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Measure theoretic trigonometric functions

Peter Arzt

Abstract. We study the eigenvalues and eigenfunctions of the Laplacian A, = d‘l—u % for
a Borel probability measure 1 on the interval [0, 1] by a technique that follows the treatment
of the classical eigenvalue equation f” = —A f with homogeneous Neumann or Dirichlet
boundary conditions. For this purpose we introduce generalized trigonometric functions
that depend on the measure p. In particular, we consider the special case where p is a self-
similar measure like e.g. the Cantor measure. We develop certain trigonometric identities
that generalize the addition theorems for the sine and cosine functions. In certain cases
we get information about the growth of the suprema of normalized eigenfunctions. For
several special examples of © we compute eigenvalues of A, and Lo- and Ly-norms of

eigenfunctions numerically by applying the formulas we developed.
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1. Introduction

Assume that p is a Borel probability measure on the interval [0, 1]. We consider
the Laplacian A, on [0, 1] for the measure p and study the eigenvalue problem

Apf =-Af
with either homogeneous Dirichlet boundary conditions f(a) = f(b) = 0, or
homogeneous Neumann boundary conditions f'(a) = f/(b) = 0.
The definition of A, involves the derivative with respect to the measure p.
If a function g: [0, 1] — R allows the representation

d
g) = g(a) + / P (1)

[a,x] %

for all x € [0, 1], then g—ﬁ is unique in L,(u) and is called the pu-derivative of g.

In Freiberg [8] an analytic calculus of the concept of y derivatives is developed.
The operator A, is then given by

d
A = —f

for all f € L,(u) for which f’ and the u-derivative of f” exist.

It is well known that if p is a non-atomic Borel measure, A, has a pure point
spectrum consisting only of eigenvalues with multiplicity one, that accumulate
at infinity, see Freiberg [8], Lemma 5.1 and Corollary 6.9, or Bird, Ngai and
Teplyaev [4], Theorem 2.5. Moreover, we have a pure point spectrum not only
in the non-atomic case, see Vladimirov and Sheipak [30].

This operator and the resulting eigenvalue problem has been studied in nu-
merous papers, for example in Feller [7], McKean and Ray [23], Kac and Krein
[17], Fujita [14], Naimark and Solomyak [24], Freiberg and Zihle [13], Bird, Ngai
and Teplyaev [4], Freiberg [8, 10, 11, 9], Freiberg and Lobus [12], Hu, Lau and
Ngai [15], Chen and Ngai [5], and Arzt and Freiberg [2].

In this paper we give a new technique of determining the eigenvalues and
eigenfunctions of A, that involves a generalization of the sine and cosine func-
tions.

In this we follow the classical case, where u is the Lebesgue measure. There,
the Dirichlet eigenvalue problem reads f” = —Af, f(0) = f(1) = 0. Then,
for every non-negative A, f(x) = sin(~/Ax) satisfies the equation as well as the
boundary condition on the left-hand side. On the right-hand side, the boundary
condition is only met if VA is a zero point of the sine function, which are, indeed,
very well known.
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If we impose Neumann boundary conditions f/(0) = f’(1) = 0, we take
f(x) = cos(~/Ax), because this complies automatically with the left-hand side
condition. The right-hand side condition again is satisfied if ~/A is a zero point
of the sine function, which leads to the same eigenvalues as in the Dirichlet case
(supplemented by zero). But here sine appears as the derivative of cosine, which
will make a difference when we take more general measures.

Now let u be an arbitrary Borel probability measure on [0, 1]. We construct
functions s, (-,-) and ¢ , (-, -) as a replacement for sin and cos by generalizing
the series

) n(zx)2n+1 n(ZX)Zn
sin(zx) = Z( )(2n+1)' and  cos(zx) = Z( 1) TR

There we replace x” /n! by appropriate functions p,(x) or ¢,(x), depending on
whether we impose Neumann or Dirichlet boundary conditions. These functions
fulfill the eigenvalue equation and meet the left-hand side Dirichlet and Neumann
boundary condition, respectively.

Putting

Pni=pan(1) and g = gu(1),

we define

o0 o0
sing (z) := ) (=1)"qan1z?"F and sing(2) 1= Y (=1 panr 2>,
n=0 n=0

For s, ,.(z,-) and c; ,(z, ) to also match the right-hand side conditions, z has to
be chosen as a zero point of sing in the Dirichlet case and sinff in the Neumann
case. All this is described in Section 3.

In Section 4 we show how to compute the norms in L, (u) of the eigenfunctions
by using the sequences p, and g,.

The functions ¢y ,(z,-) and s, ,(z,-) satisfy an identity that generalizes the
classical trigonometric identity. This is established in Section 5.

In Section 6 we consider symmetric measures and get some symmetry results.

