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Distribution of full cylinders and the Diophantine properties
of the orbits in $-expansions

Yann Bugeaud and Bao-Wei Wang

Abstract. Let B > 1beareal number. Let Tz denote the B-transformation on [0, 1]. A cylinder
of order n is a set of real numbers in [0, 1] having the same first n digits in their 8-expansion.
A cylinder is called full if it has maximal length, i.e., if its length is equal to $~"*. In this paper,
we show that full cylinders are well distributed in [0, 1] in a suitable sense. As an application
to the metrical theory of S-expansions, we determine the Hausdorff dimension of the set

{x €[0,1]: |[Tgx — zn| < e~ 57/ for infinitely many n € N},

where {z,},>1 is a sequence of real numbers in [0, 1], the function f: [0,1] — RT is
continuous, and S, f(x) denotes the ergodic sum f(x) + --- + f(Tg_lx).
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1. Introduction

Let 8 > 1 be a real number. Let
Tg:[0,1] — [0, 1]
be the B-transformation defined by

Tp(x) = fx — | .

where |-| denotes the integer part of a real number. It is well known [16] that every
real number x € [0, 1] can be uniquely expanded into a finite or an infinite series

_awp) o e hF Ty i en(x. B) "

- B B pr

n=1

where, forn > 1,

en(x. B) = BT} "]
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is called the nth digit of x. Sometimes we identify x with its digit sequence

S(X, :8) = (81(X, :B)’ .. -’sn(x’ :8)’ s )

and call also the digit sequence &(x, 8) the B-expansion of x. We call the system
([0, 1], Tg) the B-dynamical system.

It is well-known that the 8-dynamical system is, in general, not a subshift of finite
type with mixing properties. This causes difficulties in studying metrical questions
related to S-expansions.

For an admissible sequence (g1, .. ., €,), i.e. a prefix of the digit sequence of some
x € [0, 1), we define the cylinder I, (g1, ..., &,) of order n by

In(e1,....e0) ={x€[0,1): &;(x,B) =¢;, for j =1,...,n}.

We write I,,(x) for the cylinder of order n containing x and |I,,(x)| for the length of
I, (x). It follows from the definition of the 8-expansion that the length of a cylinder
always satisfies

Lu(e1, .. en)| < B 2

We stress that there is no nontrivial universal lower bound for the length of a cylinder,
which can be much smaller than "
From the ergodic theorem, it is well known [13] that for almost all x,

—logg [1n(x)]
m ——— =

n—oo n

17

where logg denotes the logarithm with respect to the base 8. This means that, in
some sense, almost all cylinders are of almost maximal length.

Cylinders with maximal length have very good properties; see for example Lem-
ma 3.2 below. Thus, we would like to know whether there exist cylinders with
maximal length, which cylinders have maximal length and how they are distributed
in the unit interval [0, 1].

Definition 1.1 (Full cylinder). A cylinder [, (&1, ..., &,) iscalled full if it has maximal
length, i.e., if
[In(e1,....en)| = B7".

The properties of full cylinders were firstly investigated in [6]. In the present
paper, we give a full characterization of full cylinders and investigate the distribution
of full cylinders in the unit interval.

Theorem 1.2. For n > 1, among every (n + 1) consecutive cylinders of order n,
there exists at least one full cylinder.

Theorem 1.2 enables us to prove a modified mass distribution principle to study
the Hausdorff dimension of sets defined in terms of S-expansions. The reader is
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referred to Falconer’s book [5] for the definition of Hausdorff dimension and the
“Mass distribution principle,” which is a classical tool to obtain a lower bound for
the Hausdorff dimension of a set.

Proposition 1.3 (Modified mass distribution principle). Let E be a Borel measurable
set in [0, 1] and w be a Borel measure with t(E) > 0. Assume that there exist a
positive constant ¢ > 0 and an integer ng such that, for any n > ng the measure of
any cylinder I, of order n satisfies u(I,) < c|I,|°. Then, dimy E > s.

In the classical form of the mass distribution principle [5], Proposition 4.2, one
needs to estimate the measure of an arbitrary ball, while the above proposition tells us
that, for B-expansions, it is sufficient to consider only the measure of cylinders. This
will simplify the argument in determining the Hausdorff dimension of sets defined in
terms of B-expansions.

To give an application of Proposition 1.3 to the metrical theory of -expansions,
we determine the Hausdorff dimension of the shrinking target set

S(f):={x €0, 1]: [Tgx —z4| < e~/ for infinitely many n € N},

where {z,},>1 is a sequence of real numbers in [0, 1], the function f: [0,1] — R*
is continuous, and S, f(x) denotes the ergodic sum f(x) + .-+ + f (Tﬁ’;_lx). For
the background and more results on shrinking target problems, the reader is referred
to[11, [2], [3], [4], [8]1,[9], [10], [11], [12], [20], [21], [24], and [25] and the references
quoted therein.

The special case when z, = z is a constant function and f(x) = b for all
x € [0, 1] was investigated in [14] and [19]. The following result is much more
general.

Theorem 1.4. Let {z,},>1 be a sequence of real numbers in [0, 1] and let the map
f:10,1] = R* be a continuous function. The Hausdorff dimension of the set S( f)
is the unique solution s to the pressure equation

P(Tg,—s(f +logp)) =0,

where P(Tg, ¢) denotes the pressure function related to the potential ¢.

We display a particular instance of Theorem 1.4. Throughout this paper, dimy
denotes the Hausdorff dimension.

Corollary 1.5. Let {z, },>1 be a sequence of real numbers in [0, 1] and b be a positive
real number. Then,

dimp{x € [0, 1]: |Tgx — z,| < B~ for infinitely many n € N} = e
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Actually, very similar ideas allow us to extend a result of [19] as follows.

