]

[130]

[131]
[132]
[133]
[134]

[135]

[136]

[137]
[138]
[139]
[140]
[141]
[142]
[143]

[144]

[145]

D. Kasprowski, M. Powell, and A. Ray 248

J. Stallings, Whitehead torsion of free products. Ann. of Math. (2) 82 (1965), 354-363

Zbl 0132.26804 MR 179270

J. Stallings, Lectures on polyhedral topology. Tata Inst. Fundam. Res. Stud. Math. 43, Tata
Institute of Fundamental Research, Bombay, 1967 MR 0238329

R. Stong, Simply-connected 4-manifolds with a given boundary. Topology Appl. 52 (1993),
no. 2, 161-167 Zbl 0804.57008 MR 1241191

R. Stong, Existence of m1-negligible embeddings in 4-manifolds. A correction to Theorem
10.5 of Freedmann and Quinn. Proc. Amer. Math. Soc. 120 (1994), no. 4, 1309-1314

Zbl 0811.57022 MR 1215031

R. Stong, Uniqueness of connected sum decompositions in dimension 4. Topology Appl. 56
(1994), no. 3, 277-291 Zbl 0814.57016 MR 1269316

D. P. Sullivan, Triangulating and smoothing homotopy equivalences and homeomorphisms.
Geometric Topology Seminar Notes. In The Hauptvermutung book, pp. 69—103, K-Monogr.
Math. 1, Kluwer Acad. Publ., Dordrecht, 1996 Zbl 0871.57021 MR 1434103

C. H. Taubes, Gauge theory on asymptotically periodic 4-manifolds. J. Differential Geom. 25
(1987), no. 3, 363-430 Zbl 0615.57009 MR 882829

P. Teichner, Topological 4-manifolds with finite fundamental group. PhD Thesis, 1992

P. Teichner, On the star-construction for topological 4-manifolds. In Geometric topology
(Athens, GA, 1993), pp. 300-312, AMS/IP Stud. Adv. Math. 2, Amer. Math. Soc., Provid-
ence, RI, 1997 Zbl 0889.57028 MR 1470734

W. P. Thurston, Three-dimensional manifolds, Kleinian groups and hyperbolic geometry.
Bull. Amer. Math. Soc. (N.S.) 6 (1982), no. 3, 357-381 Zbl 0496.57005 MR 648524

R. Torres, Smooth structures on nonorientable four-manifolds and free involutions. J. Knot
Theory Ramifications 26 (2017), no. 13, Paper No. 1750085 Zbl 1379.57038

MR 3730553

V. G. Turaev, Towards the topological classification of geometric 3-manifolds. In Topology
and geometry—Rohlin Seminar, pp. 291-323, Lecture Notes in Math. 1346, Springer, Berlin,
1988 Zbl 0651.57011 MR 970081

P. Vogel, Simply connected 4-manifolds. In Algebraic topology (Aarhus University, 1981),
pp. 116119, Seminar notes 1, Aarhus Universitet, Matematisk Institut, Aarhus, 1982

C. T. C. Wall, Diffeomorphisms of 4-manifolds. J. London Math. Soc. 39 (1964), 131-140
Zbl1 0121.18101 MR 163323

C. T. C. Wall, On simply-connected 4-manifolds. J. London Math. Soc. 39 (1964), 141-149
Zbl 0131.20701 MR 163324

C. T. C. Wall, Classification problems in differential topology. IV. Thickenings. Topology 5
(1966), 73-94 Zbl 0149.20501 MR 192509

C. T. C. Wall, Surgery on compact manifolds. Second edn., Math. Surveys Monogr. 69, Amer.
Math. Soc., Providence, RI, 1999 Zbl 0935.57003 MR 1687388

G. Wang and Z. Xu, The triviality of the 61-stem in the stable homotopy groups of spheres.
Ann. of Math. (2) 186 (2017), no. 2, 501-580 Zbl 1376.55013 MR 3702672

Z. Wang, Classification of closed nonorientable 4-manifolds with infinite cyclic fundamental
group. Math. Res. Lett. 2 (1995), no. 3, 339-344 Zbl 0844.57019 MR 1338793

