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Boundary value problems on a half Sierpinski gasket
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Abstract. We study boundary value problems for the Laplacian on a domain €2 consisting
of the left half of the Sierpinski Gasket (SG), whose boundary is essentially a countable set
of points X. For harmonic functions we give an explicit Poisson integral formula to recover
the function from its boundary values, and characterize those that correspond to functions of
finite energy. We give an explicit Dirichlet to Neumann map and show that it is invertible. We
give an explicit description of the Dirichlet to Neumann spectra of the Laplacian with an exact
count of the dimensions of eigenspaces. We compute the exact trace spaces on X of the L2 and
L°° domains of the Laplacian on SG. In terms of the these trace spaces, we characterize the
functions in the L2 and L°° domains of the Laplacian on §2 that extend to the corresponding
domains on SG, and give an explicit linear extension operator in terms of piecewise biharmonic
functions.
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1. Introduction

The Laplacian on the Sierpinski Gasket was first constructed as a generator of a
stochastic process, analogous to Brownian motion, by Kusuoka [6] and Goldstein [3].
An analytic method of constructing the Laplacian on the Sierpinski Gasket as a renor-
malized limit of graph Laplacians was later developed by Kigami [4]. With a well
defined Laplacian, it is possible to study differential equations on the Sierpinski Gas-
ket, although strictly speaking, these are not differential equations.

Harmonic functions on the Sierpinski Gasket have been studied in detail and the
Dirichlet problem on the entire gasket reduces to solving systems of linear equations
and multiplying matrices. However, there has been little research into boundary value
problems on bounded subsets of fractals, except for [8], [9] and [13], that consider
domains generated by horizontal cuts of the gasket. Hence we believe it is appropriate
to begin our exploration by studying the Dirichlet problem on a boundary generated
by a vertical cut along one of the symmetry lines of the gasket. This is the simplest
example of a boundary given as a level set of a harmonic function. We hope our
results give insight into more general techniques for solving the Dirichlet problem
and other boundary value problems on more general domains.

Most of our results are applications of Kigami’s harmonic calculus on fractals
to our half gasket. His theory includes many mathematical objects specific to the
world of fractal analysis, such as renormalized graph energies, normal derivatives
and renormalized graph Laplacians. We will present some notation as we proceed,
but for precise definitions and known facts (in particular the results that we call
Proposition), see textbooks [5] and [11].

The Sierpinski Gasket, denoted SG, is the unique nonempty compact set satisfying

2
SG = | J F;sG
j=0

where F; are contractive mappings given by

X +gq;

F.
X )

and g; are the vertices of an equilateral triangle. Following convention, the boundary
of SG is defined to be

Vo ={q0. 91, q2}.

Hence boundary in our language differs from the standard topological definition of
boundary. Using the mappings F;, we can iteratively generate a set of vertices V,,
where m depends on the number of times we apply F;. From V},, we can find a graph
approximation [',. See Figure 1.1 for an illustration. Notice how the boundary points
{g;} are oriented and we keep this orientation for the entire paper.
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Figure 1.1. Left to right: I'g, 'y, I'2, I'3 of SG.

We work on the domain €2, which can be defined in terms of the level sets of a
harmonic function. Let /s be the skew symmetric harmonic function with boundary
values

(hs(q0). hs(q1). hs(g2)) = (0, 1, —1).

Then
Q ={x € SG\ Vy: hs(x) > 0}
and
Q2 = qgoUgq1 U X
where
X ={xeSG\ Vy: hs(x) = 0}.
We write

Q=QUiN.

Figure 1.2 provides an illustration of Q, which is precisely the left half of SG
including the points on the symmetry line. In the figure, we labeled the points

Xm=Fy'Fq1 and y, = F'q1.

Note that X = {x,,},-_,, so each x,, is important for obvious reasons. Each y,, is
important topologically because the removal of any y,, turns €2 into a disconnected
set.

We also labeled the open sets

Y = F"VF(SG\ Vo).
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Note that
aY ={xm7)’m—l,ym}

and we write 3
Yin = Y, UdY,,.

Y., is classified as a cell because a cell is defined to be the image of SG under any
compositions of contractive mappings F;. Thus Q= Uy Y,n, which is an almost
disjoint union.

Although €2 is not globally self-similar because €2 cannot be written as a union
of smaller copies of itself, it is locally self-similar because each Y, is a fractal. The
retention of this local property is extremely important for our analysis because any
result regarding SG also holds for Y,,, with a proper normalization factor.

q0
Y4
R
y2 L8N x5
Y,
V1 X2
q1 X1

Figure 1.2. A decomposition of Q.

In the later sections, we will be interested in restriction and extension operators.
Hence, we need to label points on the other half of the gasket. Let z,, and Z,, the
reflections of y,, and Y,, respectively across the symmetry line containing X. Then
SG = U,,(Ym U Z,,) is an almost disjoint union and this decomposition will be
useful in the later sections.

We begin by studying the Dirichlet problem on €2:

Au=0 on €2,
u(q1) =ap onaL2, (1.1)
u(xm) =a, onods2,

where A denotes the (Kigami) Laplacian with respect to the standard measure,

u: & — R is the unknown, and {a,,};._, is the boundary data. Notice that we
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do not prescribe boundary data at g even though go € dS2. This is by preference
and is inconsequential because for almost the entire paper, we will assume {a,,}
converges. We will refer to (1.1) as “the BVP.”

In Section 2, we construct a solution to the BVP using the harmonic extension
algorithm, which we explain in that section. The space of C(£2) solutions to the BVP
is one-dimensional, but in general, the solutions blow up at go. We show that if the
boundary data converges, then we can find a C(2) solution that is unique in this
function space.

In Section 3, we study the graph energy of the C () solution to the BVP. Although
its energy is complicated, the culminating theorem presents an equivalence between
finite energy and the normalized summability of the the boundary data. In fact,
finiteness depends only on how quickly the data converges and not on the limiting
value.

In Section 4, we show that given stronger assumptions on the boundary data, we
can obtain the existence of normal derivatives on d€2. In particular, we are interested
in the behavior of the normal derivatives on X. The normal derivatives of the C ()
solution on X can be found in terms of the boundary data. This relationship allows
us to define a Dirichlet to Neumann map and we show that this map is invertible.

In Section 5, we discuss both Dirichlet and Neumann eigenfunctions on £2. For
more information on eigenvalues and eigenfunctions on fractals; see [2] and [10].
There are no new eigenfunctions on €2, but for a fixed eigenvalue, its multiplicity
on €2 is different from its multiplicity on SG. For each eigenfunction, we count the
dimension of its eigenspace.

Section 6 and Section 7 are closely related to each other. We define a restriction
operator that maps a function to its restriction to and normal derivatives on X. We
characterize the function spaces dom;2 A(SG) and dompe A(SG) in terms of the
restriction operator. Using this result, we provide necessary and sufficient conditions
for extending functions in dom;2 A(£2) and domyce A(£2) to biharmonic functions
indom;2 A(SG) and domzco A(SG) respectively.

Section 8 acts as an appendix and in this section, we prove numerous lemmas about
Green’s functions and special types of sequences and series. Since these results are
used in multiple sections and are purely technical lemmas, we have decided to place
them in its own section. While the sequence and series lemmas may not be new, we
have not found them in previously published work.

It is important to mention that the results presented in this paper hold for any
smaller copy of €2, Fy, (€2) for any word w, with different normalization constants.

Acknowledgments. The authors are grateful to the referee for suggesting the state-
ment and proof of Theorem 4.4.
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2. Solution to the boundary value problem

We begin this section by discussing the graph energy. The energy plays a central role
in fractal analysis on SG because other objects such as harmonic functions, normal
derivatives and the Laplacian, are defined in terms of the energy. Given a fixed value
of m and a real valued function u on SG, the (renormalized) graph energy of level m
is

et =Y (3) ) —u)

X~my

where x ~;, y means x and y are in the same cell of level m. The graph energy of
uis &(u) = limy, o0 &m (1), allowing the value +o0.

Given boundary conditions, we define a harmonic function to be the unique func-
tion that minimizes the graph energy subject these constraints. Additionally, our
suggestive use of the word “harmonic” is justified: harmonic functions as minimiz-
ers of energy are equivalent to functions that satisfy the differential equation Au = 0.
The Laplacian A is defined in Section 4.

The simplest tool for constructing harmonic functions subject to boundary con-
ditions is the harmonic extension algorithm. For a function u defined on V},, we can
define its harmonic extension to V;,4; as follows. Let {v;} be the three boundary
points of a cell with {u#(v;)} given. Then the harmonic extension of u to the three
new points is shown in Figure 2.1. It is not difficult to see that given u on V,,, this is
the unique extension that minimizes the graph energy at level m + 1.

We can apply the harmonic extension algorithm infinitely many times and the
resulting function on Vi = [ J,, Vs» will be harmonic. It is not difficult to see that
functions generated by the harmonic extension algorithm must be continuous. Fur-
thermore, V, is dense in SG and so for continuous functions, it suffices to define them
on a dense subset. Thus, we say a harmonic function is determined by its boundary
values.

We can use the harmonic extension algorithm to construct a solution to the BVP.
Any harmonic function on Y, is determined by its values on dY,. Since Q= Unm Yo,
any harmonic function on € is determined by its value at the points {x,, } and {y,,}.
In the following lemma, we see that there are additional constraints we must take into
account.

