J. Comb. Algebra. 2 (2018), 103-145 Journal of Combinatorial Algebra
DOI 10.4171/JCA/2-2-1 © European Mathematical Society

The sl,-crystal combinatorics of higher level Fock spaces
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Abstract. For integers e, £ > 2, the level £ Fock space has an slso-crystal structure arising from
the action of a Heisenberg algebra, intertwining the g@ -crystal. The vertices of these crystals
are charged {-partitions. We give the combinatorial rule for computing the arrows anywhere
in the slso-crystal. This allows us to pinpoint the location of any charged {-partition. As an
application, we compute the support of the spherical representation of a cyclotomic rational
Cherednik algebra, and in particular, the set of parameters such that it is finite-dimensional. We
also give an easy abacus characterization of all finite-dimensional representations of type B
Cherednik algebras.
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1. Introduction

...1in einem bloBen Hin und Her,
Vor und Zuriick. . .

Stefan Zweig

The level £ Fock space, whose standard basis consists of all £-partitions, appears as the
Grothendieck group of categories of representations of cyclotomic rational Cherednik
algebras, Hecke and g-Schur algebras at roots of unity, and finite classical groups
in non-defining characteristic. These identifications require a choice of parameters
seZ'nde € Z >, for the Fock space, then denoted F,. There are two important
crystal structures on F: the g@—crystal and the sl -crystal, both of which are
represented by a graph whose vertices are the standard basis elements of 5. The
;[\e—crystal is categorified by parabolic branching rules in the respective module
categories; this is related to induction and restriction with respect to parabolics of the
same type [1,7,35]. Moreover, the rule for computing the sl,-crystal is known: the
arrows are given by adding “good” nodes of a given content modulo e [11,24]. The
sleo-crystal is categorified by the action of a Heisenberg algebra on the cyclotomic



104 T. Gerber and E. Norton

Cherednik category O [29,36]; this action is related to parabolic induction with
respect to type A parabolics [36]. Previous work by Losev [29] and the first author [14]
gave roundabout or indirect constructions of the sl-crystal, with explicit formulas
only in special cases. This left open the problem of formulating a direct combinatorial
rule for the arrows in the sls-crystal.

The motivation for studying the combinatorics of the sl.-crystal is that the
EE_ and slo-crystals taken in conjunction provide the answers to some important
representation theoretic questions, in particular about the cyclotomic Cherednik
category 0. The simple objects L(A) of () are parametrized by {-partitions A [16].
The finite-dimensional simple modules (cuspidals) are exactly those L(A ) such that A
is a source vertex for both the 5/[; - and slo-crystals [29,36]. More generally, the two
crystals determine the Harish-Chandra series of O: the cuspidal support of L(4) can
be read off from the location of A in the 5/[; - and slxo-crystals [29,31,36].

In this paper, we study the slo-crystal of higher level Fock spaces (so for £ > 2)
using combinatorics of £-abaci, which encode charged £-partitions using beads on £
runners. Our first main result gives a simple rule for computing the incoming and
outgoing arrows of the sly-crystal at a vertex 4 for an arbitrary £-abacus +, from
which we derive a formula for the position of +4 in its connected component. In order
to state our theorem, we adapt the notion of e-period from [20], defining certain
patterns of e beads in the abacus called fore and aft periods (Definition 4.5).

Theorem A. (a) Let A and A’ be L-abaci. There is an arrow A — A’ in the
$loo-crystal if and only if for some k € N, A’ is obtained from A by shifting the
kth fore period Py of A one unit to the right, and the shift Py of Py is equal to
Q. the kth aft period of A'.

(b) The position of a vertex A in the sloo-crystal is determined by a partition 0 that
can be read off directly from A.

Part (a) of the above statement is Theorem 4.15, and provides the analogue for
the slo-crystal to the celebrated sl,-crystal rule [11]. It allows us to construct the
entire connected component of the sly-crystal containing an arbitrary £-abacus 4,
completing the results of [15, Section 5]. Part (b) is a reformulation of Theorem 5.1.
This gives an easy way to compute the depth g(A) of A in the sly-crystal, which is
equal to |0] (where A is the £-partition read off from «+). The number g (A1) gives one
part of the support of the simple module L(4) [29].

In special cases, our results allow us to deduce closed formulas. Section 6
presents a closed combinatorial formula for each £-partition in a certain connected
component of the sl-crystal component when the charge s € eZ! (this is the
lattice ¢z of [29, Section 1.2] containing the origin). The connected component in
question is the one containing the empty £-partition, and consists of all £-partitions
which are simultaneously singular for the action of sl, and of its level-rank dual
(see [14)).
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Applications to representation theory of Cherednik algebras. In Section 7 we
answer some classical questions about the representation theory of cyclotomic rational
Cherednik algebras. Our first result on this topic consists of a formula for the set of
charges s € Z* such that the spherical representation L(Triv) of H.(G(£, 1,n)) has
a given support. Fix s € Z¢, normalized so that s; = n — e — 1 (without loss of
generality). Let ¢(Triv) and p(Triv)) denote the depth of A (Triv, s) in the sls- and
;[\e—crystals, respectively. Set m = min{n mod e, s, mode |s; >0, 2 <j <{}.
The following result is Theorem 7.1.

Theorem B. Write n = ge + r withq,r € N U {0} and r < e. We have

q(Triv) = q ifsj <O0jorall j =2,
0 ifs;j > 0 forsome j > 2,
(Triv) rifsj <Oforall j =2,
V) =
g m lij > 0 for some j > 2.

Theorem B with £ = 2 overlaps with a result of [9, Section 4.2]; Corollary 7.5
implies [17, Corollary 5.4] and answers [17, Question 5.5] in the affirmative, which
is also answered by the forthcoming [18]. Outside type A, finite-dimensional
simples L(A) occur for A such that dimA > 1, and it is an interesting and difficult
problem to classify them. Corollary 7.8 replaces Triv = ((17),d,...,d) with
a rectangular partition concentrated in one component, and with similar formulas
to Corollary 7.5 identifies the parameters such that the corresponding Cherednk
algebra representation is finite-dimensional. Theorem 7.11 calculates the depth
of A = (4,0,...,0) in the sly-crystal for any partition A, and Theorem 7.10
identifies when dimL(A) < oo. Corollary 7.14 classifies all finite-dimensional
H_.(By)-modules by a pattern avoidance condition on abaci:

Theorem C. A charged bipartition |, s) labels a finite-dimensional representation of
H.:(By) ifand only if the abacus A of | A, s) avoids the e + 1 patterns of Theorem 7.13,
and additionally, any bead in A with a space directly to its left is either the last bead
of a period, or sits above an empty space or the last bead of a period.

Relation of our work to previous work on the sl -crystal. We now discuss the his-
tory of the problem and previous work by other authors. A first method for computing
the slo-crystal was found by Losev [29]. He gives a formula for the action of the
annihilation operators in the case of an asymptotic parameter [29, Proposition 1.1],
then introduces wall-crossing functors which commute with the sls,- and sl, -crystals
in order to transfer the sls-crystal to other chambers of the parameter space.
These functors induce a bijection on the set of £-partitions; concrete computations
with the slo-crystal can then be performed given a precise understanding of the
combinatorics of iterated wall-crossings. Jacon and Lecouvey recently found a
combinatorial description of crossing a single wall [21], however the composition of
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wall-crossings becomes complicated, and there is no known closed formula for an
arbitrary composition of wall-crossings. The number of walls grows as the size of the
{-partitions increases, but the number of asymptotic chambers stays fixed, so that the
number of walls that must be crossed to compute the sly,-crystal for all parameters
and larger {-partitions increases.

We use combinatorics of e-periods in abaci to study the sl -crystal, continuing
the project begun in the first author’s previous work [15, Section 5], in which the
action of the operators a, of [29,36] was expressed in terms of adding “good
vertical e-strips”. This yielded a way to compute the sl-crystal of the £ Fock
space recursively, starting from the empty £-partition, and starting a new connected
component at every £-partition with no incoming arrow. However, the sls-crystal
structure is not directly given by the operators a,,, which rather describe the action of
the Heisenberg algebra at the crystal level. In particular, [15] did not give a formula
for the action of the creation and annihilation operators of sls,. The questions of
describing the edges in the sly-crystal, how to compute a path leading to the highest
weight vertex, how to determine the position or depth of a multipartition in the
sleo-crystal, remained open. Likewise, the wall-crossing approach left it as an open
question whether any direct combinatorial rule existed for computing the arrows in
the slo-crystal or the depth of an £-partition in an arbitrary chamber [29, Section 1.2].
Our construction resolves these questions.

2. Combinatorics of abaci and crystal structures

2.1. Abaci. Fix £ € Z>,. An {-abacus is a subset A of Z x {1, ..., £} such that
there exists m_, m4 € Z verifying:

e Forall f <m_andforall j € {1,...,£},(B,)) € .
e Forall > my andforall j € {1,...,£},(B,]) ¢ A.

The £-abacus # is represented by £ rows of beads (numbered from 1 at the bottom
to £ at the top); the position (column, row) of a bead is given by (8, j), and we will
therefore write b = (B, j) for the bead b of +4 in position (8, j). Accordingly, a pair
(B.j) € Z x{1,...,£} such that (8, j) ¢ A will be called a space of A. We see
that an abacus is infinitely full in the left direction and infinitely empty in the right
direction. For k € N and j € {1,..., £}, the kth bead in row j of +, denoted b,
is the kth element of the set A N {(B, j); B € Z} written in decreasing order (with
respect to the natural order on Z x {j } induced by > on Z).

We define the charge of A as the element s = (s1,...,5¢) of 7% such that in
the abacus obtained from 4 by pushing all beads as far to the left as possible, the
rightmost bead in row j, say b = (B, j), verifies B = s;,forall j € {1...,{}.
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Lets = (s1,...,5¢) € 7%, The set of £-abaci with charge s is in bijection with
the set of £-partitions

{A = ()&1,)&2,...,)&() | M= (Aj,)té,...)isapartitionforeachj =1,...,¢}
viathe map A > A = (AL, A1,...),..., (A5, A5, ...)) defined by
B.j) AL =B—s;+k—1

for all (B, j) € A, where k € Zs¢ is such that (8, j) = bli. We will sometimes
also write B = B(b) and j = j(b) for abead b = (B, j). These are the f-numbers
associated to + (or to A and s), see [22,23]. In particular, we have b} = (B (b,i), 7).

We write |A, s) for the data consisting of an element s € Z* and an {-partition A,
and call it a charged £-partition. Further, we write A = A(A, s) for the corresponding
{-abacus, and will often identify + with |A,s).

Example 2.1. Let £ =3, 1 =((10,9,1),(9%,7,6,4,1), (6,3%)) and s= (-4, 0, —5).
Then we have

O 0 - - - 00 - - @ - e eeee e 3
A(AS)Z.....' . - @ - - @ - - -0 00
’ 00 - 0 - - - e @ @ e 1

98-76-5-4-3-2-10123456 7891011

The elements |4, s), for s fixed and A varying, form the C-basis of the so-called
level £ Fock space, denoted Fs.

Remark 2.2. It is helpful to keep in mind that the beads of the abacus correspond
to the parts of the partition (considered as having infinitely many parts equal to 0).
From the formula 8 = Ai —k + 1+ s;, one sees that the position 8 € Z of a given
bead b = (B, j) in its row j on the abacus is equal to the “shifted content” of the
space to the right of the last box in the corresponding row in A/. Adding/removing
a box to/from a row of a Young diagram corresponds on the abacus to shifting the
bead encoding that row one space to the right/left, see also [15, Section 2.1.2].

2.2, sﬁ; -crystal of the Fock space. Lete € Zx,. Then the Fock space has an g@ -
crystal structure, whose data is encoded in the g@—crystal graph (and as is classically
done, we use the term ‘“crystal” in place of ‘“crystal graph”). This is usually
achieved by replacing the ground field C by the field of rational functions C(v),
and by endowing the resulting space ¥,V (called the v-deformed Fock space) with
the structure of an integrable U/ (E:E)—module [12, 24], which depends on the
parameters s and e. By Kashiwara’s theory of crystals for quantum groups [19,25], the
representation ¥’ hasa U, (EE) -crystal structure, a combinatorial datum controlling
the behaviour of the U/, (gE)—module “at v = 0”. Since the role of v is irrelevant
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for our purpose, we will simply talk of the sl, -crystal for ¥. (This is also justified
by the fact that the cyclotomic Cherenik category @ provides an sl,-categorification
of ¥, see Section 3.8.)

