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Abstract. We develop a thermodynamic formalism for quasi-multiplicative potentials on a
countable symbolic space and apply these results to the dimension theory of infinitely generated
self-affine sets. The first application is a generalisation of Falconer’s dimension formula
to include typical infinitely generated self-affine sets and show the existence of an ergodic
invariant measure of full dimension whenever the pressure function has a root. Considering
the multifractal analysis of Birkhoff averages of general potentials & taking values in RN, we
give a formula for the Hausdorff dimension of Jg (@), the a-level set of the Birkhoff average,
on a typical infinitely generated self-affine set. We also show that for bounded potentials ®, the
Hausdorff dimension of Jg (@) is given by the maximum of the critical value for the pressure
and the supremum of Lyapunov dimensions of invariant measures y for which [ ®du = a.
Our multifractal results are new in both the finitely generated and the infinitely generated
setting.
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1. Introduction

Let F be the repeller of a piecewise smooth map
g: X — X.

Given a continuous function
¢: F — RN

anda € RY, we are interested in the set of points in the repeller for which the Birkhoff
average is equal to «,

n—1

Jo(e) = {x € F: nli_)ngO%Zgb(gi(x)) = qf. (1.1)
i=0

The central question in the multifractal analysis of Birkhoff averages is to determine
the Hausdorff dimension of the level sets J,(«). For conformal expanding maps
on compact repellers the Hausdorff dimension is given by a well known conditional
variational principle; see e.g. Pesin and Weiss [33], Fan, Feng, and Wu [9], Barreira
and Saussol [3], Feng, Lau, and Wu [17] and Olsen [31] and [32].

Situations in which either the map f is non-conformal or the repeller F is non-
compact are far less well understood. The vast majority of the work on non-conformal
systems has focused on maps which are obtained as skew products of conformal
systems; see e.g. Barral and Mensi [2], Barral and Feng [1] and Reeve [34] and [35].
Jordan and Simon [26] have given a conditional variational principle for typical
members of parameterisable families of self-affine iterated function systems with a
simultaneously diagonalisable linear part.

Recently there has also been a great deal of work dealing with cases in which the
repeller F' is a non-compact limit set of a countable collection of contractions; see
e.g. [8], [10], [11], [12], [21], [23], [29], [30], and [35]. All but one of these results
concern situations in which the map f is conformal. The only exception being [35]
which deals with a family of skew products including the direct product of the Gauss
map and the doubling map.

There are two facts concerning the space of invariant measures for a continuous
map of a compact metric space which make the dimension theory of compact systems
a great deal easier to handle. The first is that if the space itself is compact, then the
space of invariant probability measures is also compact. Thus given a sequence of
invariant measures one can always extract a convergent subsequence. The second fact
is that for compact systems entropy is an upper-semicontinuous function on the space
of invariant measures, so given a sequence of invariant measures one may extract a
weak star limit point with entropy equal to the upper limit of the entropies of the
measures in the sequence. Since our setting will be non-compact the main challenge
comes from the lack of these two facts.
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In this article, the underlying set is an infinitely generated self-affine set. Besides
that this set is not compact, we have the added complication coming from the fact
that the natural potential associated to the set is usually not multiplicative. As the
first main result, stated in Theorem A, we establish a variational principle for quasi-
multiplicative potentials. The main task is to show the existence of a Gibbs measure.
In Theorem B, by applying the previously developed thermodynamical formalism,
we deliver a dimension formula for typical infinitely generated self-affine sets. In
Theorems C and D, we further develop the dimension theory of such sets by giving
a formula for the Hausdorff dimension of the «-level set corresponding to (1.1). In
order to prove these results, we use and generalise some of the ideas presented by
Gelfert and Rams [19] and Fan, Jordan, Liao, and Rams [10]. We also introduce
the concept of M-trees to be able to better deal with the difficulties arising from
quasi-multiplicativity. Theorem D generalises [10], Theorem 1.2, to the self-affine
setting.

The article is organised as follows. In §2, we exhibit and motivate the results, and
in §3-6, we provide the reader with all the necessary details.

Acknowledgements. The authors are indebted to the referee for helpful comments
which improved the paper.

2. Preliminaries and statement of results

2.1. Thermodynamic formalism for sub-multiplicative potentials. The classical
thermodynamical formalism is an effective tool in the dimension theory of conformal
dynamical systems. However, in the non-conformal setting this is no longer the
appropriate tool. In §3, we develop a suitable formalism to study dimension theory
of infinitely generated self-affine sets.
Define
z = NN

to be the set of all infinite words constructed from natural numbers. Let

¥, =N nelN

Z*:UE,,

nelN

and

be the collection of all finite words. If w € X4 and T € X, U X, then wt denotes the
concatenation of @ and t. Furthermore, if ® € ¥, U X and n € N, then w|, is the
unique word in X, for which there is t € ¥ so that w|,7 = w. fw,7 € £, U X,
then by w A T we mean the common beginning of w and 7. Givenn € Nandw € %,
we set

lw| =n
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and define the cylinder set given by  to be
[w] = {wt: T € X}.

We denote the left shift operator by o and let M, (%) be the set of all o-invariant
Borel probability measures on X.

We equip X with the product discrete topology and call it a shift space. We could
have also defined the shift space by using a finite alphabet, i.e. by setting

» =N

for some finite set / C IN. In this case, we say that the shift space is finitely generated.
Observe that the shift space is compact if and only if it is finitely generated. Moreover,
the cylinder sets are open and closed and they generate the Borel o-algebra.

We shall consider maps
@: X —> (0,00)
which we refer to as potentials. We remark that in the literature, usually the function
log ¢ is termed potential. Since in this article we are more concerned with ¢ rather

than its logarithm we chose to deviate from the usual convention. We say that a
potential ¢ is sub-multiplicative if

p(01) < p(w)p(7)

for all w, T € X. A sub-multiplicative potential ¢ is said to be quasi-multiplicative
if there exist a constant ¢ > 1 and a finite subset I' C X, such that for any given pair
w,T € Xy there exists k € I with

p(@)o(t) < cp(wkT). (2.1)
We also define
K = max{|lw|: w € T} + 1.

A sub-multiplicative potential ¢ is said to be almost-multiplicative if there exists a
constant ¢ > 1 such that

p(w)p(r) < cp(wT)

for all w,t € X.. If the constant ¢ above equals 1, then ¢ is multiplicative. In
Proposition 2.3 and Remarks 2.4, we exhibit various conditions introducing different
types of potentials.
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If ¢ is a sub-multiplicative potential, then we define the pressure P(¢) by setting
1 1
P(p) = lim —log Z,(¢) = inf —log Z,(p),
n—o00 N neN n

where Z,(¢) = ), ¢(w)foralln € N. Note that by the sub-multiplicativity, the
pressure is well-defined, although it may not be finite. It is immediate that P (p) = oo
if and only if Z, (¢) = oo forall n € N. Thus, if the shift space is finitely generated,
then P(¢) < co. Observe that even if the shift space is finitely generated, the pressure
can be negative infinity. Let

Y X — (0,00)

be a sub-multiplicative potential so that P () < coand Z,4m (V) > ¢ Zy (V) Z (V)
for some constant ¢ > 0. If the shift space is finitely generated, then the potential
¥ = 1 satisfies these assumptions. Now defining

@: X —> (0,00)
by setting
9(@) = (cZy(P)n) 'Y (0), € Ty,

it is easy to see that ¢ is sub-multiplicative with P(p) = —1lim, o % logn! = —o0.

We let M, (%) denote the set of all o-invariant Borel probability measures on X.
Given u € My (X) along with a sub-multiplicative potential ¢, we define the measure-
theoretical pressure P, (¢) by setting

1
Pu(g) = inf — 3 p((w]) log

weXy,

¢(w)
p(w)

We adopt the usual convention according to which 0log(x/0) = 0log0 = 0 for all
x> 0.

(2.2)

Lemma 2.1. If ¢ is a sub-multiplicative potential and @ € My(X), then

o1 p(@)
Pu(g) = lim - wEXZ:n p(lo]) log -5,

Proof. The proof follows from the standard theory of sub-additive sequences by the
sub-multiplicativity of ¢, the concavity of the function H(x) = —xlogx, and the
invariance of u. Ol

Furthermore, we define the Lyapunov exponent A, (¢) for ¢ and the entropy h,,
of 1 by setting

Aule) = Tim = 3" p(e]) logp(®)
weXy,

1 (2.32)
= inf > n(w]) logg(w)

wWEX,
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and

b= Jim = 3 (ol log a(fo))
weXy,

(2.3b)

;g&% Y —u(w)logpu(w)) = 0,

weEX,

respectively. Observe that if the potential ¢ is bounded, then A, (¢) < 0. Similar
to the proof of Lemma 2.1, we see that the Lyapunov exponent and the entropy are
well-defined by the sub-multiplicativity of ¢ and the invariance of p.

Lemma 2.2. [If ¢ is a sub-multiplicative potential, then
P(p) = Pu(p)
forall @ € My (X). Furthermore, if h,, < oo or A, (@) is finite, then
Pu(p) = hy + Au(p).

Proof. To show the first claim, we may assume that P, (¢) > —oo and P(¢) < oco.
Thus }_ x5, #([@]) loggp(®)/u([w]) > —oco for alln € N and there is ng € N so
that Z, (¢) < oo foralln > ny. Foreachn > ng and C,, C X, we use the concavity

of the function H(x) = —x log x to obtain
9(@)
1 —1
w;ﬂ p((o))(log e o KEXC:,, v(x))
= Y B@H(u(w)/B@)) (2.4)
weCy

<1 (Y Boml)/p@) < [0.1]

weCy

where B(w) = p(@)/ }_,cc, ¢(k). Dividing by n before letting n — oo proves the
first claim.

To show the second claim, we first assume that A, (¢) is finite. Notice first that if
h,, < oo,thenalso P, (¢) = h;,+ A, (@) is finite. On the other hand, if P, (¢) < oo,
then there is n¢g € N so that

0 < Au@) =5 Y (o) log (@)
weXy,
and
p(w)
()

LY (oD iog B < py(p) 1 < 00

weEX,
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for all n > ng. Thus

LY o og (D < Pal@) — Au(p) + 1

weXy,

for all n > ng and h, < oo. Therefore, if 7, = oo, then P, (¢) = oo and the
desired equality holds.

Finally, we notice that the proof of the second claim in the case i, < oo is
similar. O

Our first main result is the following variational principle. The proof of the result
can be found in the end of §3.2.

Theorem A. If ¢ is a quasi-multiplicative potential, then

P(p) = sup{ Pu(¢): 1 € Ms(2)}.

Moreover, if P(p) < oo, then there exists a unique invariant measure |4 for which
P(p) = Pu(9).

If the shift space is finitely generated, then we always have P, (¢) = h;, + A, (¢).
Moreover, the variational principle holds for all sub-multiplicative potentials; see
Kidenmaiki [27], Theorem 2.6, and Cao, Feng, and Huang [5], Theorem 1.1. Quasi-
multiplicativity has been a crucial property in the study of Lyapunov exponents for
products of matrices; see e.g. Feng and Lau [16], Feng [13], and Feng and Kéen-
maki [15]. It has also been used in connection with finitely generated self-affine sets;
see Feng [14] and Falconer and Sloan [6].

In the infinitely generated case, lommi and Yayama [22], Theorem 3.1, have re-
cently verified the variational principle for almost-multiplicative potentials. Although
the main steps of the proof in our setting are the same as in [22], §4, we have the
added complication coming from the quasi-multiplicativity. It should also be noted
that the dynamical system considered by Iommi and Yayama is more general than
ours.

2.2. Infinitely generated self-affine sets. A classical result of Hutchinson [20]
states that for every finite collection of strictly contractive mappings

fleeoo fn: RE — RY
there is a unique non-empty compact set F C R for which

N
F=|]fi(F). (2.5)

i=1
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If the mappings above are affine, then the set F is called self-affine. We are interested
in countable collections of uniformly strictly contractive affine mappings { fi}ieN-
A natural generalisation of the condition (2.5) is to require that a non-empty set F
satisfies

F=J s (2.6)

ieN
We shall define the infinitely generated self-affine set as a canonical projection of the
shift space. This set then satisfies the above condition.
Let (T;);en € GLg(R)N be such that sup; ¢y || 77| < 1. Define

A = ([0, ]H)N

and note that by the Kolmogorov extension theorem A supports a natural probability
measure

£a = (&0 130"
If
a=(ai)ieN €A,
then we have a collection of uniformly strictly contractive affine mappings { f; =
T; + a;}ien. For each choice of a € A we associate a projection

et X —> R4
defined by

[e.¢]
Ta(@) = ) Tolj- 10w, = MM fur 0= fu, (0).
=1

Here Ty =Ty, -+ Ty, forallw = w1 ---w, € £, andn € N. The set
Fy = ma(%)

is termed self-affine. Since f;(ma(w)) = ma(iw) forall w € X and i € N we see
that F, satisfies (2.6). Furthermore, if the shift space is finitely generated, then F, is
the unique compact set satisfying (2.5).

The dimension theory of finitely generated self-affine sets for a typical choice of
a was first investigated by Falconer [7]. A central tool in Falconer’s analysis was the
singular value function. Given a matrix 7" € GL4(R) we let

V() =--=yqs(T)>0

denote the singular values of 7', in non-increasing order of magnitude. The singular
values are the square roots of the eigenvalues of T*T or, equivalently, the princi-
pal semiaxis of the ellipsis 7'(B(0, 1)). For example, we have y;(T) = ||T|| and
va(T) = ||IT~Y~!. For the sake of geometric intuition, we notice that in R?, we
need approximately y;(7)/y>(T) many balls of radius y»(T') to cover T(B(0, 1)).
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Thus the s-dimensional Hausdorff content of any subset of 7'(B(0, 1)) can be esti-
mated above by a constant times y(T)y2(T)*~!, which is a certain singular value
function. To cover the self-affine set, Falconer used ellipses arising naturally from
the construction; recall (2.5). His crucial observation was that the behaviour of the
singular value function, perhaps rather surprisingly, gave also the lower bound for
the Hausdorff dimension of a finitely generated self-affine set for almost all a.

We shall now give the precise definition for the singular value function ¢*. If
0<s=m+386<dwithmeZand0 < § < 1, then we set

¢*(T) = 1 (T) - Ym(T) Y41 (T)°
forall T € GLy(R). When s > d, we set
¢*(T) = | det(T)"/*

for completeness. Given (Tj)ien € GLg(R)N with sup; ¢y | 7i]| < 1 the singular
value function introduces a potential by slightly abusing notation and setting

@' () = ¢*(Ty) .7

for all w € X.. Note that ¢° is bounded above by 1 for all 0 < s < d. Singular
values y; introduce potentials in a similar way. For example, if s > 0, then yy is the
sub-multiplicative potential w +— || T, ||*.