Lemma 2.1. Fix m > 2. Let u be a continuous piecewise harmonic function with
boundary data given by (1.1). Then

Au(ym) =0

if and only if

16 3 3
u(ym) = ?u(J’m—l) - gu(Ym—z) —dm — Zm-1. 2.1
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u(vo)

2u(vo)+2u5(v1)+u(v2) 2u(vo)+u(;)1)+2u(vz)

u(v u(v
1) u(Wo)+2u(v1)+2u(vy) (v2)
5

Figure 2.1. Harmonic Extension Algorithm.

Proof. Consider the level m approximation of Y;,,—; U Y,,. The value of u at the
midpoint of y,,—; and y,,—» and the midpoint of y,,—; and x,,—; are determined by
the harmonic extension algorithm, shown in Figure 2.2.

u(ym)
uU(ym—1) am
2u(Ym—1 )+2u5(ym72)+am7| 2u(Ym—1 )+u(gmfz)+2am7|
u(ym—2) Am—1

Figure 2.2. Harmonic extension.

If Au(ym—1) = 0, then u satisfies the mean value property at y,,—;. Thus,
uU(ym—1) is the average of its four neighboring points in V;, and simplifying that
equation yields (2.1). Conversely, if (2.1) holds, then it is straightforward to check
that Au(ym—1) = 0. O
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Theorem 2.2. For every choice of convergent boundary data {a,}, there is a one
dimensional space of C(R2) solutions to the BVP. Given a parameter A, the solution
to the BVP u, is the harmonic extension of uy (Xm) = am, u(y1) = A and

1
up(ym) =3"Fn(A) + S_me(A)’ (2.2)
where
Fn(A) = (5)L—a0—a1—18z a)
k= 2
and

1 m
Gm(R) = ﬁ( — 54+ 1500 + 151 + 4 5¥ax).
k=2

Proof. By Lemma 2.1, u; must satisfy the recurrence (2.1). The recurrence is linear,
so we can formulate the equation in terms of matrices. Define

0 0 0 1
A= 3 | and B = 3 16
5 5 5

Then the recurrence can be written as

up(Ym) m | @0 < ag
=B B A .
|:u/l(ym+l)i| |:/\ i| * kX:; |:ak+1}

Solving the system, we find that

m—1
wiom) = 3"(7) (51— ao - > o)
+ 51'1 (114)( 5A + 15a¢ + Z Skck)

k=1

where ¢y = 5ar41 + 3ar. We want our formula in terms of aj rather than cg, so
substituting

m—1
> 5k —425kak + 15a; — 5™3a,,
k=1 k=2

and
m— 11 1
Z—k = 8Z3kak+al 3—3am

k=2
into the previous equatlon for uy (ym) yields (2.2). Extending these values by the

harmonic extension algorithm uniquely yields a harmonic function u) continuous
on £2. O
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Since u, is a linear combination of a 3 term and a 1/5™ term, u; may blow up
at go. Naturally, we ask whether we can find a A such that 1 is continuous on 2.

Lemma 2.3. Suppose u) € C(R2) satisfies the BVP for convergent {am}. Then
u) € C(RQ) if and only if

im uy(ym) = lim uy(xy,). (2.3)
m-—00 m—0o0
Proof. Suppose u; € C(Q) solves the BVP. Then u; is continuous at ¢o, which
implies (2.3). Conversely, it is easy to see that g¢ is the only point at which u

can be discontinuous. Then (2.3) implies u; is continuous at go, which shows that
uy € C(Q). O

Theorem 2.4. If a,, — 0 as m — oo, then the function u given by the harmonic
extension of u(Xy,) = am,

u(y1) = 1(a0+a1 + ISZ—ak) (2.4)

k=2

and (form > 2)
9 1 ”
urm) = g (a0 0= 7 Lgpct L)+

solves the BVP. Furthermore, this function is the unique solution in C ().

\llt\)
\ll\D

Z ik amik (25

Proof. Substituting (2.4) into (2.2) yields (2.5). By triangle inequality,
oo

1 9 1 2 i 1
uOm)l < g (laol + 5 D7 sglail + 5 37 laxl) + Z—kam+k|.
k=1 k=1 k=1

We claim that |u(y,)| — 0 as m — oo. Clearly the first term tends to zero in the
limit. The second term tends to zero because convergent sequences are bounded.
Since both the boundary data and 1/5™ converge to zero, for all ¢ > 0, there exists
M such that for all m > M, we have |a,,| < € and 1/5™ < . Form > M, we see

that
201 1
E —kam+k|< E —k=—

\IIO

™

and

stS"lak| 5m25k|ak|+ Z S lay | < Cre( max faxl) + Cae.
k=1 k=1 k=M+1
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Therefore u satisfies condition (2.3) and by Lemma 2.3, u € C (Q). Since harmonic
functions that are continuous up to the boundary satisfy the maximum principle [13],
uniqueness follows from the standard uniqueness argument for linear differential
equations that satisfy the maximum principle. O

Corollary 2.5. If a,, — A as m — oo for some constant A, then the function u
given by the harmonic extension of u(Xp) = am,

u(yy) = 1(ao +a; + 18 Z —ak) (2.6)

k=2

and (form > 2)

urm) = 2 (a0 —gzik

\lll\)
\ll\D

+33 st +

Z ik A (27)

solves the BVP. Furthermore, this function is the unique solution in C ().

Proof. Consider the modified BVP

Au=20 on 2,
u(g1) =ap—A onadf, (2.8)
U(xm) =am —A ondQ.

Since a,, — A — 0, the hypotheses of Theorem 2.4 are satisfied. Then there exists
w € C(Q) that solves (2.8) and the formula for w(y,,) is given by (2.5) under the
map ax — ax — A. By construction, the function ¥ = w + A solves the BVP with
u € C(). The maximum principle implies that u is unique. O

3. Energy estimate

In this section, we look to answer questions regarding the energy of the C () solution
to the BVP. In particular, is the energy always finite and if not, can we characterize
functions of finite energy in terms of a condition on the boundary data? Our main
theorem shows that harmonic functions on €2 do not necessarily have finite energy
and provides a simple characterization.

Given a function u, we say ¥ € dom & if and only if &(u#) < oo. Following
standard notation, domg & is the space of functions that have finite energy and vanish
on the boundary V. It is known that dom & C C(SG) and in fact, is a dense subset.
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Suppose u is a piecewise harmonic function on €2 that is harmonic on each Y,
with data given by (1.1). Then the energy of u restricted to Y3, is constant after level
m and is determined by u(ym,), u(ym—1), and a,,. It follows that

e _ (3" _ 2 N2 2
Wy, ={3) [@bm) —ulym-1)"+ @m) —am)”+ @(n-1) = am)].
where it is understood that u(y¢) = u(g1) = ao. Then & (u) is the sum of the energy

of each cell,

& (u)

= 3 ()" 10m) w1 + @lrm) —am)? + @) — )
m=1
3.1

If we add the additional assumption that u € C(2) solves the BVP, then an equation
for € (1) as a function of {a,, } can be obtained by substituting (2.6) and (2.7) into (3.1).
However, & (u) is series of quadratic terms of series, which is too complicated to
analyze directly. Instead, we estimate it.

Lemma 3.1. Suppose u € C(Q) solves the BVP with convergent {ay,}. Then we
have the energy estimate

A Y (5) @ner —am? < €0
m=1

o0
5\m
=G Z (g) (@m+1 —am)*.
m=1
Proof. We prove the lower bound first. By ignoring the first term of (3.1), we have

e = Y (2)" 1wlm) — an)? + @)~ an)’

m=1
= i (g)m(u(ym) —am)? + i (g)mH(u(ym) — ).
m=1 m=0

Using basic calculus, we find that u(y,) = (1/8)(5am+1 + 3a,,) minimizes the
previous series. Substituting this value of u(y,,) into the previous inequality, we
obtain -
5\m5 , 5 5
m2=:1 (3) 8(am+1 am)” + 3(611 ao)” < &(u).
For the upper bound, consider the piecewise harmonic function w given by the har-
monic extension of w(x,,) = w(ym) = am and w(g1) = ao. Since u is a global
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harmonic function while w is a piecewise harmonic function, we have & (1) < & (w).
Note that & (w) is given by (3.1) because w is a piecewise harmonic function satisfying
the boundary conditions. Then

2 /5ym 10 10
Eu) < Ew) =) (5) 7 (@mt —am)® + 7 (@ —ag)? < oo,
m=1

which completes the proof. O

Theorem 3.2. Suppose u € C(Q) solves the BVP with convergent boundary data
am — A. Thenu € dom & if and only if ||(5/3)™?(am — A) |2 < 0o. Additionally,
we have the upper bound & (u) < C||(5/3)™?(am — A)||s2.

Proof. Suppose u € C() solves the BVP with convergent boundary data a,, — A.
Lemma 3.1 says that &(u) < oo if and only if |[(5/3)™?(ams1 — am)ll2 < 0.
Applying Lemma 8.9 yields the desired statement. O

4. Normal derivatives

Although the normal derivative and the (standard) Laplacian on SG are defined inde-
pendently, they are closely connected via the Gauss—Green formula.

