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Dynamics of unitary operators

David Damanik,! Jake Fillman,2 and Robert Vance

Abstract. We consider the iteration of a unitary operator on a separable Hilbert space and
study the spreading rates of the associated discrete-time dynamical system relative to a
given orthonormal basis. We prove lower bounds for the transport exponents, which mea-
sure the time-averaged spreading on a power-law scale, in terms of dimensional properties
of the spectral measure associated with the unitary operator and the initial state. These
results are the unitary analog of results established in recent years for the dynamics of
the Schrodinger equation, which is a continuum-time dynamical system associated with a
self-adjoint operator. We discuss how these general results may be studied by means of sub-
ordinacy theory in cases where the unitary operator is given by a CMV matrix. An example
of particular interest in which this scenario arises is given by a time-homogeneous quantum
walk on the integers. For the particular case of the time-homogeneous Fibonacci quantum
walk, we illustrate how these components work together and produce explicit lower bounds
for the transport exponents associated with this model.
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1. Introduction

This paper is concerned with the dynamics of unitary operators acting on Hilbert
spaces. Specifically, we fix a (separable) Hilbert space H, an orthonormal basis
(¢n)nea for H, a unitary operator U : H — H, and a unit vector {» € H and con-
sider the discrete-time evolution ¥ (k) = U*v. The orthonormal basis (¢n)nea
will be indexed by a suitable countable set A - in general we may always take
A = 7.4, but other countable sets may be more natural in certain settings. For ex-
ample, in the case 7 = £2(Z?), itis natural to use the orthonormal basis (5,,) nezd -
Our goal is to give as complete a dynamical picture as possible for the spreading
of U kl/f with respect to the basis (¢,)se4 in terms of spectral characteristics of
U. By the spectral theorem, there is a Borel probability measure ,ug on the circle
oD = {z € C: |z| = 1} such that

W fU)Y) = / £ dul ()

a(U)

for any bounded, Borel measurable function f on dID. Typically, we will suppress
the dependence of ,ug on U and simply write jiy.

There is an extensive literature devoted to the “self-adjoint case,” that is, the
time-evolution associated with the Schrodinger equation. Given a self-adjoint op-
erator H in H and a unit vector ¥ € J, one studies the spreading of e ="y rel-
ative to a given orthonormal basis. We refer the reader to [6, 9, 10, 11, 16] and the
references therein. Despite the obvious analogies, much less is known about the
unitary case — see [, 8, 18], for example. One may be tempted to reduce questions
about the unitary case to known results in the self-adjoint case. In our opinion
this has at least two drawbacks. The self-adjoint case leads naturally to Cesaro av-
erages in the continuous time-parameter and hence such results have no meaning
in the unitary setting, where the time-parameter is discrete. Moreover, a problem
in the unitary case is often given by an explicit unitary operator and one wants to
take advantage of the (usually) simple structure of the operator, which may not be
present in any associated self-adjoint operator. Specifically, we will discuss the
class of CMV matrices later in the paper and there is an extensive set of tools one
can use to analyze such an operator and verify the input to the general dynamical
results in the unitary case. It will be obvious that it is extremely desirable to stay
within the class of CMV matrices when proving delicate spectral properties such
as a-continuity, which are often difficult to establish for a given operator.
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As a consequence, we prefer to work out the analogies between the self-adjoint
case and the unitary case. That is, we will establish general results in the unitary
case that mirror known results in the self-adjoint case. The advantage of this ap-
proach is that we obtain results that can readily be applied to a given setting in
which a time-evolution is given by the iteration of a unitary operator.

For example, there has been a lot of activity recently in the study of quantum
walks; compare [2, 3, 12, 13, 14] and references therein. A quantum walk is in-
deed given by the iteration of a unitary operator, and hence our general results be-
low apply directly to any quantum walk. More specifically, a time-homogeneous
quantum walk on the integers can be related in a simple way to a CMV matrix,
as pointed out in [2]. Thus, for quantum walks of this kind, one wants to take
advantage of the tools available that allow one to prove the required spectral con-
tinuity results for spectral measures. One of the primary tools here is subordinacy
theory, which derives spectral continuity from solution estimates. The latter may
be obtained by an analysis of the transfer matrices associated with a given CMV
matrix.

The structure of the paper is as follows. In Section 2 we introduce some basic
quantities that capture the aspects of the dynamics in which we are interested. In
particular, the transport exponents are defined. In Section 3 we establish lower
bounds for the transport exponents in terms of regularity of the spectral measure.
In particular, the Hausdorff dimension and the packing dimension of the spectral
measure play a crucial role. In Section 4 we focus on the special case where the
unitary operator in question is given by a CMV matrix. We discuss how sub-
ordinacy theory provides an elegant way of establishing the spectral regularity
that was shown to imply lower transport bounds. Then we turn to the connection
between quantum walks on the integers and CMV matrices and explain how the
material from earlier parts of the paper gives a useful framework in which the
spreading rates of a quantum walk on the integers may be studied. Finally, we use
the Fibonacci quantum walk as an example for which we implement this overall
strategy, and derive explicit lower bounds for the spreading rates associated with
this model from the connection with CMV matrices, an analysis of the solutions
which provides the input to subordinacy theory and hence implies spectral reg-
ularity, and the derivation of the lower bounds for the transport exponents from
these spectral regularity properties.

Acknowledgements. We are grateful to the anonymous referees for several use-
ful suggestions that led to marked improvements of the paper.
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2. Preliminaries and basic definitions

We shall mirror the notation and development found in [6]. Let H be a complex
separable Hilbert space, U a unitary operator on J(, and € H suchthat ||| = 1.
We are interested in the time evolution of the vector v, that is, ¥ (k) = U*y. Let
(¢n)nea be an orthonormal basis for H, indexed by a suitable countable set A —in
this paper, we will consider A = Z4 , Z¢ as appropriate. To describe the spreading
of ¥ with respect to the basis (¢, )nec4, we first define

ay(n.k) = [{gn, v (k))I*

which can be thought of as the probability that i is in the state ¢, at time k. We
shall also be interested in the Cesaro time-averaged probabilities, given by

1 K—1
ay(n. K) = — > ay(n.k).
k=0

Throughout the paper, we shall be interested in Cesaro averages of quantities,
so, for a function f: Z>¢9 — R, we introduce the notation (f) to denote the
average of f. More precisely, we set

1 K—-1
(NNE) =2 > 0.
Jj=0

For example, in this notation, one could write a (n, K) = (ay(n,-))(K).
For fixed k, K, a straightforward computation reveals