Falconer [7], Lemma 2.1, showed that the singular value function is ¢* is sub-
multiplicative. It follows that the corresponding sub-multiplicative pressure P (¢*)
is well-defined. Observe that exp(n P (¢®)) describes the asymptotic behaviour of
Zn(¢°) = )_yex, ¢°(w), which can be used to estimate the s-dimensional Hausdorff
measure from above. Following the proof of [28], Lemma 2.1, we see that the
function s — P (%) is strictly decreasing and thus finite on an interval / of [0, c0).
Furthermore, it is convex on connected components of 7 \ {1, ..., d}. Note that also
the functions s — P, (¢*) and s — A, (¢%) are strictly decreasing and continuous
forall u € My(2).

Falconer [7], Theorem 5.3, proved that given finitely many affine contractions
with contraction ratios at most % the Hausdorff dimension of the corresponding self-
affine set F, is given by the unique zero of s — P (¢*) for almost every translation
vector a. Later Solomyak extended Falconer’s proof to self-affine sets with the con-
traction ratios up to %; see [36], Proposition 3.1(i). See Kdenmiki [27], Theorem 4.5,
and Jordan, Pollicott, and Simon [25], Theorem 1.7, for corresponding results for
measures.
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In our second main theorem, we generalise Falconer’s dimension result to in-
finitely generated self-affine sets. The proof of the result can be found in §4.

Theorem B. If (T;)ien € GLy(R)N satisfies sup; ey | T; ]| < % and the singular
value function ¢° is quasi-multiplicative for all 0 < s < d, then

dimy (F,) = min{d, inf{s: P(¢°®) < 0}}
= sup{dimy (ra(I™)): I C N is finite}
for £a-almost all a € A.

In Theorem B, we assume that the singular value function is quasi-multiplicative.
We shall next analyse the generality of this assumption.

Proposition 2.3. The singular value function ¢° is quasi-multiplicative for all 0 <
s < d if (T)ien € GLg(R)N satisfies one of the following conditions.

(1) Suppose that d = 2 and for every line £ € R? there isi € N with T; (£) # {.

(2) Suppose that d = 2 and the matrices T; have strictly positive entries so that the
ratio of the smallest and largest entry of T; is uniformly bounded away from zero
foralli € N.

(3) Suppose that d € N and T; = diag (1, . ..,té), where 1 > |ti| > -+ > |t:1| >0
foralli € N.

Proof. Assuming (1), [13], Proposition 2.8, shows that the potential y; is quasi-
multiplicative. Observe that the proof of [13], Proposition 2.8, applies verbatim
in the infinite case. Similarly, assuming (2), [22], Lemma 7.1, shows that y; is
almost-multiplicative. The claim in both of these cases follows now by recalling
that the determinant is the product of singular values. Finally, assuming (3), the
multiplicativity of the singular value function is immediate. O

Remarks 2.4. (1) The assumption (1) in Proposition 2.3 is equivalent to the property
that the matrices do not have a common eigenvector. Thus, if the 2 x 2 matrices
cannot simultaneously be presented (in some coordinate system) as upper triangular
matrices, then the singular value function ¢* is quasi-multiplicative forall0 < s < d.

(2) The setof (T;);en € GL2(R) N satisfying the assumption (1) in Proposition 2.3
is open and dense set under the product topology. Indeed, the set of pairs (77, T2) €
GL;(R)? for which there is no common eigenvector is easily seen to be an open and
dense set of full Lebesgue measure.

(3) Falconer and Sloan [6] have introduced a certain condition under which the
singular value function is quasi-multiplicative also in higher dimensions; see [6],
Corollary 2.3. Observe that a modification of [13], Proposition 2.8, can also be
applied here. This condition can be considered as a higher dimensional version of the
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assumption (1) in Proposition 2.3 tailored for the singular value function. Falconer
and Sloan show in [6], Corollary 1.3, that the condition is open and dense provided
that it is non-empty. It seems plausible that the non-emptyness can be proven by
choosing the number of matrices large enough so that they all “point in a different
direction”.

(4) None of the assumptions (1)—(3) in Proposition 2.3 are contained in each other.
Indeed, two strictly positive 2 x 2 matrices having a common eigenvector show that
strict positivity does not imply the assumption (1). Furthermore, if

10 0 0 -1
Tl_(o 1) and TZ_(IO 11)’

then (77, T») satisfies the assumption (1), but it is easy to see that there is no coordinate
system in which the matrices are simultaneously strictly positive. The rest of the cases
are trivial to check.

2.3. Multifractal analysis of Birkhoff averages. If
¢: X —R

is a continuous function and y is an ergodic probability measure, then, by the Birkhoff
ergodic theorem,

1 n—1 .
Jim =597 @) = [ pau
=0
for p-almost all w € 3. The Birkhoff ergodic theorem does not give any information
about the exceptional set where this equality does not hold. Since any two ergodic
measures are mutually singular the exceptional set contains other ergodic measures
and thus, the exceptional set cannot be considered negligible. Multifractal analysis
of Birkhoff averages aims at understanding the structure of this exceptional set.
We shall consider Birkhoff averages of functions

®: Y — RN,

The vector space RN is endowed with the product topology, so a sequence (¢ (1)) e
witha(n) = («;j(n))ien € RN converges to o = (;);eN if lim, o0 o (1) = o; for
each i € N. Given a function

¢: 32— R

we define the variation var, ¢ for eachn € N by
vary ¢ = sup{|¢ (@) — ¢(D)]: [@]a] = [z]a]}-
The function ¢ is said to have summable variations if

oo
Zvarn¢<oo.

n=1
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We take a sequence ® = (¢;);en of functions ¢; : ¥ — R, each with summable
variations, which we think of as a function from X to RN. In this case, we just say
that

¢: T — R 00) = (1), $2()....),

has summable variations. Moreover, if each ¢; is bounded, then we say that ® is
bounded. We define the Birkhoff sum of ® for each n € N by

n—1
S, ® = Z dool
j=0

and the Birkhoff average of ® to be the limit of
Ap®=n""5,®

as n — oo. We define S,¢ and A,¢ similarly when ¢: ¥ — R¥ for some k € N.
We let the symbolic level set to be

Ep(o) ={weX: nlggo Ap®(w) = o}

forall o = (j)ieN € RN, where
R = R U {—o00, +00}.

Suppose we have a self-affine set F,, that is, (7;);en € GLg(R)N is such that
sup;en 1751 < % a = (a;)ieN € A, and F, = m,(X) is the projection of the shift
space. In Theorems C and D, we consider the projections of symbolic level sets,

Jo(@) = ma(Ee()) C Fa,
for £-almost all a € A. Let us denote by f; the affine maps
x— T;x +a;.

If the sequence a is such that there is a compact set X € R? with f;(X) C X for all
i € Nand f;(X) N fj(X) =@ fori # j, then the projection 7, gives a conjugacy
between the left shift o: ¥ — X and the well-defined map

g: U filX)y— X
ieN
for which
g) = i) =T 'x—a;, x€ fi(X).

Thus our considerations with J§ () make sense in the context of (1.1) when the
self-affine set satisfies a separation condition.
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Next we state our main results concerning multifractal formalism in this paper.
For each k € N we let M« (X) denote the set of all o*-invariant Borel probability
measures and define M; « (2) to be the collection of all measures € M« (X) which
are compactly supported. If k € N and u € M; « (2), then we let Dy (u) to be the
unique s > 0 satisfying

g £@) _
MZE pllw) tog s

The potential ¢° here is the singular value function defined in (2.7). We also set
D(p) = inf{s: Pu(¢®) =0, Au(¢*) > —oo}

for all u € My () and call it a Lyapunov dimension of ju. Given @ € R we define
an indexed family of neighbourhoods by

(—o0, —n), ifo = —o0,
1 1
By@)={(a——a+ ), ifack,
n n
(n, 00), if ¢ = o0.

We have two main results concerning multifractal analysis of Birkhoff averages.
In the first one, we consider general potentials and in the second one, we restrict our
analysis to bounded potentials.

1

Theorem C. Suppose that (T;)ien € GLg(R)N is such that sup, ¢y | Ti || < 5, the

singular value function ¢° is quasi-multiplicative for all 0 < s < d,
®: 2 — RN
has summable variations, and o € RN, Then

dimy (/3 (@)

= min {d, lim lim sup {Dk(,u,): W € M, (X) so that
o0

n—>00 k—
/Akqﬁi du € By(j) foralli € {1,. ..,n}}}
for £ x-almost all a € A.
The proof of Theorem C is given in §5. Theorem D, our second result on multi-

fractal formalism, generalises the theorem of Fan, Jordan, Liao, and Rams (see [10],
Theorem 1.2) to the self-affine setting.
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Define
Soo = inf {s: P(¢*) < o0}

and

P(®) = {/@du: he MU(E)},

[oan=( oo [oan..)

Let & (D) be the closure of & () with respect to the pointwise topology.

where

Theorem D. Suppose that (Tj)ien € GLg(R)N is such that sup;en 175 < %, the

singular value function ¢° is quasi-multiplicative for all0 < s < d, ®: ¥ — RN is
bounded with summable variations, and o € P (P). Then

dimy (J§(a))

= min {d,max {soo,sup {D(u): U € My(X) so that /CIDdu = a}}}

Jor £a-almost all a € A. Furthermore, if @ ¢ P (D), then
Jo(@) =0
foralla € A.

The proof of Theorem D is presented in §6. It strongly relies on the boundedness
assumption even in the case where there are only finitely many potentials and we are
looking at the interior points of the spectrum; see §6.2. To show the upper bound in
this case, the main tool is thermodynamical formalism developed in §3: the bounded-
ness assumption guarantees the existence of a Gibbs measure for a suitable potential
which then allows us to differentiate the corresponding pressure. The boundedness
assumption is also used in obtaining the lower bound; see §6.6.

3. Thermodynamic formalism for quasi-multiplicative potentials

In this section, our main goal is to show that if ¢ is a quasi-multiplicative potential
with finite pressure, then ¢ has a Gibbs measure. We remark that this is not the case
for all sub-multiplicative potentials; see [28], Example 6.4, for a counter-example in
a finitely generated self-affine set. After showing the existence of a Gibbs measure,
the rest of the section, including the proof of the variational principle, follows by
applying standard arguments.
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3.1. Existence of Gibbs measures. Suppose we have a sub-multiplicative potential
¢ along with a subset / C IN. We define the pressure P (¢, I) by

1 1
P(p, 1) = lim —logZ,(¢,I) = inf —log Z,(p, 1),
n—-oo n neN n

where Z, (¢, 1) = >, cn@(w) forall n € N. Thus Z,(p, N) = Z,(¢) and
P(p,N) = P(p). Observe that Z,(¢,J) < Z,(p, I) and hence also P(¢p,J) <
P(p,I) forall J ¢ I C N. If C > 1, then an invariant probability measure
U € My (X)is said to be a C -Gibbs measure for the potential ¢ on I if it is supported
on I™N, the pressure P (g, I) is finite, and

-1 < p([w])
~ p(w)exp(—nP(p, 1)) —

forall w € I"™ and n € N. An invariant measure i € My (X) is said to be a Gibbs
measure for the potential ¢ on I if there exists some C > 1 such that yu is a C-Gibbs
measure for the potential ¢ on /. Finally, u € My (X) is said to be a Gibbs measure
for the potential ¢ if u is a Gibbs measure for the potential ¢ on N.

For a given quasi-multiplicative potential, throughout the section, we let I' C X,
K € N, and ¢ > 1 be as in the definition of the quasi-multiplicative potential;
see (2.1).

Lemma 3.1. If ¢ is a quasi-multiplicative potential and I C N is so that I' C
K k
U=y I*, then

"P@D < 7 (9. I) < cK max{1, eKP@nP@.1)
foralln € N. In particular, P(¢, 1) > —o0.

Proof. Since the left-hand side inequality follows immediately from the definition of
the pressure, it suffices to show the right-hand side inequality. Fix n,m € N and
w; € ["foralli € {1,...,m}. By the quasi-multiplicativity, there are k1, ..., K;—1
so that

P(@1) -+ @(@m) < " p(@1K102K2 -+ Om—1Km—1Om).
To simplify notation, for each pair w, T € X, we fix a choice of « satisfying (2.1).
Denoting

‘i‘_n,m(wl e Wm) = W1IK1W2K2 ** Om—1Km—1Wm
forall o = w; -+ - wy € (I™)™ defines a mapping

K(m—1)
g:n,m: (In)m N U Inm-i-(
=1
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which is at most K~ to one. Hence

Zao. )" = (3 ¢(@)"

weln

= > Tle

we(m)ymi=1

YT plenm(@))

we(lnym

IA

K(m—1)

K™ YD pw)

(=1 genm+L

IA

K({m—1)
= (CK)m_l Z Znm+e(@, 1).
=1
Consequently, foreachm € Nthereis{,, € Nwithnm < {,, < (n+ K)m satisfying
Zn(p. D™ = m(cK)" Zy,, (9. 1).
Hence

Zu(p, I) < m"™cK(Zy,, (¢, 1)V tmybm/m

m''meK(Zy, (o, 1)"TK, if P(p, 1) >0,
<

mYmcK(Zy,, (9, )", if P(p,1) <0,
for all m large enough. Thus, by letting m — oo, we get

2 1) < cKetKP@.) - if P(p, ) > 0,
n 901 —
cKemP@.D) if P(p,1)<0.

The proof follows since P (¢, ) < P(¢p). O

The following proposition is a finite approximation property for the pressure. It
is crucial in our analysis since it makes it possible to construct a Gibbs measure on
an infinitely generated shift space via its finitely generated sub-spaces.
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Proposition 3.2. If (Iy)¢en is a sequence of non-empty finite sets Iy C N with
Iy C Iy forall € € N so that N = |,y I, then

P(p) = lim P(p,I¢)
{—00
for all quasi-multiplicative potentials ¢. In particular,
P(p) = sup{P(¢,1): I C N is finite}.

Proof. Recall that P(p, Iy) < P(p, Iy+1) < P(p) forall £ € N. Fix o < P(¢),
n € N, and let
P = lim P(p, ;).
{—00

Since ¢ < % log Z, (¢), we may choose £ € N so that

K
1
I' c kL_Jlléc and o < ;loan(go, Ip).