S. Weinberger, Higher p-invariants. In Tel Aviv Topology Conference: Rothenberg Festschrift
(1998), pp. 315-320, Contemp. Math. 231, Amer. Math. Soc., Providence, RI, 1999

Zbl 0946.57037 MR 1707352

J. H. C. Whitehead, On simply connected, 4-dimensional polyhedra. Comment. Math. Helv.
22 (1949), 48-92 Zbl 0036.12704 MR 29171


https://zbmath.org/?q=an:0132.26804&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=179270
https://mathscinet.ams.org/mathscinet-getitem?mr=0238329
https://zbmath.org/?q=an:0804.57008&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1241191
https://zbmath.org/?q=an:0811.57022&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1215031
https://zbmath.org/?q=an:0814.57016&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1269316
https://zbmath.org/?q=an:0871.57021&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1434103
https://zbmath.org/?q=an:0615.57009&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=882829
https://zbmath.org/?q=an:0889.57028&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1470734
https://zbmath.org/?q=an:0496.57005&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=648524
https://zbmath.org/?q=an:1379.57038&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3730553
https://zbmath.org/?q=an:0651.57011&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=970081
https://zbmath.org/?q=an:0121.18101&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=163323
https://zbmath.org/?q=an:0131.20701&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=163324
https://zbmath.org/?q=an:0149.20501&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=192509
https://zbmath.org/?q=an:0935.57003&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1687388
https://zbmath.org/?q=an:1376.55013&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3702672
https://zbmath.org/?q=an:0844.57019&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1338793
https://zbmath.org/?q=an:0946.57037&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1707352
https://zbmath.org/?q=an:0036.12704&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=29171

Counterexamples in 4-manifold topology 249

[146] E. C. Zeeman, The Poincaré conjecture for n > 5. In Topology of 3-manifolds and related
topics (Proc. The Univ. of Georgia Institute, 1961), pp. 198-204, Prentice-Hall, Englewood
Cliffs, NJ, 1962 Zbl 1246.57032 MR 0140113

Received 23 April 2022; revised 4 October 2022.

Daniel Kasprowski
School of Mathematics, University of Southampton, Southampton SO17 1BJ, UK;
d.kasprowski@soton.ac.uk

Mark Powell
School of Mathematics and Statistics, University of Glasgow, University Place,
Glasgow G12 8QQ, UK; mark.powell @glasgow.ac.uk

Arunima Ray
Max-Planck-Institut fiir Mathematik, Vivatsgasse 7, 53111 Bonn, Germany;
aruray @mpim-bonn.mpg.de


https://zbmath.org/?q=an:1246.57032&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0140113
mailto:d.kasprowski@soton.ac.uk
mailto:mark.powell@glasgow.ac.uk
mailto:aruray@mpim-bonn.mpg.de

	1. Introduction
	Outline
	Conventions

	2. Equivalence relations on 4-manifolds
	3. Justification of implications
	4. Review of surgery exact sequences
	5. Counterexamples
	5.1. S^{2} \times S^{2} and S^{4}
	5.2. S^{2} \times S^{2} and S^{2} \wtilde{\times} S^{2}
	5.3. \mathbb{CP}^{2} and Freedman's \star \mathbb{CP}^{2}
	5.4. \mathbb{RP}^{4} # \mathbb{CP}^{2} and \mathcal{R} # \star \mathbb{CP}^{2}
	5.5. Kreck's examples K3 # \mathbb{RP}^{4} and #^{11} (S^{2} \times S^{2}) # \mathbb{RP}^{4}
	5.6. \mathbb{RP}^{4} and the Cappell–Shaneson exotic \mathbb{RP}^{4}
	5.7. L \times S^{1} and L' \times S^{1}
	5.8. Donaldson's examples E(1) and the Dolgachev surface E(1)_{2,3}
	5.9.  #^{3} E_{8} and the Leech manifold
	5.10. Kreck–Schafer manifolds
	5.11. Teichner's E # E and \star E # \star E
	5.12. Akbulut's exotic (S^{1} \wtilde{\times} S^{3}) # (S^{2} \times S^{2})
	5.13. Kwasik–Schultz manifolds homotopy equivalent to L \times S^{1}
	5.14. Simple homotopy equivalent, h-cobordant 4-manifolds that are not s-cobordant

	References

