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Computing fusion products of MV cycles using
the Mirkovi¢-Vybornov isomorphism

Roger Bai, Anne Dranowski, and Joel Kamnitzer

Abstract. The fusion of two Mirkovi¢—Vilonen cycles is a degeneration of their product, def-
ined using the Beilinson—Drinfeld Grassmannian. In this paper, we put in place a conceptually
elementary approach to computing this product in type A. We do so by transferring the problem
to a fusion of generalized orbital varieties using the Mirkovi¢—Vybornov isomorphism. As an
application, we explicitly compute all cluster exchange relations in the coordinate ring of the
upper-triangular subgroup of GL4, confirming that all the cluster variables are contained in the
Mirkovi¢—Vilonen basis.

1. Introduction

1.1. Geometric Satake and Mirkovi¢-Vilonen cycles

The geometric Satake equivalence of Mirkovi¢ and Vilonen [24] is an equivalence of
categories between the category of spherical perverse sheaves on the affine Grassman-
nian of a reductive group G and the category of representations of its Langlands dual
group GV. This foundational result provides a powerful tool to study representation
theory using geometry. In particular, under this equivalence, the MV cycles (short for
Mirkovi¢—Vilonen) in the affine Grassmannian of G index bases for irreducible rep-
resentations of GV. In this paper we work with G = GL,, and identify G¥ = GL,,
as well.

In [25] (see also the recent sequel [26]), Mirkovi¢ and Vybornov supply a geo-
metric version of symmetric and skew Howe (GL,,, GLy) dualities. They relate
Kazhdan—Lusztig slices in the affine Grassmannian of GL,, to slices in N x N nilpo-
tent orbits on the one hand, and to Nakajima quiver varieties on the other hand. The
second author [10] showed that under the Mirkovié—Vybornov isomorphism, the MV
cycles are identified with certain varieties of matrices, called generalized orbital vari-
eties.
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Essential to the geometric Satake equivalence, the BD Grassmannian (short for
Beilinson—Drinfeld) is used to define a fusion product on the category of spherical
perverse sheaves on the affine Grassmannian. In [1], Anderson used the BD Grass-
mannian to define a fusion of MV cycles. He constructed a family where the general
fibre is a Cartesian product of two MV cycles, and the special fibre, called the fusion,
is a (non-reduced) union of MV cycles. Anderson conjectured that this fusion product
matches the multiplication in the coordinate ring of the unipotent subgroup N C GL,,.
This conjecture was proven in [5], where it was also established that the MV cycles
give a basis for C[N].

1.2. Fusion using generalized orbital varieties

Computing the fusion product of MV cycles using the BD Grassmannian is quite
difficult, both computationally and conceptually. A few such computations were done
by Anderson and Kogan in [3] in a somewhat ad-hoc fashion. Another perspective
on these computations (using convolution Grassmannians) was recently studied by
Baumann, Gaussent and Littelmann [4].

The purpose of this paper is to give a conceptually elementary way to compute
this product by transferring it to a fusion product of generalized orbital varieties. To
do so, we use that the Mirkovic—Vybornov isomorphism extends to an isomorphism
between families of slices in the BD Grassmannian and families of slices of matrices
with two eigenvalues. Our main result is the following (see Corollary 6.15 for a more
precise statement).

Theorem 1.1. Letr Z', Z" be MV cycles. The structure constants for the of the cor-
responding MV basis vectors in C[N] are equal to the intersection multiplicities of
generalized orbital varieties in the fusion of the generalized orbital varieties corre-
sponding to Z', Z".

Since these generalized orbital varieties are subschemes of affine spaces of mat-
rices defined by certain rank conditions, the fusion of generalized orbital varieties can
be computed by elementary commutative algebra.

1.3. Cluster algebras and MV cycles

One motivation for computing products of MV basis elements is to relate the clus-
ter algebra structure on C[N] to the MV basis. Cluster algebras were introduced by
Fomin and Zelevinsky in [12] and it was shown in [16], using a construction of [6],
that C[N] has a natural cluster algebra structure.

This structure starts with an initial seed ¥ = ({x1,...,x,}, B), where x; € C[N]
are called variables, B is a certain matrix, and r = m(m — 1)/2. We obtain new vari-
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ables through a process called mutation, where for a mutable variable x;, its mutation
is the unique element x € C[N] such that

x,-xi* =Xy +Xx_.

This equation is called an exchange relation, and the terms x4 and x_ are certain
monomials in the x;, j # i, determined by B. It gives us the new cluster

(X1, X X )

The initial cluster {xi,..., x,} as well as all possible variables that are obtained
through successive mutations are known as cluster variables. The cluster monomials
are products of cluster variables that are supported on a single cluster.

For C[N], the choice of initial seed X depends on the choice of a reduced word for
the longest element of the Weyl group. The cluster variables x1,. . ., x, are flag minors
and the exchange matrix B depends on the reduced word, see [6, Definitions 2.2-2.3]
for more details.

There are two well-known bases of C[N] whose relationship with the cluster
structure has been heavily studied: the dual canonical basis of [22] and the dual semi-
canonical basis of [23]. In [20], Kang, Kashiwara, Kim and Oh showed that the cluster
monomials are contained in the dual canonical basis, while, in [15], Geif3, Leclerc and
Schréer proved that they are all contained in the dual semicanonical basis.

The MYV basis, the dual canonical basis, and the dual semicanonical basis are all
examples of biperfect bases of C[N] (see [5, Section 2]). In particular, they share
a crystal structure. In [5, Appendix], we showed that for GLg, the MV basis differs
from the dual semicanonical basis at the same point in the underlying crystal as where
the dual semicanonical basis differs from the dual canonical basis. The fact that this
point at which each of these bases differ is not a cluster monomial in any of these
bases, gives evidence for the following conjecture of Anderson and Kogan [3, Con-
jecture 5.1].

Conjecture 1.2. The cluster monomials are contained in the MV basis.

The conjecture is true for GL,, for m < 4 since in these cases C[N] has a unique
biperfect basis [5, Section 2.3].! More generally, cluster variables called flag minors,
coming from initial seeds constructed in [6, Definitions 2.2-2.3], belong to each biper-
fect basis of C[N] [5, Remark 2.10]. And recently in [4, Proposition 7.2], Baumann—
Gaussent—Littelmann proved that cluster monomials supported on clusters coming
from reduced words satisfying a certain combinatorial condition lie in the MV basis.

'For GLs5, the dual canonical and dual semicanonical bases are equal and coincide with
the set of cluster monomials. It is not known if there is a unique biperfect basis, but based on
Conjecture 1.2, we expect that the MV basis coincides with the other two bases.
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Our hope is that each exchange relation can be realized using the fusion of MV
cycles. This would imply that all cluster variables are in the MV basis. In Section 7.2
we verify that this is indeed the case in for GL4 by directly computing each fusion
product corresponding to an exchange relation.

A second step towards proving Conjecture 1.2 would be to prove that cluster
monomials lies in the MV basis. From the fusion perspective, this amounts to proving
that certain fusions of MV cycles are irreducible. Unfortunately, the methods of this
paper do not seem useful toward establishing this irreducibility.

2. Supporting cast

2.1. Rings and discs

Set @ = Op = C[t] and K = Ko = C((¢)). We will also consider Oy = C [t — s] and
its fraction field Ky = C((f — s)), forany s € C \ {0}, as well as O, = C[[1"!] and
Koo = C((t™")). For any point s € P = P!, O, is the completion of the local ring Op
and thus the formal spectrum of @y is the formal neighborhood Dj of s (also called
the formal disc centered at s). Similarly, the formal spectrum of the field K is the
deleted formal neighborhood (or punctured disc), denoted D;'.

Note, for s € A = A!, we have obvious isomorphisms @5 = @ and Ky =~ K
taking t — s tot.

2.2. Groups

Let H be an algebraic group over C. We will be interested in H(R) where R is a
C-algebra, for example R = C[t], O, etc. Note that evaluation at ¢ = s provides a
group homomorphism H(O;) — H. We denote the kernel of this map by H;(0s),
often called the first congruence subgroup. We will be particularly interested in this
construction in the case s = oo, which gives us the group H;(Ow).

Throughout the paper, we fix m € N. We let G = GL,, and we let T C G be
the maximal torus of diagonal matrices. Let N, N C G denote the subgroups of
upper and lower triangular matrices with 1s on the diagonal. We identify Z™ with
the coweight lattice of G and say that a coweight v = (vy, ..., vy) is dominant if
V1 > -+ > vy, and effective if v; > 0 for all j. If v is both effective and dominant,
then it is a partition of size |[v| = vy 4 --- + v, € N. Let Q4 C Z™ denote the positive
root cone, explicitly we have

Or={(v1,....vm):vi+---4+v;>0forj=1,....m—1and vy +--- 4+ v, =0}.

We define a partial order on Z™ by A > pif andonly if A — u € Q.
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Given s € C, we define (r — 5)" to be the diagonal matrix

(t —s)™

(t —s)"

(t —s)'m

which we can view in G(K) for any ring K containing (t — s)~! and C [¢]. For exam-
ple, (t —s)” € G(K) for K = K or C(¢).