By Lemma 3.1, we have
Zu(@. 1) < cK max{l, eKP@) P

and thus
1
o< ;(loch + K|P(p)|) + P.

The proof is finished by letting n — o0. O

Lemma 3.3. If ¢ is a quasi-multiplicative potential with P (@) < oo, then there exists
a constant C > 1 such that for each I C N with " C Ule 1* we have

C_le("+m)P(‘p’I)go(a)) < Z Z (p(Ka)t) < Ce(n-{-m)P((p,I)gO(w)

kel tel™

forallm,n e Nandw € | J, e I".

Proof. The right-hand side inequality follows immediately since

Y ko) = Y D pk)g(@)e(r)

kel gelm kel grelm
=@(@)Zn(p, 1) Zm(p, 1)
< (CK max{1, eKP("’)})ze(”+m)P("”1)go(a))

by Lemma 3.1.
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To show the left-hand side inequality, we first notice that the quasi-multiplicativity
implies

K
P(@)p(k) <c Y Y pwar) 3.1)
k=1qelk
for all w, k € X4. Applying Lemma 3.1, along with (3.1), we obtain
eMtmP@D () < Zy(. 1) D ¢(@)p(k)

kelm

K
<cZule.D) Y Y D plwar)

tel™ k=1 gelk

K
=cZu(p. D)) Y, ) elote)

k=1 qerk tel™

K
<cZulo. DY Zilp 1) ) plT)

k=1 telm

<c222k<¢,1)2 > 2 D elkawr)

k=1 qe]k kel tel™

K
=Y zut.0)" Y Y ¢lwowr.
k=1

kel telm

The proof is now finished since

K
Zi(p. 1) < cK max{1,eXP@} )" kPO < o0
k=1

"M

by Lemma 3.1. Ol

We are now ready to show that every finite sub-space carries a Gibbs measure.
Observe that, to be able to extend the result into infinitely generated shift space, it is
crucial to find a uniform constant.

Proposition 3.4. If ¢ is a quasi-multiplicative potential with P (@) < oo, then there
is C > 1 so that ¢ has a C-Gibbs measure for ¢ on I for all finite subsets I C N
with T C \Jp_, I*.
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Proof. Let I C N be a finite subset with I' C Ule I*. Given a finite word
o € J,epn I we choose @ € [w]N I™ and let §,, denote the point mass concentrated
at @. For each n € N we define a probability measure v, on X by

vn = Zan(p. D7 Y 9(@)80.

wel3n

Note that v,, is supported on IN Ifm, L € {1,...,n}and w € I, then

oot =Y Y wker)

kelt te[3n—t—m

=Zwe. D' Y Y o).

kelt te[3n—t—m

According to Lemmas 3.1 and 3.3 there exists a constant C > 1 so that
C7le™mP@Dy((w]) < vy 007 ([w]) = CeP@Dp(w) (3.2)

for all finite subsets / C N with I' C U,le I*. Observe that the above estimate
remains true if we replace v, o o—¢ by the probability measure

1 & _
un=;Zvnoa ¢ 3.3)
=1

Since 7 is finite and each p,, is supported on the compact set I ™, there is a convergent
subsequence (in, )ken converging to some limit 1 in the weak™ topology. It follows
from (3.3) that p is a o-invariant probability measure. Moreover, by (3.2), u is a
C-Gibbs measure for ¢ on 1. O

Theorem 3.5. If ¢ is a quasi-multiplicative potential with P (@) < oo, then ¢ has a
Gibbs measure j1. Moreover, there is C > 1 so that for each £ € N there are a finite
set Iy C N and a C-Gibbs measure |1y for ¢ on Iy such that P(gp, Iy) — P(p) and
¢ —> | in the weak™ topology.

Proof. Let (I7)gen be a sequence of non-empty finite sets I, C N with I, C Iy,
and T C Up_, If forall £ € N such that N = | J,¢y Z¢. Recalling Proposition 3.2,
we have limy_, o, P(¢, I;) = P(p). By Proposition 3.4, there exist a constant C > 1
and for each £ € N a g-invariant probability measure py € My (X) so that

c! < pe((w]) <C (3.4)

~ glw)exp(—=nP(p, Iy)) ~
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forallw € I} and £ € N. It suffices to show that the sequence (ji¢)¢e is tight, that
is, for each ¢ > 0 there exists a compact set K C X for which p¢(K) > 1 — ¢ for
all £ € N. Then the sequence (¢)¢en has a converging subsequence and it follows
from (3.4) that the limit measure of that subsequence is a Gibbs measure for ¢.

Fix ¢ > 0 and notice that

Yo eli) = Zi(p) < Ce™@ < o0
ieN

by Lemma 3.1. Thus, for each k € N there is a finite subset /; C N so that

Z 9(i) < 827k C1eP@ 1) < k=1, P@.10)
ieN\TIg

for all £ € N. We define
K={weX:w,e I forall k € N}.

It follows from (3.4) that

oK) = pe(2\ Jto € T ox ¢ Ii})

keN

=1-> wweZ: o ¢ It})
keN

=1-Y " > e (i)
keN ieN\Ix

=1->" > i)
keN ieN\Ix

>1— Z Z Ce_P("”IU(p(i)
keN ieN\Ig

> 1—Zz—ka:1—e
keN

forall £ € N. O

3.2. Variational principle. We shall study the properties of the Gibbs measure
found in Theorem 3.5. At the end of this section, we prove Theorem A.
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Lemma 3.6. If ¢ is a quasi-multiplicative potential with P(p) < oo and |4 is a
C-Gibbs measure for ¢, then

K

3wl No™CHPHO([])) = 20 e 2KIPOly (o)) ([
p.q=1

Jorallw,t € ¥ andn > |w]|.

Proof. By the Gibbs property, we have
p(o] Mo~ POy = > p(lwkr))
KEXn4ptg—ol

> Oy le~n+pta+icDP() Z o(wkT)

KE€X 4 ptg—lwl

and, by (3.1),
K K K
XY s XY Y DY pleeso
p,q=1ern+p+q_|w| KEEn_|w| q=1 ,BEZq p=1 a€X),
> p(@)p(n) Y ek)
KGEn_|w|
for all n > |w|. Therefore
K
> ] n o™ P (7))
P.q=1
> C—2C0—1e—ZKIP(<ﬂ)|e—(n+|f|)P(<ﬂ)(p(w)(p(f) Z o(k)
ICEEn_|w|
from which the claim follows again by the Gibbs property. O

With the above lemma, the proof of the ergodicity of the Gibbs measure now
follows as e.g. in [16], Theorem 3.2.

Theorem 3.7. If ¢ is a quasi-multiplicative potential with P(p) < oo and | is a
Gibbs measure for ¢, then  is ergodic. In particular, p is the only Gibbs measure

Jor ¢.
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Proof. Suppose A, B C X areBorelsetswithO < u(A4), u(B) < 1. Lete > 0. Since
the semi-algebra of cylinder sets generates the Borel o-algebra we may choose finite
disjoint unions of cylinder sets A, and B, so that u(AAA;) < eand u(BAB;) < e.
According to Lemma 3.6 there is np € N depending only on ¢ (and the set A) so that
for some constant C > 0 we have

K

> w(Ae N o™ (By)) > Cpu(As)n(Be)

p.q=1
for all n > ny. In particular, for each ¢ > 0 there exists n € N so that
1(Ae No™"(Be)) = CK?u(Ae)it(Be) = CK2(1(A) — &) (u(B) — ).
Since (A N o~ Y(B))A(A: N6~ Y(Be)) C (671 (B)Ac™!(B)) U (AAA,) the in-
variance of p implies
H(A N U_n(B)) > n(Ae N o™ "(Be)) — 2e.

Thus, by taking A = ¥ \ B and ¢ > 0 small enough, we see that there exists n € N
with (X \ B No~"(B)) > 0. Therefore any invariant B must satisfy w(B) = 0 or
w(B) =1.

To show the claimed uniqueness, assume that v is another Gibbs measure for ¢.
The proof above shows that also v is ergodic. It follows from the Gibbs properties
of both p and v that they are equivalent. This is a contradiction since two different
ergodic measures are mutually singular. O

The following two lemmas examine the relations between the Gibbs measure,
measure-theoretical pressure, and pressure.

Lemma 3.8. If ¢ is a quasi-multiplicative potential with P (@) < oo and |4 is the
Gibbs measure for ¢ on a set I C N, then P(p,1) = P, (¢).

Proof. By the definition of a Gibbs measure, we get

o1 p(w)
Pu(p) = lim - w;n (] log 7

1
= lim ~ > u(])loge””@" = P(p. 1)
n—-oon welh

as desired. O

In the proof of the following lemma, we follow the ideas of [4] and [28], Theo-
rem 3.6.

Lemma 3.9. If ¢ is a quasi-multiplicative potential with P (@) < oo and |4 is the
Gibbs measure for @, then any measure v € My (X) with P(p) < Py, (@) is absolutely
continuous with respect to |L.
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Proof. Let i be a C-Gibbs measure. Assume to the contrary that there exist a
measure v € My (X) with P(¢) < P,(¢) and a Borel set B C X so that u(B) =0
and v(B) > 0. Since the semi-algebra of cylinder sets generates the Borel o-algebra
we may choose a sequence of sets (B, ),eN such that each B, is a union of cylinders
of length n with (u + v)(B,AB) — 0 asn — oo. Let

B, ={w € X, [w] C By}.

Hence, by (2.2) and (2.4), we have

0< 3 vl log 22 1+ T (i) tog 2L ()

= ) T & )

<v(Blog Y ¢) +u(Z\Blog Y @) —nP) 2 B3
w€B, w€eX\B),

2
< v(Bp)log u(Bp) + v(Z\ Bp)log u(X\ By) +1log C + B

for all n large enough. Since v(B,) — v(B) and u(B,) — 0 the right-hand side
of (3.5) tends to —oo as n — oo. This contradiction finishes the proof. 1

We are now ready to prove Theorem A.

Proof of Theorem A. Let us first assume that P(¢) = oco. Let (Iy)¢en be a sequence
of non-empty finite sets with /; C N and I' C Ule 1 Lf‘ for all £ € N such that
N = (Uyen Z¢- Recalling Proposition 3.4, let t be a Gibbs measure for ¢ on I, for
all £ € N. Now

P(¢) = sup{ P(p, I): £ € N}
= sup{ Py, (¢): £ € N}
< sup{Pp(p): pn € Ms(2)}

by Proposition 3.2 and Lemma 3.8.

If P(¢) < oo, then it suffices to prove that a Gibbs measure j is the only invari-
ant measure for which P(¢) = P, (¢). Theorem 3.7 shows that p is ergodic and
Lemma 3.8 shows that it satisfies P(¢) = P,(¢). If v € My(X) is an invariant
measure satisfying P(¢) = P, (¢), then v is absolutely continuous with respect to
by Lemma 3.9. Thus the Radon-Nikodym derivative exists and, by the ergodicity of
W, is equal to 1 for p-almost everywhere; see [37], Theorem 6.10. Hence . = v and
the proof is finished. O
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3.3. Differentiation of pressure. We shall study differentiability of the pressure
related to a specific potential. The result we obtain is crucial in proving the upper
bound in Theorem D.

Given a pair of potentials

01, P2: Ly —> [0, 00)
we let ¢; - ¢ denote the potential defined by
o — p1(@)p2(@),  ® € Zs.
Given a function ¢: ¥ — R we define an associated potential
eg: Xy —> [0,00)

by setting
eg (@) = exp(sup{Sx¢(7): 7 € [w]})

for all w € X, and n € N. Recall that

n—1
Snp(1) =Y ¢’ (1))

Jj=0

forall T € 2.

Lemma 3.10. If ¢ is a quasi-multiplicative potential and ¢ : ¥ — R has summable
variations, then the potential ¢ - eg is quasi-multiplicative.

Proof. 1f
o0
¢ = exp (Y varu(9)).
n=1
then
cleg(w)ep(k) < eg(wk) < eg(w)eg (k)
for all w, k € X4. The claim follows from the quasi-multiplicativity of ¢. ]

Lemma 3.11. If ¢ is a sub-multiplicative potential with P(¢) < oo and ¢p: ¥ — R
is bounded with summable variations, then the function

q > P(g-eqqp)

is convex.
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Proof. If g, p € Rand 0 < A < 1, then

P(©)eg+(1-1)ps (@) = (@(@)ege (@) (@(@)epy (@) ™

for all w € X,. Thus, by Holder’s inequality, we have

3 o@eaqranne@ = (Y 0@ew@) (3 o@ep@)

weX, weXy, weXy,

Taking logarithms, dividing by n, and letting n — oo gives the claim. O

Lemma 3.12. If ¢ is a quasi-multiplicative potential with P(¢) < 00, W is the
Gibbs measure for ¢, and ¢ : ¥ — R is bounded with summable variations, then the
Junction

q— P(p-eqq)

is differentiable at zero with derivative
op (<P eq¢)
‘ =0 / ¢ du.

Proof. To prove the claim, we use some of the ideas used in the proof of [28],
Theorem 4.4. It suffices to show that the right derivative exists at zero and equals to
| ¢ du since applying this result with —¢ in place of ¢ gives

o1 o1
i = (P(9 - €qe) = P() = ~lim (Pl eqc-o0) = P(0) = / b du.

Throughout the proof of the lemma, to simplify notation, we write P(q) in place of
P(¢-e44). By Lemma 3.11, the function ¢ — P(q) is convex and hence there is a
well-defined right derivative at zero. We shall denote it by P/ (0).

To prove that P (0) < [ ¢ dpu, take f > [ ¢ du. Define

={w € X,: Sp¢(r) > np for some t € [w]}

for all » € N and let

Co= [l

weCy,

Since u is a Gibbs measure for ¢ there is C > 1 so that
p(w) < Ce"PO (o)) (3.6)

for all w € ¥, and n € N. By Theorem 3.7, i is ergodic and thus, we may apply
Birkhoft’s ergodic theorem, Egorov’s theorem, and the fact that ¢ has summable
variations, to obtain lim, o (t(Cy) = 0.
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Fix y > 0. Since P(g) is convex we have P(y/n) > P(0) + yP,(0)/n. Using
the sub-multiplicativity of ¢ - e,4/, and (3.6), we have

enP(O)-i—yP_/,’_(O) < enP(y/n)

< Y ¢(@)exp(ySn(@)lwill/n)

weXy,
< Z go(w)eyﬂ + Z (p(w)eylld)ll
weS,\Cl, weCy

< Ceyﬂe"P(O)(l — u(Cp)) + Ce”"d’"e”P(o)u(Cn).