For a continuous function u, its normal derivative at g; € Vj, denoted d,u(q;),
is defined to be

. S\m
duu(g) = lim (3) 2ulg) —u(Ff'gje0) —u(Fl'gj—)]l. @)

We say d,u(q;) exists if the above limit exists. In the special case u is harmonic, we
have the simplified formula

Inu(q;j) = 2u(q;) —u(gj—1) —u(gj+1)- (4.2)

The formula for the normal derivative of a harmonic function at a boundary point
of a cell is similar to the above formula, except we require a renormalization factor
depending on the level. A junction point is a boundary point of two adjacent cells
of the same level, and the normal derivative with respect to the cells will differ by a
minus sign. If we need to distinguish between the two normal derivatives at a junction
point, we use either (<—, —), (1, /) or (\, \\), corresponding to the geometrical
notion of a normal derivative.

Proposition 4.1. Suppose u € dom A. Then at each junction point, the local normal
derivatives exist and /' d,u + /" 0pu = 0. This is called the matching condition
for normal derivatives.
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The Laplacian of a function is defined in terms of its weak formulation. First, we
define the (symmetric) bilinear form of the energy: given functions u, v and integer
m, the bilinear form of the energy is

Ent ) = 3 (2)" 100 — u ) — v,

3
X~my

SG has a unique symmetric self-similar probability measure that we denote dx. Then
the Laplacian can be defined as follows. Suppose u € dom & and f is continuous.
Then we say u € dom A with Au = f if

&Eu,v) = —/SG f(x)v(x) dx

for all v € domg & (functions in dom & vanishing on Vj). Since & (u, v) = &(v, u),
subtracting the Gauss—Green formula from its transposed version yields the symmetric
Gauss—Green formula

Auv —ulv) dx — Opu — ud,v) = 0. 4.3
/SG(uvuv)xVZO(vuuv) 4.3)

The following result relates the normal derivatives of a function with its Laplacian.

Proposition 4.2 (Gauss—Green). Suppose u € dom A. Then d,u exists on Vy and
the Gauss—Green formula,

&Eu,v) = —/SG Auv dx + Zvanu,

Vo

holds for all v € dom &.

For the remainder of this section, we assume u € C(Q) solves the BVP with
convergent boundary data. Naturally, we are interested in analyzing the behavior of
dnu(x) for x € d€2. For all points in Q except go, the formulas for the normal deriva-
tives of u are given by (4.2). Using this equation, with the appropriate normalization
factor, the normal derivative of u at y,, with respect to the cell Y3, is

5\m
/' nu(ym) = (3) RuOm) = uOmr) — an) (4.4)
Similarly, the normal derivative of u at x,, with respect to Yy, is
S5\m
= ) = (3) Ram = uGm) = u(im-)]. (4.5)

However (4.2) does not give us the equation for 1 d,u(go) because u is only defined
on 2. But we can define d,u(go) in a natural way.
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Lemma 4.3. [fu € dom A(SG), then

1 Onut(qo) = 2- mh—r>noo /" Onu(ym). (4.6)

Proof. Write u = us + u,, where ug and u, are the parts of u that are symmetric
and skew-symmetric with respect to X, respectively. Since u,| FI'(SG) = o(1/5™),
we have

1 0nua(qo) =2+ mh_Enoo /" Onttq(ym) = 0.

For the symmetric part, consider the triangle 7}, with boundary points {qo, Ym, Zm}
and the harmonic function v on T, with v(qo) = v(ym) = v(z) = 1. Applying
the symmetric Gauss—Green formula (4.3) for u5 and v, we find that

L Bt (Go) + 7 Bt ) + . Bty (2m) = / Ay dx.

m

Notice that /" d,us(Ym) = N\ 0nUs(Zm) by symmetry. Using the normal derivative
matching condition of u at o, we see that 1 d,us(ym) = — | dnus(qo). Making
these substitutions and taking the limit m — oo, we find that

2. lim /" dyus(Yym) — 1 dntts(go) = lim / Aug dx =0,
m—00 m—0o0 Tm

because Au is bounded and the measure of 7}, tends to zero in the limit. ]

Motivated by this lemma, we define 1 d,u(qo) for u defined on Q by (4.6). In
the special case that u € C(£2) solves the BVP with convergent data, then

Pt = im [7(2) ¥ ra- (2 sa] @r
k=1

k=m+1

which we obtained by substituting (2.7) into the definition of 1 d,u(qo).

Notice that (4.2) implies that the normal derivatives of harmonic functions SG
exist everywhere. However, this is not true for harmonic functions on €2 because
the limit in (4.7) may not exist. The following theorem characterizes when the limit
exists.

Theorem 4.4. The normal derivative 1t 0,u(qo) exists if and only if the boundary
data has the representation a, = A1 + A2(3/5)™ + 0((3/5)™) for some constants
A1 and Az.

Proof. Suppose the limit (4.7) exists. Let b,, be the term in parentheses, and define
B = lim,; s 00 by and ¢, = (3/5)™+1b,,. A direct calculation shows that

35¢mia2 — 112¢mi1 + 2lem = Clams2 — Am+1).



Boundary value problems on a half Sierpinski gasket 15

where C = —126. This implies a,, is dominated by a geometric series, hence it is
a Cauchy sequence and converges to some limit A;. Writing a,, as a telescoping
series, we have

o0 o0
1
Ay —am = E (ak+1 —ax) = ral E (35¢k42 — 112¢k 41 + 21ck)
k=m

k=m

1 & 3.k+2
== 3 (g) (1bgys — 112bg41 + 35b).
k=m

Let Ay = (252/5)(B/C). Adding A>(3/5)™ = 56(B/C) > tem (3/5)%*2 to both
sides of the above equation, we find that

3\m 1 &, /3 k+2
Al—am+A2(§) :E;(E) [21(bks2—B)—112(bgs1—B)+35(bx— B)].

Finally, taking the absolute value of both sides, we obtain

TRTNE

o0
3\ k+2
<C' 37 (5) (bksa = Bl + Ibisr — BI + by — BI).

k=m

Since |by — B| — 0as k — oo, we conclude thata,,, — A1 — A2(3/5)™ = o((3/5)™).
Conversely, if a,, = A1 + A2(3/5)™ + 0((3/5)™), then clearly the limit (4.7)
exists and equals a constant times A5. O

To find the normal derivatives on X in terms of the boundary data, we substi-
tute (2.7) into (4.5), which yields

o0

e (e 250 )
k=1
. - 4.8)
— 3%(6610 + = Z Skak — 57—4 Z 31kak),
k=1 k=1

where 1, = — 0,u(x,). We can think of (4.8) as a Dirichlet to Neumann map on X
because it maps the Dirichlet boundary data to the corresponding normal derivatives.
Define the infinite vectors

m aj 1/3

n = 0 s a = a; y and a0=6a0 1/3, ’
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and the infinite matrices L = Diag[(5/3)'] and K with entries

7 271 1 _
16 853 =/
33 2711

Kl]= - = 1fl<],
43J 8 5t 3/
35/ 2711 ... .
- = — = — lfl >j
45 8 5t 3/

Then (4.8) can be written as

16

n = 7L(I—K)a+ao.

Since we assumed {a,,} converges and u € C (), we see that {a,}, {u(ym)} € £°°.
Then (4.5) implies ||(3/5)"nm|l¢gec < oco. For this reason, for a real number r, we
define the space

€7%° = Hemy: |r™emllgse < 00}

Then we define the Dirichlet to Neumann map
Dy: VAN £3/5’OO

given by
16
DNa = 7L(I —K)a +a0.

Theorem 4.5. The Dirichlet to Neumann map is invertible.

Proof. We see that D is a composition of L : £%° — £3/5:%° with [ — K : £ — (>
plus a translation. The translation is not important and obviously L is invertible
because it is diagonal.

It is well known that I — K is invertible if and only if p(K) < 1, where p(K) is
the spectral radius of K. The sum of the entries of the i-th row is

= — °° 7 3,25 2 3
;Ki,j =K, +;Ki,j +j=lZ+1K,~,j <Ig + Z<; = +j=2i;H 3_])
Consequently,
IKloo = sup > Ko <f—6+§(i%+i%) 1.
boj=1 j=1 j=1

Since K is a positive matrix, the Perron-Frobenius Theorem for positive matrices
statesthat p(K) < || K ||oo. Thus, p(K) < 1, which showsthat I —K isinvertible. [
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5. Eigenfunctions

The exact spectral asymptotics on the whole gasket and the structure of the spectrum
has been analyzed previously [12]. Motivated by that result, we discuss eigenvalues
and eigenfunctions on the half gasket. Observe that

(1) a Dirichlet eigenfunction on 2 extends by odd reflection to a Dirichlet eigen-
function on SG and conversely and

(2) aNeumann eigenfunction on €2 extends by even reflection to a Neumann eigen-
function on SG and conversely.

Thus there are no new eigenvalues on €2 because odd eigenfunctions on SG are Dirich-
let eigenfunctions on €2 and even eigenfunctions on SG are Neumann eigenfunctions
on 2. Hence we count the number of even and odd eigenfunctions on SG.

On SG, there are #V,,, = (3™ 4 3)/2 vertices on level m, of which m + 1 lie
on go U X and three are boundary points V. The eigenfunctions with eigenvalue
A < Co5™ for a specific choice of Cy are born on level & < m and are in one-to-one
correspondence with the graph eigenfunctions on Vj,, so there are (3™*! + 3)/2
Neumann eigenfunctions and (3! — 3)/2 Dirichlet eigenfunctions. Thus on £,

1 3m+1 3
#{Neumann eigenfunctions with A < Cy5™} = §<72 + +m + 1),
and
1 3m+1 -3
#{Dirichlet eigenfunctions with A < Co5™} = 3 (T — m)

because the m + 1 vertices on go U X contribute even functions to the Neumann
count while the m vertices on X do not contribute to the Dirichlet count. Note that
the correction terms m + 1 and —m are of the order log 5. This is consistent with the
observation that d€2 is zero dimensional. We can be more specific about individual
multiplicities of eigenvalues on 2. For a set U, define the functions

N(U) = #{Neumann eigenfunctions on U },
and

D(U) = #{Dirichlet eigenfunctions on U }.