Theorem 1.6. Let  be a positive function defined on the set of positive integers. Let
{Zn}n>1 be a sequence of real numbers in (0, 1]. Then,

1
dimp{x € [0,1]: [Tgx — za| < Y (n) for infinitely many n € N} = T
where : o)
—lo n
b = liminf — 22"
n—-+o00 n

We omit the proof of Theorem 1.6.

Remark 1.7. We stress that the Hausdorff dimensions determined in the above the-
orem and corollary do not depend on the choice of the sequence {z,},>;. This is
not always the case for general systems; see Reeve [17] for an example of a confor-
mal iterated function system showing that sometimes the dimension depends on the
centers of the targets.

For more dimensional results related to S-expansions, the reader is referred to the
papers of C.-E. Pfister and W. G. Sullivan [15], J. Schmeling [18], D. Thompson [22],
and D. Farm, T. Persson, and J. Schmeling [7] and the references therein.

The paper is organized as follows. The next section is devoted to recalling some
elementary properties of S-expansions. The distribution of full cylinders is studied
in Section 3. Since no further new ideas are needed to prove Theorem 1.4, only an
outline of the proof is presented in the last section.

Throughout, we use the symbol {f to denote the cardinality of a finite set.

2. Preliminaries

In this section we give a brief account on B-expansions.

From the definition of Tj, it is clear that, for n > 1, the nth digit &,(x, B) of
x belongs to the alphabet A = {0,...,[B — 1]}, where [y] denotes the smallest
integer greater than or equal to y. We stress that not all sequences ¢ € AN are the
B-expansion of some x € [0, 1]. This leads to the notion of S-admissible sequence.

Definition 2.1. A finite or aninfinite sequence (&1, ..., &y, ... )iscalled S-admissible,
if thereexistsan x € [0, 1) such that the 8-expansion of x begins witheq, ..., &,,... .

Denote by Zg the set of all B-admissible sequences of length n and by Xz the
set of all infinite f-admissible sequences

Yg=1¢c€ AN: ¢ is the B-expansion of some x € [0, 1)}.
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When there is no possible confusion, we simply write admissible instead of S-admis-
sible.

In order to characterize the admissible sequences, let us first define the infinite
expansion of 1. Let § > 1 be given. If the B-expansion of 1 terminates, i.e. if there
exists m > 1 such that &, (1, 8) > 1 but g, (1, 8) = 0 for n > m, then B is called a
simple Parry number. Whence, we put

(ET(ﬂ)"g;(ﬂ)’E;(ﬁ)’ e ) = (81(1’ :B)’ .. "gm—l(l’ ,B)’sm(l’ :B) - l)oo’

where (¢)*° denotes the periodic sequence (¢, ¢, ¢,...). If B is not a simple Parry
number, we use (e7(B). e5(B).3(B),...) to denote the B-expansion of 1. In both
cases, we say that the sequence

£5(B) := (e1(B). £3(B). £3(B). ...)
is the infinite S-expansion of 1 (or of unity).
The lexicographical order < on 4N is defined as follows: we write
(61,82, rEnyenn) < (€], 85, oEhyl)

if there exists k > 1 such that ¢; = 8} for1 < j < k, while g < 8;(. This order
can be extended to finite blocks by identifying a finite block (e1,...,&,) with the
sequence (€1, ...,8,,0,0,...).

The admissible sequences and the topological entropy are characterized in the
following two theorems.

Theorem 2.2 (Parry [13]). (1) Let 8 > 1 be given. A sequence (&1, é&2,...) of
non-negative integers is f-admissible if and only if, for any k > 1,

(ek k1. ) < (e7(B), 63(B). - ..),
where (¢7(B), €5(B). ...) is the infinite B-expansion of unity.
()If 1 < By < Ba.then Tg, C Tp,.
Theorem 2.3 (Rényi [16]). Forany B > 1, we have

n
log]iEB

n

B <4z < BB, fim = log 8.

In particular, the topological entropy of the dynamical system ([0, 1], Tg) is equal to
log B.
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We end this section by a definition of the pressure function. In the f-dynamical
system, following [26], the pressure function P associated to a continuous potential
g can be defined by the formula

1
P(Tﬁ’ g) = lim —log sup esng(y), (3)
n—oon E o .
(€1,emmren)e Tty Y SInEL 8

where S, g(y) denotes the ergodic sum Z;’;(l, g(Té y).

This definition of the pressure function looks different from the one given in
P. Walters’ book [27]; however, both of them fulfill the same variational principle,
namely

P(Tp.g) = supthy + [ gdu: e (T}

where /1, is the measure-theoretic entropy of © and M;(7Tg) denotes the collection
of Tg-invariant Borel probability measures. Thus, the two definitions coincide.

3. Distribution of full cylinders

In this section, we consider the distribution of cylinders with maximal lengths. We
start with an auxiliary lemma.

Lemma 3.1. Assume that the infinite B-expansion of 1 is purely periodic with minimal
period £, denoted by

e (B) = (e1(B), ..., e (B
Then

(€1 (B 5 (B)) < (5(B). ... 5, (B)). fori=1,....L—1 (4

Proof. Leti beaninteger with 1 <i < £. Itimmediately follows from the minimality
of £ that

(e741(B). .- 671, (B) # (e1(B).....e((B)). ©)
Furthermore, the admissibility of £*(8) implies

(741 (B)s- - 6740 (B) X (e7(B). ... 67 (B)). (6)
Combining (5) and (6), we get

(e 1(B). - &7 (B) < (e1(B). . ... 7 (B)). )

We are led to compare the tails of the words in (7). The left one ends with

(e741(B). ... &7 ((B)), while therightone ends with (ej_; , , (B), ..., e;(B)). Using
the periodicity and admissibility of £*(f8) again, we get

(g1 (B). - iy (B) = (e1(B). ... &7 (B)) = (ef_i 11 (B). ... €[ (B)).
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In other words, the smaller word in (7) has larger tails, thus we conclude
(e741(B). ... &0 (B) < (e1(B). - ... e7_;(B)).
as asserted. O

Fan and Wang [6] gave several criteria and properties of full cylinders.