We will also be interested in the affine space M,, of m x m matrices. Note that for
any C-algebra R, G(R) consists of those matrices g € M,,(R) whose determinant is
invertible in R. Thus, for example, (t — s)* € M,,(CJt]) for all effective u € Z™ but
(t —s)* € G(CJt]) if and only if u = 0.

2.3. Lattices

We will use the lattice model for the affine Grassmannian, so it is useful to recall
the following definition. Let R C K be two C-algebras (usually, but not always, K
will be a field). Consider K™ as a K-module. By restriction K" can be viewed as an
R-module. An R-lattice in K™ is an R-submodule L C K™ which is a free R-module
of rank m and satisfies L ® g K = K™. Equivalently, L = Spang(v1, ..., vy), where
V1, ..., Uy are free generators of K™.

The standard lattice is denoted R™. The group GL,, (K) acts transitively on the set
of R-lattices in K™, thus giving a bijection between this set and GL,,(K)/GL,(R),
since GL,, (R) is the stabilizer of the standard lattice.

We will be particularly interested in C|[¢]-lattices in C(¢)™. Given such a lattice L
and a point a € C, the specialization of L at a is the lattice in K" defined as L(a) :=
L ®c[) Og. If L(a) = O, then L is said to be trivial at a. For example, the lattice
(t —s)~'C[t] € C(¢) is trivial at any a@ # s, since t — s is invertible in O,,.

3. Affine Grassmannians

We now define various versions of the affine Grassmannian which will play important
roles in this paper. Each definition is made group-theoretically and then restated as a
moduli space of vector bundles and as a moduli space of lattices. We also sketch how
to pass between descriptions.

In these definitions, V4, denotes the trivial rank m vector bundle.

Definition 3.1. The ordinary affine Grassmannian §» = G(KX)/G(0O).
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It is the moduli space of vector bundles with trivializations,
Gr = {(V,¢) : V is arank m vector bundle on Dy, ¢: V = Viiy ON Df)(}.
It is also a moduli space of lattices,
gr ={L C K™ : Lisa O-lattice}.

We obtain a lattice from a pair (V, ¢) by setting L = I'(Dy, V') which is embedded
into K™ = I'(D{, Viiy) using @. On the other hand, to get a lattice from the group-
theoretic description G(K)/G(O) we set L = gO@™ for g € G(K).

Definition 3.2. For any s € C, the ordinary affine Grassmannian §rs=G(K;)/ G(Oy)
ats.

As above, we have modular and lattice descriptions:

Grs = {(V,p) : V is arank m vector bundle on Dy, ¢: V 5 Vi on D},
Gry ={L C K}": L is a Os-lattice}.

Definition 3.3. The thick affine Grassmannian §r = G(K)/G(C[t]).
Again, we have the following modular and lattice descriptions:

Gr = {(V,p) : V is arank m vector bundle on P, ¢: V 5 Vigy on Dog }s
§r ={L:L C X7 isaC[t]-lattice}.

Definition 3.4. The two point Beilinson—Drinfeld Grassmannian
w0 — A
with one point fixed at 0, and the second point s € A varying.
It is described in modular terms by
9ro0.a = {(V,@,s) : V is arank m vector bundle on P, ¢: V' S Vyyon P \ {0, s}}.
The fibre of §r9 o — A over s € A will be denoted §r¢ ¢ and is given by
G(Clt.r™' (= )7'D/G(CL)).
We also have the lattice descriptions:

GroaA = {(L,s): L C C(¢)™ is a C[t]-lattice trivial at any a # 0, s},
Gros ={L:LCC[t,t™",(t —s)"1]" is a C[r]-lattice}.
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Definition 3.5. The positive part of §r, resp. §r, is defined by
9t = (Mu(0) N G(X))/G(0), resp. §r = (M (C[1]) N G(Ko0))/G(C[r]).

In modular terms, §» " (resp. &) is the set of those (V, ¢), where ¢: V — Vi,
extends to an inclusion of coherent sheaves over Dy (resp. over P).

In lattice terms, €» (resp. $»r ™) contains those lattices L which are contained
in @™ (resp. C[t]™).

3.1. Relations between different affine Grassmannians
These different versions of the affine Grassmannian are related as follows.

Proposition 3.6. There is a map §ro p — §» defined in the following equivalent
ways:
(1) in modular terms as
(V.@.5) = (V. ¢lp):

(2) in the fibre over s € A as the inclusion
G(Clt, 17", (t =)'/ G(C[t]) — G(Kwo)/ G(C[t]);
(3) in terms of lattices as
(L,s)— L,
using the inclusion C[t,t=1, (t — s)™1|™ — K™ on ambient spaces.

The following result is the factorization property of the BD Grassmannian (see [27,
Proposition 3.13]).

Proposition 3.7. The fibres ¢ s of §r9a — A can be described as

Gr xGry s #0,
g?‘o,s =
Gr s =0.

In the modular realization, this isomorphism is given by restricting the vector bundle
and trivialization.
Suppose that s # 0. In the lattice realization, this is given by forming the special-
izations
L +— (L(0), L(s)).

Note that if L = gC[t]™ for g € G(C[t,t™', (t — 5)7]), then
(L(0), L(s)) = (0™, 80").

In the s = 0 case, the isomorphism is described in the same way, except that we just
need to form L(0).
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For s # 0, there is an isomorphism ¥»; =~ §» coming from the isomorphism
Ks = K. Combining with Proposition 3.7, we obtain an isomorphism

Os: 9105 — Gr X §r.

Similarly, we write 8y for the isomorphism §r¢ ¢ = or.

3.2. The fusion construction

The following construction will be very important in this paper.
Let §r¢ ax denote the preimage of A* = A \ {0} under the map §rp o — A.
The isomorphisms 6, defined above glue together to a projection map

0:8r9ax — Gr X Gr. eh)

(This 8 matches the map t of [24], except that we are working over {0} x A* instead
of the complement of the diagonal in A x A.)
Let X1, Xo C & be two subschemes, and consider the subscheme

X1 xax Xp i= 9_1(X1 X Xp) C gTQJAX.

Given a point s € AX, we write X; x5 X, for the fibre of X; *5x X, over s. The
map 0y identifies X *; Xo C §r¢ with X1 X Xp C §r X §r.

We define X1 %4 X» to be the scheme-theoretic closure of X x4 X5 in §r¢ 4.
By construction, this is a flat family over A.

The fibre X; *¢ X5 of X; *4 X5 over O is a subscheme of §r¢ ¢, but regarded as
a subscheme of §» using the isomorphism §r¢ o = §». We call this subscheme the
(geometric) fusion of X and X,.

3.3. Some subschemes of affine Grassmannians

Going forward, we fix a pair of arbitrary effective dominant coweights A’, A" of
sizes N’, N”, respectively, and a pair of (not necessarily dominant) effective co-
weights u’, u” also of sizes N, N”, respectively, such that 4’ + " is dominant.
Let A=A +MA,u=u+pn" and N =N+ N".

In this section we describe some subschemes of the three affine Grassmannians
9r, §r, and §r¢ 4 associated with these data.

——A
Definition 3.8. The spherical Schubert cell ot = G(0)t* and its closure §r =
Uy <A 97, a spherical Schubert variety.

J— /’A// —\ —\
Definition 3.9. The family of two spherical Schubert varieties §r x =§r *a §r .
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—\ —A" . —A
By a theorem of Zhu, §» %o G is reduced and equal to & (see [27, Propo-
sition 3.1.14]). If s # 0, then the fibre %0 s contains the open locus

1" 4
ﬁ%of = g *g ot ,

a G(CJt])-orbit whose lattice description is given in Lemma 5.1 below. Because we
consider effective dominant A’, A", the spherical Schubert varieties and their fusions
lie in the positive part of the thick affine Grassmannian.

’ 4

. ——AA
Lemma 3.10. The map §ro,a — & restricts to amap Grq 5 — gt

Proof. Lets # 0. Since A, A" are effective, t*', (t — s)'V// € $r " Since 1 is closed
and invariant under the action of G(C[¢]), we have %0, . C grt.

For the s = 0 fibre, a similar reasoning applies (or we can simply conclude by
taking closure). ]

Definition 3.11. The Kazhdan—Lusztig slice W,, = G1(Ouo)t" C Gr.

In modular terms, W, corresponds to the locus of those (V, ¢) such that V is
isomorphic to the vector bundle Op (41) @ -+ & Op(m), and such that ¢ preserves
the Harder—Narasimhan filtration of V' at co. The lattice description of ‘W, N S is
given in Lemma 5.3 below.

Definition 3.12. The semi-infinite orbit S* = N_(K)t"* C §r.

Definition 3.13. The famlly of two semi- mﬁmte orbits S W ’“ C 9r¢,ao which we
define to have fibres S(’)Ls’“ =0 L(SH x SH"Y for s # O and fibre 6, 1(S*) over
s =0.

We can also describe the fibres as orbits
S = N_(Cle,t™ (¢ =) et (¢ = ) € G(Cle,t™!, (¢ — )7/ G(CLr.

See [4, Section 5.2] for further details where this fibre is also described as the attract-
ing locus for a C* action.