Each eigenfunction born on level k restricts to a graph eigenfunction on V; with
eigenvalue p with ¢ = 0,2, 3,5, or 6. We say that the eigenfunction belongs to the
pu-series. This is explained in detail in [11] and [12], together with bifurcation rules
that explain how the restriction of the eigenfunction to Vj leads to several different
eigenfunctions on SG. The multiplicity of the eigenspaces only depends on k and u
and is explicitly computed on €2 as follows.
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(1) O-series (constant eigenfunctions) have multiplicity N(2) = 1 and D(2) = 0.

(2) 2-series only show up in the Dirichlet spectrum on SG, but they are all even
so they are absent from the Dirichlet spectrum of 2. Thus, N(2) = 0 and
D(Q) =0.

(3) 3-series are entirely Neumann eigenfunctions on SG that are born on level 0 with
multiplicity 2. Then N(2) = 1 and D(2) = 0.

(4) 5-series are born on level kK where k > 1 for Dirichlet eigenfunctions and k > 2
for Neumann eigenfunctions. If Si denotes the number of cycles of level less
than k, then on SG, we find that N(SG) = S; and D(SG) = S; + 2. For
a cycle that lies on X, the eigenfunction is odd, so that contributes to D(SG)
but not to N(SG). See Figure 5.1 for an example of such a function. Note
that any unlabeled point means the function is defined to be zero at that point.
Additionally, of the two extra Dirichlet eigenfunctions on SG, exactly one is odd,
as shown in Figure 5.2.

-1 1

Figure 5.1. Odd eigenfunction on I'>.

Figure 5.2. Another odd eigenfunction on I'>.
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The number of cycles of level 7 is 377! and exactly one of these lies on X. So
there are (3" ! 4 1) /2 odd eigenfunctions and (3" ~! —1) /2 even eigenfunctions.
Thus

N(Q) = Z Lignm1 2(3“%1 k)
and
D(Q):(Z " D)+ 1 (31{12—+1+k).

(5) 6-series on SG are born on level k where k > 1 for Neumann eigenfunctions
and k > 2 for Dirichlet eigenfunctions. We know that N(SG) = #V;_; and
D(SG) = #Vj_; — 3. Neumann eigenfunctions are obtained by giving arbitrary
values on the points in Vkx_;, while Dirichlet eigenfunctions are obtained by
giving arbitrary values on the points Vy_; \ Vp.

To find the multiplicities on €2, we just have to count the even eigenfunctions
and the odd eigenfunctions. Hence

N(Q) =

<3k+3

1,3k—-3
. S

+k) and D(Q) = —k+1).

6. Trace theorem

Consider the restriction map R given by Ru = {(u(xy,), 0,u (X))}, where u is some
function defined on some set containing X . That is, R maps u to its function values
on X and its normal derivatives on X. In this section, we determine the image of
dom; 2 A(SG) and domyee A(SG) under R. We say that u € dom;2 A(SG) if u is
continuous on SG and Au € L?(SG), and analogously for u € domz A(SG).

To simplify notation, we define the following spaces. Define the Lipschitz space

Lip = {{cm}: there exists M such that |c;;+1 — ¢m| < M for all m}.

The norm on Lip/Constants is ||c, [|Lip = inf M where the infimum is taken over all
M satisfying the previous condition. It follows directly from the definition of Lip
that {c,,} € Lip if and only if there exists M such that |c,, — ¢,,| < M |m — n| for all
m and n.

We define the following trace spaces:

Too = H@m.Mm)}: am = A1 + A2(3/5)" + a;n,
15" ap, e < 00, 13 1m lLip < 00},
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and

= {{(am.mm)}: am = A1 + A2(3/5™ + a;n,
125/3)™2d. ¢ < 00, 3™ 0|2 < o0},

with their respective norms

I (@m, nm)H 7 = [A1] + [A2] + 15 ap, lleco + 113 1m ILip.
and

H{(@m, )3, = 14117 + 142 + 125/3)2ap, 17 + 137> 1 [ 2.
Clearly both trace norms satisfy the triangle inequality. Note that the defined norm

| - 75 makes 7> a Hilbert Space with the obvious inner product. Similarly, we define
norms on domgzeo A(SG) and dom; 2 A(SG) by

[Ulldom; 00 AsG) = lUllLoo(sa) + (| AullLoo(sc)s
and
2 _ 2 2
2, 5 sy = Del2sy + 120122
In the above definition, we could have replaced || - ||i2 term with || - ||%Oo, but that

would not be a Hilbert Space norm.

As suggested by the notation, our goal is to prove that R maps domzco A(SG)
and dom;2 A(SG) to their corresponding trace spaces. In Section 7, we will show
that the mapping is onto.

Theorem 6.1 (Trace theorem). (1) The restriction operator
R: dompco A(SG) — T
is bounded and
[Rull7, < CillullLeosc) + Call AullLoo(sc)-
(2) The restriction operator
R: dom;> A(SG) — T3

is bounded and

[Rull7, < CillullLoo(se) + Call Aullp2(sc)-
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The proof of the theorem is technical and rather long, so we split the proof into
multiple lemmas. Our primary tool will be the Green’s formula. Given any function
u on SG for which Au exists, we can write

u(x) = /SG G(x,y)Au(y) dy + h(x), 6.1)

where G(x, y) is the Green’s function (the definition is given in Section 8.1) and
h is the harmonic function with boundary conditions 7|y, = u|y,. We will use
the Green’s function to relate an arbitrary function to its restriction to X and its
normal derivatives on X. The derivations are digressive, so we have placed these
computations into their own section. The important formulas and inequalities are
given by (8.4), (8.5), and (8.7). Note that the definition of the function W, is given
in (8.3).

Since it is easy to check the conditions for the harmonic function % in (6.1), let us
do that first.

Lemma 6.2. If h is harmonic, then Rh € T, and Rh € T, with
1
| RA| 7, = lu(go)| + §|u(¢]1) +u(q2) — 2u(qo)l, (6.2)
and
2 2 1 2 1 2
[RA(7, = lu(go)|” + Zlu(QI) + u(g2) — 2u(go)|” + glu(QI) —u(g2)|". (6.3)

Proof. If h is harmonic, then 4 is a linear combination of the constant function, the
skew-symmetric harmonic function (with respect to X) and the symmetric harmonic
function (with respect to X). Then

u(qo) 1 0 0
u(ql) =A1 1 —I—Az 1 +A3 —1 y
u(gz) 1 1 1

where the coefficients are the coefficients A;, A, and A3 are the weights of the
constant, symmetric and skew-symmetric functions respectively. Solving the system
for Ay, A, A3z in terms of u|V0, we find

A1 = u(qo),

Az = 3 ulgn) + u(g2) ~ 2uqo)).

and

As = 3 uln) ~u(g2)).

On X, we see that
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(1) a constant function is constant with zero normal derivative;

(2) a skew-symmetric harmonic function is zero with normal derivative A3/3™;
(3) asymmetric harmonic function has values A5 (3/5)™ with zero normal derivative;
Then h(x,,) = A1 + A2(3/5)™ and 9, h(xy,) = A3/3™. O

In the following lemma, we prove the bulk of the domzcc A(SG) case. Proving
the lemma directly from the Green’s formula would be difficult, so we employ the
following indirect method. For the function values of u € dompe A(SG) on the
vertical boundary, we prove an intermediate statement about the linear combination
Su(xXm+1)—3u(xm,). We consider the linear combination 5u (x,,+1)—3u(x;,) because
the troublesome ZZ’ZI W (1,2, 2) term of (8.5) cancels out in the linear combination
5G(Xm+1,Y)—3G(Xm, y). Then the intermediate result, coupled with a lemma from
Section 8.2, will give us the desired statement, except for a few estimates which we
prove without much trouble.

Likewise, for the normal derivatives of u € dompco A(SG) on the vertical bound-
ary, we prove an intermediate statement about the linear combination 37,41 — Nm
because the troublesome Z?:l 3k W (0,—1,1) term in (8.7) disappears in the lin-
ear combination. The intermediary result, combined with the proper lemma from
Section 8.2 and more bounding, yields the desired normal derivative estimate.

Lemma 6.3. [fu € domzoo A(SG) withu = 0 on Vy, then Ru € T, and
[ Rull7o < CllAu|zoo(sc)- (6.4)

Proof. Suppose u € dompoeo A(SG) with Ru = {(am,nm)}. Using the Green’s
formula (Proposition 8.1) on 5a,,+1 — 3a,, and the equation for G(x,,, y) given
by (8.5), after some simplification, we obtain

1 /3\m
Stma1 — am = —(—) [BUpi1(3.1,1) = 50, (—1, 1, )] Au dy
10\5/ J

Then applying inequality (8.4) yields

1 /3\m
|5am+1—3am|§||Au||Loo—(§) / 13Uni1(3, 1, 1) — 5T, (=1, 1, 1)| dy
SG

10
C
< [l Aulle o
Rearranging the above inequality yields
15" (Bam+1 — 3am)|lece < C||Aulpoo.
Lemma 8.6 implies that a,, = A(3/5)" + a,,, where A = limy,—00(5/3)"a, and

||5ma;n||£c>° < 15" (5am+1 — 3am)||¢oo-
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The previous two inequalities immediately yield
15 ap,lleoe < C | At oo

Since am = u(xm) = [3q G(xm. y)Au(y) dy, we have

(] < [ Auflzoo /SG G (xm. )] dy.

