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Density of random subsets and applications to group theory
Tsung-Hsuan Tsai

Abstract. Developing an idea of M. Gromov (1993), we study the intersection formula for ran-
dom subsets with density. The density of a subset A in a finite set E is defined by dens 4 :=
log, | (|A]). The aim of this article is to give a precise meaning of Gromov’s intersection for-
mula: “Random subsets” A and B of a finite set E satisfy dens(4 N B) = dens A + dens B — 1.

As an application, we exhibit a phase transition phenomenon for random presentations of
groups at density A /2 for any 0 < A < 1, characterizing the C’(A)-small cancellation condition.
We also improve an important result of random groups by G. Arzhantseva and A. Ol’shanskii
(1996) from density 0 to density 0 < d < 1/(120m? In(2m)).

Introduction

Density of subsets. Let A be a subset of a finite set E. Denote |E|, | A| their cardi-
nalities. In [9, Section 9.A], M. Gromov defined the density of A in E as

densg (A) := 10g|E|(|A|).

Namely, densg (A4) is the number d € {—oo} U [0, 1] such that |[4]| = |E|¢. Note
that d = —oo if and only if A = @. If the set E is fixed, we omit the subscript and
simply denote the density by dens A.

In [9, p. 2701, the intersection formula is stated as follows: Random subsets A
and B of a finite set E satisfy

dens(A N B) =dens A + dens B — 1

with the convention
densA <0 < A=0.

If E is a finite-dimensional vector space over a finite field, every affine subspace A
satisfies dens A = dim A/ dim E. The intersection formula is then a “random subset
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version” of the well-known result for affine subspaces: Transversal affine subspaces
A and B of a vector space E satisfy

dim(A N B) =dimA 4+ dim B —dim E

with the convention
dmA <0 < A=0.

Purpose of the paper. In [9, p.270], Gromov’s “explanation” did not give a precise
definition of a random subset with density, neither a proof of the intersection formula.
In [9, p. 272], he proposed that one can consider the class of random subsets defined
by measures invariant under the permutations of E.

In this article, we discuss two basic models of random subsets that are contained
in the permutation invariant model: The uniform density model and the Bernoulli den-
sity model. The first one is defined by the uniform distribution on all subsets of E
with cardinality || E|?|. This model is used by Y. Ollivier in [14, 15, 17] to study the
density model of random groups, and by A. Zuk in [19] to construct random triangular
groups. For the Bernoulli density model, every element in E is taken independently
with the same probability | E|?~!. This model is considered by Antoniuk—Fuczak—
Swiatkowski in [1] to study random triangular groups.

The aim of this article is to establish a general framework for the study of random
subsets with densities, and to prove the intersection formula for the class of random
subsets that are densable and permutation invariant.

Random subsets and the intersection formula. In the first section, we introduce
the notion of densable sequences of random subsets. Let E be a finite set. A random
subset of E is a P (E)-valued random variable, where & (E) is the set of subsets of E.
Note that |A| is a usual real-valued random variable. The density of A in E, defined
by densg A := logg|(|A]), is hence a random variable with values in {—oo} U [0, 1].

As our approach is asymptotic when |E| — oo, we consider a sequence of finite
sets E = (Ey)neNn Where |E,| — oco0. A sequence of random subsets of E is a
sequence A = (A,) where A, is a random subset of E, for all n € N. Such a
sequence is densable with density d € {—oo} U [0, 1] if the sequence of random
variables densg, (A,) converges weakly (i.e. converges in distribution) to the con-
stant d (cf. [9, p.272]). For a sequence of properties Q = (Q), we say that O, is
asymptotically almost surely (a.a.s.) satisfied if the probability that Q, is satisfied
goes to 1 when n — oo. For example, for a sequence of random subsets A = (4;),
dens A = —oco if and only if a.a.s. A, = @.

In Section 2, we work on the permutation invariant model in [9, p. 272]. Let E be
a finite set. A random subset A of E is permutation invariant if its law is invariant
under the permutations of E. Namely, for any subset a € #(E) and any permutation
o € S(E), we have Pr(A = a) = Pr(4 = o(a)).
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Consider a sequence of finite sets E = (E,) with | E,| — oo. Denote by D(E)
the class of densable sequences of permutation invariant random subsets of E. We
prove the intersection formula stated as follows:

Theorem 1 (The intersection formula, Theorem 2.9). Let A = (A4,), B = (B,) be
independent sequences of random subsets in D (E) with densities a, B. If o + B # 1,
then the sequence of random subsets A N B is also in D(E). In addition:

a+pB-1 ifa+p>1,

dens(AﬁB):{_Oo Fatp<l

The density —oo means that a.a.s. the random subset is empty.

In Section 3, we study the intersection between a random subset and a fixed sub-
set. We develop a generalized form: the multi-dimensional intersection formula. Let
E = (E,) be a sequence of finite sets with | E,,| — oo. Denote E,(,k) the set of pairwise
distinct k-tuples of the set E,,. Let A be a sequence of random subsets in O (E) (dens-
able and permutation invariant). We are interested in the intersection between A®
and a densable sequence of subsets X of E Q)

For k > 2, the intersection formula is in general not correct (see Example 3.3).
We show that by an additional self-intersection condition on X, we can achieve an
intersection formula.

Theorem 2 (The multi-dimensional intersection formula, Theorem 3.7). Let A = (A,)
be a sequence of random subsets in D (E) with density 0 < d < 1. Let X = (X,,) be
a densable sequence of fixed subsets of E ® \ith density o.

1) Ifd +a < 1, then a.a.s.
AP N X, = 0.

(i) If d + @ > 1 and X satisfies the d-small self intersection condition (Defini-
tion 3.6), then the sequence of random subsets A & N X is densable and

dens(A®NX)=a+d—1.

The intersection formula in E between a random subset and a fixed subset is a
special case of this theorem by taking k = 1.

Applications to group theory: Random groups. The last section is dedicated to
applications to group theory, more precisely to small cancellation theory.

The first mention of generic property for finitely presented groups appears in the
late ’80s, in the works of V. S. Guba [10, Remark 2] and M. Gromov [8, Section 0.2].
In [10], the author showed that for “almost every” group presented by m > 4 gen-
erators and one “long” relator, any 2-generated subgroup is free. In [8, Section 0.2],
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Gromov defined two models of random group presentations with fixed number of
generators and relators.

In 1993, Gromov introduced the density model of random groups in [9, Sec-
tion 9.B]. The number of generators is still fixed, but the number of relators grows
exponentially with the length of the relators, determined by a density parameter d.
A phase transition phenomenon is then stated as follows: if d < 1/2, then a.a.s. the
random group is infinite hyperbolic; whereas if d > 1/2, then a.a.s. the random group
is trivial.

In a 1996 paper [5], G. Arzhantseva and A. Ol’shanskii generalized Guba’s result.
They proved that for “almost every” group presented by m > 2 generators and k > 1
long relators , any (i — 1)-generated subgroup is free. In their model, the number of
generators k is fixed, as in Gromov’s 1987 model [8, Section 0.2]. This model is called
the Arzhantseva—Ol’shanskii model, or the few relator model of random groups.

For more detailed surveys on random groups, see (in chronological order) [7] by
E. Ghys, [16] by Y. Ollivier, [12] by I. Kapovich and P. Schupp and [6] by F. Bassino,
C. Nicaud and P. Weil.

Fix a set of alphabets X = {x1,..., x;,} as generators of groups. Denote by By
the set of cyclically reduced words of X* of lengths at most £. If Sy is the set of
cyclically reduced words of length exactly £, it is clear that

2m(2m — 1) 22m —2) < |S¢| < 2m(2m — 1)*7L.

So,
2m 2m

2m — 1 2m —2
As we are interested in asymptotic behaviors when £ — oo, we can write |By| =
2m — 1)!t9M  Consider B = (Be)e>1 as our ambient sequence of sets. Let d €
{—o0} U [0, 1]. A sequence of random groups with density d, denoted by G (m,d) =
(G¢(m,d)), is defined by random presentations G¢(m,d) = (X|Ry) where R = (Ry)
is a densable sequence of permutation invariant random subsets of B with density d.
The first mention of the A/2 phase transition for the C’(A)-small cancellation
condition is by Gromov in [9, p.273], showing that if 2d < A then a random group
at density d satisfies C’(A). He remarked also that, in particular, if d < 1/12 then the
group is hyperbolic; and if d > 1/12 then the group is not C’(1/6). Ollivier-Wise gave
a detailed proof of d < A/2 implying C’(A) in [18, Proposition 1.8]. In [16, p.31],
Ollivier stated the phase transition : if d > A/2 then C’(A) does not hold. However, his
“dimension reasoning” is the 2-dimensional intersection formula between a random
subset (pairs of distinct relators in a random group) and a fixed subset (pairs of distinct
relators denying C’(1)), which does not hold in general (as Example 3.3 shows).

[@m— 1! —1] < |B¢| < [em — 1) —1].
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Bassino—Nicaud—Weil gave a proof of d > A/2 implying non-C’(1) in [6, Theo-
rem 2.1]. Their argument showed that the pairs of distinct relators in a random group
denying C’(A) is not empty, but did not give its density.

The d-small self-intersection condition (Definition 3.6) for a fixed subset is intro-
duced to rule out this difficulty. By the multi-dimensional intersection formula (Theo-
rem 2), we show that if d > A /2, then the pairs of distinct relators in a random group
denying C’(A) is with density d — A /2 and hence not empty.

Theorem 3 (Phase transition at density A /2, Theorem 4.3). Let G (m,d ) =(G¢(m,d))
be a random group with m generators and with density d. Let A € 10, 1].