The g@—crystal is a directed colored graph whose vertices are the standard basis
elements |A, s) of %5, and whose arrows represent the action of the Kashiwara crystal
operators ﬁ (or equivalently é; by reversing the arrows) fori = 0, ..., e—1. Explicit
formulas for computing it are known. We briefly recall the rule for the arrows in the
5/[; -crystal in the language of abaci.

Firstly, this requires the notion of good left- and right-shiftable i-beads. Let 4
be an f-abacus with charge s. Let b = (8,j) € A, and leti = S mode. If
(B+1,j) ¢ A (respectively (B—1, j) ¢ A), then b is called a right-shiftable i -bead
(respectively a left-shiftable (i — 1)-bead). For aright-shiftable bead b = (B, j) € #A
(regardless of the value of 8 mod ¢), one can define shifting b in A one unit to the
right as the procedure replacing + by (4 \ {b}) U {b’}, where b’ = (f + 1, j). One
similarly defines shifting b one unit to the left for a left-shiftable bead b.

Remark 2.3. We have chosen our definitions of “left-shiftable i-bead” and “right-
shiftable i-bead” so that shifting a right-shiftable i-bead to the right corresponds
to adding an addable i-box to the Young diagram of |A,s) , while shifting a left-
shiftable i-bead to the left corresponds to removing a removable i-box from the
Young diagram of |4, s) . Please note that a left-shiftable i-bead b = (8, j) satisfies
B =i+ 1mod e, andnot B = i mod e. Indeed, B — 1 is the content of the rightmost
box in a row of the Young diagram of A/ .

Secondly, this rule requires an order on the beads of a given abacus with charge s.
For beads b = (B, j) and b’ = (f’, j’) in s, set

b<b <<= B<pB o (B=pB and j>j').

The following procedure was explained in [11, Section 2.1], see also [12,
Section 6.2.10]. Form the sequence (b1, ba, ..., b,) of all left- and right-shiftable i
beads of 4, where by < b, < --- < b, and encode each by by — if it is left-shiftable
and by + if it is right-shiftable, and form the corresponding word w. Delete all
subwords of the form —+ in w recursively, ending up with a word w’ of the form
+ + -+ —---— —. The word w’ depends only on w and is independent of the
order in which the deletions are made. The good left-shiftable i-bead (respectively
good right-shiftable i-bead) of 4 is, if it exists, the bead b of w corresponding to
the leftmost — (respectively the rightmost +) in w’.

Remark 2.4. Note that the order generalises the usual order on beads of level one
(i.e. one-runner) abaci in a non-canonical way. Indeed, this order gives rises to the so-
called Uglov realization of the sl, -crystal, in opposition to the Kleshchev realization
(inducing an isomorphic but different crystal) which arises from another order on
beads, see for instance [12, Example 6.2.16]. For our purposes, it is essential to work
with Uglov’s realization, see Section 3.8.
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Thei)l'em 2.5 ([24, Section 3], [11, Theorem 2.8]). There is an arrow A L A in
the sl,-crystal if and only if the following equivalent situations hold:

(1) A is obtained from A by shifting its good right-shiftable i-node one unit to the
right.

(2) A is obtained from A’ by shifting its good left-shiftable i-node one unit to the
left.

Remark 2.6. Translating the charge s by an integer 7 amounts to translating the labels
of the arrows of the sl,-crystal graph by t mod e.

Example 2.7. Let{ = 3 and A = A(|A,s)) be as in Example 2.1. Take ¢ = 2. Let
us compute the incoming and outgoing 0-arrows of the sly -crystal at the vertex +4. The
right-shiftable 0-beads of A(A,s) are: (6, 1), (4, 1), (4,2), (2,2), (-8, 3). The left-
shiftable 0-beads of A(A,s) are: (7,2), (1,3), (—1,2), (—5,1), (—5,2). Ordering
the right- and left-shiftable 0-beads we obtain the word + — (—(—(—+)+)+)(—+)
whose reduced word is +—. The good right-shiftable 0-bead is (-8, 3), the good
left-shiftable 0-bead is (-5, 2).

Each connected component of the g@—crystal has a unique source vertex. Such
elements are called highest weight vertices for g[; . In [20], Jacon and Lecouvey have
given a combinatorial characterisation of highest weight vertices for g[; . Let us recall
it here by translating it into the language of abaci.

Definition 2.8 ([20, Definition 2.2]). Let 4 be an £-abacus. The first e-period of A
is, if it exists, the sequence of e beads P; = (b; = (Bi, ji))i=1.....e of A satisfying
Bi+1 = pBi —1foralli =1,...,e— 1 such that
(1) jig1 < jijforali=1,...,e—1,
(2) 131 :maX{IB | (187./) € ‘Avl = .] 5e}’
(3) ji =min{j [(B.]) € A, B =i}

The procedure A — A \ P is called peeling P; off . Recursively, one defines
the kth e-period of A as, if it exists, the first e-period of the abacus obtained from 4
by peeling off Py,..., Pr_;. We call A fotally e-periodic if there exists k > 0 and

r € Z* such that peeling off the first k periods of + results in #(@, r). We have the
following result [20, Theorem 5.9].

Proposition 2.9. An abacus is a highest weight vertex forgi if and only if it is totally
e-periodic.

2.3. slso-crystal of the Fock space. There is a second important action on level £
Fock spaces, namely that of a Heisenberg algebra. This was first investigated by
Uglov [38], where he considered the action of a quantum Heisenberg algebra on the
v-deformed Fock space. It has been shown in [29] (using a Heisenberg categorical
action appearing in [36]) that this action yields a new crystal structure on ¥, called
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the sly-crystal (or sometimes the Heisenberg crystal). Another definition of the
slso-crystal has then been given in [15] in purely combinatorial terms.

The sl-crystal is determined by the action of some operators bs', where o
is a partition, that commute with the Kashiwara ;[;—crystal operators f:-, 6. Itis
encoded in a directed graph whose vertices are all abaci with charge s, and each
of whose connected components is isomorphic to the Kashiwara sly-crystal on
partitions (the direct limit of the Kashiwara U, (sl.)-crystals on partitions), i.e. to
the Young graph [34, Definition 5.1.2] (the branching graph of the symmetric group
in characteristic 0). Each connected component of this graph has a unique source
vertex, called a highest weight vertex for sloo. For each A € Fs, there exists a unique
partition 6 such that A = byA°, where A° is the unique highest weight vertex -4°
in the connected component of #42. 5

In [14, Section 6.3], the operators b, have been expressed as the composition
of more elementary operators b;", where k € Z. Drawing an arrow labeled by k

between two abaci 4 and A’ whenever A = Z;ZZA gives the description of the
5lso-crystal isomorphic to the Young graph. Reversing the arrows gives the action of
operators denoted by l;k_ 3. The graph isomorphism between an arbitrary connected
component of the sl -crystal and the Young graph is then given by the bijection
A = bgA° > 0, and an arrow labeled k goes to an arrow that adds a box of
content k to a partition.

Remark 2.10. The operators l;]:f are analogues of the Kashiwara crystal operators
for the Heisenberg algebra. More precisely, they are the image of the Kashiwara
operators of Uy (sl) under a certain bijection, see [14] and [15].

An explicit formula for computing the sls-crystal of ¥ using by has been first
given in [15, Theorem 5.11] using the combinatorics of vertical strips. We do not
recall the definition of addable (respectively removable) vertical e-strips here and
refer to [15, Definition 5.1]. The order < on beads of an abacus corresponds to
an order on multipartitions by the correspondence of Section 2.1. This extends
lexicographically to an order on addable (respectively removable) vertical e-strips.

Definition 2.11 ([15, Definition 5.5]). The kth good addable vertical e-strip Xy
of |A,s) is defined recursively as follows:

* X is the maximal addable vertical e-strip.
e For k > 1, X is the maximal addable vertical strip X satisfying X < Xj_; and
(UZiXnnXx = 0.

Theorem 2.12. Let 0 = (01,02, ...) be a partition. The operator be acts on any
charged multipartition by recursively adding the kth good vertical e-strip oy times
foreach k > 1.

In [36], they are denoted d .
2[n [14] and [15], the partition 6 is denoted k.

3In [14] and [15], lNJki are denoted Eil_k.
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Thanks to this formula we can reconstruct the whole slo-crystal of F5. However,
the process of constructing the sl.-crystal using Theorem 2.12 is recursive: it
requires one to start from the highest weight vertex (9, @, . . ., @) and then to apply the
various operators b, adding a new crystal component whenever there is no incoming
arrow at an {-partition A. In Section 4, we will give an explicit description of the
action of l;]:—L on an arbitrary £-partition A in terms of abaci, consequently permitting
the construction of any connected component of the sl -crystal starting from any A
in that connected component. This will yield an easy formula (Theorem 5.1) for
finding the position of any vertex in its connected component without going back to
the source.

Remark 2.13. The sl.-crystal is invariant under componentwise translation of the
charge s by any integer ¢. For this reason, together with Remark 2.6, we may omit
the labeling of columns by S-numbers when drawing an abacus.

Example 2.14. The following is the beginning of two connected components of the
slo-crystal of the level 2 Fock space with parameters s = (0, 1) and e = 3.

.- -
| J
Ho =
\

@Eé@éw/@%\?? F o Fe

3. The cyclotomic rational Cherednik algebra and its Category @

In this section we explain the representation theoretic meaning of the sl -crystal
from the viewpoint of cyclotomic rational Cherednik algebras.

3.1. The rational Cherednik algebra H.(W). Let b be a vector space over C
of dimension n € N, and let W C GL(h) be a finite subgroup generated by S :=
{s € W | tk(Id — 5) = 1} (such elements s are called reflections). The pair (b, W)
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is called a complex reflection group [4, Section 1.A]. For each reflection s € S,
let oy € b* and @] € b be eigenvectors with eigenvalue different from 1 such that
(as,a)) = 2 where (—, —) : h* x h —> C is the natural pairing. Letc : S — C be
a conjugacy-invariant function on the set of reflections of W and write c; for c(s).
We may think of ¢ as a multiparameter attaching a parameter to each conjugacy class
of reflections; with this understood, we will refer to ¢ simply as a parameter. The
rational Cherednik algebra H.(W, ) is the quotient of T(h & h*) x C[W] by the
relations

[x7x/]:O7 [yvy/]:O7 [y,x]:(y,x)—ch(as,y)(x,oz;/)s

seS

for all x,x” € h* and all y, y’ € b [10]. We will write H.(W) for H.(W,§). The
rational Cherednik algebra is called rational double affine Hecke algebra (rational
DAHA) by some authors, e.g. in [36,39].

3.2. The cyclotomic rational Cherednik algebra H.(G({,1,n)). The group
G({,1,n) C GL(n,C) consists of all n x n permutation matrices whose nonzero
entries are £th roots of 1. It is the semidirect product I'” x S, where T is the
group of £th roots of 1 in C*. The Weyl groups S, = A4,-1 = G(1,1,n) and
B, = G(2,1,n) appear as special cases. From now on, take £ > 2 and h = C”.
Fix the standard basis {y;},i = 1,...,n, for b (i.e. y; is the vector with 1 in the ith
place and O’s elsewhere). Then h* ~ C” with dual basis {x;},i = 1,...,n. The set
of reflections S in G({, 1, n) is given by:

S={ill#yel i=1,....,njUls |yel, 1<i<j<n}

where y; := diag(l,...,y,...,1) with y in the ith place, and sl?’j =y sy =

Sij Vi yj_l. There are £ conjugacy classes of reflections in G(¢,1,n): one class

containing all s”;, and one class for each y € T', y # 1, consisting of all y;,

ij’
i=1,...,n.
For each reflection s € S we fix the eigenvectors «y, oy as follows. For s = siyj
we take oy = ag’j =@,...,—y,...,1,...,0) € h* with —y in the ith place and 1
in the jth place. Then (al?'j)v = (0,...,—y~1,...,1,...,0) € h. The reflection

s = y; has x; € h* and y; € b as eigenvectors with eigenvalue different from 1, but
in order that (o, o)) = 2, we take oy = x; and oy’ = 2y;.

Fix a parameter ¢ : S — C. Let « be the parameter for the conjugacy class
of sl’; and let ¢, be the parameter for the conjugacy class of y;, y # 1 € I'. The
cyclotomic rational Cherednik algebra is generated by the group algebra C[G (£, 1, n)]
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and the two polynomial algebras C|xy,...,x,] and C[yy,..., y,] with relations
Sij Yk = Vsi; (0)Sij» SijXk = Xs;;(k)Sij» ViVi = 8ijyVivj, vixi = 8ijy~ ' xiy;, and
the following two relations. If i # j then:

ixjl ==Y rlels yi)(xj. (@))sh =« D ysl.
yell yell

Ifi = j then:

ixil=1—kY Y sli— > 2¢,3.

j#i yel 1#yel

3.3. Parameters for the cyclotomic Cherednik algebra versus parameters for the
Fock space. Shan and Vasserot introduce a reparametrization for H.(G (£, 1,n)) in
order to translate between the Cherednik algebra parameters and the Fock space
parameters [36, Section 3.3]:

{—1
h=-«, —c,= Yy Php
p=0
Here, ¢;, = 2¢y fory # land ¢y = —1. If e € Z>z, 8 = (51,...,50) € Z* are

the parameters for the level £ Fock space, then following [36, Theorem 6.10] the
corresponding Cherednik algebra parameters are given by:

h=—1/e, hp=(Spy1 —5p)/e, p>0.

