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Maximal green sequences for string algebras
Alexander Garver and Khrystyna Serhiyenko

Abstract. Maximal green sequences are important objects in representation theory, cluster
algebras, and string theory. The two fundamental questions about maximal green sequences
are whether a given algebra admits such sequences and, if so, does it admit only finitely many.
We study maximal green sequences in the case of string algebras and give sufficient conditions
on the algebra that ensure an affirmative answer to these questions.

1. Introduction

A maximal green sequence of a 2-acyclic quiver (i.e., a quiver without loops or 2-cyc-
les is a distinguished sequence of mutations, in the sense of Fomin and Zelevin-
sky [10], of the quiver. Maximal green sequences were introduced in [13] to provide
explicit formulas for the refined Donaldson—-Thomas invariants of Kontsevich and
Soibelman [15]. They are also important in string theory [2], representation the-
ory [3, 6], and cluster algebras [11].

In particular, in [6], it is shown that maximal green sequences of a 2-acyclic
quiver Q are in bijection with finite maximal chains in the lattice of torsion classes
in the module category of the Jacobian algebra associated with Q, in the sense of [9],
when the Jacobian algebra of Q is finite dimensional. This characterization allows
one to define maximal green sequences more generally from the initial data of a finite
dimensional algebra A = KQ/I.

There are two fundamental questions about the maximal green sequences of A:

(1) Does the algebra A admit a maximal green sequence?
(2) If so, does it admit only finitely many?

The first question has been answered in the affirmative when A = KQ for Q an
acyclic quiver [3, Lemma 2.20] and when A = KQ/I is a Jacobian algebra and Q
is almost any quiver of finite mutation type [16, Theorem 1.3]. The second ques-
tion has been answered in the affirmative in the case when A = KQ for an acyclic
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quiver Q that comes from an orientation of Dynkin or an extended Dynkin diagram
or that contains at most three vertices [3, Theorems 4.4, 5.2, and 5.4 and Lemma 5.1].
Furthermore, if A = KQ/I is a Jacobian algebra where Q is obtained by a finite
sequence of mutations of a quiver that is an acyclic orientation of a Dynkin dia-
gram or an extended Dynkin diagram, then A has only finitely many maximal green
sequences [4, Theorem 2]. We remark that the result cited in the previous sentence
holds in the greater generality where Q is assumed to be a valued quiver, but we do
not work in such generality in this paper.

The goal of this paper is to find sufficient conditions on the algebras so that
they admit a maximal green sequence or admit only finitely many maximal green
sequences. Here we study the case of string algebras. In Corollary 4.4, we show that
any domestic string algebra admits at most finitely many maximal green sequences.
In Corollary 4.9, we show that any string algebra with the property that each vertex of
its quiver has degree at most three admits a maximal green sequence. We also show in
Theorem 4.10 any domestic gentle algebra admits a maximal green sequence. Thus,
we present new examples of algebras for which the two questions have a positive
answer.

A wide range of techniques have been used to study maximal green sequences,
including the combinatorics of surface triangulations, semi-invariant pictures, stabil-
ity conditions, and torsion classes. The reason that we restrict to string algebras is
because the indecomposable modules over a string algebra and morphisms between
the indecomposable modules are completely classified; any indecomposable module
is either a string or a band module. Such modules are determined by certain walks in
the quiver of the algebra known as strings and bands. This classification allows one to
make use of yet another classification of the maximal green sequences of an algebra
called complete forward hom-orthogonal sequences, in the language of Igusa [12].

A complete forward hom-orthogonal sequence for A is a sequence of bricks
My, ..., My of A, where Homp (M;, M;) = 0 for all i < j that cannot be refined
in such a way that preserves this condition. Igusa proved that such sequences are
in bijection with maximal green sequences of A = K(Q/I when A is the Jacobian
algebra of a quiver that is mutation-equivalent to an acyclic orientation of a Dynkin
diagram [12, Corollary 2.14]. Demonet and Keller then proved that this bijection
stills holds when A is a finite dimensional algebra [14, Theorem A.3]. Complete for-
ward hom-orthogonal sequences were also used in [17] to understand some of the
maximal-length maximal green sequences for Jacobian algebras of quivers that are
mutation-equivalent to acyclic orientations of Dynkin diagrams.

The paper is organized as follows. In Section 2, we review the definitions of
maximal green sequences, string and band modules, and string algebras. Since the
bricks of an algebra are essential to understand the complete forward hom-orthogonal
sequences of the algebra, we focus on the properties of the bricks of string algebras



Maximal green sequences for string algebras 47

in Section 3. In Section 4, we apply our results on the bricks of a string algebra from
Section 3 to obtain our main results.

2. Preliminaries

2.1. Maximal green sequences

We present the representation-theoretic formulation of maximal green sequences,
based on the work of [5, 8, 12, 14]. Let A = KQ/I be a finite dimensional alge-
bra over an algebraically closed field K, and let A-mod denote the category of all
finitely generated modules over A.

A full subcategory 7 € A-mod is called a torsion class if it is closed under exten-
sion and quotients. By partially ordering the torsion classes of A-mod by containment,
the collection of all torsion classes forms a complete lattice. We let torsA denote the
lattice of torsion classes of A-mod. Briistle, Smith, and Treffinger define a maximal
green sequence for A as a finite maximal chain in the lattice of torsion classes of
A-mod [5].

We say a module M € A-mod is a brick if Endp (M) is a division algebra. As
introduced in [8, Theorem 3.3], for each covering relation 71 < 7, intorsA (i.e., 71 &
T, in torsA and there does not exist another torsion class 7 € torsA satisfying 73 &
T € T,) there is a unique brick M € A-mod up to isomorphism that satisfies M € T;
and Homp (T2, M) = O for all T, € 7,. Consequently, any finite length maximal chain

NERC- ST

in torsA gives rise to a sequence of isomorphism classes of bricks M1, M, ..., My_q,
where M; is the unique brick associated with the covering relation 7; < 7; 1 1. Demonet
and Keller showed that this map from finite length maximal chains to sequences of
bricks is a bijection in the sense of the following theorem.

Theorem 2.1 ([14, Theorem A.3]). A sequence of bricks My, M5, ..., My arises
from a maximal chain of torsion classes of A if and only if Homa (M;, M;) = 0 for
alli < j and this sequence cannot be refined in a way that preserves this condition. In
particular, the maximal green sequences for A are parametrized by finite sequences
of bricks My, M,, ..., My satisfying the latter conditions.

The condition on sequences of bricks in the above theorem was first written down
by Igusa in [12, Definition 2.2]. He referred to such sequences of bricks as complete
forward hom-orthogonal (FHO) sequences, and he showed that when A is a cluster-
tilted algebra of finite representation type, its complete FHO sequences parametrize
the maximal green sequences of A [12, Corollary 2.14].



A. Garver and K. Serhiyenko 48

For convenience, we recall two additional terms from Igusa’s work. We say a
sequence of bricks My, M», ... is a weakly FHO sequence if Homa (M;, M;) = 0 for
any i < j.Inlight of Theorem 2.1, we will use the terms maximal green sequence and
a complete forward hom-orthogonal sequence interchangeably. It will be clear from
the context whether in a given instant we are referring to a sequence of bricks or a
sequence of torsion classes.

2.2. String and band modules

Let O = (Qy, Q1) be a finite quiver where Q¢ denotes the set of vertices and O
denotes the set of arrows in Q. Given an arrow y € (1, its starting and ending vertices
are denoted by s(y), ¢ (y), respectively, where s(y) % t(y).Let A = KQ/I be afinite
dimensional algebra over an algebraically closed field K. In addition, we assume that
the ideal / is monomial. We formally define Q7! to be the set of inverse arrows of Q.
Elements of Ql_1 are denoted by y~!, for y € 01, and

sy :=t(y) and t(y™") :=s(y).

A string in A of length d > 1 is a word w = yfl -~-y2" in the alphabet O LI Ql_1
with g; € {£1}, foralli € {1,2,---,d}, which satisfies the following conditions:

(1 s(yff;') =1(y;") and yf:gl #y; L foralli €{l,...,d — 1}

(2) wandalsow™" :=y;* ...y do not contain a subpath in /.

We refer to the symbols yil and Y; ! appearing in some string w as arrows and
inverse arrows of w. In the case that yf " has &; = 1, we will simply write y;. We also
associate a string of length zero to every vertex i € Q. We denote this string by e;.
We let Str(A) denote the set of strings in A up to the equivalence relation where a
string w is identified with w™!; we write this equivalence as w ~ w™!.

We say that v is a substring of w if v = yfi ---y;j forsome 1 <i < j <dor
if v = e; for some vertex i € Q¢ on which w is supported.