However, it follows from (8.4) and (8.5) that

3I\m
/SGG(xm,y) dy < C(g) :

SO 5
m
(3) lan| = Cllau]ze.

Since A = lim;;—00(5/3)™am, the above implies that

Al = CllAuLo.

23

(6.5)

(6.6)

We use a similar technique to prove the desired statement about the normal derivatives.

Using the equation for 1,, given by (8.7) to compute 37,,+1 — m, We obtain

1
3Nm+1—Nm = m [394+1(5, 1, =)+ 5¥,,(1, -1, D] Au dy — 3¢m+1 + @m.,
SG

where ¢, was defined in the lemma. Then

30m+1 = 1m| = CIIAMIILM/ 3Wm+1(5, 1. 1) = 5¥p (1. =1, 1)| dy
SG

+ |3§0m+1 - §0m|

1
= CllBulo 5.

where we used (8.4) and (8.1) to bound the first and second terms respectively. Re-

arranging, we find that
137 Bnm+1 = 1m)llese < C || Aut]|Loo.
The above estimate allows us to apply Lemma 8.7 which gives us
||3m77m||Lip = ||3m(377m+1 - 77m)||€°°-
The previous two inequalities imply

13" nmllLip < C | Auf|Loo.

Finally, combining our inequalities (6.5), (6.6), and (6.7), we see that
IRullg, = |A] 4 15" ap,llese + 13" 1mlLip < C | Aul|zee.

Since am = A(3/5)™ + a,, and || Rul|| < oo, we conclude that Ru € To.

6.7)
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In the following lemma, we prove the majority of the dom; > A(SG) statement of
the Trace Theorem. We use an indirect approach similar to that of the proof for the
dompzco A(SG) case, except the statements are considerably harder to prove. Proving
the lemma directly from the Green’s formula without proving the intermediary result
would be extremely difficult, mainly because the Cauchy—Schwarz inequality is too
wasteful for the type of estimate we desire.

The outline of the proof is similar to that of Lemma 6.3. For u € dom;2 A(SG),
we prove intermediary results about the linear combinations 5a,,+2 — 8am+1 + 3am
and 31, +1—160m+41+50m, where as usual, a,, = u(x,,) and 5, = 9,u(xy,). These
linear combinations are written as linear combinations of integrals, but the primary
integrand of each linear combination is supported on a set not containing gq. This
support allows us give a more precise estimate, thereby limiting the wastefulness of
Cauchy—Schwartz. Then applying results from Section 8.3 and some more bounding
will give us the desired statements.

Lemma 6.4. I[fu € dom;2> A(SG) withu = 0 on Vy, then Ru € 75 and
IRullz, < CllAulL2(sc)- (6.8)

Proof. Suppose u € dom;> A(SG) with Ru = {(am, nm)}. Using the Green’s
formula (Proposition 8.1) on 5a;,4+2 — 8am+1 + 3a;, and the equation for G (x,, y)
given by (8.5), after much computation, we obtain

3\m —
Sam+2 — 8aAm+1 + 3am = (5) / GmAu dy,
SG

where we defined
- 1
Gn(y) = %[9\I/m+2(3, 1,1) = 20¥,,4+1(1,0,0) + 25V, (1, —1, —1)].

We shon that G,, is supportedon Dy, = Y, UY 1 U Y2 U Zy, U_Zm+1 UZu+o.
Since G, is a linear combination of harmonic splines, we see that G,, vanishes on
Y U Zyy for m” < m. Using the harmonic extension algorithm, notice that

25V, (1, =1, D) (Ym+2) = 25V (1, =1, 1)(zpmy2) = =9,
20W,,41(1,0,0)(ym+2) = 20Wp41(1,0,0)(Zm+2) = 0,
and
W23, 1L 1) (ym+2) = W23, 1, 1) (Zm42) = 9.

Thus G, (Ym+2) = Gm (Zm+2) = 0 and consequently, G, vanishes on Y,y U Z,
for m’ > m + 2, which proves that G, is supported on D,,. Taking advantage of the
support of G,,, we can write

3I\m —
Samyz — 8ami1 + 3am, = <§) / G Au dy.
D
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Applying Cauchy—Schwarz and inequality (8.4) on the above equation yields

3 \m
|5am+2 — 8am+1 + 3am|*> < C||Au||iz(Dm)(g)
By definition of D,, and linearity of the integral, we have

m+2
l8ull 2,y = D 18Ul 2y, Uz,

k=m
and
o0
2 _ 2
12Ul F2s6) = D 12720, 02,)-
k=1

Using the upper bound on |5a,,+2 — 8am+1 + 3am|? and the above two equations,
we obtain

125/3)™/2(5am+2 — 8am+1 + 3am)llgz < C [Aull2(s6)-
This estimate allows us to apply Lemma 8.10. Thus

am = A1+ A2(3/5™ + ay,,

where
A = lim a,y,
m-—0o0
Ay = lim (5/3)"(am — A1),
m-—00
and

125/3)" a2 < C1125/3)"(Sam+2 = 8am+1 + 3am) |-
The above two inequalities immediately yield
125/3)"ap, 2 < CllAu] 256 (6.10)

We claim that Ay = 0 and |A| < C || Aul|p2(sgy- Applying Cauchy—Schwarz to the
Green’s formula for a,,,, we find that that

5\m
(3) lanl = CllAul L2s)-

The above inequality implies that A; = 0 and

[ 42| = CllAull2s6)- (6.11)
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We use a similar argument to prove the estimate on the normal derivatives. Using
Lemma 8.5 to compute 371,42 — 160,+1 + 51m, we see that

3Nm42 — 16Nm41 + Snm = / QpAudy — Bomtz — 16@0m+1 + 5¢0m),
SG

where we defined
1

We show that ®,, has support on D,, as well. Since &, is a linear combination
of harmonic splines, ®,, vanishes on Y, U Z,, for m’ < m. Using the harmonic
extension algorithm, we have

=25V,,(1, =1, ) (ym+2) = 25V, (1, =1, 1) (z;m+2) = 1,
—10¥,, 418, 1, =) (Ym42) = 10,41 (8, 1, =1)(Z2im42) = =2,
and
=3Upi2(5, L, =) (Ym+1) = 3¥m42(5, 1, =1)(Zm+1) = 3.

Thus, @, (Vm+2) = Pm(Zm+2) = 0 and consequently, ®,, vanishes on Y,y U Z,,
for m’" > m + 2. Using the compact support of ®,,, we can write

3Nm+2 — 160mi1 + 50, = / O, Audy — Bomi2 — 16@mt1 + 5¢m).

D

It is straightforward to find an upper bound on the linear combination of ¢, terms.
Using Cauchy—Schwarz and inequality (8.2), we obtain

|377m+2 - 1677m-i—1 + 577m|2

= C(|(pm+2|2 + |(pm-i-1|2 + |(pm|2)

5 1
=< C”Au”Lz(Dm)?)_m'

Using Cauchy—Schwarz and inequality (8.4), we find that

'/ D, Au dy
D

Combining the above two inequalities and (6.9) yields

1372 Bitmt2 = 160m+1 + Snm)ll2 < C | Aull 125 (6.12)

2

1
< 18U, [ 10nl dy = CloulE2p, 3

The hypothesis of Lemma 8.11 is satisfied, so we have 1, = 5" A4 + 1), with

13200, 1l < Ci(n2 — 5m1)% + Cal|3™ Bt — 160mt1 + 51m) 2. (6.13)
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However, applying Cauchy—Schwarz to (8.7) yields

1
[Nm| < C”AuHLZ(SG)m-
This forces A = 0 and so 1, = 7,,. Note that the above bound provides the
upper bound (72 — 511)% < C|| Au||1242 SG)’ Combining this inequality with (6.12)
and (6.13) yields
13205, < CllAu]? 256 (6.14)

Finally, using (6.10), (6.11), and (6.14), we see that
IRulZ, = 141 + |42 + 1125/3)" a5 + 13" 2 1m 7> < CllAul} 256
Since am = A2(3/5)™ + a,, and ||Ru||§v2 < 00, we conclude that Ru € 7. O
Finally, we have the necessary results to prove the Trace Theorem.

Proof of the trace theorem. Suppose u € domyzeo A(SG) oru € domy2 A(SG), and
Ru = {(am, nm)}. Let h be the harmonic function determined by the boundary values
hly, = uly,. Let w = u — h, and note that Aw = Au and w = 0 on Vp. The
Green’s formula states that

u(x) = h(x) + /SG G(x,y)Aw(y) dy.

(1) Suppose u € dompee A(SG). Using triangle inequality on u = w + h, the
estimate (6.2) applied to /, and the estimate (6.4) applied to w, we find that

1
|Ru| 7, < |u(qo)| + §|M(6]1) +u(g2) —2u(go)| + C|ll Aul|L=(sc)-

(2) Suppose u € dom;2 A(SG). Using triangle inequality on u = w + h, (6.3)
applied to 4, and (6.8) applied to w, we find that

1
|Rull3, < lu(go) > + 1u(qr) +u(g2) — 2u(qo)?