Then x = 1/e > 0, and using this convention we are opposite to Losev
in [29] who takes k = —1/e; therefore by [29, Section 4.1.4], whenever Losev
has [(A1, A2, ..., )te), (s1,52,...,58¢)), we have

(A A2, (A, (=s1. =820 . .., —50)).

3.4. Category O.(W). The category O.(W) is the category of finitely generated
H.(W)-modules on which b acts locally nilpotently [16]. It is a highest weight
category with finitely many simple objects, which are labeled by the irreducible
representations of W over C [16]. In the case of W = G({, 1, n), this means that
the simple objects are labeled by £-partitions A of n. We write L(4) for the simple
module in O.(W) labeled by A. For a generic parameter ¢, O.(W) ~ C[W] and
L(A) = C[x1,...,x,] ® A as C-vector spaces for all A € IrrW. We are interested in
those parameters for which @, (W) is not a semisimple category and for which the
simple modules can be smaller.
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3.5. Integral parameters. In this paper we always assume that k = 1/e for some
integer e > 2 and that the Fock space F; has integral charge s € Z*; we call this the
case of integral parameters. The corresponding Cherednik algebra parameters are
then a subset of all parameters ¢ such O.(W) is not semisimple; a semisimplicity
criterion for O, (W) was given by Rouquier in [32, Proposition 5.4]. However, the
general case can be reduced to the case of integral parameters. Indeed, Dipper and
Mathas proved such a reduction in the case of Hecke algebras of G({, 1, n) because of
the existence of a certain Morita equivalence, see [6, Theorem 1.1] or [12, Section 5.4]
for more details. The Cherednik category O.(G (£, 1,n)) is a highest weight cover
of the category of finite-dimensional modules for the Hecke algebra of G(¢, 1, n)
at certain parameters determined by ¢ [32] (highest weight covers were defined
in [32], and further developed in [30,33]). Highest weight covers are unique up to
equivalence [30, 32, 33]; using this property, Rouquier showed that O.(G (¢, 1, n))
is equivalent to a direct sum over tensor products of category (9’s corresponding
to Fock spaces with integral parameters [32, Theorem 6.13, Remark 6.16], with a
restriction on k which was later removed by Losev [28, Proposition 3.2]. Without
loss of generality we may therefore consider the integral parameter case, as is done
for example in [36].

3.6. Parabolic induction and restriction, and Harish-Chandra series. For any
parabolic subgroup W’ C W (i.e. the stabilizer of a point in §), there are exact ([3]),
biadjoint ([27,35]) induction and restriction functors InduW/, :O0.(W') = O.(W) and
Res%, : O0.(W) — O.(W’) [3]. Finite-dimensional modules are characterized by
the property that their restriction to @, (W) for any parabolic W’ C W is 0 [3]. For
this reason, finite-dimensional simple modules are sometimes referred to as cuspidal
modules (as in [17, Section 5.7], for example). Any simple module L € O.(W)
appears as a direct summand of the head of InduW,, L’ for some finite-dimensional
simple module L € O.(W’) and some parabolic subgroup W’ C W [3]. Let us
call (W', L') a cuspidal pair if L' is a finite-dimensional simple O.(W’)-module.
The cuspidal pair (W’,L) such that Hom@C(W)(InduW,,L’ ,L) # 0 is unique up to
W -conjugacy [31]. We will then use the standard terminology from Lie theory and
refer to (W', L) as the cuspidal support of L, and say that L belongs to the Harish-
Chandra series of (W', L'). This is completely analogous to Harish-Chandra series in
Lie theory. In the case of finite unitary groups in positive, non-defining characteristic,
the parametrization of Harish-Chandra series by cuspidal pairs is known to coincide
with the parametrization of the Harish-Chandra series of a sum of type B Cherednik
algebras, see [8].

3.7. Parabolic subgroups and supports of simple modules in O.(G({, 1, n)).
The support of L(4) is the set-theoretic support of L(4) as a C[h]-module. It has
a concrete description for G(£, 1,n) which we explain now. Let W = G({, 1,n)
for £ > 2 and W’ C W be a parabolic subgroup. Parabolics W’ of W are of the
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form G(€,1,n1) X Sy, X Spy X -+ x Sy, with ny +ny +n3 + - +ny < n,
up to W-conjugacy. We are interested in those parabolics W’ such that O.(W")
contains a finite-dimensional representation. Suppose x = 1/e is the parameter
for the transpositions of S, C W. Then O.(W’) can contain a finite-dimensional
representation only when W' is of the form:

W' =G, 1,n—eq— p) xS

up to conjugacy, with 0 < ¢ < [£] and 0 < p < n — eq; such a parabolic W' is the
stabilizer of the point

a:(oa"'7O7xlax2a"'7xpay17yl7"'ay17y27y23"'7y27"'ayq7yqa"'7yq)€b

where the entry 0 occurs n — eq — p times, and each entry y; occurs e times [29].
If (L', W’) is the cuspidal support of L(A) for some finite-dimensional simple
L € 0. (W), WH"’ coincides with the support of L(A). We then write p(A)
for p above and ¢(A) for g above, as in [29].

3.8. i-induction and the 5[, -crystal. One part of the support of L(A), determined
by the integer p(A), is given by the depth of A in the ;[\e—crystal [29, 35].
Using Chuang and Rouquier’s technique of sl,-categorification [5], Shan showed
that the induction and restriction functors Ind}}, and Res}y,, for W = G(¢, 1,n)
and W' = G({, 1,n — 1), split into a direct sum of functors F; and E; respectively,
i =0,...,e— 1, which satisfy the defining relations of the Chevalley generators f;,

e; of sl, [35]:
Indy, = P Fi. Resy, = € Ei.

0<i<e—1 0<i<e—1

The functors F; and E; are called i-induction and i -restriction, respectively. Taking
the head of F;(L(A)) and the socle of E;(L(A)) gives rise to an abstract crystal
structure on the Grothendieck group of (P,.,0.(G(¢, 1,n)), isomorphic to the

;[;—crystal of the Fock space F5 (explained in Section 2.2), where s is determined
from ¢ by the formulas of Section 3.3. Note that this isomorphism has been made
explicit by Losev [26, Theorem 5.1]: provided one works with Uglov’s realization
of the Fock space crystal, it is simply given by the correspondence [L(1)] < A,
i.e. if F; denotes head(F;(—)) and E; denotes socle(E;(—)), we have

Fi(L() = L(fi(4)) and E;(L(A) = L(& (1)),
where f: and ¢; are the Kashiwara crystal operators on J; of Section 2.2.

3.9. The functor A, and the sl -crystal. We summarize the construction of the
sleo-crystal on Fg by Losev in [29, Section 5.1], who adapts the results of
Shan and Vasserot in [36, Section 5.6] to the language of crystals. Given a
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partition A = (A1,A,,...) and a positive integer k, write kA for the partition
(kA1,kAz,...). Shan and Vasserot define an exact functor from O.(G (¢, 1,n—em))
0 Oc(G(L, 1, n)), by:

— 1rgC@¢:1,n)
Ac(M) = IndG(ﬁ’l,Z_em)XSmM X L(eo)

for o a partition of m and em < n (see [36, Definition 5.12], note that they denote A,
by a). Shan and Vasserot showed that the functor A, gives rise to an exact functor
on &,0.(G(¢,1,n)) and that A, commutes with the i-induction and i-restriction
functors F; and E; [36, Proposition 5.15].

There is a bijection

{partitions} x {-partitions A | p(A) =0, g(A1) = 0}
—> {{-partitions u | p(n) = 0}

given by sending (o,4) to p =: be (A) where L(p) is the unique irreducible
constituent (up to multiplicity) in the head of Ay(L(4)) [36, Section 5.6], [29,
Section 5.1]. Since the set of partitions has an sl -crystal structure, this bijection
induces an slo-crystal structure on the set of {-partitions which have depth 0 in the
;[;—crystal. Losev then extends the crystal to all of ¥ as follows. Say A = FA,
where L(Ag) is finite-dimensional, equivalently where p(d¢) = ¢q(Ao) = 0, and
where F is the composition of p > 0 i-induction functors F;. Then the head of
Ay (L(A)) contains a unique simple L(x) up to multiplicities [29, Proposition 5.1].
We then write by (A) := p. The commutative diagram in [29, Proposition 5.1]
means that the entire sly-crystal component of A can be translated by applying F
to each pg in the sly-crystal component of A, producing an isomorphic crystal in
which every vertex has depth p in the g@ -crystal. This gives a bijection as above:

{partitions} x {{-partitions A | p(A) = p, q(1) = 0}
—> {{-partitions u | p(n) = p}

sending (0,A) to u = be (A). These bijections taken over all p > 0 then induce
an slyo-crystal structure on F5. The depth |p| of p in the sl -crystal is equal
to g(p), determining the other part of the support of the simple module L(pn) €
O.(G(, 1,n)) [29]. Via its definition using [29, Proposition 5.1], the sls-crystal
commutes with the 5/[; -crystal.

3.10. Finite-dimensional representations of H. (G(£, 1,n)). When W = S, itis
well known that @, (S,,) contains a finite-dimensional module if and only if ¢ = +r/n
with r € N coprime to n, and then there is exactly one finite-dimensional simple
module, L(Triv) if ¢ > 0 and L(Sign) if ¢ < 0 [2]. The category O for a direct
product of groups is the tensor product of the categories, and thus it follows that
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any L(A) € O.(S,) when ¢ = r/e > 0 with r coprime to ¢ and 2 < ¢ < n
appears as a direct summand of the head of Ind‘;}’,L(Trivxm) where W’ = S for
some 0 < m < [7] [3]. Wilcox solved the problem of finding the support of any
simple L(A) € O.(Sy) [40].

In general, a module L € O.(W) is finite-dimensional if and only if its support
is 0. By the results of Shan, Shan and Vasserot, and Losev explained in the preceding
paragraphs, this means that the simple module L(A) € O.(G({, 1,n)) is finite-
dimensional if and only if A has depth 0 in both the sl,-and sleo-crystals. The crystal
structures depend on the Fock space charge (e, s), equivalently, on the parameter c,
so the classification of finite-dimensional representations also depends on c¢. We can
find the cuspidal support (W’,L") of L(X) € O.(W) by finding W’ using the formula
in Section 3.7, and finding L' = L()~cc> x Triv) € Oc(G(¢, 1,n —eq — p) x (S59))
by first finding the source vertex A of the 5[ -crystal component containing A, and then
finding the source vertex A° of the sl so-Crystal component containing A.

4. The rule for the arrows in the sl.,-crystal

4.1. Quasiperiods, fore periods, and aft periods.

Definition 4.1. Let + be an £-abacus. An e-quasiperiod in # is an ordered set of e
beads {b1, ..., b} of 4 such that that, if b; = (B;, j;) fori = 1...e, the following
two conditions hold:

e Biy1=pi—1foralli =1,...,e—1.
e ji>jiyrforalli =1,...,e—1.

Definition 4.2. The abacus + is totally e-quasiperiodic if the set of beads of + can
be partitioned into e-quasiperiods.

In particular, e-periods (see Definition 2.8) are e-quasiperiods. When e is clear
from the context, we will simply write periods for e-periods and quasiperiods for
e-quasiperiods. Likewise, we might simply talk about totally periodic/quasiperiodic
abaci.

Recall the total order on beads defined in Section 2.2. The lexicographic extension
of that order to quasiperiods is a total order on the set of quasiperiods of #. If 4 is a
totally quasiperiodic abacus with a chosen set of quasiperiods Py, P,, . .. partitioning
its beads, the quasiperiods P;, P,, ... may therefore be enumerated in such a way
that Py > Py forall k < k'.

Notation 4.3. Given a totally ordered set of quasiperiods Py of 4, k € N, write
{b,(cm)} for the beads of Py, m € {1,..., e}, ordered so that b,gm) > b,gmﬂ) for each
m<e-—1.

Lemma 4.4. An abacus #A is totally quasiperiodic if and only if it is totally periodic.