We say w starts at s(w) = s(y;') and ends at t(w) = t(y;*). We say that a
string w of positive length is a cyclic string if s(w) = t(w). If w is a cyclic string,
it is called a band if w™ is a string for each m € Z>; and w is primitive (i.e., it
is not a power of a string of strictly smaller length). It is important to note that, by
convention, when we write w” for some string w and m > 2, we require that w be a
string of length at least 1.

Example 2.2. Consider the algebra A = KQ/(a?, y?), where Q is the following

quiver:
o C 1 b 2 O V.
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Some examples of strings in this algebra are ey, e5, &, B, v, By~ 171, and By~ 1 L.
Among these only ¢y~ 1B~ is a band.

Letw = ;' --- yjd be an element of Str(A). We can express the walk on Q
determined by w as the sequence

71 72 Yd
X1 X2 Xd+1 »

where x1,...,xg41 are the vertices of Q visited by w, a priori each one may be visited
multiple times. The orientation of arrows is suppressed in this notation. The string
module defined by w is the quiver representation M (w) := ((V;)ieg,, (¥a)aco,) With
vector spaces given by

@ Kxj ifi =x; forsome j e {l,....d + 1},
Vii= < jixj=i
0 otherwise

for each i € Q¢ and with linear transformations given by

Xp—1 fo=yr_jander = —1,
Pa(xXk) = { Xg+1 ifa=yrande =1,
0 otherwise

for each o € Q. We see that
dimg (Vi) = [{j € {1.....d + 1} | x; = i}|

forany i € Qy, and for any string w, one has M (w) ~ M(w™!) as A-modules.
Ifw= yfl e ysd is a band in Str(A), it gives rise to a band module, as well as to
a string module. This band module, denoted

Mw. A, k) = ((Vi)icgo- (Pa)aco;)

with A € K* and k € N. g, is defined as follows:
e foreachi € Qgp, we have I; = Kk,

¢ the linear maps are given by

I ifa = yjforsomei € {1,...,d — 1},
Qo = Jr(A%) ifa = yy,
0 otherwise,

where [ is the k x k identity matrix and Ji(A%¢) is the k x k lower-triangular
Jordan matrix with eigenvalue A%<,
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From the definition, one verifies that
Mw, A k)~ Mw ', A7 k) and Mw, A k)~ MW, A, k),

where w’ is any band obtained by applying a cyclic permutation 0 € &, to w in the

sense that
/. &a(1) £5(d)
W =Ysa) " Yo@)

In this case we write w ~ w’. The following definition identifies particularly important
types of bands for our study of maximal green sequences.

Definition 2.3. We say a band w is minimal if for all bands w’ ~ w there does not
exist another band v such that v¥ is a substring of w’ for some k > 2.

Example 2.4. Consider the algebra A = KQ /{8182, V2y1), where Q is the following

quiver
1 B 5 B2 3
DN S NS
4 5
The expression y2 205 'y 87! is a string in A; its string module is as follows:
0
1 1 0
R R
\ 0 \ /
0 1 o
B

0

Also, the strings wy := B a1yl wa = Bras 'y2, wawy, and w3 w, are all bands
of A, but the latter is not minimal. The band module M (w,, A, 2) is as follows:

oY)

K2

Nt e s

0 1
KZ

We will frequently represent a string w = yls t... y;" or string module M (w) as
a diagram describing the action of A on M(w). We draw a southeast arrow for each
symbol y; in w, a southwest arrow for each symbol y; ! in w, and we arrange these

arrows into a directed graph whose underlying graph is a path. For example, the string
y2B205 1 y2 87! from Example 2.4 would be represented as follows:
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5
Yj
2 5 1
Ol_l ﬂ_]
37 7 2"
We refer to this picture as the diagram of w or of M(w).

2.3. String algebras

It is straightforward to verify that string modules and band modules are indecompos-
able. As shown in [19], string algebras A are examples of algebras with the property
that every indecomposable A-module is isomorphic to a string module or a band
module. We are able to obtain our results on the maximal green sequences for such
algebras by making use of the combinatorics of these string and band modules. We
recall the definition of a string algebra now.

Let I be a monomial ideal, then we say that a finite dimensional algebra A =
KQ/1 is a string algebra if it satisfies the following properties:

(S1) for any vertex i € Qy, there are at most two incoming and at most two
outgoing arrows, and

(S2) for any arrow o € Q1, there is at most one arrow 8 and one arrow y such
thataf &€ [ and ya & 1.

We will be particularly interested in domestic string algebras (i.e., string algebras
with only finitely many bands); see for instance, [18, Section 11]. We will also work
with a subclass of string algebras known as gentle algebras. A finite dimensional
algebra A is a gentle algebra if, in addition to satisfying (S1) and (S2), it also satisfies
the following two properties:

(G1) foreach arrow o € Q1, there is at most one arrow 8 and at most one arrow y
suchthat0 # aff € [ and 0 # ya € I,

(G2) the ideal I may be generated by a finite set of paths of length two.

o
Example 2.5. The algebra K( 1 2) is a gentle algebra of domestic type because
its only band is B~ !a. B

Example 2.6. The algebra A from Example 2.4 is a gentle algebra, and it is not of
domestic type. Indeed, the set of strings {w;(wow;)* | k > 1} is an infinite set of
bands of A.
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To understand complete forward hom-orthogonal sequences of A, we will need to
understand morphisms between string modules. The following is well known; it gives
a useful method for constructing morphisms between string modules.

Proposition 2.7. Let w and w’ be two strings of a string algebra A. Then the dimen-
sion of Hompa (M (w), M(w")) is the number of strings u with multiplicities where u
is a substring of both w and w' such that M(u) is a quotient of M(w) and M (u) is a
submodule of M(w'").

Letw = y;'---y5?. Recall that M (u) is a quotient of M(w) if u = y;" --- y;j is
a substring of w such thatif i # 1 (resp., j # d), then&;_; = —1 (resp., gj+1 = 1).
Similarly, M (u) is a submodule of M(w) if u = y;" ---y;j is a substring of w such

thatif i # 1 (resp., j # d), theng;_1 = 1 (resp., &;4+1 = —1).

3. Properties of bricks

In this section we prove a number of lemmas needed to show the main results appear-
ing in the next section. We identify certain conditions on the modules that make them
bricks. In particular, we focus on string modules M (y) where y contains a substring w
for some band w.

The first lemma says that band modules cannot lie on a complete forward hom-
orthogonal sequence. Therefore, we can omit band modules when studying maximal
green sequences. Before proving the lemma we briefly review the connection between
7-tilting modules, torsion classes, and bricks. Recall that a A-module N is t-rigid
if Homp (N, TN) = 0, where t denotes the Auslander—Reiten translation in A-mod.
By [1, Theorem 0.5] there is a bijection between support t-tilting modules N and
functorially finite torsion classes 7 (N) of A. For a precise definition of support
7-tilting modules see [1, Definition 0.1], but for us it will only be important to note
that such modules are t-rigid. Moreover, if two functorially finite torsion classes form
a covering relation 7 (Ny) < T (N;) in torsA then N, differs from N; by an indecom-
posable summand X € add N, \ add N; [1, Theorem 2.30].

Recall that Theorem 2.1 gives a bijection between finite maximal chains in torsA
and certain sequences of bricks, and under this correspondence the module M asso-
ciated to the covering relation 7 (N1) < T (N>) is the unique smallest quotient of X
(with respect to dimension) that is a brick [8, Proposition 4.9]. In particular, M is the
unique smallest brick module in 7 (N3) \ T (N1). Also, note that a maximal green
sequence in torsA always comes from a chain of functorially finite torsion classes,
see the proof of Theorem 5.3 in [14] and references therein.
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Lemma 3.1. If A is a string algebra, then no band module can lie on a maximal
green sequence for A.

Proof. Let M(w, A, k) be a band module in A-mod. If £ > 2 then M(w, A, k) is not
a brick, as there exists f € End M(w, A, k) with image M (w, A, 1). Therefore, it
suffices to consider the case k = 1. We also note that band modules are not t-rigid
as it is well known that tM(w, A, k) = M(w, A, k) (see [7]). This implies that band
modules cannot appear as summands of a support t-tilting module.

Now suppose M(w, A, 1) lies on a maximal green sequence for some A € K*.
Then there exist two functorially finite torsion classes 7 (N1) < 7 (N2) such that X is
a nonzero indecomposable module in add N, \ add N; and M(w, A, 1) is the unique
smallest quotient of X. Let f3: X — M(w, A, 1) denote this surjection, and note that
because X is a summand of a support 7-tilting module N> it is t-rigid. Therefore, X
is a string module. In particular, f} is a morphism of quiver representations where
the linear maps in the quiver representation X consist of multiplication by 0’s and 1°s
while the linear maps in M(w, A, 1) consist of multiplication by 0’s, 1’s, and A’s.
Therefore, f) is a collection of linear maps with entries given by the parameter A.
Let fy: X — M(w, A/, 1) be the map obtained from f; by replacing the parameter A
with A’. Tt follows that f), is also a surjective morphism of quiver representations.
However, this contradicts uniqueness and minimality of the brick M (w, A, 1). ]

By the previous lemma it suffices to consider string modules when discussing
maximal green sequences for string algebras.