1
+ glu@) —u@)P + Clldu]Za g, =

7. Extension operators

In this section, we present two different extension theorems. The first extension
will be a right inverse to the restriction map R. The second extension will map
solutions to differential equations on the half-gasket to a well-behaved function on
the whole gasket. The ideas behind the two extensions are similar, but with different
computations and formulas. In order to construct the desired extensions, we will
require the following result. If will give us the exact conditions under which a
piecewise function is in the domain of the Laplacian.



28 W. Li and R. S. Strichartz

Proposition 7.1 (Gluing theorem). Let u and f be defined by gluing pieces {u; }
and {fj} (j = 0,1,2), with Au; = f; on F;SG. Then u € dom A with Au = f
if and only if f;(Fiq;) = f;(Fqi) (i # j) holds for {u;} and { i} (so u and f
are continuous) and the matching conditions on normal derivatives hold at the three
points.

7.1. Theinverse operator to R. We seek a linear extension operator E thatis aright
inverse of the restriction operator R. The desired extension will satisfy E: Too —
domyeo A(SG) and E: 75 — dom;2 A(SG). In order to construct this extension
operator, we study piecewise biharmonic functions. Biharmonic functions satisfy
the differential equation A%u = 0 and in particular, biharmonic functions satisfying
Au = C for some constant C is a four-dimensional space on SG. One way to specify
a constant Laplacian function on SG is to specify the value of the function on V, and
the constant.

Lemma 7.2. Suppose Au = C on some cell of level m with boundary points
Do, P1, p2. Then the outward normal derivative of u at p; is

m C
anu(p,-)=(§) 2u(p)) —u(pja) —u(pi-) + g (D)

Proof. Let v be the harmonic function on the cell with the boundary values v(p;) = 1
and v(pj4+1) = v(pj—1) = 0. Since v is harmonic on a cell of level m, using (4.1)
with the proper normalization, we have d,v(p;) = 2(5/3)™ while 0,v(p;j+1) =
0nv(pj—1) = —(5/3)™. Applying the symmetric Gauss—Green formula (4.3), we
obtain the desired formula. O

Lemma 7.3. Given any sequences {am} and {n,}, there exist a piecewise biharmonic
function u on SG and sequences {C,,} and {Cy, } such that Ru = {(am, nm)}, Lu =
C, on Yy, Au = Cy on Z,y,, and the normal derivative matching conditions hold
at {xm}, {ym}, and {zm}.

Proof. We construct two functions u; and u such thatu; (x,;) = a, butd,u; (x,) =
0, while u3(x;,) = 0 but d,u(xy,) = nm. Then the sum u = u; + u, will satisfy
Ru = {(am, nm)}. Of course, we must do this carefully so that u satisfies the other
claimed properties.

Consider the symmetric piecewise biharmonic function u; satisfying u; (x,,) =
am, U1 (Ym) = u1(zm) = (1/8)(5am+1 + 3am), and Auy = D,, on Y, U Z,, with

3
D!, = 5’”(§)(5am+1 — 8am + 3am_1).

This information determines u; on Y,,;, U Z,, because as mentioned earlier, a constant
Laplacian function is determined by its boundary values and the value of its Lapla-
cian. Consequently, u; is determined everywhere because SG = | J,,(Ym U Zy,).
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Using (7.1) to compute the normal derivatives of u; at x;,, Y, and z,, it is straight-
forward to check that 9,11 (x;;,) = 0 and the normal derivative matching conditions
hold.

Consider the skew-symmetric piecewise biharmonic function u, satisfying the
conditions uz (xm) = 0,u2(ym) = —(1/8)(3/5)™ (m+1+1m)s u2(Zm) = —u2(ym),
Au, = —E, onY,, and Au, = E,, on Z,,, where

1
Ey = 3m<§) GBnm+1 — 160, + Snm—1).

Again, these constraints determine u, everywhere on SG. Writing down the normal
derivatives of u, at x,,,, V;,, and z,, using (7.1), we see that d,u»(X;,) = N and the
normal derivative matching conditions hold.

Then the function u = uy + u, satisfies u(x;;) = am, o,u(xXm) = Nm,

3

1 1 m
u(ym) = g(sam+1 + 3am) — g(g) (Mm+1 + Mm),

1 1,3 7
m
uGm) = 5 Samrr +3am) + £ (5)" rmsr + 1),

Au = C,, onY,,, and Au = Cp, on Z,,, where

3 1
C, = 5m(§)(5am+1 — 8am + 3am—1) — 3m(§)(37)m+1 — 160, + 50m—1),

(7.32)
and
3 1
Cm = Sm(g)(sam-i-l —8am + 3(1m—1) + 3m(§)(37)m+1 - 1677m + Snm—l)-
(7.3b)

Because normal derivatives add linearly, u satisfies the normal derivative matching
conditions at X, Y, and z,. O

As a result of the above lemma, we can define the extension operator £ which
maps two sequences {(dm,, Nm)} to the function u given in the lemma. This operator
is well defined because the process described by the lemma generates exactly one
function for each pair of sequences. Additionally, it is not difficult to see that E is a
linear operator.

Theorem 7.4. There exist a bounded linear extension map
E: T56 —> dompeo A(SG)

and
E: T — dom;2 A(SG)
with
Ro E =1d.
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Proof. Suppose {(am,Nm)} € Too and let u = E{(am,nm)}. In order to apply
the gluing theorem, we need to check that u is continuous. It suffices to check for
continuity at g because u is clearly continuous everywhere else. In order to show that
u is continuous at gg, we need to show that limy,— o0 U(X;) = liMy—eo U(Vim) =
1limy— o0 U(Zm). Since {(am, Nm)} € Too, we have ay, = A1 + A2(3/5)™ + a), with
5™ ay,|l¢o < 0o and 3" ||Lip < 00. Then (7.2) reads

mll
33 1, L1 3ym
u(ym) = A1 + Z(g) Az + oGy + 3ay,) — g(g) (Mm+1 + Nm)

and

3.3
u(zm) = A1 + 4<5
Taking the limit m — oo in the above equations, we see that A; = lim;;—co U(Ym) =
limy,— 00 U(Zm) = limy,—s 00 dm, Which verifies the continuity of u at go. Recall that
Lemma 7.3 tells us that u satisfies the normal derivative matching conditions at {x,, },
{ym} and {z,,}. Thus the hypotheses of the gluing theorem are satisfied, so the
theorem implies that Au is well defined. We need to show that Au € L*°(SG).
Observe that (7.3) reads

m 1, L 1y3ym
) Az + §(50m+1 + 3a,,) + g(g) (Mm+1 + NMm)-

3 1
cl = 5’"(§)(5a;,1+1 —8d, +3d,_,) — 3’“(§)(3;7m+1 — 160 + 5m—1)
and
m 3 !/ !/ / m 1
Cp =5 (g)(SamH —8a,, +3d,_|)+3 (g)(3’7m+1 — 160 + 57m_1).

Using Lemma 8.7 to obtain an upper bound on the normal derivative terms in C,, and
C,,, we find that

[AullLee < [[Cimllese + [Cpylleee < Mill5™ay, lleoe + M2]|3™ 0 [lLip-

Therefore, E : Too — dompzoeo A(SG).

Suppose {(am, 1m)} € T2 andletu = E{(am, nm)}. Again, we need to check that
u is continuous at go in order to apply the gluing theorem. By definition of 75, we have
am = A1 + A2(3/5)™ + al, with [|(25/3)"/2a/, |2 < oo and ||3"/2 |2 < oo.
Then |a),| — 0and |n,| — 0. By the same argument for the T, case, u is continuous
at go, hence continuous everywhere. By Lemma 7.3, u satisfies the normal matching
conditions at {x,, }, {¥m} and {z,,}. Then Au is well defined by the gluing theorem.
Finally, Au € L?(SG) because

712 2 o0 [e%e)
| Au ||L2—Z'C'3¢ Z( Va4 My 3 3l

m=1 m=1

Therefore, E : 75 — domj2 A(SG). O



Boundary value problems on a half Sierpinski gasket 31

7.2. Extensions of solutions to differential equations on 2. The material pre-
sented in this section is motivated by the classical theory of extending functions with
Au € L? onanice domain in Euclidean space R” to functions with the same property
on R”. We ask the following questions.

(1) Givenu € domyzco A(S2), does there exist an extension # € domyco A(SG)?
(2) Given u € dom;> A(S2), does there exist an extension # € domy2 A(SG)?

We present two motivating examples before we proceed to the main extension results.

Theorem 7.5. If u is a harmonic function on 2, then either u belongs to the two
dimensional space of restrictions to 2 of even global harmonic functions on SG, or
the even extension of u is not in dom A.

Proof. Let u denote the even extension of u. Then Au = 0 on both €2 and its
reflection. If # € dom A then Au must be a continuous function on SG, hence
identically zero, so u is an even global harmonic function. O

Theorem 7.6. Suppose u € C(Q) solves the BVP with ay = C; and a, =
(2/3)(3/5)™(C1 + Cy) for some constants Cy, Cy. Then there exists a harmonic
extension of u.

Proof. Consider the harmonic function # on SG determined by the boundary values
u(qo) = 0,u(q1) = Cq and u(g) = C,. Simple computation shows that u(x,,) =
(2/3)(3/5)™(Cy + C3). Thus, u = ii on Q and At = 0, which shows that i is
indeed a harmonic extension. O

In special cases, such as the one presented in the previous result, there exists a
harmonic extension. In general, the desired extension will not be harmonic because
the space of harmonic functions on SG is a three dimensional space so finding a
harmonic extension # of u satisfying the infinite number of conditions % (x,,) = am
is unlikely. For that reason, we look for a piecewise biharmonic extension. In fact,
this motivates our study of piecewise biharmonic functions to begin with. To prove
the existence of an extension, we need the analogue of Lemma 7.3.