(1) Ifd < A/2, then a.a.s. G¢(m, d) satisfies C'(A).
2) Ifd > A/2, then a.a.s. Gg(m, d) does not satisfy C'(L).

It was given as an “interesting problem” in [16, Section I.3.c] that some alge-
braic properties of random groups at density O (see [5] by Arzhantseva—Ol’shanskii,
[2—4] by Arzhantseva, and [11] by Kapovich—Schupp) may extend to some positive
density d. In [12, Theorem 7.5], Kapovich and Schupp extends Arzhantzeva’s “all
L-generated subgroups of infinite index are free” result [2] (for a fixed L > 0) to
some density d > 0 independent of m. A property is called “low-density random” by
Kapovich—Schupp in [12, p. 3] if the corresponding density d (i) is positive but con-
verges to 0 when m goes to infinity. They claimed that Arzhantseva—Ol’shanskii’s “all
(m — 1)-generated subgroups are free” result [5] is a low-density random property
([12, Theorems 1.1 (2) and 5.4 (2)]), but the density d (i) is not given.

In our study, the number of generators m is fixed, and we look for a density d (m)
such that the “all (m — 1)-generated subgroups are free” property holds for a random
group with m generators of density d < d(m). Using Theorems 2 and 3, we give
an explicit bound d(m) = 1/(120m? In(2m)) that extends Arzhantseva—Ol’shanskii’s
result in [5] from density O to density 0 < d < d(m).

Theorem 4 (Every (m — 1)-generated subgroup is free, Theorem 4.5). Let (G¢(m,d))
be a sequence of random groups with m generators and with density

1
0<d<—F—.
120m?2 In(2m)

Then a.a.s. every (m — 1)-generated subgroup of Gy(m, d) is free.

Ollivier remarked in [16, p.71] that at density d > 1 — log,,,_;(2m — 3), the
rank of a random group with m generators with density d is at most m — 1, so the
“all (m — 1)-generated subgroups are free” property fails. There is still a large gap
between log,,,_;(2m — 3) ~ 1/(mIn(2m)) and 1/(120m? In(2m)).
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1. Definitions and basic models

1.1. Densable sequences of random subsets

Let E be a finite set, denote | E| its cardinality. The following definition is due to M.
Gromov in [9, p. 269].

Definition 1.1. Let E be a finite non-empty set and A C E. The density of A in E is

defined by
log | A]

log |E|

densg A := 10g|E| |A| =

So that d € [0, 1] U {—o0} is a real number such that |E|? = |A].

We will omit the subscript E if the set is fixed and simply denote the density by
dens A. Note that dens A = —oo if and only if A = @.

Definition 1.2. Let E be a finite set. Denote & (E) the set of subsets of E. A random
subset A of E is a P (FE)-valued random variable.

In this article, we use upper-case letters A4, B, C, ... to denote random subsets and
lower-case letters a, b, ¢, ... to denote fixed subsets. The law of a random subset A
is determined by instances Pr(4 = a) through all subsets a € P(E) (ora C E). Its
cardinality | A| is a usual real-valued random variable.

Example 1.3. We give three examples of random subsets.

(i) (Dirac model) A fixed subset ¢ C E can be regarded as a constant random
subset. Its law is
1 ifa=c,

Pr(A:a):{O ifa #c

(i) (Uniform random subset) Fix an integer k < | E|. Let A be the uniform distri-
bution on all subsets of E of cardinality k. Its law is

Pr(A =a) = (lfl)_1 if la| =k,
0 if |a| # k.

(iii) (Bernoulli random subset) Let A be the Bernoulli sampling of parameter p €
[0, 1] on the set E: The events {x € A} through all x € E are independent of the same
probability p. The law of A4 is

Pr(4 = a) = p%l(1 — p)IEI-lal,

In this case |A| follows the binomial law B (| E|, p).
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As usual random variables, a random subset can be constructed by other random
subsets.

Example 1.4 (Set theoretic operations). The intersection of two random subsets A4, B
of a finite set E is another random subset. The law of A N B is

Pr(ANB =c¢) = > Pr(A =a,B = b).
a,beP(E);anb=c

In particular, if A, B are independent random subsets, then

Pr(ANB =c¢) = > Pr(A = a)Pr(B = b).
a,beP(E);anb=c

The union of two subsets and the complement of a subset are similarly defined.

We are interested in the asymptotic behavior of random subsets when |E| — oo.
Consider a sequence of finite sets E = (E,)pen With | E,;| —— o0. Recall that the
n—>00

density of a subset a C E is defined by densg (a) := log g/ |al.

Definition 1.5. We define densable sequences of random subsets.

(i) A sequence of (fixed) subsets of E = (E,) is a sequence @ = (a,) such that
a, C E, for all n.
A sequence of subsets a is densable with density d € [0, 1] U {—oo} if

densg, (an) = log|g, | lan| —= d.

(ii) Similarly, a sequence of random subsets of E is a sequence A = (Ay) such
that A4,, is a random subset of E,, for all n.

A sequence of random subsets A is densable with density d € [0, 1] U {—oo} if
the sequence of real-valued random valuables densg, (A») = logg,| |Ax| converges
in distribution to the constant d.

(iii) Two sequences of random subsets A = (A,), B = (B,) of E are independent
if A,, B, are independent random subsets of E, for all n.
Example 1.6. Here are four examples of densable sequences of random subsets.

(i) For a fixed sequence of subsets @ = (a,), dens(a) = —oo if and only if a, = @
for large enough n.

(ii) A densable sequence of subsets a = (a,) can be regarded as a densable
sequence of random subsets (Dirac model on each term). If we take |a,| = || E,|? |
with some 0 < d < 1, then a is densable with density d.

(iii) (Uniform density model) Let A =(A,) be a sequence of random subsets of E .
We call A a sequence of uniform random subsets with density d if A, is the uniform
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distribution on all subsets of E, of cardinality | |E,|?]. Its law is

Eal \70 o d
Pl'(An — a) — (|_|En|dj) if |a| - |_|En| Ja
if |a| # [|Eq|?).
(iv) (Bernoulli density model) Let d > 0. If A, is a Bernoulli sampling of E,
with parameter |E,|¢~!, then A = (A4,) is a sequence of densable random subsets
of E. Itis rather not obvious that such sequences are densable (see Proposition 1.12).

Definition 1.7. Let O = (Q,) be a sequence of events. The event Q, is asymptoti-
cally almost surely true if Pr(Q,) —— 1.

Equivalently, for any p < 1 arbit?ac;oy close to 1 we have Pr(Q,) > p for n large
enough. We denote briefly a.a.s. Q.

For example, if A is a sequence of random subsets with dens A = —oo, then
Pr(|A,| = 0) —— 1, which is equivalent to a.a.s. |4,| = 0, or a.a.s. 4, = @.
n—oo

Proposition 1.8 (Characterization of densability). Let A be a sequence of random
subsets of E. Let d > 0. A is densable with density d if and only if

Ve > 0a.as. |Eq|9 % < |A| < |En|?Te.

Proof. The convergence in distribution to a constant is equivalent to the convergence
in probability. So log g, | |An| converges in distribution to d if and only if

Ve >0 Pr(|logg, |Asl —d| <e) —1,
n—>oo

which gives the estimation
d—e d+e
Ve > 0a.as. |E,] < |A,| < |En|*"°. ]

In general, the intersection of two densable sequences is not necessarily densable.
The intersection formula is then not satisfied by the class of densable sequences of
random subsets. Here is a simple example.

Example 1.9. Let E = (E},) be a sequence of sets with |E,| = 2n. Let a = (a,),
b = (by) be sequences of subsets of E such that b, = E,\a, and |a,| = |b,| = n.
They are both densable subsets with density 1 because log(n)/log(2n) — 1. Whereas
dens(a N b) = —oo. They do not verify the intersection formula.

Define another sequence of subset ¢ = (¢;,) by ¢, := a,, if nis odd and ¢, := b,
if n is even. By its definition, ¢ is densable with density 1. But the intersection b N ¢
is empty when 7 is odd and non-empty when 7 is even, so & N ¢ is not densable.
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1.2. The Bernoulli density model
Let E = (E,) with |E,| — oo be the ambient sequence of sets.

Definition 1.10 (Bernoulli density model). Let d < 1. Let A = (A,) be a sequence
of random subsets of E. It is a sequence of Bernoulli random subsets with density d
if A, is a Bernoulli sampling of E, with parameter | E,|¢~!.

This model is particularly easy to manipulate. We will see that it is densable,
closed under intersection and verifies the intersection formula.
Recall that the real-valued random variable | A, | follows the binomial law

B(Enl, |Enl?™).
Thus, E(|A,|) = |En|¢.

Lemma 1.11 (Concentration lemma). Let A be a sequence of Bernoulli random sub-
sets with density d > 0. Then a.a.s.

1
|An| - |En|d| = _|En|d-
2

Proof. By Chebyshev’s inequality,

_ Var(4n]) _ 41Eal? (1~ |Eal!™)

= = 0. m
%|En|2d |En|2d n—00

1
Pr(|[ 4] = |Eal*| > 51 Eal)
Proposition 1.12. Let A be a sequence of Bernoulli random subsets with density d.
Ifd # 0, then A is densable and

d if0<d <1,

dens A =
—oo ifd <0O.

Proof. We separate the two casesd <0and0 <d < 1.

(i) If d < 0, by Markov’s inequality
Pr(|4,| > 1) < |E,|* — 0,
soPr(4, = @) — 1 and Pr(logg, | |4x| = —00) — 1.
(i) If0 <d < 1,by Lemma 1.11, a.a.s.
1 3
SIEal? < |4n| < SIE|.

