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The Artin monoid Cayley graph

Rachael Boyd, Ruth Charney, Rose Morris-Wright, and Sarah Rees

Abstract. In this paper, we investigate properties of the Artin monoid Cayley graph. This is
the Cayley graph of an Artin group A with respect to the (infinite) generating set given by the
associated Artin monoid Aif. In a previous paper, the first three authors introduced a monoid
Deligne complex and showed that this complex is contractible for all Artin groups. In this paper,
we show that the Artin monoid Cayley graph is quasi-isometric to a modification of the Deligne
complex for Ar obtained by coning off translates of the monoid Deligne complex. We then
address the question of when the monoid Cayley graph has infinite diameter. We conjecture
that this holds for all Artin groups of infinite type. We give a set of criteria that imply infinite
diameter, and using existing solutions to the word problem for large type Artin groups and 3-free
Artin groups, we prove that the conjecture holds for any Artin group containing a 3-generator
subgroup of one of these two types.

1. Introduction

Artin groups (also known as Artin—Tits groups) form a large class of groups closely
associated to Coxeter groups. They arise naturally in algebraic geometry, topology,
and representation theory. The classical examples of such groups are braid groups,
whose associated Coxeter groups are the symmetric groups. Braid groups have been
extensively studied using both combinatorial and geometric methods. While many of
these techniques can be generalised to all spherical type Artin groups (that is, those
whose associated Coxeter group is finite), Artin groups associated to infinite Coxeter
groups present a much bigger challenge and remain largely mysterious. Recently,
there has been a major push to find new geometric approaches to study these groups.
In this paper, we investigate some new combinatorial approaches.

To specify an Artin group, we begin with a labelled graph I" with a finite vertex
set

X ={x1,...,xn}

and edge set E such that each edge {x;, xj} € E is labelled by an integer

mij =mj; = 2.
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We then define the Artin group, Ar, to be the group with presentation

Ar =( X )Ci)iji---Z)ijin---V{xi,Xj}GE .
—_—
length m; ; length m; ;

If there is no edge in I between x; and x; in X, we set m; ; = oo and there is no

relation between x; and x; in the presentation. The associated Coxeter group Wr is

the group whose presentation is the same as Ar with the added relations xl.2 = e for
all 7, where e is the identity element.

If we allow only the positive powers of the generators, then the presentation above
gives rise to a monoid, AF . As it turns out, questions that seem intractable for Artin
groups are often easier to solve in the monoid case. For example, because all of the
relations in the presentation preserve the length of a word, there is an easily com-
putable length function for any given monoid element. Thus, the word problem in
the monoid is easily solved. Moreover, there are nice normal forms for the elements
of the monoid [3, 12]. However, solving the word problem in Artin groups is much
more difficult, and for many Artin groups, it is not even known whether such solutions
exist.

By a theorem of Paris [14], the natural map from AF to the submonoid of Ar
consisting of positive words in X is an isomorphism. So, it is natural to ask if and
how one might use information about the monoid to understand the Artin group. In the
case of a spherical type Artin group, a connection between the group and the monoid
is obtained via the existence of a Garside element. Namely, there is an element A in
the Artin monoid (corresponding to the longest element in the Coxeter group) such
that for any g € Ar, gA” is represented by a positive word in AIJE for sufficiently large
n. In addition, A? lies in the center of Ar. It follows that most questions about the
behaviour of the Artin group can be translated into questions about the Artin monoid.
The existence of this Garside element is key to our understanding of spherical type
Artin groups. (We refer the reader to [6, 11] for more details about Garside groups and
Garside elements.)

For infinite type Artin groups, there is no Garside element and no clear way to
translate information from the Artin monoid to the Artin group. In this paper, we
begin to address this problem by investigating the Cayley graph Cay(Ar, M) of the
Artin group Ar with respect to the (infinite) generating set M := AIJE. We call this the
monoid Cayley graph for Ar. Geodesics in this Cayley graph correspond to minimal
length multi-fractions, g = aja;’ ~-~a,:€“, aj € AF , representing an element g € Ar.
Understanding these geodesics is a first step towards defining normal forms for ele-
ments of Ar and offers inductive approaches to answer some questions about these
groups. In the case of a spherical type Artin group, Cay(Ar, M) is neither interesting
nor useful as the Garside structure implies that this graph has diameter two; we can



The Artin monoid Cayley graph 3

reach any element by travelling along an edge labelled by a single monoid element
followed by an edge labelled (forward or backward) by a power of A. We conjecture
that in all other cases, that is for all infinite type Artin groups, Cay(Ar, M) has infin-
ite diameter. It is this question that we address in this paper. Surprisingly, it is not at
all obvious.

The first step is to observe that if A7 is a special subgroup of Ar (that is, the
subgroup generated by a subset 7" C X), then the inclusion of the monoid Cayley
graph of Ar into the monoid Cayley graph of Ar is an isometric embedding (see
Proposition 2.2). Hence, to show that Cay(Ar, M) has infinite diameter it suffices to
find a special subgroup for which this holds. Thus, while we focus primarily on 3-
generator Artin groups, our results extend to any Artin group containing one of these
groups as a special subgroup. Our main result is the following theorem.

Theorem 6.1. Let Cay(Ar, M) denote the Cayley graph of Ar with respect to the
generating set M = AF. Then, Cay(Ar, M) has infinite diameter providing one of
the following holds.

(1) T contains a pair of vertices not connected by an edge (or equivalently, there
exists i, j withm; ; = 00).

(2) T contains a triangle with all labels > 3.

3) T contains a triangle with no label equal to 3 and at most one label is equal
to 2.