> aynk)=> ady(n K)=1

neA neA

since (¢n)ne4 is an orthonormal basis for H.
Given R > 0, we are interested in the probability of finding ¥ within a ball of
radius R. Specifically, we define

PY(R.K)= D ay(n.k).
[n|<R

PYL(R.K)= > ay(n.k)=1-PY(R.K),
|n|>R
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and their time-averaged counterparts

PIK(R’K) = Z &lﬁ(n7K) = (PIH(R7)>(K)’

|n|<R

BLR.K) =Y ay(n. K).

|[n|>R

In the above formulae, |n| denotes the £! norm of n, that is, |n| = |ny|+---+ |ng|.
We shall also describe transport behavior of U and ¢ in terms of the moments
of the position operator, defined by

X[5(K) = (n]” + Day (n. k),
n
with the time-averaged counterparts

(IX15)(K) = Z(W’ + Day (n, K)

1=
== 2 IXI5 ).
k=0
Remark 2.1. It is helpful to observe that
(1 X15)(K) = R? Pou(R, K)
forall R, K

We would like to compare the growth of | X |f;(k) to polynomial growth of
the form k#? for a suitable exponent 8. In light of this, the following transport
exponents are natural objects to consider

log(|X |2 (k))
By () =limsup — 10
log(|X[2 (k))
plog(k)

. log({|X5)(K))
Ty 1 v
P ) P ™ 10a(K)

log({|X | )(K))
plog(K)

— () — Tim inf
By (p) im in

By (p) = lim inf
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By Jensen’s inequality, the functions ,B$ and ,3$ are non-decreasing functions
of p. For a detailed proof of this, the interested reader may consult Lemma 2.7
of [6], for example.

Usually, the initial state ¥ will be explicitly given or clear from context, so we
will often suppress the dependence of the dynamical quantities on v, and simply
write a(n, k), Pn(R, k), | X|?(k), etc.

3. Transport and singular continuous spectrum

In this section we prove estimates for the dynamical quantities introduced in the
previous section that hold for general unitary operators. We begin with results that
rely on suitable regularity properties of the spectral measure associated with the
operator U and the initial state . Specifically, we first consider the case where the
measure is uniformly a-Ho6lder continuous for some « > 0 and then study the case
of measures that have a non-trivial ¢-continuous component, that is, measures that
are not singular with respect to «-dimensional Hausdorff measure. In fact, the
latter case can be understood by approximation with measures covered by results
in the former case. As a consequence, we obtain quantitative estimates in terms of
the most continuous component of the spectral measure. One should emphasize
that these estimates are strictly one-sided. That is, based on the analogy to the
self-adjoint case, one may expect that in some cases, transport can be fast even if
the spectral measure is highly singular.

3.1. Uniformly «-Hoélder continuous spectral measures. We shall first be in-
terested in a description of continuity and singularity of measures supported on
dD. To that end, let us first recall the notion of uniform Holder continuity for such
measures.

Definition 3.1. We will say that a measure  on dD is uniformly «-Hdlder con-
tinuous (UxH) if there exists a constant C > 0 such that for every arc / C 9D, we
have (1) < C|I|*, where | - | shall be taken to mean one-dimensional Lebesgue
measure on dD.

We remark that a measure p on dD which is UeH must necessarily be finite,
for p(dD) < C|aD|* < oo.

The following lemma provides the critical estimate for the results that follow.



Dynamics of unitary operators 397

Lemma 3.2. Suppose u is a UaH measure on 0D for 0 < a < 1. There exists a
constant y > 0 such that

/

oD

zKwK -1

dp(w) < yK'™®

zw —1
forall z € 0D and all K € Z. In particular, y depends on neither z nor K.

Proof. By uniformity of u, it is no loss of generality to assume that z = 1, so we

may consider the integral
K
wt —1
w—1
D

The case o« = 0 is trivial: take y = pu(dD) and observe that

‘wK—l

— ‘=|1+w+w2+m+w"‘1|sK

for all w € dD by the triangle inequality, so that the integral in question is bounded
by n(dD) - K.

Next, suppose 0 < o < 1. For each K, there are three parts of the integral that
we will control:

S1 ={z € dD: Re(z) <0},

. b4 b4
S, = ’9; —— <0< _—,
2= {e 2K = —2K}
S3:{ei9:1<9§zor—156<—1}.
2K 2 2 2K
It is easy to see that‘wwK__ll‘ < +/2 on Sy, and hence

wk —1
— | di(w) = V2u(D)
S
Since p is UaH, choose C such that u(/) < C|I|* for arcs /. In particular,
TN\ —
sy () =ax

with C; = Cn®*.
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Since ‘ wwK__ll ‘ < K for all w € S, (indeed for all w € D), we have
=
w—1

S2

Lastly, we consider S3. We can decompose

1
‘ du(w) < Ku(Sz) < CK'™.

VK]
U 4uB)
=1
with
o 1?7 [ +1)?
and
_ (e, U+ I’n
b= - =0 <)
We have ( 2 2
+ 1)*m T\o
A B - — “K™
A w(B) < C (P~ 5¢) =G

with C, = C (32)"

Additionally, for w € A; U By, one has |wX — 1| <2 and

w— 1] > sin(l;—;) %

A%

Thus, if ¢ < 1, we have

=

‘du(w)< Z /‘ ‘du(w)+ Z /‘ — awtw
Ay o

< C3K1—0t

with C3 = 4C, Y ;2 , 1972 (note that the series converges because o < 1). Com-
bining the three estimates for S, S, and S5 gives us the desired bound. |
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Remark 3.3. It is relatively easy to see that the proof of Lemma 3.2 yields an
upper bound of constant times log(K) in the case when « = 1. Moreover, it is
well-known and not hard to verify that this upper bound is optimal when w is
Lebesgue measure on 0D. However, the factor of log(K) would not be optimal in
the following lemma, which is why a separate argument is necessary therein.

Lemma 3.2 gives estimates for Fourier coefficients on the unit circle very sim-
ilar to those in Strichartz’ theorem [23].

Lemma 3.4. Suppose u is a UeH measure on oD for some 0 < a < 1. For each
f € L?2(dD,du), k € Z, define

Ta) = [ = reraue)
oD
Then, there exists C > 0 such that for all f € L?>(0D,du) and K > 0, we have

(TP < CIS 1720 K

Proof. First, suppose o < 1. A straightforward calculation reveals

1K

-1
| Fr()I?

(| 1) (K)

>

N\‘
._.O

>(:|||
i M

/ / hw () F@) du(z) du(w)

== / / L @) Fw) duz) duw).