Lemma 3.2 (cf. [6]). (1). The cylinder I,,(w, ..., wy) is full if and only if for

anym > 1 and (uy,...,uy) € X7, the sequence (W1, ..., Wy, UL, ..., Up) is still
admissible.
(2). Let (w1, ..., wy—1, w,) be an admissible sequence with w,, # 0. Then, for

any integer w, with 0 < w, < w),, the cylinder
In(wl, e ey wn—l, wn)
is full.
(3). If In(w1, ..., wy) is full, then for any m > 1 and any (uy, ..., umy) € X%,

[Lym(Wy, ..o, Wy, Uy, . U)| = [T (W, ooy wn)| - [ L (U, .. Uy

=B Ln(uy,....um)|.

Thus, the concatenation

Livm(Wi, .o, Wy UL, e, Upy)

of two full cylinders I,(w1, ..., wy) and Iy (U1, ..., Uy) is still full.

Proof. Ttems (1) and (3) are immediate. For the sake of completeness, we establish
item (2). In view of item (1), it is sufficient to check that for any (w41, ..., Wy4m) €
E’g with m > 1, the word

(wl,---,wn,wn—’rl,---,wn+m)

is admissible. This follows from a direct application of the criterion of admissibility
of a sequence (Theorem 2.2). When k < n, since w, < w,, and (wy, ..., Wp—1, W,,)
is admissible, we have

(WhA1s -+ Wiy Wng1s o W) < (W14 -2 wy) < (e7(B), ... en_1(B)).
When k > n, by the admissibility of (w41, ..., Wy4+m), it is clear that
(Wit 15+ s Wntm) = (7B s ey i (B))- O

We give below a new necessary and sufficient condition ensuring that a cylinder
is full.
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Proposition 3.3. Let (wy,...,w,) be in E’ﬁ’,.

(1) If €*(B), the infinite B-expansion of 1, is not purely periodic, then the cylinder
Iy (wy, ..., wy) is full if and only if fork =0,...,n—1,

(Wkg1s-.-rWy) < (ET(,B), e ’8;_]((,3));

(i) if €*(B), the infinite B-expansion of 1, is purely periodic, then the cylinder
I, (wy, ..., wy) is full if and only if

(Wit1s - wn) < (E7(B)s- .. en_p(B)., fork=0,....n—1, (8)

or (wy, ..., wy) ends with a period of €*(B).

Proof. (i) We prove the sufficient part first. With almost the same argument as in the
proof of item (2) of Lemma 3.2, we check that, foranym > land (u1,...,uy) € E’g,
the sequence

(w15"‘7wn5u17"'5um)
is B-admissible. Then, the sufficient part follows by applying item (1) of Lemma 3.2.

The necessary part is proved by contraposition. Assume that for some integer k =
0,....n—1,

(W15 -+ wa) = (E7(B), -, 64 (B))- ®)
For any m > n — k, consider the admissible sequence (¢](B),....&,,(B)). Since
the interval 1, (w1, ..., wy) is full, by item (1) of Lemma 3.2, we get an admissible

sequence
(W1, ..., wn, &7(B), ..., e5,(B)).

By the criterion of admissibility of a sequence, we have

(W15 Wns €7(B)s - 65, (B)) 2 (e7(B), s emy i (B))
By (9), it then follows that

1B e (B e1(B). ... e (B) 2 (61 (B). ... Eppni(B).  (10)

Cutting the common prefix (¢7(B),...,¢e,_,(B)) of the two sequences in (10), we
get

(ET(B)s - em(B) = (g1 (B). - - i (B)). an

By applying the criterion of admissibility again, we get an equality in (11), thus (10)
is also an equality. Consequently, (¢J(B),...,&,,(B)) is periodic of period n — k.
Since m is arbitrary, we deduce that ¢* () is periodic. This is a contradiction.
(ii). Let
e*(B) = (e7(B).....e7(B)™

be purely periodic with £ being the minimal period.
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For the sufficient part, it is clear that I, (w1, . .., wy) is full if (8) holds. Thus, we
show that I, (w1, ..., w,) is also full if the admissible sequence (w1, ..., w,) ends
with (¢](B), .. .. 82(,3)).

Let# > 1 be the largest integer such that (wy, ..., w,) can be written as

(Wi ... wk, (7(B). ... ef (B)).

First we claim that

(Wi, ..., wg) < (€7(B),....eL(B)). (12)
If this is not the case, then, by the admissibility of (w1, ..., wy), we have
(Wi, ....wg) = (67(B).....€5(B)). (13)
We show that (13) contradicts the admissibility of (wq,...,w,). Indeed, by the
maximality of ¢, the admissible word (wy, ..., w,) can be written as
(T(B). e ef (BN F(B). ... eF (B), (T (B).....e5(B))
for some integers 1; > 0 and 1 < i < £. Consider the subword w of (wy,..., wy,)

defined by
W= (e1(B).....&7 (B).e1(B). ... &0_;(B)).
Lemma 3.1 implies that

E1(B), .. &7 (B).e1(B),-..ep;(B)) > (e1(B). ... &7 (B))-

This means that w is not admissible. From the criterion of admissibility, it is clear that

any subword of an admissible word is admissible. Applying this factto (wq, ..., wy),
the non-admissibility of W contradicts the admissibility of (wy, ..., w,). Thus, (12)
holds. In the same way, we can show that

(wi+l7 ) wk) < (ST(ﬁ)’ B slt_i(ﬂ))’ fori = 0’ s ’k - L (14)

For any admissible word v, it can be checked directly using (14) and the criterion of
admissibility that
(Wi, .. we, (£7(B) ... €7 (B))", )
is admissible. This implies that the cylinder 7, (w1, ..., w,) is full.
Now, we show the necessary part. Assume that (8) does not hold. Let then k < n
be the largest integer such that

(We1.- - wa) = (€7(B). ... &5_x (B)).