Note that the only 3-generator Artin groups of infinite type not covered by this
theorem are those with edge labels {2, 3, n} with n > 6. After posting this paper, we
were informed by Arye Juhasz that he has a proof of the {2, 3, n} case. Together with
our results, this leaves open only the case of Artin groups all of whose 3-generator
special subgroups are spherical type. The proof of the theorem involves construct-
ing a sequence of geodesics of increasing length in Cay(Ar, M). To do this, we first
establish some explicit criteria on words in the generators X, which allow us to con-
struct such geodesics. Using solutions to the word problem established by Holt and
the fourth author in the case of large type Artin groups [9] and by Blasco—Garcia,
Cumplido, and the third author in the case of 3-free Artin groups [1], we then show
that these criteria hold for any 3-generator Artin group satisfying one of the conditions
above.

While the proof of the main theorem involves combinatorial arguments, the ori-
ginal motivation came from geometric questions. A geometric construction that has
played a key role in the study of Artin groups is the Deligne complex Or, which we
describe in Section 3. A central conjecture about Artin groups, known as the K (r, 1)-
conjecture, can be reduced to proving that the Deligne complex is contractible. In
1972, Deligne [7] proved that this conjecture holds for spherical type Artin groups
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using the combinatorial information given by the Garside structure. The conjecture
has subsequently been proved using more geometric arguments for some special
classes of infinite type Artin groups (see the survey paper by Paris [15]) but the gen-
eral conjecture has remained unapproachable. In a paper by the first three authors,
we introduce an analogue of the Deligne complex for the monoid, called the mon-
oid Deligne complex J)IiF , and prove that this complex is contractible for all Artin
monoids. The monoid Deligne complex embeds in the full Deligne complex and its
translates cover all of Dr. Our attempt to better understand this covering, and how
these translates intersect, led us to the study of the monoid Cayley graph.

There is a direct connection between the geometry of the monoid Cayley graph
and that of the Deligne complex. Since :fo is contractible, attaching a cone to each
translate of JDIT in Or does not change its topology. In Section 3, we define the
“coned-off Deligne complex”, C Dr, and prove the following theorem.

Theorem 3.2. For any infinite type Artin group Ar, C Dr is quasi-isometric to Cay
(Ar, M).

The paper is organised as follows. In Section 2, we introduce the monoid Cayley
graph Cay(Ar, M) and prove that the monoid Cayley graph of a special subgroup
isometrically embeds into the monoid Cayley graph of Ar. In Section 3, we invest-
igate the coned-off Deligne complex. Sections 4 and 5 contain the proof of the main
theorem.

2. The monoid Cayley graph

In this section, we introduce some basic notation and discuss the relationship between
the monoid Cayley graph of an Artin group and the monoid Cayley graphs of special
subgroups.

A standard tool in geometric group theory for studying a finitely generated group
G is the assignment of a metric to G. To do this, one chooses a finite generating set S
and considers the Cayley graph of G with respect to S, denoted by Cay(G, S). This
is the graph whose vertices are the elements of G and edges join two vertices g and
h when they differ by a single element of S, that is, # = gs for some s € S. One can
then define a metric on G by taking the distance from g; to g, to be the length of a
shortest path from g; to g»; in this Cayley graph; each such path is labelled by a word
over S (string over S U S~1). Different choices of (finite) generating sets give rise to
quasi-isometric metrics, so this metric is “coarsely” well-defined. For an Artin group
Ar with its standard generating set X, we denote this Cayley graph by Cay(Ar, X).

In this paper, we will consider a different type of Cayley graph, namely, the Cayley
graph with respect to an infinite generating set M . As defined above, M consists of all
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elements in the Artin monoid Aff. The vertices of this Cayley graph, Cay(Ar, M), are
again the elements of Ar, but two vertices g, & are now joined by an edge whenever
h = gm for some m € M. Note that these edges come with an orientation from g to
h. However, paths in this Cayley graph may follow edges in either direction. Thus, a
path from the identity vertex e to a vertex g corresponds to a word over M (string
over M U M ~!) representing g. Given a word w over the standard generating set X,
we can subdivide w into maximal subwords which are all positive or all negative. This
determines a word over M representing the same element of Ar. We will refer to the
length of this word, viewed as a path in Cay(Ar, M), as the monoidal length of w
and denote it by |w|as.

We are interested in understanding the geometry of Cay(Ar, M). Here are a few
easy observations. First, if Ar is a spherical type Artin group with Garside element
A, then any g € Ar can be translated into the monoid by multiplying by a sufficiently
high power of A, that is, there exists n such that

gA"=me M.

Thus, there is a path from the identity vertex e to g consisting of two edges, the edge
from e to m, followed by the (reverse of) the edge from g to m. It follows that in this
case, the diameter of Cay(Ar, M) is two. Thus, the monoid Cayley graph is of little
interest in the spherical type case. We will restrict our attention to infinite type Artin
groups.

Conjecture 2.1. For any infinite type Artin group, Cay(Ar, M) has infinite diameter.

This conjecture will be the main focus of this paper. Studying the diameter in-
volves understanding geodesics in this Cayley graph. These are of interest in their
own right. Note that any two vertices connected by a path all of whose edges have
the same orientation will also be connected by a single edge, since the product of
monoid elements is again a monoid element. Thus, any geodesic from e to g in
Cay(Ar, M) must be an alternating path, or, in other words, an expression of the
form g = ayay'az---af' (or g = ay'azaz'---aif') witha; € M.