By using the elementary inequality |ab| < 2|a|> + 1|b|* and Fubini’s Theorem,
we see that this is in turn bounded above by

=

oD aD

‘If(Z)I dpu(z) du(w).

Now, we integrate with respect to w and apply the previous lemma to see that this
is less than or equal to

e / ISP du(2) = vk~ f |1
oD
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The case o« = 1 is essentially elementary. Suppose u is UIH, and let A denote
(normalized) Lebesgue measure on dD. Evidently, u is absolutely continuous
with respect to A. Moreover, by the Lebesgue Differentiation Theorem, g = %
isin L*°(A). Notice that f /g € L*(A) and, evidently, || f /272y = II fl2(0)-

Thus, by Plancherel, we have

N

(1 TR (K) %Z TP

]_

Z 0k
=

h

1

N

1

IIgII
= OO”f\/_”Lz(A)

||g||
= = ||f||L2(/,L)

Notice that ™~ has two different meanings in the above argument. In the first line, it
is as defined in the statement of the lemma, while, in the second line, it denotes
the usual Fourier transform L2(0D, 1) — (%(Z). O

Proposition 3.5. Let H, U, v, and (¢n)nea with A = Zi or A = 7%, If the
spectral measure [y, is UaH for some 0 < a < 1, then there is a uniform constant
Co > 0 such that the following hold for all N, K > 1:

Pin(N,K) < CoN4 K.

As a consequence, for each p > 0, there exists a constant C, > 0 such that the
Jollowing holds for all K :

(IXI2)(K) = C,K'E.

Proof. Let 3y, denote the cyclic subspace spanned by U and v, with the corre-
sponding orthogonal projection Py : H{ — H{y. Next, let

V:3Hy —> L*(D, duy(2))

denote the natural unitary equivalence sending f(U)y to f(2). Putuy, = VPy¢,.
We may observe that -
a(n, k) = ulypy (k)2
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by Fubini’s theorem and the spectral theorem. Hence, we obtain

K—1
Pin(N,K) = % > ) an.k)

k=0 |n|<N

= Y (g P)(K)

[n|<N

_ 2
< Z CK a||u7p||L2(3]D,duw)
[n|<N

< CoK@N4,

The third line follows from Lemma 3.4, and the final line follows from the obser-
vations [ | 2op.deg) = | Pudnll < llgnll = 1 and #n: n] < N} ~ N¥.

This implies that Ko 1 |
- 1
Pin((z—co) K) =<5

ﬁout((%)l/d, K) > %

As a consequence of Remark 2.1, we then obtain the estimate

Equivalently,

K*\p/d 1
XIENK) > (=— - =
X = (3 ) 5
With C, = W, we obtain the desired lower bound. O

We can use the previous proposition to prove a reformulation of Theorem 3.2
of [16] in the present context:

Proposition 3.6. Suppose that |1y is UaH for some 0 < o < 1. There then exists
a constant C = Cy, such that the following holds for any compact operator A, any
p e N, andany K > 0:

1 K—-1
= 2w, AY )] < €}/ Al K.
j=0

The expression || A||, denotes the pth trace norm of A, that is,
|4l = (w(A1P)"7.

We allow the possibility that |A|, = oo, in which case the conclusion of the
theorem is trivial.
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Proof. The proof is essentially identical to that given by Last for the self-adjoint
case in [16]. We provide the details for the case p > 1 for the convenience of the
reader. The result when p = 1 is significantly easier.

As before, let Py, : 7 — J{y, denote the orthogonal projection onto the cyclic
subspace spanned by U and ¥, and V: 3, — L*(dD, duy) the standard uni-
tary equivalence. Given ¢ € I3 with |¢|| = 1, put fo = VPy¢. Evidently,
I /o l22am,du,) = 1. We may observe that

g, v ()| = [{p. Ury)|
= {f5(2)- ) 12D,010,)]
= | fpty (k).

In particular, Lemma 3.4 implies that there exists a constant Cy, (which does not
depend on ¢) such that
{l{. W OIPNK) < Cy K™, 6]

By the singular value decomposition, there exist real numbers s, > 0 and or-
thonormal bases (x,) and (y,) of H such that A can be written as

Ap = Z Sn(Xn, §)yn

Moreover, it is well known that [|A]|, = (3, s% )1/ ? Letg € (1,00) denote the
exponent conjugate to p, so that % + é = 1. We may observe that, for each k, one
has

W ). AP )] = (k). S sn (. ¥ (K)) yn)
=< ZSonn, Y (k) (yn, ¥ (k).

Thus, we obtain

K-1 K—-1
2 0. AU = Y5 Y s v () o Y
k=0 n k=0

Applying Cauchy—Schwarz to the summation over k, we see that the expression
on the right hand side is bounded above by

K-

_Zs,,(Zm,w(k) )X mponr)”

=0

,_.

bl
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Applying Holder’s inequality to the summation over #, this is in turn bounded
above by

L) (S ) (5 o sre) )

n

N

Using Cauchy—Schwarz one last time on the right-hand summation in » and the
definition of the pth trace norm, this expression is less than or equal to

||A||p((Z(%I{Z_l|<xn,w(k)>|2)")(2( Z v G2)"))

n k=0 n k=0

><

Since (x,) and (y,) are orthonormal bases of I, unitarity of U and (1) imply that
the expression above is in turn bounded above by

Al ((Cy K~)4"(Cy K—)071)27 = ||A],C)/PK~7,
where we have used p~! + ¢~ ! = 1. 0

3.2. Spectral measures with a non-trivial «-continuous component. The re-
sults above can be strengthened further. We briefly review the definition of «-
dimensional Hausdorff measure.

Definition 3.7. Fix @ > 0, and let £ < dD. Given § > 0, by a §-cover of E,
we shall mean a (countable) collection of subsets S1, S, ... € dD which satisfies
diam(S,) < foralln and E C U,fozl S,,. The collection of all §-covers of E will
be denoted J5(E). The a-dimensional Hausdorff measure of E is then defined by

W (E) = Z (diam(Sy))* .

0+ (Sn)Ejs(

Note that the infimum of such sums over §-covers is monotone in § so that the
indicated limit indeed exists.
The Hausdorff dimension of a non-empty subset S of dD is given by

dimy(S) = sup{a: h*(S) > 0}
= sup{a: h%(S) = oo}
= inf{a: h*(S) < oo}
— inf{a: h%(S) = 0).
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We shall say that a measure @ on dD is «-continuous («c) if w(£) = 0 for all
sets £ C dD having h%(E) = 0. One can easily check that a Ux¢H measure on
0D must necessarily be a-continuous. The converse need not hold in general, but
we can adapt a theorem of Rogers and Taylor for measures on R to see that an «-
continuous measure on dD is “almost” a U«H measure. The precise formulation
follows.