118 T. Gerber and E. Norton

Proof. 1tis clear that if # is totally periodic then + is totally quasiperiodic.
Conversely, assume that # is totally quasiperiodic. We will describe an algorithm

that constructs the first period P; of 4 step by step in such a way that the abacus at
each step remains totally quasiperiodic. The following picture illustrates the process:

&
.

Now we explain the algorithm. Let Py, Ps, ... be a chosen set of quasiperiods
partitioning the beads of # with Py > Py forallk <k’ Then bgl) is the maximal
bead in 4. If P; is a period, we are done. Otherwise, if P; is not a period, then
there is a bead (B, j) € # where (8, /') € P; and j < j’. Pick the largest bead
(B, j) such that this happens. Since # is totally quasiperiodic, (8, j) belongs to a
quasiperiod Py for some k # 1. Write (8, j') = bgm) and (B, ) = b,(cn) as above
(i.e. (B, ') is the mth bead of P; and (B, j) is the nth bead of Pg). Observe that
m > n since ,B(b](cl)) < ,B(bgl)) due to bgl) being the maximal bead of 4. Lets € Z,

bgm +s5) b]({n +s5)

0 < 5 < e — m be minimal such that is in a lower row than , if such

an s exists; otherwise, sets = e —m + 1. Now set

P= b pP b pM D ptsT) plmks) GmtstD ] pey

/. ¢.(1) (2 (n—1) 5 (m) 5 (m+1) (m+s—1) ;5 (n+s) ; (n+s+1) (e)
PL=bM @, b b p D b U D )

Thus we exchange an interval of s beads which are “out of order” between the two
quasiperiods Py and Py.

‘We must check that 151/ and l;]é are quasiperiods. It is clear from the construction
that the S-numbers of the successive elements of P are successive elements of N,
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and likewise for 1312 Thus it suffices to check that

JOIOY = o), ey = o),
j((b](cn'f's—l)) Z J(bngrS))’ and j(b§m+s—1)) Z ](bl(cn"rs))

We have j (bgm_l)) > j (bgm)) > j (b](cn)) where the first inequality is because P;
is a quasiperiod and the second inequality is by the definitions of m, n; likewise
j(b,(cn_l)) > j(bfm_l)) > j(bgm)), where the first inequality is because ,B(b,(cn_l)) =
,B(bim_l)) = B+ 1 and by our assumption on the maximality of (8, j), forallb € P,
with 8(b) > B there is no bead b’ € A with §(b’) = B(b) and j(b') < j(b). The
remaining two inequalities are checked similarly.

It follows that 151/, Py,..., Pr_, ISIQ, 15k+1, ... is a partitioning of the beads
of 4 into quasiperiods, of which 131’ is the maximal quasiperiod since it contains the
maximal bead bfl) of 4. Moreover, if b is among the first m beads of P!, b satisfies
the condition that if b’ € A, b’ # b and B(b') = B(b), then j(b') > j(b). Now
iterate the procedure on IS{ with respect to this new partitioning, and so on. With
each iteration, the number M such that the first M beads of the maximal quasiperiod
belong to the minimal row among beads in that column, increases by at least 1.
Thus the process terminates after at most e — 1 iterations with the construction of a
partitioning of the beads of « into quasiperiods such that the maximal quasiperiod
is a period, P;. Moreover, by construction «+ \ P is totally quasiperiodic.

Iterating on 4 \ P; to construct P, and so on, it follows that #4 is totally
periodic. O

We now define some new combinatorial notions which will be used in
Theorem 4.15:

Definition 4.5. Let 4 be an £-abacus.

(1) The first fore period P is the largest quasiperiod of 4. Recursively, the kth fore
period Py is the largest quasiperiod of # satistying Py < Px—jand PrNP; = 0
foralli < k.

(2) A bead of A which does not belong to any fore period of + is called a free bead.

(3) Foreachk € N, let Py be the kth fore period of + and b,(ci) be the ith bead of Py.
The kth vessel V. of +4 is the union of Py and the set of free beads b = (8, j)

of A, ﬂ(blﬁe_i)_l) <B= ,B(b,(cl)), satisfying:

() if B = B(b") for some i € {1,...,e} then j > j(b)
(b) if g = ,B(b,(cij_l) for some i € {1,...,e}then j < j(b](ci_f_1
(c) if B < ,B(b](ce)) then there exists j’ such that (8 + 1, j') € V.
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Informally, we think of these conditions as saying that b is “between” Py and
P41 and Vj is “connected.”

(4) The kth aft period Qy is the minimal quasiperiod in the kth vessel of .
(5) A bead of « that does not belong to a vessel is called adrift.
Definition 4.5(1) is the translation of Definition 2.11 in the language of abaci.

Remark 4.6. Note that fore and aft periods are not, in general, periods in the sense
of [20]. When an abacus is totally e-periodic, there are no free beads, and thus
the fore periods and the aft periods coincide. In this case they also coincide with
Definition 2.8, and we will simply refer to them as the periods of .

Remark 4.7. Observe that the definition of vessels is also recursive because of
Condition (3)(c).

Example 4.8. Let e = 3 and £ = 4. The fore periods of # are drawn in red, the aft
periods of 4 are drawn in blue when they differ from the fore periods. The first vessel
consists of the rightmost three beads linked in red which form P;, the rightmost three
beads linked in blue which form Q1, and two more beads — the free bead one unit
below and left of Py, and the free bead above the middle of ;. There are two beads

that are adrift, below and right of P;.
. / - o -9 - -
‘ . . . . . . . . . A
. . . . . . . . . .

Lemma 4.9. Let Vi, and Vy be vessels in an abacus 4, k # k'. Then Vi, NV = @.

f*‘*

c——9

Proof. Suppose by way of contradiction that b = (B, j) € Vi N Vi is a bead in
the intersection of two different vessels. Since Py N Py = @, and V; \ Py consists
of free beads, likewise Vy/ \ Pys, b must be a free bead. Without loss of generality,
k < k', so Py < Pyr. We then have

BB < B ) < B = BOD) < BBM))

so B = ,B(b](ci,/)) for some i’ € {1,...,e} and also § = ,B(blgl_:)l) for some i” €

{1,...,e}. On the one hand, Definition 4.5(3)(b) then implies that j < j (b,ﬁi_:)l ,
and on the other hand, Definition 4.5(3)(a) implies that j > j(b](ci,,)). But j(b,(cil)l) <
j (b,gi,/)) (with equality if and only if K + 1 = k). So

J<i®i) < jol) <.

a contradiction. O



The slso-crystal combinatorics of higher level Fock spaces 121

Definition 4.10. Let P be a quasiperiod in 4. Let ji, ja, ... js be the distinct j’s
such that (8,j) € P for some 8 € Z. For eachi = 1,...,s, let §; =
max{f | (B,ji) € P}. f (B; +1,j;) ¢ Aforalli = 1,...,s then we may define
the right shift of P as

P={B+1./)1(B.)) e P}

and we say that P is right-shiftable. Let P be a right-shiftable quasiperiod. We say
that we shift P one unit to the right if we replace + with (A \ P) U P. The left
versions of these definitions are similar.

Example 4.11. Let |A,s) = |((1), (1?)),(0,1))and e = 3. Let P = P;. Then P is
both right- and left-shiftable. Here is P being shifted to the right:

—
....... .....

Here is P being shifted to the left:

Lemma 4.12. For an abacus # angl k € N, let Py be the kth fore period of A, and
assume Py is right-shiftable. Let Py be the right shift of Py and let Vi be the kth
vessel of .

(1) (Vi \ Pr)U Isk contains a unique quasiperiod, which is equal to l;k.

(2) Let &' = (A \ Px) U Py be the abacus obtained by shifting Py one unit to the
right. For a € N, denote P, (respectively Q) the ath fore (respectively aft)
periods of A'. Then Py = Q) ifand only if Px N Py = @ foralll <a <k —1.

Proof. (1) Let Q C ((Vi\ Px)U Py) be a quasiperiod. Definition 4.5 implies that O
is not contained in Vi \ Pg. Leth = (B, j) € Q N Py. Say b is the ith bead of O
and the mth bead of ﬁk. Consider what the i + 1st bead of Q can then be (if i < e):
by the definition of quasiperiod, we know itis (8 — 1, j’) for some j’ < j, and that
(B, j) € Px. By Definition 4.5(3), note that if (o, ) € Py, then (v, ) ¢ Vj for
h” < h. This implies: (a) if (¢, h) and (o — 1, A’) are successive beads of Py, and
s0 (o + 1, h) and (o, i) are successive beads of Py, then (a, h”) € (Vi \ Pr) U Py
with #” < h if and only if A” = }’; and (b) if («, &) is the eth bead of Py then
(@, ') ¢ (Vi \ P) U Py for all i’ < h. Therefore (8 — 1, j’), the i + st bead
of O, must be the m + 1st bead of Py. Iterating this argument, it follows that once Q
meets ]Sk in a bead b, then all beads of Q which are smaller than b coincide with
beads of ﬁk. Since both Q and ﬁk consist of e beads with consecutive S-numbers,
the first bead of O must then have at least as big a S-number as the first bead of Py.
But by Definition 4.5(3)(a), the maximum S-number of a bead in V} is the 8-number
of the first bead of P. The only bead of Q C ((Vi \ Px) U Py) with B-number



122 T. Gerber and E. Norton

equal to that of the first bead of Isk is the first bead of Isk itself. So Q and l;k have
the same first bead, and therefore they completely coincide.

(2) Suppose Py N P, = @ forall 1 <a <k — 1. Since A’ is obtained from A
by shifting its kth fore period Pj to the right and this does not affect the fore
periods smaller than Py, we have P, = P} and Py N P} = @ foralla > k + 1.
Any quasiperiod in an abacus must intersect some fore period, so it must hold that
Py N P, # @. Moreover, the preceding remarks also imply that P, C V). The first
bead b’ of O} cannot be to the right of the first bead b of Py by minimality of Q k
in V. If some bead of Q) lies in the same column and below a bead of Py then,
since P, = P} and P, N Q;( =@ foralll <a < k — 1, we’d be able to construct
a larger quasiperiod than Py in 4 which doesn’t intersect P, forall 1 <a <k — 1,
contradicting that Py is the kth fore period of +4. If b’ is in the same column as b and
above it, then (b’, b,(cl), b](f), e, b,(:_l)) would be the kth fore period of 4 instead
of Py. It follows that Q;c belongs to (Vi \ Px) U Py, but by Part (1), the only
quasiperiod of (Vi \ Px) U Py is Py. Therefore Py = 0y

Conversely, suppose that Py = Qy.- Then Py is a subset of Vy. The vessels

are disjoint by Lemma 4.9, and P, is a subset of V/ for all a, so P N P, = @ for
alla # k. O

Remark 4.13. Note that taking k = 1 in Lemma 4.12(2), it follows that 151 = Q’1
always.

4.2. Arrowsin the sl -crystal. Our main theorem allows us to construct the entire
connected sly-crystal component of any {-abacus <+ starting from nothing but
knowledge of 4 itself (and the specification of e, of course), using arule for computing
all incoming and outgoing arrows that is explicit and easy to use. We indicate direction
of motion in the sl -crystal moving away from a source by traveling downstream,
and moving towards a source by traveling upstream.

Recall from Section 2.3 that there is a graph isomorphism from a connected
component of the sly-crystal on %5 with source A° to the Young graph, sending

A = l;geAf’ to 8 and sending an arrow l;g Ao L l;pA°, m € Z, to the arrow that adds
a box of content m to 6 to obtain p.

Definition 4.14. For k¥ € N and a connected component of the Fock space ¥,
let T]j' be the operator which corresponds under the graph isomorphism with the
Young graph to the operator on partitions which acts on a partition 6 by adding a box
to the kth row of 6 if the number of nonzero parts of 6 is at least k — 1, and acts by 0
if the number of parts of 6 is less than k — 1. Likewise, let Tk_ be the operator which
corresponds under the graph isomorphism with the Young graph to the operator on
partitions which acts on a partition # by removing a box from row k of 6 if 6 has at
least k nonzero parts, and acts by 0 otherwise.
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Thus T]:' acts on A = 59A° by l;g;(_H_k and Y, acts on 4 by l;gk_k, and the

data of Tki, k € N is equivalent to the data of l;,jn:, meZ.

The following theorem is a direct analogue of Theorem 2.5. It gives the action
of the maps Tlét for k > 1. Using these, starting from any +#, one can construct the
entire connected component of the sly-crystal containing +. In particular, one can
recover its source vertex.

Theorem 4.15. Let A and A’ be {-abaci. There is an arrow A — A in the
sleo-crystal if and only if the following equivalent situations hold for some k € N:

(1) (traveling downstream) A’ is obtained from A by shifting the kth fore period Py
of A one unit to the right, and the shift Py of Py is equal to Q;{, the kth aft
period of A'.