To reach the desired conclusion, it is sufficient to show that n —k = £. Since ¢*() is
periodic with period £, by the maximality of k, it follows thatn —k < £. If n—k # £,
consider the word

w' = (wk+l’ e, wn,sf(,B), P sz(ﬁ))’

which is admissible since 1, (w1, ..., wy,) is full. Combined with (13), this leads to
a contradiction with the admissibility of w’. Thus we getn —k = £. O
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Proposition 3.3 gives us an easily checkable criterion for full cylinders, which
will be used frequently later.

Corollary 3.4. Let (wq, ..., wy)bein EZ. If I, (wy, ..., wy)isnotfull, then there ex-
ists anintegerk = 0, ...,n—1such that I (w1, ..., wg) is full and (Wi 41, ..., Wy)
is a prefix of the infinite B-expansion of 1.

We are now in position to prove Theorem 1.2 indicating that the full cylinders are
well distributed, in a suitable sense.

Proof of Theorem 1.2. Let w® , w® . w™ be n + 1 consecutive words in E’Z} in

the lexicographic order. Then I,,(w(®), ..., I,(w™) are n + 1 consecutive cylinders
of order n in [0, 1].

STEP 1. Assume that I, (w) is not full. Then, by Corollary 3.4, there exists an
integer 0 < ko < n such that

Iko(wgn), el w,(c';)) is full
and
w, = 5. w = (B).

STEP 2. Assume that I, (w®~1) is as well not full. Firstly we claim that w®~" and

w ™ have a common prefix up to at least the ko-th digit. Since (w gn)’ RO 7)) ,(C'(’)) 1(8)
is admissible and £7(8) # 0, we know that (wfn), . w,(cn), 0) is another admissible
sequence smaller than (wfn), . w](cn), €1(B)). Thus,

Wi w0 =w" < @ w1 (B). e3(B). .65, (B)).

This shows that w®~1) also begins with (wgn), . wko))

Since w1 < 15)(”) and they have a common prefix at least up to the ko-th
position, there exists k; > k¢ such that

(n 1) n) (n 1) (n)
=w;’,.. k—1 _w1€1—1’
but
(n 1) (n)
k1 k1

By item (2) of Lemma 3.2, we know that the cylinder

-1 1
I @0 wl )
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is full. Then, by item (3) of Lemma 3.2, the cylinder

(n—1) -1
nkl( k+1 "’wr(zn ))
is not full, since otherwise I, (w(”_l), . wd V) would be full. Applying Corol-
(n 1)

lary 3.4 to the cylinder 7, _ i (w; (n 1)) and using then item (3) of Lem-

ki+1°
ma 3.2, we deduce that there exists k1 > k1 such that

Ly iV w D) s full (15a)
and
i) wdD) = (B, Eng, (B)). (15b)

To sum up, if neiher 7, (w(”)) nor I,_1 (w(”_l)) is full, then there exists k1 > ko
such that (15) is satisfied.

STEP 3. We repeat the argument in STEP 2 to show that, if I, (w®~?)) is not full, then
there exists ko > ki such that

I (w(" 2 (” ) s full
and
(W 2 wl) = B, (B)).

We then continue this procedure. If there exists some k; (0 < i < n) such that
k; = n, this procedure ends since I,,(w®) is full. Otherwise, assuming that every
L, (w®) (0 <i < n) is not full, we would have a sequence of integers

kn >kp1>-+>ky1>kog>0 (16)
such that
Ik (w(o) . (O)) is full (17a)
and
(wl(c(,),)+l”wr(10)) = (ST""’SZ—kn)' (17b)

Since k, < n, we must have k, = n by (16). Thus the first part in (17) implies that
I, (w®) is full which leads to a contradiction.

Therefore, there must be at least one full cylinder among I,(w?), for i =
0,1,...,n. O
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4. Dimensional theory for -expansions

In this section, we prove Proposition 1.3. We begin with two propositions concerning
the relationship between balls and cylinders.

Proposition 4.1 (covering properties). Let 8 > 1. Forany y € [0, 1] and any positive
integer £, the ball B(y, B~t) can be covered by at most 4(£ + 1) cylinders of order {.

Proof. By Theorem 1.2, among any 4(£ + 1) consecutive cylinders of order ¢, there
are at least 4 full cylinders. So the total length of these intervals is larger than 487¢.
Thus B(y, B~%) can be covered by at most 4(£ + 1) cylinders of order £. O

Proposition 4.2 (packing properties). Let§ > 0. Let ng > 3 be an integer such that
(Bno)'t8 < proS. Then, for any real number r with 0 < r < nof~"° and for any
xo € [0, 1], there exists a cylinder I, satisfying the following three conditions.

(1) The cylinder 1, is a full cylinder.
(2) The cylinder 1, is contained in the ball B(xq,r).

(3) The length of I, is comparable with r, in the sense that r'+% < |I,,| < r.

Proposition 4.2 was shown for the first time in [19], by means of a constructive
method. Here, we apply Theorem 1.2 to give a simpler proof.

