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Rational homotopy via Sullivan models and enriched
Lie algebras

Yves Félix and Steve Halperin

Abstract. Rational homotopy theory originated in the late 1960s and the early 1970s with the
simultaneous but distinct approaches of Quillen (1969), Sullivan (1977) and Bousfield—Kan (1972).
Each approach associated to a path connected space X an “algebraic object” A which is then used
to construct a rational completion of X, X — Xq. These constructions are homotopy equivalent
for simply connected CW complexes of finite type, in which case Hx(Xqg) = Hx(X) ® Q and
7x(XQ) = mx(X) ® Q. Otherwise, they may be different; in fact, Quillen’s construction is only
available for simply connected spaces.

In this review, discussion is limited to Sullivan’s completions, and the notation X — Xgq is
reserved for these. We briefly review the construction, and follow that with a review of developments
and examples over the subsequent decades, but often without the proofs. Since the explicit form of
Sullivan’s completion has lent itself to a wide variety of applications in a range of fields, this survey
will necessarily be modest in scope.

To Dennis Sullivan, in celebration of the 80th birthday of a great mathematician,
and of his seminal contributions to mathematics

1. Sullivan models

Sullivan’s construction begins with a commutative differential graded algebra (cdga)
functor associating to each path connected space X a rational cdga Ap(X) which is
entirely analogous to the differential forms on a manifold. In particular, for any point x,
App (x) is equipped with a natural augmentation App (x) 5 Q, and so based spaces (X, x)
yield augmented cdga maps App(X) = Q. A Sullivan model of X is then a quasi-
isomorphism
ox: (\ V.d) - Ap(X)
from a cdga satisfying two conditions:

s AV is the free graded commutative algebraon V = V=1,

* A\ 'V satisfies the following nilpotence condition: V is the increasing union of sub-
spaces V,, with Vg := V Nkerd and d: V,,11 — A\ Vy.
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These are now called Sullivan algebras. For simplicity we will frequently write /\ V
for (/\ V., d) when the differential is clear from the context.

Sullivan algebras have a second (wedge) gradation: A\ V = @, .o /\? V, where
N?V :=V A--- AV (g factors), and a Sullivan algebra is minimal if d: V — /\22 V.
Each cdga 4 with A° = Q has a unique (up to isomorphism) minimal Sullivan model,
and the minimal model of a path connected space X is by definition the minimal model
of APL (X )

Secondly, to each Sullivan algebra (/\ V, d) is associated a space (/\ V), its geometric
realization. The geometric realization ( ) is a functor related to Apy by an adjointness
property [16, § 1.6]: for any path connected space Z and any Sullivan algebra we have a
natural bijection

Hom(/\ V. 4p(2)) = Hom(Z.{/\ V).

Here Hom on the left denotes the set of morphisms of differential graded algebras, and
Hom on the right denotes the set of simplicial maps. If /\ V is a Sullivan model of X, then
these constructions yield a unique continuous map

X = (/\V).

It follows from the nilpotence condition for any Sullivan algebra that (A V, d) =~
li_I)n( A Va, d) where the V,, C V are the finite-dimensional subspaces for which d: Vy, —
/\ Vi This then implies that

(A V)=tim(/\ V).

When /\ V is the minimal Sullivan model of X then, by definition, {/\ V) = Xg and
the map X — X is Sullivan’s completion. These constructions induce isomorphisms of
graded vector spaces

H*(X:Q) <— H*(/\ V) and n.(Xg) = Hom(V. Q).

Moreover, amap f: X — Y induces a map fg: Xg — Yo.

Example 1. A minimal Sullivan model ¢: /\ Vx — Apr(X) induces by adjunction a map
Ox: X — XQ

such that Hy (¢x; Q): H«(X; Q) — Hy«(Xq; Q) is injective.
In fact, [12, Appendix] ¢x factors as

N\ vy — Ap(/\ Vx) 20, A (X),

where o is the unit of the adjunction. It follows that H*(¢x; Q) =~ H*(ApL(px)) is
surjective, and therefore that H.(¢x; Q) is injective.
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1.1. LS category

The Lusternik—Schnirelmann (LS) category, cat X, of a space X is the least m such
that X can be covered by (m + 1) open sets, each contractible in X. The LS category,
cat(/\ V,d), of a Sullivan algebra (/\ V, d) is the least m such that (/\ V, d) is a retract of
a minimal Sullivan model of the cdga A\ V/ A\~ V. These are related [16, Theorem 9.2]:
if (/\ V, d) is the minimal Sullivan model of a space X then

cat(/\ V,d) < catX.

This illustrates the importance of the interaction of the multiplicative structure of
/\ V with the differential. In fact, there are spaces whose models satisfy HZ!(A V) -
HZ=Y(/A\ V) = 0 but for which cat(A V,d) = cc.

Example 2. Let (A W,d) = (A(x,y,1),d),dx =dy =0,dt = xy,degx = degy =
degt = 1, be the minimal model of the Heisenberg manifold. In this model the coho-
mology in degree 3 is generated by the cycle xyt. We construct a new Sullivan minimal
algebra /\ V by adding successively new generators to W to kill the cycles in /\23 V.
In particular, dim V' is infinite because V' contains the sequence of elements u,,n > 0,
defined by duy = txy and, for n > 1, du, = u,_1xy. The category of A V is infi-
nite because the associated homotopy Lie algebra (see below for the definition) L1 is
abelian and infinite-dimensional [ 16, Chapters 9, 10]. On the other hand, by construction
H=Y(A\V)-HZY(A\V)=0.