In this paper, we will focus on the case of 3-generator Artin groups. However, as
we will now see, this has immediate implications for higher rank Artin groups. Let
Ar be an Artin group with standard generating set X. A special subgroup of Ar is
a subgroup A7 generated by a subset 7 C X. By a theorem of van der Lek [16],
this group is itself an Artin group with defining graph the full subgraph of I" spanned
by T.

Proposition 2.2. Let Ar be an Artin group with generating set X and let T C X
be any non-empty subset. Let M be the positive monoid in Ar. There is a simpli-
cial retraction of Cay(Ar, M) onto Cay(Ar, Mr). Hence, the natural inclusion of
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Cay(Ar, M) into Cay(Ar, M) is an isometric embedding, that is, it maps geodesics
to geodesics.

Proof. This follows from work of Godelle and Paris [8] in which they construct a
retraction of the Salvetti complex of Ar to the Salvetti complex of Ar. Subsequently,
Charney and Paris [5] studied the universal cover of this retraction in more detail.
The 1-skeleton of the universal cover of the Salvetti complex of Ar is precisely the
Cayley graph of Ar with respect to the standard generating set X. Edges come with
a preferred orientation, namely, the orientation corresponding to the positive power
of a generator in X. In the proof of [5, Theorem 1.2], they give a precise description
of this retraction: the retraction either collapses an edge to a single point or maps
it to an edge with the same orientation. It follows that it takes any strictly positive
path, corresponding to a monoid element in Ar, to a strictly positive path corres-
ponding to a monoid element in A7. Thus, it induces a retraction of Cay(Ar, M)
onto Cay(Ar, MT) taking each edge, labelled by an element of M, to either a single
vertex or a single edge labelled by an element of M. In particular, if y is an edge
path in Cay(Ar, M) connecting two vertices of Cay(A7, M), then its image under
the retraction is an edge path of the same or shorter length in Cay(Ar, M) between
these vertices. It follows that geodesic paths in Cay(Ar, M) must also be geodesic
in Cay(Ar, M). u

Corollary 2.3. If Ar contains a special subgroup At whose monoid Cayley graph
has infinite diameter, then the same holds for the monoid Cayley graph of Ar.

As an example, let T = {s, 1} be two generators not connected by an edge, so At
is the free group on {s, ¢}. It is easy to see that the word st~ 1s¢t~! ... s¢t~1 of length
2m is geodesic in Cay(Ar, Mr). It then follows from the corollary that for any I
whose underlying graph is not a clique Cay(Ar, M) has infinite diameter.

3. Relationship to the monoid Deligne complex

In this section, we introduce the coned-off Deligne complex (which we note here
is different from the coned-off Deligne complex defined in the paper of Martin and
Przytycki [10]) and show that the resulting complex is quasi-isometric to Cay(Ar, M).

We first give a bit of history. Associated to any Coxeter group Wr is a complex
hyperplane complement on which Wr acts freely. It is known that the quotient of this
space by Wr has fundamental group Ar. The K(7r, 1)-conjecture states that, in fact,
this quotient space is a K(Ar, 1)-space. In 1972, Deligne [7] proved that this holds for
spherical type Artin groups by constructing a simplicial complex homotopy equivalent
to the universal cover of this hyperplane complement and proving that this simplicial
complex is contractible. In [4], the second author and M. Davis constructed a slight
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variation on this complex for infinite-type Artin groups, now known as the Deligne
complex, which plays an analogous role for infinite-type Artin groups. The K(r, 1)-
conjecture is equivalent to the conjecture that the Deligne complex is contractible
for all Ar. In [4], the conjecture was proved in some special cases (such as for FC
type) and more recently, it was proved for affine type Artin groups by Paolini and
Salvetti [13], but it remains open in general.

To define the Deligne complex, first note that a special subgroup A7 of an infinite
type Artin group Ar may have either spherical type or infinite type. The Deligne
complex Dr is the geometric realisation of the partially ordered set & of cosets gAT,
where A7 is a spherical type special subgroup and the ordering is given by inclusion.
(Note that we allow 7' = @ and define gAg = {g}.) There are two natural piecewise
Euclidean metrics that we can put on Dr. The first is obtained by using the simplicial
structure and declaring each simplex to be a standard Euclidean simplex with all edges
of length 1. We denote the Deligne complex with this metric by (1)14. An alternate
metric is obtained by viewing Dr as a cube complex. Here, the cubes correspond
to intervals [gAr, gAR] in the poset & and the metric assigns each k-cube to be
isometric to the unit cube /¥ in R¥. These two metrics on Dr are quasi-isometric
since the maximal dimension of cubes in the Deligne complex is finite, so viewing
the cube as a union of simplices distorts the metric by a bounded amount. We will
use the simplicial structure and metric defined on JDlé as it is more convenient for our
arguments.

We can also define an analogue of this space for the Artin monoid. Namely, we
define i)lé+ to be the geometric realization of the subposet of J” consisting of cosets
mAr, where m € AIJE = M. In [2], the first three authors prove that SDIé+ is contract-
ible for all infinite type Ar. The complex @1§+ naturally embeds into J)lé. There is
an action of A on D2, via left multiplication on the cosets g - mAr = gmAr. We
call the image of 0(019+ under the action of g € Ar a translate of £OI4+ and denote it
by go‘DléJr.

Definition 3.1. Define the coned-off Deligne complex C Dr to be the simplicial Del-
igne complex i)lé with a “cone point” added for each translate of SOIé’L in the follow-
ing sense: for all g € Ar, add

(1) avertex vg,

(2) an edge between every vertex in g‘fDléJr and the vertex vg,

(3) a p + 1 simplex vg * 0, for every p-simplex o, € gi)lé’L.