(2) (traveling upstream) A is obtained from A’ by shifting the kth aft period Q)
of A one unit to the left, and the shift QN;c of Q) is equal to Py, the kth fore
period of .

In this case, we have A = T,:'A, or equivalently A = Tk_A’.

Proof. 1t is easily seen that (1) holds if and only if (2) holds, so we will prove that
there is an arrow 4 — A’ in the sloo-crystal if and only if (1) holds.

First we argue that arrows in the sl -crystal are given by shifting fore periods
to the right. From Sections 2.3 and 3.9, we know that A = bhgA° for a unique
partition 6 = (61, 82, . ..) and a unique highest weight vertex A° of the sl -crystal,
that 4’ is in the connected component of « if and only if A = by A° for a unique
partition o, and that the connected component of A° is isomorphic to the Young
graph. This implies that A’ = T:,A if and only if A" = bgy,, 4° where y is an
addable box in row k of 6. Now we recall how l;g was defined in [15]: this operator
recursively adds the kth good vertical e-strip 6 times to a charged multipartition, for
each k > 1 (Theorem 2.12). Adding the kth good addable strip is exactly the same
thing as shifting the kth fore period one unit to the right in the abacus, since adding a
box to the diagram corresponds to shifting a bead to the right in the abacus, and the
fore periods correspond to the good addable strips (Definition 4.5). Therefore, the
vertex «+ has an outgoing arrow given by shifting the kth fore period one unit to the
right for each k such that 6 has an addable box in row k.

Now we are ready to prove that if there is an arrow A — A’ in the sly-crystal
then (1) holds. By the previous paragraph, 4 — A’ implies that 4’ is obtained from
A by shifting the kth fore period Py of #4 to the right for some k € N. Write A =
boA° and A’ = T,:'A = EguyA° where y is an addable box inrow k of 6. If k = 1
then by Lemma4.12(2), P; = Q1. Sosuppose k > 1. By Lemma4.12 (2), it suffices
to show that Py N P, =@forall 1 <a < k—1. By contradiction, suppose that there
existsabeadh = (B, j)in Py P/forsome 1 < ¢ < k—1. We may choose the bead b
sothat (B—1,j) ¢ PN P/ forany 1 <a <k —1. Since Py is the right shift of Py,
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either (B—1,j) € Pror(B—1,7) ¢ A'. So(B—1,j) ¢ P.foralll <a <k—1.
Leto = 0+ (1%) = 0Uy+ (15 1) = 01+ L0+ 1., O+ 1, 01, O g, ...
Now consider the position (8, j) in the abacus by #°. On the one hand, computing
first bguy A° = A’ and then applying bjx-1y, we observe that b € P is shifted one
unit to the right in B(qu)a‘\u/, but since (B —1,/) ¢ P foralll <a <k —1,
then (B, j) & (A'\ (P{U---UP[_)UP[U---UP|_, = byr—1yA = byA°.
On the other hand, computing 59 +@k—1)A° first and then applying Y;t, we observe
that in 59+(1k_1)a%° = 15(1/(_1)(59A°), the kth period has not shifted the 6 + 1st
time yet and coincides with the kth period Py of by A°; upon applying Y;, we have
(B.j) € P, C legg_'_(lk—l)d%o = by A°. This is a contradiction, and therefore
PrNP,=@foralll <a <k—1.

Conversely, suppose that (1) holds, i.e. suppose that P C 4 can be shifted to
the right yielding #4', and that the right shift Py of P is Q;, the kth aft period
of A'. Let A” = b k). By Lemma 4.12(2), P N P, = @ forall 1 < a < k.
Thus bjk-1yA" = A", Let bax-y
l;(_l,‘,_l)(l;(lk)eA,) and therefore A’ = Y 4. O

be the inverse operator to l;(lkfl). Then A’ =

Remark 4.16. In particular, one recovers [15, Theorem 5.11] by expressing the
operators b, as compositions of operators b;‘ (or equivalently, operators T,:' ).

Example 4.17. In Example 4.8, the only fore periods which can travel downstream
are Py, P,, and Pg. The only aft periods which can travel upstream are QO and Q5.

Example 4.18. Let { = 3,e = 5, 1 = ((4,1),(7.2),(2,1°),and s = (3,-3,1).
We have its abacus A = A(A,s):

.- o999 -0
® - - - - - @

eoo9o9 -0 - - -0

i

In this example, the aft periods and the fore periods coincide: P; = Qj for all
k € N. The only period that has space to move to the left is (O, in the top row.
However, the shift of O, one unit to the left, Qz, is not the 2nd fore period in the
resulting abacus, so shifting O, to the left is not a move that allows +4 to travel
upstream in the crystal. Indeed, here is the abacus (A \ Q2) U Q»:

BEVIIL

Its second period is not the left shift of O, from 4. So no aft period Q can travel
upstream, and +4 is a highest weight vertex for the sly,-crystal.

The only period of +4 that can travel downstream is P;. Note that this is always
the case if #4 is a highest weight vertex for the sly,-crystal.
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Example 4.19. Let £ = 5,¢ = 4, A = ((9,2), (52,4,3,2, 12), (2, 12), (6, 4,2, 1?),
(42,22,12)), and s = (—4,2,—1,2,3). Let A = #4(A,s).

All but two pairs of the aft periods and fore periods coincide: Py = Qj except
for when k = 3, 5. The fore periods are drawn in red, and the aft periods which differ
from the fore periods are drawn in blue. We stopped drawing the periods after Psg.
The fore periods Py, P», P3, P4, and Pg can travel downstream, and we have:

YA = ((10,2), (6% 4,3,2,1%),(2,1%),(7,4,2,1%), (4>,2%,1%))
YA =(09,2),(5%3,2,1%),(2,1%),(6,5,2,1%), (5%,2%,1%))
YA = ((9,2), (5% 4,3%,1%),(3,1%),(6,4,3,1%), (4%,3,2,1%))
YA =((9.3),(5%4,3,22,1),(2%, 1), (6,4,2%, 1), (4,22, 1%))
YA =((9,2,1),(5%4,3,2,1%),(2,1%),(6,4,2,1%), (4%,2%,1%))

and T]j A = 0 otherwise. The aft periods Q1, Q», O3, and Q5 can travel upstream,
and we have:

YA = ((8,2),(4%,3,2,1%),(2,1%),(5.4,2,1%), (4%, 2%, 1%))
Y, A = ((9,2),(5%,3%,2,1%),(2,1%),(6,3,2,1%), (3%, 2%, 1))
Y; A = ((9,2),(5%,4,3,1%), (1), (6,4,2,1%), (4%, 1%)

YA =((9,2),(5%4,3,2,1),(2,1),(6,4,2,1%), (4%,2%))

and Tk_ A = 0 otherwise.

Example 4.20. We leave it as an exercise for the reader to verify that taking e = 3,
there is no aft period that can travel upstream in the 3-abacus below, and therefore
this is the abacus of a highest weight vertex for the sl -crystal when e = 3:

Recall from Section 3.9 that the sl,- crystal and the sly-crystal commute. This
implies that all vertices in a single slo-crystal component have the same depth in
the 5[ -crystal. When the vertices of the slo-crystal have depth 0 in the 5[ -crystal,
equivalently, when the abaci are totally e-periodic, the rule for going upstream or
downstream in the crystal simplifies:
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Corollary 4.21. Let A, A be totally e-periodic £-abaci. There is an arrow A — A’
in the sloo-crystal if and only if the following equivalent situations hold for some
k e N:

(1) A is obtained from A by shifting the kth period Py one unit to the right, and
the shift Py of Py is the kth period of A'.

(2) A is obtained from A’ by shifting the kth period Py one unit o the left, and the
shift Py of Py is the kth period of A.

Example 4.22. The following 3-abacus is totally 4-periodic.

Here, only P, can travel upstream. In fact, the highest weight vertex is obtained by
shifting P, twice to the left, and then P; twice to the left. In particular, 6 = (22).

The following lemma will be used in Section 7.
Lemma 4.23. Suppose Qyx = (b(l), e b,(ce)) is a left-shiftable aft period of an
abacus A. Suppose P, = (b,(,:), - b,(,f)), m > k, is a fore period of A such that
either (1) or (2) holds:
(1) Blbw)) = Bb"),

@) Bbw)) = BB7) — Land j(bw) < jB).
Then Y, A = 0, i.e. shifting Qk to the left does not give an edge in the sloo-crystal.

Proof. Let ¢ A be the abacus obtained by shifting Qy to the left, let Q x be the left
shift of Qf and let l;,(ci) be its beads. If Pq,..., Pk—,L, are the first k — 1 fore periods
of # then they are also the first k — 1 fore periods of ¢ A as shifting Qy to the left does
not affect the quasiperiods which are both disjoint from Qj and larger than Q. If
(1) holds then necessarily j(b,(nl)) > j(b,gl)), so P = (b,(nl), l;lgl), l;,(cz), e, l;lge_l)) is
a larger quasiperiod of ¢A than Oy whose intersection with Py, ..., Py_; is empty,
so Oy cannot be the kth fore period of cA. Similarly, if (2) holds then the quasiperiod
{l;](cl), ey l;](ce_l), b,(,:)} > Q. By Theorem 4.15, this implies that Y, A=0 0O

5. Position of an abacus in its sly,-crystal component

For all A € ¥, there exists a unique highest weight vertex A° € F for sly and a
unique partition 8 such that A = bgA°, and |6] is the depth of 4 in the sl-crystal
(see Sections 2.3 and 3.9). Pairing this observation with Theorem 4.15 gives an easy
way to read off 6 from 4. Forall k € N, let ax = max{q € Zxo | (Y)?(+) # 0},
where (Y,7)? is Y, applied ¢ times. In abacus terms, o is the number of successive
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times Qy C # can travel a unit upstream. Let r = max{n € N | o, 7% 0}. Thus r
is maximal such that Q, C # can travel upstream. Set §; = Z:rz:k Oy -

Theorem 5.1. The partition 6 is given by the formula
0 = (61,82,...,6¢).

Proof. By Theorem 4.15, there is an edge 8 — « in the sly-crystal if and only
if Qx C oA can travel upstream for some k yielding 8 if and only if Y 4 = 8.
By Definition 4.14, (Y,7)“(+4) # 0 if and only if 6 has a successively removable
boxes in row k. Thus oy is the maximum number of successively removable boxes
in row k, which means that 6 has exactly o columns of length k. Therefore,

0" = (k™ ko570, k) 1), where ky < kp < --- < kg € N are all of the k € N
such that ax # 0. It then follows by the formula for the transpose of a partition that
0 = (01,82,...,8;). O

Example 5.2. Let{=2,¢=2,s=(0,—1),and A =((6,4,4,2,2,1),(5,5,5,3,3)).
Then

A(Avs):HH.H7/.
We have Q; = P; foralli # 2; Q5 is the quasiperiod drawn in blue. We have r = 4,
aq4 = 2,0, =2,and o = 0 for all k # 2, 4. The position of A in the slo,-crystal is
therefore 0 = (4,4,2,2)" = (4,4,2,2),and g(1) = |0]| = 12.
Example 5.3. The abacus in Example 4.8 has only two aft periods which can travel
upstream, Qs and Q1,andas = 1 = 1. This abacus thus has position 8 = (5, 1)’ =
(2,1%) in its crystal component, and its depth in the sl -crystal is 6.
Remark 5.4. Even though the ;[; -crystal structure of the Fock space has been widely
studied and is considered well-understood [11-13,24], it is a difficult problem to find
an explicit combinatorial formula for the depth of an abacus A(A,s) =: +4 in this
crystal. However, this piece of information is one half of the knowledge of the support
of L(A) € O.(G(£, 1,n)) (see Section 3.7). Note that if A(A, s) is the source vertex
of the gE—crystal component containing +, then p(A) = |A| — [A] is the depth
of 4 in the gE—crystal. An efficient algorithm for computing A has been given
in [13, Theorem 6.3]. This does not require computing the action of the Kashiwara
crystal operators, and relies instead on an affine analogue of the Robinson-Schensted
correspondence, denoted ®. Constructing ® however requires iterated use of the
Schensted insertion procedure on symbols. We pose the question: is there a way to
compute p(A) without constructing A, as we have done for ¢(1)?

6. Charges in eZ* and a closed formula for doubly highest weight vertices

In this section, we consider £-charges of the forms = (sy, ..., s¢) wheres; —s; € eZ
for all j, j’. Without loss of generality in virtue of Remarks 2.6 and 2.13, we can
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assume that min{s; | 1 < j < {} = 0 and thus 5, = ez; with z; € Zx, for all
j=1...,andmin{z;} = 0. Write z = (21, ..., z(), and A° = A(D,s). We will
give a combinatorial formula for the vertices belonging to the connected component
of the sly-crystal with highest weight vertex #A°. Such vertices are called doubly
highest weight vertices in [ 14] as they are singular for the action of 5/[; andgg (see [38]
and [14]) simultaneously.

