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A category O for oriented matroids

Ethan Kowalenko and Carl Mautner

Abstract. We associate to a sufficiently generic oriented matroid program and choice of linear
system of parameters a finite-dimensional algebra, whose representation theory is analogous to
blocks of Bernstein—Gelfand—Gelfand category (9. When the data above comes from a generic
linear program for a hyperplane arrangement, we recover the algebra defined by Braden—Licata—
Proudfoot—Webster.

Applying our construction to non-linear oriented matroid programs provides a large new
class of algebras. For Euclidean oriented matroid programs, the resulting algebras are quasi-
hereditary and Koszul, as in the linear setting. In the non-Euclidean case, we obtain algebras
that are not quasi-hereditary and not known to be Koszul, but still have a natural class of standard
modules and satisfy numerical analogues of quasi-heredity and Koszulity on the level of graded
Grothendieck groups.

1. Introduction

In [5, 6], Braden—Licata—Proudfoot—Webster introduced a class of finite-dimensional
algebras related to the combinatorics of hyperplane arrangements, whose representa-
tion theory is closely analogous to the integral blocks of Bernstein—Gelfand—Gelfand
(BGG) category (. Recall that BGG category O plays an important role in Lie theory
and can be described using the geometry of the Springer resolution. Braden—Licata—
Proudfoot—Webster discovered their algebras by analogy, motivated by the geom-
etry of toric hyperkéhler (or hypertoric) varieties, but the algebras can be defined
from basic linear algebra data. The input for their definition was the data of a polar-
ized arrangement V = (V,n, €), where V' C R” is a d-dimensional linear subspace,
n € R"/V is a (generic) vector and £ € V* is a (generic) covector. Braden—Licata—
Proudfoot—Webster [7] and others (e.g., [14]) have since introduced and studied other
such geometric categories () associated to conical symplectic resolutions.

In this paper we extend the definition of Braden—Licata—Proudfoot—Webster in a
different, more combinatorial direction: from the setting of polarized arrangements to
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the combinatorics of oriented matroids. More precisely, the role of V' C R” is replaced
by a rank d orientable matroid M with parameter space U and the role of 1 and £ by
an oriented matroid program (,ﬂ ,g, [) that extends and lifts an orientation of M. One
motivation for our work was a desire to categorify and better understand the matroidal
Schur algebras of [8,9].

To explain our results and motivation, we first recall in more detail the results of
Braden-Licata—Proudfoot—Webster.

1.1. Hypertoric category @

In [5], Braden—Licata—Proudfoot—Webster defined a quadratic algebra A(V). One
motivation was a description of a regular block of category O as arising from a quan-
tization of the structure sheaf of 7*(G/B), the cotangent bundle of a flag variety.
When V is rational (meaning that V, n, and & are defined over QQ), one may associate
to 'V a hyperkihler variety I,' sometimes called a hypertoric variety, which behaves
in various ways like the cotangent bundle of a flag variety. Braden—Licata—Proudfoot—
Webster show that in this case the category of representations of A(V) is equivalent to
that obtained by applying the same sort of quantization construction to the hypertoric
variety for V. Moreover, they show:

Theorem 1.1 (Braden-Licata—Proudfoot-Webster). Let 'V = (V,n, &) be a polarized
arrangement where n and & are generic.”
(1) The algebra A(V) is quadratic with quadratic dual A(VY), where VYV =
(VL, =&, —n) denotes the Gale dual polarized arrangement.
(2) The algebra A('V) is quasi-hereditary.
(3) The algebra A('V) is Koszul (thus by the first result, Koszul dual to A(VY)).

(4) Up to derived Morita equivalence, the algebra A('V) depends only on V C R”
and not on 1 or §.

To give a feeling for the representation theory of these algebras, we will describe
a labelling of the simple modules for A(V). It is convenient to consider the following
hyperplane arrangement defined by V = (V, 5, £). Note that n € R" / V' can be viewed
as the affine subspace n + V C R”", and we consider the arrangement of hyperplanes
in 7 4+ V cut out by the coordinate hyperplanes of R”. The genericity condition on 7 is
the requirement that the resulting arrangement be simple, meaning that the non-empty

'More precisely, the subspace V and vector 1 alone determine the variety 9. The covector &
can be used to endow I with a C*-action.
2See the following paragraph for the meaning of the word generic used here.
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Figure 1. Hyperplane arrangement and corresponding pseudosphere arrangement.

intersection of m hyperplanes has codimension m. The covector £ € V* lifts to an
affine linear functional on 1 + V. The genericity condition on £ is the requirement
that £ be non-constant on any positive-dimensional intersection of 1 and a coordinate
subspace.

Example 1.2. The polarized arrangement from [5, Example 2.2] consists of a two-
dimensional subspace V' C R* together with some chosen 1 and £. These choices
produce the hyperplane arrangement depicted in Figure | (a).

The set # of chambers of the hyperplane arrangement in n 4+ V' that are bounded
with respect to £ parametrize the simple modules {Ly }qcp for A('V). In Example 1.2,
we can label these chambers «, 8, y, 8, € as in Figure 1 (a).

For each bounded chamber « € J, let 8 < « if B is contained in the cone generated
by « originating from its maximal vertex. The transitive closure of this relation gives
the highest weight partial order on simple objects for the quasi-hereditary structure in
the theorem. In the example above, this produces the poset described by the following
Hasse diagram:
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More precisely, Braden—Licata—Proudfoot—Webster define standard modules V,
for every a € & and prove (see the proof of [5, Theorem 5.23]):

Theorem 1.3 (Braden-Licata—Proudfoot—Webster). For any a € & the indecompos-
able projective cover Py of Ly has a filtration with successive subquotients isomor-
phic to Vg for each B > o and each such standard module appears exactly once.

1.2. Matroidal setting

Fix a field k and a finite index set E. In this paper we will begin with an orientable
matroid M of rank d and a choice of parameter space U C k% for M. By parameter
space, we mean a subspace U C k% such that the composition

U < kf — Span{t; | i € b}

is an isomorphism for any basis b of M.

Example 1.4. Note that the subspace IV C R” in a polarized arrangement of Braden—
Licata—Proudfoot—Webster provides such a pair for k = R: let M be the matroid on
the index set £ = {1, ..., n} represented by the coordinate functions of R” restricted
to V, viewed as vectors x1,...,x, € V*, andletU = V.

Let M be an orientation of M, meaning an oriented matroid M such that M = M,
where M denotes the underlying unoriented matroid. (In the polarized arrangement
example, there is a natural choice for M, as M is represented by vectors in a real
vector space.)

The remammg input data we need is the structure of a oriented matroid program

(M g, f), meaning M is an oriented matroid on the underlying set £ U {g, f}
such that g is not a loop, f is not a coloop, and (M \ f)/g = M. Like we did for n
and &, we ask that g and f be sufficiently generic (see Definition 2.2).

The matroid M is determined by P, so we can and will omit it from our notation
and consider pairs (P, U) where P = (M, g, f) is a sufficiently generic oriented
matroid program and U C k¥ is a parameter space for the underlying (unoriented)
matroid M = (JV( \ f)/g.

Example 1.5. Polarized arrangements give a natural class of examples. For a d-
dimensional polarized arrangement (V, 1, £), consider the (d + 1)-dimensional sub-
space V of R” x R ¢ X R ¢ spanned by the graph of £: V —R ¢ and the vector (77,1,0) €
R™ x Rg x Rr, where 7] is any representative of the coset n € R" / V. Let M be the
oriented matroid on the set {1,...,n} LI {g, f} defined by the coordinate functions
X1,...,Xn, Xg,Xf € V*.



A category O for oriented matroids 163

Figure 2. Ringel example.

Not every oriented matroid program P comes from a polarized arrangement, but
by the Topological Realization Theorem of Folkman-Lawrence, every loop-free pro-
gram P can be expressed as a pseudosphere arrangement — a topological representa-
tion generalizing the notion of a hyperplane arrangement.

Example 1.6. Figure | (b) shows the feasible region of the pseudosphere arrangement
corresponding to the polarized arrangement from Example 1.2.

Example 1.7. Figure 2 depicts the feasible part of a pseudosphere arrangement, where
|E| = 8 and M is the uniform rank 2 matroid on 8 points, that defines a non-realizable
oriented matroid program P = (M, g, f). Here the oriented submatroid M \ f,a
rank 3 oriented matroid on 9 points, is the non-stretchable simple arrangement of
9 pseudolines defined by Ringel [16] as a perturbation the Pappus matroid.

Remark 1.8. Every oriented matroid program P where d = 2 and |E| < 7 is realiz-
able, so the program described in Example 1.7 is a minimal non-realizable example.

For a pair (P = (M, g, f),U) as above we define the dual pair (PV, U~), where
PY = (M, f, g) is the dual oriented matroid program (here the roles of f and g are
swapped), and U+ C k¥ is the orthogonal complement.

Remark 1.9. It is an exercise in linear algebra to check that when the oriented matroid
program P = (M, g, f) comes from a polarized arrangement V = (V, 5, §) as in
Example 1.5, this duality agrees with the standard Gale duality of linear programming.
In other words, the dual program P¥ = (e/qv, £, g) is the oriented matroid program
associated to the Gale dual polarized arrangement V¥ = (V 1, —§&, —n).
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1.3. Main results

As above, let the pair (P, U) consist of a sufficiently generic oriented matroid program
P= (Mg, f) together with a parameter space U C k% for the (unoriented) matroid
M = (M \ f)/g. Modifying the definition of Braden-Licata—Proudfoot—Webster to
this setting, we introduce a finite-dimensional algebra A(P, U) over k. In particu-
lar, in the realizable case of Examples 1.4 and 1.5, one recovers the original algebra
AP, V) = A(V).

In the more general setting, we show that part (1) of Theorem 1.1 extends without
modification:

Theorem 1.10. Let (P, U) be a pair as above. The algebra A(P, U) is quadratic with
quadratic dual A(PY,U LY corresponding to the dual pair.

Similarly to the realizable case, the simple modules for A(P, U) are labelled by the
set & of bounded, feasible topes. For example, in Example 1.7 the bounded, feasible
topes correspond to shaded regions in Figure 2. Again one can define a cone relation
on & and standard modules V,, for each o € &.

However, unlike in the realizable case, the transitive closure of the cone relation
need not define a poset. An oriented matroid program P = (M~ ,g, [) is said to be
Euclidean if the transitive closure of the cone relation on bounded, feasible topes of P
is a poset.

Using this condition, we obtain the following analogue of Theorems 1.1 (2), (3)
and 1.3.

Theorem 1.11. For a pair (P, U) as above with the additional assumption that the
program P is Euclidean, the algebra A(P, U) is quasi-hereditary and Koszul.

Moreover, for any a € P the indecomposable projective cover Py, of Ly has a
filtration with successive subquotients isomorphic to Vg for each B > a and each
such standard module appears exactly once.

Remark 1.12. While oriented matroid programs are not always Euclidean, every ori-
ented matroid program of rank at most 3 (equivalently ¢ at most 2) is Euclidean. Thus
there are plenty of Euclidean, non-realizable programs, such as Example 1.7.

We do not know whether or not every non-realizable oriented matroid M admits
a Euclidean program P = (eAZ , &, f) such that M /g \ f = M. For connections to
a well-known conjecture of Las Vergnas, see the discussion surrounding Proposi-
tion 2.27.

We observe in Example 7.10 that in the non-Euclidean case, A(P, U) need not be
quasi-hereditary. In particular, we give an example of a non-Euclidean program P and
projective A(P, U)-module which does not admit a standard filtration.
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However, in Theorem 7.9 we do prove that for any oriented matroid program P
the following analogue of Theorem 1.3 holds on the level of the Grothendieck group
of graded A(P, U)-modules.

Theorem 1.13. For any generic oriented matroid program P and any a € P, the class
of the indecomposable projective P, in the Grothendieck group can be expressed as
the sum

[Pl = 3 %[V,

yza

where dg, denotes the distance between the topes o and y.

While our proof of Koszulity in the Euclidean case relies on A(P, U) being quasi-
hereditary, it is conceivable that A(P, U) is Koszul more generally. As evidence in this
direction, in Theorem 7.14 we prove the Hilbert series of A(P, U) and APV, U~)
satisfy the numerical identity discussed in [2, Lemma 2.11.1].

1.4. Derived Morita equivalence
In light of Theorem 1.1 (4) it seems natural to ask:

Question 1.14. Let M be an orientable matroid and U a choice of parameter space
for M. For any two orientations M, M, of M and generic oriented matroid programs
Py = (My, g1, f1), P2 = (M2, g2, f2) such that My/g¢ \ fr = My, £ = 1,2, are the
algebras A(P;, U) and A(P,, U) derived Morita equivalent?

If the answer to this question is yes, it would appear to give a rather interesting
algebraic invariant of the matroid M. Or weaker, one might still hope for an affirma-
tive answer under the assumption that M; = M>:

Question 1.15. Let M be an oriented matroid and U a choice of parameter space for
M = M. For any two generic oriented matroid programs P; = (:/\21, g1, f1), P2 =
(,/Vtz, g2, f») such that M = ﬂl/gl \ fi= aV(z/gz \ f>, are the algebras A(Py,U)
and A(P,, U) derived Morita equivalent?

If the answer to one or both of these questions is no, the number of derived Morita
equivalence classes could also provide a interesting invariant of M or M.

As a partial result in this direction, following the strategy of Braden—Licata—
Proudfoot—Webster, we prove the following theorem in Section 8.

Theorem 1.16. Fix M and let Py = (ﬂl €1, f1) and Py = (:/\22, g2, f2) be Euclidean
such that M;/g;i \ fi = M fori = 1,2. Suppose in addition that the oriented matroid
program Ppiyg = (Muia, g2, f1) is also Euclidean, where Pyq is a generic oriented
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matroid program® such that
f/qmid/gZ = dql/gl, f/\zmid \ f1= J\zz \ f2.

Then the bounded derived categories of graded finitely generated A(Py, U)- and
APy, U)-modules are equivalent.

This allow us to answer Questions 1.14 and 1.15 in some simple cases.

Corollary 1.17. Question 1.15 has an affirmative answer for any oriented matroid M
of rank 2.

Proof. Recall from Remark 1.12, that any oriented matroid program of rank 3 is
Euclidean, so for any P; and P, the three oriented matroid programs P;, P, and
P4 are all Euclidean and the result follows from Theorem 1.16. [

Corollary 1.18. Question 1.14 has an affirmative answer for M = U, ,, the uniform
matroid of rank 2 defined on a set E of n > 2 elements.

Proof. By Corollary 1.17, it suffices to show that for any two orientations M; and M,
of U, ,, there are generic oriented matroid programs Py = (ﬂl, g1, f1) and P, =
(M~2,g2, fz) such that M; = Jql/gl \ f1 and M, = cM~2/g2 \ fz, for which A(Pl, U)
and A(P5, U) are derived equivalent.

But any two orientations of U, , are related by a relabelling of E and reorien-
tation. Note that relabelling and reorientation each induce a canonical isomorphism
between the associated algebras. ]

The same sort of argument gives a handful of similar examples.

1.5. Matroidal Schur algebras

Motivated in part by [5], Braden and the second author defined a hypertoric Schur
algebra [9] — an analogue of the Schur algebra associated to affine hypertoric vari-
eties. Recall that one can construct an affine hypertoric variety 9Jt¢ with the input of a
rational subspace V' C R”. In this setting the resulting hypertoric Schur algebra R(1)
can be interpreted as a convolution algebra for a union of resolutions of stratum slices
of M. In particular, for a rational polarized arrangement (V, 1, £) with the same

3Note that such an oriented matroid program (ﬂmid, g2, f1) always exists and there will
typically be many such oriented matroid programs. However the particular choice will not mat-
ter for us, because, as mentioned in Remark 2.1, all of our constructions depend only on the
contraction and restriction oriented matroids ﬂmid /g> and ﬂmid \ f1.



A category O for oriented matroids 167

underlying subspace V' C R”, the convolution algebra for the resolution 98 — My is
a subalgebra of the associated hypertoric Schur algebra. Braden—Proudfoot—Webster
showed in [10, Proposition 6.16, Example 6.18] that the convolution algebra of the
resolution M — My is categorified by Harish-Chandra bimodules for hypertoric cat-
egory (0. One expects the entire hypertoric Schur algebra to be similarly categorified
by Harish-Chandra bimodules with more general support and similarly to obtain a
natural g-deformation of the hypertoric Schur algebra, or g-hypertoric Schur algebra.

In [8], Braden and the second author observed that the hypertoric Schur algebras
studied in [9] can be defined in terms of the underlying matroid. Following this obser-
vation, they defined a matroidal Schur algebra R(M') associated to any matroid M .