Let w be a band of length 7. Observe that every substring of w” may be expressed
uniquely as u’l‘vl and vzulz‘ for some bands u1, u, equivalent to w, k > 0, and sub-
strings vy, vz of uj, u,, respectively, of length less than n. Given a band w, we say
that a string y (or equivalently, the string module M (y)) is supported on w* if u* is
a substring of y for some u ~ w and k > 1.

Lety = yi' -+ y5? be a string and € = ;7 - yjaj be a substring of y for some
1 <i < j <d.Then e is called a maximal w-substring of y if € is a substring of w
&j+1

supported on w and neither yisill €norey;i| are substrings of w fori > 1, <d

and N large enough.

Example 3.2. In algebra A from Example 2.4, the string y»f8205 1y2ﬂ1_1 is sup-
ported on the band w, = Bra; ! y2, but not w3. Moreover, y2f205 'y, is a maximal
ws-substring of y2 205 Ly2 1t

With this notation we have the following lemma.

Lemma 3.3. Let A be a string algebra with M € A-mod. Suppose M = M(y) is
a brick supported on w, where w is a band. Let € be a maximal w-substring of y,
then M (€) is a submodule or a quotient of M.
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Proof. By definition of € being a maximal w-substring of y, we may write € = u¥v,
where u ~ w, k > 1, and v is a proper substring of u. Suppose u = o' ... 5"
and v = af‘ ...oe;” for some p € [0,n — 1], where p = 0 implies v = e; for some

vertex j is a string of length zero. Moreover, y = y; ﬂ‘fl 6,3;2 y, for some strings y1, y2
and arrows f1, B>. Note that if € appears at the beginning or the end of y then some
of y187!, B52y> may be of length zero.

If at least one of them has length zero, then the conclusion holds. Thus, suppose
that both y1 85", B52y> are nontrivial. If 7' = B is an arrow then it suffices to show
that 852 = B5 ! is an inverse arrow, as this implies that M (¢) is a submodule of M.
The case when B7' = B! is an inverse arrow follows in a similar way, so we omit
the detailed discussion.

Suppose on the contrary that both ﬂf‘ , ,3;2 are arrows. In particular, we have that
the diagram of y is of the following form:

s(y1) -~ t(y1)

\ﬂ:
u u ﬁZ

s(y2) -+ t(y2),

where 1(81) = a and s(B2) = b and the sequence a - - - b represents the string v. Since
€ is a maximal substring of y that is also a substring of w®, we conclude that

&
ol # B2 and o # B
Moreover, ozf,'” B> and ﬂlafl are substrings of y, which implies
a # 65" and of' # By

If oe;’_ﬁl = 0/p41 iS an arrow, then a4 and B, are both arrows that start at b.
Because A is a string algebra there are no other arrows starting in b. Therefore,
a,” = ap is an arrow ending in b. Then pap+1 and B, are both substrings of y,
which is impossible because A is a string algebra. Hence,

Ep+1 __ —1 -1
a, ) =,y and  Brvog

is a substring of y. This shows that M (v) is a submodule of M.
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Similarly, if ;" = aj, is an arrow, then o, and B; are both arrows ending at a.
Because A is a string algebra there are no other arrows ending at a. Therefore,
€1

o;' = oy is an arrow starting at a. Then Bia; and «,q are both substrings of y,

1 is an inverse

which is impossible because A is a string algebra. Therefore, o, = o,
arrow and o, 1vB, is a substring of y. This shows that M (v) is also quotient of M,
which yields a nonzero element of End M with image M (v). This contradicting the

assumption that M is a brick and proves the lemma. ]

Given a string y = af‘ .. .012" for d > 1, we say that y is directed if ¢; = ¢; for
all 1 <i,j < d. Otherwise, we say that y is undirected. A string module M(y) is
uniserial if y is directed.

Lemma 3.4. If u is an undirected string such that u? is a string, then u = w* for
some band w and k > 1.

2

Proof. The string u starts and ends at the same vertex, because u~ is a string. There-

fore, to show that u is a power of a (primitive) band w it suffices to check that u™ is
a string for all m > 1.

Letu = af' .. .afi" for d > 1. Since u is undirected, d > 2 and there exists j for
1 <j<d-—1suchthatejejy; = —1.Thenu' = ozjsxfll ...azda‘fl ...ajj
because it is a substring of u2. Moreover, since ¢j and g1 are not equal, it follows

that the composition (1’)™ is a string for all m > 1. This implies that u™ is also a

is a string

string for all m > 0, as it is a substring of (u/)™*1. ]

Let w be a band. The next lemma says that a module M (¢) coming from a maximal
w-subword of a brick module is again a brick. It is interesting to note that the proof is
much more technical for the case when the subword contains only one copy of w and
requires additional assumptions.

Lemma 3.5. Let A be a string algebra with M € A-mod. Suppose M = M(y) is a
brick supported on w* for a band w and k > 1. Let € be a maximal w-substring of y.
If one of the following conditions is satisfied:
B1) k> 2;
(B2) w is minimal, M(€) is a submodule (resp., quotient) of M and a quotient
(resp., submodule) of some brick string module M(y’),
then M (€) is a brick.

Remark 3.6. In the statement of (B2) it is important that M (y’) is a brick, and even
if the algebra is gentle, omitting this condition may result in M (€) not being a brick.
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For example, consider the gentle algebra KQ /I where Q is the following quiver

and where I = (a1a2, a34, ¢s50). If we have the string

y=6—>1->2->3«4>55«-6>1->2->3<«4<«T7«1->2<«38§,

then M(y) is a brick. Here

wW=1—->2—->3<«4->5«6—>1->2->3«4«7<«1,

e=122->3«4->5«6—>1—22->3«4«T7«1—2.

Note that M (¢) is not a brick, because 1 — 2 — 3 < 4 is appears both as a submodule
and a quotient.

Proof. By Lemma 3.3 the module M (¢) is either a submodule or a quotient of M.
Here we consider the case when M (¢) is a submodule of M, and the remaining case
follows similarly. Suppose there exists f € End M (¢) that is nonzero and not an iso-
morphism. Moreover, we may assume that im f is indecomposable. Thus, im f is
both a submodule and a quotient of M (€), and it is also a submodule of M. Since M
is a brick, im f cannot be a quotient of M. This implies that im f considered as a
quotient of M (€) is supported at a substring of € appearing in the beginning or the
end of €. We suppose the former case holds. In this situation, we write € = u¥v,
where u ~ w, k > 1, and v is a proper substring of u. Then im f = M (u’v’) for
some ¢ € [0, k], where v’ a proper substring of u if 0 <t < k — 1 and v’ is proper
substring of v if t = k.

Then y = y1B1€p5 'y, for some strings y1, y2 and arrows f1, B2, where y; B has
nonzero length. Let u = of' ... ", v = o' ...a,”, and v = o' ... ;" for some
p,r €10,n — 1], where p = 0 or r = 0 implies v or v’ has length zero. Note, 81 # oy
because ¢ is a maximal w-substring of M, and &,4; = 1 because im f is a quotient
of M(e).

Now we claim that &, = —1. To show the claim, we suppose on the contrary
that &, = 1. If we also have that &y = 1, then B;o; is a substring of y and a0
is a substring of w?. Because B; # oy, this contradicts the assumption that A is a
string algebra. On the other hand, if ¢, = 1 and &; = —1 then 81, @1, @, are three
distinct arrows ending at the same vertex. This also contradicts the assumption that A
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is a string algebra. Therefore, we conclude that ¢, = —1 as claimed. In particular, y
contains a substring B1af' ..., o, so M(ap' ... a;"") is a submodule of M.

If ¢t > 1, then im f has the structure of a quotient of M (¢) embedded in M as
shown in Figure 1. Here u starts and ends at vertex a while v’ starts at @ and ends in
some vertex x. Moreover, &, +1,®;, are arrows starting at x and a, respectively, and 1
is the arrow ending at a.

s(B1) a---x

——

NN

a---s(a;") {(@r1) -+ 1(€)

Figure 1. The diagram of M(B1¢). The sequence of vertices starting at the leftmost a and
ending at x represents the string of im f". The orientation of ¢, 41 shows that im f" is a quotient
of M(e).