Dividing by "?(© letting n — o0, and then y — oo gives P 1 (0) < B as desired.
To show that P} (0) > f ¢ du, we use Lemma 2.2 for the sub-multiplicative
potential ¢ - e4¢ and Lemma 3.8 for the quasi-multiplicative potential ¢ to obtain

P(q) = Pu(p-eqq) = Pu(so)+q/¢du = P(0)+q/¢du

for all ¢ > 0. The proof follows. O

4. Dimension of infinitely generated self-affine sets

In this section, we prove Theorem B, that is, we show that the dimension of a typical
infinitely generated self-affine setis a supremum of dimensions of its finitely generated
subsets. We also examine when the projection of the Gibbs measure is a measure of
maximal dimension. The reader is prompted to recall notation from §2.2.

Proof of Theorem B. Define
so = inf{s: P(¢*) <0}

and let (1y)¢en be a sequence of non-empty finite sets 7, C N with

K
IyClipy and Tc|JIf, teN,
k=1
such that
N=]I.

LeN
Fix £ € N and let 0 < 5; < 59 be such that

P(pt, 1) = 0.
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To show that sg < sup,¢p Se, take s < sg. Since P(¢*) > Oand P(¢°, Iy) — P(¢®)
by Proposition 3.2, we may choose £y € N so that P(¢*, I,) > 0. Therefore
S¢o > 8, and, consequently, so = supyc ) S¢.

Recall that dimy (77,(1 eN)) = min{d, s¢} for £a-almost all a € A by [7], Theo-
rem 5.3. Therefore, since | ¢ JTa(IZN) C F,, we have min{d, 5o} < dimy(F3). To
show that dimy (F,) < s¢, take s < dimy(F,). Choose m € Z and 0 < § < 1 so
that s = m + § and let A be a closed ball such that f;(A) C A foralli € N. It
follows from the definition of singular values that for each v € X, we may cover
Jfo(A) with at most a constant times

1@ y»@ ym)
Ym+1(@) Ym+1(w) Ym+1(@)

balls of radius y,,,+1 (). This is just a straightforward generalisation of the geometric
intuition explained in §2.2. Thus there exists ¢ > 1 so that

Ky (F) < D Iy (folA) =c D ¢ (@)

WeEX WETy

for all k € IN. It follows that EweEk ¢*(w) > 1 for all k € N large enough. Thus
P(¢®) > 0and s > s which finishes the proof. O

Considering the projection 7, , we denote the pushforward measure of & € My (X)
by ma .
Theorem 4.1. Suppose that (T;)ien € GLg(R)N is such that sup;cy | Ti|| < %,
the singular value function ¢° is quasi-multiplicative for all 0 < s < d, there
exists 0 < so < d so that P(¢*°) = 0, u is the Gibbs measure for ¢*° so that
A (9%0) > —o0, and F] C F, with wau(F)) > 0. Then

dlmH(Fa/) = dimH(Fa)

for £ x-almost all a € A.

Proof. Lets <t < s¢ and recall that by Lemma 3.8, Theorem A, and Lemma 2.2,
the measure p is ergodic and satisfies /1, + A, (¢°°) = 0. Hence, by the Shannon—
McMillan—Breiman Theorem and Kingman’s sub-additive ergodic theorem, we have

m log pu([w|n])
n—o0 log ' (w|n)
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for p-almost all @ € X. Applying Egorov’s theorem, we find for each ¢ > 0 a
compact set C C ¥ and ng € N so that

w(C)>1—¢ and p(wl]) < @' (@]y). o € C,n > ny.

Now, according to [36], Proposition 3.1(i), we have

du(w)du(r)yda ; B
/A/C/z |72 (@) — ma(T)[* =¢ /C/E‘/’ (@ A7) dp(w) du(z)

YN (@) u(ehp(C N i)

n=0 weX,

<) Y @ (@pu(e)

n=0 weXx,

o0
<c Z ==
n=0

for some constants ¢, ¢’ > 0. Observe that [36], Proposition 3.1(i), is a refinement
of [7], Lemma 3.1, and it generalises immediately to the infinite case. It follows that

log map (Blra(0).1) _ {t>0. [ s
=0: [

lim inf
rl0 logr

|7ra(@) — ma ()|

for p-almost all 7 € C and for £a-almost all a € A. Thus dimy(F,) > s for all
F] C F, with ot (F}) > 0. The proof is finished by recalling Theorem B. O

To finish this section, we provide the reader with a sufficient condition to guar-
antee the finiteness of the Lyapunov exponent in Theorem 4.1. Recall that s, =
inf{s: P(¢*) < oo}.

Lemma 4.2. If (T;)ien € GLg(R)N is such that sup, e | Ti || < 1, the singular value
Junction ¢° is quasi-multiplicative for all 0 < s < d, 5o > Sco, and | is the Gibbs

measure for ¢*°, then A, (¢*0) > —o0.

Proof. Observe that since P(¢*0) < oo the Gibbs measure p for ¢ exists by
Theorems 3.5 and 3.7. To prove the claim, let m € Z be so that

m<syg<m++1.
By the Gibbs property there is a constant C > 1 so that

1([]) < C(w)e P@)
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forallw € ¥, and n € N. Thus

¢ ;[(“]); > nP(¢%) —log C 4.1)

forallw € ¥, andn € N.

If max{seo,m} < t < 59, then P(¢") < oo and Z,(¢") < oo forall n € N by
Lemma 3.1. As in (2.4), Jensen’s inequality gives

> ()1 og log( Y ¢ (@) =log Zu(g").  (42)

weXy, weXy,

Since ¢*0(w) = Ym+1(0)*0 "¢’ (w) for all w € T, we have, by (4.1) and (4.2), that

(nP(¢*) —log C) < weXE:n (@) (1og ym+1(@)* ™ + log 5;[(;01)))

< Y u(@) logyme1 (@) + log Zu(¢").

weXy,

Hence,

=Y kD logg™@) = + 3 (o] og pms (@)™
weJ" weln
_ 0+ DP@) ~ 105 C ~Iog Z,(¢"))
n(so —1) '

Letting n — oo we have

Al > OF 1)(12((:/)_03 —Pe) 0

5. Multifractal analysis of Birkhoff averages

The aim of this section is to prove Theorem C. The upper bound is proved in Propo-
sition 5.2 and the lower bound in Theorem 5.4. It is worth mentioning that the upper
bound in Theorem C holds for all a € A. The proof of the upper bound can be
considered to be a refinement of the proof of Theorem B; see also [24], §4. The proof
of the lower bound is more complicated and it involves a detailed examination of
symbolic tree structures.
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5.1. Proof of the upper bound in Theorem C. In this section we shall prove the
upper bound in Theorem C. The reader is prompted to recall notation from §2.2 and
§2.3. We begin with a lemma relating the dimension of Jg (o) to the singular value
function. Define

Agp(a,n, k) ={w e Xy: Argi(r) € By(o;) forall t € [w]andi € {1,...,n}}
foralln,k € N.

Lemma 5.1. If (T})ien € GLg (R)N is such that sup; c | T; || < 1, ®: = — RN has
summable variations, « € RN, a € A, s < dimy(J§(«)), and n € N, then there is

ko € N such that
Y Pe>1

weAgp(a,n,k)

forall k > k.
Proof. Let § = sup; ¢ || 771 and set

Do(a,n, k) ={w € Xy there is T € [w] such that
Ax@i(t) € Bay(e) foralli € {1,...,n}}

forall n,k € N. Fix n € N. Since limy_, o varg (Ax¢;) = 0 we may choose k;
so that vary (Ax¢;) < (2n)~! foralli € {1,...,n} and all k > k. Thus we have
Do(a,n, k) C Agp(a,n, k) forall k > k;. Since

o0
Jo(a) C U ﬂ U ma([w])
leN k=l weDg(a,n,k)
and dimy (J§(ar)) > s there is [ € N with
o0
dmg () U m(o))>s
k=l weDg(a,n,k)
Hence, continuing as in the proof of Theorem B, we find a constant ¢ > 1 so that
(U med)<e Y dw)
weDg(a,n,k) weD g (a,n,k)

for all kK € N. The claim follows. O

Proposition 5.2. If (T;)ien € GLg(R)N is such that sup; oy || Ti|| < 1, ®: & — RN
has summable variations, and o« € RN, then
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dimu (J§ ()
< lim lim sup {Dk(,u,): w € M* (X) so that
n—>00 k—>00 o
/Ak¢,~ dji € By(ap) foralli € {1,....n}
foralla € A.

Proof. Fixa € A, s < dimy(J§()), and n € N. According to Lemma 5.1, there is

ko € N such that
> Pe)>1

weAp(a,n,k)

for all k > kg. Let k > k¢ and choose a finite subset
Fe(a,n, k) C Ap(a,n, k)

with

Fly= ) ¢@=z1

weFgp(a,n,k)

Define a compactly supported k-th level Bernoulli measure i € M« (X) by setting

o’ (w)/F(k), ifwe Fep(a,n, k),
n(fo)) = .
0, ifwe X\ Fo(a,n, k),

forall w € Xg. It follows immediately that

@*(w)
p([w])

> (@) log

wEX

=logF(k) >0

yielding s < Dy (u). Since p is supported on |J, e py wnil@] and Aggi(7) €
By(a;) forallw € Fe(a,n, k), 7 € [w],andi € {1,...,n} we also have

[ et du < Bt
foralli € {1,...,n}. These observations imply the proof. O

It remains to show the lower bound in Theorem C.
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5.2. Symbolic tree structure in level sets. The following proposition contains the
essence of the proof of the lower bound in Theorem C. Its proof uses some of the
ideas presented in [19], §5.2, and [10], §3.1.

Proposition 5.3. Suppose that (T;)jen € GLg(R)N is such that sup; <y || T3]l < %,
the singular value function ¢° is quasi-multiplicative forall0 < s < d, ®: ¥ — RN
has summable variations, o € [I_QIN, and

s < lim lim sup {Dk(u): n € M (%) so that
o0

n—>oo k—

/Ak¢,~ du € Bu(a;) foralli € {1,...,n}y.

Then there exists a set S C Eg (o), a Borel probability measure |L supported on S,
and a constant C > 1, such that u([w]) < C¢*(w) forall w € .

In fact, with this proposition, the lower bound in Theorem C follows almost
immediately.

Theorem 5.4. Suppose that (T;)ien € GLg(R)N is such that sup;cy || Ti || < % the
singular value function ¢° is quasi-multiplicative for all0 < s < d, ®: ¥ — RN
has summable variations, and o € RN. Then

dimy (Jg (@)

n—00 k—o00

> min {d, lim lim sup {Dk(,u): p € M (2) so that

/Akgi)i du € By(a;) foralli € {1,. ..,n}}}
for £ x-almost all a € A.

Proof. Let s > 0 be as in Proposition 5.3. Applying the measure given by Propo-
sition 5.3 in the proof of Theorem 4.1, we get dimy (7, (S)) > s for £4-almost all
a € A, where § C Eg() is as in Proposition 5.3. Thus dimy(/§(a)) > s for
La-almost all a € A. O

In the course of the proof of Proposition 5.3, we shall rely on the concept of
M-trees. This approach is inspired by a similar notion discussed by Furstenberg
in [18]. We shall now define all the required concepts.

Ifw,7 € X4 U X sothat w A T = w, then we write

w X T.
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This defines a partial order on X. Let X C X, be an antichain with respect to <.
This means that @ % t for all w, t € X. If there is a function

Mx: X —> [0, 1]

so that

> Mx (@) =1,

weX

then the ordered pair (X, Mx) is called an M-tree. An M-tree (X, Mx) is said to be
Sinite if X is a finite set. If (X, Mx) and (Y, My) are M-trees so that

Mx(@)= > My(1)

te{keY: w=k}
for all w € X, then we write
X, Mx) < (Y, My).

This defines a partial order on the collection of all M-trees.

Next we shall define a limit for certain M-tree sequences. If ((X,, Mx,,))neN is
a chain of finite M-trees so that lim,_, ., min{|w|: w € X} = oo, then the limit of
that sequence is defined to be

lim (X, Mx,) = Koo, Mco),
n—oo
where
Xoo = {r € X: foreachn € N there is w € X, so that w <X 7}

and M, is a Borel probability measure supported on X o, defined as follows. Observe
first that since each X, is a finite antichain, it is readily checked that the collection

A(Xoo) = 18, Xoo} U {[0] N Xeo: 0 € | Xa

nelN

is a semi-algebra of subsets of Xo,. Moreover, since
lim min{|lw|: v € X,} = oo,
n—>oo

it is clear that this semi-algebra generates the Borel o-algebra restricted to Xo,. We
define M, on A(Xo) by setting

Mo(@) =0, Moo(Xeo) =1,

and
Moo ([0] N Xeo) = M, (@).
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forallw € X, andn € N. Itfollows from the factthat (X, Mx,,) < (Xp+1, Mx,, )
for each n € N, that this set function is well-defined and countably additive. Thus
Mo extends to a measure on X. Finally, given a subset 2 C ¥, U X let D(2) C N
be the collection of all digits contained within words from €2, that is,

D(R2) = {l € N: there is w € Q with w; = [ for some i }.

Before proving Proposition 5.3, let us sketch the main idea of the proof. We start
by choosing a compactly supported k-th level Bernoulli measure p, so that Dy (o)
is close to the right-hand value of the inequality in the formulation of Proposition 5.3
and

/Ak¢i dp, € Bu(a;)

foralli € {1,...,n}. Then we use the strong law of large numbers and Egorov’s the-
orem to see that appropriate averages converge to the values Dy (p,) and [ Ax¢; dpy
uniformly on a set S, having large p, measure. We continue by constructing an
antichain T, so that the set S, is contained in the union of all cylinders obtained from
the finite words in T,. We also construct a function M, from the measure p, and
require that ((T, Mj;))nen is a chain of finite M-trees with

lim min{|w|: w € T,} = oco.
n—oo

After some organising of symbolic levels (this will be the role of the mapping ¥,,),
we obtain a measure y supported on a set S as the limit of the chain. By choosing the
averages close enough to the limiting values Dy (p;) and f Ar i dpy, it is possible,
albeit a bit technical, to show that  and S are exactly the objects we claimed to exist.

Major technical obstacles in the proof come from the quasi-multiplicativity and
the fact that the shift space is infinitely generated. Quasi-multiplicativity obliges us
to organise the symbolic levels and because of the infinitely generated shift space, we
have to keep track of the symbols used at each level of the construction. Let us next
turn to the rigorous proof of the proposition.