One motivation for defining the category @ for oriented matroid programs in
the present paper was to provide the foundation to categorify and find natural g-
deformations of matroidal Schur algebras for orientable, but non-realizable matroids
using an appropriate category of Harish-Chandra bimodules.

1.6. Outline of paper

In Section 2 we describe the combinatorial set-up of oriented matroid programs and
parameter spaces. In Section 3 we define the algebra A(P, U) and in Section 4 we
prove Theorem 1.10 (Lemma 4.1 and Theorem 4.2). In Section 5 we define the algebra
B(P, U) and prove Theorem 5.12, which is a key ingredient in the proof of Theo-
rem 1.11. Section 6 develops more topology, resulting in a nice description of the
center of B(P, U).

In Section 7, we study the category of finitely-generated (right) A(P, U)-modules
and prove Theorem 1.11. In particular, under the Euclidean assumption, we show
A(P, U) is quasi-hereditary (Theorem 7.6) and Koszul (Theorem 7.13). In the non-
Euclidean setting, we prove Theorem 1.13 (Theorem 7.9), prove the Koszulity con-
dition on Hilbert series (Theorem 7.14) and show that Theorem 7.6 requires the
Euclidean assumption (Example 7.10). In Section 8, we study the derived categories
of graded finitely-generated A(P, U )-modules for varying Euclidean P and a fixed M
and prove Theorem 1.16.

2. Combinatorial set-up

In this section we briefly introduce the notation we will need to work with oriented
matroids, but assume some familiarity with the basic notions. To the uninitiated rea-
der, we recommend [3] (particularly the first chapter) for a survey and as a useful
reference.
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2.1. Generic oriented matroid programs

For an index set / and any function Z: 1 — {0,+,—}.,let Z :={i | Z({i) #0} C I
be the support of Z and let z(Z) := I \ Z be the zero set of Z.

Let M be an orientable matroid of rank ¢ on the finite set E. Let .M be an oriented
matroid such that M = M is its underlying unoriented matroid.

Let B denote the set of bases for M. We let C = C (M) denote the set of signed
circuits and C* = C*(M) the set of signed cocircuits, both regarded as subsets of
the set of functions £ — {0, +, —}. Note the unoriented matroid M = M has cir-
cuits {X | X € C} and cocircuits {Y | ¥ € C*}. The dual oriented matroid M" is
given by switching the roles of the circuits and cocircuits (i.e., C(MY) = C*(M) and
C*(MY) = C(M)), while the bases BV of the underlying matroid MY = M" are the
complements in E of the elements of B.

Let S C E. Then the set

X eCM[XCE\S)

is the set of circuits of an oriented matroid M \ S on E \ S, called the deletion of S
from M. The set

{X|s:S —>{0,+,—} | X € C(M) and X N S is inclusion minimal and non-empty}

gives the set of circuits of an oriented matroid M /(E \ S) on S, called the contraction
of M to S. Duality exchanges contraction and deletion:

(M/S) = MY\'S and (M\S)” = MY/S.

An element i € E is a loop of M if {i} is the support of a circuit of M. Dually,
i € E isacoloop of M if i is not contained in the support of any circuit of M.

An oriented matroid program P = (ﬂ, g, f) is an oriented matroid M on the
set £ L {f, g} such that (ﬂ \ f)/g = M, g isnot aloop and f is not a coloop. In
particular, the rank of Mis d + 1, and this is defined to be the rank of P.

The deletion N = M \ f of f from M is called the corresponding affine oriented
matroid.

Remark 2.1. Our constructions will only depend on the contraction M /g, which is
a single element extension of M on E U {f}, and the deletion M \ f, which is a
single element lift of M on E U {g}. Thus for our purposes it would be more natural
to define an oriented matroid program as a pair, which we have taken to affectionately
calling an eft, of a single element extension and single element lift of M. We will

refrain from doing so in this paper as the original notion appears to be standard in the
field.
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Definition 2.2. We say that the oriented matroid program P = (M, g, f) is generic
for M if

(1) for any cocircuit Y of &' = M \ f,if |z(Y)| > d, then Y(g) = 0, and
(2) for any circuit X of M /g, if |z(X)| > n — d, then X(f) = 0.

Remark 2.3. As the rank of the oriented matroid M /g on EU{f}is d, for any
circuit X of eAT(/g, |X| <d + 1andso X has at least n — d zero entries. In the case
of equality, X contains a basis of M /g and so z(X) is independent in (:AZ /8.

Dually, for any cocircuit ¥ of N, |z(Y)| > d and if equality holds z(Y') is inde-
pendent in V.

Example 2.4. As explained in Example 1.5, every polarized arrangement V=(V, 1, £)
naturally gives rise to an oriented matroid program P. If n and & are generic in the
sense of Theorem 1.1, then P is generic as well.

We now deduce some simple consequences of genericity.

Lemma 2.5. Suppose P = (J\Z g, f) is generic. Then N = M \ f has no loops and
M/ g has no coloops.

Proof. We prove the first statement and the second follows by duality. By our assump-
tion in the definition of an oriented matroid program, g is not a loop of N,s0 g € Y
for some cocircuit Y of N. By Definition 2.2 (1), |z(Y)| = d and so Remark 2.3
implies z(Y) is independent. If there were a loop i of N, theni € z(Y') contradicting
the fact that z(Y') is independent. ]

Lemma 2.6. Assume P is generic. Then there is a natural bijection between the set B
of bases for M and the set of feasible cocircuits for N = M\ f.

Proof. Consider the map that takes a feasible cocircuit Y for N to its zero set b :=
z(Y). AsY is feasible, Y(g) = + and so by condition (1), ¥ must have d zero entries.
Then Y has n + 1 — d non-zero entries and is a circuit of &'V (which has rank n — d),
so any subset of Y of size n — d is a basis for N V. In particular, Y \ {g} is a basis
for NV, so its complement b LI {g} is basis for . Thus b is a basis for M = N /g.
To show that this is a bijection, suppose b is a basis for M. Then b LI {g} is a basis
for V, its complement E \ b is a basis for &'V, and so (E \ b) U g must contain a
cocircuit Y for . By condition (1), either Y = (E \b)U gorY C E \ b. But the
latter is not possible as E \ b is a basis for N V. We conclude that there is a unique
choice of feasible cocircuit Y with support Y = (E \ b) U g. ]

For b € B, we let Y} be denote the corresponding feasible cocircuit.
We will often use three constructions to obtain new generic oriented matroid pro-
grams from a generic oriented matroid program P: duality, deletion, and contraction.
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Recall that duality for oriented matroid programs takes the program P = (:AZ, g f)
to the program PY = (M"Y, f, g) with underlying oriented matroid

MY\ Q)] = (M/)\ /) =M.
For any S C E, we denote the contraction and deletion of S by
P/S := (M/S.g. f) and P\ S:=(M\S.g.f).

respectively.

Note that P is generic if and only if PY is generic. If P is generic and S C b
for some b € B, then P/S is generic and has rank d + 1 — |S|. If P is generic and
SNb =@ forsomeb € B, then P\ S is also generic of rank d + 1.

Lemma 2.7. For any oriented matroid M there exists a generic oriented matroid
program P = (M, g, f) such that (M /g) \ f = M.

Proof. For example, for any order on E, consider the lexicographic extension M’ =
M[E] by a point f with respect to this order (Note that this is the same as taking
the extension M [by,n] Where by, is a lexicographically minimal basis of M). By a
lemma of Todd [3, Lemma 7.2.6], any circuit X of M’ with more than n — d zero
entries satisfies X( /) = 0. It then remains to define M as a single element of lifting
of M’ by a point g, such that & = M \ f satisfies property (1) above. This can be
done via the dual construction: consider the colocalization t: C(M') — {+, —, 0}
defined for any X € C(M’) by t(X) = X;, where i is the minimal element of E such
that X; # 0. Let M be the lexicographic lifting of M’ defined by 7 (in other words
the dual of the lexicographic extension of (M')Y associated to 7). ]

For the rest of the paper we assume that P is generic.

2.2. Bounded feasible topes and sign vectors

In this section we recall the notions of bounded and feasible topes and show in Corol-
lary 2.15 that when P is generic there is a natural bijection between bases B of M and
bounded feasible topes for P.

Let I be any index set. For any functions Z, Z’: I — {0, +, —}, their composition
ZoZ': I —{0,+,—}is defined by

Z(i) ifZ() #0,

Z'(i) otherwise.

ZoZ'(i) = {

We say that Z isafaceof Z'if Z o Z' = Z’.
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The non-zero covectors of an oriented matroid on the set E are the functions
E — {0, +, —} which can be written as the composition of cocircuits. The set of
covectors of M is denoted by £ (M), and includes the zero function 0. It has a natural
poset structure defined by ¥ < X if Y is a face of X. The poset &£ (M) is pure with
minimal element 0, the zero function. The maximal elements of £(.M) are called
topes, while the minimal elements of &£ (M) \ {0} are the cocircuits of M.

The rank of ¥ € £(M) is given as p(Y) = d — r(z(Y)), where r is the rank
function of the underlying matroid M. For Y1, Y, € £(M), the join Y1 V Y5 is the
minimal covector that has both Y; and Y, as faces, which only exists if there is a
tope T with both Y; and Y, as faces. The meet Y; A Y> is the maximal covector face
of both Y7 and Y5. Note that the meet of Y7, Y» € £(M) always exists, but is the zero
function when Y; and Y, do not have a common cocircuit face.

Definition 2.8 (Feasible covectors and affine space). Let P = (,AZ, g, f) be a generic
program and let £ = L(N) denote the set of covectors for N = M \ f. The affine
space of P is

A={Y eL]|Y(g) =+}.

We call elements of # feasible covectors.
We say that the boundary of affine space is

A® =1{Y € £ | Y(g) =0}

Notice that A% defines an oriented matroid on £ U {g} which is equal to M
with g adjoined as a loop. Also, notice that the join of covectors in # is also in 4 if
it exists, while their meet is in ¢ if and only if they share a common cocircuit face
in +; Otherwise, their meet is in A°.

Definition 2.9 (Feasible topes). Let 7 (&£) denote the set of topes of N. We let
F=ANT (L)
denote the set of feasible topes.
Notice that the definition of feasible topes does not depend on f.

Remark 2.10. By Lemma 2.5 the topes of N are the covectors 7" such that z(T) = &.

A sign vector is a function a: E — {+, —}, usually written as o € {+, —}. There
is an obvious injective map from ¥ to {+, —}£ given by forgetting the value at g
(which is always +). We may refer to the sign vectors in the image as feasible sign
vectors, and in a slight abuse of notation we identify feasible topes with the corre-
sponding sign vectors. When there is a risk of confusion, we will write T to denote
the feasible tope of N corresponding to a sign vector «.
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Definition 2.11 (Directions and optimality). (1) We refer to covectors in the bound-
ary of affine space Z € A as directions in A. We say that a direction is
increasing (resp. decreasing or constant) with respectto f if Z( f) = + (resp.
Z(f)=—or Z(f) = 0).

(2) For a feasible tope T € ¥ and a feasible covector face Y of 7', we say that
the direction Z € A is feasible for Y in T if Y o Z is a face of T'.

(3) A feasible covector Y that is a face of T € ¥ is an optimal solution for T if
there is no feasible increasing direction for ¥ in 7.

Definition 2.12 (Bounded sign vectors). A sign vector « € {4, —}¥ is unbounded
if there exists a increasing direction Z € A such that Z|g o ¢ = «. If no such Z
exists, we say « is bounded. Similarly, a tope T is bounded if the sign vector T'|g is
bounded.

Let B denote the set of bounded sign vectors and &> = F N B denote the set of
bounded and feasible sign vectors.

Remark 2.13. Let Y be a bounded, feasible tope. Note that if Y, Y, are optimal
solutions for Y, then so is Y7 o Y. If Y7 is an optimal solution and Y, € # is a face
of Y1, then Y5 is also optimal. It follows that if ¥ has an optimal solution, then it has
an optimal cocircuit.

Theorem 2.14. Assume P is generic. Then every feasible, bounded tope Y has a
unique optimal solution (cocircuit) and the resulting map from P to the set of feasible
cocircuits for N is a bijection.

Proof. LetY € &. Recall that an optimal solution exists, without any condition on P,
by Bland and Lawrence’s Main theorem of Oriented Matroid Programming (see [3,
Theorem 10.1.13] for a survey).

We first show that if P is generic, then such a solution is unique.

Suppose that Y has two distinct optimal cocircuits Y7 and Y,. Then Y1 0 Y, € A
must also be an optimal solution. Replacing Y, by another cocircuit face of ¥; o ¥,
if necessary, without loss of generality, we may assume that Y; and Y, are joined by
an edge (i.e., the rank of Y; o Y5 is 2). There then exist two cocircuits at the boundary
+Z € A% onthe pseudolinem suchthatY{ oY, =Y;0Z and Y 0Y, =Y,0—Z.
(The cocircuit Z can by obtained via elimination of g from the pair Y;, Y, and this
elimination is unique up to sign as Y7, ¥» form a modular pair). By optimality of ¥
and Y5, we conclude that +Z must be constant directions. Note that z(Y; o Y>) is an
independent set in M of cardinality d — 1. The contraction M /{g}Uz(Y10Y3))
is a rank 1 oriented matroid where f is a loop since the cocircuits are both zero
on f. Thus z(Y; o Y») U {f} contains a circuit X of e/Q/g such that X(f) # 0. This
contradicts condition (2) since X is zero on at least n — d + 1 entries.
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It remains to show that the map from 4 to feasible cocircuits is a bijection. Given
a cocircuit ¥ € A, we would like to show that Y is the optimal solution for a unique
tope T € 8. We construct such a T as follows. For any i € z(Y'), we know that P; :=
P/(z(Y) \ {i}) is a generic program whose affine space is one-dimensional. There is
a unique cocircuit Z; in P; such that Z; (f) = —, and this cocircuit is the restriction
of a cocircuit Z; in e/\'Z/g Then Z;(j) = 0 for j € z(Y) \ {i}, while Z; (i) # 0
and Z;(f) = —. Then T is defined to be the composition Y o Z, where Z is the
composition of all Z;, i € z(Y'), taken in any order.

This T is feasible since 7(g) = Y(g) = +, and unique since it agrees on z(Y)
with the unique bounded feasible tope of P\ (£ \ z(Y)). To show that T is bounded,
recall that an equivalent definition for a feasible tope to be bounded is that it must be in
the bounded cone of some b € B (see [3, Definition 10.1.8 (ii), Corollary 10.1.10 (ii)]),
meaning that it agrees on b with a bounded tope of P\ (£ \ b) (see also Defini-
tion 2.18). Since T is in the bounded cone of z(Y') € B, we have that 7 is bounded. =

Combining the bijections of Lemma 2.6 and Theorem 2.14 we obtain our desired
correspondence.

Corollary 2.15. There is a natural bijection between the set B of bases for M and
the set P of bounded feasible topes:

wB - P,
which takes a basis b to the tope whose optimal cocircuit is Yp. (Recall that Yy, is the

feasible cocircuit with z(Yp) = b.)

We conclude this section with a discussion of the effect of duality on the bijec-
tion U.
Recall the following result about duality for oriented matroid programs.

Proposition 2.16 ([3, Corollary 10.1.11]). Let ¥V, BY, and PV respectively denote
the sets of feasible, bounded, and bounded feasible sign vectors for the dual program
PV = (MY, [, g). Then

FV=8 and B =F, andsoP¥ = P.

Let BY denote the set of bases of M. Then b — b¢ := E \ b defines a bijection
B — BY. Let u¥:BY — £V be the bijection for the dual program PV defined as
above. Recall that ¥ = 2.

Proposition 2.17 (Complementary Slackness). Forany b € B, u(b) = " (b°).

Proof. Recall that P is generic if and only if P is generic. This is then the “Com-
plementary Slackness” theorem of Bland applied to generic programs (cf. [3, Theo-
rem 10.1.12]). ]



E. Kowalenko and C. Mautner 174

2.3. Cone relation and Euclidean oriented matroid programs

In this section we consider a binary relation on the set 2 of bounded feasible topes
(or via u equivalently on the set of bases B).

Definition 2.18. For any basis b € B, we define the negative cone as
By = {B € {+.—}" | n(b)(i) = B(i) forall i € b}.

Notice that this set of sign vectors depends on M and f but does not depend on g, in
the sense that the signs wu(b)(i) fori € b only depend on the cocircuits of M/g.

Proposition 2.19 (Complementary Slackness). For any b € B, let Xpc be the feasible
cocircuit of PV with z(Xpc) = b° = E\ b. Then foranya € P = PV, a € By, if and
only if Xpe is a face of «.

Proof. By definition, the tope « is in the cone B, if and only if
a(i) = ub)(@) foralli €b.
By Proposition 2.17, we can rewrite the above condition as
a(i) = pY(b°)(i) foralli €b.