On the other hand, since im f must also be a submodule of M(¢), then u’v’
or (u'v')~! is a substring of €. Here, we assume the former case, because the other
one follows similarly. However, later in the proof of part (B2) we will need consider
both of these cases separately. Thus, u’v’ is a substring of € as shown in Figure 2.
Since im f = M(u'v’) is a proper submodule of M(€) and u’v’ is a substring of €
appearing in the beginning of €, we have that §; = 1 and 8, ! appears in €. However,
this implies that 5 ! = o, 41, which is not possible. This yields a contradiction in the
case where r > 1.

s(81) o 1(851) -t (e)

e

a-.-x

Figure 2. The diagram of M (§;¢€). The sequence of vertices starting at ¢ and ending at x repre-
sents the string of im f". The orientation of 65 1 shows that im f is a submodule of M (e).

Now, we consider the case t = 0, so im f = M(v’). Recall that M (v') is a sub-
module of M. If k > 2 or r < p then y contains a substring &, 1v'a, 4 1. Thus, M(v’)
is also a quotient of M. This contradicts the assumption that M is a brick, and proves
the lemma if condition (B1) is satisfied.
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Now suppose condition (B2) is satisfied. By the above, it remains to consider the
caset =0,k = 1,and r > p. Then im f = M(v’) and M(€) appear inside M as
shown in Figure 3.

s(B) Y
a---b---x a---b
—— ——
— \ a1 o

Figure 3. Here, we show the diagram of 8¢5 ! The string € starts at the leftmost vertex a and
ends at the rightmost vertex b.

We claim that €, = 1. Otherwise, if ¢,41 = —1, then B, = a1 because A is
a string algebra. Then since € is a maximal w-substring of y this gives a contradiction
unless B5 'y, has length zero. Thus, y also contains a substring «;; v at the very end.
This shows that M (v) is both a quotient and a submodule of M, contrary to M being
a brick. This shows the claim.

By condition (B2) there exists a brick string module M (y’) such that M(¢) is a
quotient of M(y’). Then M(v’) is also a quotient of M(y’), see Figure 3. If im f =
M (v") as a submodule of M (¢) does not embed at the very end of M (¢), then M(v’)
is also a submodule of M(y’). Therefore, we obtain that M (v’) is both a submodule
and a quotient of M (y’), contrary to M (y’) being a brick. This shows that the string €
ends in v’ or (v')~L.

First, suppose € ends in (v’)~!. Since the string v appears at the beginning of v’,
we conclude that ¢ ends in v~!. However, we also have that ¢ = uv ends in the
string v. This shows that v = v™!, which is only possible if v = e, for a vertex a. Then
we have € = u which starts in v’ and ends in (v/)~'. Therefore, u = v'z; = z,(v")™!
for some strings z1, z». Since u is a band, we obtain u? = Zz(v’)_lv/zl is a string.
This implies that v/ = e,. We also have that M(e,) as a submodule of M (¢) embeds
at the end of € = u. But u ends with an inverse arrow a;, !, which implies that M (e,)
is a quotient of M (¢) and not a submodule. This is a contradiction, which shows that €
does not end in (v/)~!.

Now, suppose € ends in v'. We observe that v’ # v because € ends in «,, L,
so M(v) is a quotient of M (¢). However, we also have that € ends in v’ such that M (v”)
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is a submodule of M (¢), so we cannot have v’ = v. Therefore, £(v') > £(v). More-
over, £(v") < £(u) since t = 0. Since € starts and ends in a string v, we conclude
that v also starts and ends in a string v. We consider two cases based on the relative
lengths of v and v'.

If £(v') > 2€(v) then we can write v/ = vzv for some string z. Note that vz
is an undirected string because £, +1 = 1, &, = —1, which means that z starts with
an arrow «p41 and ends with an inverse arrow o, 1. Moreover, £(vz) > 1 because
£(v") > £(v) > 0. We can write u = v’z for some string zo with £(z¢) > 1. Then

€ = UV = VZVZgV.

Since ¢ ends in v’ we an also write € = vz v’ for some string z; with £(z¢) = £(z1).
Combining the two expressions for € we conclude that zvzg = z;vz and we can write

u? = €zvzy = vZVZVZVZY = vzl(vz)zvzo.

If £(z) < £(z0), then £((vz)?) < £(u). Thus, vz is an undirected string such
that (vz)? is a string. By Lemma 3.4, we have that vz is a proper power of a band,
so u (and hence w) is not a minimal band. This contradicts the assumption in (B2).
If £(z) > £(z9) = £(z1) > 1, then the equation zvzy = zyvz implies that z = z;z,
for some string z, with £(z;) > 1. Note also that £(vz;) > 1 and we can write

U = VZ1VZ = VZ1VZ12Z2 = (vzl)zzz.

If vz; is undirected, then we obtain a contradiction to w being minimal as before.
Suppose on the contrary that vz, is directed. Then (vz;)? is also directed, and because
ep+1 = 1 we conclude that (vzq)? is a composition of arrows instead of inverse
arrows. Since u is undirected, then we may write z, = z3z4 for some strings z3, z4
such that (vzy)?z3 is a maximal directed substring of u appearing in the beginning
of u. Then z4 starts with an inverse arrow pj!, and let the last arrow in z; be ps.
Then povz1z3py ! is a substring of € and also y’ such that M (vz;z3) is a submodule
of M(y’). Moreover, the string p2v2123p1_1 is not an initial substring of €.

We now claim that z3 is an initial substring of (vz;)"” for some m > 1. Note that
both vz; and z3 are directed strings and vz; has nonzero length. Then we can write
vzZ1 = w -+, and z3 = 11 --- ns, Where each w; and each 7; is an arrow, with the
caveat that z3 may be of length zero. Since (vz;)? and vz;z3 are strings, we know that
w,w1 and w, 1 are strings. Because A is a string algebra, we have that w,w; = @, 7.
We conclude that w; = 5. Similarly, we know that w;w, and 17, are strings and
that n172 = win2. We obtain that w;1, = wiw, and so wy = 1,. Continuing this
process, we see that z3 is an initial substring of (vz;)™ for some m > 1.

Since M (e) is a quotient of M (y’) we note that 83 '€ is a substring of y’, where B3
is either an arrow or a string of length zero, and the latter situation occurs only if €
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and y’ have the same initial vertex. Then we also see that 3 1vz123p3 is an initial
substring of y’ for some arrow p3, since (vz1)?z3 is a directed string that is a compo-
sition of arrows and since z3 is substring of (vz;)™ for some m > 1. We conclude that
M (vz,z3) is also quotient of M(y’), which is a contradiction. This shows the lemma
in the case £(v') > 24(v).

Lastly, it remains to consider the case £(v’) < 2£(v). Then v/ = vz; = z,v for
some strings z1, z such that 1 < £(zy) = €(z2) < £(v). In this case, we can write
v = z,z3 for some string z3 with £(z3) > 1. Then

v’ = 2V = ZpZpZ3 = (22)223.

If z, is undirected we again obtain a contradiction to u being minimal as before.
If z; is a directed string that is a composition of arrows, then we get a contradiction
to M(y’) being a brick as in the previous case. Otherwise, if z5 is a directed string that
is a composition of inverse arrows, then we get a similar contradiction to M = M(y)
being a brick. This completes the proof in the second case, and shows the lemma. m

The next few lemmas relate various properties of brick string modules supported
on w and the corresponding band modules M(w, A, N) for A € K*.

Lemma 3.7. Let M(€) be a string module over a string algebra A supported on w
where w is a band. Suppose M(¢€) is a quotient (resp., submodule) of M(w, A, N) for
some N and a submodule (resp., quotient) of M(y) for some string y. Then € is a
maximal w-substring of y.

Proof. We consider the case when M(¢) is a quotient of M(w, A, N) for some N.
Then By '€B, is a substring of wN+1 where B1, B> are arrows. On the other hand,
since M (¢) is a submodule of M(y) it follows that ea; ! is a substring of y, where
a1, o are arrows or constant paths of length zero. In particular, we see that 87! # o
and B, # a5 '. Therefore, € cannot be extended in M(y) to a larger substring that

would also be a substring of w1, This shows the claim. n

Lemma 3.8. Ler w be a band, and let € be a substring of w supported on w for some
N > 1. If M(¢) is a brick, then it is a submodule or a quotient of M(w,A, N + 1) for
any A € K*.

kv, where

Proof. Since e is a substring of w” supported on w then we can write € = u
k >1,u ~ w, and v is a proper substring of u. Let u = va®*v’$°8 where «, § are
arrows while v’ is a string. Suppose ¢, = 1, then « starts at 7(v) and ends in s(v’). In
particular, M (v) is a quotient of M (¢) since u appears in the beginning of €. Because v
also appears at the end of ¢, if M (¢) is not a quotient of M(w,A, N + 1), theneg =1
and the arrow B starts in ¢(v’) and ends in s(v). In this case, M(v) is a submodule

of M (€) as Bv appears at the very end of €. This contradicts the assumption that M (¢)
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is a brick. Thus, M (¢) is a quotient of M(w, A, N + 1) as desired. The case when
gq = —1 follows similarly. ]

Lemma 3.9. Let A be a string algebra with a minimal band w and a string € = u*v,

where k > 1, u ~ w, and v is a proper substring of u. If u = u%u’for some String Uug
with £(ug) > 1, then M(¢) is not a brick.