Proof of Proposition 5.3. We begin by noting that, without loss of generality, we
may assume that if ¢ is in the sequence @, then also —¢ is in ®. Indeed, if & =
(¢i)ien, @ = (&)ieN, and the right-hand side of the inequality in the formulation of
Proposition 5.3 is denoted by D(®, «), then we clearly have D(®,a) = D(®’, a’),
where @' = (¢!);en and o’ = («;]);en are defined so that

b =bi.  Phi_y = —i

and
/ —_— . / —_— .
Ori =i, O =~

foralli € IN.
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Choose s < t < D(®P, o) and define
C; = sup{|pi(w)|: w € [r]and T e D(T" U {1})}, i€ N. (5.1
For each n € N we choose
k=k(n)> 4Kn(rl_n<a;( C+1)

so that

1
—, 1 €ll,...,n},
5, el ny
and there exists v, € M*; (2) with Dy (vs) > ¢ and

vark(p) Akm$i <

/Ak¢i dv, € Bay () (5.2)

foralli € {1,...,n}. Let p, € ,M:;k (X) be the compactly supported k(7)-th level
Bernoulli measure given by

qg—1
pn((©1 - ormyg)) = [ [ vn(@jkemy+1 -+ @G+ Dk -
j=0

For each potential ¢; we define a k-th level locally constant potential A ¢; by

k—1
A di(0) = inf{%Zgb;(al(t)): 7 =wfor j € {1.....k}}.
=0

Note that Ax¢; (w) — varg Axd; < Appi(w) < Ax¢pi(w) forallw € ¥ andi € N.
Since vary A (¢;) < % it follows from (5.2) that

/Ak¢i dpn € Bu(a;), i€{l,....n}.

Moreover, it is immediate from Dy (v,) > ¢ that

Z on(w)log ¢ (@) > 0.

WEX (n) Pn (w)

We let
D) ={w € Zgmy: pn(®) > 0}.

Since p, € M: « (2) the number of words in O (n) is finite. Hence, for each n there
is a finite set of digits D*(n) C N defined by

n+2

p*(m) = D( | J D) ui13uT).

=1
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Since we also have var; ¢; < oo the quantities

A(n) = sup{|¢;(v)|: T € [@] for some w € D*(n) andi € {1,....n}} (5.3a)
and

B(n) = sup{pn (@) ' w e D)} (5.3b)

are both finite. By Kolmogorov’s strong law of large numbers, we have

. t
im L Zl @ (wjk(n)-i-l "OG+Dk@) S pu(o) log @' (v)
=0

>0
N—oo N ([0jkm)+1 @G +1)km)]) T pn([T])

for pp-almost all w € %, and

Mm N Z Ay $i (@75 (@) € Ba(e)

and for all i € {1,...,n}. By Egorov’s theorem we find S, C supp(p,) with
pn(Sn) > 1/2 so that each of the above convergences are uniform upon S,,. Hence
there is L(n) € N such that

N—-1
[T ¢ @ikm+1--0G+vkm) > [ onl@ikm+1 - oGroem)) — (5:4a)
j=0 j=0
and
1 N-1 .
< > Api(@F P (@) € Bu(ey). i efl.....n}. (5.4b)

forallw € S, and all N > L(n). We also let

M(n) = max{g' (t)~": [t] N supp(pn) # 0}

For every a, B € I, according to the quasi-multiplicativity of ¢’, there exists
w € I" such that

@' (awp) = c(t)¢' (@) (B).

where ¢(¢) > 0 is a constant depending only on 7. For each pair «, 8 we fix a choice
of such w. We let

axf

denote the word awf, so

@' (o * B) = c()¢' ()¢ (B).
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Note that for any given «, f € X there are at most K = max{|w|: w € I'} finite
words B’ € ¥, with @ * B’ = a % B (including S itself). We also write

axfrow=(exf)*w.
Our aim is to construct a sequence of M-trees ((T,, My)),enugoy With
(Ta—1, Mn—1) < (Tp, My), neN,
along with functions (¥ ),en of the form
v, T, — Xy,
together with a sequence (¥, )nen With the property that every T € T, satisfies
Yn — K = [Wn(D)] < ya.

We begin by letting Top = {d}, Mo(@) = 1, Y9 = {0 — 0}, and yo = 0.
Suppose we have defined (M,,—1, T,—1),

U, q: Tho1 — X2,
and y,—; with the required properties. For each w € T,_; we let
Zyp—1(w) ={t € Tp—1: ¥Yp-1(7) < ¥y—1(w) or ¥y—1(w) < Wy—1(7)}.

We shall construct (M, T,), ¥,: T, — X, and y, as follows. First take ¢, € N
so that

AM(n)L™® M (n + 1)EO+D
min{e! (Vy—1(@)): © € Ty—1}

+nL(n+ 1)(AMm) + 1)(B(n) + 1)(yp—1 + 4K
+kn+1D)+kn+2)+1)

+ max{#¥ ! (0): w € Ty}

dn

+#DM#D(n 4+ V) max{#Z,—1(w): w € Ty—1} + gn—1
)5K+k(n+l)+k(n)+2

+#D(n + D#({1} UT UD(D(n)) UDD(n + 1)) .
(5.5)

where 4A(n) and B(n) are as in (5.3).
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Let
Fn={r€ 2k(n)qn C[r]N Sy # 0}
and
nm) = Y pa([e]) = pa(Sa) > 1/2.
te€fy
Define

anI ={re Ek(n)l: there is § € Ek(n)(q,,—l) with 8 € F,}, [ €{l,....qun}.

In the process of constructing (T, M,), ¥,, and y,, we shall construct a sequence
of intermediary M-trees (T, ,M,l,))?io so that

(Th MLy < (T e

and
(Tamt. Ma) < (T M) < (T M) (5.6)
forall/ € {1,...,¢s}. In addition, we construct intermediary maps
(VL E— )

and (y,ll ;Iio so that
I _ g o< 1l (o)] < o] T
Vn SO =y, TeT,
and
qul(wl) < q;il-i-l(wl-i-l)’ Cl)l c —l]—'i’ Cl)l+1 c —l]—’£+1, Cl)l < Cl)l+1.
First take (T2, M2) = (T,—1, Mp—1), ¥2 = W,_y, and y? = y,_;. Clearly
(T2, M2), WO, and y? satisfy the required properties. For each [ € {1,...,q,} we

let
T!={kt:x € T,y and v € F}.

For each w € "[I',i we take the (unique) pairk € T,_; and t € 37,11 with @ = k1 and
let

Mp—1(k)
M) = =222 ST p([eB)).
7’)()1) Befa: taeF,}

It is clear that (T, ML) < (T, ML) and if we let
(-I]-nv Mn) == (-[I—;,In s MZ”)!

we have shown (5.6). We shall construct the functions (W ?il and numbers (. ?il
recursively.



Multifractal analysis of typical self-affine sets 121

Suppose [ € {1,...,¢,} and we have constructed \IJ,ll_l and yl~1

, satisfying the
required properties. Define
Yo =Vn | +2K + k()

and let
W =KT € '[I',i

so that k € T,—; and T € F;|. Choose 7’ € F,!~! so that 7’ < 7 and set
o =kt e TN
Thus there exists 1; € X, so that w = @’7;. The function \IJ,lt is defined by setting
V()= o)y xg x1---1,
where the length of 1---1is y} — K — [W/ 71 (') » 7|. Since
v =K = @) =y

we have
v = K +k(n) < VL) x| <yl + k(n) + K.

Thus ‘l’,l, (w) is well-defined, the length of 1---1 is at most 2K, and y,i - K <
|\Ilfl (w)] < )/,ll. Moreover, if we let

co=c(t)’¢'(1---1),

where the length of 1---1is 2K, then a simple induction gives
l
¢ (W1 () [ [ ' (1) < 579" (W k7)), (5.7)
j=1
where each 7; has length k(n). We emphasise that ¢ is independent of n and /.
Recalling that T,, = T, we set
v, = Wi,

To finish the construction of M-trees ((T,, My))nenufo}. functions (W,)uen,
and the sequence (yy),eN, We shall show that

max{#Z! (0): w € T!} < go_1(2K)! T (5.8)
foralll € {1,...,qn}, and n € N, where
7 () = {0’ e T ¥l (0) < ¥ (o) or ¥ (o) < ¥ (0)}

for all w e"[l',i,l e{l,...,qn},andn € N.
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Fix w € T and choose k € T,—; and t € %! so that ® = k7. Write
T=7T1""7, T EEk(n).
Now suppose @’ € Z. () and similarly take «’ € T, and 7’ = 7] Ty € Fl
so that ' = «’t’ and rj/. € Xg(m)- Itis clear that either W,_; (k) < W,_; (k') or
U, (k') < W,_1(k). Thus we have K’ € Z,_;(k). Now since either ¥/ (») <
Ul (@) or ¥l (') < V! (w) and |W-1(0")] < yi7! <y} — K < |Wl (w)], we have
V(0" < Wl (w), where ” = k't ---7/_, € T!~1. Thus, for j <[ — I there
is a subword of \Iffl (w) which starts between positions ;) ' _ Kand i 14 K (or
between positions y,—1 — K and y,—1 + K if j = 1). Also, 7; € D (n). This shows

that
#7! (0) < #7,—1 () 2K) " HD (n).

Hence

max{(#Z (w): w € T!} < max{#Z,_1(k): k € T,—1}2K)' " #D(n)

= max{#Z%" ' (k): @ € T VK 74D (n).
Iterating this inequality and applying the definition of ¢,,—; we obtain
max{#Zf, (w): w e "I]',i}

<max{#Z,_»(k): k € Ty} QK)" 24D (n — H#D(n)

< gno12K)In—11,

Let
(T,v) = lim (T,, My).
n—>oo

Then T consists of all w € X such that there is a sequence (wp)neN € [ [,en Tn such
that w, <X wp41 X o for all n € N. It follows from the construction of (¥,),en
that Uy, (wy) < Wyt1(wn+1) and |V, (wn)] < [¥y41(wn+1)]. Thus, there is a unique
infinite word W (w) € X with ¥, (w,) < ¥(w) for all n € N. This defines a map

v: 7 — 3.
We let
S =Y(T)
and
w=vow!
and let

S*={we i [w]NS # B}

In Lemmas 5.5-5.10 we shall verify that S and p defined above have the required
properties, that is, S C EF¢(«) and p([w]) < C¢®(w) for all w € .. The proof of
Proposition 5.3 thus follows. O
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The following six lemmas should be considered to be part of the proof of Proposi-
tion 5.3. The statements were formulated as lemmas in order to help further structure
the proof. In the first two lemmas, we estimate the measure v which was obtained as
the limit of the chain of finite M-trees.

Lemma 5.5. In the setting of the proof of Proposition 5.3, letn € N, [ € {1,...,qn},
and w =kt € T} so that k € T,—; and t € F!. Then

¢' (V) (@) )
o' (Wy—1(k))’

Proof. Since w € '[I',f and k € T,—; we have v([x]) = M;—1(x) and

v([w)) < 20K M )l

v([w]) = ML ()

=M@ )

7’)()1) Bela: tacF,}

L SR (T )

7’)(”) Bela: taeF,}
< 2v([kD pn ([z]).

So it suffices to show that

o' (V) (k7)) )

!
B 0 - L(n) 1
pu([T) = [T o)) = M(n) CO((p’ (Wn—1(x))

Jj=1

Thus, by (5.7), it suffices to show that
1 1
[[on(lm]) = M) T " (5D (5.9)
j=1 j=1
Now either / > L(n), in which case it follows from t € 37,11 and (5.4) that

! !
[TenlmD < [ (5D,
ji=1 =1

or [ < L(n), in which case we have

l
[Te' (@D < M@ < M@m)-®.
j=1

This shows (5.9) and thus completes the proof of the lemma. O
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Lemma 5.6. In the setting of the proof of Proposition 5.3, letn € N, [ € {1,...,qn},
and @ € T!. Then

V([@]) < guor C 1 of (W ().

Proof. Since w € 'I]',i we may take k € T,—; and t € .’Fnl so that ® = «t, so by
Lemma 5.5, we have

¢' (¥} (@) )
@' (Wn-1(k))”

Moreover, since k € T,_1 = "I]':ﬁ;‘ there exists k— € T, and 7 € ?nq_"l_‘ so that
k = k—7—. Applying Lemma 5.5 once more, we obtain

v([]) < 20D Mm@ c(

\IJLIn 1
v([k]) < 20(k-DM(n — EO-D g (ﬁ)'

Combining these two estimates we get

4M(n — 1)EO=D pp(n) L@
@ (Un—2(k-))
Noting that the definition of ¢,_; implies

v([w]) < Cdr=1* ot (WL ().

4M(n — DEC=D pr(n) L0
min {¢’ (Vp—2(k)): k" € Ty}

completes the proof. O

dn—1 =

In the following three lemmas, we turn to estimate the measure p which was
defined as the pushforward of v.

Lemma 5.7. In the setting of the proof of Proposition 5.3, letn € N, [ € {1,...,qn},
and w € '[l-,i. Then,

1 (@) < g2 #D(n) 2K Co)™—1H " (W ().

Proof. Note that u([V. (®)]) = v o W1([W (w)]). Moreover, ¥~ ([ (w)]) C
U[n], where the union is taken over all n € T!*! satisfying ¥/ (0) < W/ (n).
This follows from the fact that every n € "I]',i“ maps to a string \Ilfl“ (n) of length
(Wi ()] =yt — K =yl = |l (0)|. Since

n—1+l1 n—1-+1
() e e C T () I T o A LA D)
for all n € T+ satisfying W! (w) < W/ T1(p), it suffices to show that

#n e T Wl (0) < W ()} < #D(n)gn1 2K) 1T,
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Now if n € T!*! satisfies W/ (w) < Wit1(n), then there exists some n— € T} with
n— <X nand ‘l’,’,(a)) < ‘l’,l,(n_) or ‘l’,l,(n_) < ‘Il,ll(a)). By Lemma 5.8, there are at
most gn_1(2K)?=1*! such _. Moreover, each such 7_ is continued by at most
#D(n) strings in T/ *1. This finishes the proof. O

Lemma 5.8. In the setting of the proof of Proposition 5.3, let T € 2. If n = n(t) is
minimal so that |t| < y. — K for some l € {1,...,qn} and let | = [(7) be the least
such l. Then |t| > y,i/2 and

p([e]) < gu_ 2K Co)™=1* 9! ().