Proof. Letn > ng be the integer defined by
np™" <r < @m-—1)p "t

Since the length of every cylinder of order # is at most equal to 87", the ball B(x, r)
contains at least 2n — 2 > n + 1 consecutive cylinders of order n. Thus, by Theo-
rem 1.2, it contains a full cylinder of order n. Denote by 7, such a full cylinder. By
the choice of n and nq, we have

pi1ts ((n — 1),3_”+1)1+8 < BT = |I,|.
This completes the proof of the proposition. O

We apply Proposition 4.1 to prove Proposition 1.3.

Proof of Proposition 1.3. Let n > 0. Let no be the smallest integer such that §"7 >
8n. For any interval U with length |U| < 7”0, let n > ny be the integer defined
by B! < |U| < B7". It follows from Proposition 4.1 that U can be covered by
at most 8n cylinders of order n. Denoting by I' the collection of these cylinders of
order n, we get

pU) < Y plln) < Y ellul® < c-8np™ < cBlUP.

I,el I,el’
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Since n can be chosen arbitrarily small, we conclude by the classical form of the mass
distribution principle [5], Proposition 4.2. O

5. Proof of Theorem 1.4

As usual, the proof of Theorem 1.4 is divided into two parts: upper bound and lower
bound. In the following, unless otherwise specified, when we need to take a point y
inacylinder I, (g1, ..., &,), we always take for y the left endpoint of I, (1, ..., &n),
ie.
81 8’1
y - — _|_ cee _|_ —_
B p"

Instead of &( f), we consider the following set
_ o0 o0
&nN= U U T e,
N=1 n=N (e1....en)€X’}
where
J(e1, ... en) = {x € In(er, ..., en), | Tgx — 2n] < e SnS Oy,

with y being the left endpoint of I,,(e1, ..., &p).
It follows from the continuity of f that, for any § > 0 and n large enough,

[Sp f(x)— S, f(y)| <nd, withx,y € I,,(e1,...,&n).

Thus we have

S(f+8) CS(f)cS(f—96).

Therefore, it is sufficient to determine the dimension of 6_5( ).
Let s(B) be the solution to the pressure equation

P(Ty. —s(f +log B)) = 0.

5.1. Upper bound. The upper bound can be obtained by considering the obvious
covering system of &( f') given by

{J(e1,....en): (81,...,8) € E%,n >N}, forN >1.
The length of J(eq, ..., &,) satisfies
[J(e1, v en)| < 287750,

since, for every x in J(e1, ..., &,), we have

e (§ s 222)

n —
:‘Tﬂx | pneSuf o),

n
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Thus, for s € (0, 1], we get

HAS() liminf > Y e el

n=N (gq,..., sn)ezg

o
< lim inf Z Z (2B eSSy,

N=oo N (61.sen) €T
By the definitions of the pressure function and of s(f), we have, for any s > s(8),
I (S(f)) < oo.
This implies that the Hausdorff dimension of S( f) satisfies

dimp &(f) < s(B).

5.2. Lower bound. We apply the modified mass distribution principle (Proposi-
tion 1.3) to give a lower bound for dimy &( f). We first construct a large Cantor set
Foo inside &( f) and then we define a suitable probability measure . supported on
[~ and estimate the Holder exponent of 1 on cylinders.

5.2.1. Construction of a Cantor subset of S(f). At first, we give concisely a
family of full cylinders. Recall that the sequence ¢*(8) = (e7(B).&5(B)....) is the
infinite B-expansion of unity. When the sequence (e (B), €5(B). .. .) is periodic, let
Bn = B for N > 1. Otherwise, for every N with e},(8) > 1, define By to be the
unique positive solution to the equation

ey &y ex
1), SB) B
Pv By Py
In the latter case, it is easy to see that Sy increases to f as N — oo, and thus
E%N C E’é for n > 1. Moreover, the infinite B -expansion of unity is given by

(1(B).--..en_1(B).en(B) — D™.

The following fact, which will be used several times, is a consequence of Proposi-
tion 3.3 on the criterion of full cylinders. It should be reminded that all the cylinders
appearing below are cylinders in B-expansion, but not in 8 -expansion.

1 =

(18)

Corollary 5.1. (1) When £*(B) = (7(B).&5(B).....eN(B))* is a periodic se-

quence with period length N, for any B-admissible sequence (1, . .., &,) withn > 1,
the cylinder I,y n (€1, ..., e, ON) is full.
(2) When £*(B) is not periodic, for any 8 n -admissible sequence (g1, . . ., €,) with

n > 1, the cylinder I, n(¢1, ..., en, ON) is full.
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Proof. We claim that for every fx-admissible sequence (g1, ..., &),

(€1, n, ON) < (£7(B). 3 (B). -, enpn (B)).

Then, by applying the above claim repeatedly and by the first item of Proposition 3.3,
we get the desired result.

To check the claim, we distinguish two cases, according as whether *(8) is
periodic or not.

(i) Assume that *(B) = (e7(B).&5(B). . ... ey (B))> is a periodic sequence with
period length N. Firstly, the admissibility of (1, ..., &,, 0") implies that

(€100 er € 0V) < (£7(B), 5(B), - enpy (B)). (19)

Secondly, the periodicity of ¢*(f) implies that any subword of length N in £*(f)
cannot be 0. Thus the inequality < in (19) is strict.

(ii) Assume that £*() is not periodic. Recall that (g1, ..., &,) is By -admissible
and that the infinite iy -expansionof 1. Whenn > N, by the criterion of admissibility,
we have

(1.....6N) = (eT(B)r. ... en_1(B).en(B) — 1) < (¢1(B).....en(B)).
When n < N, with the same argument as in (i), we have
(610 80, ON) < (€1(B). &3(B). ... .65, N (B)).

This proves the claim. O

Now, we are in the position to construct a Cantor subset Foo of &(f). Fix § > 0
and choose a very rapidly increasing subsequence {my }x>; of positive integers with
m; large enough.