This is again a simplicial complex, and we put the standard metric on each simplex
such that all edges have length 1.

One motivation for defining this coned-off complex is that we know that the mon-
oid Deligne complex is contractible, as are its translates. Therefore, coning them off
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does not change the homotopy type, i.e.,
COr ~ D,
We now define a map from vertices in Cay(Ar, M) to vertices in C Dr as follows:
f :Cay(Ar,M) - CDr; g+ v,.
Theorem 3.2. The above map f is a quasi-isometry, i.e., Cay(Ar, M) ~4; CDr.

Proof. First, note that because the translates of !Dlé"r by Ar cover D&, any point in
i)ré is in some translate gi)léJr, and therefore at most distance one from the cone
point for that translate, vg, in C Or. Thus, every point in C Or is at most distance
one from a point in f(Cay(Ar, M)).

First, we claim that if g and /4 are joined by an edge in Cay(Ar, M) then f(g) =
vg and f(h) = vy are joined by an edge path of length 2 in C Dr. Without loss of
generality, we can assume that the edge is directed from 4 to g so that g = & - m for
some m € M. Now, f(g) = v, is joined by an edge to gAg, and gdg = h - mAgy is
in hi)lé+, so it is joined by an edge to vy = f(h). We have therefore constructed a
path of length 2 from f(g) to f(h) as claimed.

Since any geodesic in Cay(Ar, M) is a path of such edges, for x and y in Cay(Ar,
M) we deduce that

dC!Dr(f(x)’ f(y)) =< 2. dCay(x? y)'

In particular, this means that, for any A € R such that A > 2, we have

dCéDr(f(x)’ f(y)) <A dCay(x7 y)

It remains to show that

deay(x,y) < A-deor (f(x). f()

for some A.

For the following argument, refer to Figure 1. Start with a geodesic y between
f(x)and f(y)in C Dr. We can deform y into an edge path y’ from x to y contained
in the same simplices as y. Since the maximal dimension of the simplices in JD? is
finite, there exists some constant B > 1, depending only on this dimension such that
Blg(y) > 1g(y’), where 1g() denotes the length of the path in C Dr. Label the edges
of y' by e1,...,ex. Each edge e; of y’ is either an edge to or from a cone point or
an edge in i)lé. Since the translates of chlé+ cover i)lé, any edge in J)lé lies in some
translate of !Olé"r. Without loss of generality, we may assume that the only edges with
cone point vertices are the first and last (with vertices vy and vy), as otherwise we can
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xmiAr=gama AT gk—1Mmx—1Ar=ymyAr
Ux el /62 es €i—1 /e Uy
Edge path y'€C D1 @ @ @ o - - - —.—.—." K Y
) Ux el €k—1 €K Uy
Modified path €eC D1 [ ]
1 2
di_y di_1
Vgs Vg3 Vgg—1
Corresponding path X g2 &i gi+1 8k—1 Y
€Cay(Ar,M)
mjay 2by S mi—1ap\ [/ mibi
xmiai gimiai k—1Mk—14dk
=gomab =gi+1Mi+1b; =ymy by

Figure 1. The edge path y’ in C Dr joining vy to vy, the corresponding modified edge path in
C Dr (with y’ shown in grey) and the path in Cay(Ar, M) from x to y.

apply this proof to every section of the edge path between cone point vertices. Then,
except for e and ey, every edge lies in a translate of O‘DléJr by an element g; € Ar for
2 <i <k — 1. We replace the edge e; with the two edges dil, diz, with ali1 travelling
from the initial vertex of ¢; to the cone point vg,, and d? from the cone point to the
terminal vertex of ;. Edges e; and e; 11 meet at a vertex in the overlap of the translates
gi O‘Dlé*’ and gi+1i)19+; i.e., the vertex satisfies gim; A7 = gi+1m;1 A for m; and
m;y1 in M. Since At is of spherical type, this means in particular that there exist
a;,b; A‘TF such that

—1
gimiaib; " = giy1miy1 = gimia; = gi+1M;+1b;.

In Cay(Ar, M), the vertices g; and g; 4 are therefore joined by an edge path of
length at most 2. Similarly, the vertices x and g, are joined by an edge path of length
2, as are the vertices gr—; and y. This is because, for example, v, is joined by the
edge e; to a vertex which also lies in the edge e;, and thus in gze‘DﬁJr. So, this vertex
satisfies xm1 Ar = gomy At for m; and m, in M, and as before, we can argue that
this corresponds to an edge path of length 2. From the modified path in C Dr, we
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are therefore able to construct a path between x and y in Cay(Ar, M), as shown in
Figure 1. It follows that

deay(ap,m) (X, y) < 2k —2 < 2k = 21g(y"),

and hence,
deay(ar,m)(X,y) < 2Blg(y) = 2B -dcor(f(x). f(¥)).
Taking
A=2B>2,
this completes the proof. ]

4. Criteria for infinite diameter

In this section, we will introduce two criteria which an Artin group may or may not
satisfy and prove that if an Artin group Ar satisfies both of these criteria, then, as
a consequence, Cay(Ar, M) has infinite diameter. To illustrate the criteria, we will
include some simple examples of Artin groups which satisfy them and Artin groups
which do not. Further examples appear in Section 5, where we prove that large type
and 3-free Artin groups of infinite type satisfy the two criteria.