In [19, Proposition 2.6], we observed that S* C ‘W, (this uses that u is dominant,
which is the reason why we make this assumption). More generally, we have the
following result.

Lemma 3.14. Under the map §r .o — §r, the image of S” W lands in W
Proof. Let L € §r be a lattice in the image of S§’ g” " So we can write
L=gt"*t—s)*Cl]"

for some g € N_(C[t,t™!, (t — s)71]).
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Leth = (1 —s)*"t7*" . Note that & € T (Qso). Moreover, L = h(h~* gh)t*C[t]™.
Since h~'gh € N_(Ks) we can factor h~gh as nyn, for some ny € (N-);(Oo)
and n, € N_(C[t]).

As p is dominant, we see that t #n,t* € N_(CJt]), and so L = hnt*C[t]™.
Since hni € G1(Oy), the result follows. [ ]

4. Matrices

We now consider some subvarieties of the space of N x N matrices, again using the
coweights A, A", A", ., ', u” fixed in the previous section.

4.1. Adjoint orbits and their deformations

Recall that A = (Aq, ..., Ap) is a partition of N. Given a point s € A we write Jy 3
for the Jordan form matrix with eigenvalue s and Jordan blocks of sizes A1, ..., A,.

Definition 4.1. The nilpotent (adjoint) orbit O* C My (C) of matrices conjugate
to Jo,1. These matrices and the linear operators they represent will be said to have
Jordan type A.

Definition 4.2. For s € A*, the (adjoint) orbit (O)(’}:S’M of matrices conjugate to
Jo.»» ® Js, 2. These matrices and the linear operators they represent will be said to
have Jordan type ((0, 1), (s, A")).

We recall that these orbits have closures which are given by rank conditions. More
precisely, we have

= {4 € My(C) : rank A° < N — # boxes in first ¢ columns of A for ¢ € N}
and

@é’/s’m ={A € My (C) : rank A° <N — # boxes in first ¢ columns of A’ for ¢ € N,
rank(A — 5)¢ < N — # boxes in first ¢ columns of 1” for ceN}. (2)

The following fact seems to be well known, but we could not find this exact state-
ment in the literature.

Proposition 4.3. There exists a flat family (O)O A Y A whose fibre over s € A is
reduced and given by @ésl if s # 0and Q" ifs = 0.

In order to prove this proposition, we will need to recall some results from Eisen-
bud-Saltman [11].
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Let r be a decreasing, non-negative function of N with r(0) = N, called a rank
function. Let k be maximal such that r (k) # 0. Let W be a subspace of AX. Eisenbud
and Saltman define and study the flat family X, w — W whose fibres are reduced and
defined by rank conditions. We will now describe these fibres.

Letz € A¥bea point. Some of the coordinates of z may be equal, so we introduce
the following data to keep track of these equalities. Let £ denote the number of distinct
coordinates of z. There exist a sequence of integers k = (ko, ..., k¢) such that 0 =
ko <ky <---<ky =k, apoint s € AY, such that s, # sp for any a # b, and a
permutation p of {1,...,k} such that

Sa = Zplkg—1+1) = Zplka—1+2) = " = Zp(ka)
foreacha = 1,..., £. Given the choice of s we require that p is of minimal length.
Given z, the data k, s, p is unique up to a permutation of {1, ..., £}.
Nextfora =1,...,£andc =1,...,kgs+1 — kg, we define

rza() =N+ Y r(plka +d)) —r(p(ka +d) —1).
d=1

By [11, Corollary 2.2], the fibre of the flat family X, w over z is given by
Xrz ={A € My(C) : rank(A — 54)¢ < rz 4(c) for all ¢, a as above}. 3)
We will now apply these ideas to prove our Proposition 4.3.
Proof. Forc € N, let
r(c) = N — # boxes in first ¢ columns of A.

It is easy to see that this is a rank function, with k = A;, the number of columns of A.
Since A = A’ 4+ 1”, there exists a permutation p of {1,..., k} (the columns of 1)
such that p(1),..., p(ky) are the columns of A" and p(k; + 1), ..., p(k) are the
columns of A”. Here k1 = A’ the number of columns of A".
For s € A, we define z(s) € A¥ by

2()pe) =0, ¢c=1,... ki,
Z(s)p(c) =s, c=k+1,... k.

For s # 0, we see that the equalities in z(s) give rise to the data of £ = 2, k =
(0,1}), s = (0, s) and the permutation p. We also see that

rz(s).1(¢) = N — # boxes in first ¢ columns of 1,

rz(s)2(c) = N — #boxes in first ¢ columns of 1”.
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On the other hand, for z(0), we get that £ = 1 and that
rz(0),1(c) =r(c) = N —#boxes in first ¢ columns of A. 5)

Let W = {z(s) : s € C}. Combining equations (2) to (5), we see that the Eisenbud—
Saltman family X, w — W gives our family @é AA . |

4.2. The Mirkovi¢—Vybornov slice

Recall that o = (1, ..., im) is a partition of N. The Mirkoviéc—Vybornov slice T,
is the affine space of N x N matrices of the form A = Jo,, + X where X is a
@ x wu block matrix with possibly non-zero entries Ailj, el Agl.m(“"’”j ) in the first
min(u;, i;) columns of the last row of each p; x pu; block.

For example, if 4 = (3,2) then A € T, looks like

0O 1 O 0

|
| 0
!
O 0 110 O
|
AL AL AL AL A%

0 0 o0'o 1

for some Af-‘j e C.
To A € T, we will associate the m x m matrix of polynomials g(A4) in M,,(C[t])
whose (i, j)th entry is defined as follows.

; Wi gk k=1 . _
i — k’=1AJ-it , 1=,

) 0 (6)
=3, Aj.‘l.zk_l, i #j.

g(A)ij = {

Continuing with the u = (3, 2) example,

o [P A A=Al -l
- Al, = A3r— Al
In other words, the u; x ; block of A is used to produce a polynomial which is
inserted in the (j,7) entry of the m x m matrix g(A).

In T, we will be interested in a certain family of block upper-triangular matrices.

Definition 4.4. The upper-triangular Mirkovic—Vybornov slice U(’)’: :&“ " 5 Ais def-
ined by

UL = {(As) € Ty x At g(A)iy = 11 (t — 5)", g(A);j = Ofor j <i }.
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So a matrix in U)’ :&“ " is weakly block upper-triangular and its diagonal blocks are
given by the companion matrices for the polynomials {t”;‘ (t— s)“;‘/ i=1,...,m}.
For example, elements of Ué}s’l’o)’(z’l’l) look like

| | -

10 010

| |
0O 0 110 010

| |

|

0 —s? 25 A1, A%Z:A}3

0 0 0,0 1,0
[ [
0 0 0,0 s Al
— e — — — —— I. ________ 1___
0 0 010 01s
| |

Note that the fibre U(’,f 0’” is the same as the intersection T, N 1, where n denotes the
set of strictly upper-triangular matrices.

5. Rising action

Throughout this section, we continue our notation of the previous sections. So A, A", 1”
denote dominant effective coweights, with A’ + A” = A. Also u, u’, u” are effective
coweights with & = ' + " and we assume that p is dominant.

5.1. Linear operators from lattices

Lemma 5.1. Let L € §r™. Let s € A*. The following are equivalent:
(i) L is in the image of the map ﬁﬁé’i’f — grt.
(ii) The linear operator t on C[t]™ /L has Jordan type ((0, "), (s, A”)).
(i) L € G(C[tDtY (t — s)*".

7

Proof. First we recall that for L € §»T, L € ot = G(0)t* if and only if t|gm /L
has Jordan type A.

Now assume that (L, s) € ﬁ?ﬂé:s’v. By definition, L(0) € % and L(s) € ot
This means that ¢ acting on 9™ /L(0) has Jordan type A" and ¢ acting on O /L(s)
has Jordan type A”. For a = 0, s, we see that

Clt]"/L ®ci Oa = 07/ L(a).

Lemma 5.2 shows that the map C[¢]"/L — O™ /L(0) induces an isomorphism bet-
ween the 0-generalized eigenspace of ¢ and @™ /L(0). The same thing holds for the
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s-generalized eigenspace of # and Of / L(s). This shows that item (i) implies item (ii)
and the logic can be reversed to see that item (ii) implies item (i).

On the other hand, if L = gr*' (¢ — s)*" C[1]™ for some g € G(CJt]), then L(0) =
gt* O™ since (t — s)*" € G(O). In this way, we see that item (iii) implies item (ii)
and the logic can be reversed to get equivalence. |

Lemma 5.2. Let V be a C[t]-module which is finite-dimensional as a complex vector
space. For any a € A, the map

V >V Rc[r] O,
restricts to an isomorphism between the generalized a-eigenspace of t and V@c[s]Oa.

Proof. For any b € A, let Ep denote the generalized b-eigenspace of ¢. Then V =
@Dpec Ep- Since t — b is invertible in O, and t — b acts nilpotently on Ep, we see that
Ep ®cpr) Oq = 0.