Remark. Sullivan completions provide a computable bridge connecting H*(X; Q) and
7+(Xqg)- If X is a finite simply connected CW complex, then

H*(Xg) @ H*(X;Q) and 7m«(Xq) = m«(X) ® Q.

However, the general situation is much more complex. For instance, the potential dif-
ference in cohomology is illustrated by an example of Ivanov and Mikhailov [22], who
prove that the cohomology in degree two of the Bousfield-Kan Q-completion of S v S'!
is uncountable. Now by the Bousfield-Gugenheim theorem [2, Theorem 12.2], in this
case the Bousfield—Kan completion and the Sullivan completion are equivalent, so that
H,(S' v S1)g is uncountable.

Nonetheless, it is often possible to get precise information about the minimal Sullivan
model of a space, and to extract interesting consequences from that. From the outset and
over the subsequent decades, this has produced a wide variety of applications, including
this small set of examples:

» The existence of infinitely many geometrically distinct closed geodesics on most
closed manifolds [17,29].

* Construction of Sullivan models for the space of sections of a fibration [5, 19].

» Estimates for the growth of the rational homotopy of a free loop space [15,23,28].
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* Computing the rational homology of spaces of long knots [24].

» Rational ellipticity of almost non-negatively curved closed manifolds of cohomogene-
ity of most two [18].

» Properties of rational Poincaré duality for some intersection spaces [30].

2. Homotopy Lie algebras and enriched Lie algebras

A graded Lie algebra L is a graded vector space with a Lie bracket satisfying
[x, y] + (=)D ] =0

and
[x, [y, z]] = [[x, ], 2] + (=1)@ee ey [ ]].

All Lie algebras in this review are graded, L = @, L, and satisfy [Lp, Ly] C Lpiq.
For simplicity we may refer to them simply as Lie alg:ebras. Ordinary Lie algebras will be
regarded as graded Lie algebras concentrated in degree 0.

We will also need the suspension, sM , of a graded vector space M :

(sM)k+1 = M.

The standard convention for subscripts and superscripts defines M* = M_j, so that
(sM)*=1 = M* . Note as well the convention: Homy (M, Q) = Hom(M*, Q).

Now, as already observed by Sullivan, for any Sullivan algebra (/\ V, d) the desus-
pension of the vector space Hom(V, Q) is naturally a Lie algebra Ly = (Ly)>o, which
is the homotopy Lie algebra of /\ V. Here we regard /\2 V' as anti-commutative bilinear
functions in Hom(V, Q) x Hom(V, Q), and the Lie bracket is defined by the equation

(v.slx, y]) = (=D*E* ! dyv, sx, 5y), veV.x,y €Ly,
where d; v is the component of dv in /\2 V', and where
(v Aw, sx,5y) = (v, 5x) - (W, sy) + (—=1)VLEY () gy . (w, 5x).

If /\ V is the minimal model of a space X, then the map 7. (Xq) i sLy converts
Whitehead products to Lie brackets.

Example 3 (Spheres). The minimal Sullivan model for S™ is given by (/\ v, 0) with
degv = n if n is odd, and by (/\ (v, w), dw = v?) if n is even. It follows that the homotopy
Lie algebra in both cases is the free graded Lie algebra IL(x) on a generator x of degree
n—1.
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For topological spaces X with minimal Sullivan algebra (/\ V, d) the interaction
between H*(X; Q) =~ H*(/\ V) and n«(Xq) = sLy has been fundamental to appli-
cations and their proofs. For example, suppose X is a finite simply connected complex of
dimension m. Then

* The center of Ly is finite-dimensional [16, Theorem 10.6].

« Either (Ly); = 0 forall k > 2(m — 1), orelse 372" dim (Ly); grows exponentially
in r [16, Chapters 12, 13].

e IfdimLy < oo, then H*(X;Q) is a Poincaré duality algebra [20].

e If X is a finite wedge of spheres S$”, with n; > 1, then Ly is the free graded Lie

algebra generated by T = €P; a; with dega; = n; — 1 [14, Theorem 24.5].

In addition to the Lie bracket, the nilpotence condition of a minimal model A V
imposes on Ly an important additional structure: Ly is a complete enriched Lie algebra.
We define these now, noting that this is sometimes different from that given in [6].

First observe that the relation

/\Vgli_r>n/\Va
o

in Section 1 implies that
Ly ~limL
|4 P o>
o

in which the L, are both finite-dimensional and nilpotent.

Definition. A complete enriched Lie algebra is a graded Lie algebra L together with an
inverse system of surjections po: L — L, onto finite-dimensional and nilpotent graded
Lie algebras, such that
L =5 lim Ly.
“—
o

A complete enriched vector space is a complete enriched Lie algebra whose Lie
bracket is zero.

A coherent morphism of complete enriched Lie algebras f: (L, {ps}) — (L, {pjg H
is a morphism of graded Lie algebras such that for each § there is an & and a morphism
JapiLa — L;S such that P;s of = fap O pPa-

A quadratic Sullivan algebra is a Sullivan algebra (/\ V,d;) in which dy: V — /\2 V.
Any minimal Sullivan algebra (/\ V, d) has an associated quadratic Sullivan algebra
(A\V,d;) defined by (d —dy)v € /\23 V,v € V. By definition, the homotopy Lie algebra
of (/\'V,d) and (/\ V. d1) coincide. On the other hand [12, Proposition 5] each complete
enriched Lie algebra is the homotopy Lie algebra of a unique quadratic Sullivan algebra.