Lemma 7.7. Suppose u € dompeo A(2) or u € domy2 A(S2). Then there exist a
sequence {Cp,} and a piecewise biharmonic function u on SG satisfying i = u on
Q, Aii = Cy, on Zy,, and the normal derivative matching conditions hold at {x,}
and {z;}.

Proof. For convenience, we write d,, = u(Xy,) and 1, = 0,u(xy,). Consider the
function ¥ = u on 2,

_ 1 1,3\m
u(zm) = §(50m+1 + 3am) + g(g) (Mm+1 + Mm), (7.4)
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and Au = C,, on Z,, where

3 1
Cn = 5m<§)(5am+1 —8am +3am-1) + 3m(§)(3nm+1 —16nm + 5nm-1). (71.5)

For the same reason as before, these constraints completely determine ©# on Z,,,.
Hence we have defined a function u on SG.

We claim that the normal matching conditions hold at x,, and z,,. Using (7.1),
we get

m Cp

< Onil (xm) = (g) [20(xpm) — u(zm) — u(Zm-1)] + FrESE
_ 5\m _ B B Cm

N Ontt(zm) = (g) u(zm) — u(zm—1) — u(xm)] + W’

and

m Cn
N tCem) = (2)" 2Gam) — 1) — o )] + it

It is straightforward to check that our formulas for #(xy,), (2, ), and C,, imply the
matching conditions hold at {x,,} and {z,,}. O

The lemma allows us to define an extension operator. Let Eq be the extension
operator that maps a function ¥ € domzeo A(2) oru € dom;2 A(2) to the function
Equ on SG as given in the lemma. This operator is well defined because for each
u, there is exactly one Equ. Itis clear that Egq is linear and that Equ is continuous
except possibly at gy.

Theorem 7.8. Suppose that u € dompeo A(2). If Ru € Too, then we have Equ €
dompco A(SG) and

| A(EQu)liLoose) < I[Au||Leo(@) + ClIRul|7.,.

The Trace Theorem implies the converse: if Equ € dompeco A(SG), then Ru € T.

Proof. Suppose u € domyeo A(R2) and Ru = {(dm, Nm)} € Too. By definition of
Toos wehavea, = A1+A2(3/5)" +a,, with ||5"a,,|[¢o < oo and || 3" 1y, ||Lip < 00.
We need to check that Eg is continuous at gg. Observe that (7.4) becomes

3ym 1 1,/3\m
Equ(zm) = A1 + Az(g) + g(Sa;nH + 3a,,) + g(g) (Mm+1 + Nm).

Taking the limit in the above equation, we see that

A = lim a, = lim Equ(zy).
m—0o0 m-—0o0
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This proves that Equ is continuous. By Lemma 7.7, the matching conditions for u
at {x,,} and {z,,} are satisfied. This allows us to apply the gluing theorem, and so
A(Equ) exists.

To prove that Equ € dompco A(SG), observe that

15" (5am+1 — 8am + 3am—1)lleso < 16]5™ay,|l e
and by Lemma 8.7,
13" B3nm+1 = 160m + Snm—1) [leoe < 16[13™ N |Lip-
Using the above inequalities and the equation for Cy, given by (7.5), we find that
IACEQu)l|zoo ey = max |C| < My[|5"ay, oo + Mo |3 1 |Lip-
Then by triangle inequality,
IA(EQu)|lLeosa) < |AullLeo) + MilI5™ay, llese + Mal|3" nm ILip,

which completes the proof. O

Theorem 7.9. Suppose u € domy2 A(Q). If Ru € T3, then Equ € dom;2 A(SG)
and
| A(Eau) 256 < I1Aul220) + Cll Rull3,-

The Trace Theorem implies the converse: if Equ € dom;2 A(SG), then Ru € 7.

Proof. Suppose u € domy2 A(2) and Ru = {(am,Nm)} € T2. By definition of
T2, we know that a,, = Ay + A2(3/5)" + al, with ||(25/3)™/%a ||,2 < oo and
13"/ 2m g2 < oo. Then la,,| — 0 and |n;,,| — 0. Using these limits, the same
argument given in the proof of Theorem 7.8 shows that Equ is continuous. Again,
Lemma 7.7 guarantees the matching conditions for u at {x,,} and {z,,} hold. The
gluing theorem implies A(Egqu) is well defined.

To see why Equ € dom;2 A(SG), we first see that

o0
1
1A E)lF2@y = Y 3ICnl?
m=1
<MY (F) lapl + Mz Y 3"
m=1 m=1

Since || A(Equ)||
ity gives us

o0 m (]
< |Aaul? M L " 12+ M. 3" | O
—” u||L2(Q)+ 1 3 |am| + M Inml

m=1

m=1

iz(SG) = ||Au ||22(Q) +|A(Equ) ”1242(9’)’ using the above inequal-
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We can interpret Theorem 7.8 and Theorem 7.9 by the following: Ru € T is the
minimal condition for extending an arbitrary function in domzco A(£2) to a function
in domyco A(SG) and Ru € 73 is the minimal condition for extending an arbitrary
function in dom; 2 A(£2) to a function in dom;2 A(SG).

A function belonging to domj; > A(€2) or domyeco A(S2) is naturally a solution to
the differential equation Au = f for f € L? or f € L™ respectively. Solutions to
this differential equation can be found using Theorem 8.2.

As a special case of Eq, we can extend harmonic functions u on €2 provided that
Ru € 75 or Ru € T5. Recall that the solution to this differential equation was
explicitly given in Section 2. The formula for the extended function will be given
by (7.4) and (7.5), which can be simplified by using the normal derivative formula
for harmonic functions (4.2) and the recurrence relation (2.1).

8. Appendix

8.1. Green’s function formulas. For a given m and apointx € V, \ Vo, let 7' ()
denote the piecewise harmonic spline of level m satisfying Y7 (y) = 6x(y) for
y € Vi and extended harmonically for levels m’ > m. Notice that Y7 € domg &
because x ¢ Vj.

Proposition 8.1 (Green’s Formula). On SG, the Dirichlet problem —Au = f onSG\
Vo and u = 0 on Vy has a unique solution in dom A for any continuous f, given by

u(x) = [ig G(x,y) f(y)dy forthe Green’s function G (x, y) = limp o0 Gpr (x, y)
(uniform limit) where

M
Gu. )=y > g WE@yio)

k=1 5,8'€Vi\Vi—1

and

3 (3)\* )
— | = fO}’S:S GVk\Vk_l,
, 10 \5

g(s.s') =

k
1 /3
— | = fors,s' € FuK, lw|=k—1ands # 5.
10\ 5

From the Green’s formula, we have the following simple observation.

Theorem 8.2. Let G(x, y) denote the Green’s function on SG. Let Gq(x,y) =
G(x,y) — G(x, Ry) for x,y € Q where R denotes the reflection. Then Gg is the
Green’s function for 2, namely

u(x) = /Q Ga(x. ) f(y) dy

solves —Au = f on Q subject to u|g = 0.
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To simplify notation, we drop the superscript ™ on functions of the form ¥ |
w;"m, and ]’ because unless otherwise notated, the superscript index matches the
subscript index. It follows immediately from the definition that

[ty = [ Wty = [ Weldy = o @D

Additionally, since |y, |* < |¥x,, |, we have

2
/ |me|2 dy - / |Wym|2 dy - / |w2m|2 dy — 3m+1' (82)
To further simply notation, define the function

Un(a,b.c)(y) = a¥x,, (y) + by, (y) + ¥z, (y). (8.3)
Using (8.1) and (8.2), we have the estimates

G

C
| tn@b.oldy <50 and [ j@boPdys 3o s
SG SG

for constants C; and C, depending only on a, b, c.

Lemma 8.3. The Green’s function evaluated at xy, is
G (xm. y) = ( )" Zwk(l 2.2)() + - ( ) (L ~1.-D().  ®5)

Proof. Note the following observations.

(1) If k > m, then ¥¥(x,,) = 0.

(2) If k = m, then Yy, (Xm) = 1. If Kk = m and s # x,,, then ¥[" (x,,) = 0.
(3) If k < m with s # yr and s # zg, then wsk(xm) = 0.

Using these facts, we have

m—1
Goem )= > 180k (xm) + gk YWz Cem) Y (1)

k=1 s'€Vi\Vi—1

+ Y gGm SHYI).

5" €Vin\Vin—1

Using the harmonic extension algorithm, for kK < m, we have

Yy (Xm) = %(%)m_k and Yz, (xm) = %(%)m_k-
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Since g(s,s") = 0if s and s’ are in different cells of level k — 1, we deduce that

> ls0k ) + g ED) = 2(2) W0 2.2)0).

5
s’ €Vi\Vi—1
and

> sl PO = 1(3) 1 D)

5
5" €Vin\Vin—1

Substituting these equations into the most recent equation for G(x,,, y) completes
the proof. O

Lemma 8.4. The Green’s function evaluated at z,, is
G(Zm ’ y)

1 (8.6)

3\ 11y
=E(§) ];q’k(l,2,2)(y)+E(S—m)];3klllk(0,—l,l)(y).

Proof. We use a similar process to find the formula for G(z,,, y). Note the following
observations.