Lemma 3.8. Suppose u is a finite a-continuous measure on 0D. Then, for each
€ > 0, there exist mutually singular Borel measures |15 and p§ on 0D such that
w = ui + us, pu§ is UaH, and p5(0D) < e.

Proof. Let T: ¢'? > 6 be the usual map from 9D to [0, 27). Evidently, v := Typu
is an o-continuous measure on [0, 2) C R, and hence, we may invoke the result of
Rogers and Taylor for measures on R [19, 20] to produce mutually singular Borel
measures v, v5 on [0, 277) such that v = v{ +v5, V] is UaH, and v5([0, 27)) < €.
Some slight untangling shows that u§ := (T71),v§ and p§ = (T~1),05 are the
desired measures on dDD. O

We shall say that p is «-singular if it is supported on a set having zero «-
dimensional Hausdorff measure. This leads to a natural decomposition of our
Hilbert space, H = Hye ® Hos, where He = {f € F(: py is o). One can check
that these are closed, mutually orthogonal subspaces of . As usual, let us denote
by P. the orthogonal projection onto J,.

Theorem 6.1 of [16] generalizes to the present context.

Proposition 3.9. Suppose that Py # 0 for some o € [0,1]. Choose d as in
Proposition 3.5. Then, for each p > 0, there exists a constant C = Cy, , such that
for every K > 0, one has

(IXI7)(K) > Cyp K27,

Proof. 'The proof of this result is again essentially identical to that of Theorem 6.1
in [16]. We provide the details for completeness.

Put
Vac = Pucy  and Vo5 = Posy = ¥ — Yac.
By Lemma 3.8, we may choose Borel measures 141 and j, on dD such that iy, =
w1 + o, uy is UaH, uy(0D) < %Hwacﬂz, and there is a set S C 0D with
p1(0D\S) = p2(S) = 0.
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Let ¥y = ys(U)V¥ac, Y2 = ¥ — 1. By the spectral theorem, we may observe
that
My (E) = (Y1, xe(U) Y1)
= (Vac, XEns Vac)
= [y (ENS)
= p1(E).
Thus, g, = 1. In particular, py, is UoH.

Define the projection onto a ball of radius N via Pyx = Z|n|51v(<ﬂn, X)@p.
We may choose a constant C which depends solely on d such that #{n: |n| < N}
< CN?. In particular, | Py|; = tr(Py) < CN?. By Proposition 3.6, we may
choose a constant C = Cwl for which

Z (Y1), PNY1(J)) < Cy, I PN (1 K%

Using the fact that Py is a projection, we see that

| K=l

= 2_ W), Pyyn (k)
k=0

< Cy, I PNl K™

K—
Z 1Py ()| =

<CNIK™

with C; = Cy, C.
Thus, we have
K—1

Pin(N, K) = Z | Py ()12
k 0

K—

<— Z (IPxY 1G] + | Pa v ()
k=
K—

< E Z IZRAGIEI NS

IA
~/

K—1
J EAACTR ||w2||)
< (VCINYK= + ||[yn]])?,
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where we have used projectivity of Py and unitarity of U in the third line and

Cauchy—Schwarz in the fourth. Choose > 0 with < @. Hence,

};in((n2||1/’l||4Ka

/d
25" K) < @l 2 + vl ?

1
<1l—= 2,
Slval

where we have used || Y1 ||, [|¥2| < 1 and the upper bound on 7 to obtain the second
line of the estimate. It follows that

2 4 o
5 (N Il K*\1/d L2
P (PR ) e
Making use of Remark 2.1, we see that
2 4 o 2 4 o
» K \pid 5 cenZllYa T K2\
WX E) = (S =) P =) K)
z Cw,pK%7

where we take

Cyp = O

||w1||2(772||w1||4)1’/d
2 C '

Remark 3.10. One should note that Proposition 3.9 is indeed stronger than the
second part of Proposition 3.5, since

Uy UaH = .y is a-continuous = Py = # 0.

Proposition 3.9 immediately yields a lower bound on the transport exponents
BE(p).

Corollary 3.11. Suppose that  is such that Py # 0 for some 0 < o < 1. One
then has

~ o
—(p > &
,31// (p) = d
Proof. 'This is immediate from the definitions. U
A succinct way of restating this last result involves the concept of the (upper)

Hausdorff dimension of a measure. Recall the following definition; see [7] for
background and more information.
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Definition 3.12. Let u be a finite Borel measure on dD. The upper Hausdorff
dimension of u is given by

dimf{' (n) = inf{dimy(S): S C D measurable, w(S) = n(dD)}.

Loosely speaking, the upper Hausdorft dimension of the measure p is the smallest
Hausdorff dimension of a set which supports .

Corollary 3.13. We have

dimy} (1)

By (p) = y

Proof. If dimﬁ (,ug) = 0, there is nothing to prove. Thus, let us assume that
dimf (1Y) > 0 and choose & € (0, dimgj (1Y))). Since & < dimy; (1Y), the defini-
tion of the upper Hausdorftf dimension implies that in the Rogers-Taylor decom-
position of uf/f into an a-continuous piece and an «-singular piece, the former
must be nontrivial (for otherwise we could choose a suitable support of the latter
to derive a contradiction). This implies that the previous corollary is applicable
with the o in question and hence yields Bi (p) > %. Since this estimate holds for
every a € (0, dimﬂ (,ug)), the assertion follows. ]

3.3. Extracting the «-continuous component of a measure on the circle. The
previous subsection has shown that a non-trivial @-continuous component of a
spectral measure leads to a corresponding dynamical lower bound. This moti-
vates the question of finding a useful way to extract and study the «-continuous
component of a finite measure on dD. In this subsection we summarize some
known results that answer this question and provide a bridge to the discussion of
CMYV matrices in Section 4.
Let i be a finite measure on dD. Given « € (0, 1) and z¢ € dD, let

oD: z = g —e,
D (z) = limsup uiz € z = z9e'?, ¢ € (—¢,¢)}

n 26y € [0.o]

and
Se ={z € dD: Djj(z) = oo}.

The following result is due to Rogers and Taylor [19, 20]; see also [22, Theo-
rem 10.8.7] and its discussion therein.