If E is a Lie subalgebra of a complete enriched Lie algebra L then its closure,
E = 1(111(1 pa(E), is a complete enriched Lie subalgebra of L. In particular, let {L"},>;
be the lower central series of L (L” is the span of the iterated Lie brackets of length n).
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Then L™ 2 L7 is called the enriched lower central series of L. It may happen that
L — lér_nn L/L" is not an isomorphism (L may not be pronilpotent) but it is always true
that
L= lim £/,
n

However, if dim L/L2 <oothen L" =~ L™ pn > 1,andso L is pronilpotent.

Moreover, if (/\ V, dy) is the quadratic Sullivan algebra corresponding to L and the
filtration V() is defined by

2
Vio =V Nkerd; and Vi =VN dfl(/\ V(n))’
then [12, Lemma 5]
L/L(”+2) =, Hom(V(n),Q), n=>0.

Furthermore, associated with any complete enriched Lie algebra L is its fundamental
group Gy, defined as follows: First, if dim LO/L% < 00, then [16, Chapter 2] G is the
group of units in the classical completion ITEO of its universal enveloping algebra. This
definition then extends to any complete enriched Lie algebra L,

GL = L%nGLa.

Thus, an inverse limit argument together with [ 16, Chapter 2] provides inverse bijections

exp
—
Lo_______—Gy.
log

In any group, denote the commutator of elements a, b by [a, b] = aba™'h~!. The
subgroup generated by iterated commutators of length n, denoted by G”, is normal. We set

n) ._ q; n
G, = lim Gy,
o
Then combining [16, Chapter 2] with an inverse limit argument shows that exp and log

restrict to bijections

exp

n) ————> )

LO \_/GL ’
log

These in turn induce isomorphisms

yn:Lgn)/Lf)n-H) o~ Gzn)/G£n+l)
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of abelian groups. Moreover, denoting exp x; = a; € G, we have

Ya(xns [ Ponet, Xl - 1D = [an, [+ [an—1, @) ... ]] mod GI*FY. (1)

Finally, if L is the homotopy Lie algebra of a minimal Sullivan algebra /\ V, then an
inverse limit argument combined with [16, Theorem 2.4] shows that the bijection

71{/\ V) = Hom(V'!,Q) = sLo — Lo —> GL

is an isomorphism of groups. If /\ V is the minimal Sullivan model of a space X then
the completion X — (/\ V') induces a homomorphism of fundamental groups. Combined
with the isomorphism above this yields the homomorphism

7T1(X) — Gp.

This enables Sullivan models as a method to explore the properties of w1(X). For a
space X, we denote L(X) the enriched Lie algebra associated to its minimal Sullivan
model.

Example 4. If a space X satisfies dim H; (X; Q) < oo, then
A (X) /7 (X) ® Q — G} /GIt.

In fact, denoting 71 (X) by G, we have a classifying map X — BG which induces an
isomorphism in H! and an injection in H 2. It follows that the corresponding morphism
of minimal Sullivan models is an isomorphism in degree 1. In particular,

Lo(X) = Lo(BG).

It is therefore sufficient to establish the isomorphism above when X =~ BG. This is proved
in [16, Theorem 7.5].

Remark. Even finite CW complexes (eg. S' v §1) can have a homotopy Lie algebra, L,
in which Ly is infinite-dimensional. Moreover, in general, inverse limits do not preserve
short exact sequences. However, a theorem of Bourbaki [1] implies that the inverse
limit of short exact sequences of vector spaces is exact, if the vector spaces are all
finite-dimensional. This has enabled a full development of the properties of enriched Lie
algebras [12], including the homotopy Lie algebra Ly .

3. Profree Lie algebras, wedges of spheres, and free groups

Profree Lie algebras are the analogue of free graded Lie algebras among complete
enriched graded Lie algebras. In this context we consider graded vector spaces T =
Hom(sS, Q) in which S = SZ!. Then S is the direct limit of its finite-dimensional
subspaces, Sy, and so 7' =~ l(iLna Ty with T, = Hom(s Sy, Q).
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Definition. A profree Lie algebra is a complete enriched graded Lie algebra L7 in which
Lt is the free graded Lie algebra generated by 7' (as above) and the enriched structure is
provided by the surjections

]LT —> ]LT,X —> ]LTH/(]LTH)n.

If L is a complete enriched Lie algebra and f: T — L is a coherent linear map, then
f extends in a unique way as a coherent morphism L — L. Moreover, any closed Lie
subalgebra of a profree Lie algebra is also profree [12, Proposition 12].

Theorem 1 ([12, Theorem 1]). The homotopy Lie algebra of a minimal Sullivan algebra
AV is profree (L = L) if and only if there is a quasi-isomorphism

AV -—Qes
in which § - S = 0.

Remark. If the homotopy Lie algebra of a finite CW complex X is a profree Lie algebra
L7, then sT =~ Hom(H=!(X),Q) =~ H>;(X;Q).

Proposition 1. Let L = Ly be a complete enriched Lie algebra. Then the following
conditions are equivalent:

(i) Lo is profree.

(i) Adirect complement T of L(()Z) in L freely generates a free Lie subalgebra of L.

@ii1) If x; is a basis of T then the elements exp x; freely generate a free subgroup
Of GL.

Proof. 1t is straightforward to reduce to the case dim 7" < co. In this case T is closed and
Theorem 1 shows that (i) < (ii).