Assuming an Artin group Ar satisfies the two criteria, our strategy to prove that
Cay(Ar, M) has infinite diameter is as follows. We start with a particular sequence
of words wy, w3, ..., Wy, ... over the standard generating set X, for which |wy|as is
equal to n. This sequence exists due to Criterion 2. Using Criterion 1, we now show
that when we premultiply w, by a word of monoidal length less than n the word
we obtain cannot reduce to the empty word and hence cannot represent the identity.
It follows that w, is geodesic in Cay(Ar, M), and so the sequence of words {wy}
represents a sequence of geodesics of increasing length in Cay(Ar, M). This shows
that Cay(Ar, M) has infinite diameter.

4.1. Criterion 1. Ar has preserved signed suffixes

Definition 4.1. Suppose that Ar is an Artin group with generating set X. Let w be a
geodesic word over X that ends in a positive (resp., negative) letter, and let u denote
the longest positive (resp., negative) proper suffix of w. Let a be a single positive
(resp., negative) generator. We say that Ar has preserved positive (resp., negative)
suffixes if we can guarantee the existence of a word for the element of the group
given by aw that is geodesic in X and also has u as a suffix. If At has both preserved
positive and negative suffixes, then we say that the group has preserved signed suffixes.
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For example, free groups have preserved signed suffixes. In a free group, if w is a
geodesic with respect to the standard generators (i.e., a freely reduced word) and aw
is not, this means that w must begin with the letter a~!. A geodesic representative for
the group element given by aw can thus be obtained via free cancellation of aa™!, and
this leaves the remainder of w (in particular, the longest positive suffix ©) unchanged.

Similarly, the free abelian group Z" has preserved signed suffixes. If w is a
geodesic word with respect to the standard generators and aw is not, this means that
w can be factored as

w = wla_l wy,

and a geodesic word for the group element given by aw can be obtained by allowing
a to commute with each individual letter of w; to obtain the word w;aa~'w,. After
the final cancellation of aa™!, a geodesic is obtained and the suffix w, is unchanged.
The longest positive suffix of w must also be a suffix of w,, so this positive suffix is
preserved. A symmetric argument shows that Z”" also has preserved negative suffixes
and so has preserved signed suffixes.

In our results, we use the solution to the word problem for large type Artin groups
given in [9] and for 3-free Artin groups given in [1]. In Section 5, we explain in more
detail how these solutions to the word problem guarantee that large type and 3-free
Artin groups have preserved signed suffixes.

4.2. Criterion 2. Ar contains an alternating blocking sequence {o,}

In this section, we will describe the criterion required to construct the desired se-
quence of words {wy, }.

Definition 4.2. Let Ar be an Artin group with generating set X. Let u be a word and
x € X U X~!. We say that (u, x) is a blocking pair if, given any geodesic word over
X of the form wu, it follows that the word wux is also a geodesic word over X.

Intuitively, the subword u is blocking any letters from w from cancelling out the
letter x.

For example, in a free group, if a, x € X (both positive) then (a, x) is a blocking
pair. In a free abelian group, if a, x € X and a # x, then (a, x) is not a blocking pair
because the word x~1a is geodesic, but the word x~'ax is not.

We now use blocking pairs to build a sequence of words over X that label arbit-
rarily long paths in Cay(Ar, M).

Definition 4.3. Suppose that {c,} is an infinite sequence of words over X, where «;
is a nonempty positive word over X if i is odd and «; is a nonempty negative word
if i is even. We say that the sequence {«y,} is an alternating blocking sequence if for
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any letter x in «, there exists some subword u of o,_;®, immediately preceding x
such that (u, x) is a blocking pair.

Our second criterion states that Ar must contain such an alternating blocking
sequence.

Remark 4.4. If Ar is of spherical type, then Ar has no alternating blocking sequence.
For suppose that u is any positive word and that x~' € X 1. Then, (1, x~!) cannot
be a blocking pair. To prove this, we first recall the following facts about spherical
type Artin groups from Garside theory: the square of the Garside element A? is in the
center of Ar and satisfies that, for all x € X, x is a right divisor of A. Now, consider
the word A%u, which represents an element of the monoid and so is a geodesic word
over X. On the other hand, A%2ux~"! represents the same group element as uA2x~!
which is not freely reduced (since x is a right divisor of A?). Therefore, (u, x) is not
a blocking pair. It follows that no alternating sequence of words {«,} can satisfy the
conditions for an alternating blocking sequence.

4.3. Sufficiency of these criteria

In this section, we prove that if an Artin group Ar satisfies Criterion 1 and Criterion
2, then the monoid Cayley graph Cay(Ar, M) has infinite diameter.

Theorem 4.5. Let Ar be an Artin group with standard generating set X and positive
monoid M. Suppose that At has preserved signed suffixes, and that Ar contains
an alternating blocking sequence of words {a,}. Then, the monoid Cayley graph
Cay(Ar, M) has infinite diameter.

Proof. Let w, = &y ---®,. We will show that the words {w, } label geodesic paths of
length n in Cay(Ar, M). The claim that Cay(Ar, M) is infinite diameter follows.

Consider some arbitrary word v, = 8, - - - 281 wWhere B; is a positive word over
X if i is odd and B; is a negative word over X if i is even. We allow the possibility
that 8; is the empty word, but for i > 1, we assume that 8; is non-empty; hence, vy,
labels a path of length m or m — 1 in Cay(Ar, M).

To show that w,, is a geodesic word over M, it is sufficient to show that for all
U such that m < n, the word v, w, does not represent the identity element in Ar.
Because the identity is represented by the empty word regardless of which generating
set we use, we do this by showing that v, w, regarded as a word over X cannot be
reduced to the empty word. This follows from the below claim.

Claim. If m <n, then the group element represented by the word v,, w, has a geodes-
ic representative over X ending in oy, -+ - 0p—10y.