Theorem 3.14. Consider the restrictions

Hac = M|3]D\Sa’ Has = Hg, -
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Then, [Lyc gives zero weight to measurable S C dD with h*(S) = 0 and g5 is
supported by a measurable set S C 0D with h*(S) = 0. In particular,

K = Kac + Has
is the decomposition of | into an «-continuous piece and an a-singular piece.
This shows that the a-derivative Dj; of a measure may be used to extract the a-

continuous component of it. The following connection is also very useful. Recall
that the Carathéodory function F associated with p is given by

i0

e’ +z i
F(z) =/ ———du(e).

e’ —Zz

oD

The following equivalence is established in [22, Lemma 10.8.6].

Proposition 3.15. For zy € 0D, we have

D%(z0) = 00 < listlup(l — )T F(rzo)| = oo.

As we will see in Section 4, the rate of divergence of |F(rzg)| as r 1 1 can be
studied by quite effective means in the case of CMV matrices. In particular, this
provides a direct path toward dynamical lower bounds for such operators.

3.4. A consequence of the Parseval identity. In this subsection we work out a
unitary analog of a lemma that has proved to be useful in the self-adjoint case.
Namely, it is a consequence of the Parseval identity that a modified time aver-
age of the dynamics is related, via Fourier transform, to an energy average of the
resolvent of the operator.

Lemma 3.16. For K > 1 and n arbitrary, we have

2w ) do
S e K g k) = eZ/K/ (g, (U — eV/KFi8) =132 40
0

2
k>0

Proof. The proof is an adaptation of the proof of [15, Lemma 3.2] to the unitary
case at hand. We give the details for the convenience of the reader.
Denote
e_k/K/zkmd,uw(z) k>0,
flk) = 4D
0 k < 0.
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Then,
F@O) =" f(k)

kez

= Ze—"kee—k”‘/zku@(z) diiy (2)

k=0 aD

(WG duy ()
- 1 — e—1/K—i6,
oD

_ ks [ O G)
- el/K+if _
oD

— —el/KHe(gon, (U _ el/K+i6)_1¢/).
The Parseval identity now implies that

Ze—zk/Ka(n,k) = ||f||zZ(Z)

k>0

I 205
= Z”f”LZ(O,ZJT)
do

2n
:eZ/K/ |<§0n7(U_el/K+16)_lw>|22_a
0 T
as claimed. O

Remark 3.17. Lemma 3.16 suggests that instead of Cesaro averages, we consider
the following averages,

(N)K) = = 3K 1))
k>0
The transport exponents associated with these time averages are actually the same
as the ones associated with Cesaro time averages, provided that the function f
satisfies some power-law upper bound; see [6, Lemma 2.19]. Thus, when study-
ing the quantities Bi (p), we can freely use the more convenient underlying time
average.

3.5. Packing dimensions of spectral measures. In [11], the authors prove a
companion result to those in [16], by bounding g+ from below by the packing
dimension of the relevant spectral measure in the self-adjoint case.

Proposition 1 of [11] carries over to the present context. For the reader’s con-
venience, we produce the details presently.
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Lemma 3.18. Let F C A be a subset of the indexing set of the orthonormal basis
(¢n)nea. Given K € Zy and 0 < € < 1, choose N = N(K, €) so that

IN-2 <oN-1
€

Partition 0D into dyadic arcs as follows: for 0 < j < N, put

_ T
Ojn = N-1"
yiN = e,

iy =1{e: 0y <0 <0 11n)

Given € > 0, one has

K—-1
£ 2 X o v <20+ 22 S 1y OV

neF [=0 nEF j=0

Proof. We can see that 0D is the disjoint union of the I'; ; as j runs from 0 to
N _ 1. We may then approximate v (/) = Uy by

2N 1

vk() =Y vinte, OV

j=0
Indeed, one readily observes that, for 0 </ < K, one has

2N 1

v (@) —yx)|? = HU ¥ — Z VinIr,

2N 1
D ERT e

Jj=0 Fj.N

2N 1

> [ Grs) ans

]OF

- (ZIZV?T_I)Z

< €.

IA
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The first line is a definition, the second follows from the spectral theorem, the third
by construction of the I'j x, the fourth from py (0D) = ||[¢| = 1, and the fifth
from our choice of N and 0 </ < K. It follows that

1 K—-1
= 2 2 e v

neF [=0

2 K—1 K—1
=% om V@) = VDI + 2 3 3 lgm v D)
nefF [=0 neF =0
) _
<2+ — Z Z (@, v (D)2
neF =0

We have used the elementary inequality |a|?> < 2|a—b|?+2|b|? in the second line.
The third line is a consequence of previous estimates, nonnegativity of summands,
and K < 2V. By expanding ¥ and performing some algebraic manipulations,
we see that the above is equal to

2N 12N 12N 1

26+—Z S > N e e, ) Ar, V).

neF [=0 j=0 k=0

Summing over / and k, this is equivalent to

2N 128 1

2e + — Z Z Z 2N 5/k QDn’Xr N(U)WH(panrkN(U)w)

nEFJOkO

’ 2N -1
=2+ 22 >, 2w xr, , VI

neF j=0

By using the the relationship between N, K, and ¢, the above is at most

2e+—Z Z [{@n. xr, V)P,

nEFJO

which completes the proof of the lemma. O

Proposition 3.19. Choose d as in Propositions 3.5 and 3.9. Given N € Z
and 0 < o < 1, let Ing = {j: p(Tjn) < 27N} Ang = Ujery., Din, and
bna = W(ANg). If bno > O, then there exists a constant M, 4 depending only
on « and d such that for all K with 191\/,0,21\'_2 < 9K < bN,aZN_l, one has

bN(x

Pout(Ma d(b?\f (xK(x)l/d K) 2
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Proof. Put Yy = ya,,(U)¥. Evidently, we have

I I? = (V. Xan o (UY) = w(ANa) = Do
Let n = & and pute = (nbn,o)*. Givenm € Zy, take Fp = {n: |n| < m}.
We note then that by 42V =2 < 97K < by 2V~ is equivalent to 2V =2 < K—ﬁ <

2N=1 Thus, applying Lemma 3.18 to €, F;, and ¥, we see that

K—1
= 20 3 lon Uy < 2P0 + T 2 Z (e 1, , @)

|nj<m =0 |n|<m j=0

We can control the sum on the right hand side as follows:

> Z {gns xr, @YW = D" D" 6w 1, , (V)

|n|<m j=0 |n|<mje€InN.«

<3 e, @enlPlxr, @)W1

|n|<mj€IN.«

<> > 2™k, @enl?

|nl<mjEIN.«

< Z 2—Na

|n|<m
< Cymé2~Ne,

The first line holds because ¥y = yxa,,(U)¥. The second line follows from
Cauchy—Schwarz, the third by definition of /x4, and the fourth from ||¢,| = 1.
In the fifth line, C; is a constant which only depends on 4.