For every ¢ > 0, the inequality |E,|?~* < 3|E,|9 < 3|E,|¢ < |E,|?** holds for n
large enough. Thus, a.a.s.

|Eal9™8 < |An| < |Enl?.

Hence, A = (A;) is densable with density d by Proposition 1.8. [
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Theorem 1.13 (The intersection formula for Bernoulli density model). Let A, B be

independent sequences of Bernoulli random subsets of E = (E,) with densities o, .

Then A N B is a sequence of Bernoulli random subsets of E with density o + 8 — 1,
and

dens(A N B) = {a—l—ﬁ—l ot p>1

—00 ifoa+ B8 < 1.

Proof. For every element x € E,, we have
Pr(x € A, N B,) = Pr(x € A,)Pr(x € B,) = |E,|@T-D"1,
In addition, for every pair of distinct elements x, y in E,, we have

Pr(x,y € A, N B,) =Pr(x,y € A,)Pr(x,y € By)
= Pr(x € A,)Pr(y € A,)Pr(x € B,)Pr(y € B,)
=Pr(x € 4, N B,)Pr(y € A, N By).

So A N B is a sequence of Bernoulli random subsets with density o + 8 — 1. Propo-
sition 1.12 gives its density. |

As the theorem shows, the class of Bernoulli random subsets is closed under inter-
sections. Thereby the intersection formula works for multiple independent sequences
of random subsets. The formula is more concise in terms of codensities.

Definition 1.14 (cf. [9, p.269]). Let A be a densable sequence of random subsets
such that dens A € [0, 1]. Then the codensity of A is defined by

codensA =1 —dens A.

Theorem 1.13 can be rephrase as (compare [9, p.270]):

Theorem 1.13’ (The intersection formula by codensities). Let A, B be independent
sequences of Bernoulli random subsets of E with positive densities. If codens A +
codens B < 1, then

codens(A N B) = codens A + codens B.

If codens A + codens B > 1, then dens(A N B) = —oc.

Corollary 1.15 (Generalized intersection formula by codensities). Let A1, ..., Ag
be independent sequences of Bernoulli random subsets with positive densities. If
Zle codens A; < 1, then

k
codens(ﬂ Ai) =
i=1 i

k
codens A;.
1
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If Y% codens A; > 1, then

s (1) = =

i=1

As an exception, a Bernoulli sequence of random subsets with density d = 0 is
not densable.

Proposition 1.16. Let A be a Bernoulli sequence with density d = 0. Then A is not
densable. In fact,

Pr(dens A, = —o0) —— 1/e.
n—>oo

Proof. Pr(|A,| = 0) = (1 — |E,|~")!Enl —— 1/e, which gives
n—>oo
Pr(dens A, = —00) —— 1/e.
n—oo

This justifies that the sequence of random variables (densg, A,) does not converge to
any constant distribution. ]

1.3. The uniform density model

The uniform density model is the first example of densable sequences of random
subsets. It was introduced by M.Gromov [9, p.270] to construct random groups with
fixed generators, and later developed by Y. Ollivier [15, p. 1]. It was also used by A.
Zuk [19] to study random triangular groups.

Let E = (E,) be a sequence of sets. To simplify, we assume that |E,| = n in
this subsection. For an arbitrary sequence E with |E, | — co we can proceed similar
proofs by replacing n by |E,|. Note that |E,|? = n? ~ |n?], while n — oo for
d € [0,1].

Recall that a sequence of uniform random subsets (Example 1.6 (iv)) of (E},) with
density d is a sequence of random subsets (A,) with the following laws:

()™ iflal = [n9],

Pr(dn =a) = {o i Ja| # |n?).

We give here a concentration lemma for uniform density model, similar to Lem-
ma 1.11. For the proof, we will need Lemmas 2.2 and 2.3 given in the next section.

Lemma 1.17 (Concentration lemma for uniform density model). Let A, B be inde-
pendent sequences of uniform random subsets of E with densities «, 8 € [0, 1]. Then:

(i) n*tA=1—2 <E(|4, N Bu|) <n®tA-1,
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(i) Ifa<landpB < 1, then
Var(|A, N By|) ~ n®TA~1,
Moreover, if n > 3, then
Var(|4, N Byl) < 3pe AL,
(i) Let0O <c < 1. Ifa+ B —1>0andn > (3)V/@+B=D then

12
C2n0t+,3—1 n—00

Pr(||4, N By| —n"‘+ﬂ_1| > cen® TPl <

In particular, a.a.s.
|[An N Byl —n“+ﬂ_1| < cn®tPL

Proof. We consider each item.

(i) By Lemma 2.2, A, N B, is a permutation invariant random set of E,. Apply
Lemma 2.3:

E(|4, N By|) = nPr(x € 4, N B,) = nPr(x € A,)Pr(x € By,)
E(4x]) E(Bal) _
n

=n

LnaJ Lnﬂjn_l N noc-l—ﬂ—l'

For the inequality, as o, 8 < 1:
na-i-ﬂ—l —2< nOH-ﬂ—l _ na—l _ nﬂ—l + n—l < Lno{J LnﬁJn—l < nOH-ﬂ—l'

(i) Let x, y be distinct elements in E. The number of subsets of E containing
n—

x, y of cardinality |n®] is (Lnaf_z), o)
-2
(poy=a) _ Ln®)(ln*] = D)

Pr(x,y € A,) = (I_nn"‘J) n(n—1)

Similarly,
ln?J(1nP] = 1)
nn—1)
Denote k = |n*] and [ = [n#] to simplify the notation. Note that k = o(n) and

[ =o(n)asa < 1and B < 1. Recall that E(|4,, N B,|) = kin~'. Apply Lemma 2.3,
the variance of |4, N B, | is

Pr(x,y € B,) =

Var(|An N Bu|) = kin™' +n(n — 1)Pr(x,y € 4,)Pr(x,y € B,) — (kin™")?
k(k — DI — 1)

—1,\2
TG

=kin~' +
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kl
= ———(m*—n+nkl —nl —nk +n—nkl + ki)
n2(n—1)
N L n2 ~ petB1
n2(n—1)
Moreover, if n > 3, then
ki ) 2kl 2n%th +h1
Var(|Antn|):m(l’l —nl—nk+kl)§m§ n—1 5371“ .

(i) By (i) if n > ($)V/@+A=1 > 4 then

(145 1 Byl) —n* A1 < Snoth1,

If « = 1 or B = 1 then the result is true as the A, = E, or B, = E,,. Otherwise by (ii)
and Chebyshev’s inequality, if n > (%)1/ @+B=1) then
Pr(||A, N By| —n®TP7Y| > en®tAT)
< Pr(“An N Byl — E(|4, N Byl)| > %n‘“‘ﬂ_l)

_ 4 Var(|A, N By)) _ 12
c2n2a+2p—2 = 2pa+p-1°

Proposition 1.18 (The intersection formula for uniform density model). Let A, B
be independent sequences of uniform random subsets of E with densities «, 8. If
o + B # 1, then the sequence A N B is densable and

a+B—-1 ifa+p8>1,

dens(AﬁB):{_OO Fotp <l

Proof. We separate the two cases @ + f < land o + 8 > 1.
(i) If @ + B < 1, then by Markov’s inequality and Lemma 1.17 (i):

Pr(|4, N By| > 1) <E(|44 N By]) — 0,
n—>o0

which implies a.a.s. A, N B, = @ and dens(4 N B) = —o0.
(i) fa 4+ B > 1, by Lemma 1.17 (iii) (with ¢ = 1/2) a.a.s.

1
||An N Bn| _not+ﬂ—l| < End+ﬂ—l,
so forall ¢ > 0 a.a.s.

noz-i—ﬂ—l—s < |4, N B,| < na-‘rﬂ—l-i-s‘

Hence, by Proposition 1.8, A N B is densable with density o + 8 — 1. |
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The cardinality of A, N B, is close to n**#~1 with high probability, but not
always. If & % 1 and 8 # 1, then for n large enough [n%| + [n#| < n, so

Pr(4, N B, = 0) # 0.

Which means that A N B is not a sequence of uniform random subsets, so the
class of sequences of uniform random subsets is not closed under intersection.

2. The general model: Densable and permutation invariant

2.1. Densable sequences of permutation invariant random subsets

Let E be a finite set with cardinality |E| = n. Denote S(E) as the group of per-
mutations of E. The action of S(E) on E can be extended on #(E), defined by

o({x1,...,xk}) :={0o(x1),...,0(xx)}.

Note that this action has (n + 1) orbits of the form {a € S(E) | |a| = k} fork €
{0, ...,n}. Moreover, the action commutes with set theoretic operations: o (E\a) =
E\o(a),c(anb)=0c(a)Nob)ando(a Ub) =0a(a)Ua(b).

Definition 2.1 (Permutation invariant random subsets). Let A be a random subset
of E. It is permutation invariant if its law is invariant by the permutations of E. i.e.

Yae P(E)Yo e S(E) Pr(A=a)=Pr(4d=o0c(a)).

Equivalently, subsets of E of the same cardinality are equiprobable. There exists
real numbers py, ..., py € [0, 1] satisfying

% (1)

Vae P(E) lal=k = Pr(A=a)= pk.

such that

By definition, uniform random subsets and Bernoulli random subsets are permuta-
tion invariant. The advantage of such class of random subsets is that it is closed under
set theoretic operations, especially under intersections.

Lemma 2.2 (Closed under set operations). Let E be a finite set. The class of permu-
tation invariant random subsets of E is closed under set theoretic operations (union,
complement and intersection).
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Proof. We treat the three set theoretic operations (complement, intersection and union)
separately.