So it suffices to show that £, — E; ®c[;) Q4 is an isomorphism. By the clas-
sification of modules over C|[t], it suffices to check this when E, = C[t]/(t — a)*,
where it is clearly true. u

5.2. Matrices from lattices

Lemma 5.3. Let L € §»T. The following are equivalent:
i LeWw,.

(i) L =Spancp(v1,...,vm) for some v; of the formv; = t"ie; + Z}nzl pijej,
where p;; € Clt] has degree less than min(u;, ;).

(i) Foralli,
thie; € SpanC({tkej 10 <k <min(u;, pj). 1 <j<m})+ L.

Moreover, for such L, we have thatf,, = {[the;]: 0 <k < pi,1 <i <m)formsa
basis for C[t]™ /L.

Proof. Let L € W,. Then L = Spanc;(v1, ..., vm) for some v; with

v; = ttie; 4+ Zqijl’“ej and g;; € 0.
Jj=1

Since L € §»*, we see that v; € C[¢t]” which means that pij = qijt*i lies in C[t].
By construction, the polynomial p;; has degree less than ;.
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Fix i and suppose that for some j, u; < p;. In this case, we can alter our basis to
v; = v; —qv; for some polynomial ¢ € C[¢]. This gives us new polynomials

pij = pij —q(t" + pjj).

In this way, we can ensure that p;; has degree less than min(yu;, w;). Thus item (i)
implies item (ii).
Suppose that L = Span(c[t](vl, ..., Up) as in item (ii). Then

thie; —v; € Span(c({tkej tk <min(pg, 1), 1 < j <m}).

Hence, item (ii) implies item (iii).

Finally, given item (iii), then we can see v; := tHie; — Z;"zl pije; € L for some
pij € C[t] of degree less than min(u;, ;). Itis easy to see that L =Spang (vy,. .., Um)
and so L € 'W,,. To show that 8,, forms a basis for C[¢]™ /L, it suffices to show that
for each i,

thie; € Spanc(tkei 0<k<pu,1<i<m)+L.

This follows immediately from item (iii). [

Given A € Ty, recall the definition of g(A) given in equation (6). Note that
g(A)t ™ € G1(Ow). Since g(A) € My, (C[t]) N G1(Ouo)t™, we will regard g(A) as
giving an element of §21 N W,.. (Alternatively, we can see that g(A)C[t]™ satisfies
the condition of item (ii) from Lemma 5.3.)

The following result is called the Mirkovi¢—Vybornov isomorphism [25]. In its
present form, it can be found in [8, Theorem 3.2], except that we have tweaked both
maps with a matrix transpose [ ]".

Theorem 5.4. The map T, — §r N W, given by A~ g(A)C[t]™ is an isomor-
phism with inverse given by

tr

L= tlcpym/Llg, -

5.3. Upper-triangularity and the Mirkovié—-Vybornov isomorphism

4 7 7

. . . . AL ==
For the next result, we will consider the “intersection” of §r( o with 'W,,. As §r
is not a subscheme of &, by this intersection, we really mean the preimage of ‘W,
under the composition

— A\
§ron > Groa — Gr.

This is not a very serious abuse of notation, since the map $r9 o — &2 is almost
—_1/ 4

injective. In a similar way, we will write @é A’l N T, using the “almost injective”

map

—A/’A//
OF " — My(C).
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The following refinement of the Mirkovié—Vybornov isomorphism is a special

case of [25, Theorem 5.3].

Theorem 5.5. There is an isomorphism

_/V,/l )U/V/
Opx NTu =9ron NWy

given by (A, s) — (g(A)C[t]™, 5).

Proof. Since we already have the isomorphism from Theorem 5.4, it suffices to show
that for any A € T,

(4.5) € OF " N T, if and only if (¢(A)C[]™.s) € Fros N Wy,

This follows immediately from Lemma 5.1. |

Theorem 5.6. The isomorphism from Theorem 5.5 restricts to an isomorphism

" w’

A HH« ~ w,
OF Y nUL = Frg s nSEy

Proof. We could prove this by observing that both sides are the attracting locus of an
appropriate C> action. However, we will give the following more algebraic proof.
Let A € Ty, and s € C. We must show that (4,s) € Uy’ ;" if and only if

(G(ACE™,5) € Sy

On the one hand, if (4, s) € U”’ ! , then g(A) is lower-triangular with diagonal
" (t — s)*”, and so

g(A)y e N_[t.t71, (t —s) e (1 — ).
On the other hand, if (g(A4)C[t]™,s) € SSL:&“”, then we can write
gthr = nt”/(t - s)”//

for some r € G(C[t]) and n € N_(C[t,t71, (t —s)7']) and g = g(A)t™*. Next let
h = (t —s)*t=*", which lies in T} (Ooo). Note that 1~ nh € N_(Koo), s0 we can
factoritas h™'nh =nyn,, where ny € N— 1(Ouo),n2 € N_(CJt]). So then after doing
a bit of algebra, we reach

thrt S e = g hng.

Since g, h,n; € G1(Ox), the right hand side g~'hn; lies in G1(Ow). Since w is
dominant, t #n,t* € N_(CJt]), and so the left hand side lies in t* G (C[t])t .
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Moreover, since u is dominant, we know that
t"G(C[tDt™ N G1(O) = N-1(Ooo).

Thus, we deduce that g~ 1in; € N_ 1 (Ono) and hence g(A) € (it — s)“”N_,l((Qoo).
Since A € Ty, this implies that (A,s) € Uy’ ;" as desired. n

Restricting to the zero fibre and applying 6, together with Proposition 4.3, we
recover a result of the second author.

Corollary 5.7 ([10, Corollary 5.2.2]). The map A +— g(A)O™ gives an isomorphism

O*NT,Nn=%’ NSk

6. Climax

6.1. MYV cycles and tableaux

Continuing now with the notation of the previous sections, we add the assumption
that u < A and forget the assumption that y is dominant.

Definition 6.1. An irreducible component of gr* N SH is called an Mirkovié-Vilonen

—A
cycle in §»  of coweight u.

—A
By [24, Theorem 3.2 (b)], each MV cycle in §»  of coweight u has dimension
p(A — ) where p = (m,m — 1, ..., 1) and we use the ordinary dot product on Z".

We denote by Z(A) the collection of all MV cycles in %A.

In [18], the third author gave a combinatorial description of MV cycles for any
reductive group, using Mirkovi¢—Vilonen polytopes, or, equivalently, Lusztig data,
which are sequences in N” that depend on a choice of reduced word for the longest
element of the Weyl group of G. (For any G, we use r for the number of positive
roots; in the case of GL,,, r = m(m — 1)/2.) We will now explain how to use these
results to index MV cycles for GL,, using Young tableaux. Throughout the paper we
fix the reduced word that it is convenient in this setting, the standard reduced word
1,2,....m—1,...,1,2,1).

Denote by [a, b] the interval {a,a + 1,...,b —1,b} C N. We begin with the
following definitions.

Definition 6.2. Let L C 9™ be a point in §» . We define the relative dimension of L
by
rdim L := dim¢ O™/ L.
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If y C [1,m], we define two lattices LY, L,, in @7 := Spang(e; : i € y) by
LY :=LN0O", L,:=L/L",
where y¢ = [1,m] \ y.
We will also need the analogous definitions when O is replaced by C[¢] and
L € §r". We record the following easy observations.

Lemma 6.3. Let L € ¢ or §»™.

(1) Foranyy C [m], we have
rdim L, + rdim L”* = rdim L.
(2) Forany y; C y» C [m], we have
(Lyy)y1 = Ly,

Forany L € §»™ and y C [m], we define D (L) :=rdim LY =rdim L —rdim L.
(By [18, Proposition 9.3], this coincides with the general definition of D, given in that
paper; in loc. cit. these functions are used to compute the hyperplanes of the associated
MYV polytopes.)

From now on, we will write S* = N_(K)t* (with a subscript), because we will
also need the opposite semi-infinite cell S f = N(K)th.

Lemma 6.4. Let L € §»™. The following are equivalent:

(1) L e Sk

) rdim L = g + oo 4w foralli = 1,...,m.

(3) rdim Ljj41,m] = Hi+1 + -+ Umfori =1,....,m.
Similarly, the following are equivalent:

(1) L e S™.

(2 rdim LU = g oo g foralli = 1,...,m.

(3) rdimLpjj=p1+---+upifori =1,...,m.

Proof. We prove the first statement as the second is similar. Let L = nt*C[t]™ for
some 1 € N4 (XK) and let vy, ..., v, denote the columns of the matrix n¢*. Then
L = Spang(vi, ..., V). Fix i < m. Then Ll = Spang (wy, ..., w;), where w;
denotes the first i entries of v; (by upper-triangularity, the rest of the entries are 0, in
any case).

Assume that L € @™. Then LI ¢ @' and rdim L[] is the valuation of the
determinant of the matrix whose columns are wy, ..., w;. Since this matrix is upper-
triangular with diagonal entries 41, . .., t*i, this determinant is #4174/ and hence
rdim LI = py + - 4
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Thus item (1) implies item (2). The converse follows from the fact that every L lies
in some S and by the above reasoning, v is determined by the values of dim LIt
The equivalence of item (2) and item (3) follows from Lemma 6.3. [

We now introduce some notation related to Young tableaux. Denote by Y T'(1)
the set of (possibly semi-standard) Young tableaux of shape A and by Y T'(1),, the
subset of Y T'(A) of tableaux having weight p. Let YT = | J, Y T(A) and denote by
YT, C YT the subset of those tableaux having dominant weight.