Now, take

m = (W(nbNQ) 2Na) v

Substituting this value of m into the above inequality yields

C mdz—Na

K—-1
1
= 20 2 Hon U'yw)PP < 272034 +

b
|ln|<m =0 N

= (277bN,tx)2-
Now, let P, be the projection onto a ball of radius m, that is,

Py = Z { on)gn.

|n|<m
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With ), = ¢ — ¥, we have

K—
Pin(m. K) = — Z 1Py (D)

w
>§
,_.O

IIPmUl(WN +yl?

|~

=
K-
l

»—tO

| A

P U YN I? + 20 P U Y 1 PinU Yy | + 1 P U iy 1)
0

(2nbna)? + dnbya + Wi 11>

In the final line, we have used the previous estimate, projectivity of P,,, unitarity
of U, |yl =<1, and Cauchy—Schwarz. Thus, we see that

IA

f)out(m’ K)y=1- Pin(m’ K)
> 11— (2nbne)® — 4nbya — IV |
= bno — (20bNa)® — 40bNo
bN,(x
>
2

The first line is trivial, the second follows from the estimate above, the third from
orthogonality of ¥ and vy, and the final follows from by, < 1 and the choice
of n. In particular, we may deduce that Pyy (R, K) > by /2 whenever R < m.

Recalling the relationships between the variables, we have 2V > ZS”K which
yields

1 1/d B
= (Grg we)*2Y) > Maa(KeBE!,

with s
n>(18m)*\1/d
Myg=—— .
od ( AnCy )

The proposition follows. O

Recall the definition of the «-dimensional packing measure p*; compare [7].

Definition 3.20. Suppose S € dD and § > 0. A §-packing with centers in S is
a countable collection of mutually disjoint closed arcs, {/;};ez, , €each of which
has length bounded by § and center belonging to S. We set

o0
p§(S) = sup { Z |1;1*: {1 }jez, is a 6-packing with centers in S}
j=1
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and
p*(S) = li 2(S) = inf p¥(S).
pe(S) Sgr})pg( ) ;gop,;( )
We also set

p(S) =inf{ 3" 5SS = | Sif.
k=1

k=1

Note that p§(S) decreases as § decreases. This shows that the limit and the
infimum above are indeed equal. Restricted to Borel sets .S, p® is a Borel measure.
It is not hard to show that p*(S) = 0 whenever p® (S) < coand 0 < &’ < .

Definition 3.21. The packing dimension of a non-empty subset S of dD is given
by

dimp(S) = sup{a: p*(S) > 0}

— supla: p*(S) = oo}
= inf{a: p*(S) < oo}
= inf{a: p*(S) = 0}.

Definition 3.22. Let u be a finite Borel measure on dD. The upper packing di-
mension of w is given by

dimy (1) = inf{dimp(S): S C dD measurable, u(S) = p(dD)}.

For the proof of the corollary below, the following characterization of the upper
packing dimension is useful; compare Chapter 10 of [7] and the appendix of [11].

Proposition 3.23. The upper packing dimension of | is also given by

. . log(u([E — ¢, E + ¢€])
dim7 = pesssup | limsu .
P (M) # Ee]Rp ( e—>0 P 10g(8) )

Corollary 3.24. We have

dimy (1)

Bop) = —

Proof. We argue as in [11]. If dimf,r (,ug) = 0, then there is nothing to prove, so
assume given 0 < @ < dim;' (Mf/f). One easily verifies that

1 E—¢ FE
E €limsup Ay, < limsup og(( & E+e)) > .

N—>o00 e—0 10g(8)
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In particular, Proposition 3.23 implies that u(lim supy_, o, An.«) > 0, which, by
Borel-Cantelli, implies that )y, N W(An,o) = oo. Hence, there is a sequence
(Nj)72, of integers such that by, = u(An;.«) > N~ ~2 (for if not, a simple com-
parison would imply that the divergent sum above converges) Lemma 3.19 then

implies that
-2

ﬁ out(Moz,d
Of course, we have chosen an increasing subsequence of sampling times K; <
K, < --- so that Proposition 3.19 is relevant, that is, such that ij N2 <

97K < by, 2%/, We can then make use of Remark 2.1 to see that

N—2
X K MP aKOt p/d_J
(XL (K) = M2, (R K5 =L

p pap/d \,2e—6)5—2
> 2M K77 N; :
We claim that ,B~;//" (p) = a/d. As a consequence of the above inequality, it

suffices to prove that

log(N;)

im ——== =
j—oo log(Kj)
log(N;)

To that end, we begin by noticing that Toe(K ) is uniformly bounded above. To see
this, simply choose j large enough that 2V > 36nN?, 3 and observe that one has

K; > 2N > Nj for such j (by using by, o > N;2). Thus, }ggg; 1 for

sufﬁc1ently large j, from which the boundedness observatlon follows.
Now, let e > 0 be given, and choose j sufficiently large so thatlog(N;) < eN;.

We can take the logarithm of the relationship by 2Ni=2 < 9nK;,use b N >N ]._2

and rearrange to obtain

Na

N; log(2) <1 log(36m) 4 21og(N;)
log(Kj) — log(K;)

Evidently, the expression on the right is uniformly bounded for all j by a positive
constant, say, C > 0. Thus, for j chosen sufficiently large as above, we have
< IOg(Nj) < EN]' < Ce ‘
log(K;) ~ log(K;) ~ log(2)

Ol

Thus, we obtain ,Bw (p) = £. Since this holds for all @ < d1mP (y ), the proposi-
tion follows. U
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4. CMYV matrices

In this section we consider the special case where the unitary operator is given by
a CMV matrix. A CMV matrix is a semi-infinite matrix of the form

Qo ®1Po  P1Po 0 0
po —01g —pP1Qo 0 0
e— 0 axp1 —0pa1 a3p2 pP3p2
0 p2p1  —p2oy —Q302 —p302
0 0 0 O_l4p3 —O_l40l3

where o, € D = {w € C: |w| < 1} and p, = (1 — |@,|?)"/2. € defines a unitary
operator on £%(Z.).