Under the bijection @ from Corollary 2.15 for the dual program PV, we have that
wY (b)Y (i) = Xpe(i) foralli € b. Thus the previous condition becomes

a(i) = Xpe(i) foralli €b,
which in turn is equivalent to Xpc is a face of « in the affine space associated toPY. m

Definition 2.20 (Cone relation). Fora, f € &, we write 8 < o whenever B€ B,,-1(y).

The binary relation < on J is reflexive and anti-symmetric, but not necessarily
transitive. Let < denote the transitive closure of <. In general, the binary relation <
on & does not define a poset, as the closure may no longer be anti-symmetric.

In the following sections we will define algebras associated to the program P. To
ensure that these algebras are quasi-hereditary, we will need the relation < to define
a poset. It turns out that this is equivalent to a well-known condition on the oriented
matroid program P, namely we ask that P be Euclidean. To recall the definition, we
first define the following graph associated to P.

Definition 2.21. Let Gp be the graph whose vertices are vertices in 4 (i.e., the feasi-
ble cocircuits for ) and whose edges are the edges in 4 (i.e., the feasible covectors
of N of rank 2). By our genericity condition, the graph is naturally directed by ori-
enting each edge in increasing direction with respect to f.
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Definition 2.22. For b, b’ € B, we write b < b’ if there is a directed path from Y
to Y in the graph Gp.

Definition 2.23. The program P is Euclidean if the directed graph Gp contains no
directed cycles. Equivalently, P is Euclidean if the binary relation on B from Defini-
tion 2.22 is anti-symmetric.

By a result of Edmonds and Fukuda, the Euclidean property is well behaved under
duality:

Proposition 2.24 ([3, Corollary 10.5.9]). An oriented matroid program P= (ﬂ, g f)
is Euclidean if and only if its dual program P¥ = (M, f, g) is Euclidean.

Importantly for us, for Euclidean programs, the transitive closure of the cone rela-
tions is a poset. In fact, these two conditions are equivalent:

Lemma 2.25. The oriented matroid program P = (dq, g, f) is Euclidean if and only
if the transitive closure of the cone relation is anti-symmetric.

Proof. By Proposition 2.24, it suffices to show that the dual program PV is Euclidean
if and only if the transitive closure on the cone relation is anti-symmetric. By defini-
tion, PV is Euclidean if and only if the binary relation (B", <) is anti-symmetric.*

Thus it suffices to show that the bijection u¥:BY — £V = &P is order reversing.
In other words, we wish to show that for b1, b, € B,

w(b1) > w(by) if and only if b§ < b5.

As (P, <) is the transitive closure of <, without loss of generality we may sup-
pose ji(b1) = p(b2). Then 1u(b2) € B, and by Proposition 2.19, Xpe is a face of
w(bz) = nv(bs). As X, ps is the (unique) optimal cocircuit of the tope wY (bS), there
is a directed path from Xj¢ to Xj¢. Thus b{ < b§ as desired.

For the other direction, it suffices to consider the case where there is a directed
edge from Xp¢ to Xpe. Then X is a cocircuit face of wY (bS) = u(bz). By Propo-
sition 2.19 this implies p(b2) € Bp, and so wu(b2) < wu(by), which completes the
proof. ]

2.4. On the existence of Euclidean generic programs

Unlike genericity, it is not clear (at least to the authors) that any oriented matroid M
can be extended to a Euclidean generic oriented matroid program M.

“Here by (BV, <) we are referring to the binary relation on BY coming from the directed
graph Gpv.
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On the other hand, we have already seen in Example 1.7 a non-realizable Euclid-
ean program (M, g, f) for which M = M /g \ f is realizable. There also appear to
be many examples for which the oriented matroid M is non-realizable, and so our
setting significantly generalizes that of [5].

In this section we first give such an example and then give a criterion on M for the
existence of a Euclidean generic oriented matroid program lifting and extending M.

Example 2.26. The Vamos matroid V (rank 4 on 8 elements) is not representable
over any field, but is orientable by [4]. We now define a Euclidean generic program Vv
by adjoining elements to 'V as labelled and orientated in [4]. Let ({5, g, f) be the
generic oriented matroid program obtained from V by adjoining g using the lexi-
cographic one-element lift defined by the cobasis {3, 6, 7, 8}, and adjoining f by a
lexicographic one-element extension defined by the basis {1, 2, 4, 5}. One can verify
that the graph Gp of this program has no directed cycles, so this program is Euclidean
and generic.

We are grateful to Jim Lawrence for suggesting that we consider the following
statement.

Proposition 2.27. Let M be an oriented matroid. If one can adjoin elements g and [
to M to obtain a Euclidean generic oriented matroid program (M, g, f), then M has
a simplicial tope.

Before we begin the proof, we note that it is an open conjecture of Las Vergnas [13]
(see also [3, Conjecture 7.3.10]) that any oriented matroid M should have a simpli-
cial tope. Thus, the proposition implies that if for any oriented matroid M there is
a Euclidean generic oriented matroid program (J\Z g, f) for which M /g\f =M,
then Las Vergnas’ conjecture holds.

Proof. Suppose (M, g, f) is a Euclidean generic oriented matroid program such that
(M/\ [ =M

As P is Euclidean, there exists a minimal vertex of Gp. Let Y, be the feasible
cocircuit of N corresponding to such a minimal vertex. Let Ty, be the tope whose
optimal cocircuit is Yy, Which exists by Theorem 2.14. Then Yy, is the only feasi-
ble cocircuit face of Ti,y, so for all other cocircuit faces Y, Y (g) = 0. Consider the
subtopes covered by Ti,,. There are d such subtopes that have Yy, as a face, all of
which are feasible. Any other subtope Z covered by Ty, cannot be feasible and as all
non-feasible cocircuit faces ¥ of T satisfy Y(g) = 0, then z(Z) = g. There can be at
most one such subtope covered by Ty, By [3, Exercise 4.4], any tope of M covers at
least d + 1 subtopes, so there does exist a subtope Z and Ty, covers exactly d + 1
subtopes. By the same exercise, it follows that Ty,;, is simplicial, hence the subtope Z
is as well, which is in turn a tope of M. [
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2.5. Linear systems of parameters

Recall that M = M denotes the underlying matroid of M. Consider the matroid com-
plex A of M — the simplicial complex of independent sets of M.

Fix a field k. Let k£ be the standard n-dimensional vector space with basis
{t; | i € E}, so we may identify the symmetric algebra Sym k£ with the polynomial
algebra k[t; | i € E].

Definition 2.28. For any field k, the face ring of the matroid complex A of M is
defined as

k[M]:= Symk® /(ts | S ¢ A) = Symk® /(tx | X € C),

where tg :=[[;cg t forany S C E. We give k[M] a Z>-grading by setting deg(t;) =
2 foralli.

Definition 2.29. Recall d denotes the rank of M. A linear system of parameters
(I.s.0.p.) for k[M] is a set

Q= {wl,wz,...,wd}CkE

such that k[M] is a finitely-generated k [w;, @3, . . ., wg]-module. Equivalently, k[M]/
(Q) is a zero-dimensional ring, where @ is the image of Q in k[M]5.

Remark 2.30. Stanley [18] defines an l.s.o.p. as a subset of k[M], C k[M]. The
set 2 is an L.s.o0.p. in the sense we define above if its image in k[M], is an l.s.0.p. in
the sense used by Stanley.

We introduce the following perhaps non-standard definition:

Definition 2.31. We call a subspace U C k£ a parameter space for k[M] if the
composition U <> k£ —» Span{t; | i € b} is an isomorphism for any basis b € B.

Example 2.32. If M is realizable as a hyperplane arrangement coming from a k-
vector subspace V C k%, then V is a parameter space for k[M].

Lemma 2.33. If U C k£ is a parameter space for k[M], then any basis of U is
an Ls.o.p. for k[M]. If Q is an Ls.o.p. for k[M], then its span Span(R2) C kE is a
parameter space for k[M .

Proof. Suppose U is a parameter space. By definition
dimU = dimSpan{t; | i € b} =d.

Suppose w1, ..., wy is a basis of U. By [18, Lemma 2.4 (a)], w1, ..., wy is an L.s.0.p.
for k[M] if and only if for every facet of A, thatis basis b € B, the list wy,...,w4 € kE
projects to a spanning set of Span{¢; | i € b}. This is true by the definition of U.
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Similarly, if w1, ..,wg € kE is anLs.o.p., then for any basis b € B, the projections
toSpan{t; | i € b} of w1,...,wy are a spanning set. Thus the projection from Span(2)
to Span{t; | i € b} is an isomorphism and Span(f2) is a parameter space. ]

By the Noether Normalization lemma, if k is an infinite field, then an l.s.0.p.
for k[M] exists. From now on, we assume that an 1.s.0.p. exists and fix a choice of
L.s.o.p. €2 and its span U.

2.6. Linear systems of parameters and duality

Let {u; | i € E} be the basis of (kF)* dual to {t; | i € E}. It will be convenient for
us to view the matroid complex k[M V] of the dual matroid M" as the appropriate
quotient of

SymkE)* = k[u; | i € E].

Let U~ be the kernel of the natural map (kF)* — U*.

Lemma 2.34. The kernel UL is a parameter space for the face ring of the dual
matroid k[MV].

Proof. For any b € B a basis for M, let b€ := E \ b be its complement, which is a
basis for M V. It suffices to show that the projection U+ — Span{u; | i € b€} is an
isomorphism. As the two vector spaces have the same dimension, it suffices to show
the null space is trivial. Suppose x is in the null space, so

x € ULt N Span{u; | i € b}.
Then for any u € U,
0= (x.u) = (x.pryu).

where pr,: U — Span{t; | i € b} is the projection. As U is a parameter space for k[M],
the projection pry, is an isomorphism and so (x, w) = 0 for any w € Span{t; | i € b}.
Thus x = 0 and we may conclude that the projection U+ — Span{t; | i € b€} is an
isomorphism. |

We define the dual of the pair (P, U) to be (P,U)* = (PV,U").

Proposition 2.35. k[M] is a free algebra over k|wy, ... ,wq] = SymU C SymkE,
while k[M "] is a free algebra over Sym U+ C Sym(k£)*. Both have rank |B|.

Proof. Recall that the face ring of a matroid complex is shellable (e.g., [18, Proposi-
tion II1.3.1]), and so the result follows [18, Theorem III.2.5]. ]
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3. The algebra A

3.1. The definition of A

Recall that P = (QAT( . g, f) is a generic oriented matroid program and U C k¥ is a
parameter space for M = M.

Let Q denote the quiver with vertex set &, the set of feasible topes, and arrows
between topes that differ by exactly one sign. We say that two topes «, § that differ
by exactly one sign are adjacent and write o <> f. If @ <> B and differ in the i-th
component, we write 8 = o’.

Let P(Q) denote the path algebra for O, which is generated by orthogonal idem-
potents {e,, | @ € ¥} and edge paths {p(«, 8)} where @ and B are adjacent and p(c, )
is the path from « to 8. We write p(«aq, ..., og) for the element in the quiver algebra
obtained as the composition p(c1,®2) -+ p(ctg—1, k).

Definition 3.1. Let A = A(P) = A (ﬂ, g, f) be the quotient of
P(Q) ®k Sym(k®)* = P(Q) ® k[ui | i € E]
by the two-sided ideal generated by the following relations:
(Al) eq =0fora & P,

(A2) p(a,v,B) = p(a, s, B) for any four distinct topes «, 8,y,6 € F, where «
and f are each connected to ¥ and § by an edge, and

(A3) p(a,of, @) = equ; whenever a, ' € ¥ differ only in the sign of i € E.
Welet A= A(P,U) = A(M, g, f.U) be
A= A @gymerys Sym((kE)*/(U)) = A ®gympry- SymU*,
or equivalently, the quotient of A by the additional relations
(A4) x =0 forany x € U+ C Sym(kE)*.

Remark 3.2. When the pair (P, U) comes from a polarized arrangement as in Exam-
ples 1.4 and 1.5, there is an equality A(P,U) = A(V, n, §).

As in Section 2.6, for bookkeeping, we will use the dual coordinates for the dual
matroid program, so we view A(PY) and APV, U+') as the analogous quotients of
P(Q) @ Sym(k*) = P(Q) ® ki | i € E].

3.2. Expressions for elements of A

We first introduce some terminology for paths in the quiver Q. To distinguish between
paths in Q and their images in A, we will use the notation g — oy — --- — «; for
a path of length r in the quiver Q.
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Apathog — -+ — o, in Q is taut if &g and o, differ in exactly r coordinates. To
relate paths, we use the following notion.

Definition 3.3. Two paths P, P’ in Q are related by an elementary homotopy (a sym-
metric relation) if
(i) P isthe path g — -+ —> &j = &j41 — -+ — o, of length r while P’ is
the pathag - -+ > o; - B — aj — aj11 — -+ — «a, of length r + 2 for
some f adjacent to o, or
(i) P isthe pathag — --- > j—1 = oj = ®j41 — -+ — o while P’ is the
pathog = -+ > aj—; — oz;. — a1 —> -+ — o of the same length, where
we assume «j 1 and «; 4 differ in exactly 2 coordinates.

Remark 3.4. Under our assumption that (M, g, f) is generic, any feasible covector
for N = M \ f of rank d — 1 has exactly two zero coordinates. Thus, in this setting,
this definition of elementary homotopy coincides with that given in [3, Section 4.4,
p- 184] for paths in the tope graph, because every elementary homotopy of type (ii) in
the sense of [3] between feasible paths is of the form above.

We will use the following result:

Proposition 3.5. Let P and P’ be any two taut paths in Q with the same start and
end points. Then P and P’ are related by a sequence of elementary homotopies of
type (ii) such that every intermediate path is also taut.

Proof. If we consider instead paths in the entire tope graph and the more general
notion of elementary homotopy, this is a result of Cordovil-Moreira [12] (see also [3,
Proposition 4.4.7]). Recall that a subset R C T is T'-convex if it contains every short-
est path between any two of its members and the set of feasible topes is T -convex
(see [3, Definition 4.2.5] and the discussion that follows). The result then follows for
paths in Q. [

Proposition 3.6. Given a path P = (a9 — --- — ) in Q, let d; be the number of
times the i-th coordinate changes twice. Then for any taut path P’ = (09 = Bo —
<o = By = ag), we have

d;
plag,....a5) = p(Bo.....Br)- Hui
i€eE
in A.
Proof. Note that s — r > 0 with equality if and only if P is a taut path. We prove
the proposition by induction on s — r. If s = r, then both paths are taut, and so by
Proposition 3.5 they are related by a sequence of elementary homotopies of type (ii).
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But an elementary homotopy of type (ii) descends to an equality in the path algebra
by definition, so
p(a()’ . '-,ar) = p(ﬂ()v'--’ﬂr)v

as desired.

Assume that the statement holds whenever s — r < k for some positive integer k.
Suppose that s — r = k. There exists a minimal £ such that «g — --- — ay is taut,
while g — -+ — a4 is not taut. Then o and ag differ in £ — 1 coordinates and
for some i, we have og(i) = otg4-1(7) # op(i).

Notice that any taut path between o¢ and «y will have length exactly one more
than the length of a taut path from «¢ to oy . Therefore, by Proposition 3.5, using a
sequence of elementary homotopies of type (ii) we can replace g — - -+ — @g—; — 0y
with a taut path g — o} — -+ = o), = g1 —> 0.

This gives an equality in the algebra A:

/ /
poan, ... pp, 01, 0, Qpq1) = p(Qo. Qs ..o, 0y_p, Cpgy, O, Qlpty)
!/ !/
= p(ato, 0y, ..., Qy_5, Qgi1)U;.
We are then reduced to considering the path
0g = O] —> oo = Wy, —> Olpqg —> Olgqp —> =+ —> U

of length s — 1 and the number of times the i-th coordinate changes twice is d; — 1,
while the number of times every j-th coordinate changes twice remains d; for all
j # i. We can then invoke the induction hypothesis to complete the proof. ]

The following two corollaries are analogous to [5, Corollary 3.10].

Corollary 3.7. Consider an element

i€E
where p is a taut path in Q from o to B. Suppose y denotes a feasible tope such that
ifa(i) = B()andd; =0, then y(i) = a(i) = B(i). Then

a=a  -m,

where a’ is the concatenation of a taut path from « to y with a taut path from y to B
and m is a product of u;’s.
In particular, if y is not bounded, then a = 0 in both A and A.
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Proof. Forall j € E, either:

(1) a(i) # B(j) and the j-th coordinate changes in the concatenation a’ exactly
once.

(2) y(j) = a(j) = B(j) and the j-th coordinate does not change in the concate-
nation a’.

3) y(j) # a(j) = B(j) and so the j-th coordinate changes exactly twice in the
concatenation a’.