Proof. If uy is undirected then by Lemma 3.4 we conclude that u¢ is equals a power
of some band, contrary to w being minimal. Thus, suppose u is a directed string, and
let u%v’ be a maximal directed substring in u appearing at the start of u. Note that u
is not directed since it is a band and A is finite dimensional. This implies that u3v’ is
a proper initial substring of u.

Using an argument similar to what appears in the proof of Lemma 3.4 and the fact
that u%v’ is a directed string, one shows that v’ is an initial substring of u{}' for some
m > 1. Therefore, if ug = w; - -+ wy, We can write

2./ _ .2.m
UGV = UgUg W1 " Wp

for some r < s and some m > 0. We now see that ugv’ = uf,”“wl -+ 1S an ini-
tial substring of ugv’. This initial substring of u3v’ identifies M (uov’) as a quotient
of M(e) since u3v’ is a directed string.

We can also view ugv’ = u{,”“a)l -+ -, as a terminal substring u%v’. By the max-
imality of uZv’, this terminal substring of identifies M (uov’) as a quotient of M (e).

This shows that M (€) is not a brick. ]

Next is the last result of this section. It says that we can enlarge certain brick
modules supported on w by adding another copy of a band, and the resulting module
remains a brick. Similarly to the proof of Lemma 3.5, the arguments become more
technical in the case k = 1.

Lemma 3.10. Let A be a string algebra. Suppose w is a minimal band in A and
€ =ukv, where k > 1, u ~ w, and v is a proper substring of u. If one of the following

conditions is satisfied:
(C1) k =2 and M(¢) is a brick;
(C2) k =1, M(¢) is a brick and a quotient or a submodule of a brick M(z),

where z is a substring of W, for some N, supported on uk+1

then M (u€) is a brick.

Proof. Suppose M (¢) is a brick. Let u = u’a®* where u' is a string and « is an arrow.
Observe that M (¢) is either a quotient or a submodule of M (u¢) depending on the sign
of e4. We consider the former case when &, = —1, so M(¢) is a quotient of M (ue).
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The proof of the latter case follows similarly. If ¢, = —1, we have the following short
exact sequence

0— M) LN M(ue) = M(e) — 0.

Since € starts with ¥ = u’a~!, then M(u’) is also a submodule of M(¢). Let this
inclusion be denoted by i": M(u’) — M ().

We want to show that M (ue) is a brick, so assume that there exists some f €
End M (u€) nonzero and not an isomorphism. Moreover, we may suppose that im f’
is indecomposable. Let j:im f — M (ue) denote the corresponding inclusion.

If im f is also a quotient of M (¢€), then there exists a surjective map p: M(¢) —
im f. Consider the following composition

M) L im £ 5 Muwe) S M(e),

which yields an element of End M (¢). This map cannot be an isomorphism, hence it
must be zero. Because mjp = 0 and p is surjective, we conclude that 7j = 0. This
implies that j factors through ker 7 = M (u’). In particular, there exists a map

g:im f — M®u')

such that ig = j. Since j is injective then so is g. Thus, im f is a submodule
of M(u"), which in turn is a submodule of M (e). This contradicts the fact that M(¢)
is a brick, and so im f is not a quotient of M (¢).
Since im f is not a quotient of M (¢) but it is a quotient of M (ue€), we conclude
that
im f = M@ u* Tov’)

for some strings v/, u” of nonzero length, where v’ is a substring of u? and u” is a
substring of u. Note that u ends in u”" and u? starts with vv’. Suppose condition (C1) is
satisfied, so k > 2. Then we see that M (u”u*~2vv’) is a quotient of M (¢). Similarly,

"u*=2yv’) is also a submodule

because im f is a submodule of M (u¢), then M(u
of M(¢). This contradicts the assumption that M (¢) is a brick and proves the first part
of the lemma.

Now suppose condition (C2) is satisfied. By above it suffices to consider the case
k = 1, and we have im /' = M(u”vv’), where v’, u” have length greater than zero, u
ends in u” and u? starts with vv’. Suppose u starts and ends at vertex a, the string v
ends in vertex b, while v’ ends in y and u” starts in some vertex x. We give the
corresponding diagrams in Figures 4 and 5.

Since g, = —1 and M ((¢) is a brick, Lemma 3.8 implies that M (¢) is a quotient
of M(w, A, 2) for any A and thus, also a quotient of M(w, A, N) for any N > 2.
By condition (C2) we then conclude that M (e) must also be a quotient (and not a
submodule) of some brick module M(z) supported on u?. Since M(z) is supported



Maximal green sequences for string algebras 63

N AT

t(B)---s(e™t) t(B)---tl@™h)

Figure 4. The diagram of M (ue) = M(u?v).

@b
7N
. x--s(a™) 1(B)---y
-~ ~

a---s(y™h t(8)---b

Figure 5. The diagram of im f as a quotient of M (ue¢).

on u?2, let z’ be obtained from z by replacing some factor of u? appearing in z with u>.
The fact that z is supported on u? allows us to write

2 / 3
z=ugvy and z = ugyvg,

where uy ~ u.

Next, M(z) is a brick and so (C1) is satisfied. Applying the theorem in this case
to M(z), we conclude that M(z’) is also a brick. Note that M (u¢) is then a quotient
of M(z’). Thus im f is also a quotient of M(z’), but not a submodule. This implies
that as a submodule im f embeds in M (u¢€) starting at an endpoint of ue that is not
an endpoint of M(z"). We may suppose that im f* as a submodule embeds starting at
the left endpoint of ue. Otherwise, we may rewrite € as vouo where 1y ~ u, and then
work with ue = vou(z).

Recall that im f = M (u”vv’) where v’, u” have length greater than zero, and by
above im f as a submodule embeds starting at the left endpoint of ue. In particular,
ue starts with u”vv’ or its inverse (u”vv’)~1.

If u”vv’ has length strictly greater than n, where £(u) = n, then we can similarly
rewrite

w"vv' =uvy or (uvv)7! = uv,,



A. Garver and K. Serhiyenko 64

where £(vg) > 1. Then € starts with vg, and, moreover, M (vg) is a submodule of M (¢)
since im f is a submodule of M(ue€). Also, since im f = M(uvg) is a quotient
of M(ue) and g, = —1 we conclude that vy is also a quotient of M (¢). This yields a
contradiction.

Therefore, the length of u”vv’ is at most n, where u ends in u” and starts with vv’.
In this case, we can write ¥ = vv’z u” for some string z; with £(z;) > 0. Because
im f, as a submodule, embeds at the left endpoint of M (ue) and also M (¢), we obtain

u=u"vv'z, or u=@w"vv) 2z,

for some string z, with £(z2) > 0.
First suppose
u= o)z, = vv'ziu”.

This implies (vv’)~! = vv’, and so v = v’ = e, has length zero. This contradicts the
earlier statement that £(v’) > 1.

Now it remains to consider the case u = u”vv'z, = vv’z;u”. In what follows, we
will rewrite u so that we obtain a contradiction either to w being minimal, when u
or a band equivalent to u contains a square of an undirected string, see Lemma 3.4,
or we obtain a contradiction to M (¢€) being a brick, when u starts with a square of a
string of nonzero length, see Lemma 3.9.

We have u = u”vv'z, = vv'z u”, and first suppose that £(v) > £(u”). Then we
can write v = u""uo for some string uo, and observe that u starts in (u”)2, contra-
dicting Lemma 3.9. Note that £(u”") > 1 because of an earlier statement. Otherwise,
if £(v) < £(u”) we can write u” = vvg for some string v with £(vo) > 1 and obtain

u = vvguv'zy = vv'zu’”.

This means that either vy starts with v’ or v’ starts with vg. If v’ starts with vg then u
starts with (vvg)? = (u”)?, and we obtain a contradiction to Lemma 3.9. Otherwise,
if vy starts with v’, then vy = v’v, for some string v, with £(v2) > 0. Hence,

z1u” = zvv'vy
and

u = vv'vavv'zo = vo'zu” = vv'z vV Vs,
If £(vy) < £(z1), then z; = v,z3 for some string z3. Then
U ~ 0V z100" ~ (V0'v2)?z3.