These particular unitary operators play an important role in the theory of or-
thogonal polynomials on the unit circle as well as in the study of quantum walks
in one dimension. Moreover they provide a canonical representation of general
unitary operators in the following sense. Given any unitary operator U in HH{ and
an initial state ¢ € X, the evolution U”"y takes place inside the spectral sub-
space J{y generated by U and . The action of U on J{y, is unitarily equivalent
to multiplication by z in L2?(dD, duf,f). Choosing the so-called CMV basis of
L?(0D,d ug), the matrix representation of the latter operator with respect to this
basis is then given by a CMV matrix.

Sometimes it makes sense to consider extended CMV matrices, acting on
£2(Z). They have the exact same form, but are two-sided infinite and may be put in
one-to-one correspondence with two-sided infinite sequences {¢, },ez C D. They
are typically denoted by €. Hence, such an extended CMV matrix, corresponding
to a sequence {o, }nez C D, takes the form

—5{_30[_4 —p-30—4 0 0 0 0

A—3p-3 —0_20-3 Q—10-2 pP-1p-2 0 0

e |- P2p3 —po0s —0_10—2 —p—10—2 0 0
0 0 Qop—1 —Qo0—1  ®1P0  P1P0
0 0 PopP-1 —po0i—1 —d10g —pP1lp
0 0 0 0 O_lzpl —O_lell

For example, when the ;,’s are obtained by sampling along the orbit of an invert-
ible ergodic transformation, the general theory of such operators naturally consid-
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ers the two-sided situation. Special cases of this scenario that are of great interest
include the periodic case, the almost periodic case, and the random case.

4.1. Spectral regularity via subordinacy theory. Here we describe conditions
on a CMV matrix that imply that some of the dynamical results presented in the
previous section are applicable. That is, we state criteria for local and global reg-
ularity of spectral measures that are effective in the sense that for any given CMV
matrix, there is clear path toward establishing these sufficient conditions since
they are phrased in terms of solution estimates, which can be obtained in a variety
of ways from the coefficients of the given matrix.

We begin with the half-line case. Suppose a CMV matrix € with Verblunsky
coefficients {o, },>0 C D is given. The associated probability measure p on the
unit circle is given by the spectral measure associated with the unitary operator C
on £2(Z. ) and the unit vector §y € £2(Z.). Recall that the Carathéodory function
F associated with p is given by

el? 4+ 2 -

F(z):/ —— du(e').
e’ =z

oD

The transfer matrices associated with these Verblunsky coefficients are defined
as follows. For z € 9D, @ € D, and p = (1 — |«|?)!/2, write

T(z,a)= p_l(_(zxz _107).

Tn(Z) = T(Z’ an—l) tee T(Z’ aO)'

We also set To(z) = 1.
The orthonormal polynomials of the first and second kind are defined by

on(2)\ 1
(<p;(z)) = T”(Z)(l)
U@\ !
(i) =),

respectively; compare [21, Proposition 3.2.1].
For a sequence ag, a1, as, . .. of complex numbers and L € (0, o0), let

Then, forn > 1, let

and

L]
lal =" lanl* + (L = [LDlajzy 1.

n=0
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That is, || - ||z is a local % norm for integer values of L, and | - |7 is linearly
interpolated in between.

The following result is [22, Theorem 10.8.2]:

Theorem 4.1 (OPUC version of the Jitomirskaya-last inequality). Suppose z € 9D
andr € [0, 1). Define L(r) to be the unique solution of

A=rle@lem¥ @l = V2.
Then, for some universal constant A € (1, c0), we have

1V (L
le@ Loy

-1 ¥ (2) ||L(r)

<|F(rz)| =4
le@) L)

Recall that by Proposition 3.15, the divergence rate of | F'(rz)| is connected to
the a-derivative of w at z. Combining this with Theorem 4.1 one arrives at the
following equivalence, which is [22, Theorem 10.8.5].

Corollary 4.2. Given a € (0, 1), let B = 5% Then, for zo € D, we have

£ le(zo)llL _

D%(z9) = o0 < limin
w
Lo ||W(Zo)||g

This result has the following immediate consequence:

Corollary 4.3. Suppose that for zog € 0D, we have

le(zo)lle = L™, ¥ (zo)llL < L"?
fJor L > 1, where 0 < y; < y» < oo. Then, with

_ 2n
i+

we have
Dji(z0) < oo.

In particular, the restriction of | to the set
P(yr.y2) ={z € dD: o)l 2 L™, |y ()l < L7}

(with implicit constants that may depend on z) is a-continuous for this choice of «.
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Proof. We have
leGo)3 L1
¥ (z0)lI7 Ly
This shows that

= Loty +2n — 0 _ |

2—a
iming lECOIE
Looo [|¥(20)ll7
which in turn implies
liminf llo(zo)llL -0
Lo [y (zo)l7
The result therefore follows from Corollary 4.2. O

Let us now turn to the whole-line case and consider extended CMV matrices &,
determined by a two-sided infinite sequence of coeflicients {¢, },cz C D. There
is a close analog of Corollary 4.3. Namely, suitable power-law estimates imply
continuity properties of spectral measures. In fact, it suffices to have such power-
law estimates on one half-line, say the right half-line for definiteness. However,
these estimates need to hold “uniformly in the boundary condition.” That is, one
has to consider all vector-valued sequences of the form

En\ _ &
() -mes)

€0l = [So| = 1. 3)
The following result was shown in [17]. It is an adaptation of a result shown by
Damanik, Killip, and Lenz in the Schrodinger context [4].

where

Proposition 4.4. Suppose that for z € 0D, there are constants 0 < y1(z) <
Y2(z) < 00 and 0 < C1(z), C2(z) < o0 so that

Ci(2) LMD < ||g||lL < C2(2)LP), L >1

for every solution of (2) that is normalized in the sense of (3). Then, for every
2y1(z)

Y1(2)+y2(2)

In particular, if S C 0D is a Borel set such that there are constants 0 < y; <

Y2 < oo and, for each z € S, there are constants 0 < C1(z), C2(z) < oo so that

Ci@L" = [§lL = G(2) L7, L =1

spectral measure | of €, we have Dj(z) < oo, where o =

for every z € S and every solution of (2) that is normalized in the sense of (3),

then the restriction of every spectral measure of € to S is purely ylzfyz -
2y1

that is, it gives zero weight to sets of zero h¥17v2 measure.

continuous,
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4.2. Quantum walks on the line. Let us recall the standard quantum walk for-
malism. The Hilbert space is given by 3 = £2(Z) ® C2. A basis is given by the
elementary tensors |[n) ® | 1), |n) ® | |), n € Z. A time-homogeneous quantum
walk scenario is given as soon as coins

Cll C12
n n
C, = (621 22) cUQ), nelZ @)

C

n n

are specified. As one passes from time ¢ to time ¢ + 1, the update rule of the
quantum walk is as follows,

m) @ 1) =yl ln+1) @ [1) + 7' ln — 1) ® 1), ®)
m) ® 1) = eI+ 1) ® [1) + %l — 1) ® 1), (6)

Extend this by linearity to general elements of J{. This defines a unitary operator
U on J.