(i) (Complement) Let A be a permutation invariant random subset. Leta € P (E)
and 0 € S(E). Then

Pr(E\A =a) =Pr(4A = E\a) = Pr(4 = o(E\a))
=Pr(4 = E\o(a)) =Pr(E\A = g(a)).

(i) (Intersection) Let A, B be independent permutation invariant random subsets.
Then foro € S(E),

Pr(ANB =c¢) = > Pr(A = a)Pr(B = b)
a,beP(E);anb=c
= > Pr(A = o(a))Pr(B = (b))
a,beP(E);o(a)Na(b)=ao(c)
= Z Pr(A = d')Pr(B = b') (by substitution)

a’,b’eP(E);a’Nb’=o(c)
=Pr(AN B =o0o(c)).

(iii) (Union) Let A, B be independent permutation invariant random subsets. Then
AU B = E\((E\A) N (E\B)).So AU B is permutation invariant. [

We shall express the expectation and the variance of the random variable |A| in
terms of Pr(x € A) and Pr(x € A, y € A), where x, y are distinct elements in E.

Lemma 2.3. Let A be a permutation invariant random subset of E. Let x, y be dis-
tinct elements in E. Then:

() E(|4]) = nPr(x € A),
(i) Var(|A) = E(JA]) 4+ n(n — DPr(x € 4,y € A) —E(|A])".
Proof. We consider each item.

(i) By definition the probability Pr(z € A) does not depend on the choice of ele-
ment z € E. So,

E(|4]) = (Z 1126,1) = Y Pr(z € A) = nPr(x € A).
zeFE z€FE

(i) By the same argument, the probability Pr(z € A, w € A) does not depend on
the choice of pair of distinct elements (z, w) in E. So,

E(|4) [(ZE ﬂzeA) ]
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:ZPr(zeA)—l— Z Pr(ze A,w € A)

zeE (z,w)eE2;z#w

=E(JA]) + n(n — )Pr(x € A,y € A). ]

A permutation invariant random subset can be decomposed into uniform random
subsets.

Proposition 2.4 (Decomposition into uniform random subsets). Let A be a permuta-
tion invariant random subset of E.

) If Pr(|A| = k) # O, then the random subset A under the condition {|A| = k}
is a uniform random subset on all subsets of E of cardinality k.

(ii) Let Q be an event described by A (for example, Q = {x € A}). Denote N4 =
{k € N |Pr(|A| = k) # 0}, then

Pr(Q) = > Pr(Q||A| =k)Pr(|A| =k).

keNy

Proof. Suppose that Pr(]A| = k) # 0. Leta C E of cardinal k. As A is permutation
invariant,

Pr(|A| = k) = (Z)Pr(A = a).

Hence,

-1
Pr(A=a||A|=k):$:=ak))=("> .

If la| # k thenPr(A =a | |[A| = k) = 0.
The second assertion is the formula of total probability. |

Definition 2.5. Let A = (A,) be a sequence of random subsets of E = (E,). It is
a sequence of permutation invariant random subset if A, is a permutation invariant
random subset of E,, for all n.

Notation. Let E = (E,) be a sequence of finite sets. Denote D(E) the class of
densable sequences of permutation invariant random subsets of E.

Example 2.6. We give three examples of sequences of random subsets that are dens-
able and permutation invariant.

1. Sequences of Bernoulli random subsets of E with density d # 0 are in the
class D(FE).

2. Sequences of uniform random subsets of E are in the class D(E).
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3. Let A, B be independent sequences of uniform random subsets. By Lemma 2.2,
the sequence A N B is permutation invariant. By Proposition 1.18, if dens A 4 dens B
# 1,then A N B is densable. In this case the sequence A N B is in the class D(E).

Except for some special cases, the class D (E) is closed under set theoretic oper-
ations:

Proposition 2.7. Let A, B € D(E) with densities o, B. Then the union A U B is in
D(E) and dens(A U B) = max(«, B).

Proof. By Lemma 2.2, the sequence of random subset A U B is permutation invari-
ant. The cases « = —oo or B = —oo can be easily shown. Without loss of generality,
assume that > 8 > 0.

Let ¢ > 0. By densabilities of A and B, a.a.s.

na—s/z < IAn| < na+a/2,
nP=¢12 < |B,| < nf*e/2,
Thus, a.a.s.

noe—e < |An| < |An U Bn| < na+s/2 +nﬁ+s/2 < 2na+e/2 < na+s' -

Proposition 2.8. Let A € D(E) with density o < 1. Then the complement E\ A is
in D(E) and dens(E\A) = 1.

Proof. Again by Lemma 2.2 the sequence of random subset E\A is permutation
invariant.
Let0 < & < (1 —«)/2. By densablility of A4, a.a.s.

|An| < nd+8'
As n®te 4+ nl=% < 5 for n large enough, a.a.s.

|E\Ap| = n—n%te>pnl~e [

2.2. The intersection formula

In this subsection we shall prove the intersection formula for the class of densable
sequences of permutation invariant random subsets.

Theorem 2.9 (The intersection formula). Let A, B be independent sequences in
D(E) with densities o, B. If o + B # 1, then the sequence A N B is in D(E) and

a+pB—-1 ifa+p>1,

dens(AﬁB):{_OO Fotp <l
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Lemma 2.10. Leta, B € [0,1] suchthato + > 1. LetO<e<a+ B —1.Let A, B
independent sequences of uniform random subsets of E with densities o', B’ with
o €la—e/3,a+¢/3)land B €[B —e/3.B +¢/3]. If n > max{23/¢ g1/ (@+B-1-e)\
then

48
at+p—1—¢ a+B—1+e —
Pr(n < |4, N By <1 )zl e o b

Proof. By hypothesisa’ + 8" —1>a + 8 —2¢/3 —1 > 0. Apply Lemma 1.17 (iii)
with ¢ = %, for n > 81/(@th—1-e) > g1/(@+B"~1) e have

7 7 1 7 ’ 48
+B/—1 +8/—1
Pr(||An N By| —n® | > En“ ) ey

Considering the complement event, this inequality is equivalent to

48

1 ’ 7 3 7 7
Pr(—n"‘ -1 <14, N B,| < —n¥ A _1) >1—
2 2
Again by hypothesis,
a+pB—-1-2¢/3<d +B —1<a+pB—1+2¢/3.
If n > 23/¢ then
ntx—i—ﬂ—l—s < lntx—i—ﬂ—l—le/S < Ena+ﬁ—l+2£/3 < na+ﬂ—1+8
SO,
Pr(na-‘r,B—I—E < |An N Bnl < na+ﬂ—1+€)
> Pr(lna+ﬂ—1—28/3 < |4, N By < §na+ﬂ—l+2£/3)
- 2 - -2
1 / 7 3 / ’
> Pr(—n"‘ Bl <4, N B, < Zn¥tA _1>.
2 2
Combine two estimations on 7. If n > max{23/¢, 81/@+B=1=8)\ ‘then:

48 48
a+p—1—¢ a+B—1+¢ _ _
Pr(n <|An N By| <n )= 1 P ! nat+B—1—¢

Asa + B — 1 —¢ > 0, when n goes to infinity
48

nOH‘,B—l—g n—o00

0. [

Proof of Theorem 2.9. By Lemma 2.2, the intersection A N B is a sequence of per-
mutation invariant random subsets. In either case, denote (Q,) the sequence of events
defined by

Qn — {na—s/3 < |An| < nOl+8/3 and n,B—a/S < |Bn| < nﬂ+s/3}
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for some small ¢ > 0. By the densabilities of A and B, a.a.s. 0, is true. Note that O,
is a union of events of type {|4,| = k, |Bn| = [}. Denote

NZ Bae = {(k.]) e N? | n® /3 < fp < n@Fel3 pP=el3 < < phtel3
and Pr(|4,| = k,|B,| = 1) # 0}.
For (k,[) € Ni,B’n .» we may do a change of variables k = n% 1 =nP so that
a—¢/3<d <a+¢e/3 and B—¢/3<pB <PB+¢e/3.

(i) Suppose that @ + B < 1. Let 0 < ¢ < 1 —« — B. We shall prove that a.a.s.
An N B, = @. By the formula of total probability and Markov’s inequality,

Pr(A, N By # @) < Pr(|A, N By = 1| Qn)Pr(Qn) + Pr(0y)
s Y [Pl Bl = 1] Ad =k 1Byl = 1)
(DN B e Pr(|An| =k, |Bn| = l|)] + Pr(0,)
= Y BB 1A =K 1BA = 1)

(k,)eN? g . . —
ABNEPr(| ] = k.| Bal = 1))] + Pr(Qy).
For any (k,/) € Nfl,B,n,a’ by Lemma 1.17 (i), we have

E(|An N Bul | |4n| = k,|Bu| = 1) = E(|4n 0 Bul | |An| = n®,|Ba| = nP")

< na/+ﬂ/_1 < noe+/3+2/3$—1 < n_1/38.
Hence,
Pr(A, N B, # @) <n"'**Pr(Q,) + Pr(Q,) —— 0.
n—oo
(i1) Supposethato + 8 > 1.Let 0 < ¢ < o + B — 1. We shall prove that a.a.s.

potB—1-e < |4, N B,| < na-‘rﬁ—l—i-s‘

By the formula of total probability,

Pr(n®*P=17¢ < |4, N B,| < n®+F71%%)
> Pr(n® P17 < |4, N B,| < n®"F71HE | 0,)Pr(Q,)
= > [Pt S 4 0 By < Ty = | Bl = 1)

(k,l)eNfLB.

n.e

Pr(|A,| = k. |B,| =l|)].
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By Lemma 2.10 and Proposition 2.4. If n > max{23/¢, 8!/@+B=1=)\ "then for
any (k,l) € N3 p, ,» We have

Pr(n®P=17¢ < |4, N B,| < n®P71% | |4, =k, |B,| = 1)
= Pr(n®tP=17% < |4, N B,| < n® B4 |14, = n® | B,| = n#)

48
>1

- 1.
- netB—l+e nsoo

Hence, for n > max{23/¢, 81/@+B=1=6)\ e obtain

Pr(na-‘rﬁ—l—s < |An o) Bnl < na+ﬂ—1+8)

> Y (1 P =K 1Bi =)

2
(k’l)ENA.B,n.a

>

48

Remark that when « + B8 = 1, the density is not determined, as Proposition 1.16
showed for Bernoulli random subsets. As the class is closed under intersection, we
can conclude on multiple intersections.