Generation 1 of the Cantor set. Letn; = m;. For every (s(l) e Ep 1)) € E
ending with 0N, consider the set

{x e I,,l(s(l) .. (1)) |T 'x —zp,| <e_S”1f(y1)}, (20)

where y; € I,,l(s(l) .. snl))
Applying Proposmon 4.2 to the ball B(z,,.e
I¢, (wy) such that

~Sm /D) we get a full cylinder
Ie,(w1) © Bz, 5170 and |1y, (wy)] = (e75m/OD) 1,
Then, we get a subset of (20), namely the cylinder

1
In1+1£1(8() ...,sgﬂ),wl).
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We point out that the cylinder Iy, ¢, given above is a full cylinder, since both the

cilinder I, (8(1) L En 1)) (by Corollary 5.1) and the cilinder Iy, (wy) are full.
Now the first generatlon of the Cantor set is defined as

F, = {I,,1+41(8(11), cee, ,(,11), wi): (8(11), cee, 5,11)) € 2”1 ending with OV }.
From the construction of [y, it is clear that for any x € I,,, 14, (u1) € Fy,
Tg'x € I, (wy) C B(zp,. e Sm/OD), 1)

It should be noted that £; and w; depend on (8(1) ce s En 1)) This dependence
will not play a role in the following argument, thus will not be indicated explicitly.

We abbreviate by u; the word (8(1) .. 85,11), wi).

Generation 2 of the Cantor set. Choose a large integer m, such that

5
T3 -malog B > (ny1 +sup{ly: I+, (u1) € B S, (22)
where || /| = sup{[f(x)]: x € [0, 1]}.
Fix an element I, 4¢,(41) € [y and set no = ny + £; + m,. For every
852), .. 8,(,2 ex ﬁz, ending with 0V, consider the set
{x € Inz(ul,egz), o %) |T"2x — zp,| < eSS 02y (23)
with y, € Inz(ul,egz), .. s,(,f;

Applying Proposition 4.2 to the ball B(z,,. eSS 02)) e get a full cylinder
Iy, (w2) such that
Tty (w2) C B(zny, €527 02)) and |1y, (wa)| = (€757 02) 147,

Then, we get a subset of (23), namely the cylinder

I,,2+g2(u1,8(1 ), el s,(,f; wy).

As above, we note that /,,, ¢, is a full cylinder.
A subfamily of the second generation of the Cantor set is defined as

I]:Z(Inl-i—él (ul))

= {I,,2+w2(u1,s(12), cee, % wy): (8(2) ,(,f;) € 2”’2 ending with 0V }.
Then, abbreviating (u1, 8(12), .. e% w2) by U, the second generation of the Cantor

set is defined as
Fo = {40, (u2) € Fo(lyy 40, (1)) Iy g, (u1) € B}
From the construction of [, it is clear that for any x € I,,,4¢,(u2) € >,

T3?x € Ig,(w2) C B(zp,, e Sn2 S (12)), (24)
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The Cantor set. Continuing the process, we obtain a nested sequence {Fg}x>1
composed of full cylinders, called basic cylinders. And then the desired Cantor set is

ﬂ U Tyt (k).

=1 Ip; 40 (up)ely
By (21) and (24), it is clear that
Foo C &(f). (25)

To apply the modified mass distribution principle, we will construct a probability
measure u supported on [, and then estimate the Holder exponent of the measure p
on cylinders. Since the construction and the estimation are quite analogous to those
in [23], we do not give all the details.

5.2.2. Supporting measure. Now we construct a probability measure p supported
on [, which is defined by distributing masses among the cylinders with non-empty
intersection with Fuo.

Recall that s(B) is the solution to the equation

P(Tg,—s(logp + f)) =0.

Fix an integer N. For k > 1, we define a sequence of real numbers connected to the
Hausdorff dimension of F: let sg be the solution to the equation

Z (B~™k e~ Smi f(y,/c))s =1,

(&1 ,...,amk)EZZ:’\j : ending with OV

where y; € I, (£1....,&m,). By the continuity of the pressure function P(Tg, f)
with respect to 3, see [23], Theorem 4.1, it can be shown that

li 1 =
Nlm 1m sk = s(B).

At first, we define the measure p on the basic cylinders.

(1) Define the measure w on the basic cylinders in ;. For every basic interval

In1+é1(8(1) . 8;}3, wl) = In1+é1(u1) € I]:l, take

1
M(Inl+e](ul)) e (ﬁT]e Sm]f(yl)) ;

where y] € Iml(s(l) e ,(,2)
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(2) Define the measure p inductively on the basic cylinders in F;. For every

k k
Ink+4k(uk_1,s(1 ), .. sgnz,wk) = Iy 44, (ug) € [y, define

— 7\ Sk
1Tyt i) = gy (g 1))(,3mk S S01))

k
I s, fo)\Y
e

(26)

where y’ elmj(s(j) . sﬁ,{j)) forj =1,...,k.

We emphasize that there are differences between the definitions of y’ in (26) and
y in (23).

To ensure that p is indeed a measure, the measure of every cylinder which is not
a basic cylinder is defined to be the total measure of basic cylinders contained in it.

5.2.3. The lengths of cylinders. In this subsection, we estimate the lengths of the
cylinders {I,(x): n > 1} for all x € F. As in the previous subsection, let

X = (uk_l,é‘g ),..., gl(lz’wk"")

be the B-expansion of x.
(I)Whenn = ny +{g,since I, 40, (Ur—1), Imk(e(k) ...,ef,]fz)andlgk(wk)
are all full cylinders, we have
k
[ 1n )] = gty k=) - g (687 80D - ey ()]

= |Ink—1+€k—1 (uk—1)| ',B_mk : (e_Snkf(yk))l_l_S,

where yi € I, (uk_l,e(lk), .. ef,]flz) Thus, by induction, we get
k
In () = [](B™™ - (7517 0)1+8), @7)
j=1
Vi € nj(uj—l,gl . )fOI‘j—l k.