Because +4° is the abacus of the empty charged multipartition, itis totally periodic,
and thus its fore and aft periods coincide by Remark 4.6. Moreover, because s = ez,
each period of A° is a sequence of e beads (b;);=1,... . in the same row and satisfying
b1 = (B1, j1) with 81 = 0 mod e. Therefore, we can construct a (reverse) tabloid 7'
by replacing the kth period of A° by the number k. Foreach j = 1,....,¢,let T} be
the sequence of numbers in row j of 7', in increasing order.

For a partition 0 = (07, 02, ...) (with infinitely many zero parts), and for any

increasing integer sequence X = (x1, X3, ...), write [ X, e] = (0;1 , 052, co)

Theorem 6.1. Let o be a partition and s be as above. Then by |8, s) = |A,s) where
A= o[Tj,e].

Proof. Corollary 4.21 implies that if ° is a highest weight vertex in both the 5/[; -and
sleo-crystals, then every other vertex bgA° in its sl-crystal connected component
may be obtained from #A° by first, shifting P; to the right 6; times, then, shifting P
to the right 6, times, etc*. Complete information about the periods of A° is given
by the tabloid T': the row of T containing entry k is the row containing the kth
period of . Making the kth period travel oy times downstream is exactly shifting
its e beads, that all belong to the same row, say j, by oj steps to the right, which
corresponds to adding o}/ in the jth component of the £-partition. O

Example 6.2. Takee = 3,{ =8andz = (2,5,3,0,2, 1, 1, 2). Then the abacus A°
looks as follows

“4Note that this recovers [14, Proposition 7.4]. In the even more particular case where o is a doubly
highest weight vertex, i.e. A° is the empty £-partition, one recovers the original result of [14, Remark 6.16].
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The tabloid T for A° is:

32 24 16 9
31 23 15
30 22 14
29 21 13 8
r= 28 20
27 19 12 7 4
26 18 11 6 3 2 1
25 17 10 5

from which we may compute be (A°) for any partition o. e.g. if

o=(12,9%76,4,32221%),
bo|@.s) = ((6°.2%).(12%,9°,4%,1%),(7°,3°,1°),0, (3%, 1%), (1°). 0. 2%)).
In the case where z; > z, > -+ > zy = 0, we can give a more direct formula
for by 4. In this case, we may write

z=1(z1,...,2¢) = (yfl,y;’z,...,y;m,ob)

where 0 < y; < y;_; andwherea; +ax +---+am +b =4L. Set N = Zlezi =
Z:":laiyi andsetd;, = yi — yiy1,i = 1,...,m. If A = (A1, A5, ...) is a partition,
write A[e] as shorthand for A[N, e] = (A7, 45,45,...).

Corollary 6.3. Let 0 be a partition and s = ez with z1 > zp > --- > zy = 0. Then

b|@.s) = |A,s) where

J — (. ) )
A = (U]’O—a1+ja0—2a1+]a'-'U(dl—l)al—i—j’

ad1d1+j’ 0d1a1+a2+j’ Ud1a1+2a2+j, ey O-dlal-i-(dz—l)az-i-jv cee
e Odya) +drar+t(dm—1)am+js ON+j+ ON+ltj» ON+20+js ON430++ - - - )[€]
forl <j <ay,
J — ) . ) .
A= (Ud1a1+1 »O0dyay+az+j-Odyay+2a2+js - - -» 9dyayr+(da—1az+j >

0d1a1+d2a2+j’ Ud1a1+d2a2+a3+j, O—d1a1+d2a2+2a3+j’ ceey
-+ 0djas+draz+(d3—1az+j»> - - -

e Odyay +doar+(dm—)am+j ON+j» ON+E4 - ON+204 - ON 4304+ - - - ) [€]

Jorar +1=<j <a;+as,
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J — . . .
A= (UZf;l diai+j OYr_ diaj+api1+i° O diaj+2app1+j0
“O%Pdiai+(dpr1—Dapyi+i° 02{’:11 diai-l-j’az,:”:ll diaj+apya+j’

O-p+1
i=l1

sy ey O 1
_, diajt2apq2+j " ,-pjl

—1 diai+dpy2—Dapt2+j’ """
-+ s 0dyay+drar+++(dm—1)am+j> ON+j>ON+L+j> ON+2L+j> ON+3L+js - - -)[e]

foray+ax+--+ap+1=<j<ar+ar+--+ap+apt,

A = (ON+j ON+e+j - ON+204j:ON+30+4j----)[€]

for Y a; < j <UL

Proof. By Theorem 6.1, the formula for |A, s) is obtained by identifying the periods
in 4 by looking at the tabloid 7" and taking the subsequences of N corresponding to
the rows of 7. Therefore, it suffices to determine a closed formula for the entries of
row j of T forall j = 1,...,£. It is an elementary combinatorial problem to see
that the formulas above compute the desired numbers. O

We can now give a combinatorial procedure for computing by A° when z need
not satisfy z; > z; 1, starting from the situation of Corollary 6.3. Take any z € 7t
with min{z;} = 0, let T be its tabloid, and let 7’ be the tabloid resulting from
switching z; and zj» for some j > j’. Since the order in 7' goes from bottom to top
across the rows, all entries of 7" located in the rectangle consisting of columns of T’
which have an entry in row j or j’ but not both, and rows from j’ to j inclusive,
will slide up (if z; < z}) or down (if z; > z}) to the next available spot in the same
column of the diagram of shape 7.

Example 6.4. Take z = (7,7,5,1,0) and say we want to change the 2nd and 4th
entries to getz' = (7, 1, 5,7, 0). We replace the diagram of shape T with the diagram
of shape T’ by switching the second and fourth rows. Then to get the tableau 7", all
entries located in the rectangle slide up to the next available row in the new diagram,
while all entries outside the rectangle remain unchanged:

... 35 30 25
... 34 29 24 20

T= ...33 28 23 19|16 13 10 7
...03227 22 18|15 12 9 6 4 2
.31 26 21 17 14 11 8 5 3 1
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... 35 30 25

... 34 29 24 20|16 13 10 7 4 2
.. 33 28 23 19|15 12 9 6

... 32 27 22 18
.31 26 21 17 14 11 8 5 3 1

T/

7. Applications

7.1. Depth of the trivial representation in the ;[? - and sl -crystals. Given an
abacus «, we call the bidepth of 4 the pair (¢, p) € Zéo where ¢ is the depth of 4

in the slyo-crystal and p is the depth of # in the g@ -crystal.

For n € Zsy, let Triv denote the {-partition ((17),@, 9, ..., d). This labels the
trivial representation of G(£, 1, n). The aim of this section is to answer the following
question: given (g, p) € Z2, and n € Zs, for which values of the parameters e, s
does the abacus 4 := A(Triv, s) have bidepth (¢, p)? Takes = (s1,52,...,5¢) € 7t
such that s; = n — e — 1, without loss of generality by Remarks 2.6 and 2.13 (we
identify an abacus with its horizontal shifts). Write n = ge + r with¢,r € N U {0}
and r < e. Set

m =min{r, s; mode |s; >0, 2 <j </{}.

Let (¢(Triv), p(Triv)) denote the bidepth of A(Triv, s).
Lemma 7.1. The number of free beads in A is equal to p(Triv).

Proof. We will induct on the number of free beads. By Theorem 2.9, p(Triv) = 0
if and only if # is totally periodic, which is the case if and only if the number of
free beads is equal to 0. The bead b is the only left-shiftable bead in 4. Then by
Theorem 2.5, b} is good left-shiftable if and only if p(Triv) > 0, which holds if and
only if » has free beads. It is easy to see that if # has free beads then b} must be a

free bead, and that b 41 is never a free bead in the abacus of ((1*), 4, ..., @) for any
charge s. Shifting b} to the left then reduces both p(Triv) and the number of free
beads by 1, and now the statement is true by induction. O

Lemma 7.2. Suppose sj > 0 for some j > 2. Then the number of free beads in A
is equal to m.

Proof. By induction on m. Suppose m = 0. [f m = r = 0 then e divides n. Then A
is totally quasiperiodic, so by Lemma 4.4, 4 is totally periodic and hence the number
of free beads in + is equal to 0. If m = s; mod e = O for some j > 2 and s; > 0,
then take j such that s; is minimal with this property. Then in the word of left-
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and right-shiftable 0-beads (see Section 2.2), the — for the unique left-shiftable bead
bl = (—e + 1,1) of A cancels with the + for the right-shiftable bead (s;, j) and
therefore b is not good left-shiftable. It follows by Theorem 2.5 that +# is a highest
weight vertex for the ;[\e—crystal, so by Theorem 2.9 A is totally periodic, i.e. the
number of free beads is 0. For the induction step: if b, is good left-shiftable then
shifting it to the left reduces the number of free beads by 1. Since our formulas use
a charge normalized in a way depending on n, we must renormalize the charge s
for ((1*71), @, ..., ) to charge t by subtracting 1 from every component of s, so that
tih=s1—1=Mm—-1)—e—1landt; =s; — 1. If n = eq + r with r > 0 then
n—1l=eq+@r—1)=eq+r,e>r":=r—1>0;andifs; > 0 mod e for all
s; >0,j >2,thens; —1 mod e = s; mod e — 1. Therefore

m—1=min{r —1,s; —1mode|j>2s5; >0}
=min{r’,tj mod e | j > 2,t; > 0}
and by induction, the right-hand-side equals the number of free beads in
A((1"1),0,...,0),t) = A((1"1),0,...,0),s). Hence the number of free beads
inAis(m—1)+1=m. O

Theorem 7.3. The bidepth of A(Triv, s) is given by the following formulas:

q(Triv) = q ifsj <O0forall j =2,
0 ifsj >0 forsome j > 2,
(Triv) r ifs; <O0forall j =2,
V) =
4 m ifs;j > 0 for some j > 2.

Proof of the formula for q(Triv). If e > n then obviously Triv is a highest weight
vertex for the sl -crystal by Theorem 4.15, as there is no space for a bead in row 2 or
higher to shift to the left, and any quasiperiod containing {b}, ..., b7} must contain
a bead from a higher row since e > n. Then ¢ (Triv) = 0 = q.

For the remainder of the proof of the ¢ (Triv) formula, assume that e < n. Let

P={bp iy, - bp} =1{0,1),(=1,1),(=2,1),...,(—e + 1, )},

a quasiperiod of # consisting of the e beads directly to the right of the space in row 1.
Observe that P is the unique left-shiftable quasiperiod of 4. Furthermore, since
BbH —2,1) € A, (Tk_)ZA = 0. It then follows by Theorems 4.15 and 5.1 that
either (a) g(Triv) = 0, or (b) P = Q for some k > 1 and the left shift P of P is
the kth fore period of (4 \ P) U P, in which case 6 = (1¥) and ¢(Triv) = k.
First, suppose that s; < 0 for all j. Then the first ¢ fore periods are chains of e
successive beads in row 1 and P = Qy is the gth aft period. Let Qq be the left
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shift of Q4. If b = (B, j) € A with j > 2 then < —1. The first bead of Qq
is (,B(b,ll_e_,_l) —1,1) = (-1, 1). Thus Qq > Q for any quasiperiod Q of 4 whose
first bead belongs to arow j > 1, and so Qq is the gth fore period of (A \ Q4) U Qq.
Therefore g (Triv) = q.

Next, suppose that s; > 0 for some j > 2. If P is not an aft period then
q(Triv) = 0, so suppose that P = @y, for some k. Either P is also a fore period or
itisnot. If P = Py thenforall1 < <e—1landall j > 2, (8, j) cannot be the
first bead of a fore period P,, because otherwise the bead (0, 1) would belong to P,
and not to Pg. Since s; > 0 for some j > 2, (0, j) € 4. Take j minimal with
this property. It follows that (0, j) is the first bead of Py ;. Then by Lemma 4.23,
T, A = 0, and since QO is the only left-shiftable quasiperiod, we conclude that
q(Triv) = 0.