Proposition 3.6 then says:
d!
a = p- l_[ u; i
i€E

where d/ € {0, 1} and by our assumption on y, we have d; > d/. Thus

di—d!
aza’-l—[ui’ ’

i€eE
as desired. n

Corollary 3.8. Let b be the zero set of any feasible cocircuit face of « € P. For any
j €E, equj € A can be written as a k-linear combination of paths { p(«, @', ) | i €b}.

In particular, the image in A of the element a € A described in Corollary 3.7 can
be expressed a linear combination of paths in Q that pass through y.

Proof. For j € b, the tope o is feasible, so eqUj = pla, al, «). On the other hand,
as U is a parameter space for k[M], the set {u; | i € b} restricts to a basis of U*. Thus
forany j & b, uj € A can be expressed as a linear combination of {y; | i € b}. =

3.3. Alternative description of A

We conclude this section with a slightly different description of our algebra A, which
will make it easier to describe how A changes when we modify the choice of generic
oriented matroid program.

Let D be the path algebra over k of the quiver with two vertices labelled by + and
— and an arrow in each direction. Let Dz = D®F denote the E-fold tensor product
of D with itself. In particular, Dg is the path algebra on the quiver with vertices
labelled by the set {+, —}F of sign vectors, or equivalently vertices of an | E|-cube,
and edges connecting any two sign vectors that differ in exactly one position, modulo
the relations that whenever a, 8 € {4, —} ¥ differ in exactly two positions i and j, we
have an equivalence of paths in Dg:

pla.a' p) = p(a.a’, ).
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(As before, a' € {+, —}F denotes the sign vector that differs from « in exactly the
i-th coordinate.)

For any sign vector «, we again let e, denote the idempotent defined as the trivial
path at the vertex labelled by . Let ep = ), » €q be the sum of idempotents cor-
responding to bounded, feasible topes and ey = ), ¢ € be the sum of idempotents
corresponding to unbounded sign vectors.

For each i € E, we consider the element 8; € D g defined as the sum

0; = Z p(oz,oei,a).

ae{+,—}£

Note that the center Z(DEg) of Dg is a polynomial algebra with generators 6;. Let
®: (k®)* — k{6; | i € E} be the isomorphism sending u; to 6;.

Lemma 3.9. The algebra A from Definition 3.1 is isomorphic to the quotient of
ep Dgegp by the relation:

(A1) ey =0 fora & B,
and the algebra A is obtained by adding the additional relation:

(A4) O (x) =0forx e UL

Equivalently, there are isomorphisms
A=epDpep/lesep). A=epDpep/lesep) + (MU )ep).

Proof. To distinguish between the two definitions, let A 1 and A, denote the original
algebras and sz and A, be the algebras defined as in the lemma. Note that there is an
injective homomorphism from Aj to A, uniquely defined by sending a path in Q to
the corresponding path in the cube quiver {+, —}% and sending u; to ;. To see that it
is surjective, it suffices to observe that for any two topes «, B € P, there exists a taut
path in Q from « to 8, which follows from [11, Lemme 3.7]. |

4. The quadratic dual of A

In this section we observe that A(P, U) is a quadratic algebra and that its quadratic
dual is isomorphic to A(PY, U1). To ease notational clutter, in this section we will
write A for A(P,U) and AY for A(PV,U™L).

To state and prove the results of this section, we will need some additional nota-
tion. Let Q» C Q be the full subquiver with vertices  C ¥ . For @ € P, we let

Joi=lild eP), I,:=li|ad eF), Ky:={i|a eB)
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Lemma 4.1. The algebra A = A(P, U) is the quotient of the path algebra P(Q p)
by the following relations:

(A2") Fordistinct topes o, B,y € P, § € F, where a and B are each connected
to y and § by an edge,

p(a.8,p) iféeP,

0 otherwise.

pla,y.p) = {

(A3/4") Forany o € P and w € U+ N Span{u; | i € I}, if w =Y ;cp wiu;
for some w; € k, then

Z w; pla, o, o) = 0.

ieJy
In particular, it follows that A is a quadratic algebra.

Proof. Note that there is a surjection from P(Q) to P(Q ») (by setting e, = 0 for all
o & P) and that this map factors through the natural map from P(Q) to A.

We first show that the map from P(Q) to A (and hence from P(Qp) to A) is
surjective. To do so, it suffices to show that the image in 4 of any element of w € U*
is in the image of the map from P(Q) to A. In A, we can express w as the sum
W =) ,cg Weq, SO it is enough to show that for any o € ¥, wey is in the image.

Because « is feasible, there exists a feasible cocircuit face Y of « and z(Y) is a
basis of M. Thus z(Y') C I, and so by our assumption that U is a parameter space, the
image of {u; | i € I} D {u; |i € z(Y)} is a spanning set of U*. For any w € U™, we
can therefore write we, as a linear combination of elements of the form p(«, al, o),
where o € F. We conclude that map from P(Q) to A is surjective.

To identify the kernel, note that (A2”) is simply the image of the relation (A2) in
P(Q ) and similarly the relations (A3) and (A4) combine to give (A3/4”).

As P(Q o) is generated over its degree zero component by its degree one compo-
nent and the relations above are quadric, we conclude that A4 is a quadratic algebra. m

Recall that Ay is an Ap-bimodule. Since A is quadratic, A is a quotient of the
tensor algebra 7'(A1) over Ay of the form

A=T(A)/T(Ar)-W-T(Ay),

where W C N := (T'(A41) ®4, T(A1))2 is the space of quadratic relations in A. The
quadratic dual of A is defined to be

A'=TAY)/T(A) - W T(4}),

where Wt C N* := (T(A¥) ®4, T(A}))2 is the set of elements orthogonal to W.
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Theorem 4.2. There is an isomorphism A(PY,UL) ~ A(P,U)".

Proof. Mimicking the proof of [5, Theorem 3.11], we define an isomorphism between
(AY)1 and (A1)* and show that the space W of quadratic relations in AV coincides
with the space W of quadratic relations in A' under this identification.

In degree zero, we have a canonical identification

Ag = k{ea | aeP = ?V} = (Av)().
In degree one,
{p(a,B) | a,B € P suchthata <> B} C A

is a natural basis for 4.

As P = PV, to distinguish elements of 4 and AV, we let p¥(«, B) denote the
element of (4Y); associated to the arrow @ — 8 in PV.

We now identify (AY); with (A)* as follows. First we attach a sign s(a < f8) to
each pair @ <> B of adjacent topes in & such that for distinct topes «, &, o/, (),
an odd number of the edges of the square

o —al
e pa——
are attached a negative sign.’
We then identify (AY); with (4;)* via the perfect pairing
(Av)l X Al e k,

<> if 25’ =,
(pv(a’ﬂ)’p(%a)):{z(a B) ifa B=y

otherwise.
For the remainder of the proof, we let

N = A1 ®4, A1 = T(A1)2,
NY :=(A4Y)1 ®4, (A")1 = T((AV)1)2.

>This can be done for the edges of the n-cube {+, —} ¥

monomials in the exterior algebra Ak{ey,...,e;} and then using the standard differential to

by identifying its vertices with

attach signs to edges. Restricting to & then gives a collection of signs as desired.
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We wish to show that our choice of perfect pairing induces an isomorphism between
WY C NYand Wt C N*.

Note that the relations of type (A2") lie in e, Weg and the relations of type (A3/4")
lie in e, We, . As these relations are homogeneous with respect to the idempotents ey
for o € &, we have a direct sum decomposition

W = @ eqWeg.

a,feP

Moreover, e, Weg and e, W"es are orthogonal unless @ = § and § = y. Thus it
is enough to check that egW Ve, C egN e, is the perpendicular complement to
eqWeg C eqNeg forany a, B € P.

Note that e, Neg, eg N Ve, are zero unless = B or o and f differ in exactly two
positions and there is a path from « to 8 in .

We first deal with the latter case. Suppose the two elements of E where « and S
differ are i # j. We must have that at least one of & or o/ is in & by assumption.
We can assume that a/ € P.

If a' € P, then we have that e, N eg is a two-dimensional k-vector space with

basis {p(a.a’) ® p(e'. ). p(et.a’) ® p(a’, B)} and

eaWep = kip(a.a') ® p(@', B) — p(a.a’) ® p(a’, B)} C eaNeg,
egWYeo = k{p¥(B.¢') ® p¥ (@', @) = p"(B.a/) ® p”(a’ @)} C egN"eq.

Pairing the two basis vectors together using the form defined above we get
ela < a)e(@ < B) +e(a < al)e(@’ < B).

By our choice of signs, the terms cancel and we conclude that e, WLeg = eg WV ey.
Ifa/ ¢ P, theneithera’/ € F\ P anda/ ¢ B=F",ora/ e B\ P =FV\ PV
anda’/ ¢ F = BY. Assume thata/ € ¥ \ P anda/ ¢ B = FV. Then we have that

eaNeg = k{p(a,a) @ p(o', )} = eaWep
since p(a,a’, B) = p(a,a’, B) = 0in A. On the other hand, o/ ¢ F means that
epNVeq = kip¥(B,o') ® p¥(a', @)}
and (A2) does not impose any relations, so eg W"e, = 0. Therefore,
ep We, =0= egWVeqy.

Thecasea’ e B\ P =FV\ PV anda’/ ¢ F = B follows from the same argument
on the dual side.
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Finally, consider the case where « = 8. Note that
eaNew = kip(a,a’) @ p(a',a) | i € Ju}.

We identify ey Ne, with k7« by regarding p(e, ') ® p(a?, a) as the standard basis
element labelled by i € J,. We also use the standard pairing on k% to view U+
as a subspace of kZ. From the relations (A3/4”), we find that e, We,, is given by
pry, (UL N kle) or equivalently by (prg, UL) N k', where prs denotes the orth-
ogonal projection from k£ to kS for any S C E.

Taking the orthogonal complement of e, We, C e, Ne, using the first description
gives:

(eaWey)t = (pry, (U Nnkle)t = (pry, U) Nk«
= (prgyU)N k'd = eqWVe,.

Here the second equality follows from the fact that (prsV)+ = VL N kS, the third
equality uses the fact that I, = K/ and Jo, = J (see Proposition 2.16) and the final
equality follows from the second description of W above. |

5. The algebra B

Following Braden-Licata—Proudfoot—Webster, we define in this section another alge-
bra B = B(P, U) associated to the pair (P, U) and prove that B is isomorphic to
the quadratic dual A' of A(P, U). We also consider a deformed version B(P) such
that B(P) = A(PV). The algebras B and B defined in [5, Section 4.1] coincide with
those defined here in the special case when (P, U) comes from a linear subspace as in
Example 2.4.

5.1. A topological lemma

In this section we assume some familiarity with regular cell complexes, posets and
their geometric realizations and refer the reader to [3, Section 4.7] for more on these
topics.

Recall from Section 2.2 that £ = £(N) denotes the poset of covectors for N =
M \ f. This poset is pure with a unique minimal element 0 and a rank function p.
Every covector is uniquely determined by its cocircuit faces.

We will define the algebra B(P, U) from the poset structure of &£, using an affine
version of the following notion [3, Definition 4.1.2 (ii)]:
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Definition 5.1. For any covector Y € £, the Edmonds—Mandel face lattice of Y,
denoted Fem(Y), is the set of all faces of Y in &£. The opposite poset Fy(Y) :=
&em (Y )P is called the Las Vergnas face lattice of Y .

Both Fen(Y) and F1,(Y) are graded posets and by theorems due to Folkman—
Lawrence and Edmonds—Mandel, they have the following topological interpretation
[3, Theorem 4.3.5]:

Theorem 5.2. The lattices Fem(Y) and F1y(Y') are each isomorphic to the face lat-
tices (or augmented face posets) of PL regular cell decompositions of the (p(Y') — 2)-
sphere.

We will use the following affine (or feasible) version of the Edmonds—Mandel and
Las Vergnas face lattice.

Definition 5.3. Let Y € «A. The feasible Edmonds—Mandel face lattice of Y is
Bem(¥) i = Fen(Y) N A) U {0},

while the feasible Las Vergnas face lattice of Y is
B (V) 1= FL()P.

For any feasible covector Y € 4, let Y *° € A be the unique maximal face of ¥
in the boundary. The face Y *° is equal to the composition of all cocircuit faces of ¥
in A,

Note that 4 does not have a cellular interpretation, since the faces of a feasible
covector need not be feasible. The same is true of %g’;(Y) when Y # 0. On the
other hand, %{' (Y) will always have a cellular interpretation, even if the program P
is not generic. The assumption that g is generic implies 8{ (Y) is the face lattice of
a pure simplicial complex, whose vertices correspond to the feasible facets of ¥ and
whose maximal simplices correspond to the feasible cocircuits faces of Y.

We will use the following lemma on the topology of %f’: (Y) to show that the
algebra B(P, U) we define below is finite-dimensional (which will imply that A(P, U)
is finite-dimensional as well).

Lemma 54. LetY € A.

o JfY® =0, then the geometric realization ||%err (Y)\ {0, Y'}|| of the proper part
of the feasible Las Vergnas face lattice of Y is a PL (p(Y) — 2)-sphere.

o Y £0, then |FT (Y)\{0.Y}|| is a PL (p(Y) — 2)-ball.

Proof. If Y*° = 0, then %15,: (Y) = Fw(Y) and so the statement reduces to Theo-
rem 5.2.
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Assume that Y *° # 0, and let
A:=FT )\ (0.7}

denote the proper part of the feasible Las Vergnas face lattice of Y.

The geometric realization || A|| of A is homeomorphic to the geometric realization
| Aora(A)|| of the order complex Aqq(A) of A (which is a subdivision of the former).
Further, using the canonical identification

Aord(A) = Aord(Aop) s

we find that || A|| is homeomorphic to || Agq(AP)]|.

It will thus suffice to prove that || Ayq(A°P)|| is a PL ball. By restricting to P/z(Y')
if necessary, we may assume that Y is a tope, so p(Y) = d + 1 and Ayq(AP) is a
(d — 1)-dimensional simplicial complex.

We first note that Ayq(A°) = Agq(A) is pure because A is the face poset of a
pure simplicial complex. By [3, Proposition 4.5.4], the graded poset % (Y) admits a
recursive coatom ordering, which implies by [3, Lemma 4.7.19] that its open interval
A°P = (0, Y) is shellable (meaning that the order complex A4(A°P) is shellable).

To conclude that the shellable (d — 1)-dimensional simplicial complex A yq(A°P)
is a PL (d — 1)-ball we use the criterion of [3, Proposition 4.7.22 (ii)]: namely we
must show that every (d — 2)-simplex is the face of one or two (d — 1)-simplices and
at least one (d — 2)-simplex is the face of exactly one (d — 1)-simplex.

Note that a (d — 1)-simplex of Ayq(A°P) is a maximal chain xo <X <---<Xg_1
of feasible covector faces of Y, where x; < x;4+; means that x; is a proper face
of x;j4+1. Now consider any (d — 2)-simplex of Agq(A°). It will similarly be a
chain of the form

Xo < X1 < < Xj—1 < Xj41 << X4

for some i between 0 and d — 1.

If i > 0, then the chain can be completed to a maximal chain in exactly two ways
because A is a pure simplicial complex.

If i = 0, then the feasible edge x,; either has one or two feasible cocircuit faces
and so the (d — 2)-simplex can be completed to either one or two (d — 1)-simplices.
As Y £ 0, there exists an edge x; of ¥ with only one feasible cocircuit face and
thus a (d — 2)-simplex of Ayq(A°P) that is the face of a unique (d — 1)-simplex.

We conclude that || Aya(AP)|| = ||A|l is a PL (d — 1)-ball. ]

5.2. The algebra B
Recall that the face ring of a simplicial complex A is defined as

k[Al=klt; |i € E]/(ts | S ¢ A) = Symk® /(ts | S & A),
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where here and in what follows tg = [[; ¢ #; with the convention 75 = 1. As before,
we let k[M] denote the face ring of the matroid complex of M.

For any bounded feasible topes a1, ..., € P,letY = oy A --- A «, denote the
unique maximal common feasible covector face of all «y, ..., a;. Then
(Y = ﬂ S ().
We define

Agyar = iy (¥) \ {0}

and
Z(Agya,) ={S CE|S Cz(X)forsome X € Ag,..qy }-

Note that z(Ag, .., ) is a simplicial complex and Ay, ..o, can be realized as the face
poset of a simplicial complex.

Definition 5.5. For «1,...,0, € P, let
Royay = k[2(Agya,)).

Remark 5.6. When (P, U) comes from a linear subspace as in Example 2.4, then
each feasible tope o corresponds to a bounded feasible chamber in the corresponding
hyperplane arrangement and the ring Rq ,a, defined here agrees with the correspond-
ing ones defined in [5, Definition 4.1].