Now, we compare S, f(yk) and Smy f (V1) by (22), we have

1Sni f k) = Smge SO = 1Sns_ i 4y S )]
(k=1 + =) flloo

IA

IA

8
——my log B.
1+8mk ogp
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Combining this with (27), we get

k
|In(X)| > H(:B_mj 'e—Smjf(J/}))l-i-S’ (28)

=1

wherey elmj(e(]) .. (]))fOI‘J =1,....k.
(2) Whenny <n < ny + £,
k ’
1w ()] = [t (0] = [ (B - &7 5mi TOD)148, (29)
j=1

(3) When ny_q + x—1 < n < ny, write
k k
In(x) = Iy(ug—y. 6\, ... &),

Since I, | 44, _, (Ug—1) is full and (s(k) .,EEk)) € EéN, we have

k k
()] = gty (a0 - 1o e8]

(30)
2 'B_nk—l_ék—l 'B—K—N — ﬁ—n—N'
5.2.4. Holder exponent of the measure p. Once the u-measure of a cylinder and
the length of a cylinder are given, it only remains for us to check that u(/,(x)) <
| I, (x)|® holds for some suitably chosen s. Here, we omit the argument and the reader
is referred to [23] for a detailed calculation.

Lemma 5.2. For any s < s(B), there exist an integer ny, a measure [L supported on
Foo and a constant Cy = Cy(s) such that for all x € [0, 1] and n > ny,

(I (x)) < Co - [In(x)]*.

We then conclude using the modified mass distribution principle (Proposition 1.3)
that B
dimy S(f) > s.

This ends the proof of the theorem.

Acknowledgements. The authors are very grateful to the referee for numerous re-
marks. Work on this paper started as the authors participated at the International
Conference on Fractals and Related Topics, held in Hong-Kong in December 2012.
They wish to express all their gratitude to the organizers of this workshop. The second
named author is supported partially by Program for New Century Excellent Talents
in University of China (NCET-13-0236).



240

(1]

Y. Bugeaud and B. Wang
References

L. Barreira and B. Saussol, Hausdorff dimension of measures via Poincaré recurrence.
Comm. Math. Phy. 219 (2001), 443-463. MR 1833809 Zbl 1007.37012

[2] Y. Bugeaud, A note on inhomogeneous Diophantine approximation. Glasg. Math. J. 45

(2003), 105-110. MR 1972699 Zbl 1039.11048

[3] Y. Bugeaud, S. Harrap, S. Kristensen, and S. Velani, On shrinking targets for Z"* actions

(4]

(5]

(6]

(7]

(8]

(9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

on tori. Mathematika 56 (2010), 193-202. MR 2678024 Zbl 1227.11095

N. Chernov and D. Kleinbock, Dynamical Borel-Cantelli lemmas for Gibbs measures.
Israel J. Math. 122 (2001), 1-27. MR 1826488 Zbl 0997.37002

Fractal geometry. Mathematical foundations and applications. John Wiley & Sons,
Chichester, 1990. MR 1102677 Zbl 0689.28003

A. H. Fan and B.-W. Wang, On the lengths of basic intervals in beta expansion. Nonlin-
earity 25 (2012), 1329-1343. MR 2914142 Zbl 1256.11044

D. Firm, T. Persson, and J. Schmeling, Dimension of countable intersections of some
sets arising in expansions in non-integer bases. Fundamenta Math. 209 (2010), 157-176.
MR 2660561 Zbl 1211.37047

S. Galatolo and D. H. Kim, The dynamical Borel-Cantelli lemma and the waiting time
problems. Indag. Math. (N.S.) 18 (2007), 421-434. MR 2373690 Zbl 1134.37002

R. Hill and S. Velani, The ergodic theory of shrinking targets. Invent. Math. 119 (1995),
175-198. MR 1309976 Zbl 0834.28009

R. Hill and S. Velani, Metric diophantine approximation in Julia sets of expanding ra-
tional maps. Inst. Hautes Etudes Sci. Publ. Math. 85 (1997), 193-216. MR 1471868
Zbl 0885.11051

D. H. Kim, The shrinking target property of irrational rotations. Nonlinearity 20 (2007),
1637-1643. MR 2335077 Zbl 1116.37029

F. Maucourant, Dynamical Borel-Cantelli lemma for hyperbolic spaces. Israel J. Math.
152 (2006), 143-155. MR 2214457 Zbl 1129.53057

W. Parry, On the S-expansions of real numbers. Acta Math. Acad. Sci. Hungar. 11 (1960),
401-416. MR 0142719 Zbl 0099.28103

T. Persson and J. Schmeling, Dyadic Diophantine approximation and Katok’s horseshoe
approximation. Acta Arith. 132 (2008), 205-230. MR 2403650 Zbl 1169.11033

C.-E. Pfisterand W. G. Sullivan, Large deviations estimates for dynamical systems without
the specification property. Applications to the 8-shifts. Nonlinearity 18 (2005), 237-261.
MR 2109476 Zbl 1069.60029

A. Rényi, Representations for real numbers and their ergodic properties. Acta Math. Acad.
Sci. Hungar. 8 (1957), 477-493. MR 0097374 Zbl 0079.08901