Corollary 2.11. Let Aq,..., Ay be independent sequences in D (E) of positive den-
sities. If Y¥_, codens A; < 1, then

k k
codens(ﬂ A,-) = Zcodens A;.

i=1 i=1

If Zle codens A; > 1, then

s 14.) = .

i=1

2.3. Another model: Random functions

We give here another natural model of random subsets: image of a random function,
which can be found in [9, p.270] “Self-intersection formula” by Gromov. This is
also a variance of random groups considered by Ollivier in [16, Lemma 59]. In this
subsection, we prove that such a model is densable and permutation invariant.

Definition 2.12. Let E, F be finite subsets of cardinalities 7, m. Denote E¥ the set
of functions from F to E. A random function ® from F to E is a EF -valued random
variable.
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Let ® be a random function from F to E. Its law is determined by
Pr(® = ¢)

through all ¢ € EF.

The random function ® can be regarded as a vector of E-valued random variables
(or random elements of E) (®(y))yer indexed by F. Note that these random ele-
ments are not necessarily independent. The image Im(®) = ®(F) := {®(y)|y € F}
is then a random subset of E.

Example 2.13 (Uniform random function). Let ® be the uniform distribution on all

functions from F to E. Its law is
1

1
Pr(q):(p):W:n_m

through all ¢ € EF.

Proposition 2.14. Let @ be a uniform random function from F to E. Then the random
elements (®(y))yer are independent (identical) uniform distributions on E.

Proof. Letx € E, y € F. The number of functions ¢ from F to E such that ¢(y) = x
is 1. So the law of ®(y) is

nmloq
Pr(®(y) =x) =~ = -
Which is a uniform distribution on E.
Denote F = {y1,..., ym}. Let (x1,..., x;n) be a vector of m elements in E. Let

¢ € EF such that ¢(y;) = x; forall 1 <i < m. Then

Pr( \ 0G0 =) =Pr@ =) = =[] Pr@o) =)

i=1 i=1

Proposition 2.15. The image of a uniform random function is a permutation invariant
random subset.

Proof. Let ® be a uniform random function from F to E. Let 0 € §(E), then for all
¢ € EF, we have

Pr(®=¢)=Pr(®=00¢)=Pr(c” ' o® = ¢).
The random function 0~ ! o ® has the same law of ®. Now let a C E, then

Pr(Im(®) = a) = Pr(Im(c™! o ®) = a) = Pr(m(®) = o (a)). ]
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3. The multi-dimensional intersection formula

Let E = (E,) be a sequence of finite sets with | E,| = n and k > 2 be an integer. The
set of pairwise different k-tuples of E, is

E,gk) = {(xl,...,xk) S5 E,If | xi #x; Vi ;éj}.

Denote E®) = (E,Sk))neN.
Similarly, for a sequence of random subsets A = (A4,) of E, we can define

Aglk) = {(x1,....xk) € A]fl | xi # x; Vi #j},

which is a random subset of E,(,k). Denote also A% = (Af,k)). We will establish
an intersection formula between a sequence of random subsets of type A% and a
sequence of fixed subsets X = (X,) of E ®,

Proposition 3.1. Let A be a densable sequence of random subsets of E with density
d > 0. Then A% is a densable sequence of random subsets of E & ypith density d.
Namely,

dens ) (A &)y = densg (A).

Proof. Note that n* — k2(n — 1)k < |[EP| < nk, so |EX)| = nk+o),
Let ¢ > 0. By densability a.a.s. n974/2 < |A,,| < n4*¢/2. By the same argument
above, a.a.s. |A§1k)| = |A, |+ as random variables. Hence, a.a.s.

(nk)d—8/2+0(1) < |A,(1k)| < (nk)d+8/2+0(1),
SO a.a.s.
BRI < |A0) < | EO19e. .

Although the densability is preserved, it is not the case for being permutation
invariant. Given a permutation invariant random subset 4, of E,, the random sub-
set Aflk) is not permutation invariant in E,(,k) for k > 2. See the following example.

Example 3.2. Let (A4,) be a sequence of Bernoulli random subsets of ( £,,) with den-
sity 0 < d < 1. Recall that subsets of the same cardinality have the same probability
to be included in a permutation invariant random subset. Let x1, ..., x4 be distinct
elements in £,,.

Pl'({(xl,xz), (x3,x4)} C AS,Z)) = Pr({xl,xz,x3,x4} C An) = p*d=D,
while

Pr({(xlﬁxz), (x2,x3)} C Af,z)) = Pr({xl,xz,x3} - An) = p3@=D,
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As a result the classical intersection formula (Theorem 2.9) can not be applied
in this context. Actually, for k > 2 the intersection formula does not work for some
choices of X. We give here a counter example.

Example 3.3. Let A be a sequence of random subsets in D (E) with density 3/4. Let
X = (X,) be a sequence of subsets defined by

Xn = {xn} X (En\{xn}) € EP

with some x, € Ej,. By its construction dens ) (X) = 1/2, so we expected that
dens(A® N X) = 3/4 +1/2— 1 = 1/4. However, we have

dens(A(z) NX)=0
because a.a.s. A, N {x,} = @.

For the intersection formula between A ®) and X , we need an additional condition
on X . More precisely, X can not have too much “self-intersection”. We will discuss
this condition in Section 3.1.

Following the path for proving the intersection formula (Theorem 2.9), we shall
study the case that A is a sequence of Bernoulli random subsets with density d (Sec-
tion 3.2). We then adapt the proof for the uniform density model by estimating the
probabilities Pr({x1, ..., x,} C A,) (Section 3.3).

For the general case (Section 3.4), according to Proposition 2.4, we can decom-
pose a permutation invariant random subset into uniform random subsets. We then
need to bound |A$,k) N X, | for sequences of uniform random subsets, uniformly in a
small neighborhood of densities d’ € [d —¢,d + ¢].

3.1. Statement of the theorem

Definition 3.4 (Self-intersection partition). Let X = (X,,) be a sequence of fixed
subsets of E %) with density . For 0 < i < k, the ith self-intersection of X, is

Yin i={(x,y) € Xyl|lxNy| =i},
where |x N y| is the number of common elements in x = (x1,...,x;) and y =
(V1s-- s Vi)

In particular, Yy , is the set of pairs (x, y) in X? having no intersection; Yi n is
the set of pairs (x, x) in X2. Note that (¥;,»)o<i<k is @ partition of X2, called the
self-intersection partition of X,. Namely,
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The sequence Y; = (Y; »)nen is called the ith self intersection of X . The family
of sequences (Y ;)o<i<k is called the self-intersection partition of X . Namely,

Remark that the sequences X 2and Y; are sequences of fixed subsets of (E (k))z =
((E,(,k))z),,eN. Note that dens g @) (X?) = dens ) (X) = a. To give a condition
on Y;, we need the notion of upper density, defined by an upper limit:

Definition 3.5. Let Y = (Y,) be a sequence of subsets of E = (E,). The upper
density of Y in E is
densgY := lim log‘En|(|Yn|).
n—>oo

We introduce here, for a sequence of densable fixed subsets X of E & with den-
sity o, the small self-intersection condition.

Definition 3.6. Let X be a sequence of subsets of E *®) with density o and let (Y; )o<i<k

be its self-intersection partition. Let d > 1 — «. We say that X satisfies the d-small

self-intersection condition if, forevery 1 <i <k — 1,
- i
denS(E<k))2(Yi) <0 -— (1 — d) X i

Remark that the right-hand side of the inequality is between 0 and o because
o > 1—d > 0.Note that |Yg ,| = [{(x,y) € X2 | x = y}| = |Xn|, so

o k
dens(E(k))2 Y, = E <a-— (1 — d)%,

which satisfies automatically the inequality. On the other hand, as the upper densi-
ties of ¥; for 1 <i < k are all smaller than « and |Yo | = | X?| — Zf;l |Yinl, by
Proposition 2.8, the sequence Y ¢ is densable and

dens Yy = dens X2 = .

The purpose of this section is to demonstrate the following theorem.

Theorem 3.7 (Multi-dimensional intersection formula). Let A be a densable se-
quence of permutation invariant random subsets of E with density 0 < d < 1. Let
X = (X,) be a sequence of (fixed) subsets of E & \ith density a.

1) Ifd +a < 1, then A® N X is densable and

dens(A® N X) = —o0.
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(i) If d + @ > 1 and X satisfies the d-small self intersection condition (Defini-
tion 3.6), then A® N X is densable and

dens(A®PNX)=a+d—1.

Note that when k = 1, we have the intersection formula between a random subset
and a fixed subset. In this case, the self intersection partition of X contains only Y
and Y, and we do not need to check the self intersection condition.

Corollary 3.8 (Random-fixed intersection formula). Let A be a densable sequence
of permutation invariant random subsets of E with density d. Let X be a sequence of
(fixed) subsets of E with density a. If d + a # 1, then the sequence of random subsets
A N X is densable and

d+aoa—1 ifd+a>1,

dens(A N X) =
—00 ifd +a < 1.