For any feasible covector Y, the zero set z(Y) C E is an independent set of M,
so there are natural quotient maps k[M] — ﬁal ., - Notice that for any 8 € ¥ there
is also a natural quotient map ﬁal"'ar — Ealmar g compatible with the maps from
k[M]. Furthermore, the quotient k[M] — ﬁal...a, makes ﬁal...a, a Sym U -module.

Lemma 5.7. For aq,...,0, € P, letY = a1 A--- Aay. The ring ﬁa]...a, is a free
Sym U -module whose rank is equal to the number of feasible cocircuit faces of Y .

Proof. Lemma 5.4 tells us that

1B N0 Y = [ A0 |

is a (p(Y') — 2)-sphere or (p(Y') — 2)-ball. If z(Y') = &, then the posets z(Ag,..q,-)
and Ay, ..q, are isomorphic. More generally, the geometric realization ||z (Ag,..«; ) ||
is the |z(Y')|-fold cone over ||Ag; ..« ||. In any case, ||z (Ag, ..o, )| is either a (d — 1)-
ball or (d — 1)-sphere.

By results of Hochster, Reisner, and Munkres (cf. [18, Section 11.4]) it follows that

Ryyoay = k[2(Agyoa,)]
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is a Cohen—Macaulay ring. Hence, [18, Theorem 1.5.10] implies that ﬁal .y 18 a free
module of finite rank over the symmetric algebra of any parameter space. Here U is a
parameter space for Ry, ..., by [18, Lemma II1.2.4] because the composition

U kE — k*®

is an isomorphism for any cocircuit X € %g"nl(Y). Also by [18, Lemma II1.2.4], the
rank is equal to the number of maximal simplices of z(Ag, .., ), Which are in bijection
with the cocircuits of %éfn(Y). ]

Remark 5.8. While we will not need it in what follows, we note that if P is Euclidean
one can prove that z (Ag, ..o, ) is in fact shellable and then [18, Theorem I11.2.5] gives
an explicit basis of Ry, ..q, as a free Sym U-module.

For any o, § € P, we let
dog = [{i [ a(i) # B(D},
which coincides with the length of any taut path from « to 8. For «, 8, y, we let
Sy =i |a(@)) = y()) # B0},

which is the set of i € E such that the concatenation of a taut path « to 8 and a taut
path B to y changes the i-th coordinate exactly twice.

For a graded vector space (or module) M and integer k, we write M (k) to denote
the graded vector space shifted down by k, that is (M (k)); = M; .

Definition 5.9. Let B = B(P), as a graded vector space in non-negative degree, be
defined as
B:= P Rapl—dap).
(a,B)eP P
where the variables #; are given degree 2.
Following [5], we define a multiplication x: B ® B — B as zero on Eaﬁ ® 135),

if B # 6 and for o, B,y € P, by the composition

~ ~ ~ ~ ~  fapy ~

Rop ® Rpy — Ropy ® Rapy = Rupy — Ray,
where the first map is the product of the restrictions, the second is multiplication

in Eaﬁy, and the third map fug, is induced by multiplication by tes .
ay

Lemma 5.10. The map fog, is well defined.
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Proof. Tt suffices to check that if tg = 0 in Raﬂy, then tSB ts =0in Ray In other
words, we want to show if S ¢ z(Y) forall Y € Aypy, then Su Say ¢ z(Y") for all
Y’ € Agy. Suppose Y’ € Ay andeither: (1) Y' & Ag,or (2) Y' € Ag.

In the first case, Y’ ¢ Ag means that there exists an i such that Y’ (i) = —B(i),
in particular Y'(i) # 0 and i € z(Y’). As Y’ is a face of « and y, it follows that
Y'()=a@l) =y()andsoi € Sf,,. Thus S U Sfy Z z(Y").

In the second case, we have Y’ € A,g,, hence by assumption S ¢ z(Y’), and so
again S U Sfy Z z(Y). [

Proposition 5.11. The multiplication * gives B the structure of a graded ring.

Proof. We need to check associativity and compatibility with grading. For associativ-
ity, the map ﬁaﬁ ® ﬁﬂy ® Eyg — Rys givenby x ® y ® z > (x x y) » z is equal to
the map given by restricting each of the components to Eaﬂyg, multiplying in order,
and then multiplying by tso[f,, 'tsf;s to get back into Rys. For x x (y * z), the only
change is that we multiply by tSEg -t sB. - To show

t -t =t “leB
Sgy 538 SES Sotja

note that the power of ¢; appearing on each side is equal to the number of times a path
given by the concatenation of taut paths from « to B, B to y, and y to § changes the
i-th coordinate twice.

For the compatibility of gradings, note that

dop + dgy — day = 2|S£y|'

It follows that multiplication % gives a graded preserving map
ﬁaﬂ <_daﬂ) Ok Eﬁy <_dﬁy> e ﬁay (_day)-
(Recall that deg(t;) = 2 forall i.) ]

Note that the map ¢: Sym(k£) — B given by the composition

Sym(kf) — @ Sym(kE) — @ Roq — B

aEP aeP

makes B into a graded Sym(k%)-algebra. Moreover, this map factors through the
projection Sym(k£) — k[M], and so we may also view B as a graded k[M ]-algebra.
Let
Rocl NV Ral o, @SymU k= Otl ar Ok[M] k[ ]/(U)
We define B = B(P, U) via

B:=B ®symu k = B Qkm1 k[M]/(U).

Note, B is itself a graded ring whose multiplication we will also denote by *.
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Theorem 5.12. There is a natural isomorphism A(PY) — B(P) as graded Sym(kE)-
algebras, and this induces an isomorphism A(PY,U~+) ~ B(P,U) as graded rings.

In particular, the theorem implies that A(PY) is in fact a k[M]-module.

Proof. We define a map ¢: A(P¥) — B(P) by

(1) eq > lgq € Ryq foralla € P,

2) pY(a,B) = 1y € ﬁaﬁ(—l) for adjacent «, 8 € P, and

(3) f > &(f)forall f eSymkE)=k[t; |i e E].
We will first show that this gives a well-defined homomorphism. We then prove sur-
jectivity and conclude with injectivity.

We must check that the image of the relations (A2) and (A3) for A(PY) hold
in B(P).

For (A2), we consider @ € Y = P and i # j in E such that y = (') € PV
and o’ ,a/ € FV. This means that S;‘;, =@ = S%, so that togi = L.

. . ay?
If o' and o/ are both in PV = P, then we have “r

1

aal ¥ 105"y =loy = e * 1a/y'

Otherwise, by relabelling i and j if necessary, we may assume without loss of
generality that o ¢ V. This means that in A(P"), we have

0=pY(a.a'.y) = p¥(a.a’,y).

On the other hand it also means that o € FV \ £V = 8 \ F. But any common face
of o and y must also be a face of «!, which is infeasible, hence « and y have no
common feasible faces and so an = 0, which means both products 1., * 1,:, and
lyqs * 144, must be zero.

We now check the relation (43). Leta € P and ! € FV.

If o € PV, we have that

Pleqti) = lgg * é.(ti) = (1 € iéoza)
= (t gé € Eaa)
= 1ot(oti) * 1(a")oz = ¢(p(0[,0{i,0l)).

Ifa! ¢ PV, thenol € FY\ PV and s0 eqt; = eqp¥ (o, 0 ,a) = 0in A(PY). On
the other hand, o’ € 8 \ & implies that i is not in the zero set of any feasible face of
the feasible tope o of N = M \ f,s0t =0 € Ryq. This completes the proof that
the relation (A3) is satisfied.

Thus, the homomorphism ¢ is well defined.
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To see that ¢ is surjective, note that ¢ (eqt;) = lgat; foralli € E anda e PV =P.
This means that P, Rue C B is contained in the image of ¢. Since the natural quo-
tient Rygq — Eaaﬁ = ﬁaﬂ is given by multiplication by 1,8 = ¢( p;” ﬂ) for any 8 € P
and pg[’, p representing a taut path from & to B in the quiver QV associated to PV, we
have that ¢ is surjective.

Finally, we must prove that ¢ is injective. It suffices to show that the dimension
of Ryg in each degree is at least the dimension of the corresponding graded part of
eq A (PY)ep. To do so, we construct a surjection of graded Sym(k £)-modules

Rap — eq A(PY)ep.

Let y:Sym(k®) =k[t; |i € E] — ea;f(PV)eﬂ be the map that takes 1 to a taut
path p from « to 8 in the quiver Q. By Proposition 3.6 and Proposition 3.5 this map
is surjective. It remains to show that y factors through ﬁa,g, which is equivalent to
showing that for any S ¢ z(Y) forall Y € A,g, we have x(ts) = p -ts = 0. Notice
that S ¢ z(Y) forall Y € Ayg if and only if S U So'?a Z z(Y)forallY € Ay, so we
may reduce to the case @ = f if we replace S with S U So‘?a.

By Corollary 3.7 it suffices to prove the existence of y € FY \ ¥V = B\ P
such that y(i) = «a(i) foralli € S. Since S ¢ z(Y) for any Y € A, the image &
ofeinP/S = (:AZ /S, g, ) is not feasible. However, @ is bounded in P/S since any
cocircuit face X € A (P/S) of & comes from a cocircuit face X € A>(P) of «, and
therefore has X (f) = X(f) = —. Hence, & is a feasible but unbounded sign vector
inPY \ S, and lifts to at leastone y € ¥ \ PV with y(i) = a(i) foralli € S. m

6. The center of B

We continue to assume P = (ﬂ, g, f) is a generic oriented matroid program and
U C k% is a parameter space for M = M. In this section we compute the centers of
B := B(P)and B := B(P,U).

Let ¢ be the composition

k[M] — P k[M] > P Raa — B

aEeP aeP

and recall that this map makes B a graded k[M ]-algebra.

Theorem 6.1. The map ¢: k[M] — B(P) is injective, and its image is the center
of B(P). Furthermore, the quotient B(P) — B(P, U) induces a surjection of centers
and the center of B(P, U) is isomorphic to k[M]/(U).
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This is the natural generalization of [5, Theorem 4.16] and we imitate the structure
of their proof, which makes use of the extended algebras:

Eext = Eext(P) = @ ﬁaﬂ <_da,8) and B = Bex (P U) := §ext QsymU k,
(a,B)eF xF

where the product x is defined as before but we use all feasible topes, not just the
bounded feasible topes. Braden—Licata—Proudfoot—Webster first prove their result is
true when B and B are replaced by the extended algebras Eext and Bey. This is done
by studying a chain complex whose homology is the center Z (Eext). To get the theo-
rem for B and B, they then use a categorical limit argument.

This section is split into two subsections. In the first subsection we define the
necessary notation and lay the topological foundation for the proof. In the second
subsection we adapt the arguments of [5] to our setting.

6.1. The topology of affine space and feasible Edmonds—Mandel face lattices

When P realizable by a polarized arrangement (V, n, £), it is possible to view # as the
cells of the coordinate hyperplane arrangement in n + V' C R”. This allows one to
find tubular neighborhoods of intersections of hyperplanes, and compute the relative
cellular Borel-Moore homology of these tubular neighborhoods using the decompo-
sition by cells. In this section we recall definitions and notation to generalize these
notions to our setting.

Recall that A and A were defined respectively in Definition 2.8 as the feasible
and boundary covectors. We also define the core of #4 to be

AV ={Y e A| Y™ =0).
Foranyi € Eand S C E, let

HY :={XeA|X({)=0} and H{ :=()H.
ieS

Our genericity assumption on g implies that H 53?' # @ if and only if S is independent
in the underlying matroid M of M, in which case any maximal covector in H Sj: has
rank d + 1 — |S|. Note that H g does not have a cellular interpretation® unless S is a
basis of M, in which case H g consists of a single feasible cocircuit.

It is known (see [3, Theorem 4.5.7 (1)]) that || Aoa(#4)]| is a shellable d-ball. Thus
its boundary ||Aga(s \ #A%)| is a PL (d — 1)-sphere. In || Aoq(+4)], we have that
I Aord(Hf) |l is a (d — |S])-ball (when non-empty), with boundary || Aord(Hf \ A

®As was discussed in the case of H, g = A following Definition 5.3.



E. Kowalenko and C. Mautner 196

N
RN

Figure 3. [[A U A%, | Aca(A) . [ E].

Forany Y € A, let
oy = [ Aera(Fo (V) \ Ol C [ Acra(A)I.

Lemma 6.2. For any Y € A, the order complex Aord(%efm(Y) \ {0}) is a shellable
(p(Y) — 1)-ball.

Proof. Recalling the notation from the proof of Lemma 5.4, note that

Aorad(Fo(Y) \ {0))

is the cone on Ay4(A°P) with vertex Y. If Y°° = 0, then Ayq(A°P) is a shellable
sphere (see [3, Theorem 4.3.5 (i)]) and if Y °° # 0, then in the proof of Lemma 5.4 we
showed that A,.4(A°P) is a shellable ball. In both cases, the cone is a shellable ball as
claimed. ]

The boundary of each oy is the union of cells oy for the proper faces X of ¥ and
the geometric simplices in Ao(FZ (Y) \ {0}) corresponding to chains that do not
begin with a cocircuit. Let E be the regular cell complex of cells {oy }ye.4 together
with the set of (geometric) simplices {0 }5 e, (4\40)- I particular, Agq(A) is a sub-
division of E. The cells oy for ¥ € A° define a subcomplex of &, as do those for
Y e Hg" N 4% when S is independent in M.

Remark 6.3. Figure 3 shows an example to illustrate some of these definitions. The
reason we consider Aq(s4) and E is because 4 does not have a cellular interpretation
unless we include a boundary. The natural boundary would be +4°°, but this gives us
undesirable topology at the boundary. By introducing A,4(#) and E we resolve this
issue.

Definition 6.4. For an independent set S C E of M, we define
Ygi={Ae€Aya(A)|AC (xg<x1 <+ <Xj) € Agra(sh) and x; € Hsy for some j }
and let N5 := || Zs|° be the interior of | Xs||. In particular,

Ns :={A € Apa(A) | A = (xo < x1 <---<x;)and x; € HI N A" for some j}.
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Proposition 6.5. The Borel-Moore homology of N is

7 =d,
HEM(Ngz) =" "
0 m+#d,

and can be computed in || E || using the relative cellular Borel-Moore homology of N
via the decomposition by cells Ns N oy for Y € A. These Ns N oy are non-empty
exactly when %g:n(Y) N Hg #+ 2.

Proof. We first show that Ng is a d-ball, from which the first statement follows.
By [3, Theorem 4.5.7 (i)], || Aord(Hg.V) || is a shellable ball. In particular, ||A0rd(HS$)||
is collapsible (i.e., it collapses to a point).

Now Ny is a regular neighborhood of ||A0rd(HST')|| in the d-ball ||Aoa(+A)| and
so by [17, Corollary 3.27], Ng is a d-ball.

To see that each intersection Ng N oy for Y € #4 is a cell, note that Ng N oy is
a regular neighborhood of the shellable ball Hg N oy in oy. The same collapsibility
argument from above then implies Ng N oy is a ball.

The cells Ng N oy provide a cellular decomposition of Ng modulo its boundary
and the space Ng N oy is non-empty if and only if a face of Y is contained in H S5’r or
equivalently, 3{ Y)NnH g’ %+ Q. ]

Proposition 6.6. Let Y € 4 \ A® such that Y has a face in H g' N AL, Then
HrgM(NS Noy;Z) =0

for all m. This can be computed in || E || using the decomposition of Ns N oy by cells
Ns Noy for X € &fn(Y), which are non-empty exactly for X which have a face
inHY .

S

Proof. The idea of this proof is to again use relative homology, this time on the pair
(oy,oy \ Ns). Recall that oy is a PL (p(Y) — 1)-ball by Lemma 6.2. Then oy is
contractible, so we are done if we can prove the same for oy \ Ny.

There is a unique maximal element of H g'— N A% N %gn(Y ), which we call X.
The complement of Ng in oy is ||A]|, where

A:=ord(FF (V) \ (HF N A®) cord(FE,(V)).

Notice that A is non-empty since Y *° ## 0, and A is equivalent to the cone over
ord(FF (Y) \ FF (X)) with cone point Y. Thus ||A| is contractible, and we are
done. |
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6.2. The proof of Theorem 6.1

We will construct a chain complex with homology isomorphic to the center Z (Bexo)-
Let
Ar={Y €eA|p¥Y)—1=r}={Y € A |dim(oy) = r},

where, as in Section 2.2, p is the poset rank of ¥ in £ and by Lemma 6.2,
oy = ord(F, (M)l < |E]

is a ball. For example, #, is the set of feasible topes ¥ and +y is the set of feasible
cocircuits.
Forall Y € #,, the space of orientations of oy is a one-dimensional vector space

or(Y) := HM (07 k).
where oy denotes the interior of oy. There is a natural boundary map

dy:or(Y) — @ or(X).