This gives a contradiction to w being minimal provided that vv’v, is not directed, see
Lemma 3.4.
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Next, we prove that vv'vy is not directed by showing that this string contains an
arrow and an inverse arrow. First, observe that £(vv’v,) > 1 since £(v’) > 1. Since u
ends in vv'v, and also u ends in an inverse arrow o~! then we conclude that vv'v,
contains an inverse arrow a~!. Because M (¢) is a quotient of M(w, A, N) for N > 2
then so is M (v). Then v’ starts in an arrow, because u starts with vv’ and M(v) is a
quotient of M(¢) = M (uv). This means that vv'v, contains an arrow. This shows the
claim that vv’v, is not directed.

Finally, if £(v,) > £(z1) we can write v, = z,v3. Then u starts with (vv'z;)?,
contradicting Lemma 3.9. This completes the proof in the case (C2). |

4. Maximal green sequences

In this section we present the main results of the paper. First, we prove that no module
supported on a square of a band may appear on a maximal green sequence. As a
consequence, we conclude that domestic string algebras admit at most finitely many
maximal green sequences. Then we identify certain string algebras that admit at least
one maximal green sequence. Here, we find a particular ordering on the simple A-
modules that ensures it can be completed to a maximal green sequence.

We begin with the following lemma prohibiting certain string modules from app-
earing on a maximal green sequence. It is a special case of the more general result
appearing in the next theorem.

Lemma 4.1. Let A be a string algebra. Suppose w is a minimal band and € = u*v,

where k > 2, u ~ w, and v is a proper substring of u. Then the module M (€) cannot
lie on a maximal green sequence for A.

Proof. Suppose M is a maximal green sequence for A in which a module M (¢) that
satisfies the conditions in the statement of the lemma appears. Such a module M (¢)
is necessarily a brick, and Lemma 3.8 implies that M (¢) is a quotient or a submodule
of M(w, A,k + 1) for any A. Suppose M (¢) is a quotient, and the other case follows
dually. By possibly replacing M (¢) with another module satisfying the conditions in
the statement of the lemma, we can assume that M (¢) is rightmost such module in M.
The complete forward hom-orthogonal sequence M may thus be written as follows

MZM_q,M_q_H,...,M_l,M() = M(G),Ml,...,Mp_l,Mp,

where p, g > 0. Condition (C1) of Lemma 3.10 is satisfied by M(¢), so M (ue¢) is also
a brick. Moreover, since M (¢) is a quotient of M(w, A,k + 1), the module M (¢) is
also a quotient of M (u€) and we have the following short exact sequence in A-mod:

0— kerm — M (ue) LN M(e) — 0.
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Note that ker 7 is also a submodule of M(¢), and let j:ker m — M(€) denote this
inclusion.

Now we claim that Hom(M_;, M (ue)) =0 for all i > 0. Suppose on the contrary
that there exist some nonzero f: M_; — M (u¢) for some i >0. Thenw f: M_; — M (¢)
must be zero as M_; fori > 0 lies to the left of M(€) on a maximal green sequence.
For i = 0 the composition 77 f = 0 because M (¢) = M is a brick. Therefore, 7 f = 0,
which means that f factors through ker . Thus, there exists g: M_; — ker & such
that tg = f. Then the composition jg: M_; — M (€) must again be zero by the same
reasoning as before. Because j is injective, g = 0 which implies f = 0, as desired.
This shows the claim that

Hom(M_;, M(ue)) =0

foralli > 0.

If M(ue) where also part of M, then it would have to lie to the right of M(¢)
because M (ue) surjects onto M(€). This contradicts the assumption of M(¢) being
rightmost in M. Therefore, M (u€) cannot lie on this maximal green sequence. Since
M (ue) is a brick, if we add M (ue€) to M directly to the right of M (¢) then the resulting
sequence cannot remain forward hom-orthogonal.

Since Hom(M_;, M (ue)) = 0 for all i > 0, there must exist M;, for i; > 0 such
that we have

Hom(M (ue), M;,) # 0.

Choose i to be maximal and some nonzero fi: M (ue) — M;, such thatim f; is inde-
composable. Observe that Hom(M (€), M;,) = 0. Therefore, im f; is not a quotient
of M(¢). This implies that

im f; = MW" u* o))

for some strings v, v’ of nonzero length. That is, im f; must be a quotient of M (u¢)
but not a quotient of M(¢). Since im f; is a quotient of M(w, A,k + 2) and a sub-
module of M;,, Lemma 3.7 implies that v"u¥~1vv’ is a maximal w-substring of the
string associated to M;, . Since M;, is a brick and im f; is a quotient of a brick M (u¢)
condition (B2) of Lemma 3.5 is satisfied and we conclude that im f; is also a brick.
Observe that there are no nonzero morphisms M; — im f; for any module M;
in M with i < i;. Otherwise composing such map with the inclusion im f; — M;,
results in a contradiction to M being a maximal green sequence. There is also no
nonzero map from im f; to any module in M to the right of M;, , because composing
such a map with the surjection M (ue) — im f7 yields a map from M (u€) to a module
to the right of M;, contradicting the maximality of i;. This shows that we can place
im f; directly to the right of M;, in M and preserve the properties of M being a
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forward hom-orthogonal sequence. This yields a contradiction to M being a complete
forward hom-orthogonal sequence, unless im f; = M;, .
For k > 2, letu = zv” for some string z. Let u» = v”z and then u ~ u,, and

V"o’ = (072) vy = uhv,
with r > k — 1 > 2 and v, a proper substring of u,. Therefore, im f] is a string
module given by a string that satisfies the conditions in the statement of the lemma.
This contradicts the fact that M (¢) is rightmost in M of this particular form. Thus, we
conclude k = 2 and

im fi = M(uzv2) = M;

1°

where £(uv,) < £(u?) because M (¢) is the rightmost module in M supported on a
square of a minimal band.

Since M;, is a quotient of a brick M (ue) supported on u%, condition (C2) of
Lemma 3.10 is satisfied, and we conclude that M (u%vz) is also a brick. Moreover,
M (u3v2) maps surjectively onto M;, = M (u2v,) where the kernel of this surjection
is a submodule of M;,. By the same reasoning as before there are no nonzero maps
M; — M(u%vz) for any module M; in M with i < i;. Moreover, M(u%vz) cannot
lie on M because it would lie to the right of M;, and hence to the right of M (¢). This
means that if we add M(u3v,) to M directly to the right of M;, then the resulting
sequence cannot remain forward hom-orthogonal. Thus, there exists a nonzero map
fa: M(u%vz) — M;, for some i, > iy and we pick i to be maximal. Similarly to
above, we conclude

im f, = Mi, = M(u3vs),

where u3 ~ U, and v3 is a substring of u3. Then again we construct M (u%v3) which
is a brick and has a surjective map onto M(u3v3). We can continue this procedure
moving to the right all the time. Eventually, this process must stop and we obtain a
contradiction, because the sequence M is finite. This shows that M (¢) cannot lie on a
maximal green sequence. |

The following theorem says that no module supported on a square of a band can
appear on a maximal green sequence.

Theorem 4.2. Let M be an indecomposable module over a string algebra A. If M
is a string module that is supported on w?, for some band w, then M cannot lie on a
maximal green sequence.

Proof. We proceed in a similar manner as in the proof of Lemma 4.1. Suppose M is a
maximal green sequence for A in which a brick module M = M (y) supported on w?
appears. Let € be a maximal w-substring of y. By Lemma 3.3, the module M(¢) is a

submodule or a quotient of M (). We suppose the former, and the other case follows
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similarly. By possibly replacing M (y) with another module, we can assume that M (y)

is a rightmost module in M supported on a square of some band and such that a

maximal substring of y associated to this band gives rise to a submodule of M(y).
The sequence M may be written as follows

Jl:ﬂl_q,ﬁl_q+1,...,Al_l,ﬂ4b :=A4,A4b...,ﬁ4b_1,ﬂ4b,

where p, g > 0. Note that by definition of a minimal band, if M is supported on a
square of a band then it is also supported on w?, where w is minimal. Therefore, we
may suppose that w is minimal.

Condition (B1) of Lemma 3.5 holds and we conclude that M (¢) is a brick. Let € =
u®v, where u ~ w, k > 2, and v is a proper substring of . Moreover, by Lemma 4.1
we may assume M # M(¢), and then by Lemma 3.8 we conclude that M(e) is a
quotient of M(w, A,k + 1).