We shall first represent the expected value and the variance of the random variable
|Af,k) N X, | by probabilities of the type Pr({x;,...,x,} C A,). The following result
generalizes Lemma 2.3.

Lemma 3.9. Let E, A and X be given as in Theorem 3.7 and let (Y ;)o<i<k be the
self-intersection partition of X. Let x1, . . ., Xox be distinct 2k elements of E,.

() E(1AP N X,|) = |Xa|Pr({x1, ..., x5} C 4y).
(i) Var(JA® N X,))
= X, P (Pr({x1, ..., xok} © An) = Pr({xr, ..., x5} C 4,)°)

k
+ Z [Yinl(Pr({x1,....x2k—i} C An) —Pr({x1,....x2¢} C Ap)).
i=1

Proof. We consider each item.

(i) As A, is permutation invariant, the probability Pr({xy, ..., x;z} C A,) does
not depend on the choice of {x1, ..., xx}. So,
E(|Aflk) N X,,|) = E( Z ]lxeA(k)) = Z Pr(x € Aflk))
x€Xn x€Xn

= |Xn|PI‘({X1,. .. ,Xk} - A”)

(i) By the same reason Pr({x1,...,x,} C A,) does not depend on the choice of
{x1,...,x,} forall r € N. Note that

Var(|A® 0 X,|) = E(JA%P 0 X, ) —E(|4A%P n X,).
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If (x, y) € Y;n, then there are 2k — i different elements of E, in x and y, so
Pr(x,y € A,(,k)) =Pr({x1.....x2k—} C A4n).

Hence,

E(14A% N X,)?)

(Z ﬂxeA(k)) ) = > Pr(x.ycAad)

x€Xp x,y€Xn

Z PrxyeA(k))
(x,»)€Y,

I
M’“ QM” /\\

[YinlPr({x1. ..., x2k—i} C Ap).

N
I
o

Recall that Yy ,| = | X?| — Zf;l |Y; »|. The above can be rewritten as
k
E(lA’(lk) N Xn|2) = (|X3| — Z |Y,',,,|)Pr({x1, e Xo ) C An)
i=1
k
+ Y YinlPr({xr. ... Xok—i} C An)

= | X7|Pr({x1..... X2k} C Ay)

k
+ Z(Pr({xl, ce ,X2k_i} C An) —Pr({xl, T ,X2k} C An))

i=1
Combined with E(|A%® N X, )2 = | Xu[?Pr({x1, ..., xx} C An)2, we have

Var(]4® 0 X,,|) = |Xn|2(Pr({x1, Xk} C Ay) —Pr({xy. .. x) C An)z)
k
+ Z |Y,~,,,|(Pr({x1, o Xok—i} C An) = Pr({x1,....x0¢} C An)) n

Remark that Lemma 2.3 is a special case of Lemma 3.9, by taking k=1 and
X, =E,. Note that if k = 1, then X?> = Y LU Y and there is no need to introduce
condition (3.6).

3.2. The Bernoulli density model

Let X be a fixed sequence of subsets of E ® with density «. In this subsection, we
study the intersection A ®) N X in the case that A is a sequence of Bernoulli random
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subsets of E with density 0 < d < 1. Note that for any integer » € N and any distinct
elements x1,...,x, in E,, we have

Pr({xi,....x;} C Ay) =Pr({x1 € 4,},....{x, € An})

r
= 1_[ Pr(x; € A,) = n" @V

i=1
by independence of the events Pr(x; € A,). Because of this equality, the proof of
Theorem 3.7 for the Bernoulli density model is much simpler.
Proof of Theorem 3.7 for Bernoulli density model. We consider each item.

(i) Suppose that @ + d < 1. To prove that dens(4® N X) = —oo, it is enough
to prove that
Pr(A%® N X, #0) — 0.

n—oo

By Markov’s inequality and Lemma 3.9,

Pr(A® N X, # @) = Pr(|4A® N X,| > 1)

<E(4% N X,|) = | Xu[Pr({x1,. ... xk} C Ap)
< nka+o(1)nk(d—1)

< nk(a+d—l)+o(l) 0

n—>oo
asa+d—1<0.

(i) Suppose that @ + d > 1. To simplify the notation, denote B, = A,(,k) N X,
and B=XNnA®.

We shall prove that dens B = o + d — 1. Let & > 0 be an arbitrary small real
number. We need prove that a.a.s.

nk(oH—d—l—a) < |Bn| < nk(ot-‘rd—l-i-s)'

By Lemma 3.9,

E(|Bal) = |Xn|Pr({x1,..., Xk} C Ay) = | Xy |nk@™D
— nk(a-‘rd—l)-i—o(l)'

For n large enough,

nk(a+d—1—s) < lnk(a-l—d—l)—l—o(l) < gnk(a-l—d—l)—l—o(l) < nk(a—l—d—H—s).

So it is enough to prove that a.a.s.

1 3
EE(|Bn|) < |Bn| < EE(IBnI),
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which means that a.a.s.
1
||Bn| _]E(|Bn|)| < EE(|Bn|)

By Chebyshev’s inequality,

- 4 Var(| By|)

Pe(|1B.] —E(1B,)| = 3E(BD)) = “Z .

We shall prove that this quantity goes to zero when n goes to infinity. By Lemma 3.9,

Var(|B|) = [Xal?(Pr({x1, ... %t} C Ap) —Pr({x1, ..., x¢} C 4,)°)

k
+ Z [Yinl(Pr({x1,.... X2k} C An) —=Pr({x1,...,x2} C 45))

i=1

|Yi,n | (n(zk—i)(d—l) _ n2k(d—1))

I
Mw

u.
I
-

|Yl " |n(2k—i)(d—1).

VR

=
1

1

Note that nk=D(@=1) 5 ;,2k(d=1) pecause d < 1. By the d-small self-intersection
condition (3.6), there exists ¢ > 0 such that forall 1 <i <k,

|Yi n| < nzk(a+(d—1)i/2k)—s

for n large enough. Hence, for n large enough
Var(|Bn|) < kn2k@td—1—¢

Recall that E(| B, |)? = n2k@+d=D+o(D) 4

4 Var(| By|)

0.
E(By])> n—od -

3.3. The uniform density model
Note that when A is a sequence of Bernoulli random subsets with density d, we have
Pr({xi,....x;} C 4,) = n@=1,
and consequently,
Pr({xi,...,xx} C A,,)2 —Pr({x1,....xk} C 4,) = 0.

In order to proceed the same proof, we shall estimate these two quantities for the
uniform density model.
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Lemma 3.10. Let A be a sequence of uniform random subsets of E with density d.
Let 0 < & < d be a small real number and let k > 1 be an integer. If n > (1 + 2k)'/¢,
then

(i) forall integers 1 <r < 2k,

p’d-1-e) < Pr({xl, coXp} C An) < prd=1+e).

(i) 0 < Pr({xi,...,xx} C 4)> —Pr({x1,..., 51} C A,) < n2k(@-14+e)=d,

Proof. Recall that |E, | = n and that A4, is uniform on all subsets of £, of cardinal-
ity [n4].

(i) Note that |[n?| > n® — 1 > 2k > r. Among all subsets of E, of cardinal-
ity [n¢ |, there are (I_nnd_Jr—r) subsets that include {x, ..., x,}. So,

(naisr) _ ) (] —r + 1)

Pr({xi,....x;} C Ay) = () n...(n—r—1)

We estimate that
d _ r d d| _ d r
nt —r <I_nJ...(l_nJ r+1)< n .
n - n...nm—r—1) “\n—r

The condition n > (1 + 2k)/¢ > (1 + r)'/¢ implies

SO

Hence, ; ;
ey —r+1 s
R s L

(ii) By the same argument,

Pr({xi,....xx} C An)z—Pr({xl,...,xzk} C An)
(Lndj...(LndJ—k+1))2_ n?] ... (In?] =2k + 1)

n....n—k-—1) n...(n—2k—1)
. (Lndj...(LndJ—k+l))
B n....n—k-—1)

.(Lndj...(LndJ—kJrl)_(Lndj—k)...(LndJ—Zk—l—l))
n...n—k—1) n—k)y...n—2k—1) '
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nd |
e

d|_; S .
This quantity is positive because L"n_Jl. P>l i_’kk forevery0 <i <k —1.

Now we estimate that
2
Pr({xi,....xx} C An)” = Pr({x1,....x0¢} C 4,)

- nd \* ndk (nd—2k)k
—(n—k) ((n—k)k_ (n —k)k )

k

< n?k ndk_z k nd(k—i)(_zk)i
~ (n—k)2 = i

dk dm 2k
(1 4 2kykpdten = (VIR
S oz 2R "k "

As n® > 14 2k, we have
n—k=>n"(1+2k)—k
>n'"5(1 + k)

>nl=¢y/1 + 2k.

Hence,
Pr({xl, e Xkt C A,,)2 — Pr({xl, e, Xog) C A,,) < p2k(d—1+e)—d [ ]

Notation. Let X be a sequence of subsets of E ® with density « and let (Y;)o<i<k
be its self-intersection partition. Denote the density difference

go(d) = llgigk{a +(d - l)zl—k —MY,-}.

Remark that X has d-small self-intersection if and only if g9(d) > 0. In addition,
for every small real number 0 < & < g9(d)/10 there exists n, € N such that for all
n > ng we have, simultaneously forall 1 <i <k,

|Yn,i| < n2k(oc+(d—1)i/2k—10£) — n2koc+(d—1)i—2kx10£‘

By densability of X, we can choose n, such that at the same time
nk(oc—s) < |Xn| < nk(a-i—s)‘
Combined with Lemma 3.10, we can now estimate the expected value and the
variance of |A§,k) N X, | for the uniform density model.