XeA, 1NFEX)

Assembling all such maps, we obtain a chain complex on @y 4 or(Y), graded by
dim(oy ), which computes the cellular Borel-Moore homology of || E||°. As | E] is a
closed PL d-ball, this homology is one-dimensional in degree d and zero in all other
degrees.

ForY € A,, let

Ry = k[z(FL () \ {0})] = Ro)-ar,

for any choice of a1, ...,y € ¥ such that Y = a3 A --- A ay. We define a chain
complex C, such that

C = EB Ry ®p or(Y)
YeA,

with differentials for each Y € A,

Ry ®x or(Y) — @ Ry ®x or(X)
XeA1NFHX)

induced by the natural boundary maps or(Y) — or(X) and the quotients Ry — Ry
for each facet X of Y.

Lemma 6.7. Fix an orientation class 2 € HfM(H E|° k), and let Q4 € or(a) be
the restriction of Q for any o € ¥ . Let Yo: k[M] — Ry denote the natural quotient
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map. Then the homology of C, is zero outside of degree d and k[M] ~ H;(C,) via
the map

XY Yalx) © Q.

ae¥F

Proof. Following the proof of [5, Lemma 4.17], for a monomial m = [; ¢, £ let S =
{i | si > 0} and C" C C, be the subcomplex consisting of all images of m, namely

c" = @ or(Y).

Y eA,
HEngL()#2

Note that the complex C, decomposes as a direct sum &,,C"* of subcomplexes
because the terms of C, are direct sums of quotients of Symk £ =k[t; | i € E] by mon-
omial ideals, while the differentials are induced by the identity map on k[¢t; | i € E],
up to sign.

Ifthe set S = {i | s; > 0} is dependent in M, then Hs = @ andso C[* =0.If S is
independent in M, then CJ" is the cellular Borel-Moore complex of the neighborhood
Ns C |||, the homology of which is one-dimensional and concentrated in degree d
by Proposition 6.5. |

Proposition 6.8. The obvious map Cey: k[M] — Buy is injective, and its image is
the center of Bext The quotient homomorphism Bem — Bex induces a surjection of
centers, and yields an isomorphism Z (Bex) = k[M]/(U).

Proof. As in the proof of [5, Proposition 4.18], for an element z € Eext to be in the cen-
ter, it must commute with each idempotent 144 and thus be of the formz = )", . ¢ Zq,
where z4 € R, . Similarly, using the fact that z must commute with 1,4 for « and B
adjacent, we find that

waﬂ (za) = Wﬂa(zﬂ)7

where ¥4g: Ea — ﬁag and Vgg: Eﬂ — Eaﬁ denote the canonical quotient homo-
morphisms. As Bey is generated by the elements 144 and 14 for adjacent o, B and
the image of ey, it follows that:

Z(Bo) = {(zu» € D Re | Vp (2a) = Ypalzp) foralla <> € 3@‘} 0
aEF
On the other hand,
Hd(co)= {y= Zya®9aecd|8y=0}
aeF

and the cycle condition dy =0 is equivalent to Vg (Vo) =Vga(yp) foralla < B F.
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We conclude that Em induces an isomorphism
k[M] 2= Hy(Co) 2= Z(Bex).

Finally, we can define a chain complex 6. of free Sym U -modules with ém =Cp,
for0 <m <d and Cy4; =ker(dg)=k[M]. This is acyclic, and thus so is Ce @sym v k.
Arguments analogous to above prove that

k[M]/(U) = Hd (Co ®Sme k) = Z(Bext)
through an isomorphism compatible with the quotient Bext = Bext. |

We now include boundedness into our considerations. Define

A7 = ) L.

YePCAy

and notice that we have a chain of proper inclusions A° C A7 C .
Note that the description of Z(Bey) in (1) can be rewritten as asking that

1/}(1;‘3 (za) = wﬂa(zﬂ)
for all @, B € ¥, not necessarily adjacent. This can be rephrased as a limit

Z(Bew) = lim Ry. ©))
XeA

By the same sort of argument, we find

Z(Bex) = lim Ry, Z(B)= lim Ry. and Z(B)= lim Ry. (3)
XeA XeAP XeA”

The next lemma allows us to conclude that these centers only depend on #A°.

Lemma 6.9. For any Y € A% and any subcomplex © C %f;n(Y) with %f;n(Y) N
A® C D, the restrictions

Ig_n RX—>1<lr_nRX and 1<lr_n RX—>1<lr_nRX 4
XeFL(Y) Xe® XeFh@) Xe®

are isomorphisms.

Proof. This proof is simply a rephrasing of [5, Lemma 4.20] in our setting.

This is trivial if ¥ € 7 (Y) N 4° (equivalently Y = 0), which includes the
case where Y is a feasible cocircuit. So we may assume Y *° # 0, and we may also
inductively assume the statement is true if Y is replaced by any X € &% (¥) \ {Y}.
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We will prove the statement first for © = %g’;(y Y\ {Y}. Let CY be the sub-
complex of C, consisting only of the summands Ry Q. or(X) for X € %Z;n(Y).
As in the proof of Lemma 6.7, this complex splits into a direct sum of complexes
crm = cY nc for each monomial m = [1; x%. The summand crm computes
the cellular Borel-Moore homology of Ng N oy C oy for S = {i | s; > 0}. By Propo-
sition 6.6, this Borel-Moore homology is trivial, so every crm is acyclic and so
iscY.

We have that lim Ry is isomorphic to the kernel of the boundary map

<«—Xed

Y Y
Ci1 = Chye

Since CY is acyclic, the first map of (4) is therefore an isomorphism. Similarly,
the second map is an isomorphism since CJ is an acyclic complex of free Sym U-
modules, which implies C,Y ®symu k is an acyclic complex of vector spaces.

For a general © containing %gn(Y) N A%, pick an ordering X1, ..., X, of the
elements of Fem(Y) \ O such that their ranks are non-decreasing, and let

Dy =D U{Xq,..., X¢}.

Then for 1 <€ <r, we have F (X¢) \ {X¢} C D¢_1, so an identical argument shows
that
l(lnRX—> 1<£n Ry and LinRX—) l(ln Ry
XeDy XeDy_y XeDy XeDp_y

are isomorphisms. ]
Proof of Theorem 6.1. Put the equations (2) and (3) together with Lemma 6.9 to get

Z(Eext) = L&n EX = Lln EX = Z(E)’

XeA XeAP
Z(Bext) = 1<£n Ry =~ 1<£n Ry = Z(B).
XeA XeAP

All of these isomorphisms are compatible with Eext, Eand the natural quotients Eext —
B. and B — B, so we are done. [
7. The module category of A

In this section, we study the simple modules for A = A(P, U) and their projective
covers using a class of standard modules.
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Definition 7.1. For any o € £, let
Ly :=A/(eg | B # ).

Then L, is the simple one-dimensional A-module supported at @ and each simple
A-module is isomorphic to L,, for some o € P. Let

P, :=e4A
be the projective cover of L,. We also define V,, to be Py/K,, where
Ky = Zp(a,oci)-A C Py
ieb
and b is the basis of M such that ;£(b) = « under the bijection of Corollary 2.15. We
refer to V,, as the standard module and L, as the simple module associated to o.

Lemma 7.2. Let o € P. The standard module Vy, has a basis consisting of a taut path
froma to each B < «.

Proof. We simply copy the argument from [5, Lemma 5.21]. It is clear that the col-
lection of such taut paths is linearly independent. We now show that the image of any
other path is trivial in V.

Letbh = u~ () € B. Suppose p is a taut path froma to y € F and y £ «. Then
for some i € b, y(i) # (i) and &' € F. By Corollary 3.7, p can be replaced by one
of the form p(a, ') - x € K. Thus p = 0 as an element of V.

If p is a non-taut path, then by Proposition 3.6, we can write

p=p-[luf = (Hew?") -p,
i i

where p’ is taut (with the same endpoint as p) and a; > 0 for some i. Corollary 3.8
implies that for all i € E and some ¢; ; € k, we have

eqU; = Zci’jp(a,aj,oz) € Kq.
jeb

Thus, p € K, and we are done. [

Corollary 7.3. The kernel of Vo, — Ly has a filtration with subquotients isomorphic
to Lg for B < a, each appearing exactly once.
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7.1. A is a quasi-hereditary algebra when P is Euclidean

Recall that a finite-dimensional algebra is quasi-hereditary if its category of finitely
generated modules is highest weight in the following sense.

Definition 7.4. Let € be an abelian, artinian k-linear category and let I be the set
indexing the isomorphism classes of simple objects { Ly | @ € I} and indecomposable
projective objects { Py | @ € I}. Then € is a highest weight category if the set I can
be endowed with a partial order < and there exists a collection of objects {V, |« € I}
with surjections

Py — Voy — Ly

that satisfy:

(i) the kernel of Vo, — L, has a filtration for which each subquotient is isomor-
phic to L,, for some y < o, and

(@ii) the kernel of P, — V,, has a filtration for which each subquotient is isomor-
phic to Vg for some g > a.

Now consider the category of finitely generated A(P, U)-modules. As discussed
above, the isomorphism classes of simple modules are indexed by the set & of boun-
ded feasible topes. For A = A(P, U) to be a quasi-hereditary algebra, we will assume
that the oriented matroid program P is Euclidean. Recall from Section 2.3, that this
implies there is partial order < on & defined by: « < 8 when there exists a directed
sequence of edges from = !(a) to w~!(B) in the graph Gp of the program. By
Lemma 2.25, this is the same partial order as that defined by the transitive closure
of the cone relation <.

Suppose P is Euclidean. Then the category of A(P, U)-modules and the poset
I = (P, <) satisfies condition (i) of Definition 7.4 by Corollary 7.3. To show that A
is quasi-hereditary it remains to show condition (ii).

We will use the following simple lemma.

Lemma 7.5. Suppose p € P and i € = (B). Then the feasible sign vector B’ is
either unbounded or B* > P.

Proof. Suppose B is bounded. As B (j) = B(j) forall j #i,ifi & u='(B"), then
forall j € u=1(B%), B'(j) = B(j). Thus B € B,,~1(piy or equivalently B < Bt.

If B’ is bounded and i € =1 (B"), then the optimal solutions of B and B’ are also
optimal solutions of their common subtope ¥ = B A 8. But Y is a tope of P/{i} and
so Y has a unique optimal solution. Thus u~!(8) = u~'(B"), which contradicts the
fact that p is bijection. |
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Theorem 7.6. Assume P is Euclidean. Then the kernel of the quotient homomor-
phism Py — Vy has a filtration with each successive subquotient isomorphic to Vg
for B > «. Each of these standard modules appears exactly once.

In particular, A is quasi-hereditary.

Proof. For any y € P, we define P} C P, to be the submodule generated by paths
which pass through y. For any 8 € P, let

Kb ::ZP&’.

y>B

After choosing a total order on { € £ | @ < B} refining <, the set of submodules
P&B + Kg with 8 > o forms a filtration of K, with successive subquotients

MP = (PP + KkB)/KE.

We pause to note that to make the definitions above, it is essential that P is
Euclidean, for if P were not Euclidean there would be no partial (or total) order refin-
ing the cone relation on £.

Our goal now is to prove that Mo‘? is zero if B # «, and is isomorphic to Vg
if B > «. Notice that M = V.

If B % «, then there is an index i € u~!(B) such that a(i) # B(i). By Propo-
sition 3.6, any path starting at o and passing through B can be written as py g - r
in Pazﬂ , where p, g represents a taut path from o to B and r represents a path starting
at . We may then apply Corollary 3.7 to the taut path p, g and y = B', to show
that py g can be chosen to pass through 8 € ¥ . By Lemma 7.5,

pPbcpb c kb,

SO Mf =0.

On the other hand, assume that B > «. There is a natural map Pg — Pf given by
composing any element of Pg with a fixed taut path p, g from o to 8. This induces a
homomorphism Vg — Mo’? that we wish to show is an isomorphism.

By Proposition 3.6, any path starting at « and passing through 8 can be expressed
as a product of an element in Pg with some taut path from « to B and by Proposi-
tion 3.5 the taut path can be chosen to be the one we have fixed. It follows that the
map Pg — Pf is surjective and thus the induced map Vg — Mf is surjective as well.

Finally, we need to show that Vg — Mf is injective. We proceed by showing that
they have the same dimension. The surjectivity of the map implies

dimg MP < dimg Vg = [{y € 2 | y < B},
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so that
dimg Py = ) dimg ME < [{(y.B) € P x P | .y < B}].
Bra
We are done if we can show this is an equality. As A = ), . » Pq, it suffices to prove
that
dimg A =) dimg Py = {(a. . B) € P x P x P | a.y < B}.

aeP
But recall that
A=APU)~B®P'.UH= P Ry,
(a,y)ePV XPVY
and so by Lemma 5.7
dimg B(PY,U1) = Z |{common feasible cocircuit faces of o and y}|.

(a,y)ePV XPV

We are then reduced to showing that the number of common feasible cocircuit faces
in PV of « and y is equal to the number of bounded feasible topes B of P such that
a < B and y < B. This follows from Complementary Slackness (Proposition 2.19). =

7.2. The structure of projectives when P is not Euclidean

Note that the definition of the standard modules makes sense for any P and Lemma 7.2
holds even in the non-Euclidean case. However, when P is not Euclidean, the transitive
closure of the cone relation is not a poset and so the standard modules are not part of
a highest weight structure.

Nonetheless, one might still hope for a version of Theorem 7.6: that the kernel of
Py — V, has a filtration with successive subquotients isomorphic to Vg for 8 > .

In this section we observe that this is too optimistic a hope, but that it does hold
on the level of graded Grothendieck groups.

Recall from Lemma 5.7, that for any o € &, the dimension dimy R, is equal to
the number of feasible cocircuit faces of «. We begin with a graded refinement of this
statement.

Lemma 7.7. Let (hg,hy ..., hg—1) denote the h-vector of z(Ay) or equivalently h;
is equal to the dimension of the graded piece of Ry of degree 2i. Then h; is equal to
the number of feasible vertices of a with i outgoing edges.

Proof. We proceed by showing that z(Ay) is partitionable. Recall that a pure simpli-
cial complex A is partitionable, if it can be expressed as a disjoint union of closed
intervals of the form

A= [Gl, Fl] U...u [Gs, Fs],
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where each F; is a facet of A. By [18, Proposition II1.2.3], the s-polynomial of such
a simplicial complex is given by

hi =#j 1 G| = i}.

Recall that z(e) = @ and z(A) is isomorphic as a poset to . () \ {0}. Thus
we may identify a face of o with the faces of the abstract simplicial complex z (Ay).

The facets Fy, ..., Fs of z(Agy) are the zero sets of the feasible vertices (i.e.,
feasible cocircuit faces) of «. If F; = z(X;) for a feasible vertex X;, let G; be (the
zero set of) the meet in A, of the incoming edges of X;.

Recall that each face of « has a unique optimal solution (this follows from Theo-
rem 2.14). For each feasible face Y of «, the face z(Y') € A4 is in the interval [G;, Fj]
if and only if X; is the optimal solution of Y. Thus [Gy, Fi] U --- U [Gy, F] is a par-
tition of z(A,). Note that

|Gj| = d — #{incoming edges to X;} = #{outgoing edges from X;}.
We conclude that
h; = #{j : |G| =i} = #{feasible vertices of ¥ with i outgoing edges}. [

Corollary 7.8. Let (ho,h1 ..., hg—1) denote the h-vector of z(Aqp) or equivalently h;
is equal to the dimension of the graded piece of Ryg of degree 2i. Then h; is equal to
the number of feasible vertices of a« A B with i outgoing edges of o A B.

Proof. Let y be the tope in P/z(x A B) given by the restriction of & A B. Then the
simplicial complex z (Aqp) is equal to the simplicial join z (A, ) * I" of z(A, ) with the
(dop — 1)-simplex I" on the set z (o A B). By standard properties of the 4-polynomial,
we have

h(z(Agg), x) = h(z(Ay) * ', x) = h(z(Ay), x)h(T',x) = h(z(A)), x).

We conclude that the /-vector of z(Agg) is equal to that of z(A,). The result then
follows from Lemma 7.7. ]

For an A-module M, let [M] denote the class of M in the Grothendieck group
of A-modules. We will consider the Grothendieck group of the category of graded
A-modules as a Z[q, g~ ']-module, where

[M (~k)] = ¢*[M].
For a graded vector space V = @; V;, we denote the graded dimension of V' by

grdim V = Z(dim Vi) q'.