Order the basis of H as follows:

=D)L =1 @) [0) @), [0)@[1), D@1, [ &[)..... (7)

In this ordered basis, the matrix representation of U : H{ — I is given by

0 ¢2 0 0 0 0
20 0 ¢ o0 o0
U= ¢ 0 gl c2 0 (1)1 @)
0 0 ¢ 0 0 ¢ ...
0 0 ¢ 0 0 ¢
0 0 0 0 ¢t o

as can be checked readily using the update rule (5)-(6); compare [2, Section 4].!

1 Note that we follow the conventions of [2] here. One could argue that the correct matrix to
consider is the transpose of U in (8). To conform with [2] and subsequent papers, we will consider
the matrix U as given above in what follows. In the Fibonacci example we discuss below, this
does not make a difference since the matrix entries will be real and hence the transpose of U
is the inverse of U. Since our argument is based on spectral continuity of U, and the spectral
continuity properties of U and U~ are the same, the final result does not depend on the choice
one makes at this juncture.
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Recall that an extended CMV matrix corresponding to Verblunsky coefficients

{0ty }nez has the form

—O_l_30l_4 —p—30—4g 0 0 0 0
Q—3p-3 —0_20-3 Q—10-2  pP-1p-2 0 0
e — P—2p—3 —p—20—3 —0_10—2 —pP—_10—3 0 0
0 0 Qop—1 —0o0—1  d100  P1P0
0 0 P0P—1 —pod—1 —A10yg —pP1Uo
0 0 0 0 5{2)01 —5{20{1

In particular, if all Verblunsky coefficients with odd index vanish, the matrix be-
comes (recall that p, = (1 — |a,[?)1/?)

0 —a4 O 0 0 0
5[_2 0 0 P-2 0 0
e — pP—2 0 _0 —0_p 0 0 (9)
0 0 (o)) 0 0 Po
0 0 Po 0 0 —o
0 0 0 0 a 0

The matrix in (9) strongly resembles the matrix representation of U in (8).
Note, however, that all p,’s need to be real and non-negative for genuine CMV
matrices, and this property is not guaranteed when matching (8) and (9). But this
can be easily resolved, as shown in [2]. Concretely, given U as in (8), write

ke —

ik
W= lepletn,

nez, kefl2), ok elo,2n)
and define {4, },ez by
Ro=1, Aot = 1, dansa = € "D Aop, Aansr = €% Ay
With the unitary matrix A = diag(...,A—;, Ag, A1, ...), we then have
& = AYUA,
where € is the extended CMV matrix corresponding to the Verblunsky coefficients

)L2n -21
n b

neZ. (10)

Aapr1 =0, oz = 7
2n—1
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In order for one to prove lower bounds for the spreading rates of a quantum
walk on the line, the strategy is now clear. One needs to establish solution esti-
mates for a given model that feed into Proposition 4.4. Once Proposition 4.4 is
shown to be applicable, its output provides the input for an application of Proposi-
tion 3.9 and its corollaries. In the next subsection we present a non-trivial example
where this strategy may be implemented and yields lower bounds for the spread-
ing rates of the quantum walk discussed there, which are explicit in terms of the
parameters of the model.

4.3. The Fibonacci quantum walk. We discuss the special case of the Fibonacci
quantum walk, which is an example that requires the full extent of the machinery
developed in this paper in conjunction with the subordinacy result from [17] de-
scribed in Subsection 4.1. In this example the sequence of coins takes only two
different values, and the order in which these two unitary 2 x 2 matrices occur is
determined by an element of the Fibonacci subshift.

Let us recall how the latter is generated. Consider two symbols, a and b. The
Fibonacci substitution S sends a to ab and b to a. This substitution rule can be
extended by concatenation to finite and one-sided infinite words over the alphabet
{a, b}. There is a unique one-sided infinite word that is invariant under S, denote
it by u. It is, in an obvious sense, the limit as n — oo of the words s, = S"(a).
That is, so = a, s1 = ab, s» = aba, etc., so that u = abaababaabaab . ... The
Fibonacci subshift €2 is given by

Q = {w € {a,b}?: every finite subword of w occurs in u}.

Take 0,4, 0, € (=7, %) and consider the rotations

c - cosf, —sinb, Cr — cosf, —sindy
= \sinf, cosf, )7 2 \sin#, cosh, )

Given w € Q, the associated sequence of coins {Cy, » }nez is given by Cp, 5 = Cy,, -
The associated unitary operator will be denoted by U,,. Inspecting (10) one sees
that U, already has the form of an extended CMV matrix and we will therefore
denote it by &, to emphasize this fact.

Let us relabel the basis elements, ordered as in (7), and write them as (¢, )nez.
We consider a non-zero finitely supported initial state v € ¢2(Z) and study the
spreading in space of €y as [n| — oo with respect to this basis.

Implementing the strategy outlined at the end of the previous subsection, [5]
establishes solution estimates in the form needed in Proposition 4.4. Thus, Propo-
sition 3.9 and Corollaries 3.11 and 3.13 may be applied, and one obtains the fol-
lowing result:
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Theorem 4.5. Define

I(z) = Re (z)*(sec® 6, + sec? 6p)
+ (Re (z?) sec 6, sec 0, — tan 6, tan 6)°
—2(Re (2)? sec? 6, sec? B, (Re (z%) — sin 6, sin Bp))
—1;

C(z) = max{2 + /8 + I(z), (secHy) ™', (secBp) !},

1
log (1 + W)

16log ¢

r1(2) =

where ¢ is the golden mean;

v2(z) = 4log, K(z),
where K is a z-dependent constant;?
_ 2y1(z2)
y1(2) +2y2(2) + 1

Then, for all ¥, , p as above, we have

B(2)

BE.,(p) = max {B(2): z € supp pe, .y}
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)]

2)

3)

“)

®)

where g,  denotes the spectral measure associated with the unitary operator

€, and the state .

This theorem was stated and proved in [5]. The proof given there used Propo-
sition 4.4, proved in [17], and Proposition 3.9 and Corollaries 3.11 and 3.13, proved
in this paper. Thus, these three papers work together in establishing Theorem 4.5.
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