(1) If k > m, then ¥¥(z,) = 0.
(2) If k = m, then ¥z, (z,) = 1. If k = m and s # z,,, then ¥["(z,) = 0.
(3) If k < m with s # yi and s # zi, then ¥¥(z,,) = 0.

Using these facts, we have

m—1
Gem) =Y D (80 (Zm) + 8k 8 Wa Cad W ()

k=1 s'eVi\Vik—1

+ Y gCm VI

5" €Vin\Vin—1

Using the harmonic algorithm, for k < m, we have

1/ 3\mk 1,1\mk
Vyi(Zm) = 5(5) - 5(5)
and

1,3\m—k 1,1\m—k
Vi (zm) = E(g) + E(g) .
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Since g(s,s") = 0if s and s’ are in different cells of level k — 1, we deduce that

S el sEo) = —(2) w300,

10 \5
s €Vi\Vi—1

Y g = = (2) w130,

10\5
s’ €Vi\Vi—1

and

Y g W) = = (2) (11,30,

10\5
5" €Vin\Vin—1

Making these substitutions into the previous equation for G(z,,, y) completes the
proof. O

Lemma 8.5. Ifu = 0 on Vyy and Au exists on SG, then

31\ &
At (Xm) = < (3_m) Z 3k /SG W (0,—1, 1) Au dy
k=1

1
——/ U, (1,=1, ) Audy — ¢m,
2 Js

8.7)

where

Pm = Vxm Du dy.
Zm

Proof. Let v be the harmonic function on Z,, determined by the boundary values
V(xm) = land v(z;u—1) = v(zm) = 0. Note that v = V¥, on Z,,. Since Z,, is a
cell of level m and v is harmonic, using (4.1) with the proper normalization constant,
we have <— 0,v(x,) = 2(5/3)™ and \ 0,v(zm—1) = N\ 0nv(zm) = —(5/3)™.
These equations, together with the symmetric Gauss—Green formula (4.3) applied to
the functions u and v, yield

<o) = [ Yt dy +(3) 2uCom) ) — )

Using the Green’s formula, the formulas for G(x,,, y) and G(z,,, y) given by (8.5)
and (8.6) respectively, and the normal derivative matching condition at x,, yields the
desired formula. O
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8.2. Lemmas for sequences

Lemma 8.6. Given a sequence {an}, |5 (5am+1 — 3am)|goe < o0 if and only if
am = AQ3/5)™ + a,, with ||5"a),||¢ge> < co. Furthermore,

15" ap, leco < 115" (5am+1 — 3am) | ¢oo.
Note that the equation for an, and the bound for a,, implies A = 1imy—o0(5/3)" am.

Proof. Clearly the second statement implies the first statement. Conversely, making
the substitution d,, = (5/3)™am, we find that

313" (dm+1 — dm)llece = 5™ (Sam+1 — 3am) || < 00.
This inequality implies that {d,, } is a Cauchy sequence and by completeness of the

reals, d,, — D for some D. Thena,, = (3/5)™D + (3/5)™(dm — D). Writing d,
as a telescoping series

dm =D + Z(dk —di 1)

k=m

and using the inequality ||3™ (dm+1 — dm)|lec < 00, we obtain

o9}
1
ld = DI = Y ldk = diyr| < 315" (Sam1 = 3am) e

k=m
Then defining a,,, = (3/5)" (dm — D), we see that

15 apllese = 113" (dm — D)llgeo < 5™ (Sam+1 — 3am)ll¢oe. O

Lemma 8.7. Given a sequence {nm}, ||13™ BNm+1 — Mm)|lece < 00 if and only if
13" N llLip < 00. In fact,

137 Bnm+1 = nm) llece = 113" m | Lip-
Proof. It ||3™ (30m+1 — Nm)|lgee < 00, then
13" N llLip = sup 3130m+1 — Nml = 13" Glim+1 — m) llese < 0.
Conversely, if || 3" 1 [|Lip < oo, then

3" 30m41 — 301 = 13" g1 — 3"l < 13" A llip < 00 O
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8.3. Lemmas for series

Lemma 8.8. Fix a constant r < 1 and a sequence {ay,}. Then ||r™/?

and only if |F™?(am+1 — am) |2 < 0. More specifically,

am”lz < oo if

m/2

17 2am|| 2 < Crlar > + Callr™?(@m+1 — am) |l g2

Proof. The first statement obviously implies the second statement. Conversely, writ-
ing a,, as a telescoping series

m—1 m—1
am = ap + Z(ak-i-l —ai) =a; + Z(am—k-i-l — m—k),
k=1 k=1
we see that
m—1
r"Pam = 1"2ay + Y (amekr = amo)r O,
k=1

Using Minkowski’s inequality, we have

m—1
Z (@m—t+1 — Amie)r "R 2 K12
k=1 2
o
k —k
< 2 Ml @mokrr = am-r ™ g2
k=1

o0
<Y 2 @mr — am)r™ ||z
k=1

Using Minkowski’s inequality again and the above inequality, we find that

m—1
17 a2 < 17 arlle + | Y @mirr — amoi)r @2k
k=1 {2
which completes the proof. O

Lemma 8.9. Fix a constant r > 1 and a sequence {an}. Then aym = A + a,, with
[7™/2al || ;2 < oo if and only if | ™ ?(am+1 — am) |2 < oo. In fact,

I7™2a), |2 < Cllr™*(@ms1 — am) -
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Proof. Clearly, the first statement implies the second statement. To prove the con-
verse, we first show that {a,, } is Cauchy. For m > n, we have

m—1

am —dn = Z (ak+1 —ag) rk/zr_k/z
k=n

and applying Cauchy—Schwarz yields

m—1 m—1
|am — an| < (Z(akﬂ _ak)zrk)m(Z rLk)l/z _c rin
k=n k=n

It follows that {a,, } is Cauchy and by completeness of the reals, a,, — A for some A.
Since

oo oo
am — A = Z (ak — ak41) = Z(am+k — Amtk+1)
k=m k=0

we see that

o0

rm/Z(am - A) = Z r(m+k)/2r_k/2(am+k - am+k+1)-
k=0

Using this equation and Minkowski’s inequality, we have

(o]
[7"2(am = Dllez = Y™ 2 @rm = aipme)r 2 2
k=0

o0
= Z r_k/2||(am - am+1)rm/2||£27
k=0

which completes the proof. O

Lemma 8.10. Given a sequence {am}, ||(25/3)™?(5am+2—8am+1+3am)| 2 < 00
if and only if am = Ay + A2(3/5)™ + a., with ||(25/3)™%al, ||,z < co. More
specifically,

125/3)"2a}, 12 < CII25/3)™ (Same2 — 8am+1 + 3am) 2.

Note that the equation for an and the bound for a,, imply that A1 = limy,—e0 am
and Ay = limy,—00(5/3)™(am — Ar).

Proof. Clearly the second statement implies the first statement. To prove the converse,
we apply Lemma 8.9 twice. Making the substitution 3" d,;, = 5™ (am+1—am) yields

o0

o0
Z (23_5)m(5am+2 —8ami1 + 3am)?> =9 Z 3" (dm41 — dm)* < 00.
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The hypotheses of the lemma are satisfied for {d,, }, so we have d,, = D + d,, with
(o] (o]
D 3Mdy P < C Y 3 (At — dm).
m=1 m=1

In order to apply the lemma again, define ¢,, = a,, + (5/2)(3/5)™ D so that

o0

Z3’"|d/ 2= Z( )" emir — em)? < 0.

Using the lemma again, except on the sequence {e,,}, we have e,, = E + e,, with

the estimate
20 /25\m © 25 m
Z (?) el < C E (;) (emt1—em)’.

m=1 m=1

Finally, using the definition of e,,, we find that a,, = E — (5/2)(3/5)"D + e,.
Combining the above equations and inequalities, we obtain

= 25\m >\ (25\m )
Y (F) lenl? <€ 3 () Gamez = 8amer +3am)”. O
m=1 m=1
Lemma 8.11. Given a sequence {m}, 113" (B3maz — 160ms1 + 50m)|l 2 < o0 if
and only if N = 5™ A + 1\, with ||3™/?n ||,2 < oc. Furthermore,
||3m/277;n||%z < Ci1(n2 = 511)? + C2113™23nmtz — 160ms1 + Snm)17-
Proof. The second statement obviously implies the first statement. To prove the

converse, we use both Lemma 8.8 and Lemma 8.9. Define e, = 3" (Wm+1 — 50m)
so that

00 00
1

E 3" (B3Nmy2 — 160me1 + 577m)2 = E : 3m —(em+1— em)z < 0.

m=1 m=1

Applying Lemma 8.8 to the sequence {e;,} gives us

o0
1
Z —m|€m| < Cilei]? + G Z 3" (3Nm+2 = 160m+1 + 51m)* < 0.

m=1

Making the substitution 5"d,, = n,,, we see that

oo
1
Z—memP 23 (D41 = 51m)” —25275m(dm+1 dm)? < 0.

m=1 m=1
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Applying Lemma 8.9 to the sequence {d,, }, we find that d,, = D + d,, with

275"y P < C Y 75" (ds — dm).

m=1

It follows from the definition of d,, that n,, = 5™ D + 5™d,,. Defining 1, = 5"d,,
and combining the above equations and inequalities, we obtain

o0 oo
> 3P < Ciltnz = 5m1)? + C2 Y 3" Btz — 160mi1 + 50m)?. O

(1]

(2]

(3]

[4

—

(10]

(11]

[12]
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