We prove this claim via induction on m.
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Base case. Assume that m = 1. We prove that for all n, vy w,, is a geodesic word over
X, and is therefore the representative we require. If n = 1, then v;w; = B is a
positive word over X and so must be geodesic over X; it is therefore a geodesic with
suffix oy as required.

Now, we build the word v, w, and see that it is geodesic. We suppose that j >
1 and that viw;_; is a geodesic word and build the word viw; from viw;_; by
appending one letter of oj = Xj,1X;2 -+ X;k, at a time and using induction on the
number of letters we have appended. As the base case, we append the first letter x; ;.
Then, the fact that {c,, } is an alternating blocking sequence guarantees the existence of
some suffix u; ; of the word vy w;_; such that (4,1, x;,1) is a blocking pair. Since we
assumed that viw;_ is a geodesic word over X, the blocking pair condition implies
that viw; 1x;,; must also be a geodesic word over X. Now, assume the inductive
hypothesis that viw; _1xj,1--- xj;—1 is a geodesic word over X and append the letter
x;,;. Again, since {,} is an alternating blocking sequence, there exists some suffix
uj,; of the word viw;_1xj1 -+ x;;—1 such that (4, xj;) is a blocking pair. Since
V1W;—1Xj,1 -+ Xji—1 is a geodesic word over X, the blocking pair condition implies
that viw;_1x;,1 - -+ x;; must also be a geodesic word over X . Iterating this method to
append o5 --- @, to V1w = viq, We see at each step a letter x;; is appended and
the word remains geodesic over X . Therefore, v;w, is a geodesic word over X with
suffix ap -+ - .

Inductive hypothesis. Suppose that m > 1. We assume that for all m < n, the element
of Ar represented by v,,—jw, can be represented by a geodesic word £ over X that
ends with o, —1 -« - @

Inductive step. Consider the case n = m. By the inductive hypothesis the group ele-
ment represented by v,,—1w,, is represented by a geodesic word £ over X that ends
with o,—104,. We assume that m is odd, and note that a symmetric argument will
work for the m even case. Recall the word v, satisfies v,, = B, vm—1, and hence,
UmWn = BmVUm—1Wn = Bmé&. Suppose that B,, = by, ---baby;i.e., By is of length [,
over X. Since m is odd, a,, and B,, are both positive words over X, so each b; € X.
Starting with by, we append these letters to the left of £ one at a time. The group Ar
has preserved signed suffixes, so when we append the positive letter by to the left of
the geodesic word &, we can obtain a new geodesic that ends in the same positive
suffix as &, namely, the suffix «,,. Repeating this process for each b;, we obtain a
geodesic word over X which represents the element v, w,, and has suffix o,.

For n > m, we repeat the argument from the base case, in which we started with the
geodesic representative of the group element given by v w;_ and built one for v w;.
In this case, we start with the geodesic word we just constructed, which represents
the element given by v, w,, and ends with «,,. As in the base case we append the
letters x; ; one at a time on the right, for m < j < n, and due to the fact that {o, } is an
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alternating blocking sequence, the word remains a geodesic over X at each step. After
we have appended all the x;; we obtain a geodesic representative of v, w, ending in
Oy + - Oy as desired. n

Remark 4.6. In the above proof, we allowed the possibility that |v,|y = |wn|m
providing the last word 8 of v, has the same sign as the first word «; of w,. Thus,
we have also shown that the element of Ar represented by w, cannot be represented
by a geodesic v,; Uin Cay(Ar, M) beginning with a word of the opposite sign.

5. The large type and 3-free case

In this section, we show that large type Artin groups and 3-free Artin groups that are
not of spherical type satisfy the criteria in Section 4 that we need in order to apply
Theorem 4.5.

An Artin group is said to have large type if all the associated parameters m;; are
at least 3 (possibly infinite). A 3-free Artin group is an Artin group for which none of
the parameters m;; are equal to 3.

Lemma 5.1. Let Ar be a 3-free Artin group of infinite type with generating set X.
Then, either some m;j = 0o, or I contains a triangle with at most one edge labelled 2.

Proof. Assume that Ar has no m;; = oo. Since Ar is infinite type, it must contain at
least 3 generators, that is, | X'| > 3. We will prove by induction on | X | that I" contains
a triangle with at most one edge labelled 2. Suppose that X = {a, b, c}. If a commutes
with both b and ¢, then Ar = Z x Ay, .y which contradicts our assumption that Ar
is infinite type.

Now, suppose that X = {x1,...,x,},n > 3. Since Ar is infinite type it must
contain an edge connecting some x;, x; with m;; # 2. If every triangle containing
this edge has the other two edges labelled 2, then x; and x; commute with all other
generators xy. Thus,

Ar = AR X Ar,

where R = {x;,x;} and T = X \R. Since A is spherical type, A7 must be infinite
type, so by induction, the subgraph spanned by T contains a triangle with at most one
edge labelled 2. n

From now on, we will assume that our Artin groups Ar are of infinite type.

A solution to the word problem for large type Artin groups is given in [9] and
we will rely heavily on the consequences of this algorithm. The algorithm works by
successive manipulations of subwords of a non-geodesic word until a free cancellation
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is possible. In [1], the algorithm is modified to apply to 3-free Artin groups by the
addition of specific commutations between two generators.

We will say that two geodesics words are equivalent if they represent the same
element of Ar. We will use the following key takeaway from these papers to prove
Criterion 1.