Proof. Since |t] < y,ll — Keveryw € "I]',i satisfies |t] < |\IJ,11 (w)]. Hence u([z]) <
3 (¥l (w)]), where the sum is taken over all @ € T! with ¢ < W!(w). By
Lemma 5.7, for each w € Tl with 7 < \Ill (w), we have

1L (@) < g2 #D(m) (2K Co)in=1H o' (W, (w))
< @2 #D(n)(2KCo)t—1H ¢! (v).

As such, we must estimate the number of w € T! with ¢ < W/ (w). Either [ > 1, in

which case |7:| > yl=1 — K, orl = 1, in which case |r| > ydn 1™ ' — K. In either

case |t| > y) — (5K + k(n) + k(n — 1) + 2) > yl/2. Now each w € T} with
T = ‘l’,l, (w) is of length no more than )/,ll and each of the final |‘l’,l, (w)] — || digits is
chosen from, {1} UT U D(D(rn — 1)) UD(D(n)). Thus, there are at most

#({1PUTUDD (1 — 1)) UD(D(n))) KHrm+k(—1)+2

words w € Tl with 7 < \IJI (w).
By the choice of ¢g,—1, we have

Gn1 > #D(M)# ({1} UT UD(D(n — 1)) U D(D(n)))> K Hr+kn-1+2
and the claim follows. |

We are now ready to show that p satisfies the desired property.

Lemma 5.9. In the setting of the proof of Proposition 5.3, there exists a constant
C > 1 with u([t]) < C¢*(z) forall T € .

Proof. Clearly we may assume 7 € S* since otherwise w([t]) = 0. Since each T,
consists of finitely many elements all of length at least y,, the set S* N X,, is finite
forall m € N. As such, it suffices to show that there is N € N so that u([t]) < ¢*(7)
for all T € $* with |t| > N. Choose N so that (2KCy)>N=1 < (3/2)¢~%) and
N33/4)NE=9) < 1 and let M = max{N, yn}.
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Givent € S*with|t| > N weletn = n(r)tobe minimalsothat|z| < y}—K for
some ! € {l,...,¢q,} and take [ = [(7) to be the least such /. Then, by Lemma 5.8,
we have |t| > y}/2 and

p([t]) < ga_1 QKCo)™ =1 ¢! (7).
Hence 2|t| > y,i > lk(n) + gn—1k(n +1)> (I + gy—1)(n — 1) and
u([x)) = [P @KCo) ™! (1),

Since sup; ey | 77 ]l < % we have ¢ (1) < 27111=9) s (1) and so

u([zD) = 2P (KoY @027 =9)flgs (7).
Since y, > y;' > [t| > M > yn wehaven > N, so
(2K Co)? =D (1/2)0=9) < (3/4)=9).
Moreover, since |7| > N we have |t|?(3/4)71¢=9) < | and
pu((rD) = [t (@K C)Y D (1/2) ) g (2)
< PR/ (1) < ¢* (1)
finishing the proof. ]

The following lemma completes the proof of Proposition 5.3, and hence of Theo-
rem 5.4, which gives the lower bound in Theorem C. The lower bound together with
Proposition 5.2 completes the proof of Theorem C.

Lemma 5.10. In the setting of the proof of Proposition 5.3, S C Eg¢(x).

Proof. Recall that we previously made the assumption that if ¢; is in the sequence
®, then also —¢; is in ®. As such it suffices to fix ¢; and show that for each t € §
we have

1 m—1 .
lim inf — E ¢i (0’ (1)) > a;. (5.10)
m—>00 m —
J_

Given m > y; we choose n = n(m) to be maximal so that y,, < m and choose
[ = I(m) < gn+1 to be maximal so that )/,ll_H < m. Since T € § = Y(T) there
is® € T!,, with U/ (») < 7. It follows from the construction of T/, that
o = ko'®?, where k € T,_1, o' € T, and w? € T!. We deal with these three
segments separately.
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I+1

Since / is maximal we have m < y, 1], orm <y}, if | = gu41. This implies

that
m— |l (@) <2K +k(n+ 1) +k(n+2)+ 1.

It also follows that 7,,, the initial segment of t of length m, consists entirely of digits

from
n+2

D*(n) = D( | J D) ui13uT).
I=1
Hence, for all j € {1,...,m} we have
— i (07 (@) = An), (5.11)

where #A(n) is as in (5.3). Since m > y, > gn > nAM)(Yn—1 + 2K +k(n + 1) +
k(n 4+ 2) + 1), we thus get

(W —1 ()| —1 . m—1 .
Yo i@+ Y il ()
j=0 J=I¥ (@)
(5.12)
> —yYn—1AM) — 2K +k(n + 1) + k(n + 2) + 1)A(n)
2m
-~ n

Observe that g, > L(n) and o' € T, imply

gn—1
LS Ay (@D (@1)) € Baer)

n j=0

for all @' € [w!]. Here we have used the fact that A4 k(n)®i 1s constant on cylinders

of length k(n). Write w! in the form

o' = o] w(}n wy € D(n) C Tkm)-

It follows ~‘from the construction of W,, along with the fact that W, (Ka)l) <7, thzlt
some set A C [Vu—1, ¥n] N N of cardinality ¢, has the property that for each j € A
thereis v € {1,..., ¢} such that 6/ 7 € [w]]. Let

A=A+1{01,... k(n)— 1}

We may choose A sothat T, € {1}UD (T") forall integers v € [yn—1+1, yu]\ (A+1).
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Since 07/ (7) € [w]], for each j € A, we have

qn—1

¢ ( OJ (r) = — Ak(n)¢1 (0 (T))
an( ) Z qn j%:\

-
= Z A $i (0" (@")) € By(ai).

By the construction of W, the cardinality of [y,—1, v, — 1] \ A is at most 4K ¢,
k(n) > 4Kn,andm >y, > k(n)q, > 4Knq,. Thus

2m
HA > vy — Y1 —4Kqn > yn — 7

and
Vn(ai_%)a ifo; < 1,
g¢i(0j(f)) >3 (v — 2—m) (e - 1), if o > .
je
(v — 27’”):1 if o = o0,

As noted, for each j € [yn—1,yn — 1]\ A there is n € {1} U D (T') so that olt en).
Thus, for all such j, we have ¢; (¢’ (7)) > —A;, where A; is as in (5.1). Moreover,
since k(n) > 4KnA; fori e {l,...,n}and m >y, > k(n)q,, we get

Y. $il0) (@) = —4KAign = —=-.
J€lYn—1,yn—1\A

Putting these inequalities together we have

- Vn(ai—%)—%, ifa; < %,
j=%:_l ¢i(c’ (1)) > (y,, - 27m)(a,~ — %) — % ifo; > 1, (5.13)
(Vn—z—m)n—ﬂ, ifa; = 00
n n
n+1(“’)| 1

For the sum Z ¢i (07 (1)), there are two cases. Either [ > L(n + 1),
in which case there ex1sts »? € [w?] with

1 N n
72 Aeuny®i (@) € By (@), (5.14)
j=0
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so we may proceed as in the previous case to deduce
1 m .
( 1(w)|—yn)(ai——)——, ifo; < ;.
n n

|‘I’£,+1(a))|_1 2 1
. m m .
j; @i (07 (1)) > (|‘l’n+1(w)|—yn—7)(oz,~—;)—;, if o > %
! 2
(19 @) =y — )0 =2, if a; = oo.
n n

Recall that m — |\I/n+1(a))| <2K+kn+1)+k(m+2)+1=<y,/n <m/n,so
we may combine the above inequalities to obtain

1
W), (@)1 (m B J/n)(a,' B ;) B %’ ifo; < %
n+1
j;:n $:(07 () > 1 (m —yu — 37'”)(0“ - %) - % ifo; > 1 (5.15)
(m_yn_?)_m)”_ﬂ, ifa; = 00
n

Combining (5.15) with (5.12) and (5.13) we conclude that whenever [ > L(n + 1),
we have

p (o - %) _S ifo; < 5.
E;@(Oj(r)) >1(1- )( )_ SR (5.16)
(1—;)11—%, if ¢; = o00.

If] < L(n+ 1), then we apply (5.11) once more to obtain

|‘I’;{l+1(w)|_1 m
Y G0/ (@) = —k(n+ DL+ DA = -2 = D0 517
J=7n " "
Notice thatif/ < L(n+1),then |W! 11(@)|=yn < (4K +k(n+1))L(n+1) <m/n.

We also have m — |\IJnJrl (w)| <m/n,som—y, <2m/n which combined with (5.13)
gives

. m (o —%)—%, ifo; <1,
,- ; $:(07 () > { (m — 47’”)(% - %) - % ifo; > 1. (5.18)
=Vn—1
(m—4—m)n—ﬁ, ifa; =00
n n
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Combining (5.18) with (5.17) and (5.12) gives

(a,—%)—%, if o; < 3,
1S 4 N 3 . 1
— 3 tiol @) > (1= =) (o ) == ife > b (5.19)
j=0
(1—%)11—%, if o; = o0.

Since either (5.16) or (5.19) holds for all m > y; and n(m) — oo as m — oo we
have shown (5.10) and thus finished the proof. 1

6. Conditional variational principle for bounded potentials

In this section we shall prove Theorem D. The progression from Theorem C to Theo-
rem D relies upon the thermodynamic formalism developed in §3. The main challenge
is to prove the upper bound which is given in §6.2-6.5.

We begin by proving some elementary lemmas in §6.1. The upper bound for
the interior points of the spectrum for finitely many potentials is given in §6.2. In
§6.3, we prove an upper-semicontinuity lemma which is a crucial technical tool in
forthcoming sections. In §6.4, we prove a lemma which allows us to extend the upper
bound to the boundary of the spectrum. The proof of the upper bound, for all points
of the spectrum and for a countable infinity of potentials, is given in §6.5. The lower
bound in Theorem D follows reasonably straightforwardly from Theorem C and it is
proved in §6.6.

6.1. Space of integrals with respect to invariant measures. We restrict our at-
tention to potentials ®: ¥ — R taking values in some finite dimensional vector
space. We begin by recalling an elementary lemma concerning convex sets of RY.
If k € {—1, 1}V, then we define the open k-orthant O(k) to be the set

O(k) = {(x)),: ki - x; > 0 for each i }.

Lemma 6.1. If C is a convex set, then a € RY lies in the interior of C if and only if
CN(a+ O)) #Bforallk € {—1, 1}V,

Suppose & = (gbi)f\’:1 is bounded with summable variations. If v € M(X), then

we write
/dev= (/¢1dv,...,/¢Ndv).

The space of integrals with respect to invariant measures is

P(P) = {/@dv: Ve Mg(z)} c RV,
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Lemma 6.2. The set P (D) is bounded and convex. Moreover, either P (D) is con-
tained within some (N — 1)-dimensional hyperplane or P (®) C int (P (D)).

Proof. The first statement follows immediately from the fact that the mapping

v|—>/q>dv

defined on M, (X) is bounded and affine and M, (X) is convex. The second statement
follows from elementary properties of convex sets in Euclidean spaces. O

If I C N is finite, then we define P (P, 1) C P (P) by
PP, 1) ={P(): v e My(Z)and v(IN) =1}
and
Po(®, 1) = {®(v): v € My(Z) is ergodic and v(IN) = 1}.

Lemma 6.3. It holds that

P(@) C | JPe(@.1)
1

and

int(P(®)) C (Jint(P(@. 1)),
1

where the unions are taken over all finite subsets I C IN.

Proof. Let v € My(X), « = [Pdv € P(P) and ¢ > 0. Since each ¢; has

summable variations we may choose n € N with var, (4,¢;) < . For eachw € N”

we let® € X denote the unique periodic point with 69" (®) € [w] forall ¢ € NU{0}.
Note that since v is o-invariant,

/Angbidv:/gb;dv:a;, ie{l,...,N}

Hence, as var, (4,¢;) < ¢ for each i, we have

> vl inf{Aui(0)} > o —e (6.1a)
wWEX,

and
> v([w]) sup{Angi(v)} < o + . (6.1b)

weEX,
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Given a finite set / C N we let
cw.1)= > ().
wel”

Note that / may be chosen so that c(v, /') is arbitrarily close to one. Hence, (6.1)
implies that there exists a finite set / C N such that

e, D)7 Y (@) inf {Augi (1)} > i —& (6.2a)
wel” ‘
and
c. )™ Y (@) sup{Angi (1)} < o + . (6.2b)
wel” T
forall i € {I,...,N}. Let i/ be the unique nth level Bernoulli measure which
satisfies

W (o) =c, D (). wel
By (6.2), we have
/A,,q&i du' € (o —&,a; +¢€).

Now let
1n—l
_ / —J
n=- Zu oo
J=0

Since i is 0" -invariant and ergodic with respect to ¢”, the measure . is o-invariant
and ergodic with respect to o. It is also clear that y is supported on I™. Moreover,
since

1n—l .
/q&idu: ;Z/q&idu/ooﬂ =/An¢id,u’e(ai—8,ai+s)
j=0

foralli € {1,..., N}, we have shown the first claim.
To prove the second claim, we apply Lemma 6.1. Indeed, if & € int(P (D)), then

P@®)N(a+0K) #0, «e{—1,1}".

Since each set « + O(k) is open it follows from the first claim that for each k €
{—1, 1} there is a finite set I(k) C N with

P(®,1(k)) N (o + O(k)) # .

1= 1w,

ke{—1,1}NV

we obtain a finite set with P(®, 1) N (« + O(k)) # @ forall k € {—1, 1}¥. More-
over, since P (®, I) is convex it follows from Lemma 6.1 that « € int (P (D, 1)).
This completes the proof. O

Letting
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6.2. Upper bound for interior points of the spectrum. In this section we give
the proof of the upper bound in Theorem D for interior points of the spectrum in the
special case where there are only finitely many potentials. The proof uses a variational
type argument which is a standard tool in multifractal analysis.

Proposition 6.4. Suppose that (T;)ien € GLg(R)N is such that sup;cy | Ti]| < 1,
the singular value function ¢° is quasi-multiplicative forall0 < s < d, ®: ¥ — RV
is bounded with summable variations, and a € int(P (PD)). Then

dimy (J3 (@))

< min {d,max {soo,sup {D(,u,): U € My(X) so that /@d,u, = a}}}
foralla € A.

The proof of Proposition 6.4 requires two lemmas. Lemma 6.5 uses Lemma 5.1
to relate the dimension of Jg (o) to the pressure. Then Lemma 6.7 proves the upper
bound by showing the existence of an appropriate maximising measure.