(i) = (iii). The proof depends on the properties of a finite wedge of based circles,
X =~ \/i_; S}. Let A V(1) be the minimal Sullivan model of S'. The base point induces
an augmentation /\ V(1) — @, and the quasi-isomorphism

A\ VD) xg-xg A\ V(1) = Ap(S) xq -+ x@ ApL(S') = ApL(ST V- v ST

identifies a minimal Sullivan model A\ V of A V(1) xg -+ xg /\ V(1) as a minimal
Sullivan model of S! v ---v ST, ~

The obvious quasi-isomorphism A V(1) xg --- xg A V(1) = H*(S'v---v SL;Q)
provides a quasi-isomorphism

NV — H*S'v---vShQ)

which sends A=* V — 0.
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Thus, it follows from Theorem | that the homotopy Lie algebra L of /\ V is profree.
Moreover, it follows from [16, Lemma 6.2] that V = V! and so L = L. In particular,
L = IET where

sT = Hx1(\/ S} Q).

Thus, if v1,...,v, € V! represent the fundamental cohomology classes of the circles then
T = P,;Qx; in which (v;, sxj) = §;;.

Moreover, as X 2 S' v ---v S!, 7;(X) is a free group with generators g; correspond-
ing to the fundamental homology classes of the circles. In particular, 1 (X) is the disjoint
union of sets P, of iterated commutators of length 7 in the g;. Thus, the homomorphism

p:m1(X) —> G

sends g; to the element exp x; € Gr. It follows from Example 4 in the previous section
that this homomorphism maps each Pj to a basis of G]Z/ G]If‘H. Therefore, ¢ identifies
1(X) as a free subgroup of G, and (1) shows that this subgroup is the disjoint union of
the commutators [exp x;,, [. .. [exp X;,_,, exp x;,] . .. ]] corresponding to the commutators
of the g/ in 1 (X). Therefore, (i) = (iii).

(iii) = (i). Since the group G generated by the exp x/s is a free group, it is the disjoint
union of sets 0, of iterated commutators in the exp x/s of length n. Moreover, since
G = m(S' v .- v 8, it follows that P, ® Q = Q, ® Q. Thus, from Section 2 we
obtain

dim L"/L"*! = dim P" ® Q.

On the other hand, let IL be the free Lie algebra generated by the x;s. This gives a
surjection . — L for which (by the proof that (ii) = (1))

]Ln/]Ln+1 ;) Ln/Ln+1.

Therefore, . — L is an isomorphism, which proves (ii). [

4. Wedge and free products

Suppose A\ V’ and /\ V" are the minimal Sullivan models of spaces X’ and X”. Then the
quasi-isomorphisms

/\ %4 XQ /\ %44 i) APL(X/) XQ APL(X//) i) APL(X/ \% X//)

identify a minimal Sullivan model A V for A V' xg /\ V" as a minimal model for
X'vXx".

On the other hand, denote by L’ 1T L” the classical free product of graded Lie algebras
L’ and L"”.If L, L’ and L” are respectively the homotopy Lie algebras of X' v X”, X’
and X’ then the inclusions X', X" — X’ v X” induce an inclusion L’ II L” — L.
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This [12, Proposition 23] then extends to an isomorphism of its closure L’ II L” :=
L' L" onto L: ~
L'IL" = L.

If now L’ and L"” are profree then A V’ S Q@S and AV" = Qe S”and so
AV xe AV —Qes es”
Therefore, L’ I L” is also profree and
L'O0L"~Ly, T ~Hom(S',Q)®Hom(S”,Q), H>'(X'vX"Q) =S &S".

Example 5 (X = S' v §1). In this case L’ =~ L(a’) and L” = L(a"), so that Ly =
L(a’,a").

Example 6. Let X = (/\ V') be the geometric realization of the Sullivan minimal model of
(Q ® W,0) where W = W?2 is a countably infinite vector space with trivial multiplication.
Then the rational homotopy Lie algebra L = Ly is a profree Lie algebra L 2 L1 where
T = Hom(sW,Q), and L = Hom(sV, Q).

Proposition 2. With the hypotheses as above in Example 6, L?> # L® and H3(X) # 0.

Remark. An example of a space X satisfying the hypotheses of Example 6 is given by
the Sullivan completion of a wedge of infinitely many copies of the sphere S2. In this
case, surprisingly, H3(X) # 0.

Proof of Proposition 2. Let {x,}n,>1 be a basis of V2 = W. Then a basis of V3 is
given by the elements y;;, 1 <i < j, with dy;; = x;x;. We associate to an element
h € L, = Hom(sV?, Q) a symmetric matrix My defined by

(Mn)ij = (yij.sh).
We also represent an element f € L by the column matrix Cy defined by
(Cr)i = (xi,sf).
If f,g € Ly, then [f, g] € L, satisfies
(vij.s[f. 8y = =(xi, 1) (xj, s8) = (xir 58) (x),5).

It follows that
Misg) = —(Cr - Cy + Cg - Cp).

Represent an element ¥ = Y_ a;x; in V2 by the column matrix C,, with (Cy); = a;.
Then, for f € Ly and u € V2, we have

(u,sf) = Zai (xi,sf) = Zai (Cp)i = (Cy)" - Cu.
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If u € kersf Nkersg, then M{sgy-C, = 0.
More generally, for any f;,g; € L1, 1 <i <n, there is a finite-codimensional subspace
Z C V such that foru € Z,

My £;.g11 - Cu = 0.

On the other hand, let h: V3 — Q defined by h(y;;) = 0 fori # j and equal to 1 for
i = j. Then My, is the identity matrix, so that My, - C,, = C,, for C, as above. It follows
that [Ly, L] is strictly contained in L.