H. Reeve, Shrinking targets for countable Markov maps. Preprint 2011. arXiv:1107.4736
[math.DS]

J. Schmeling, Symbolic dynamics for B-shifts and self-normal numbers. Ergod. Th. Dy-
nam. Sys. 17 (1997), 675-694. MR 1452189 Zbl 0908.58017


http://www.ams.org/mathscinet-getitem?mr=1833809
http://zbmath.org/?q=an:1007.37012
http://www.ams.org/mathscinet-getitem?mr=1972699
http://zbmath.org/?q=an:1039.11048
http://www.ams.org/mathscinet-getitem?mr=2678024
http://zbmath.org/?q=an:1227.11095
http://www.ams.org/mathscinet-getitem?mr=1826488
http://zbmath.org/?q=an:0997.37002
http://www.ams.org/mathscinet-getitem?mr=1102677
http://zbmath.org/?q=an:0689.28003
http://www.ams.org/mathscinet-getitem?mr=2914142
http://zbmath.org/?q=an:1256.11044
http://www.ams.org/mathscinet-getitem?mr=2660561
http://zbmath.org/?q=an:1211.37047
http://www.ams.org/mathscinet-getitem?mr=2373690
http://zbmath.org/?q=an:1134.37002
http://www.ams.org/mathscinet-getitem?mr=1309976
http://zbmath.org/?q=an:0834.28009
http://www.ams.org/mathscinet-getitem?mr=1471868
http://zbmath.org/?q=an:0885.11051
http://www.ams.org/mathscinet-getitem?mr=2335077
http://zbmath.org/?q=an:1116.37029
http://www.ams.org/mathscinet-getitem?mr=2214457
http://zbmath.org/?q=an:1129.53057
http://www.ams.org/mathscinet-getitem?mr=0142719
http://zbmath.org/?q=an:0099.28103
http://www.ams.org/mathscinet-getitem?mr=2403650
http://zbmath.org/?q=an:1169.11033
http://www.ams.org/mathscinet-getitem?mr=2109476
http://zbmath.org/?q=an:1069.60029
http://www.ams.org/mathscinet-getitem?mr=0097374
http://zbmath.org/?q=an:0079.08901
http://arxiv.org/abs/1107.4736
http://www.ams.org/mathscinet-getitem?mr=1452189
http://zbmath.org/?q=an:0908.58017

Diophantine properties in -expansions 241

[19] L. Shen and B.-W. Wang, Shrinking target problems for beta-dynamical system. Sci.
China Math. 56 (2013), 91-104. MR 3016585 Zbl 1284.28003

[20] B. Stratmann and M. Urbanski, Jarnik and Julia: a Diophantine analysis for parabolic
rational maps. Math. Scand. 91 (2002), 27-54. MR 1917680 Zbl 1019.37028

[21] S. Troubetzkoy and J. Schmeling, Inhomogeneous Diophantine approximation and an-
gular recurrence for polygonal billiards. Mat. Sb. 194 (2003), 129—-144. English transl.,
Sb. Math. 194 (2003), 295-309. MR 1992153 Zbl 1043.37028

[22] D. Thompson, Irregular sets, the B-transformation and the almost specification property.
Trans. Amer. Math. Soc. 364 (2012), 5395-5414. MR 2931333 Zbl 06191473

[23] B. Tan and B.-W. Wang, Quantitative recurrence properties for beta-dynamical system.
Adv. Math. 228 (2011), 2071-2097. MR 2836114 Zbl 1284.11113

[24] J. Tseng, On circle rotations and the shrinking target properties. Discrete Contin. Dyn.
Syst. 20 (2008), 1111-1122. MR 2379490 Zbl 1151.37004

[25] M. Urbarski, Diophantine analysis of conformal iterated function systems. Monatsh.
Math. 137 (2002), 325-340. MR 1947918 Zbl 1009.37033

[26] P. Walters, Equilibrium states for p-transformations and related transformations.
Math. Z. 159 (1978), 65-88. MR 0466492 Zbl 0357.28014 Zbl 0364.28016

[27] P.Walters, An introduction to ergodic theory. Graduate Texts in Mathematics 79. Springer
Verlag, Berlin etc., 1982. MR 0648108 Zbl 0958.28011

Received July 25, 2013

Yann Bugeaud, Département de Mathématiques, Université de Strasbourg,
7, rue René Descartes, F-67084 Strasbourg cedex, France

E-mail: bugeaud @ math.unistra.fr

Bao-Wei Wang, School of Mathematics and Statistics,
Huazhong University of Science and Technology, 430074 Wuhan, China

E-mail: bwei_wang @hust.edu.cn


http://www.ams.org/mathscinet-getitem?mr=3016585
http://zbmath.org/?q=an:1284.28003
http://www.ams.org/mathscinet-getitem?mr=1917680
http://zbmath.org/?q=an:1019.37028
http://www.ams.org/mathscinet-getitem?mr=1992153
http://zbmath.org/?q=an:1043.37028
http://www.ams.org/mathscinet-getitem?mr=2931333
http://zbmath.org/?q=an:06191473
http://www.ams.org/mathscinet-getitem?mr=2836114
http://zbmath.org/?q=an:1284.11113
http://www.ams.org/mathscinet-getitem?mr=2379490
http://zbmath.org/?q=an:1151.37004
http://www.ams.org/mathscinet-getitem?mr=1947918
http://zbmath.org/?q=an:1009.37033
http://www.ams.org/mathscinet-getitem?mr=0466492
http://zbmath.org/?q=an:0357.28014
http://zbmath.org/?q=an:0364.28016
http://www.ams.org/mathscinet-getitem?mr=0648108
http://zbmath.org/?q=an:0958.28011
mailto:bugeaud@math.unistra.fr
mailto:bwei_wang@hust.edu.cn

	Introduction
	Preliminaries
	Distribution of full cylinders
	Dimensional theory for -expansions
	Proof of Theorem 1.4
	References