Given t € YT(A),, and i € {1,...,m}, denote by A(i) (resp. uu(i)) the shape
(resp. the weight) of t(i), the tableau got from 7 by discarding all boxes of weight
exceeding i. (Note that i (i) only depends on w, while A (i) depends on the tableau 7.)
We will regard A(i) (resp. u(i)) as an effective dominant coweight (resp. effective
coweight) for GL;.

The Lusztig datum ne(7) of the tableau 7 is a list of r = m(m — 1)/2 non-
negative integers defined from its Gelfand-Tsetlin pattern (see [7, Section 4]) gt(t) =
(A(i)j)1<j<i<m by the formula

ne(7)(a,p) = A(D)a — A(b — 1), = # of boxes on row a of T of weight b,
(a,b) =(1,2),...,(1,m),(2,3),...,2,m),...,(m —1,m).

Note that

A=p= > ne(@@psBab:
1<a<b<m
where 8, denotes the positive root of G with a 1 in the a slot and a —1 in the b
slot. We record the pattern gt(t) as a lower-triangular matrix (the array of shapes
of subtableaux t(i)) and the datum n4(7) is recorded as a sequence, unless noted
otherwise.
Below is an example with A = (4,2,0) and u = (3,2, 1):

3
= é L1l2], gi(t)=4 1 . nor)=(,01).
4 2 0

We can associate to 7 the locus
2(1) ={LeSt:Lp, €< *® fori = 1,...,m}.

Remark 6.5. [9, Theorem 4.2] shows that the map Y7 (A) — N’ is the canonical
crystal embedding B(1) — B(00).

The following result is closely related to [10, Theorem 5.4.3]. It is also closely
related to the description of MV cycles in terms of Kostant data obtained by Anderson—
Kogan [2] (see [18, Section 9]). We remark that a different map from Young tableaux
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to MV cycles was obtained by Gaussent, Littelmann and Nguyen [14, Theorem 2];
we are not certain of the relation with our construction.

Proposition 6.6. The locus Z () has a unique irreducible component of dimension
p(A — ). Let Z(t) denote the closure of this component. Then, Z(t) is the MV cycle
whose Lusztig datum (with respect to the standard reduced word) is ne(7).

Remark 6.7. We believe that Z (7) is irreducible, so that in fact Z(t) = 7 (7).

Proof. The proof of this proposition follows the same strategy as in [10]. First, we
consider

Z()={LeStngrt  Lyge S fori=1,...,m).
Using Lemma 6.3 (2) and Lemma 6.4, we see that
Z(t)y ={L € 9t :rdim Ligp) = A(b)a + - + A(b)p forall | <a < b < m},

where note that A(b), + --- + A(Db)p is the number of boxes on rows a, ..., b of
weight 1,...,b.

From the proof of [18, Proposition 9.6], we see that 2(1)1 isequal to t* A(ne(7)),
where A(n,) is defined in [18, Section 4.3]. In particular, it is irreducible and of
dimension p(A — ). Moreover, its closure is the MV cycle whose Lusztig datum
is ne(7). (The reader is warned that in [ 18] the third author worked with G(O)\ G (X)),
which we identify with §» using the map G(O)g — g~ 1G(0).) Now by results
of [17] (see espemally the proof of [17, Theorem 1.4]), we note that Z(r)l N gt
is dense in Z (7)1. (This can also be deduced by combining Remark 6.5 with [1,
Proposition 6].)

Fixi e{l,...,m}.If L € S¥, then L ; € SH® 50 we get a map

fi: Z(x)) — §HO 0§20

From the definition of Z(0)1, we see that £;(Z(t)1) = Z(z(i))1. From above, we
have that f; (Z (z(@@))1) N €r*® is a dense constructible subset of Z(r(l))1 Since
Z(r)l is 1rredu01ble this implies that f;~ L(SsH@ N S)L(l) N ﬁ?ﬂw)) is a dense con-
structible subset of Z ()1.

Working with all i at once, we conclude that

m
202 1= () £71(520 1 520 0 gy A0

i=1

is a dense constructible subset of Z (7)1. Thus Z (1) = Z ()1.
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On the other hand, by definition
Z(1)2 C Z(2).

o ]
Since dim Z (7), = p(A — 1), we see that Z(t) must have at least one component of
the maximal dimension. To see that it cannot have any other components of maximal
dimension, we note that

|| Zocetnse
Te¥YT(A)

and the number of irreducible components of the right hand side equals |Y T (1),],
thus on the left hand side, each Z(7) can only have one irreducible component of
dimension p(A — ). ]

6.2. Fusion of MV cycles via fusion of generalized orbital varieties

Given A € My (C) we denote by A|c» the restriction of A to the subspace spanned
by the first p standard basis vectors of CV. If A|c»(CP?) C C? then we identify it
with the p x p upper-left submatrix of A.

Lett € YT (1), with u dominant. We define

)?(‘c) ={AeT,Nu:A|cuu € 0*® foreachi = 1,...,m}.

Lemma 6.8. Under the Mirkovi¢—Vybornov isomorphism X (1) is mapped isomor-
phically onto Z (7).

Proof. Fix A € )?(‘L’) andi € {l1,...,m}.Let @' C O™ denote the submodule gener-
ated by the first i standard basis vectors. Let | = g(A|ciwi)@ and L = g(A)O™. By
definition of the map A +— g(A), since A is upper-triangular we have that [ = Ly ;.
Moreover, since elements of T, N n are upper triangular A|ciuin € Ty N 1y,
where 1; denotes the subalgebra of upper-triangular matrices in M), ;)| (C). By def-
inition of X () this principal submatrix has Jordan type A(i). It follows that [ =
Lp, € €20 1 §1G for eachi = 1,...,msothat L € é(r).

Conversely, let L € 2(1:). By Corollary 5.7, L = g(A)O™ for some A € T, N n.
Running the above argument in reverse, we see that A € X (7). ]

By [10, Proposition 4.5.4] (or Proposition 6.6 above), X () has a unique irre-
ducible component of dimension p(A — ). We write X(7) for the closure of this
component. It is an irreducible component of o*NT « N1 and will be called a gen-
eralized orbital variety of type A. The collection of all possible generalized orbital
varieties of type A will be denoted X (4).
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Theorem 6.9 ([10, Theorem 4.8.2]). {X(v) : v € YT (A),} is a complete set of irre-
ducible components of O* N Ty N

Our next goal is to describe the fusion of two MV cycles using a “fusion” of
generalized orbital varieties, which we will now define. Let A, A’,A” and u, u’, 1" be
as in previous sections, once again assuming that w is dominant.

Given a point s € A* and a pair of tableaux " € YT'(1'), and t”" € YT (1"),,
we define

X (@', 10, = {A € UL 2 Algiuan has Jordan type (A (i), 0), (A" (i), 5))
fori =1,...,m}

and
X('. t")oax = {(A.s) € My x A% : A € X(T', 7")os).

Note that elements A € X (7, 7”) do not in general correspond to pairs (4’, A”) €
X (z') x X(z”) because if u’ (resp. ") is not dominant then X (z’) (resp. X(z”)) is
not well defined.

Proposition 6.10. The image of X (', 7")0,ax under the isomorphism of Theorem 5.6
is Z(t') xax Z(z").

Proof. Fix A € X(t/,t")os andi € {1,....m}. Let C[t] C C[t]" = C™ ®¢ C[f]
denote the C[z]-submodule generated by the first i standard basis vectors.
The lattices | = g(A|ciuin)C[t] and L = g(A)C[¢]™ are related by the equation

I = L.
where we recall that
L[l,i] — (L + (C[t][i-i-l,m])/(C[t][i-l-l,m] C (C[t]m/(C[Z][i+l’m] — (C[l]i.
By definition of USL X” //, we have A|cium) € U(’)f ;(i)’“ //(i), and by definition of
X (7, 1")0,s, the Jordan type of A|ciuwi is (A'(),0), (A" (i), s)). So,
A@),A (@)
[ e ;97&0,; !
by Theorem 5.6. On the other hand, since L € S(‘,f;’“”, we have [ € S(‘,f;(i)’””(i).
Therefore, as i varies, we see that the pair (L(0), L(s)) € S¥" x S#” is such that

(L11.7(0), L1 (8) = (LO)pap, L)) € 962D x g6 @

and so (L(0), L(s)) € 2(1”) X 2(‘[”).
Conversely, given L € Z(t') *s Z(z"), we can write L = g(A)C[t]" by Theo-
rem 5.5. Then reversing the above logic, we conclude that A € X (¢, t")o.s. [
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Now, in analogy with the fusion of Section 3.2 we define X(z/, 7”)p.4 to be
the Zariski closure of the unique top-dimensional component of X (', t")o.ax in
My x A. (As noted in Remark 6.7, we expect that all these varieties X (1) = 4 (1)
are irreducible, which would mean that taking this “top-dimensional component”
irrelevant.) Then we define the fusion of generalized orbital varieties to be the scheme-
theoretic intersection

X', )00 = X&', t")0.a N My x {0} in My x A.