Observe that Hom(M_;, M(¢)) = 0 for all i > 0. Indeed, the case i = 0 fol-
lows because M is a brick, and the case i > 0 follows because Hom(M_;, My) = 0

k

and M (¢) is a submodule of M = M. Recall that M (¢) cannot lie on a maximal green
sequence by Lemma 4.1. Then if we add M(€) to M directly to the right of M, the
resulting sequence cannot be forward hom-orthogonal. Thus, there exists a nonzero
map f1: M(e) — M;, for some i; > 0. Moreover, we may pick i; to be maximal,
and we may assume that im fj is indecomposable. Now, im f; = M(y;) for some
string y; is a quotient of M(¢). For it not to induce a nonzero map M — M;,, the
string y; must appear at an endpoint of € that is not an endpoint of y and y; must

k—1 1y, k—1

be supported on ¥, Then y; equals u¥~1vv’ or u'u*~1v for some strings u’, v'. In

either case im f; is supported on w*~! where w is a band. In addition, im f; is a quo-
tient of M(w, A, k), because M (¢) is a quotient of M(w, A,k + 1). By Lemma 3.7,
the string y; is a maximal w-substring of y,, where M;;, = M(y>). Then by condi-
tion (B2) of Lemma 3.5 we conclude that im f7 is a brick. By (C2) of Lemma 3.10,
we also have that M(y;), where y; is obtained from y; by replacing uk=1 with uk,
is also a brick. Moreover, M (y;) surjects onto im f; with kernel being a submodule
of im f;. This implies that there are no nonzero maps M; — M(y;) fori < i, in the
sequence M, because Hom(M;, M;,) = 0 fori < iy and M;, is a brick. Moreover, by
Lemma 4.1, the module M (y{) cannot lie on a maximal green sequence.

Hence, there exists some map f>: M(y]) — M,, for some i, > i1 and we choose i,
to be maximal. Again we can continue the same argument replacing f; with f>, and
proceeding in the same way until we obtain a contradiction. The process must stop
as M contains only finitely many modules. This proves the theorem. ]

Theorem 4.2 can be used in constructing maximal green sequences as follows.
Generally, one starts with some initial chain of torsion classes, or equivalently an
initial segment of a complete FHO sequence of bricks, and obtains the next element in
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the chain via mutation. If this new element corresponds to a string module supported
on a square of a band, then it follows that such initial segment cannot be completed to
a maximal green sequence. In this case, one needs to go back and choose a different
mutation in the hope of obtaining a maximal green sequence. This result has similar
flavor to the one obtained in [4, Theorem 1] for maximal green sequences of path
algebras coming from acyclic quivers. It says that if there are multiple arrows from
vertex I to vertex j then mutating at vertex j before vertex i can never be completed
to a maximal green sequence.

We remark that the bound k = 2 in Theorem 4.2 is sharp. Below we provide
an example of a maximal green sequence containing a module M supported on w,
where w is a band.

Example 4.3. Let A be given by the following quiver with relations «; 81 = a2 82 =0:
@ Bi 2.
3

The sequence M given below is a maximal green sequence for A, and note that

5
4
the module s
L4 = M(a1B28B7 05 t)
321 1 %

is supported on a band B,587"'. Here we represent modules via their composition
factors.

4 4 s {4 7 4 1 1
M47 57 519 1° ?7 17 31° 3> 57 17 2 2’ 3 3
2 2

Observe that Theorem 4.2 prohibits infinite families of modules from lying on a
maximal green sequence. However, for general string algebras there are still infinitely
many other brick modules that can be supported on w and not on w? where w is
a band. This allows for the non-existence of a maximal green sequence or even the
existence of infinitely many maximal green sequences for a given string algebra. In the
following special case of a domestic string algebra, we show that the latter scenario is
not possible.

First we recall a few definitions. Let A = KQ/I be a finite dimensional string
algebra. Its simple module at vertex a € Qg is denoted by S(a). Thus, S(a) = M(e,)
for a string e, of length zero. A module is said to be semisimple if it is a (finite) direct
sum of simple modules. Let M € A-mod, then the top (resp., socle) of M is the largest
semisimple quotient (resp., submodule) of M.

Corollary 4.4. If A is a domestic string algebra, then it admits at most finitely many
maximal green sequences.
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Proof. Suppose on the contrary that A is domestic and admits infinitely many max-
imal green sequences. By Lemma 3.1, no band module can lie on a maximal green
sequence. Then there exist infinitely many brick string modules M that lie on maxi-
mal green sequences. In particular, the dimension of these modules grows arbitrarily
large. Because A is finite dimensional, there are no uniserial modules over A of arbi-
trarily large length. Since there are infinitely many such brick modules, there must
exist M that lies on a maximal green sequence and that contains a sufficiently large
number of copies of some simple module S(a) in its socle such that the same con-
figuration “ g ¥’ g appears at least three times in the diagram for M. However, the
substring of M in between two such adjacent configurations yields a band. Since A
is domestic, [18, Corollary 1] says that there is at most one band w in A up to equiva-
lence with a given simple module in its socle. This implies that M is supported on w?
for some band w. By Theorem 4.2, this is not possible. |

The above corollary says that if a domestic string algebra admits a maximal green
sequence then it admits finitely many of them. However, the next example shows that
not all domestic string algebras admit a maximal green sequence. We also make the
following observation regarding simple modules.

Remark 4.5. A maximal green sequence M for A contains all simple A-modules.
This follows from the discussion in Section 2.1 and the beginning of Section 3, as
each module M; in M comes from a covering relation 7; < J;4+; in torsA where M;
is the unique smallest brick in 771 \ 77.

Example 4.6. Consider a string algebra A given by the following quiver with rela-
tions rad®> A = 0:

Observe that A is domestic, because there are only two bands oja5 Uand B, B L
However, it does not admit a maximal green sequence. By Remark 4.5 a maximal
green sequence for A contains its simple modules S(1) and S(2). If S(1) appears
before S(2), then there are infinitely many brick modules that we need to place in
between S(1) and S(2) such that the resulting sequence is forward hom-orthogonal:

S, .oy 233305 2% 22, 5(2)
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This contradicts the definition of M being finite. Similarly, if S(2) appears before S(1),
then there are infinitely many modules that need to be placed between them:

SQ),.... 1111 24 &S

This means that no set of simple modules can be completed to a maximal green
sequence. Next, we will use this idea to prove the existence of maximal green se-
quences for certain types of string algebras.

Alternatively, we can use the notion of torsion classes to see that there are no
maximal green sequences in this particular example. Recall from Section 2.1 that a
maximal green sequence comes from a finite maximal chain in the lattice of torsion
classes of A-mod. Such a chain starts at the largest element A-mod and terminates at
the zero torsion class. Below we show the portion of torsA connected to A-mod. It
shows that there are two infinite chains starting in A-mod, and in particular, there are
no finite maximal chains starting in A-mod that terminate at the zero torsion class:

A-mod =T (L, & 2)

T

T ( 12121 ® 121) T (212 ® 21212)
22 222 111 11
T(lll@llll) T(2222®222)

The next set of results are aimed at identifying certain properties of string algebras
that ensure the existence of a maximal green sequence.

Theorem 4.7. Let A be a string algebra such that no simple module appears in the
top of some band module and in the socle of another band module, then A admits a
maximal green sequence.

Proof. If A is of finite representation type, then there are finitely many nonisomorphic
modules so A admits a maximal green sequence. If A is of infinite representation type,
then there are band modules in mod A. By Remark 4.5, any maximal green sequence
contains all simple A-modules. Let S(ay), ..., S(ax) be a collection of indecompos-
able simple A-modules such that each S(a;) appears in a socle of some band module.
Let S(b1), ..., S(b;) be the remaining simple A-modules. Now consider the follow-
ing sequence of modules X:

X:S(ar), ..., Sar), S(hy), ..., Sbe).



A. Garver and K. Serhiyenko 72

Observe that X is a sequence of bricks with no nonzero maps between distinct ele-
ments. We want to show that X can be completed to a maximal green sequence.

Suppose on the contrary that there exists an infinite weakly forward hom-orthog-
onal sequence of bricks X’ that contains X as a subsequence. Because X’ is infinite
while A is finite dimensional, it follows that X’ contains modules of arbitrarily large
dimension. In particular, there exists a module M(y) in X’ such that the following
configuration “Ng appearing at least twice in y for some vertex a. Then the
substring of y appearing between the two copies of “Ng o’ corresponds to a band
module with S(a) in the socle. Thus, @ = a; for some i € {1,...,k}. Let S(b) be a
summand of the top of this band. Because M () is a brick b # a;, and by assumption
on A we have b = b; for some j € {1,...,¢}. In X’ we have one of the following
situations, where M (y) appears between S(a;) and S(b;), or after these modules, or
before them:

a8, M@)o, Sy), ... o L S(ag), . S(0)), . M(y), .
or ....,M(y),....Si),....S(bj),...

However, none of these are possible. There are nonzero maps from left to right,
as S(b;) is in the top of M(y) so there is a surjective map M(y) —> S(b;) and S(a;)
is in the socle of M(y) so there is an injective map S(a;) < M(y). This yields a
contradiction. ]

Remark 4.8. Let A = KQ/1, then the assumption of Theorem 4.7 can be reformu-
lated in combinatorial terms as follows: for any pair of distinct primitive cycles ¢1, ¢z
in Q sharing a vertex which is a sink in ¢; and a source in ¢, then one of the cycles
must contain a subpath in the ideal 7.