On the other hand, if P # Py then beads {(0, 1), (—1, 1), ..., (—«a, 1)} for some
0 < o < e—1 are beads of P, and beads {(—ax — 1,1),...,(—e + 1, 1)} are
free beads. Pick j > 2 minimal with s; > 0. Then (0, j) belongs to some fore
period Py,. If the first bead b,(,,1 ) of Py, is to the right of the first bead b of Py, i.e. if
,B(b,(n1 )) > B(b), then k > m, but then a larger quasiperiod than P,, not intersecting
any P,, a < m, could be constructed using (0, 1), (—1, 1),.. . instead of (0, j), etc.,
contradicting the definition of mth fore period. If ,B(b,(,} ) ) < B(b) then the bead
(—a —1, 1) would belong to P, and would not be free. So ,B(b,(nl)) = B(b), and thus

,B(b,(,f)) = —a. Then ,B(b,(:)l) = —q also since P, < Pxy1 < Pi. Butthen P is

+
not an aft period Qy as its free beads b’ do not satisfy the condition ﬂ(b,(c?_l) < B(b)

in Definition 4.5(3). So in this situation, P # Qy and thus ¢(Triv) = 0.

Proof of the formula for p(Triv). The case s; > 0 for some j > 2 follows from
Lemmas 7.1 and 7.2. Consider the case s; < 0 for all j. Then the first ¢ fore periods
of Aare Py = {b{,....b}}, P, ={bl ,.....b},},... Py = {b11+(q_1)e, . ..,b;e}.
If r = 0, then peeling off P, ..., Py off #4 yields +(@,s), which by Theorem 2.9
implies p(Triv) = 0. If r > 0,beads by = (—e + 1,1),....b)_,. ., = (—e +r,1)
are the free beads because (—e, 1),(0,j) ¢ « for all j > 2. By Lemma 7.1,
q(Triv) = r. O

Remark 7.4. By the results of Shan, Vasserot, and Losev explained in Sections 3.8
and 3.9, Theorem 7.3 has a representation theoretic meaning: it gives the
support of the irreducible representation L(Triv) € O.(G (¢, 1,n)), where c is the
parameter for the Cherednik algebra determined by (e, s) as in Sections 3.2 and 3.3.
Conversely, Theorem 7.3 also permits the description of all » and all parameters ¢
(or equivalently (e, s)) such that L(Triv) € O.(G(£, 1, n)) has a given support.

Consequently, we deduce the set of parameters (without normalizing s) such that
the spherical representation L(Triv) is finite-dimensional. Letn € N.
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Corollary 7.5. The set of parameters (e, s) € ZxZ* such that L(Triv) € O.(G (¢, 1, n))
is finite-dimensional consists of all (e, s) satisfying either

(i) s; —s1 =ke —n+1forsomek € N and some2 < j < {, or
(ii) the following two conditions hold:
(a) e divides n, and

(b) sj —s1>e—n+1forsome2 < j <L

Proof. As explained in Section 3.10, a simple module L(4) in O.(G (¢, 1, n) is finite-
dimensional if and only if g(A) = p(A) = 0. From Theorem 7.3, we deduce that
the module L(Triv) is finite-dimensional if and only if the following two conditions
hold:

(i) sj—si>e—n+1forsome2 < j <¢, and
(ii") either
(a') e divides n, or
(b') sj—s1 = —n+1mod e forsome?2 < j < {suchthats;—s; > e—n+1.

Note that (a) is the same as (a’), (b) is the same as (i’), and that (b’) is equivalent to (i).
Moreover, (b') trivially implies (i'), so ((i’) and (ii")) is equivalent to ((i) or (ii)). [

Remark 7.6. The problem of determining the parameters ¢ such that the H.(W)-
representation L(Triv) is finite-dimensional has been studied by a number of authors.
We list prior results intersecting the case of W = G(£, 1, n). The first result in this
direction was Berest, Etingof and Ginzburg’s theorem for W = S, = G(1,1,n),
which states that L(Triv) is finite-dimensional if and only if ¢ = r/n for somer € N
with ged(r, n) = 1[2]. Using methods of geometric representation theory, Varagnolo
and Vasserot showed several years later that for W a Weyl group, L(Triv) is a finite-
dimensional H.(W)-module for equal parameters ¢ if and only if ¢ = r/e for e an
elliptic number of W, r € N, ged(r,e) = 1 [39]. Etingof extended Varagnolo and
Vasserot’s result to unequal parameters and to the more general question of the support
of L(Triv), thus giving a complete answer for W = B, = G(2, 1, n) for any pair of
parameters [9]. More recently, Griffeth, Gusenbauer, Juteau, and Lanini developed a
“degenerate” version of Bezrukavnikov-Etingof parabolic restriction aimed towards
studying finite-dimensional representations [17]; this produced a sufficient condition
for L(Triv) to be finite-dimensional for W = G (¢, 1,n) [17, Corollary 5.4]. They
followed this with the natural question: is the condition of [17, Corollary 5.4] also
necessary for L(Triv) to be finite-dimensional? [17, Question 5.5]. We now check
that our Corollary 7.5 agrees with the answers for £ = 2 in [9] and for £ > 2 in [17],
giving a positive answer to [17, Question 5.5]. Note that we have restricted ourselves
to the case of integral charges for the Fock space and k = 1/e instead of r/e, but
the general case can be reduced to this case, see Section 3.5. Indeed, the preimage
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of Triv under the isomorphism of [32, Theorem 6.15] is Triv for the same value of n
and for a smaller level s. Then it is enough to consider the corresponding abacus
with s runners.

In the case of G(2, 1,n) = By, the change of parameters of Section 3.3 directly
translates Corollary 7.5 into Etingof’s criterion [9, Section 4.2] for the set of
parameters ¢ = (cj, cz) such that L(Triv) is finite-dimensional. If (e, (s1, 52)) is
a Fock space charge, then ¢; = 1/e and ¢; = (s — s1)/e — 1/2. Corollary 7.5(i)
gives ¢c; = (ke —n + 1)/e — 1/2 for some k € N, and therefore

ccn—1)4+c=m—-1)/e4+cr=Rk—1)/2

for some k € N, which are the lines described by Etingof in [9, Section 4.2].
In the case that e divides n, Corollary 7.5 (ii) gives additional parameters at which
L(Triv) is finite-dimensional: those not already included in (i) consist of (s7, s2) with
s2—s1>e—n+lands;—s;+(n—1) #0mod e. Write s, —s; =ke—n+14a
for]1 <a <e—1,k € N. Write n = er. Changing to Cherednik parameters,

(c1,c2) = (/e ,(s2—s1)/e —1/2) = (1/e,(2k —1)/2 —n/e + (1 + a)/e)
=/n,Rk—-1)/2—r+r(1+a)/n)=(r/n,p/2—r1r+ (rs)/n)
with p an odd positive integer and 2 < s < ¢ = n/r = n/gcd(r,n). These are
exactly the isolated points of [9, Section 4.2] where L(Triv) is finite-dimensional,
whenc; = 1/e.

In the general case of G({,1,n), we compare our result with the sufficient
condition for L(Triv) to be finite-dimensional given in [17, Corollary 5.4]. The
surface appearance of their criterion is slightly different as they use a different
parametrization of the Cherednik algebra. We check that after reparametrization, it
is consistent with Corollary 7.5. In our notation, the condition of [17, Corollary 5.4]
is that either
(i) €(n—1)/e+do—dj = —j + kt forsome 1 < j < { — 1 and some positive

integer k, or
(ii") e dividesn and {(p —1)/e +do —dj = —j + kl forsome 1 < j < {—1,
some positive integer k, and somen —e +1 < p <n
where the parameters d i, 0 =< j =< £ — 1, are related to the parameters s 41,
0 < j < £ —1 via the formula

(I1+dj—1—dj)/t=h; =(sj41—s;)/e foralll <j <{l—-1
(where A is given in Section 3.3). Therefore, we have
i) th—1)/e+do—dj =—j + k¢
& S =)+ Slspa )~ =)+
& sjiy1—s1=ke—n—+1
& (i).
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Similarly,

(i) lp—1/e+doy—dj =—j + k¢
¢>Sj+1—S1 =k€—p+1
& (i)

We see that the condition in [17, Corollary 5.4] is not only sufficient, but also
necessary. This is proved independently in Griffeth and Juteau’s forthcoming
work [18].

7.2. Depth of a rectangular partition concentrated in one component in the
sleo-crystal. The part of Theorem 7.1 concerning depth in the sl -crystal may be
generalized to multipartitions A such that one component is a rectangle and all the
other components are empty.

Theorem 7.7. Let m and n be nonnegative integers and let A be an {-partition of
mn such that A* = (m") and M) = @ for all j # a. Normalize any charge s so that
Sq =n—e—m. Writen =qe +r withq,r € Zso andr < e. Set

v max{sj,s;s +e|j>a, j/<a} ifalsj,sj+e<0,

0 otherwise,
and set t = min{—t',m}. Then g(A) = tq.

Proof. Let A := A(A,s). Asin the proof of Theorem 7.3, ¢(A) can only be nonzero
if

0 ={(0.a). (=1.a).(—2.a)..... (e + 1,a)} = {b%_ 1 b yin.....b%}

is an aft period. When n < e then Q is not an aft period and g = 0, so the statement
q(A) = tq is true as both sides are 0. For the rest of the proof suppose ¢ > 0.

First, consider the case that s; < 0 for all j > a and 5,7 < —e for all j' < a.
Then (8, j) ¢ A forall B > 0, (B, j') ¢ « for all B/ > —e. This implies that the
first g fore periods of A are Py := {bgk—l)e+1’b?k—1)e+2’ e, bZe}’ k=1,...,q
and that Q = Q is the gth aft period. Q can be shifted to the left up to m times, and
each left shift gives an edge in the crystal so long as the situations of Lemma 4.23 do
not occur. The number ¢ is by construction the number of times Q can be shifted to
the left without the situations of Lemma 4.23 occurring. Theorem 5.1 then implies
6 = (t9) and hence g(A) = tq.

Next, suppose s; > 0 for some j > a. Then by arguments identical to those
used in the proof of Theorem 7.3, ¢(A) = 0. Suppose s, > —e for some j’ < a.
Definition 4.5 implies that if Q is an aft period O then b, does not lie above a
bead b belonging to P, for m > k. On the other hand, by assumption (—e, j') € 4
and it belongs to some fore period. Therefore if Q is an aft period, then (—e, j') is
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the first bead of the fore period that it belongs to. Then by Lemma 4.23, shifting Q
to the left does not give an edge in the sl -crystal. O

Corollary 7.8. Suppose that |A,s) is as in Theorem 7.7. Then L(L) is finite-
dimensional if and only if (1) or (2) holds:

(1) there exists k € N U {0} such that s; = ke for some j > a, or s;» = (k — 1)e
for some j' < a.

(2) the following conditions both hold:
(a) e divides n, and

(b) sj > 0 for some j > a orsj > —e for some j' < a.

Proof. There is a single removable box in A, and it is a removable 0-box. It is
smaller than an addable 0-box, and thus not good removable for the 5/[; -crystal, if and
only if (1) holds, or e divides n. If (1) holds then Theorem 7.7 implies g(A) = O.
If e divides n, then the additional condition for A to be a highest weight vertex
for the sloo-crystal according to Theorem 7.7 is the statement that ¢ = 0, which
is (2)(b). O

7.3. Depth of (1,0,...,0) in the sl -crystal for any partition A. Throughout
this subsection, A = (A7',152,..., A7") denotes a partition with A; > A, > -+ >
A > 0 being the distinct nonzero parts of A and ; their multiplicities. We study the
position in the sly-crystal of A := (1, @, ..., @), an £-partition all of whose nonzero
parts are in the first component.

Lemma 7.9. ¢g(A) = 0 if and only if either (i) e > max{a;}, or (ii) taking A;
to be maximal so that a; > e, then (ﬂzlvi—eﬂ’j) € A for some j > 2, where

N; = Zi,l:l .

Proof. The depth g(A) = 0 if and only if there is no aft period in row 1 which can
travel upstream in the crystal. The first way for there to be none such is if a; < e
for all i, because then there is no uninterrupted string of e beads in the first row
with space to its left. The second way is if for any consecutive string Q of e beads
in row 1 with a space to its left, it can’t shift to the left without changing the other
periods. As in the proof of Theorem 7.3, if there are beads above all the beads of
such a quasiperiod Q, either Q will fail to be an aft period, or there will be a fore
period stacked above it, in which case by Lemma 4.23 Q cannot travel upstream. [

Theorem 7.10. L(A) is finite-dimensional if and only if (1) and (2) hold:

(1) condition (i) or (ii) of Lemma 7.9 holds, and

(2) if by < by < --- < by are the left-shiftable i-beads of A which each contribute a
— to the reduced Kashiwara i -word of the level 1 charged partition |, s1), then

there exist d distinct integers jy, ja2...., ja, 2 < ji < ¥, suchthatsj, =i mod e
ands;, > B(bij) +e—1foreachi =1,...,d.
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Proof. Condition (1) is the condition that A is a highest weight vertex in the sls-
crystal. It follows from the Kashiwara rule that A is a highest weight vertex of
the ;[;—crystal if and only if (2) holds: the only left-shiftable beads of A are the
left-shiftable beads of A, and if they are canceled by right-shiftable beads in A then
a fortiori this is true in A. If they are left-shiftable and not canceled by any right-
shiftable beads in A, then in order not to yield a good left-shiftable bead, they must
all be canceled by right-shiftable beads in higher rows of #4, which is the condition
stated in (2). ]

We may iterate using the lemma to obtain a complete description of 6(A4), the
position of A in the sly-crystal, and thus of g(A) = |#|. By Lemma 7.9 we may
assume a; > e for some i, otherwise we know g(4) = 0. Let A;,...,A;, C
{A1,..., Ar} be the distinct parts of A for which a; > e, ordered so that i, < i+,
and set §;, = A, — Aj,,, foru =1,...,s —1andset §;; = A;;. Fori =1,....r,
write a; = q;e +r; withg;,r; € Zso,1; <e. Set N = N, = Z;Zl a;, the number
of parts of A including multiplicities. Normalize s so that s; = N: this means the
rightmost bead of A representing a part of size 0 has column position 0.