Lemma 6.5. If (T;)ien € GLg(R)N is such that sup;cy |T;| < 1, a € A, and
®: X — RY is bounded with summable variations, « € RN, and s < dimy (J3(@)),
then

P((/)s : e(q,<I>—a)) >0
forall g € RV,

Proof. Fix s < dimy(Jo(a)) and g € RY. By Lemma 5.1, for each n € N there
exists k(n) € N such that

Yo de)>1

weAgp (a,n,k)

for all k > k(n). Thus

Y ¢° (@) sup exp(Splg, @ —a)(7))

weS t€[w]

N
= Z ¢*(w) sup exp(ZQi (Sni —nai))

WEX €o] i=1

N
> Y '@ sup exp (Y gi(Sudi — )

weAgp(a,n,k) €fw] i=1
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> Y PN

weAgp(a,n,k)

> e—Nék/n,

where ¢ = max;¢(q,.. N} ¢;. Hence

1
P(@" - ego-a) = Jim —log( ) ¢ (@) sup exp(Sy (q. @ —a) (1)

koot s, el
. _Ng
T n
Letting n — oo completes the proof of the lemma. O

Lemma 6.6. Suppose that (T;)ien € GLg(R)N is such that sup;cy | Ti|| < 1, the
singular value function ¢° is quasi-multiplicative for all0 < s < d, ®: ¥ — RN
is bounded with summable variations, @ € RY, q € RN, and s > Soo. Then the
potential ¢* - ey &—q) is quasi-multiplicative and P(¢° - (g, 0—q)) < 00. Moreover,
if i is the Gibbs measure for ¢* - ey o—q), then A, (¢°) > —o0.

Proof. Observe that the quasi-multiplicativity follows immediately from Lemma 3.10.
Since @ is bounded we have B = sup{|{¢, ®(w) —a)|: @ € ¥} < oo. This together
with P(¢*) < oo gives P(¢*-e(y,0—a)) = P < oco. Thus, by Theorems 3.5 and 3.7,
the Gibbs measure p for ¢* - (4 o—q) €Xists.

To prove the last claim, let m € Z be so that m < s < m + 1. By the Gibbs
property of u there is a constant C > 1 so that

(o)) < C*(@)ego-a) (@) < Co* (w)e" PP

for all w € ¥, and n € N. Now, following the proof of Lemma 4.2, we get
Au(@®) > —oo. O

Lemma 6.7. Suppose that (T;)ien € GLg(R)N is such that sup;cy | Ti|| < 1, the
singular value function ¢* is quasi-multiplicative for all 0 < s < d, ®: ¥ — RV is
bounded with summable variations, o € int(P(P)) C RY, and s > soo satisfies

inf P(¢®- e, o_gy) > 0.
L, (¢° - eg0-a)) =

Then there exists an ergodic invariant measure . € Mq(X) with [ ®dpu = o and
D(p) = s.
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Proof. We shall consider the function
F:RY — R

defined by

F(q) = P(¢" - ¢(q.0-a))-
Since o € int (#(P)) we may apply the latter claim of Lemma 6.3 to obtain a finite
subset I C N with @ € int(P (P, I)). Since / is finite and all of the matrices 7; are
non-singular we have

¢'(w) =", weX,,
where

c=min{yy(T;):i € I} > 0.

Furthermore, A, (¢*) > logc > —oo for all & € My (Z) with u(I™N) = 1. Since
a € int (P (D, 1)) there exists ¢ > 0 with B.(a) C P(P, ). Hence for each

g € RN\{0} wehavea+eq/|q| € P (P, I)and there exists a measure Vg € Mg (X)
with A, (¢°) > log ¢ satisfying

/@dvq = o+ eq/lqll.

By Lemma 2.2 and the boundedness of ®, we have
F(q) = hy, + <q, / ddy, — a> + Ay, (¢°)

> {(q.2q/llqll) +logc
= ¢llq|| + logc.

Hence F(q) — 00, as ||q|| — oo. Tt follows from Lemma 3.11 that F attains a global
minimum on a bounded set. Let g(«) denote a point at which this global minimum
is attained.

By Lemma 6.6, the Gibbs measure w, for ¢° - e(4 ¢ satisfies Ay, (¢*) > —oo.
Thus, applying Lemmas 3.8 and 2.2, we obtain

F(q) = hyu, + <q, / ddpug —a> + A, (@°).

Moreover, by Lemma 3.12 foreach i € {1,..., N} we have
IF () i P00 g wi—a) ~ P@ - ¢l o)
= lim
dq; '9=ax  gi—q qi —4q;

aP((¢* - e(q*,'ib—a)) "€y (¢i—0!i))
a(ﬁ q;=0
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Since F attains a minimum at g («) it follows that

/gbid,uq(a):ai, iG{l,...,N}.

Thus, denoting

/,L = Iu“q(()l)s
we have
/ ddu = «,
hy + AM(‘PS) = h, + <Q(0‘)» / Odu — 05> + AM(GDS)
= P(¢’ - e(q,0-a))
>0, (6.3)
and
D(p) = s. O

Now we are ready to show the upper bound in Theorem D for interior points of
the spectrum in the case where there are only finitely many potentials.

Proof of Proposition 6.4. Take a € int(J(®)). Either dimy (J§()) < Seo, in which
case the upper bound holds, or dimy(J/§(@)) > seo. If dimu(J§(@)) > 500, then
we may choose 500 < 5 < dimg(Jg(a)). By Lemmas 6.5 and 6.7 there exists
U € My (X) with D() > s. This completes the proof of the proposition. O

6.3. Quasi upper-semicontinuity lemma. Recall that because of the non-compact-
ness of the shift space, the space of invariant probability measures is non-compact
and the entropy is not upper semi-continuous. Nonetheless we do have the following
proposition. It generalises the statement in [10], Lemma 6.5.

Proposition 6.8. Suppose that (T;);en € GLg(R)N is such that sup;cy | Ti]| < 1,
and (Jin)neN is a sequence with

Un € My(X), neN

and
lim sup D(itn) > Soo-

n—>oo
Then there exists a sub-sequence ({in;)jen and a measure ji € Mq(X) which is a
weak™ limit point of (jin;)jeN and satisfies

D(p) = lim sup D(1u).
n—>o0
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Before proving the proposition, we first prove a few elementary lemmas. Let P
be the set of all infinite probability vectors, that is,

P= {(ql')ieN e [0, 1]N: iqi = 1}’

i=1

and equip it with the usual product topology. If @ = (a;);en is a sequence of numbers
in (0, 1) and C > 0, then we set

P(a,C) = {(q;)ieN eP: Zqi loga; > —C}.
ieN

Lemma 6.9. If a = (a;)ieN is a sequence of numbers in (0,1) and C > 0, then
P(a, C) is closed.

Proof. Let p = (p;i)ien be an accumulation point of P(a, C) and let (p(n)),en be
a sequence so that

p(n) = (pi(n))ien € P(a,C), neN,
and
li_)m p(n) = p.

Suppose for a reductio ad absurdum that

o0
Zpi loga; < —C.

i=1

Then there exists k € N so that

k
Zpi loga; < —C.

i=1

Choosing now 19 € N so that

k
Zpi(n)logai <—C, n > ny,

i=1

we have arrived at a contradiction since

o) k
Zpi(n)logai < Zpi(n)logai <—=C, n=>ny. O

i=1 i=1
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Lemma 6.10. [fa = (a;);en is a non-increasing sequence of numbers in (0, 1) with
> 2, ai <ooand C > 0, the function

F:P(a,C)— R,
defined by

oo
F(q) = qilog(ai/q:).
i=1
is upper semi-continuous.

Proof. Let
Pr = {(gi)ien € P: g, =0foralli e {k +1,k+2,...}}, keN,

and define a map
P — Py
by setting
qi. ifi e{l,....k—1},

o0
(@i =1 q;. ifi =k,
j=k
0, ifi e{k+1Lk+2,...3,
for all ¢ = (gi)ien € P. Take a sequence of vectors (p(7)),en With each p(n) =
(pi(n))ien € P(a, C) along with p = (p;)ien € P such that for each i € N we
have lim,—o0 pi(n) = p;. In particular, we have Y ;o p;(n)loga; > —C. Our
goal is to show that lim sup,,_, o, F(p(n)) < F(p).
Since lim, o0 pi(n) = p; foralli € {1,....,k—1}and Y ;2, q¢; = 1—2:-:11 qi
for all ¢ € P we have lim,_o & (p(n)) = & (p) with respect to the supremum
metric. Hence lim,— o F(&x(p(n))) = F(&c(p)). Similarly, as in (2.4), we see that

oo a: 00 st s
Zq[(log% —logZaj) = —Z%‘ longJ',
i=k qi j=k i=k =k

and, consequently,

o0

a;

k—1 9] Z 4
=k

@
F(q) <) gilog—+ > gilog =

i=1 E . qu
j=k

= F(& () — Y _qilogar + Y qilogy_a;

i=k i=k j=k
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forall g € P(a,C) and k € N. Choosing ko € N so that
o
Zaj <1, k >k,
j=k

this implies

F(&(p)) = lim F(&(p(n)))

> timsup (F(p(n) + Y pi(n) logay)
n—o0o i—k

o
> limsup F(p(n)) + linrgigéf Z pi(n)logay

n—>oo .
i=k

o0
> limsup F(p(n)) + Y _ piloga

n—>oo .
i=k

for all k > k¢ by Fatou’s lemma. Note that since the sequence (a;);en is non-
increasing we have

o0 o0
Zpi logay > Zpi loga;, ke N.
i=k i=k
Moreover, let ¢ > 0 and, by recalling Lemma 6.9, choose k. € N so that
o0 o0 o0
Zpi loga; > —e and Zpi log Z p; > —¢e,  k>ks.
i=k i=k =k

Since

ag

F(p) = F&(p) =Y pilog = =3 pilog —

i=k L ij
=k

o0 o0 o0
> Zpi loga; + Zpi logij
i=k i=k =k

> —2¢
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for all k > k, we have

limsup F(p(n)) < limsup (F(& (p)) = ) pi logax)

n—o00 — .
k—o00 i=k

< limsup F(§(p)) + ¢

k—o00

< F(p) + 3e.

Letting ¢ |, O finishes the proof. O
Now we are ready to prove the announced quasi upper-semicontinuity property.

Proof of Proposition 6.8. We begin by showing that (i, ),en has a convergent sub-
sequence. Let

8 = lim sup D(up)

n—>oo

and choose m < § < m + 1. If max{sco,m} < ty < t; < &, then there exists a
subsequence (1;)jeN With D(ip;) > 1 forall j € N and limj00 D(itn;) = 4. It
follows that

AMnj ((pt()) z AMnj ((ptl) > —00
and that

1 1 ' () .
0= Py, (¢") = Ewezzkﬂnj([w])l()gm, k,j e N.

Furthermore, recalling (2.4) and Lemma 3.1, we have

9" (w) » 0 :
Z Un; ([@]) log ———— <log Zx(¢™) < klog Z1(¢") < o0, k,j€N.
oA fin; ([@])

Since @' (@) = ¢ (@) Ym+1(w)1 770 we get

klog Z1(¢™)

k.j eN. 6.4
— J (6.4)

Z Un; ([w]) log ym+1(@) = —

wEX

Note that for every ¢ > 0 there is M € N so that

o0 o0
Ympr (T < Y~ o™ (T) <.
i=M i=M
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Thus for each ¢ > 0 there are only finitely many i’s so that
10g Ym+1(Ti) = (m + 1) ' loge.

Therefore, (6.4) implies that the sequence (i, ) en is tight and thus has a converging
subsequence. We keep denoting the subsequence by (in;)jen and let u € My (X)
be its weak™ limit.

Let max{soo,m} < s < 8. Since ¢* (@) > Ym+1(w)™ ! forallw € X it follows
from (6.4) that

k(m + 1) log Z1(¢")
1 —1

>ty ([0]) log ¢ (@) = —

WweEX

forall k, j € N. According to Lemma 6.9, the same estimate holds when the measure
Un; is replaced by w. Thus Ay (¢®) = —(m + 1)t — to) " tlog Z1(¢™) > —o0.
Furthermore, since s < § there is jo € N so that D(un;) > s for all j > jo.
Therefore, Lemma 6.10 implies

P o (©)
I o (0] log 222~ ¢
ol = msep 2 s (oD loe 7 e =

> (@) log

wEX

and D(p) > s. The proof is finished since max{soc,m} < s < lim sup,_, o, D(n)
was arbitrary. O

6.4. Finitely many potentials lemma. In this section we prove a technical lemma
which, together with Proposition 6.8, allows us to prove the upper bound in Theorem D
for boundary points of the spectrum.

Lemma 6.11. Suppose that (T;)jen € GLg(R)N is such that sup; c | T; || < %, the
singular value function ¢° is quasi-multiplicative for all0 < s < d, ®: ¥ — RN is
bounded with summable variations, P (®) is not contained within any (N — 1)-di-
mensional hyperplane, and a € P (P). Then for each & > 0 there is y € int(P (D))
with o — y| < € and

dimy(J§(y)) = dimp(Jg(@)) — ¢

for £ x-almost all a € A.

Proof. Fix ¢ > 0 and let dimy(J§(a)) —& <5 <t < dimg(J§()). By Lemma 6.2
and the first part of Lemma 6.3, we may choose f € int (P (D)) N P (P, I), with
respect to some finite subset / C N, satisfying |8 — «| < 1/n. Since f € P (P, )
there is an ergodic invariant measure v € M, (X) with v(IN) = 1 and [ ¢idv =B;
foralli € {1,...,N}. Since v(IN) = 1 we also have A,(¢*) > —oo. By the
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sub-additive ergodic theorem there exist both ¢ € X, and a constant 6(t) > 0, as
well as L(t) € N such that

411 (0) = Bil <17 and @°(zlp) = 6(1)'. 1= L(v).i€{l.....N}.
Choose 0 < p < min{l, ¢/|8 — «|} so that
2(1—9)(t—S)9(T)p > 1
and let
y =pB+(—p.
Since B € int(LP(P)) and @ € P (D) we have y € int(L(P)) by the elementary
properties of convex sets in RY. Moreover, since p < /| — | we have |a —y| < &.