By Proposition 4.3, it is contained in 0* N Ty Nn.
We quickly recall the definition of intersection multiplicity that we will need fol-
lowing [13, Example 2.6.5]. We consider a fibre square of C-schemes

W —7

]

D——Y

with D an effective Cartier divisor and V an irreducible variety of dimension k. We
assume that V' is not contained in the support of D. Let Z be an irreducible component
of W itis a subvariety of V' of codimension 1. The multiplicity of Z in the intersection
D NV is defined to be the length of the module Oy, z/(f) over the local ring Oy, z
of V along Z, where f is a local equation of D |y on an affine open subset of V' which
meets Z. Following [13, Chapter 7], this multiplicity is denoted by i (Z, D - V).

For our purposes, the zero fibre in §r¢ 4 is an effective divisor D. For Z’, Z"
subvarieties of §», V = Z’ x5 Z" C §r¢ 4 is a variety not contained in the support
of D. Then we choose an irreducible component Z of W := DNV = Z' %9 Z".
Thus, we may consider the intersection multiplicity

i(Z,Z' %0 Z"):=i(Z,D-V).

We will be particularly interested in the case when Z, Z’, Z" are MV cycles.
In a similar way, we may consider the intersection multiplicities of generalized
orbital varieties in X(t',t")o,0 = My x {0} N X (7", 7")0,A.

Corollary 6.11. We have i (X(t), X(t', ©")0,0) = i(Z(7), Z(7') %0 Z(z")).

Proof. By the isomorphism of Lemma 6.8, X(t) is a dense constructible subset
of Z (7). On the other hand, Proposition 6.10 gives us an identification of )?(7:/, ")0,4%
and é(r/) xax Z(7"); the schemes X(t",7")o,4 and Z(z') x4 Z(z") are constructed
from these by taking the top-dimensional irreducible component and then closure.
Thus, we conclude that X (z’, "), 4 is a dense constructible subset of Z(t") x4 Z(z”).
From the definition of intersection multiplicity, it is clear that the multiplicity can be
computed locally and so the result follows. |
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6.3. Multiplying MV basis elements in C[/V]

In this section we will need to recall that representations of the Langlands dual
group GV of an arbitrary complex reductive group G can be constructed from the
affine Grassmannian of G, and studied in C[N V], the ring of functions on the maxi-
mal unipotent subgroup N of GV.

We use the convenient fact that GL,\:, = GL,, (so also NY = N) and ignore the
distinction between weights and coweights.

Let N C G be the unipotent subgroup of upper-triangular matrices with 1s on
the diagonal. In [5], the third author along with Baumann and Knutson show that the
MYV cycles yield a basis of the coordinate ring C[N] called the MV basis. Note that
with respect to the action of the maximal torus 7' of G by conjugation on N, C[N]
acquires a homogeneous grading by Q .

Given weights © < A with A dominant, denote by V(1) the irreducible representa-
tion of G of highest weight A and by V(A),, its u-weight space. There is an injective
map

v,:V(A) - C[N]
realizing V'(A) as a subspace of C[N] and sending V' (1), to C[N],_3.
The geometric Satake correspondence says that

V(W) = Hap—p (8™ N SH).

In particular, the set {[Z] : Z € Z(A)} gives a basis of V(1) with [Z] denoting the
class of Z in the appropriate homology group.

By a theorem of Anderson, MV cycles in gr* N S¥+2 consist of those irreducible
components of § i N SA+v that are contained in %A (see [1, Proposition 3]). The
stable MV cycles of coweight v € Q4 are defined to be irreducible components
of S?r N S¥. Multiplication by #* defines an isomorphism

S9NSY >~ 8§ NSAty,

We denote the set of all stable MV cycles Z(0c0). By a theorem of the third author,
given a choice a reduced word for wy, there is a bijection Z(co) — N’ called the
Lusztig datum.

One can string together the maps W, and the geometric Satake isomoprhisms to
show that the stable MV cycles yield a basis of C[N].

Theorem 6.12 ([5, Proposition 6.1]). For each Z € Z(00), there is a unique element

bz € C[N] such that for any dominant weight A, ift* Z € Z(A) then Wy, ([t* Z]) = b.

The set{bz : Z € Z(c0)} is called the MV basis of C[N]. The structure constants
of multiplication in C[N] with respect to the MV basis are given by intersection
multiplicities.
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Theorem 6.13 ([5, Theorem 7.11]). Given Z', Z" € Z(0),

bz bzr= Y i(Z.Z' x0Z")bz ©)
ZeZ(o0)

in C[N].

Our next goal is to show that these structure constants can be computed using
generalized orbital varieties. Consider the following commutative diagram:

Y7 X9 Jxn

\[ \[Lemma 6.8

YT R Uz) —— v

o
L[ lt—* l‘l’,\
\

N — Z(oc0o) — CJ[N].

The sequence u® = (u9, ..., uY _,) keeping track of the number of boxes of
weight i in row i of a given tableau is called its padding. Two tableaux have equal
Lusztig data if and only if they are related by padding, which is to say that we can
change the padding of one (removing or adding boxes) to recreate the other. Moreover,
a tableau is completely determined by its Lusztig datum and padding.

For example

1[1]2]
—_[2] _
r— and 1—54

have equal Lusztig data, since we can increase the padding of T (by adding to it the
padding of 7) to get 7, or forget the padding of 7 to get 7.

We call a tableau stable if its padding cannot be decreased. The following lemma
shows that stable tableaux are in bijection with Lusztig data.

Lemma 6.14. Let ne = (n(45)) be a Lusztig datum and let n° = (,u?) be a padding.
If A= (X pn@ap) + 1Q)a then the smallest n° such that A is dominant effective
(and  is effective) is
Hows Bm—1 = 0,
pd = max{0, ud,; + Z”(a,i-H) — Zn(‘”)}’ i=1,....m=2.
a a

This choice of j1° defines a section o:N" — Y T.

Proof sketch. To produce a tableau with Lusztig datum 7, of smallest possible shape
and weight:
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* we can always take the number of m’s in row m, and the number of m — 1’s in
row m — 1 to be zero;

¢ we can take the number of m — 2’s in row m — 2 to be zero, unless n, tells us that
there are more boxes in row m — 1 than there are in row m — 2, and then we take
w8 _, to offset the difference;

and iterate the last step up to /L(1)~ |

Corollary 6.15. Given two stable MV cycles Z', Z" with Lusztig data n,, n’) resp.
there exists a pair of tableaux (v',t") € YT (A")y x YT (X" for some X', A" dom-
inant effective and some ', u" effective, suchthat p = ' + ' <A =1 + 1" are
partitions and

by -bzr = Z [(X(1), X(t'.7")0,0)b,-3 2(2)- (8)
€Y T ()

Proof. Choose v’ =0 (n}), 7" = o(n})) andsuppose v/ € YT (X)), " € YT(A") .
Note that Z’ = t~*' Z(z') and Z” = 1=*" Z(z”), so the intersection multiplicity of
a stable MV cycle Z in Z’ %9 Z” can be computed as the intersection multiplicity
of an MV cycle Z(7) in Z(z') %9 Z(z") for some v € Y T(A),, because these two
situations isomorphic by translation by tr.

In case p is not dominant, increase the padding of the larger of the two tableaux
by

(max (0, w2 — p1), max(0, u3 — p2), ..., max(0, hym — Um—1))-

Now, by Corollary 6.11, the intersection multiplicity of Z(t) in Z(t') *x¢ Z(z")
can in turn be computed as the intersection multiplicity of the generalized orbital
variety X(t) in X(z’, ©”")0,0. (We have ensured u is dominant, so that X(z) will be
defined.) ]

7. Examples

In this section, we will compute some examples of multiplication of MV basis ele-
ments using the method provided by Corollary 6.15.

We use the section defined by Lemma 6.14 to abbreviate MV basis elements to
tableaux and view C[N] as an algebra in these, rewriting equation (7) as an equation
in tableaux. The coefficients are found using generalized orbital varieties. Suppose

" and we

we have two tableaux 7’ and t”, with respective weights A/, u” and A7, u
wish to form their (geometric) fusion product. Once we have applied any necessary
padding (as in the proof of Corollary 6.15) so that u = ' + u”” is dominant, we take

a generic matrix A € X(t/,7")o.s.
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The requirement that A; := A|ciui) € @é:s(i)’”(i)

ditions on A in the form of vanishing and non-vanishing minors. We form the ideal

for each i imposes rank con-
I C C[Af,.s¥] = C[Uy L
generated by these relations. The ideal of the fusion X (¢, "), is

J = (I NCIAY, . s]) + ().

Taking the primary decomposition (to account for possible multiplicities) of J gives
us ideals Jy, ..., Jy, each corresponding to a generalized orbital variety occurring
in the fusion. We use Theorem 6.9 to find a tableau for each J; and then forget all
unnecessary padding to get the corresponding stable MV cycle. Each J; also tells us
the multiplicity of each MV cycle in the fusion product, where we have multiplicity 1
if and only if J; = /J;.