Let w € w3(X) be a homotopy class corresponding by suspension to an element in L,
but not in [L;, L;]. Then X contains a simply connected finite CW subcomplex Y such
that  is in the image of 73(Y). We denote this element by wy € w3(Y). It follows that
wy is not decomposable, and by Lemma 1, the image ay of wy in H3(Y') is non-zero.

For any finite CW subcomplex Z of X containing Y, the element wz induces also a
non-zero element az by the Hurewicz map, and by the naturality of the Hurewicz map,
the map H3(Y) — H3(Z) maps ay to az. Now X is the union of the finite CW
subcomplexes Z,, containing Y. It follows that H3(X) =~ h_r)na H3(Z,) and therefore the
family az, induces a non-zero element in H3(X). |

Lemma 1. Let Y be a finite type simply connected space with L, # [Ly, L1]. Then the
Hurewicz map hur: w3(Y) — H3(Y) is non-zero.

Proof. Denote by /\ V the Sullivan minimal model of Y. Then V is a finite type
vector space. Therefore, the bracket [,]: Ly /\ L1 — L, is dual to the differential
d:V3 — /\2 V2. Since L, # [L1, L1], d is not injective. This implies that H3(/\ V) —
H3A\V/ /\22 V') is non-zero. But this last map is the dual of the Hurewicz map. Thus,
if o € m13(Y) ® Q = Hom(V3, Q) with w(v) # 0, then w is not in the kernel of the
Hurewicz map. ]

Example7 (X = S' Vv §2). Inthiscase Ly =~ L' I L”, with L' 2 L(a) and L” =~ L(b),
where dega = 0 and degb = 1. Therefore,

1.(S' Vv §%)g = sL(a. b).
Now if % is the universal cover of Xq then
n*(%) ~ s(ker(]]:(a, b) — L(a))).

The group m2(Xg) is thus the suspension of the completion P of the vector space
generated by the elements ad)} (b) = [a, [a, ... [a, b]...]]. In other words, P is the space
of series ), ., ad), (b), with o, € Q.

Proposition 3. L = Lp and H3(Xq) # 0, whereas H3(X) = 0.
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Proof. The Sullivan minimal model of S! v $2 is the minimal model (/\ V, d) of the
cdga (/\(x, y)/(xy),0) with deg x = 1 and deg y = 2. This model is quasi-isomorphic
to the cdga

(A4.d):= (\x® E.d).

where E is the vector space generated by the elements y,,n > 0 with degx = 1,
degy, =2, E-E =0,d(yo) =0andforn > 1, d(y,) = xyn—1. This follows because

(A\V.d)=(\x® /\Y® \VZ.4).

where Y = P, Qy,. Moreover, by construction sP =~ Hom(E, Q).

Since (4, d) is a free /\ x-module, the quotient cdga (A V=2,d) = Q ®/\x(/\ V,d)
is quasi-isomorphic to Q ) Ax (A,d) = (Q & E,0). Therefore, the homotopy Lie algebra
Lyx is an extension

0—>Lp— Ly - Qx —0.

It follows that n*% >~ sLp. Now it follows from Example 6 and Proposition 2 that
H3(Xq) # 0. u

5. Relation between S¢, v S¢ and (S' v §%)q
First recall that Sé is the infinite Sullivan telescope

Sg = (S x 0. 1]/ ~.

n>1

with (x, 1), ~ (fn(x),0)n+1, where f,: ST — S is a map of degree n. Denote X, =
P (81 % [0,1])n/ ~, then X, =~ S! and the injection X, — X, is the map f, of
degree p.

For any simply connected space Z the universal cover of S! v Z is the union of
the real line R with a space Z attached at each integer number of the line. We can thus
interpret the universal cover of X, vV Z as the union of the real line with a copy of Z at
each rational point r/s where s is a divisor of (p — 1)!. Since the universal cover ¥ of
Sé Vv Z is the union of the universal covers of the X, v Z, the space Y is a countable
wedge of copies of Z. In particular, the universal cover of Sé \ Sé is a countable wedge
of copies of S§.

The injections of S' and S? into S! v $? induce maps Sé — (§' v 5%)¢ and
Sé — (S'Vv 5?%)@, and therefore a map

9:84 vV 8§ — (STv §%)q.

To justify the existence of ¢ recall that by Proposition 1, the Sullivan minimal model of
S v §2 is the minimal model of the algebra (Q ® Qa @ Qb, 0), in which ab = b? = 0,
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dega = 1 and degh = 2. The Sullivan minimal models of S' and S? are the minimal
models of (Q & Qa,0) and (Q & Qb, 0), the minimal models of the injections being
given by the corresponding projections. The morphism ¢ is then obtained by taking the
geometric realization of the projections.

As indicated in Example 7, sP = m,((S! v §2)q) is the space of infinite series
> n(adg)"(b). This implies an isomorphism

P—Qlrl, ) ai(ad) (b) > ) eyt

Recall that the action of [a] € 1(S!)g on P is given by exp(ad,). It follows that the map
induced by ¢ on 75,

ma(p): P Qb —> Q[1]]
a;ieQ

maps b; to exp(b;t). Finally, observe that nz(Sé Y Sé) is countably infinite but 7, ((S* v
$2)@) is not.

6. 7.(Xg): open questions and examples

Interesting questions about 7.(Xg), some of which have been resolved for simply
connected spaces, remain open when X is not simply connected and are particularly
interesting when Xq is a K (i, 1). We provide here several questions, and some relevant
examples. The minimal Sullivan model of a space X and its homotopy Lie algebra will be
denoted throughout by A Vx and Ly.