The main results are established in Section 7. We outline these briefly here.
Since the functions p, (x) and g, (x) are determined in a process of iterative inte-
gration alternately with respect to p and the Lebesgue measure, the coefficients
pn and g, are difficult to compute in general. But if u is a self-similar measure
with respect to the mappings S;(x) = rix and S(x) = rp(x — 1) + 1 as well as
the weight factors m; and m,, we develop a recursion formula for p, and g,.
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To illustrate the structure of this recursion formula, we consider again the clas-
sical Lebesgue case. There we have p, = ¢, = # which leads to sinﬁ' (z) =
sinf (z) = sin(z). The sequence p, = »; can be viewed as the solution of the
problem

n
2" pn =Y pipni. po=p1=1 (2)
i=0

which is derived from the equation 2" = Y_7_, (/). Our recursion formula for self-
similar u looks a little more involved, as it distinguishes between the two different
kinds of boundary conditions. Additionally it is different for even and odd values
of n, and it involves the parameters ry, r», m1, m, of the measure. However, it has
the same basic structure as (2).

Moreover, we establish functional equations involving sinﬁ’ and sinff that can
be viewed as generalizations of the classical addition theorems.

In Section 8 we consider the especially interesting case where rim; = rom;.
Then the Neumann eigenvalues fulfill a renormalization formula A,, = RA,,
where 1/R = rymy. This property has been established in a special case by Volk-
mer [31] and in our setting by Freiberg [11]. This formula allows us to investigate
the growth of subsequences

(Il fizn lloo)nen.  for odd k,

where f, denotes an eigenfunction to the nth Neumann eigenvalue that is normal-
ized to one in Lo ().

We show in Section 9 that, if we assume r; + r, = 1 in addition to rim; =
romy, the Dirichlet and Neumann eigenvalues coincide.

Finally, by using the formulas we developed in the course of our investigations,
we compute approximations of eigenvalues for certain examples in Section 10.

Several remarks about possible further investigations are made in Section 11.

2. Derivatives and the Laplacian with respect to a measure

As in Freiberg [8, 10], we define a derivative of a function with respect to a mea-
sure.

Definition 2.1. Let . be a non-atomic Borel probability measure on [0, 1] and let
f:10,1] = R. A function & € L,([0, 1], n) is called the wu-derivative of f, if

f(x):f(a)+/xhd,u for all x € [0, 1].
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As can be easily seen, the p-derivative in Definition 2.1 is unique in L, (u).
We denote the p-derivative of a function f by %. The A-derivative % we denote
by f’, where A denotes the Lebesgue measure on [0, 1].

We define H ([0, 1], 1) = H'(u) to be the space of all L, (u)-functions whose
p-derivative exists. According to our definition, if it exists, the u-derivative is
always in L,(p), and thus it is clear that, for every non-atomic measure p, all
functions in H!(u) are continuous. In case u = A is the Lebesgue measure,
the definition of H (1) is equivalent to the usual definition of the Sobolev space
H' =W,

The following useful lemma is an analogue to integration by parts and can be
found in Freiberg [8], Proposition 3.1.

Lemma 2.2. For c,d € [0,1] with ¢ < d and functions f € H'(u) and g €
H'()) we have

dd d d
[ Lwoswann=re - [ rorgman
c 124 ¢ c

Let v be another non-atomic Borel probability measure on [0, 1]. Then the
space H?(v, i) is defined to be the collection of all functions in H!(v) whose
v-derivative belongs to H'(u). Now we define the operator A, for all f €
H?(A, u) as

d
A fi=—Ff.
uf =1t

Remark 2.3. In Freiberg [8], Corollary 6.4, is shown that H?(A, i) is dense in
L,(w). Furthermore, it is well known (see e.g. [8], Corollary 3.2) that A, is a
negative symmetric operator on L, (it).

3. Generalized trigonometric functions

Let u be an atomless Borel probability measure on [0, 1]. We construct sequences
of functions p,(x) and ¢, (x) depending on w.

Definition 3.1. For x € [0, 1] we set po(x) = ¢go(x) = 1 and, for n € IN,

/ Pn—1(@®)du(t), ifnisodd,
0

X
pn—1(t) dt, if n is even,

pn(x) =

0
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and

/ qn—1(1) dt, if n is odd,
0
qn(x) := X
/ gn—1(@)du(t), if niseven.
0

Then, for n € Ny, we have by definition p2,, gan+1 € HY(A), pans1.qon €
H'(1) and

d
@pZn—H = P2n, 6]/2n+1 = {q2n; P/Zn = DP2n-1, @éhn = {q2n-1-

Remark 3.2. (i) If we take u to be the Lebesgue measure, then p, (x) = g,(x) =
’;—';. In the following, we will transfer classical concepts and techniques to a general
measure y by replacing ’f,—',' by p,(x) or g,(x). In this sense, we can look at p, (x)
or ¢, (x) as a kind of generalized monomials.