Proposition 5.2. Properties of rightward reducing sequences [9, Proposition 3.3],
[1, Proposition 5.1]

Let At be a large type or 3-free Artin group, w be a geodesic word over X, and
x be a letter in x € X U X~ such that wx is not geodesic. Then, there is a suffix ¢
of w and an algorithm called a rightward reducing sequence (RRS) such that when
the RRS is applied to w, ¢ is transformed into an equivalent word ¢’ that ends in x ™.
Furthermore, if { begins in a positive (resp., negative) letter, then ¢’ ends in a positive
(resp., negative) letter.

5.1. Criterion 1: Preserving signed suffixes

Lemma 5.3. Let Ar be an Artin group of large type or 3-free type. Then, Ar has
preserved signed suffixes.

Proof. Suppose that w is a geodesic word over X in Ar, with longest positive suffix
u, and suppose that a is a positive generator from X.

If aw is geodesic, then u is also a suffix of the geodesic word aw.

If aw is non-geodesic but not freely reduced, then the first letter of w must be ™!
and this cancellation must produce a geodesic representative of aw that has u as a
suffix.

So, now suppose that aw is freely reduced but not geodesic. Factor aw as aw; wo,
where aw; is the largest prefix of aw that is geodesic. Denote by x the first letter
of w,. By Proposition 5.2, there is an RRS applied to a suffix { of aw; that results
in a new geodesic ending in x~!. This suffix { must start with the positive letter
a, as otherwise the RRS could be applied to w; and w would not be geodesic. So,
¢ = awq, and after performing the RRS algorithm, we get a word ¢’ equivalent to
awi. By Proposition 5.2, {’ ends in a positive letter, since a was positive. We know
that this letter is x !, so we conclude that x is a negative letter. This means that u, as
a positive suffix of aw, must be a proper suffix of w,.

Note also that w is geodesic so that any word representing the same group ele-
ment as aw must have length at least |w|x — 1. For suppose to the contrary that there
were a shorter word £ representing the same element as aw. Then, a~'§ is a word
representing the same element as w but with length smaller than |w|x, contradicting
w being geodesic. This implies that, applying a single RRS on aw followed by the
free cancellation between x~! and x, we obtain a geodesic representative of the same
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group element as aw. As explained in the previous paragraph, except for the cancel-
lation of the first letter, the suffix w, has been unaffected by this algorithm; thus, we
have constructed a geodesic representative of aw that ends in u. |

5.2. Criterion 2: Constructing alternating blocking sequences

In this section, we will explain how to construct an alternating blocking sequence
for large type and 3-free Artin groups with at least 3 generators. Once this sequence
is constructed, we may apply Theorem 4.5 and Corollary 2.3 to conclude that any
infinite type Artin group Ar that is either large type or 3-free has infinite diameter
monoid Cayley graph Cay(Ar, M).

To prove Criterion 2, we rely on the following:

Proposition 5.4. For suffixes of equivalent geodesics, we have the following:

(1) As per [9, Proposition 4.5], suppose that Ar is a large type Artin group and
that a,b € X are distinct generators. Given a geodesic word wb*a*, any
equivalent geodesic word must end in either a* or b*.

(2) Suppose that At is a 3-free Artin group and a, b, c € X are distinct generators
such thatmgp > 3 and mp . > 3

(@) Given a geodesic word wbh*a*, any equivalent geodesic must end in a™,

b* or a letter that commutes with a.
(b) Given a geodesic word wb*c*b*a*
+

, any equivalent geodesic must end

in a™ or a letter that commutes with a.

Part (2) above of the above proposition is new. We will prove Criterion 2 is satis-

fied for both large type and 3-free Artin groups assuming this result and return to the
proof of part (2) at the end of this section.

Lemma 5.5. Let Ar be an Artin group of large type. Then, At contains an alternat-
ing blocking sequence.

Proof. Suppose that Ar is a large type Artin group and that a, b, c € X are three
distinct positive generators. We define an alternating blocking sequence by

o] = ab, o =c a7, w3 = be,

oar=a b7, a5 =ca, ag =bte,
and fori > 6, o; = o;—¢.

This is a sequence of words in the standard generators such that ¢; is a positive
word when i is odd and a negative word when i is even. It remains to verify that for
any letter x in ¢; there exists some subword u of o;_j; immediately preceding x
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such that (u, x) is a blocking pair. Without loss of generality, we assume that i = 2
mod 6 as other arguments are symmetric. Thus, it remains to show that both (ab, ch
and (bc™!,a™ 1) are blocking pairs.

Suppose to the contrary that, for some word w, wab is geodesic, but wabc™! is
not. Then, by Proposition 5.2, the word wab admits a rightward reducing sequence
that transforms it to a word w’ such that the final letter of w’ is ¢. However, since w’
is a geodesic representative of wab, this contradicts part (1) of Proposition 5.4, which
requires that every geodesic representative of wab must end with a letter in the set
{a,b,a”!,b~!}. Hence, (ab,c™!) is a blocking pair. Notice that in the above argument
we used only the fact that a, b, ¢ were distinct generators in a large type Artin group,

-1

so an identical argument can be used to show that (bc™!,a™1) is a blocking pair. This

shows that the given sequence {¢; } is an alternating blocking sequence. |

Lemma 5.6. Let At be a 3-free Artin group of infinite type such that no m;j = oo.
Then, Ar contains an alternating blocking sequence.

Proof. By Lemma 5.1, I contains three generators «, b, ¢ such that at most one of the
relations is a commutation. We have also already covered large type Artin groups, so
we can assume that

Mab > 3, mp,c > 3, Mgc = 2.

We define an alternating sequence of words by
a; = babe ifiisodd, o =b'a b7 le™! ifiiseven.