Theorem 7.11. Consider the largest s;, j > 2.

© Ifs; = (XChmiy11ak) + Aiy + e then

O(A) = 0.
e Letl <u <s. If(ZZ:iuHak) +A, +e<s; < (Z,Z:iu ayx) + Ay, + e then
8 8 Sipyt
0(4) = ((Qil +qi, ++qi, )1 (G i o+ iy ) =2, .4 ) :
s Let 1 Su <5 If My + Xy, @ < Sj—e < iy + 31 1y s, then

0(A) = ((Qil +qi, +---+ qi,,_, +qiu)bv (Qil + i, + —i_thfl)giui1 ’
. 8i\t
(Qil + qi, +"'+Qiu—2)81u72""’qi11) ’

where

b=, + Y a—s;—#beadsbinrow|s; —e <p(b) <Xy, + Y ar}.

t=iy+1 t=iy+1

e Ifs; < ethen

. . 8iint
OA) = ((qiy +qir + -+ )% (i, + qip + -+ qi,_) 1. g, ")
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Proof. The quasiperiod Q consisting of the last e beads of a sequence of a,; beads
corresponding to a part A, occurring a,, > e times, can, first of all, move to the
left as many times as there is space to do so, which is until it encounters the next
part of A. If the next part occurs less than e times then the shift of Q forms a chain
of > e beads with those beads and the minimal quasiperiod, the last e beads of
that chain, can continue moving left. . . and this continues until such a quasiperiod
encounters the beads corresponding to the next part A;,, of A occurring a;,,,, > e
times. Thus Q can physically shift (recursively) to the left as many times as there are
spaces between the clump of beads corresponding to parts of A of size A,; and the
clump of beads corresponding to parts of size Ay, ,,, 0 8y; times. This will always
be traveling upstream in the crystal unless at some point the first bead of Q passes to
the left of a bead in one of the rows above; if this happens then that is where Q stops
traveling upstream. Translating these remarks into formulas gives the theorem. [

Example 7.12. Let A = (127,7,6,4'1), s = (20,s5,...,5¢), and e = 3. Let
§j = max{sz,...,s¢}. We illustrate the computation of 6(A1) and ¢(A), drawing
rows 1 and j only since no other row plays a role. There are two distinct parts A;
witha; > e, Ay and A4, andsoi; = 1,ir =4, q;, =2, ¢qi, = 3.

(1) s; = 28. The blue bead, the first bead of the ¢;, st aft period, cannot move to the
left of the red bead, which means it cannot move left at all. Then 8(A) = @ and

qg(A) =0.

(2) s; = 24. The blue bead, the first bead of the g;, st aft period, cannot move to
the left of the red bead, which is 4 units to its left. Since g;; = 2 we have
0= (2% = (4*>)and g(A) = 8.

(3) s; = 18. The blue bead cannot move to the left of the red bead, but it’s a moot
point because there’s no space foritto doso: O, canmove 8 = 12—4 = A;, —A;,

units left and then runs into the next fore period. So Q, can travel upstream in
the crystal 8 times and we have 6(1) = (28) = (82) and ¢(1) = 16.

(4) s; = 5. As in the previous example, Q> which is marked by the rightmost blue
bead can travel 8 times upstream. The leftmost blue bead marks the first bead of
the aft period Q‘1i1 tai, = Q5. It cannot move to the left of the red bead, so Q5
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can travel upstream twice in the crystal. Then (1) = (52,28)" = (102,23) and
q(d) = 26.

(5) s; = 3. As in the previous example O, can travel 8 times upstream. The blue
bead of Q5 cannot move to the left of the red bead, but this is a moot point as
there’s no space for it to do so, it runs into the infinite chain of beads starting
4 = §;, spaces to its left and there it stops. So Q5 can travel upstream 4 times in
the crystal. Then 8(1) = (5%,28)" = (122,4%) and ¢(A) = 36.

7.4. A criterion for finite-dimensionality of Cherednik algebra modules in
type B. Let £ = 2 and take a charged bipartition |A,s): A = (A!,A?),
s = (s1,52) € Z2. Fix e > 2. Let 4 be the abacus of A = (A, A?) and let
N € Z be the B-number (i.e. column position) of the first bead of the first fore period
of A.

Theorem 7.13. The level 2 abacus A is a highest weight vertex for the sloo-crystal
if and only if A avoids the following e + 1 patterns from column N and to the left:

. e - e 0 - ® 6 o -
M. 2. ¢ O. g0 W. g0

More formally, the k + 1st pattern (k + 1) fora given B < N, 0 <k <e, is
that (8,2),(B —k,1) ¢ Aand (B',j) € Aforall B —k <f <8, = 1,2
B, 7) # (B,2),(B— k,1). The statement is that A is a highest weight vertex for
the sloo-crystal if and only if patterns (1) through (e + 1) do not occur in A for

every f < N.

Proof. First we show that if patterns (1) through (e 4 1) do not occur then # is the
source of its s[s-crystal component. There are e + 1 distinct quasiperiods up to shift
when £ = 2: for 0 < k < e, the kth type of quasiperiod is

{(y,2),(y—1,2),...,(y—e+k+1,2), (y—e+k,1),....(y—e+2,1),(y—e+1, 1)}

for some y € Z. If patterns (1) through (k + 1) do not occur then the kth type of
quasiperiod has no space to move to the left, forall k = 1,...,e — 1. Now consider
the two extremal cases of a quasiperiods of types 0 and e concentrated in rows 2
and 1, respectively. For the former: if case (1) does not occur and the quasiperiod P
has space to the left to move, then the position one step below and left of the last bead
of P is occupied by a bead b. The left shift of P would then not form a fore period
as such a period would use b instead of the last bead of the shift of P. For the latter:
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if 4 avoids patterns (1) through (e) and a quasiperiod P of type e, concentrated in
row 1, has space to move to its left, then either pattern (e 4 1) occurs or the space
directly left of P is free, the space above it is occupied by a bead, and all spaces
above the beads of P are occupied by beads. A slightly longer but straightforward
argument shows that in the latter case, P cannot travel upstream in the crystal.

For the reverse implication: assume that #4 is a highest weight vertex for the
sleo-crystal. In pattern (e + 1), the e beads in row 2 always form a fore period, and
the e beads in row 1 an aft period which can move upstream in the crystal by shifting
left. Thus pattern (e + 1) does not occur. Suppose one of the patterns (1) through (e)
appears in #, say pattern (k + 1) for some 0 < k < e — 1, with the column position of
the upper right space equal to 8. As k < e, there is no quasiperiod that is a subset of
the pattern, and there is no quasiperiod starting to the right of the pattern and ending
to the left of the pattern. But we have assumed 8 < N where N is the position of the
first bead of the first fore period of +. This implies there must be some quasiperiod
O C 4 whose last bead b'© satisfies B(b©)) > B — k + 1. Consider the smallest
such Q, and say Q is of type k. Set B/ = B(b®)). We have

Q={B +e—12),(' +e—-2.2), (B +e—3.2),...
...,(ﬂ/+k/,2),(ﬂ/+k/—1,1),...,(IB/+1,1),(,8/, 1)}
If(B'—1,1)€ Athen 8’ > 8 —k + 1 and

{B+e—2,2), (B +e—3,2),...
(BB A =1L, (B LD (B D (B 1. C A

is a smaller quasiperiod than Q whose last bead b satisfies S(b) > B — k + 1,
contradicting minimality of Q. So (8’ —1,1) ¢ 4. If (8’ + k' — 1,2) € A, then

(B +e—1,2),f +e—2,2), (B +e—3,2),...
(B HEL2D, (B K —-1,2), . (B +1,1), (B 1)) C A

is a smaller quasiperiod than Q, again contradicting minimality of Q. So (8’ +k’—1,
2) ¢ A. Since (8’ —1,1), (8" + k' —1,2) ¢ A, Q is a left-shiftable quasiperiod.
In the pattern (k) it is impossible for the beads (y,2) to belong to the same
quasiperiod as the beads (y’, 1) forall f—k <y <B—1landall f—k+1 <y’ < B.
This implies that Q is the minimal quasiperiod in its vessel, hence is an aft period.
Moreover, we claim that the left shift of Q is a fore period: this is clear if Q is not
concentrated in a single row. If Q is concentrated in row 1 then (8’ +e —1,2) ¢ A
because otherwise Q is not minimal. Then the left shift of Q is a fore period. If Q is
concentrated inrow 2, soif kK’ = 0, then (8’ —1,2) = (B’ +k'—1,2), (B'—1,1) ¢ #A
and this implies that the left shift of Q is a fore period. So in every possible case, the
left shift of Q is a fore period. This contradicts the assumption that -4 is a highest
weight vertex in the sloo-crystal. O
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Corollary 7.14. Suppose |A,s) is a charged bipartition, |A| = n. Then L() is
a finite-dimensional representation of the rational Cherednik algebra H.(B,) =
H.(G(2, 1, n)) at the corresponding parameters ¢ = (1/e, (s —s1)/e —1/2) if and
only if

(1) A(A,s) satisfies the pattern avoidance condition of Theorem 7.13,

(2) and additionally,

@) ifb=(B,1) e Aand (B —1,1) & A, then b is the last bead of a period.

(b) if b =(B,2) € Aand (B —1,2) & A, then either (B,1) ¢ Aor (B,1) € A
is the last bead of a period.

Proof. L(A) is finite-dimensional if and only if A := A(A,s) is a source vertex in
both the sly- and the fﬁ;—crystals. By Theorem 7.13, +4 is a source vertex for the
sleo-crystal if and only if # avoids the e + 1 patterns described in the theorem. In
order for # to also be a source vertex for the ;[; -crystal, 4 must in addition be totally
e-periodic. This is the case if and only if any bead directly to the right of a space
belongs to an e-period. If b := (B,1) € A and (8 —1, 1) ¢ A then b is in a period if
and only if it is the last bead of a period. If b := (8, 2) and (8 — 1, 2) ¢ A, then since
we are already assuming # is a highest weight vertex for the sls-crystal, it follows
from Theorem 7.13 that (8 — 1, 1), (B —2,1),..., (B—e,1),(B—e—1,1) € .
Thus b will belong to a period if and only if condition (2)(b) is satisfied. ]

Remark 7.15. Note that this theorem concerns any bipartition A, and thus detects
finite-dimensionality of L(A) forany A € Irr By, notjust L(Triv). This is a new result
which can be applied not only to Cherednik algebras of type B but to type D as well,
since finite-dimensional representations of Hj/.(D,) are obtained via restriction
from finite-dimensional representations of H(j/e,0)(Bn). For example, the main
theorem of [37], which was proved by computing wall-crossings, follows immediately
from Corollary 7.14. Indeed: lete € 2N and s = (0, ¢/2), so thatc = (1/e, 0) is the
corresponding type B Cherednik algebra parameter. Let A = (A{',152,...) # @ be
an arbitrary partition with A; the distinct nonzero parts of A and ¢; their multiplicities.
The abacus # of the charged bipartition |(4, A), (0, ¢/2)) has the same arrangement
of beads in row 2 as in row 1, except that the beads in row 2 are shifted e/2 units
to the right relative to those in row 1. This means that 4 has a pair of spaces
in positions (A; — a1, 1) and (A; — a; + ¢/2,2), violating the pattern avoidance
condition of Theorem 7.13. Therefore (A, A) is infinite-dimensional, implying [37,
Theorem 2.1].

Remark 7.16. Combining Corollary 7.14 and [14, Theorem 7.7], we get an easy
combinatorial characterization of charged bipartitions whose level-rank dual is an
FLOTW e-partition (see e.g. [12, Definition 5.7.8] for the definition).
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