Since part of our examples are formal spaces or spaces equipped with a weight
decomposition, we recall the definitions here. A minimal model (/\ V, d) has a weight
decomposition if V is equipped with a second lower gradation V = @,., Vi such

that d: V¥ — (A V)fjfll. In that case H*(/\ V, d) admits also an extra gradation,
H*(\V) = @pzo Ho(AV).

A space X with Sullivan minimal model (/\ V, d) is formal if there is a quasi-
isomorphism (A V,d) — (H*(X;Q),0). Then A V has a weight decomposition such
that H, (/A V) = 0 forn > 0 [21]. When A V is equipped with a weight decomposition
then we can form the graded Lie algebra gL = P,,.; E,, with E, = Hom(V,,—1, Q):

[Ep. Eq] CEpyy, and L = LiLngL/gLM.
n

Moreover, when /\ V is formal, then E, =~ L"/ Lntl

In geometry, compact Kéhler manifolds are formal [8], and every complex algebraic
variety carries a weight decomposition [4, Theorem 4.9].
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6.1. Free Lie algebras

One of the oldest unresolved (even for simply connected spaces) conjectures in rational
homotopy is due to Avramov and Félix [14, Chapter 39, 4.]; in its simplest form it states
the following:

Conjecture. If X is a finite CW complex and Ly is infinite-dimensional, Ly contains a
free graded Lie algebra on two generators.

Here are three examples where the conjecture is true, and a fourth relevant example.

Example 8. If X is an orientable Riemann surface of genus g > 2 then Ly contains a
profree ideal of codimension 1. In particular, 771 (Xg) contains a free group on infinitely
many generators.

In this case Ly = (Lx)o [11] and therefore /\ Vx is quadratic. Moreover, Vx N ker d;
has a basis of the form u;, v;, i > 1, and these cycles, together with 1 and u;v; represent
a basis of H*(/\ Vx). Now let I C Ly be the codimension 1 ideal defined by

I =1y €Ly | (ur,5y) = 0}.

We show that [ is profree.

First observe that division by the ideal generated by u; defines a surjection of quadratic
Sullivan algebras A\ Vx — A Vi with Vi = Vyx/u;. It is immediate that Ly, is the
homotopy Lie algebra of I, and that mapping z and u; to O yields a quasi-isomorphism

p:(/\VX®/\Z,dZ =u1)—i—>/\Vl.

On the other hand, let W be a direct complement of Vx N kerd; in Vx. Then mapping
W, uu;, viv;, ujuj (i # j) and u;v; —u;v; all to zero defines a quasi-isomorphism
A\ Vx — H*(/\ Vx). This then extends to a quasi-isomorphism

(Avx® N\z.d) — (H*(N\ V) ® /\z.d)

where in both cdga’s dz = u;j.

Finally, we necessarily have deg z = 0. A simple check shows that the homology of
H=Y(H*(/\ Vx) ® )\ z) is concentrated in degree 1. It follows that this is also true for
H*(/\ V1) and thus that [ is profree.

Example 9. If X is the classifying space of a right-angled Artin group then Ly is abelian
or else (Ly)o contains a profree Lie subalgebra with two generators. In the second case,
71(Xq) contains a free group on two generators.

A right-angled Artin group is a group A with a presentation of the form

A = (x1,...,X, | Xixj = xjx; for some possibly empty subset S of pairs (7, j)).
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Thus, if S contains all the pairs (i, j) then A =~ Z x --- x Z. In this case X =~ K(A4,1) =~
Sl x...xSVand Ly =~ Q x --- x Q is abelian.

On the other hand if some pair (io, jo) € S, then A" = (x;,, xj,) is a retract of 4, and
so its homotopy Lie algebra is a retract of Ly. But A’ is a free group on two generators,
which, by Van Kampen’s theorem implies that K(A’, 1) = S! v S'. By Example 5 of
Section 4, its homotopy Lie algebra is L(a, b) which contains LL(a, b).

Example 10. If X is the complement in C" of a central arrangement of hyperplanes then
either (Ly)o is abelian or (Lyx)¢ contains a free Lie algebra on two generators. In the
second case, 1 (Xgq) contains a free group on two generators.

An arrangement of hyperplanes is a finite set Hy, ..., H, of hyperplanes in C", and
is central if each H; contains the origin. In this example,

X =C"\|JH.
i

and there is a quasi-isomorphism (/\ Vx,d) — (H*(X;Q),0) [9]. The algebra H*(X;Q)
has been computed by Orlik and Terao [25].

We fix an order on the hyperplanes H;, and for each of them we introduce a gen-
erator ¢; in degree 1. Then the cohomology H =~ H*(C" \ |J; H;) is the quotient of
/Al(e1,...,ey) by an ideal I. Since the space is formal the component in degree 0 of the
homotopy Lie algebra Ly depends only on the multiplication law: /\2 H' — H?2. 1t fol-
lows that the Lie algebra (Ly)o is the component in degree O of the Lie algebra of the
minimal model of H/H?Z=3.

The relations in degree 2 are obtained by family H;,, ..., H;, such that for some j,
(g Hi, = (\,; Hi,- The associated relation is e;, e;, — e;, €5 + €j€i5.

Let E ={H; N H;,i < j}.If the H; N H; are all different then there is no relation
of degree 2, which implies that Ly is abelian. Otherwise we can suppose that H; N H, =
H; N Hy N Hj. Let m be the integer for which Hy N H, N Hy = Hy N Hy fork < m
and Hy N H, N Hy#H, N Hy for k > m. Thenfori < j <m, Hy N Hy = H; N H;.
For each such triple Hy, H,, Hy we have e1e; + ezer + exeq = 0.