Lemma 3.11. Let A be a sequence of uniform random subsets of E with density d.
Let X be a sequence of subsets of E® with density a. Let 0 < & < min{eo(d)/10,d}
be a small real number. If n > max{ng, (1 + 2k)/¢}, then
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@) pk(@td—1-2¢) < IE(|A,(,k) N Xn|) < pklatd—1+2¢)
(i) Ifin additiona + d — 1 > 2e > 0 and X has d-small self-intersection, then

Var(|A£,k) N X,,|) < k n2kletd—1-9¢)

Proof. We consider each item.
(i) By Lemma 3.9,

E(JA® N X,|) = [Xu[Pr({x1, ..., xx) C 4p).
So by Lemma 3.10 and n*@=® < |X,,| < n¥@*9 we have
pkla=e) k(d—1-e) ]E(|Aflk) N X,) < pk(ete)  k(d—1+e)
(i) By Lemma 3.10 (ii)
Pr({xi,....,x} C Ap) —Pr({xl, c. Xk} C A,,)2 <0.
Apply Lemma 3.9, eliminate negative parts:

Var(|A® N X,|) = | Xu 2 (Pr({x1, ... Xk} € Ay) —Pr({x1, ..., xx} C An)z)

k
+ Y Yin
i=1

(Pr({x1,....x06—i} C An) —Pr({x1.....x2¢} C 4,))

k
< Z |YinPr({xi....,x2k—} C An).

i=1
By Lemma 3.10 (i) and |Y; ,| < n2ke+i(d—1)+2kx10e

k
Var(|A® 0 X,|) < Znzka—i-i(d—l)—zkxIOSn(Zk—i)(d—H-g)
i=1
< kn2k(0t+d—l—9g).

Proof of Theorem 3.7 for uniform density model. We consider each item.

(i) Suppose that @ + d < 1. We shall prove that
Pr(A%® N X, #0) — 0.
n—oo

Let & > 0 such that

8<min{l_§_a,801(g),d}.
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By Markov’s inequality and Lemma 3.11: If n > max{n,, (1 + 2k)!/¢}, then

Pr(A® N X, # @) = Pr(]A® N X,| > 1)

<E(4® N X,)

< pklatd—1+2¢) 5 0.

n—>oo

254

(ii) Suppose that @ + d > 1. Denote B, = Aﬁ,k) N X,. Let ¢ > 0 be an arbitrary

small number, with

-1
8<min{a+d ,8O(d),d}.
3 10
We shall prove that a.a.s.

nk((x+d—1—3s) < |Bn| < nk((x+d—1+3e).

By Lemma 3.11, if n > max{n,, (1 + 2k)'/#}, then
nk(a+d—1—2s) < E(anl) < nk(oc+d—1+2e)'
In addition, if n > 21/k¢_ we have

pk@rd—1-3¢) 1 k@td—1-20) < %E(|Bn|)

and
%E(|Bn|) < %nk(a+d—1+25) < pkl@+d=1+32)

So, it is enough to prove that a.a.s.
1
||Bn| _]E(|Bn|)| = EE(|Bn|)

By Chebyshev’s inequality,

4 Var(|By|)

Pe(| B, —E(1B,)| > 3E(Bi)) = 2.

Combined with Lemma 3.11, if n > max{n,, (1 + 2k)'/#,21/%€} then

4Var(|By|) _ 4kn?*CtdT1799 4k

<
E(|B,|)? — n2k(@+d—1-2¢) — yldke pco 0.
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3.4. The general model (densable and permutation invariant)

Let X be a sequence of subsets of E *® having the d-small intersection condition.
Recall that

go(d) = 1r<nii3k{a +(d - 1)2l—k — densYi} > 0.

Note that if d’ < d then e(d’) < &(d).
In order to apply Lemma 3.11 in a small interval [d — &, d + ¢], we choose

O<e< min{gO(d), i}
20 2
so that co(d — ) eo(d")
e < min{OT,d —s} < min{ 010 ,d’}

foreveryd' € [d —&,d + &].
By the definition of &¢ and the densability of X, we choose again n, € N such
that for all n > ng,

— j — /— ] — .
|Yn,i| Snzkoz—l—(d 1)i—2kx20¢ Snch\z-i-(d 1)i—2kx10¢ V1 <i Ek
and
nk(a—a) < |Xn| < nk(a-i—a).

Lemma 3.12. Let 0 < ¢ < min{eo(d)/20,d/2} be a small real number. Let A be a
sequence of uniform random subsets of E with density d’ € [d —e,d + ¢]. Let X be
a sequence of subsets of E® with density a. If n > max{n,, (1 + 2k)'/¢}, then

@) pk(@+d—1-3¢) < E(|A§lk) n an) < pk(a+d—1+3e)

(ii) Ifin addition o + d — 1 > 3e > 0 and X has d-small self-intersection, then
Var(|A,(1k) N an) < ank(OH—d—l—Sé‘)‘

Proof. We consider each item.

(1) Recall from the above discussion that ¢ < min{eo(d’)/10,d’}. By Lemma 3.11,

nk(a+d/—1—2€) < E(|A,(1k) N Xn|) < nk(a+d’—1+2£)'

We then have the inequality by d — e < d’ < d + «.

(ii) Because gg(d’) > 0, X has d’-small self-intersection. By Lemma 3.11 and
the fact that d’ < d + &,

Var(|[A® 0 X,|) < fen2klatd'=1-98) _ o 2k(e+d—1-8z) .
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Lemma 3.13 (Concentration lemma). Let € > 0 be an arbitrary small real number.
Let A and X given as the previous lemma, with o +d — 1 > 4e > 0 and X having
d-small self-intersection. If ¢ < min{eo/10,d /2} and n > max{ng, (1 + 2k)'/¢}, then

Pr(nk(a+d—l—48) < |A’(1k) ) Xn| < nk(a+d—l+45)) > l_kn—loké‘.

Proof. Denote B, = Aflk) N X;,. By Lemma 3.12 (i) and nke > 2. we have

nk(a+d—1—4e) < lnk(a+d—1—3s) < %E(|Bn|)

and

%E(|Bn|) < %nk(a+d—1+3s) < pk@+d—1+45)

By Chebyshev’s inequality,

Pr(nk(a+d—l—4e) < |Ba| < nk(a+d—1+4s)) > Pr(||Bn| —E(|Bn|)| < %E(|Bn|))

4 Var(|By|)
- E(|Ba])?

Again by Lemma 3.12,

4Var(|B,,|) - knzk(oe+d—l—8£) -
E(|Bn|)2 — p2k(@+d—-1-3¢) —

kn—lOks

Proof of the Theorem 3.7. Let ¢ > 0 be an arbitrary small number with ¢ < min{d /2,
£0(d)/20} as given in Lemma 3.12. Denote Q,, = {n%~° < |A,| < n?*+¢} and

Naen =1 e N |n97 < £ <n9t and Pr(|4,| = €) > 0}.

By densability of A, we have Pr(Q;) — 1. Denote by Prg, := Pr(- | Op) the
n—>oo

probability measure under the condition Q. Define similarly E o, and Varg, .

In order to prove that some sequence of properties (R,) is a.a.s. true, by the
inequality

Pr(R,) < Pr(Qn)Prg, (Rn) + Pr(Qn),
it is enough to prove that Prg, (R,) — 0.
n—>oo
(i) Suppose that @ + d < 1. Assume in addition that ¢ < (1 —d — «)/3. We shall

prove that

Pro, (A% N X, # @) = Prg, (I4% N X,| > 1) — 0.

n—oo
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By the formula of total probability and Markov’s inequality,

Pro, (1A% N X,| > 1) Pro, (A, = DPr(|AP N X,| > 1] |4, =1
On 0n

lENA,s,n
< > Pro,(Ay = DE(IAP N Xy| | |4n] = 1).
1eNg en

By a change of variable [ = n? withd —e <d <d +e, apply Lemma 3.12:
Pro, (AP N X, =1) = Y Prg, (4, =1 =n?)petd143

ZENA.E.n

< na+d—1+3s 0.

n—>oo

(ii) Suppose that « + d > 1. Assume in addition that ¢ < (@ + d — 1)/4, so that
we can apply Lemma 3.13. We shall prove that

PI‘Qn (nk(ot+d—1—4s) < |A,(1k) ) Xn| < nk(a+d—1+4s)) 1.
n—00

By the formula of total probability, Lemma 3.13 and a change of variables [ = n?":

PrQn (nk(a+d—1—4e) < |A’(1k) ) Xn| < nk(a+d—1+4£))

= Y Prg,(4,=1)

IENA!g!n
‘Pr(nk(a+d—1—4s) < |A,(1k) N Xn| < nk(a+d—1+4€) | |An| — [)

> Y Prg, (4, =1 =n?)(1—kn"'%e)
leNg en
> 1 —kn 10k o, [ ]
n—>oo

4. Applications to group theory

Fix an alphabet X = {x1,..., X} as generators of groups. Let By be the set of cycli-
cally reduced words of length at most £ on X . Recall that | By| = (2m — 1)+,

We are interested in asymptotic behaviors, when £ goes to infinity, of group pre-
sentations (X | R¢) where Ry is a random subset of By.

Definition 4.1 (Random groups with density). Let d € ]0,1]. Let R = (Ry) be a
densable sequence of permutation invariant random subsets with density d of the
sequence B = (By).