We shall now show that dimyg(J§(y)) > dimp(J§(a)) — €.
Since ¢t < dimy(J§(y)), it follows from Lemma 5.1 that for all / € N there exists

q(l) € N such that
Z o' (k) > 1.
k€A (a,l,q)

for all ¢ > g(I). Since sup; ¢y |77 ]l < % and s < ¢ it follows that
Z ¢* (k) > lt=s)
k€A (a,l,q)

for all ¢ > q(l). For every a, B € X, according to the quasi-multiplicativity of ¢,
there exists w € I" such that

@* (awp) = co*(a)p*(B),

where ¢ > 0 is a constant depending only on s. As in §5.2, we write « * 8 for cwp.
Note that for any given «, f € X there are at most K = max{|w|: w € I'} finite
words B/ € X, witha *x B/ = a x

Our choice of p implies that for each [ € N there exists

A(l) > max{(1 = p)"'q(), p~" L(v), 1}

such that .
() (217799 (1)P)" > 1

forall k > A(l). It follows that
> ©* (k * (t|rkp)) = € > 0* ()¢ (T 1ke1)

k€A (a,l,[k(1—-p)T) k€A (a,l,[k(1—-p)T)

> csz(l—pﬂ(t—S)g(T)fpk] 6.5)

> c0(7) QU= g(1)P)k

> 1
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for all for all k > A(l) and [ € N. We shall temporarily fix > d and k > A(]),
and for each k € Ag(a,l, [k(1 — p)]) we let r(k) be |k * (t|[xp1)| — [kp]. Since
[k] C [«] for & = (k * (t|[kp1))|k We have

[k(1=p)T(ei =171 < Stq-p i (@) < [k(1 = p)](es +171)
foreachi € {1,..., N} by the definition of Ag(a. [, [k(1 — p)]). We also have
[kp1(Bi =17 = (K +Dl¢ill < S—rpi (0" (@)) < [kpl(Bi +171) + (K + Dl
Since r — [k(1 — p)] < K it follows that

[k(1=p)T (@i =171 + [kpl(Bi =171 — 2K + D)1

< Skéi(w)
< [kp1(Bi +171) + QK + Di || + [k(1 = p)(e; +171).
Furthermore, since |o; |, |8] < [l ¢i]l, i = (1 — p)a; + pBi. and k > [ we have
vi — 17N (QK +3)¢ill + 1) < Arpi(w) < yi + 17 (2K +3)|dill + 1)

Hence, if O = (2K + 3) max;eqi,...ny ¢ | + 1)~ then we have & € Ag(y. n, k)
for all n < |QI]. Since k is an initial substring of k¥ * (t|fx,1) for any given
k € Agp(a, [, [k(1 — p)]) it follows from (6.5) that

Y PR = > ©* (i * (o)) > 1

keAq(y.n.k) k€A (a,l,k(1—p)])

foralln < [QI]and k > A(l). For each n we choose [(k) € N sothatn < [Ql(n)|
and let B(n) = A(l(n)). It follows that

> PR >1

k€A (y,n,.k)
for all n € N and for all kK > B(n). As in the proof of Proposition 5.2, we get
dimg(Jg(@)) — ¢

<SS

< lim lim sup {Dk(,u): p € M7, (X) so that

n—00 k—o00
/Akgbi du € B,(y;) foralli € {1,...,n}

for all a € A. Theorem C finishes the proof. O
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6.5. Proof of the upper bound in Theorem D. For potentials ® = (¢;);en taking
values in RN we similarly write

/dev = (/¢1dv,/¢2dv,...), vV E My(X),

P(P) = {/dev: Ve M(,(E)} c RN,

and

The closure of & (®) with respect to the product topology is denoted by (D).
The following proposition proves the upper bound in Theorem D. In Lemma 6.15,

we show that if & ¢ P (®), then J§ () = @ foralla € A.

Proposition 6.12. Suppose that (T;);en € GLg(R)N is such that sup, ¢y || Ti|| < %
the singular value function ¢° is quasi-multiplicative forall0 < s < d, ®: ¥ — RN
is bounded with summable variations, and o € P (D). Then

dimy (J§())

< min {d,max {soo, sup {D(,u): U € My(X) so that / ddu = a&}}
for £ x-almost all a € A.

Dealing first with the special case in which ® takes values in R"Y, we extend the
upper bound for the interior points of the spectrum found in Proposition 6.4 to the
closure of the spectrum. This is done in the following two propositions. The proof
of Proposition 6.12 is given after this.

Proposition 6.13. Suppose that (T;);eyn € GLg(R)N is such that sup, <y || T3] < %,
the singular value function ¢° is quasi-multiplicative forall0 < s < d, ®: ¥ — RV
is bounded with summable variations, and a € int(P (D)). Then

dimy (J§(@))
< min {d,max {soo, sup {D(,u,): n € Mg (X) so that / ddu = a}}}
for £a-almost all a € A.
Proof. 1f int(P(P)) = @, then there is nothing to prove, so we may assume that
int(P(P)) # @. Note that in this case, #(P) cannot be contained within any

(N — 1)-dimensional hyperplane. In addition, if dimy(J§(t)) < S0, then the con-
clusion of the proposition holds, so we may as well assume that dimyg (J§ () > Sco-
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Fix o € int(P(P)). By Lemma 6.11, for each n € N we may choose y, €
int(P(P)) with | — y,| < 1/n and dimy(J§(ys)) > dimy(J§(a)) — 1/n for
L a-almost alla € A. Since dimy (/g () > soo We have dimy(J§(yn)) —1/n > 5o
for all sufficiently large n. By Proposition 6.4 it follows that for all such n there is a

measure [, € Mqy(X) so that
[ ®dun =

D(pn) > dimg(J§(yn)) —1/n > Seo.

Now by Proposition 6.8 this implies that the sequence (in)nen has a weak™ limit
u € Mq(X) with D(p) > lim sup,,_, o, D(n). Thatis, D(u) = dimu(J§(«)) for
£ a-almost all a. Moreover, since lim;,—o ¥» = @ we have f ddu = «a. 1

and

Proposition 6.14. Suppose that (T;);en € GLg(R)N is such that sup, ¢y || Ti|| < %
the singular value function ¢° is quasi-multiplicative forall0 < s < d, ®: ¥ — RN
is bounded with summable variations, and o € P (D). Then

dimy (Jg ()

< min {d,max {soo, sup {D(,u,): U € My (X) so that / ddu = a}”
for £ x-almost all a € A.

Proof. We let (¢i)1N=1 denote the collection of real-valued maps with
D(w) = (pi(@)L,, weX.

We begin by taking the smallest possible integer M < N so that there is an M -di-
mensional affine subspace of RY which contains $(®). Then there exist ( jl);‘i 1

with j; € {1,..., N} and foreachi € {1,..., N} a tuple of reals ()/il);‘io such that

M
[oiau=rio+ 3w [y wedo®). it N,
I=1
Now define
oy — RM

by setting
() = (¢ @)L, eI,

Givena = (ozi)lNzl € P(D) we let

M
o = (@)))r=1-
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It follows that J3() C J& (a’). Moreover, by our choice of M, P(®') C RM
cannot be contained within any proper (M — 1)-dimensional affine space. Thus, by
Lemma 6.2 we have £ (®’) = int(P(P’)). Moreover, since @ € P (P) we have
o' € P(P’). Consequently, by Proposition 6.13, we have

dimy (J§(@))

< dimy (Jg ("))
< min {d,max {soo, sup {D(,u): w € My(X) so that / ' du = o/”}

for £4-almost all a € A. Now given any y € My (%) with f @ du = o we have
[ ¢j, =« forl € {l,...,M}. Thus

M M
/¢i dje = vio+ Y vi /¢j/ die =yio + Y _yuey =
I=1 =1

foralli € {1,..., N} and, consequently, [ ®du = «. The proof is finished. O
We are now ready to prove the upper bound in Theorem D.

Proof of Proposition 6.12. Take a bounded potential ®: ¥ — RN with summable
variations and fix @ € £ (®). We shall apply Proposition 6.8 in a similar way to the
proof of Proposition 6.13. Again, if dimy(J§(cr)) < s then the conclusion of the
proposition holds trivially, so we may as well assume that dimy (J§(@)) > Sco-

We take ¢; : ¥ — Rand o; € R so that ® = (¢;);en and @ = («;);en. For each
n € N we define &, = (¢;)7_, and o, = (e;)7_,. Then for each n € N we have
Jg(@) C J§ (orn). Thus, by applying Proposition 6.14 we have

dimy (J§(@))

< dimy (3, (@)

< min {d,max {soo,sup {D(u): U € My(X) so that /CIDn du = an}}}

forall n € N. Since dimy(J§(a)) > soo We see that for each n € N we may choose
Un € Ms(X) so that

D(pn) > max{dimy(Jg (@) — 1/n, 500}

and
/ O, du, = ayp.
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By applying Proposition 6.8 we see that the sequence (i, )nen hasalimit u € My (X)
with
D(w) = lim sup D(s1) = dima (/3 (@)).
n—>oo

Moreover, since f ®,, du = «y, for each n € N we have f ®dp = «. The proof is
finished. O

We finish this section by showing that E¢ (o) = @ outside of the closure of the
spectrum.

Lemma 6.15. If ®: ¥ — RN is bounded with summable variations and o« € RN
satisfies Eg(a) # @, then o € P (D).

Proof. 1t suffices to show that for each ¢ € N there exists a measure 4t € My (X)
such that

/¢i du € (a; —1/q,a; +1/q)

foralli € {1,...,q}. Now since each ¢; is uniformly continuous there exists N € N
for which var, (A,¢;) < (2¢)~! foralli € {1,...,q} and n > Ny. Moreover, since
Eg(a) # 0 we may take w € Eg(w). In particular, there exists Ny € N such that
foralli € {1,...,q}andn > N; we have A,¢;(®) € (a; — 29)" ', a; + 29)7 ).
From these two facts it follows that if we take N = max {No, N1} andlett € X
denote the oV fixed point with o’V () € [w|y] forall I € N U {0}, then

Andi(t) € (; — 1/q,; +1/q)
forall i € {1,....q}. Thus, if = N~1 370" 8,7 ), then

/¢i du € (a; —1/q,0; +1/q)

foralli € {1,...,q}. Moreover, since 7 is a fixed point for 6V we conclude that
is o-invariant. Ol

6.6. Proof of the lower bound in Theorem D. In this section, we shall prove the
lower bound in Theorem D. Together with Proposition 6.12 it finishes the proof of
Theorem D.

Proposition 6.16. Suppose that (T;);en € GLg(R)N is such that sup, ¢y || Ti|| < %
the singular value function ¢® is quasi-multiplicative forall0 < s < d, ®: ¥ — RN
is bounded with summable variations, and o € P (D). Then

dimy (Jg (@)

> min {d,max {soo,sup {D(,u): U € My(X) so that /@d,u = a&}}
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for £ x-almost all a € A.
By Theorem 5.4, to prove Proposition 6.16, it suffices to show that
ngngoklglgo sup {Dk(u): p € M2 (X) so that

/Akgbi du € By(a;) foralli e {1,. ..,n}}

> max {soo, sup {D(M): U € My(X) so that / ddp = a}}.
This inequality is shown in the following two lemmas.
Lemma 6.17. Suppose that (T;);en € GLg(R)N is such that sup; ¢y | T; || < 1, the

singular value function ¢° is quasi-multiplicative for all0 < s < d, ®: ¥ — RN is
bounded with summable variations, and a € RN. Then

D(n) < lim lim sup {Dk(u): w € M* (X) so that
n—00 k— 00 g
/Akgbi du € By(a;) foralli € {1,...,n}

forall p € Mq(2) with [ ®du = a.

Proof. Fix € My(X) with [ ®dp = e andlet 0 < s < D(u). It follows that
P, (¢*) = 0. Thus

o' ()
i) =

and Dy () > s for all k € N. Moreover, since u is o-invariant we have

> () log

wEX

/AkCDd;L = / ddyu = o € By(a)
for all k,n € N. Hence

5 < kli_)rr;o sup {Dk(v): v € M (2) so that

/Akgi); dv € By(;) foralli € {1,...,n};.
Letting n — oo and s 1 D (i) completes the proof of the lemma. O

Lemma 6.18. Suppose that (T;);en € GLg(R)N is such that sup; ey | T; || < 1, the
singular value function ¢° is quasi-multiplicative for all0 < s < d, ®: ¥ — RN is
bounded with summable variations. Then
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Soo < lim lim sup {Dk(,u,): € M* (X) so that
n—>00 k—o00 g

/Ak¢,~ du € Bu(ay) foralli € {1,....n}

Joralla € P (D).

Proof. 1t suffices to show that for any s < s, and n € N there exists k(n) € N such
that for all n > k(n) there exists u € M:k (X) with Dg() > s and [ Aggp; dp €
By(a;) fori € {1,...,n}.

First take ko(n) so that vary (Ax¢;) < (4n)~! for all i € {1,...,n}. Let
®": ¥ — R” denote the potential (¢;)7_,. Since @ € P(P) we have (o;)!_, €
P (@) C |J; Pe(P", I) by Lemma 6.3. Thus there exists an ergodic invariant mea-
sure v with [ ¢; dv € Bapn(e;) forall i € {1,...,n}. Since v is ergodic we obtain
T € ¥ and k(n) > ko(n) such that for all k > k(n) we have Ax¢p;(t) € Ban(a;).
Since k(n) > ko(n) we have Ag¢; (k) € Ban(a;) for all k > k(n) and k € [t]i].
Now choose p € (0, 1) sufficiently large that

plor = 3) (1 =l > e — -

2n
and
oo+ —) + (1= )il <o + -
2n n
foralli € {1,...,n}. It follows that for any k > k(n), any measure fi such that

i([tlx]) = p will satisfy

/Ak¢i dit € Bp(o;), i €{l,...,n}.
Since s < S50 We have

Z ¢’ (w) =00, keN.

weX

As such, for each k > k(n) we choose a finite subset C(k) C X \ {t|x} with

D ¢ > (¢ ()P

weC (k)

Let p denote the unique k-th level Bernoulli measure satisfying
(1= p)¢*(w)/ erc(k) @*(x), ifw e C(k),
w(w) = 1 p, ifw = tg,
0, ifwé¢ Clk)U{t|t}.
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Since u([t|x]) = p we have

/Akgbid,u,EBn(C(i), ie{l,...,n}.

Moreover,

v’ (@)
MZE w(l@Dlog o

@* (k)
@* (k) N (1-p)¢*(w) log KeC (k)
weCk) Z @* (k) (I-p)

keC (k)

> plog¢* (cle) + (1= p)log (Y ¢*(x))

keC(k)

= plog

> 0.

Hence Dy () > s. This completes the proof of the lemma. O
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