The space of relations in degree 2 is therefore the sum of two components, the first one
in /\2(61 ,...,en) and the second one in the ideal generated by e,,,+1,. . ., e,. This implies
that H/(HZ3,epmy1,. .., e,)isaretract of H/H=3. We are therefore reduced to prove that
the homotopy Lie algebra of the minimal model of H' := (H/(HZ3,e;y1....,€n),0)
contains a free Lie algebra.

In H’, we have for r < s,

eres = e1e, — ee;.

It follows that H’ is the free module on /\ e; generated by 1,e5, ..., e,. Let A T be
its minimal model. Then, since the homology of /\(7'/e;) is concentrated in degree 1,
L7 contains a profree Lie algebra on m — 1 generators. By construction this profree Lie
algebra is a Lie subalgebra of Ly.
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Example 11 (Configuration spaces in R”). The rational homotopy Lie algebra of the
configuration space F(R?%2; k) of k points in R?72, g > 1, denoted by £ (¢), has been
computed by Cohen and Gitler [7, Theorem 2.3].

The graded Lie algebra £4(g) is the quotient of the free graded Lie algebra on the
elements B; j, 1 < j <i <k of degree ¢ by the following relations, called infinitesimal
braid relations:

(i) [Bij. Bs;] =0if{i, j}N{s, t} =90,

(i) [Bij.Bis+ (~1)7B;]=0if 1<) <t <i<k,

(11]) [Bz’j,Bi,j + Bi,t] =0if 1< ] <t<i<k.

According to [7, Theorem 4.1], the Lie subalgebra generated by the By ; is a free ideal,
and we have a short exact sequence of graded Lie algebras

0 — L(xk,;i) = £x(q) — Lr-1(q) — 0.

Since £4(g) is a graded Lie algebra of finite type with no elements of degree O,
L (xg,;) is profree.

Example 12 (An extension to universal enveloping algebras). The classical completion
of the universal enveloping algebra of a graded Lie algebra, L, is defined by UL =
l(iLnn UL/I", where I denotes the maximal ideal of UL. Then, we have the following:

Problem 1. With the same hypotheses as in the Avramov-Félix conjecture, does UL
contain a tensor algebra on 2 generators?

The following proposition is a partial answer to this question:

Proposition 4. Ler A\ V be a Sullivan minimal model with associated homotopy Lie
algebra L. Suppose that dim L/L? < oo, that V = V!, that (/\ V., d) has a weight
decomposition and that H*(/\ V, d) is a finite-dimensional vector space with non-zero
Euler characteristic. Then UL contains a tensor algebra on two generators.

Proof. Denote by gL the graded Lie algebra associated to the weight decomposition and
observe that we have injections

U(gL) c UL c UL.

It is therefore enough to construct an injection T'(x, y) C U(gL).
By hypothesis, V = V! and V = @, Va, with d(Vs) € (A*V),_,. We equip V
with an extra upper gradation
V(2n+3) — Vn

It follows that d(V ™) c (A* V)" *D. In particular, with this new upper gradation /\ V
is a minimal Sullivan algebra, and V = Yy ©dd) and Vv = VED | It follows that the
dimensions of the vector spaces H¢"¢"(/\ V) and H odd ( /\ V) have not been modified.
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In particular, the Euler characteristic of the cohomology of A V with the new grading
is non-zero. By [10], gL does not contain any non-zero solvable ideal and U(gL)
contains a tensor algebra 7'(x, y). Forgetting this new grading, this defines an injection
T(x,y) CcU(gL). [

6.2. The growth of 71(X)q

When X is a simply connected CW complex with finite Betti numbers and finite category,
the classical dichotomy theorem says that either 774 (X) ® Q is finite-dimensional or else
the sequence Y ;_; dim7; (X) ® Q has an exponential growth [14, Chapter 33].

A similar dichotomy problem concerns the fundamental group. Suppose cat X < co.
Then denote by G the fundamental group of Xg and set L = (Lx ). Denote also as usual

G'=G, and G"=[G"'G], n=>1,
and recall from Section 2,
L'=L, and L"=[L"' L], n>1.
Problem 2. Suppose Y_dim G"/G"*! = oo and dim G!/G? < oc. Do the series

Y dimG"/G"*'" and Y dimL"/L"t'"

have exponential growth?

This is trivially the case when L contains a free Lie algebra on two generators, but
there is no global answer. The following proposition is a first step in that direction for a
special family of groups.

Proposition 5. Suppose X is formal, V = V!, cat X = m < 0o and dim L/L? < co.
Then the elements dim L™/ L"* are unbounded, and the sequence >, dim Li/Li+!
has exponential growth.

Proof. Since [L/L?, LP/LPt = LPT1/LP*2 ifdim L = oo, then L? /LP*! # 0 for
all p.