7.1. Type A

We begin with an example to showcase a product where some terms may have higher
multiplicity. This is not a cluster exchange relation.

Example 7.1.

202) =B+

The requirement that

W

23] _ 2, [2]2 4 5[2].
+23 =[3] + +2 9)

[ [
0 1 i
i [

2 Sl 42 4l 42
=57 25 1A}, ATx1413 A73

—— —— + ....... _! ....... fa—

Lo 11

A= I [ is contained in * A X

| 0 14}, A2, 313
S Lo B i Sl

! bo 1

. !

: :—s2 28

imposes the following non-trivial relations on A:

247, 4555 4 343357 + AL, Ay + A1, A5 4 24155,

A%353 - A%zAZS - A%2A53S - 2A12Aé3’

ATy AT Ays? + AL, AT3 45357 — (A1, 453)% 4 241,47, 453455 — (A1,453)°
+ 6A%2A%3A535 + 4A%2A%3A53’
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Al A A3 5% = (43,123, + 241 8,41, U, = (AL, Py
—247,4%5(A33)%s 4 441,433 453 45,5 — A} AT 45587
—341,475(A33)* + 441,413 453455,

(A1,)°(A33)2 435 — 241, 433(A1,453)° + A1,(A1,)%(435)° + 247,(A7,455)%s

+2475(A1,453)s + 341,(435) A335” + A3(47,455)
+ 441,41, 473(433)” — 641,43, 41343343,
+4(A1p)? A3 Ay A3y — 4A1 A3 AT Agys — 4415 (A1) Ay
+ A13(A1,435)°.

At s = 0 the ideal generated by the above relations decomposes as a union of the

following generalized orbital varieties, where the last component occurs with multi-
plicity 2:

Ideal of X(7) T

11133
(A%sz%ZNS‘) 2 2 ‘ ‘
( 23> 23’S) 3 3

111](2)3
Va2 Al + A a3, alyal, (a2

Note that the tableaux 7 appearing in this table are the same as those in (equation (9))
after removing the padding.

The following products of MV basis elements (used in equation (9)) are easily
verified, since the fusions of the corresponding MV cycles are irreducible:

2] [2]_[2]2] [2 2[3
3]-3]=[313] .=33 .=3 |

7.2. Type A3

There is a cluster structure on C[N] = C[4;; : 1 <i < j < 4] consisting of 12 cluster
variables. The initial cluster (coming from the standard reduced word) is

X1 = Ay, Xy = Az,
x3 = A1pA23 — Ays, X4 = A12A23A34 — A12A24 — A13A34 + Aqa,

X5 = A13424 — A14A423, X6 = Aqa.
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1 1 1
(A23’A24’A34)

Ne T Coordinate ring of X(7) VA Cluster variable
(1,0,0,0,0,0) C[Aiz] P! X1
1] Cla},,415,41,] 1 Xotx
0,0,0,1,0,0) Sl41p:413:453] P x24x3
( e giwis .
1]
0.0.0.0.0.1) [  CldiAlr4isdisdisdiedil p1 XoXatxaxetaIxs
( s Uy Uy Uy Uy ) 2 1 2 1 1 T T
4] (A12,A472,413:414,423:434) X2X3
(1,0,0,1,0,0 2] ClAly A543, p2 .
b 9 9 9 b i (A£3) 2
ClA}.413.433] 2
(0’ 1’05 07 0’ 0) (A{z) P _Xf3
v 141 41 41 41 41
000101 3  Clbitltbalot)  pr s
41 (A12,413:414,434) X1x2
(0,0,0,0,1,0) 1] ‘C[A}za"iizafih:fiésafémfi&] P2 x1x5+x4(r2+x3)
14] (A15:413,453,434) X1X3
1 3‘ LAl A1 41 41 41
ClA{5,413,414,453,454,4
(()’ 1,0,0,0, 1) 2 [112 l13 l14 123 l24 134] S(2,4) X3X6+Xx1X5
7 (4125434413424 A53414) *2
(1,0,0,0,1,0) 12] (C[A}2aA%21,A}%,A}zﬁ,Aéz.l,AémA;A‘] S(2,4) X2X4+X1 X5
i (A15,413,453,45,) X3
0,0,1,0,0,0 ClA} Ay Al Aby AL AL] ps
(7 s Ly Vs 7) (AizA{:\’Aé:,’) X4
(CAI ,Al ,Al ,Al ,Al ,Al
(0.1,0.0.1,0) Updlulotbetiotld  Gro4)
12:434
(C[Al Al Al 4l 41 4l 1
(1,0,0,1,0,1) e e B Pp3 X6

Table 1. The cluster variables and the corresponding MV cycles and generalized orbital vari-
eties. We write S (2, 4) to denote the non-smooth Schubert divisor in Gr(2, 4) the Grassmannian

of planes in C*.
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We summarize our findings in Table 1, listing each cluster variable along with its
stable tableau, the coordinate ring of its generalized orbital variety, and the geometry
of its MV cycle.

Remark 7.2. The MV polytopes corresponding to these MV cycles in Table 1 are
the prime MV polytopes, which were found by Anderson [1, 3.4]. Unfortunately,
the bijection between prime MV polytopes and cluster variables does not hold in all
types, since in general there are finitely many prime MV polytopes and infinitely many
cluster variables.

In what follows we check that the exchange relations satisfied by the above cluster
variables in C[N] are corroborated by the fusion of the corresponding MV cycles.

Example 7.3.

The requirement that
bl
S !A12 I Ays
L I . .
A= I 0 1AL; | is contained in|2]*ax
_._.4:_._._@_._._
! Ls
| |
imposes the relation A}zAé3 + sA%3 on A and at s = 0 the ideal generated by this
relation decomposes as a union of the following generalized orbital varieties:

Ideal of X(t)

113
b |
1]2]
Al
( 237S) 3

Example 7.4.
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The requirement that

! ! ! T
O i i
| |
s 1Al 113141,

—_—— + -4 ———— .

A= I s 1435143, | is contained in ! kA% | 2]
. b4 SO0
1o 1AL,
IR L d_12%

results in the following relations on submatrices:

Submatrix Relations

Ay Aiz
Az Al
Ay Alys Ad Ay + 545,

At s = 0 the ideal generated by the above relations decomposes as a union of the
following generalized orbital varieties:

Ideal of X(7) T
11
(Alp Aj3. Ay3. Ajy.s) 2[4
El
11
(Al Al3. Ajy Aly.s)  [2]3
14
Example 7.5.
2| [1]3]
3/+1(2]
4] [4]
The requirement that
i o ba b
s 141214131414
R e
|0 1455143,
A=|-—+—+-"4-—|iscontained in |2 | %4
Ll 14y,
_._.4_._.4.._._@._._
L
L N |
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results in the following relations on submatrices:

Submatrix Relations

Az A%2A53 + SA{s
A4 A%4’ A%2A54 + SA%4’ A53A14 - A%3A54

At s = 0 the ideal generated by the above relations decomposes as a union of the
following generalized orbital varieties:

Ideal of X(7) T
1[2]
(A3, A3y, Ady.s) 13
4]
1[3]
(A1, Ay, ApsAfy — Aj3A3y.5) (2]
4
Example 7.6.
11
[2]-[2]4 =+
3]
The requirement that
B ! b
0 1 .
[ [
=5 25 141, AT, 1A1314],
—_—— —— + ....... _'__I__
Lo 1 1]1
A= [ |1 | is contained in[2]*ax 24
! s 1Ay31 Az, 3
. L1472 [ =
S I L
[ [
L i I

results in the following relations on submatrices:

Submatrix Relations

A A}, + sA3,

Az Ai3> Aé:;

Aq A%2A54 + sAh, Ai2A54 - s2Ai4
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At s = 0 the ideal generated by the above relations decomposes as a union of the
following generalized orbital varieties:

Ideal of X (7) T
1/1]4]

(A%27A%2’ A%?,?A%:;as) 2 2
3]
1]1]2]

(Alp, Alss A3, A3y 8) (2[4
3

Example 7.7.