Denote Gy = G¢(m, d) the random presentation defined by (X |Ry). The sequence
G = G(m,d) = (Gyg(m, d))en is called a sequence of random groups with den-
sity d.
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For example, if d = 1, then Gy(m, 1) is isomorphic to the trivial group.
A sequence of events Q = (Qy) described by G (m, d) is asymptotically almost
surely satisfied if Pr(Qy) — 1. We denote briefly a.a.s. Q.
m—0o0

4.1. Phase transition at density 1/2

Theorem 4.2 (Gromov, phase transition at density 1/2). Let (G¢(m,d)) be a sequence
of random groups with density d.

1) Ifd > 1/2, then a.a.s Gy(m, d) is isomorphic to the trivial group.
(i) Ifd < 1/2, then a.a.s Gy(m, d) is a hyperbolic group.

In [15, Section 2.1] (or [16, Section 1.2.b]), Ollivier proved the first assertion by
probabilistic pigeon-hole principle. We give a proof here by the intersection formula
(Theorem 2.9 and Corollary 3.8).

Proof of Theorem 4.2 (i). Let x € X. Let A, be the set of cyclically reduced words
that does not start or end by x, of lengths at most £ — 1 (so that xA; C By). It is
easy to check that the sequences (Ay) and (xAg) are sequences of fixed subsets of
B = (By) of density 1. By the random-fixed intersection formula (Corollary 3.8),
the sequences (x(Rg N Ag)) and (R; N xAy) are sequences of permutation invariant
random subsets of (xAy) of density d.

By the intersection formula (Theorem 2.9), their intersection (xR N Ry N xAy) is
a sequence of permutation invariant random subsets of (x A¢) of density (2d — 1) > 0,
which is a.a.s. not empty. Thus, a.a.s. there exists a word w € Ay such that w € Ry
and xw € Ry, soa.a.s. x = 1 in Gy by canceling w.

The argument above works for any generator x € X. By intersecting a finite num-
ber of a.a.s. satisfied events, a.a.s. all generators x € X are trivial in Gy. Hence,
a.a.s. Gy is isomorphic to the trivial group. [

The proof of Theorem 4.2 (ii) needs van Kampen diagrams and will not be treated
here. See [9, Section 9.B] for the original idea by Gromov, and [15, Section 2.2]
or [16, Section V] for a detailed proof by Ollivier.

4.2. Phase transition at density A /2
Theorem 4.3. Let G (m,d) = (Gy(m,d)) be a sequence of random groups with den-
sityd. Let A €10, 1].

1) Ifd < A/2, thena.a.s. Gy(m, d) satisfies C'()).

(i) Ifd > A/2, then a.a.s. Gy(m, d) does not satisfy C'(}).
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Figure 1. A cyclically reduced word having a piece that appears twice.

Proof. We consider each item.

(i) Recall that (Lyndon—Schupp [13, p.240]) a piece with respect to a set of rela-
tors is a cyclic sub-word that appears at least twice. There are two cases to verify.

(a) Let Ay be the set of cyclically reduced words of length at most £ having a
piece appearing twice on itself (Figure 1) that is longer than A times itself. We shall
prove that a.a.s. the intersection Ay, N Ry is empty. We estimate first the number of
relators of length ¢+ < £ with a piece of length s > A¢. There are 2¢ ways (including
orientations) to choose the first position of the piece, and 2t — s ways the choose
the second position (note that because r is reduced, it can not overlay the first one if
they are with opposite orientations). For each way of positioning we can determine
freely ¢ — s letters, each with (2m — 1) choices, except for the first letter and the
last letter having respectively 2m and 2m — 2 or 2m — 1 choices. So this number is
2t(2t — s)C(m)(2m — 1), where C(m) is a real number that depends only on m.
Hence,

Lt
Al =" Y 21t —5)Cm)2m — 1) = (2m — 1170,
t=1s=[At]
which means that (Ay) is a sequence of fixed subsets of (Bg) with density 1 — A. By
the intersection formula (Corollary 3.8), because 1 — A + d < 1, we have a.a.s.

AN R, =@.

(b) Let X, be the set of distinct pairs of relators ry, r, in By having a piece (Fig-
ure 2) longer than A min{|r;|, |r2|}. It is a fixed subset of Béz). We shall prove that

a.a.s the intersection X; N REZ) is empty. There are 42 possible positions for pieces,
(2m — 1)¢°® choices for r; and (2m — 1)¢~*4¢+2© choices for r5. So,

|X[| — (2}’7’1 _ 1)(2—)L)[-i-0(€)7

which means that (X;) is a sequence of fixed subsets of (B éz)) with density 1 — ’% By
the multi-dimension intersection formula (Theorem 3.7 (i)), because 1 — % +d <1,
we have a.a.s.

X,NRY =0
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Figure 2. A pair of relators sharing a common subword (a piece).

(ii) Take the sequence of sets X = (X) constructed in part 1 (b). We shall prove
that a.a.s. the intersection Xy N Réz) is not empty. We have already

dens X + dens R® > 1.
To apply Theorem 3.7 (ii), we need to calculate the size of the self-intersection
Yl,[ = {(Xl,XZ) € Xﬁz | |X1 ﬂX2| = 1}.

Take x; = (r1,72) and x, = (r1, r3), where ry, rp, r3 are three different relators
in By. There are (2m — 1)¢1°® choices for ry, 2m — 1)¢=4+0® choices for r,
and (2m — 1)¢=*+0W chojces for r3. The other three cases (xo = (r2, r3), (r3, 1),
or (r3, rp)) are symmetric. Multiply these numbers, we have

|Y1 [| — (2m _ 1)3@—2154-0(().

The density of ¥ = (¥; ¢) is (3 —24)/4in (B{?)2. As d > 0, we have (3 —21) /4 <
1 -4 + 1(d — 1), which implies

1
densY; <densX + (d — 1)——.
2x2

Thus, we have the d-small self intersection condition (Definition 3.6). By the multi-
dimensional intersection formula, a.a.s.

XgﬂREz) 75@ ]

4.3. Every (m — 1)-generated subgroup is free

Fix the set of m generators X ={xi,. .., X, }. Recall that By is the set of (2m—1)¢+°©
cyclically reduced words on X+ = {xli, ..., x} of length at most £. The few relator
model of random groups is constructed as follows: fix a number k¥ € N and let

Gy = (X1,....,%m | r1,..., k),
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where Ry = {r1,...,ri} is a random subset of By given by the uniform probability
on all subsets of By with cardinality k.

The sequence (Gg)¢en is called a sequence of random groups with k relators.
As k is independent of £, the sequence (Gy) is a sequence of random groups with
density d = 0. By Proposition 4.3, a.a.s. Gy satisfies C’(1) for arbitrary small A > 0.

In [5], Arzhantseva and Ol’shanskii proved the following result:

Theorem 4.4 (Arzhantseva—Ol’shanskii [5, Theorem 1]). Let (G¢) be a sequence of
random groups with k relators. Then a.a.s. every (m — 1)-generated subgroup of Gy
is free.

Combining the intersection formula and their arguments, we prove the following
theorem.

Theorem 4.5. Let (G¢(m, d)) be a sequence of random groups with density 0 < d <
1/(120m? In(2m)). Then a.a.s. every (m — 1)-generated subgroup of G¢(m,d) is free.

Let us recall the definition of “p-readable words” in [5, Section 2].

Definition 4.6 ([5, Section 2]). Let 0<u <1. A cyclically reduced word w of length £
on X* is p-readable if there exists a graph I' marked by X* with the following
properties:

(a) the number of edges of I' is less than w¢;

(b) the rank of I'" is at most m — 1;

(c) the word w can be read along some path of I'.

Note that the condition (b) is essential, because every word on X + can be read
along the wedge of m circles of length 1 marked by x4, ..., x;,, respectively.

Let M, é‘ be the set of words r € By having a cyclic sub-word w < r such that
|w| > %|r| and w is p-readable. We admit the following two lemmas in [5].

Lemma 4.7 ([5, Lemma 4]). If n < log,,,(1 + 1/(4m — 4)), then there exists a con-
stant C(u, m) such that
5\¢
Iy < 2 2
IMJ“| < C(u, m)L (2m 4) .
Recall that | B| = (2m — 1)*+9W 5o (M) is a densable sequence of subsets
of (By) with density log,,,_;(2m — 5/4).

Lemma 4.8 ([5, Section 4]). Let G = (X|R) be a group presentation where X =
{xX1,...,Xm} and R is a subset of By. Suppose that

B
~ 15m 4+ 3pu

n < log2m(1 + 4) and

4m —
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If R does not intersect M}, has no true powers, and satisfies C' (), then every
(m — 1)-generated subgroup of G is free. ]

Proof of Theorem 4.5. We look for a density d(m) < 1/2 such that for any d < d(m)
a.a.s. the random group G,(m,d) = (X|Ry) satisfies the conditions of Lemma 4.8
with

)—8 and A = a

=1 1 _r
H ngm( + 15m +3u

4dm — 4
with an arbitrary small ¢ > 0.

The set of true powers in By is with density 1/2. By the intersection formula
(Corollary 3.8), because d < 1/2, a.a.s. Ry has no true powers. By Lemma 4.7 and
the intersection formula, we need

5
d(m) < 1 —dens(M/") < 1 —logy,_, (2m . Z)’

so that a.a.s. Ry does not intersect M ZM by the intersection formula.
At the end we need a.a.s. Ry satisfies C’(1) with

_ 1025, (1 + g=g) — ¢
15m + 31og,,, (1 + ﬁ) — 3¢

By Theorem 4.3, we need d(m) < A/2. Note that this inequality implies the previous
one. For & small enough, we have A > 1/(60m? In(2m)). It is enough to take

1

A = o2 Inm)
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