1
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Theorem 7.9. For any generic oriented matroid program P and any o € P, the class
of the indecomposable projective P, in the Grothendieck group can be expressed as
the sum

[Pl = 3 g% V).

yza

Proof. For any B € & the graded composition series multiplicity of the simple Lg in
the projective P, is equal to the graded dimension of the space of paths in A that start
at o and end at 8. In other words, we have

[Pa] = ) (grdim Pyepg)-[Lg] = ) (grdim eqAep) - [Lp].
Ber BeP

By Theorem 5.12,
grdimeq Aeg = grdim R g (—dop) = g% . grdim Ryg-

By Corollary 7.8, we can express the graded dimension of R&/ﬂ as

d
grdim Rgﬂ = Z #{feasible vertices of & A B in PV with i outgoing edges} - qu.
i=0

Observe that by Proposition 2.19 the feasible vertices of & A 8 in PY (i.e., common
feasible vertices of both « and ) are in bijection with the bounded feasible topes &
of P such that « < § and 8 < §. We claim that the number of outgoing edges of
a A B of the feasible vertex corresponding to § is equal to |S£ﬁ|. As in the proof
of Corollary 7.8, let y be the bounded feasible tope (« A B)|qsp in the contraction
PV /z(a A B). Then the number of outgoing edges of the vertex of y corresponding
to & is equal to the distance between y and the restriction § of § to & A . But

anp={iekElal)=p3)}
and so the distance between y and §is equal to the cardinality of the difference set
S(.8) ={i € E | ali) = (i) # 8()} = S

Rewriting the sum over topes § of P such that « < § and § < § and using the
formula dos + dsg = dop + 2|S£ﬁ |, we find

]
grdimeaAeﬂ — qdaﬁ grdlm R(;/ﬂ — Z qdaﬁ+2|SaB| — Z qdouS‘f‘d&B‘ (5)
§=a,B §=a,B
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Putting it all together,

[Pa] =) Y gastdss[Lg]

B 8>a,B
=Y g%y g [Lgl =Y g%V,
S>a B=s y=a
as we wished to show. ]

We conclude this section with an example of a generic non-Euclidean program
and sign vector « for which the kernel of P, — V,, does not admit a filtration with
successive standard subquotients.

Example 7.10. Let P = (EFM(8), g, f) be the generic non-Euclidean program def-
ined in [3, Section 10.4]. Then M = EFM(8)/g \ f is the uniform matroid of rank 3
on E¢. As short hand, we simply write ik for the basis {i, j, k} of M. We denote the
sign vector of a bounded feasible tope a: E¢ — {0, +, —} using the string of signs

a(Da)a3)a(d)a(5)w(6).

The bijection u between B and & can described as follows, where we have listed the
pairs (b, u(b)) € B x P for P:

(123, 4+ +++4++) (124, +++—+-) (125, 4+ +—+++) (126,+ —+ + +-)
(134, 4+ —++++) (135—+++—+) (136, ++++——) (145,—++——)
(146, + —+—+—) (156, + ++++-) (234, ++——++) (235, +++——+)
(236, — + ++++) (245, ++———+) (246, 4+ + +—++) (256, 4+ —+ ———)
(G45,++++—+) (46, ++———) (356, — + ++——) (456, + + + — ——).

Using this table one can deduce the cone relation < on & from the fact that w(b) <
w(d’) if w(b)(@) = u(b')(@) for any i € b’. For example, if u(b) < 1(456), then
b = 346, 145 or 256.
Let @ = + + + — —— € P. Recall the notation 5 denoting the sign vector of
a tope which differs from o on exactly the set S C E. Using the above list, we find
that
BeP|fral = {0[,a4,055,056,05{1’4},05{2’5},05{3’6},()[{4’5’6}}.

Suppose there were a filtration 0 C F; C --- C Fg C K, of the kernel

Ky = Zp(a,ozi) -A
ieb
of Py — V, with non-zero successive standard subquotients {V,, | y € €, \ {a}} as
in the proof of Theorem 7.6. Let V,, = K,/ Fe be the final standard subquotient and

suppose that y = 5.
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Let p be a taut path from o to oS . If p € Fe, then (K / Fg)e,s = 0, which is a con-
tradiction. Thus we may assume that p & Fg. Forany i € S, we have p = p(a,a)q,
where ¢ is a taut path from o to . As p ¢ Fg, it follows that p(a, @’) ¢ Fe and L,
is a quotient of V. This is a contradiction unless S = {i }. Thus S is either {4}, {5},
or {6}.

Suppose S = {4},s0y = a* = + + + + ——. Note that a® < a*, 50 (Vya)ey6 =
(Ko /Fs)eys # 0, and thus p(a,a®) ¢ Fe. But this would mean that L 6 is a quotient
of V,4, which is a contradiction.

After permuting indices, the same argument shows that neither V5 nor Ve is
a quotient of K,. We conclude that P, does not have the expected filtration. More
generally, we will see below in the proof of Theorem 7.14 that the change of basis
matrix between the standard and simple bases for the Grothendieck group is invertible,
s0 [P,] cannot be expressed as a different sum of standard classes. Thus P, does not
admit a filtration by standards.

7.3. A is a Koszul algebra when P is Euclidean

Recall the notion of a Koszul algebra:

Definition 7.11. Let M = @Kzo M, be a graded k-algebra. A complex
cvv—> P3—> P, > P —> Py

of graded projective right M -modules is linear if each Py is generated in degree £. We
say that M is Koszul if every simple right M -module has a linear projective resolution.

Theorem 7.12. Assume P is Euclidean. Then for all @ € P, the standard module Vy
has a linear projective resolution.

Proof. We follow the proof of [5, Theorem 5.24].

Let a be the basis corresponding to the optimal cocircuit for «. We will define the
promised resolution as the total complex of the following multicomplex.

For any S C a, let a5 € {4+, —}F be the sign vector which disagrees with « on
exactly the entries in S. For example, a? = «, and o'} = ! for any [ € a. Notice
thatifi € S C a and a®, a5\ € P, then there is a degree one map

¢s.,i: Pys — Pyswi,
g+ p@SV.a5).q.

We extend this to all S C a and i € a by declaring that P,s = 0 if @5 ¢ & and
¢s,i = 0ifi € S. Consider the module

Iy = @ P,s,

SCa
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which we view as being graded by the free abelian group Z{s; | i € a} where the
summand P, s is given degree e5 := ) ;5 &;. Foreach i € a, consider the differential
0;: [y — Iy of degree —e¢; defined as the sum

0i =) s,

SCa

Observe that 0;0; = 9;0; for any i, j € a by relation (A2) and so we can view Il as
a multi-complex with differentials 0; for eachi € a.

Let IT;, denote the total complex of I1y. Then IT}, is a linear complex of projective
modules and Ho(IT}) = V4. It remains to show that the complex IIj, is exact in
positive degrees.

To do so, we will filter the multicomplex IT,. For each 8 € £, let (I1y)? C I,
be the submodule whose ¢g-graded part is defined as

Z PZS C Pys,

y=B.aS

that is, the submodule consisting of all paths from o passing through some y € P

where y > % and y > . Observe that the differentials 9; for i € a are compatible

with the submodules (IT,)? and so we have defined a filtration of IT, by the poset 2.
Computing the associated graded of this filtration yields a multi-complex

fl = /177 = B (D uf )
S

BeP BeP

where M f s is the subquotient of P,s defined as in the proof of Theorem 7.6.
Consider the resulting quotient multi-complexes for each 8 € £.Let b = u~1(B).
Recall from the proof of Theorem 7.6 that M f s 1s non-zero if and only if oS € By.
If =, then M 5 s = M?s = 0 for any non-empty S C @ = b. Thus the only
non-zero summand of the o-subquotient is MY = Vj in total degree zero.
If B # o, choose an element i € @ such thati ¢ b. Consider those subsets S C a
such thati ¢ S. Then we have o5 € B}, if and only if oSV e By, If oS € By, then

MPs = Vg = MP

and the differential induced by 9; is the isomorphism given by left multiplication with
p(aS, a5V}, On the other hand, if @5 ¢ By, then
WL

@ SUi

=0=M’.

In particular, the differential induced by 9d; on the B-component of the associated
graded multi-complex is exact.
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Recall that if any differential of a multi-complex is exact then the total complex of
the multi-complex is also exact. We conclude that the total complex of the associated
graded multi-complex is exact in positive degree. It then follows that the total complex
of the original multi-complex must also be exact in positive degrees. |

Theorem 7.13. Assume P is Euclidean. Then A and B are Koszul algebras and A is
Koszul dual to B.

Proof. By [1, Theorem 1] a quasi-hereditary algebra is Koszul if the standard mod-
ules have linear projective resolutions. Such resolutions exist for A by the previous
theorem. Theorem 5.12 implies that B =~ A(PY, U~) must also be Koszul. Finally,
the Koszul duality follows from the quadratic duality statement of Theorem 4.2. m

7.4. Numerical identity for Hilbert polynomials

We do not know whether or not the Euclidean condition on P is necessary for A to
be Koszul. In this section we prove that for any generic oriented matroid program P
the Hilbert polynomial of the algebra A = A(P, U) satisfies the following numerical
identity.
Let H(A, q) denote the Hilbert polynomial of A, which is the # x $#-matrix with
entries
H(A,q)q,p = grdimey Aeg.

Recall [2, Lemma 2.11.1] that if A is Koszul, then there is an equality of matrices
HA.QHA )" = 1.

Theorem 7.14. For any generic oriented matroid program P, the algebra A=A(P,U)
satisfies the numerical identity above, that is, the Hilbert polynomials of A and its
quadratic dual A* satisfy the matrix equation

H(A,q)H(A', —¢)T = 1.

Remark 7.15. This identity does not necessarily imply that A is Koszul. See [15]
for an example of a non-Koszul quadratic algebra whose Hilbert series satisfies the
numerical identity.

Proof. Using equation (5) in the proof of Theorem 7.9, the («, 8)-entry of H(A, q) is
given by
H(A,q)qp = grdimey Aeg = Z gartdvs,
yza,B
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In particular, H (A, q) factors as the product H(A,q) = XX, where X is the P x P-
matrix with (o, 8)-entry given by

_J s B =a,
wh 0 otherwise.

Dually, using Proposition 2.19 we find that the («, 8)-entry of H(A', —q) is given
by

HA', ~q)op = Z(—q)i dimeg Aleg = Z (—q)dar+dvs,

i yDYM Yu

L) u=1B)

in other words the sum runs over all y € & for which the optimal solution (cocircuit)
of both o and B are faces of y. Again this factors as a product H(4', —q) = YYT,
where Y is the  x #-matrix with («, 8)-entry given by

a,p

_ (—gq)%# if Y,—1(p is a face of a,
0 otherwise.

We wish to show that
HA,q)HA, —¢)T = xxTyyT = I.

Note that it suffices to show X7Y = I.
Computing the product XY, we find that its (o, B)-entry is given by

XTY)ap =Y g% (=),
v€Q

where Q is the set of all y € & such that @ > y and ¥, 1) is a face of y. In other
P

words, Q consists of all y € & such that

y() =a()ifi e p”'(@) and y(i) = BG)ifi ¢ ™ (). (6)
We wish to show that

1 ifa =4,

0 otherwise.

(XTY)op = {

If @ = B, then Q = {o} and the sum is equal to g% (—g)%ee = 1.

Now assume that @ # f and let

J=pu ' B\ @) and J = p o)\ wTN(B),
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so that
JuJ' =@ N ) UpT B)\ (@) N (B)).

As we have assumed that & # 8, J and J' are non-empty.
Note that if (i) # B(i) for some i € J’, then by the conditions (6) Q is empty
and (XTY)O,,ﬂ = 0, as desired. Thus we will assume that (i) = B(i) foralli € J'.
Let

K:={iep )nu ' (B) | al) # BG)}.

Forde P, Y, ~1p) is aface of § if and only if §=B" for some subset WC u~1(B).
On the other hand, § = % < «if and only if K U J D W D K. Thus

0 ={B55|scJ}

and
XTY)yp = Z ¢85S (—q)¥sK)S 8 = (—1)IKI Z(_1)|S|qda,<ﬁ1<>5+d<BK>5,B
scJ scJ
K S| da p+2SE0% ) _ IR da g ISl 2188
= (=1 (=D"'q o= (=1)"gq (=D)»'g= s,
scJ scJ

K\S S
where in the last line we have used So(/’sﬂ ) = Sf’ﬂ ={ieS|a@)=p(>G)} Wewil
need the following lemma to finish this proof.

Lemma 7.16. Assume as above thata # 8 and (i) = B(i) foralli € J’'. Then there
exists an element t € J such that a(t) # B(t).

Proof. Suppose for the sake of contradiction that w(i) = (i) for all i € J, then
a(i) = B(@i) foralli € J U J'. In the deletion-contraction program

(P/(w ) N7 HBN) \ (@) U T (B))°

defined on the set J U J’, the restrictions of the sign vectors of o and 8 are then
equal and so describe the same tope 7". Now Y,—1(y) is the optimal solution for «
and Y,,—1(g) is the optimal solution for f, so the restrictions Y, and Yg of ¥,—1(4)
and Y, —1gytoJ UJ " should both be the unique optimal solution of the tope 7. But

z(Yy) =J' #J =z(Yp),
which is a contradiction. Thus there exists a ¢t € J such that «(¢) # B(¢) as desired. =

. . BSULL S
In particular, if § C J \ {t}, we have S, g =Sup
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Using this fact we rewrite the sum above:

ﬁS
(XTY)a,,B = (_I)IK\qda,B Z(_l)lSlqzlsa’Bt

ScJ

(1)Kl s LIS 2ISEL L pyisutnn 2188

= (~)Klgdes 3 ((=1)S1gH sl 4 (—1)ISUBg20as )
ScJ\{t}

(1)Kl das _)ISI2ISERL s 2ISERN

= (—DKlges 3 (—)Blg?Pasl — (—1)BSlg?5asly = 0. =
ScJ\{t}

7.5. Self-dual projectives

Consider the duality functor

d: A-mod — A-mod

defined by composing the equivalence A°°-mod ~ A-mod induced by the isomor-
phism A =~ A°° given by reversing the arrows of the quiver D g in Section 3.3 with
the induced functor A°°-mod— A-mod coming from vector space duality.

In the following result, for a fixed sign vector « € £ = PV we will need to
refer to both the corresponding bounded feasible tope in the affine space of P and the
corresponding bounded feasible tope in the affine space of PV. To distinguish these
two topes, we write T, to denote the tope in P and 7} for the tope in PV.

Theorem 7.17. For any generic oriented matroid program P and a € . The follow-
ing are equivalent:

(1) The projective Py is injective.

(2) The projective Py is self-dual.

(3) The simple Ly is contained in the socle of some standard module Vg.

(4) The bounded feasible tope Ty covers an infeasible subtope X, meaning
X(g) =0.

(5) The bounded feasible tope T, in the dual program PV is in the core of the
affine space for PV. In other words (T,/)*® = 0 or equivalently the cocircuit
faces of the tope T,/ are all feasible.

When P is Euclidean, and so A is quasi-hereditary by Theorem 7.6, then the state-
ments above are also equivalent to the following:

(6) The projective Py is tilting.

Proof. The implications (1) < (2) (< (6), if A is quasi-hereditary) are standard facts.
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(2) = (3). If Py is self-dual, then the socle of P, is isomorphic to the cosocle
of Py, which is L. Therefore when expressing [ Py] as a sum of simple classes times
powers of ¢ in the Grothendieck group, L, is the only simple to appear in the top
degree. On the other hand, by Theorem 7.9,

[Pa] = Y q%[V],

BeCq

so the unique simple class appearing in the highest degree must also appear as the
highest degree term of some [Vg]. We conclude that L, is the socle of V.

(3) = (4). Letb = p~'(B). Lemma 7.2 says that V4 is spanned as a vector
space by taut paths p, from B to y < B. A taut path py is in the socle of Vj if
there does not exist a longer taut path p, that factors through p,. Note that this is
equivalent to the condition: if i & b and « has a feasible face Y such that Y (i) = 0,
then a (i) # B(i).

Recall that Y}, € 4 denotes the feasible cocircuit of N = M \ f thatis the optimal
solution of the tope Tg. By the covector axioms of an oriented matroid, the composi-
tion T := (—Yp) o Ty is also a covector of N and in particular an infeasible tope such
that 7 (i) = «(i) for all i € b and for all i which are zero on a feasible face of «. A taut
path p from T, to T exists in the tope graph of M \ f, and this path cannot change
the sign corresponding to any feasible facet of Ty. Thus the first sign change of the
path p must be infeasible, which means that 7, covers a subtope X with X(g) = 0.

(4) = (5). If the bounded tope T, in M \ f covers a subtope X with X(g) =0
then « is a bounded feasible sign vector for both the original program P as well as the
reoriented program

P = (g M, —g. /).