1]1] 2
4] 4

The requirement that

r ! .
0 1 .
| |
0 iAjy Af1A1314],
—— e — — + ....... _'__I__ ‘
Lo 1 11
A= [ [ [ iscontained in |2 | #*ax
s alyal, 7]
S L. [ R —
1
I P
| | |
L | o0

results in the following relations on submatrices:

Submatrix Relations

Ay A{z

Aj Aé3

As Ay Al3A34 — sAY,
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At s = 0 the ideal generated by the above relations decomposes as a union of the
following generalized orbital varieties:

Ideal of X(7) T
1]1]2]
(Alp. Aj3. Ayz. Ay.5) 2[4
El
11]2]
(Aiz’AéyA%wA%ms) 213
14
Example 7.8.
1]3]
2]-[3]=[4]+|2]
4]
The requirement that
N Lo blta bt a T
0 !Alz!A13!A14
———fmgelige—m
| 0 14b5145,
A= —~—~1—~—~+~—~—@~—1~— is containedin*Ax
I s A
ST IO R S ol
L )
L N A
results in the following relations on submatrices:
Submatrix  Relations
As AL,
Ag Ap3 Ay — sAgy, Aj3 A5, — sAYy, A3 Ay, — Ap3AY,

At s = 0 the ideal generated by the above relations decomposes as a union of the
following generalized orbital varieties:

Ideal of X(7)

)

(A%zv Ai3v A53’S)

(Aizv A%4’ A}3A%4 - A53A%475)

S]] [l
had
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Example 7.9.

p—
[

=M.
i Bl= g 0+ ]

The requirement that

_ | | | _
0 1 [ i
b
0 1Aj514531414
—_————— . +__'.__|__ ) ) 111
A= I 0 1435143, | is contained in kax 3]
. S B 214
[ g igl
it A
! ! )
L | | | _

results in the following relations on submatrices:

Submatrix Relations

Az A%z
Aq A3 A3, —sA],

At s = 0 the ideal generated by the above relations decomposes as a union of the
following generalized orbital varieties:

Ideal of X(7) <

1114
(A{Z’A%S’s) 213 ‘
1113
(AiZ’Aflj4vs) 2 4 ‘
Example 7.10.
11 2
;
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The requirement that

I
0 1 i i
I I I
0 !Aiz A%z!Ais A%3!Ai4
—_—— — e — + ....... _' ........ !_._.
Lo 11 !
I I I 1|1
A= [ s 148, 42,141, | is contained in |23 |*ax 2]
S I - - 2
' o 1! —
I I [
I I I 41
N T R b3
I I I
I . @ 0
results in the following relations on submatrices:
Submatrix Relations
1
As Aj,
2 41 1 1 2 2 42 1
Az A7, Ayy — sAj;3, Ayy + 5455, AT, A5 + Aqs
1 2 g1 1 1 g4l 1 41
As Azy, ATp Ay — Ay, A1gAys — A3 Ay,

At s = 0 the ideal generated by the above relations decomposes as a union of the
following generalized orbital varieties:

Ideal of X(7) T
1/1]3
(Aly. ATy, Ay, Ay, Al ) 21214
3]
111]2
(Al A)y, ALy A, AT, A3, + Al,s)  [2]3]3
4
Example 7.11.
1[1]3]
1 3
212 .=+.
4]
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The requirement that

! ! !
0 1 [ [ |
! ! '
0 1 I I
! ! 5
s _:_Alz A7z 1A 3 A13:A14
0 1 i i[1]3]
A= ! ! ! is contained in |2 | 2 * A X
J!_ 0 :A53 A%3=A§4 4
. Lo R
i TR
i i I
R R St
[ i !
| | 0

results in the following relations on submatrices:

Submatrix Relations

A2 A%z’ A%z
As AL, + sA3,
Ay A%m Ai4A53 - A%3A%4

At s = 0 the ideal generated by the above relations decomposes as a union of the
following generalized orbital varieties:

Ideal of X(7) T
1[1]1]3]
(Aiz’A%27A%37A;39A:1;41S) 2 2 4
El
1 42 41 41 41 1[1[1]3]
(A1p, ATp. Ays. Ajys Azge8) |2
14
Example 7.12.
1] 2] _[3], [1].[2]
The requirement that
r [ T .
0 141514131414
SRS B B
s 145314
A= —~—~{—~—~+~—2~3—@~—2~4— is containedin*Ax
L0 14y,
_._.!_._.J.._._!._._
! ' s
L [ N .
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results in the following relations on submatrices:

Submatrix

Relations

As
Ay

A%2A53_SAi3
Al AL 4 sAl AL AL + AL Al
23434 24> 412424 134134

120

At s = 0 the ideal generated by the above relations decomposes as a union of the

following generalized orbital varieties:

Example 7.13.

The requirement that

0

—_

Ideal of X(7) T
113
(A%Z’A;A’S) 214
1 1 41 1 41 112
(A3, A1p Az, + Aj3A3,,5) 314

BN

I I I 7]

I I I

Pa o2 ba 2t

1A, AT21A13 A131414

1— ....... _! ........ !_._.

0 1 i

I I I

[ s 148, 42,141, | is contained in

L__._ it s

! o 1!

I I I

i i 1
b St

i i i

i i 0

results in the following relations on submatrices:

Submatrix Relations

Ay A{z

As Ay + 54,

Ay A%m Ai3A%4 - A§3Ai4

1]3]

=l

kA%

[ [9]
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At s = 0 the ideal generated by the above relations decomposes as a union of the
following generalized orbital varieties:

Ideal of X(7) T
1[1]2]3]
(A}z’Ais’AéyAéms) 24
13
1/1]2]3]
(A%z’A%yAémAémS) 2|3
4

Example 7.14.

2 2 3
2= @+ @

The requirement that

I I I
U B
s !AIZ!A13!A14

B e
10 14531454
A=|-—+—+—+4——] is contained in - *
- .
bs 1A3

|

ST R ol
|
|

results in the following relations on submatrices:

Submatrix Relations

As Ays Ay, — 54y,

At s = 0 the ideal generated by the above relations decomposes as a union of the
following generalized orbital varieties:

Ideal of X(7) =

aho  []28
11213
() 20

Example 7.15.

—

I173]
2] =Bl a2 g
e
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The requirement that

' ! !
o 1 ! ! !
! ! !
U ! !
| |
DAl 42 Al 42 Al g2
s A1y Afp 1413 Aj31A1, ATy
—— e — . + ....... _| ........ | .........
o 1! !
! ! !
- 1 42 41 42
A= 1| 0 :A23 Azs}Az4 A4
i i =
| 0
| [ L4142
| | 0 iA’§4 A34
e Rt A R
, i P01
| ! |
L ! ! ! 5
is contained in |
1/1]3
2|12]  *Ax
314
results in the following relations on submatrices:
Submatrix  Relations
1 42
A Aiz,Aiz
43 A3, Az;
1 42 42 1 2 41 42 2 41
Ag Azg, A1 A5q + Ajy + 547, A4 A3 — A3 45,

At s = 0 the ideal generated by the above relations decomposes as a union of the
following generalized orbital varieties:

Ideal of X(7) T
1 42 A1 42 41 1 1 LI1[1]4]
(A1p, ATy, Aj3, AT3. Agz, Ajy, A3y S) 212
314
(Aly. ATy, Als, Ajs, Ay, AS3 A5, + Ajy, é é i 3]
A%3A§4+Ai4’A%3A§4_A%3A%475) 314
Example 7.16.
111
213

1 2
2L m
34
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The requirement that

[ [ [
0 1 i [
[ | [
0 141, AL 1413 AT31414 AL,
—— —— + ....... _! ........ l ________
Lo 1! !
! ! !
! s 1Ayy A33 Ay, A3, 11
A=|-—-—-— L——— R b —- is contained in |2 | 3 *Ax
! o 1! 314
| | |
| | 41 42
N B T 13
| | |
i i i 01
| | |
2 | | T

results in the following relations on submatrices:

Submatrix Relations

Ay A{z
Az Ai3» A;y A%2A§3 + SA%3
Ay A;m A%3A§4 + A;4 + SA§4’ A%ZA%LL + A%3A§4 + A{4,

ATy Ay, — ALy AL ATy — A3 Ay AT A AT + Ay Ay, + 541, A2,

At s = 0 the ideal generated by the above relations decomposes as a union of the
following generalized orbital varieties:

Ideal of X(7) T
(AinA%sz}37A537A§4’A§3A§4+A547 é ; i
A%3A§4+Ai47A%3A54_A§3A%4’5) 314
1 1 1 2 1 1 2 42 2 42 1 L1112
(A1p, A1 Adz, Az, Apy A3y, ATp A5y + A3 A3, + Ajys) 21314

314

Example 7.17.

T1[1]3]
202 .=._|_..
3

4
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The requirement that

B ! ! ! 7]
0 1 ! ! !
I I I
0 1 | |
b o 3 by 2
0 iAlz Aty Alz:A13 A13:A14 Aty
Lo 1 i i
I I I
o
4= I s iAl A2 iAl 42
S U 1223 T304 T4
I I I
I 0Ly
I I 1 2
i i 0 !A34 Azy
T = i
I I [
I I [ N
is contained in ‘ ‘
1/1/1]3
212 kA
314
results in the following relations on submatrices:
Submatrix Relations
Az Aiz’ A%z
Az Ai3’ A%3
1 27 42 1 2 1 42 2 41
A4 A3y, A3 A5, + Ajy + 545, A1 A5y — A3 A5,

A%3A54A§4 + A%4A%4 + SA%4A%4

At s = 0 the ideal generated by the above relations decomposes as a union of the
following generalized orbital varieties:

Ideal of X(7) T
1 42 41 1 42 41 1 L[1]1]2]4]
(A1p, AT5. Aj3. Ags, A3, Any, A3y, 9) 212]3
314
(Al. ATy, Al3, Ajs, Asy, A53 A3, + Ay, ; é 411 2|3]
A%3A§4+A%4,A%3Aé4—A§3A{4,s) 314

We note that the tableaux and mutation equations we have obtained match those
predicted by [21] for corresponding dual canonical basis elements.
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