As an immediate consequence we obtain the following result.

Corollary 4.9. If A is a string algebra such that at each vertex there are at most three
arrows then A admits a maximal green sequence.

Proof. If A is as above, then no simple module can appear both in the top of some
band module and in a socle of another band module. The result follows from Theo-
rem 4.7. [}

Next, in the case of a domestic gentle algebra we can always construct a maximal
green sequence from a particular ordering of its simple modules.

Theorem 4.10. A domestic gentle algebra admits a maximal green sequence.

Proof. Let A be a domestic gentle algebra. If it is of finite representation type, then
the conclusion follows. Otherwise, suppose A is of infinite representation type, and
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let W be a set of bands in A that do not have the same simple module appearing both
in the top and in the socle of the same band. Since A is domestic, we conclude that W
is finite.

Now, we construct a particular sequence of simple A-modules using the following
procedure. Let S(a;) be a summand of the top of some band module M(wy, A, 1),
where w; € W. Then there are two distinct paths

ay—--—>ay and a; —> - —>a,

in w; starting in ; and ending in a,, @) such that S(a,), S(a}) appear in the socle
of M(wi, A, 1). Choose one of the two endpoints, say a, and obtain the sequence of
simple modules S(a»), S(a;). Note that a; # a, because wy € W. If S(a,) does not
appear in the top of any other band module coming from W, then we stop.

Otherwise, there exists a band w, € W such that S(a,) is a summand of the top
of M(w3, A, 1). There are two distinct paths

a —--+—az and ap —> -+ —ay

in w, starting in a, and ending in a3, a’ such that S(a3), S(a}) appear in the socle
of M(ws, A, 1). Because A is gentle, exactly one of these paths precomposed with
a, — --- — ap equals zero. Without loss of generality suppose that the path from a;
to a, to a3 is nonzero, and obtain a sequence of simple modules S(a3), S(az), S(ay).
If S(a3) does not appear in the top of any other band module coming from W, then
we stop.

Otherwise, we can keep going in this way, until we obtain a sequence

S(ag),...,S(ay),

where S(ay) is not in the top of any band coming from W . Observe that this process
must terminate as the algebra A is finite dimensional and any path starting in a; must
eventually stop.

Now, we claim that the simple modules along this sequence are distinct. Suppose
on the contrary that some simple S(a;) fori € {1, ..., k} appears twice. Then, there
is a nonzero path in A given by

yiai —> - —>dajy1 —> >4 —> o —> a4 =441,

where S(a;),...,S(a;+1) are the simples appearing between the two copies of S(a;).
That the set {S(a;),...,S(a;+1)} is nonempty follows the fact that there are no bands
in W have the same simple module appearing in both its top and its socle.

The band w; consists of the string

/ = !
aj+1<—---<—aj—>---—>aj+1—a,<— —>aj+1.
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Let §;+1 denote the substring of w; given by a; < --- — aj . Similarly, in the
band w; _; there exists a string §; givenby a; < --- — a}. Now consider the string §;
composed with the directed patha; — --- — a;. 1 resulting in the expression

Py < aj <= d
We claim that it is a string, because A is gentle. Indeed, p; is a path through a; and we
already know thata;_; — -+ — a; — .-+ — a; 4 is another nonzero path through

the same vertex. Now, define the remaining

. /
8p1ar < -+ —a,

forre{j+1,...,i},and

/

L
Prily g < <y <+ =>4,

forr € {J,...,i 4+ 2} in the same way. Finally, we obtain the following band given
by the compositions of paths:

V8i+1Pipj—1 -+ Pi+1Pi(@jyq < -+ < ;).

This gives a band module with S(a;) in its top and it is different from the band wj,
which also has S(a;) in its top. As mentioned above, [18, Corollary 1] says that there
is at most one band w in A up to equivalence with a given simple module in its
socle. This is equivalent to the statement that there is at most one band w in A up to
equivalence with a given simple module in its top. We obtain a contradiction. So there
are no repeated module in the sequence S(ag), ..., S(ay).

Now, given such a sequence of distinct simple modules S(ag), ..., S(ay) we
can dually start with S(ay), S(ax—1) and the band wi_; and move backwards until
we reach S(aj). If S(a;) does not appear in the socle of some other band module
M(w-1, A, 1) then we stop. Otherwise, we obtain a simple S(a—1), where S(a—) is
in the top of M(w—1,A, 1) and S(a;) is in its socle. Moreover, there is a directed path
a_y — -+- — a; in w—_; such that the composition with a; — --- — aj is nonzero.
Hence, we can continue in this way until the process terminates, and, by the same
argument as above, we obtain a sequence of distinct simple modules

Xl: S(ak), ey S(al), S(a_l), ey S(Cl_H_]), S(a_,),

where S(ay) does not appear in the top of some band coming from W and S(a—;)
does not appear in the socle some band coming from W'.

Let Wi C W be a collection of bands w such that S(a;) for some i € {—¢,...,k}
appears in the top or the socle of M(w, A, 1). Because A is domestic, we have

W1 = {w_z,...,u)_l,wl,...,wk_l}.
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Next, we show that no string module M supported on a square of a band in W; can
be added to X'; such that the resulting sequence is weakly forward hom-orthogonal.
Suppose M is supported on w? € W; for somei € {—t,...,k — 1}. Then M has S(a;)
in its top and S(a;+1) in its socle. Then, M cannot be placed to the left of S(a;) or
to the right of S(a;+1) in X;. This shows that no such M can be added to X1, as
desired.

Now consider W2 = W \ W;. Let S(b;) be in the top of some band module com-
ing from W2, Observe that S(b;) does not appear in X, because there is a unique
band in A with this property. Now, construct a sequence of simple modules X5 start-
ing from S(b;) in a similar way as above. By the same reasoning we conclude that
no string module M supported on a square of a band in W?2 can be added to X, such
that the resulting sequence has no nonzero maps from right to left. Then W, C W?2
consists of all bands that have S(b;) in its top or socle such that S(b;) lies in X».

Next, consider W3 = W2\ W, and keep going in this way. Eventually, this pro-
cess stops because W is a finite set, and we obtain sequences of distinct simple
modules that we can combined to create a single sequence X of distinct simple mod-
ules as follows:

X: Xl,xz,...,xp.

By construction no string module supported on a square of a band in W can be added
to X such that the resulting sequence is weakly forward hom-orthogonal. All other
string modules supported on a square of a band not in W are not bricks. Therefore,
since A is domestic, we conclude that there are at most finitely many brick modules
that can be added to X so that the resulting sequence is forward hom-orthogonal.
Using Theorem 2.1, this shows that X can be completed to a maximal green sequence
and proves the theorem. ]

It is not clear whether the condition on the algebra being domestic can be removed
from the statement of the previous theorem. The algebra in Example 4.6 that does not
admit a maximal green sequence is domestic but not gentle. The question remains
whether there are gentle algebras that do not admit any maximal green sequences.

The following corollary summarizes some of the results in this section.

Corollary 4.11. Let A = KQ/I be a domestic string algebra satisfying one of the
following conditions:

e No simple A-module appears in the top of some band module and in the socle of
another band module.

o There are at most three arrows incident to every vertex of Q.
o A is gentle.

Then the set of maximal green sequences for A is finite and nonempty.
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We remark that all of the statements above on the existence of maximal green
sequences are obtained by constructing a particular sequence of simple modules that
can always be completed to a finite FHO sequence regardless of what other modules
we add to it. However, Example 4.12 shows that the information contained only in
a sequence of simple modules is generally not enough. Sometimes a given sequence
of simple modules completes to a finite FHO sequence and other times it does not.
Hence, it might be possible to obtain further results on the existence of maximal green
sequences by starting with weakly FHO sequences made up of other types of module
in addition to just the simple ones. For instance the next step would be to consider
modules of dimension at most two, as they carry the additional information about the
structure of the arrows in the quiver.

Example 4.12. Let A be the path algebra of the following quiver without any rela-
tions. This is an algebra of affine type 41, and contains a single band w = B B0~ !:

l—F =2
N
3
Consider a sequence of simple A-modules X: S(1), S(2), S(3). Then if we place
the module ! = M(f;) in between S(2) and S(3) then there are only finitely many
modules that can be added to the resulting sequence. In particular, regardless of what
other bricks we add, it can always be completed to a maximal green sequence, for

example as follows:

On the other hand, if we place } in between S(1) and S(2), then regardless of
what other bricks we add to this sequence, we still obtain the following weekly FHO
sequence that contains a module M (w?) supported on a square of a band. By Theo-
rem 4.2, it cannot be completed to a maximal green sequence.

1
S(l)’ %7 3213 le(2)7S(3)
2

In particular, we can keep placing modules M (w?3), M(w*), ..., supported on higher
and higher powers of the band to the right of M (w?).
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