Dually, this means that the tope 7, in MY\ g = (_gﬂV) \ (—g) is bounded and
feasible in both dual programs PV and _oP¥ = (_gﬂv, f. —g). In particular, the
tope o € £V does not have any cocircuit face Y with Y(f) = 0, since this would
imply 7,)” was unbounded in one of these generic programs.

5) = (2). If (TY)™ = 0, then
eadeq = Ry = k[z(A)]/(U™),
where AY = 1 (TY) \ {0}. By Lemma 5.4,
AL = IFn(T,) \ {0} ]

is homeomorphic to a (n — d — 1)-sphere and so a result of Munkres (see [18, The-
orem I1.4.3]) implies that R} is Gorenstein, meaning that there is an isomorphism
J:(eqAeq)n—q—1 — k such that (x, y) = [ xy defines a perfect pairing on eq Aeg.
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We wish to produce an isomorphism of A-modules d(Py) = P,. To do so, we will
show that the map

(—,—):eqA x Aeq — k,

(p,q)r—>/pq

defines a perfect pairing and so it will follow that d(Py) = (eqA)* =~ Aey = Py as
right A-modules.

To prove that (—, —) is perfect, we first observe that it suffices to show that the
map - pgo:eqAeg — ey Aey is injective for some taut path pg, from B to «. This
is because for any non-zero x € egAey, if x - pgy # 0, then there exists y € eq Aey
such that

/(Xp)y = / x(py) = {x, py) #0.
On the B side, this means showing that
is injective. We proceed by showing
Up : }3“!’/3 — ﬁovt
is the injective map in a split short exact sequence of Sym U +-modules, which proves
the claim by applying the functor — Qg L k-

The claim is obvious if @ = S or T,/ A TﬂV is not feasible, so we assume a # 8
and T,/ A Tf;’ is a proper non-empty face of 7, To see the monomial map

DV 53Y%
Uup R —> R
fa of o

is injective and to determine its cokernel, consider the image of any non-zero mono-
m=TTus

in RV/s where s; > 0 for any i E S. As m is non-zero in Rvﬂ there exists Y € Avﬂ
such that S C z(Y'). Note that S e = 2(T) A TV) C z(X) forany X € AV Thus
Su Sfa C z(Y) and the product

— t
mougs =[] i

ieSush,

mial

where t; > 0fori € S U S/fa, is non-zero in E&/
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The computation above also shows that the cokernel of the map - u ¢ : Egﬂ — R}}’
is the face ring k[A] of

A:{SCE|SCZ(Y)fors0meYeAaandS£a§ZS}
=z2(Ag) \ {S € 2(Ag) | SE, C S}

Recall from Lemma 5.4 that the geometric realization of the simplicial complex
z(Agy) is a PL (d — 1)-sphere. The subset of simplices

(S ez(Ag) | SE, C S}

is the open star of the simplex on the set Sga and thus its complement A in z(Ay)
is a PL (d — 1)-ball. It follows that k[A] is Cohen—Macaulay, again with parameter
space U+. Thus, k[A] is a free Sym U~+-module, and therefore the exact sequence

Ryg < Ry — k[A]

splits. |

8. Derived Morita equivalence

We conclude with a proof of Theorem 1.16. Recall that M is an oriented matroid,
U a parameter space for M = M, and Py = (M, g1, f1), P2 = (M2, g2, f2) and
Pnia = (Mg, g2, f1) are Euclidean generic oriented matroid programs such that

M= (Mi/g)\ fi = (Ma/g2) \ 1o

and

Muia/ g2 = Mi/g1,  Muia \ fi = Mo\ fo.

We wish to show there is an equivalence of categories
D(A(P,U)) = D(A(P2,U)),

where D(A) denotes the bounded derived category of graded finitely generated A-
modules.

Remark 8.1. Note that if P; and P, are Euclidean, it is not automatic that P,;q will
be Euclidean as well. For example, one could take EFM(8) (see Example 7.10) and
then change the choice of g and f separately to obtain two realizable (and hence
Euclidean) generic oriented matroid programs P; and P, such that P4 is the non-
Euclidean program EFM(8).
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We will prove Theorem 1.16 by reducing it to the following claim.

Proposition 8.2. Suppose P, = (./\7(1, g1, f) and P, = (ﬂz, g2, f) are generic
Euclidean programs extending M such that M1/g1 = M>/g». Then there is an equiv-
alence of categories

D(AP,,U)) ~ D(AP,, U)).

Before giving a proof of this Proposition, we will use it to deduce Theorem 1.16.

Proof that Proposztzon 8.2 zmplzes Theorem 1.16. Note that under the assumptions of
Theorem 1.16, Mmld /g2 = Ml /&1. Then by Proposition 8.2 it follows that

D(A(P1,U)) =~ D(A(Ppia. U)). (N
On the other side, duality together with the assumptions of Theorem 1.16 give
Mria fi = (Moia \ )Y = (M2 \ f2)" = M/ fo.

Viewing fi and f> as playing the role of g in the Euclidean programs ﬂr\;id and e/\ZZV
respectively, we can again apply Proposition 8.2 to find

D(A(Py,Ub)) =~ D(A(PY,. UD)). (8)

mid?®

Putting these equivalences (7) and (8) together with the equivalences from Koszul
duality

D(A(Ppia. U)) ~ D(A(P},.UT)) and D(A(P,,U)) ~ D(A(Py.U™)),

mid°®

gives the desired result

D(A(P,U)) =~ D(A(P, U)). ]

8.1. The definition and properties of the functor

It remains to prove Proposition 8.2. For the remainder of the paper we will let
Py = (Mi.g1.f) and Py = (Ma. g2, f)

be two Euclidean generic oriented matroid programs such that ﬂl /g1 = JZZ /g2.
For ¢ =1,21et Ay = APy, U), By = B(Py,U) and P be the set of bounded,
feasible sign vectors of P;. Note that the set of bounded sign vectors 8B is the same
for P; and P».
As in [5, Section 6], the desired equivalence will come from a derived tensor
product with a certain bimodule N .
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It is slightly easier to define the bimodule N on the B-side, using the isomor-
phisms Ay =~ Bg/ of Theorem 5.12 for £ = 1, 2. Namely, let

N= @B Ril—dus]

(@,B)EP1 xP2

with the natural left B -action and right B, -action given by the  operation.
To translate this to the A-side, recall the following the alternative definition of A
from Section 3.3

AP, U) =epDgep/lerep) + (9 (U )esp).

We consider an extended version of A that only depends on M /g by replacing e» by
e8 = ) yeg €a- Thatis, let

Aew(P,U) = egDpeg/{eses) + ($(UT)es).

As Aex (P, U) only depends on M/ g and we have assumed that M, /g, = M2/ g5,
let
Aext := Aexi(P1,U) = Aext(P2, U).

When viewed as an (A;, A2)-bimodule, N can be described as
N = €gy Aexlegzv

where eg, = > yep, € for £ =1,2.
To check that these definitions of N coincide, consider the graded vector space

Bext(P’ U) = @ Raﬂ [_dotﬂ]!
(a,B)eF xF

made into an algebra via *, as in the definition of B(P, U) from Section 5.2. Then an
easy extension of the proof of Theorem 5.12 gives us the following lemma.

Lemma 8.3. There is an isomorphism Aey (P, U) 2~ Bey(PY, UL). Combining this
isomorphism with the isomorphisms Ay >~ B 2’ , we obtain an equivalence between the
two definitions of N.

We define the functor ®: D(A;) — D(A,) via
L
O(M) =M R4, N.
For £ = 1,2 and any « € P, let P(f and Vof be the corresponding projective and

standard Ay-modules. Define v: P; — J, to be the composition

—1
My %)
P — B — Ps.
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Proposition 8.4. [fa € P; N Py, then D(P)) = P2.
Proof. Consider the natural map
[: P2 =egAs — eq A1 ®u, g, Aexig, = P) ®4, N = ®(P))

taking e, to e ® eg, eg,. For paths p, g in the quiver Q with p only passing through
nodes in #y, the equality of the simple tensors

€aP ® €g qeg, = €a ® €aPeq qeg, = €a & €g €g, - €aPCg (Cg,
implies that I" is an isomorphism. ]

Remark 8.5. Note that the proposition above and its proof are valid without the
assumption that P; and P, be Euclidean.

Lemma 8.6. For any o € Py, the Ay-module ®(PL) has a filtration with standard
subquotients. For b € B, if a € By, then the standard module Viz(b) appears with
multiplicity 1 in the associated graded, and otherwise it does not appear.

Proof. We have
O(P)) = Py @4, N = e A1 @4, g, AexiCyqy

so elements of QJ(PO}) can be represented as linear combinations of paths in 8 which
begin at « and end at elements of P, = B N F. For f € P, let ®(P,)p be the
submodule generated by paths p such that 8 is the maximal element of 5, (with
respect to the ordering <, on &, coming from our Euclidean assumption on P5)
through which p passes. Then let

O(PH=, p = U ®(Pl), and ®(Pl)s, = U d(PL),.

y>2 B y=2 B

‘We then obtain a filtration

D(P,) = U D(Py)=, p-
BeP2

Suppose b € B and let § = (D). It suffices to show that the quotient
(D(P;)Zz ﬁ/q)(Po})>2 B

is isomorphic to Vﬂ2 if @ € By, and is zero otherwise.

"Recall that the set B}, defined in Definition 2.18 only depends on M /g.
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Our argument follows the proof of Theorem 7.6.
If o & By, then for some i € b, a(i) # B(i). Thus any path from « to B can be
represented by one passing through B°. By Lemma 7.5, 8/ >, B and therefore

O(PY)z, p/®(PY)~, p = 0.
Otherwise, precomposition with a taut path from « to § gives a surjective map
Vi — ®(Py)=, g/ P(P))>, p-

Thus
dim Vg > dim ®(Py)=, g/ P(Py)>, g
and it suffices to show equality holds. After summing over all 8 € $;:
dim(@(Py)) = ) dim O(Py)z, p/P(Py)>, p
BeP>
< > dimV2 ;) =#(r.b) € P xB|a.y € By}

aeBy

It suffices to show that equality holds after summing over all @ € $;. As N =
Daep, P(P)), we have

Y dim®(Py) =dimN = >  dimRy,

a€Py (@.y)eP1xP>

=#{(a,y,b) € PL X Po XxB | o,y € Bp}.
Here we are using Lemma 5.7 and Proposition 2.19 on each (¢, y) € P; X P». ]

Remark 8.7. Notice that Theorem 7.6 can be viewed as the special case P; = P,.

Remark 8.8. We note that the above proof does not use the assumption that Py is
Euclidean, and so for this result we need only assume that P, is Euclidean. More gen-
erally, when P; is not Euclidean one can prove the result on the level of Grothendieck
groups with a nearly identical proof as was given for the analogous Theorem 7.9.

Proposition 8.9. For all o« € P, we have [®(V,))] = [V,},)] in the Grothendieck

group of (ungraded) right Ay-modules. Thus ® induces an isomorphism of Grothen-
dieck groups.

Proof. For any a € P, the equalities

2 WVim) = [@(PD] =) [0 )]
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follow from Lemma 8.6 and its special case Theorem 7.6, where both sums are taken
over
{beB|ae By}

The first claim then follows by induction on the poset $; with base case @ € P
maximal, so
1 1 1 2
Py =V, and ®(P,) = V-

The second statement follows from the fact that the classes of standard modules in a
highest weight category form a Z-basis for the Grothendieck group. |

Remark 8.10. One can show that this result holds without the Euclidean condition
on P; and P, by the second part of Remark 8.8 and the fact that the matrix X from
the proof of Theorem 7.14 is invertible.

Proposition 8.11. Let o € Py. Then ®(V,}) is the quotient of ®(P) by the submod-
ule generated by all paths changing their i-th coordinate for some i € ul_l(a). In
particular, Tors! VY, N) =0 forallm > 0.

Proof. Apply @ to the linear projective resolution of V! of Theorem 7.12. The degree
zero homology of the resulting complex is the quotient promised. We wish to show
that the resulting complex is a resolution of Vw1 ®4, N. This claim follows from argu-
ment is analogous to the proof of Theorem 7.12, where for each S C /Ll_l (o) we filter
each A,-module CID(P;S) = Po} ®4, N by standards as in the proof of Lemma 8.6. m

Corollary 8.12. Ifa right A1-module M admits a filtration by standard modules, we
have Tora! (M, N) = 0, and therefore

®(M) =M ®4, N.

8.2. Ringel duality and composition of functors

Suppose that P = (M', g, f) is a generic Euclidean extension of M. Consider the
program P = _,P = (_gft, —g, f) obtained from P by reorientation of g. In other
words P is the program on the oriented matroid M with feasible cocircuits equal to the
negative of the feasible cocircuits of P. This program is also generic and Euclidean.
We let A = A(P, U) and denote by

®~: D(A) — D(A),

the functor ® for P; = P and P, = P. We will prove that ®~ is an equivalence and
relate it to Ringel duality.
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Theorem 8.13. @~ is an equivalence, the algebras A and A are Ringel dual, and the
Ringel duality functoris do ®~ = &~ od.

Proof. Notice that for any o € &, we have that the B-side description of &~ gives

O™ (Po) = €D RY31-d 3.

BeP

Then we have that the tope corresponding to the restrictions of both o and ,67 in the
oriented matroid 4V / Sfa on £ U { f} has all cocircuit faces taking the value + on f.
As in the proof of Theorem 7.17, this implies that R;’— is Gorenstein and 7 (Py) is
self-dual. By Lemma 8.6 it follows that &~ (P,) is tilting.

It remains to show that ®~ is an equivalence. With Proposition 8.4 and Theo-
rem 7.17 in hand, one can repeat the proof of [5, Theorem 6.10] word for word. [

To complete the proof of Proposition 8.2 in the general case, we will need to study
the composition of functors.

Let Py = (M1, g1. f). P2 = (Mo, g2, f), and P3 = (M, g3, /) be generic
Euclidean programs extending M for which M;/gy = M>/g» = M3/g3. We can
then define the three functors

DA 22 D(4y) 22 D(45) and D(A;) =2 D(4s)

as before. We would like to compare ®;3 with the composition ®,3 o Py5.
Notice that
Niz = ®12(41) = @ ®12(Py)

OtEe'P]

has a filtration by standard modules as a right A,-module by Lemma 8.6. Then

L L L
D30 D1(M) = (M Q4, Ni12) ®4, N2z = M ®4, (N12 @4, N23)

by Corollary 8.12. The natural map Nj» ®4, N2z — Nj3 given by concatenation of
paths induces a natural transformation ®,3 o ®;, — ®;3. We also have that $,3 o P,
and ®;3 induce the same map on Grothendieck groups by Proposition 8.9. This
implies that

dimg Ni2 ®4, Naz = dimg N3

since the classes of N1, ®4, N23 and Np3 agree in the Grothendieck group of As3-
modules.

We now combine this discussion with the equivalence we have already proved.
Let P; = Py, so that

@13 =D :D(A;) » D(A;) and @3 = ®,7: D(A2) — D(Ay).
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Lemma 8.14. &~ = ®,7 0 Oy5.

Proof. The conclusion follows from the discussion above if we can show that the
map Ni2 ®4, N, — N, is an isomorphism. We have already observed that the
source and target have the same dimension, so it will suffice to show that this map
is surjective. This means showing that for any (a, 8) € $; x Py, every path from o
to B in ey Acxieg can be represented as a path that passes through some sign vector y
in . It suffices to do this for a taut path from « to 8. Translating this to the B-side,
we wish to show that loviﬁ = lg, * 14 for some y € 2.

Let (o, B) € #1 x P and suppose that R(\x’ﬁ is non-zero. This means the maximal
common covector face 7" A T of the topes 7;,” and T} in

MY = MY\ g1 = (W /g1)Y = (My/g)” = ML\ g7

is non-zero and all of its non-zero cocircuit faces are feasible, i.e., they take the
value + on f. Together with the fact that z (7 A TﬂV ) = SE,. this implies that
T) A Tﬂv restricts to a bounded feasible tope in the oriented matroid program

Py /St = (MY/Sly. 1.22).

Let Y be the optimal cocircuit face of 7,/ A Tf}/ viewed as a covector in P/ Sfa.
Then Y lifts to a unique feasible cocircuit of Py and let y € £,” = %, be the corre-
sponding sign vector. By construction, T,” A T}Bv is a face of 7).

_ Y _
Thus R;/yﬂ = Rovtﬂ, Saﬁ = @ and

g = 13, % 1. n

Proof of Proposition 8.2. We can set up everything as in Lemma 8.14, and we know
that @~ is an equivalence by Theorem 8.13. This gives us that ®;,: D(A41) — D(A4,)
is faithful while ®,7 is full and essentially surjective.

Note that P, is Euclidean if P, is Euclidean. Appealing to the same arguments as
before, @1, o ®3, is an equivalence. We conclude that @1, is also full and essentially
surjective and thus an equivalence. |
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