This sequence alternates between positive and negative words in the standard gener-
ators, and so, it remains to show that for any letter x in «; there exists some subword
u of a;_jo; immediately preceding x such that (u, x) is a blocking pair. Assuming
without loss of generality that i is even, it follows as in the proof of Lemma 5.5 that

(babe,b™Y), (cb7l,a™Y), (beb™'atb7Y), and (@ 'p7 7Y

are all blocking pairs, using part (2) of Proposition 5.4 in place of part (1). Note that
in some cases part (2) of Proposition 5.4 is applied to the three generators ordered
as ¢, b, a rather than as a, b, ¢, which is valid because of the symmetry in the triple

{ma,b’ Mg, mb,c}- ]

We conclude this section with the proof of part (2) of Proposition 5.4, for which
we require more technical elements of the solution to the word problem as given
in [1]. Note that we essentially follow the notation from [1], except that we have used
subwords &; here where subwords w; are used in [1], in order to avoid confusion with
our previously defined sequence wy,.
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Recall that given a word u we can write

U= xi{‘xlz€2 ---x,]f",
where we assume that the word is freely reduced and x; # x; 1. We call n the syllable
length of this word.

Remark 5.7. To prove part (2) of Proposition 5.4, we will use the following key facts
from [1]. These facts follow directly from the way the algorithm for the solution to
the word problem is defined in that paper. Suppose that a word w can be changed to
a new word w’ via a rightward reducing sequence. Then, w has a suffix 165 - &1
satisfying the following properties:

(F1) For 1 <i <k, the first i steps of the algorithm involve a modification to
&1 ---& and leave the suffix &4 - - - £¢+1 unaffected.

(F2) The final (k + 1) step in the algorithm involves only commutations of
individual letters. Thus, if w’ ends in a letter x, then either x commutes with
all the letters in £ 1, or £ 41 is the empty word, in which case the algorithm
only involves k steps.

(F3) The 3-free condition, together with [1, Lemma 3.11], implies that the syl-
lable length of & must be at least 2 for all i < k.

(F4) If & has x* y¥ as a suffix and m,_, > 3, then after the application of the ith
step in the algorithm, the word created has suffix ©&; 1 --- & 41, where p is
a word in x, y of syllable length 2.

(F5) The subword §&; cannot end in xiyizi, where m, ; > 3 and my , > 3.

Proof of Proposition 5.4 (2). To prove part (a), suppose that u is a geodesic word
ending in the letter x and representing the same group element as wh*a®*. Then,
wh*a*x~! is not geodesic and it follows from Proposition 5.2 that either wh*a*x~!
is not freely reduced, in which case, x = a® and we are done, or the word whEa*
can be changed via a rightward reducing sequence to a new word u’ ending in x.

Our goal is to show that one of the cases x = a®, x =b*, or My, = 2 holds. We
consider a factorisation of wh*a® with suffix £ &, --- £ 1. If £ is non-empty,
then it ends in a®, and then by (F2), x must commute with a. Otherwise, &4 is
empty. Then, by (F3), & has b*a™ as a suffix, and, by (F4), after the k*” and final
step in the algorithm, the result is a word that ends in a* or b*.

Now, we prove part (b). As for part (a), we consider a word u ending in x and
equivalent to wb*cthTa® If wbTethTatx~! is not geodesic, then either wh*¢*

+

bra*x~! is not freely reduced and x = a® or we can use a rightward reducing

sequence to obtain a new word u’ ending in x and equivalent to whTcTh*Ta* by
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Proposition 5.2. We will show that the suffix b*c*h*a® implies that there is no such
sequence.

We have already shown in the proof of part (a) that if & 4, is non-empty then x
must commute with @, and if £ is empty, then b*a* must be a suffix of &. We
need now to consider further the case where & 11 is empty, and consider the two cases
where c* * *ptatis

is a part of & and where ¢™ is a part of £,_;. In the first case, ¢

a suffix of the word &, but then, since
mpe >3 and mgp > 3,

by (F5) the algorithm cannot proceed to achieve our word ending in x, a contradiction.
If, on the other hand, c¥ is part of £_, then £_; must have b*c¥ as a suffix.
Then, (F4) implies that after the (k — 1) step in the algorithm the word still ends in
ub®a®, where ju is a word in b, ¢ of syllable length 2, that is, ub*a? is either of the
form
c'blat or b/cibrat

In either case, (F5) implies that the algorithm cannot proceed, which is again a con-
tradiction. ]

6. Conclusions

Combining Theorem 4.5 with Lemmas 5.3, 5.5, and 5.6, we conclude that large type
and 3-free Artin groups (of infinite type) have infinite diameter monoid Cayley graphs.
Together with Corollary 2.3, we thus obtain our main theorem.

Theorem 6.1. Let Cay(Ar, M) denote the Cayley graph of Ar with respect to the
generating set M := AF . Then, Cay(Ar, M) has infinite diameter providing one of
the following holds:

(1) T contains a pair of vertices not connected by an edge (or equivalently, there
exists i, j withm; ; = oo).

(2) T contains a triangle with all labels > 3.

(3) T contains a triangle with no label equal to 3, and at most one label is equal
to 2.

Recall that Conjecture 2.1 states that Cay(Ar, M) has infinite diameter for all
infinte type Artin groups, To complete the proof of this conjecture, it remains to con-
sider the case in which all 3-generator special subgroup of Ar are either of spherical
type or correspond to triangles labelled (2, 3, 1), n > 6. We believe that the latter case
can be solved by arguments similar to those used in the large type and 3-free cases.
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