For p < q, write V[, 4] = @?Zp V; and denote A (k) = dim Vi 2x—1]. By the mapping
theorem [16, Theorem 9.3] the category of the quotient minimal model

(\Var-d) = (A\V.d) @ Q

(AVi>d)

is <m, and Vg 2x—1] C ker d. Therefore, /\m+1 Vik,2k—1] C Im d. Since the differential d
is quadratic, it follows that

m+1
/\ Vik 2k 1]Cd 2k, 4k—1]) /\V[kzk 1]-
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Since A(k) > k, we can choose k such that A(k) > C? with C = 2™*!(m + 1)!. Then
forqg <m+1,A(k) —q > @ and so

/\(k)m+l m+1

m < dim /\ Vik 2k—1]-

Therefore,

m+1
% < AQI)A()2,

We deduce that A(2k) > %k)z Iterating the process yields

AQ N2 AN
)= ()

rern= (22C0) - (2

Let now s and r in N be such that 2"~k < s < 2"k. Then, with 4 = (@)ﬁ, we
have

s 2r—2p
Ak r
Zdlsz > A(zerk) > (%) k — A2 k > AS.
i=0
It follows directly that the elements dim V}, are unbounded. ]

7. Inert attachments

A cell attachment via f:S" — X is called inert if the induced maps m«(X) —
(X |y D"*1) are surjective. We say that the attachment is rationally inert if the mor-
phism Ly — Ly Uy D1 is surjective.

Write Y = X |, D"*'. Then we have the following:

Theorem 2 ([13]). The following three conditions are equivalent:

(1)  The attachment f is inert.

(i)  The homotopy Lie algebra of the homotopy fibre of the map Xg — Yg is a
profree Lie algebra.

(iii) The element [ f] generates a profree ideal I in m.(Q2Xq) and there is an
isomorphism

1/19 = U(m.(2Xq)/[f].

When an attachment is not inert, the attachment often creates new profree Lie algebras.
Here are two examples:

Theorem 3 ([13]). Let Y be a space obtained by adding 2-cells to a wedge of circles X.
Denote by E the image of the map Ly — Ly. Then the injection E — Ly admits a
retraction r whose kernel is a profree Lie algebra.
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Proposition 6. Let Y = X Uf D"t where f corresponds to a non-zero element f in
the center of (Lx)n—1. We suppose that t1(Xq) # 0 and that dim w1 (Xqg) > 2. Then Ly
contains a profree Lie algebra L(x, y) with degx = 0 and degy = n.

Proof. To simplify we suppose that n is odd. The proof is similar when 7 is even. Let
(/A V,d) be the Sullivan minimal model of X and let p: (A V,d) - (Q ® Q - a,0)
be a Sullivan representative of f:S” — X. Then choose v € V! and w € V" with v
and w linearly independent, dv = 0, p(w) = a and (w, s8) = 1. Denote by E a direct
complement of the vector space generated by v and w in V. Since B is in the center of Ly,
there isno z € V with dz = vw + w with w in the ideal generated by E.

Write B = dw and let p: AT = (Q & ker p) be a Sullivan minimal model. We can
suppose that V=" C T and B € /\ T. There is then an element z € 7™ with dz = Bv
and ¢(z) = wo.

Now denote by v: (/\ W, d) = (Q @ (z,v),0) the Sullivan minimal model of
(Q @ (z,v),0). Since this is a formal space we can suppose that W is equipped with
a second lower gradation W = P, Wy such that d(W,) C (A W)g—1 and Hy(AW) =0
for ¢ # 0. By construction Wy = (z,w) and W} == (y1,z1) withd y; = zvand dz; = z2.
For r < s, we write Wy,.s) = @, _, Wy.

We construct by induction on the lower gradation a differential d and a morphism of
cdga’s

¢: (\E<n ® \W.d) > Q& (kerp.d)
with the following properties:
b ¢(W%1)=(l
e On W, the differential d has the following form. If x € W, then

d=d+8.  where 8(x)=) 0,(x)B. and 6,(x) € W
g=1

On A\ x ® A\ E<y, ¢ is the natural injection. The morphism ¢ and the differential on
W< are given by ¢(v) = v, ¢(z) = wv, dz = vB, d(y1) = zv, d(z1) = z2 — 2y1 B,
() = ¢(z1) = 0.

Suppose we have constructed d on W, for some g, with ¢(W[; 41) = 0 and d?=0.
In particular, form > 1,

Ond +dOm + ) 6;0; =0.

i+j=m

Now let x € W,. Since d 01 dx = —9157 2x =0, and since ¥ is a quasi-isomorphism,
there is a 01(x) € W[y 4) with 61dx = —d0;x. We construct inductively the 6,. First we
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verify that d (6,d + Y itj=p 0i0;)x = 0. Indeed,

J(ench > eie,-)x=—9,,22x— > O6dx=d Y 6;6;(x)

i+j=p r+s=p i+j=p

er(ies— > ekee)(x)—c? > 66 (x)

r+s=p k+i=s i+j=p

=d Y 6:6x+ > Oabpbsx

r+s=p r+s=p,a+b=r

- > 06bix—d Y 6:6;(x) =0.

r+s=p,k+{=s i+j=p

Il
N

Since W(Qpcj + ) 6;6;)x = 0, we can define 6, (x) € W}y 4] with

(ng-i- Z 9,-9]-))6 = —6791,)6.

i+j=p

Finally, we define ¢(x) = 0.
Denote by L the rational homotopy Lie algebra of (A v ® A\ E<, ® /A W,d), and by
o and B elements with (v, sa) = 1 = (w, sB). Since we have a surjection

(A\v® \E<a ® \W.d) - (\W.d).

L contains the profree Lie algebra on « and S.
Now we extend ¢ to a quasi-isomorphism

(/\Z,d) = (/\v@/\ESn_l®/\W®/\Z’,d)—>Q®kerp.

By this construction (/\ Z, d) is not necessarily minimal. We denote its homotopy Lie
algebra by Lz, and by construction we have a not necessarily surjective morphism
Lz — L. However, since v and z are not boundaries in Z for the linear part of the
differential, the elements o and § are in the image of Lz — L. Therefore, Lz contains
the free Lie algebra on « and f. ]
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