(ii) It is easy to see that for n € IN and x € [0, 1], ¢gn+1(x) < pn(x) and
Pnt+1(X) < gn(x).

To prove convergence of the series defined below, we will need the following
lemma.

Lemma 3.3. Forall x € [0,1], z € Rand n € Ny,
1 n
Pan+1(x) < o q2(x)",

1
Gan+1(x) < ] pa(x)",

and
1 n
pan(¥) = 5 p2(X)"
1 n
G2n(¥) < — G2(x)".
n!
Proof. The estimates for ¢, +1(x) and ¢, (x) are proved in Lemma 2.3 in Freiberg

and Lobus [12], with complete induction. The proof of the other estimates works
analogously. O
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Definition 3.4. Using p,(x) and g, (x) we now define for x € [0, 1] and z € R:

o0

sz x) =Y (=D)" 2" payia(x),

n=0

o0
Sz %) 1= Y (1) 22" gap i (),

n=0

and
Cau(z,x) = Z(—l)" 22" pon(X),
n=0

o0

Cua(z, x) = Z(—l)" 22" qan (x).
n=0
Note that for every z € R,
Crul(z,), saulz,-) € Hz()t,,u) and s, 2(z,°), cualz,’) € Hz(/L,A).

Remark 3.5. (i) If p is the Lebesgue measure, then

SuA(z,x) =58y (2, x) = sin(zx)
and

Cau(z,x) =cya(z,x) = cos(zx).

(ii) Functions corresponding to s, ,(z,-) and ¢, (z,-) have also been con-
structed in Freiberg and Lobus [12], where they are used to determine the number
of zeros of Dirichlet eigenfunctions.

Lemma 3.6. For every z € R the series in Definition 3.4 converge uniformly
absolutely on [0, 1] and the following differentiation rules hold:

d
@ SM,A,(Zs ) = ZCA,,[,L(Zs ')1 SA,M(Z, .) = ZCM,A,(Zﬁ .)7

d
C/A’M(Z, ) =—zs,(z,), @CM,A(Z, D) =—zs; ,(z,°).
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Proof. Letz € R. Since g,(x) < 1 for x € [0, 1], we get by Lemma 3.3 for N € N

00 00 [ele)
|Z|2n+1 q2(x)n |Z|2n+1
sup Y|z papga(x) < sup Y — = > '
x€f0.1] ,—n xef0,1] ,—n n: ey v

Hence, for every z € R the series Y ve,|z|*"*! pant1(x) converges uniformly
in x. The proof for the other series works analogously with the estimates in
Lemma 3.3. Thus, we can differentiate term by term and get the above rules. [

Now we show the relation between c; ,(z,-) and s, ,(z,-) to the eigenvalue
problem for A . Consider the Neumann problem

L= O = f(1) =0
i

and the Dirichlet problem

L= af 1 = ry =0,
I

It is well known that the Neumann eigenvalues can be sorted according to size
such that

ANO <AN1 <Anp <o,
where Ay = 0 and lim Ay, = oco. The same holds for the Dirichlet eigenval-
m-—>00
ues, we denote them such that

AD,I < AD,2 < AD,3 <L e

where Ap; > 0 and lim Ap, = oo.
n—>oo

Proposition 3.7. (i) The Neumann eigenvalues Ay m, m € Ny, are the squares of
the non-negative zeros of the function sinﬁ' given by

o0

siny (2) 1= 84z, 1) = ) (=D pana 2™l forz € R,

n=0

where we write p, instead of p,(1) for simplicity. The corresponding eigenfunc-
tions fnm are given by

SNm () = o (VANm. X) = D (=1 My P2n(x).  x €[0,1].

n=0
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(ii) The Dirichlet eigenvalues Ap n, m € N, are the squares of the positive
zeros of the function sinﬁ given by

o
sing (2) 1= 83,02, 1) = D (=1)"qzan 2", forz eR
n=0
where, as above, g, stands for q,(1). The corresponding eigenfunctions fp m, are
given by

fD,m(x) = SA,M(V AD,m,X) =V AD,m Z(—l)n )Ull),m C]2n+1(X), X € [0, 1].
n=0

Proof. Using the differentiation rules from Lemma 3.6 it is easy to see that
cau(z,-) satisfies the eigenvalue equation if A = z2, while it also fulfills the
left boundary condition ci,u(z, 0) = —zs,,4(z,0) = 0. Here, the dash refers to
the second argument of ¢ ,. In order that ¢, ,(z,-) satisfies the right boundary
condition, too, z has to be zero itself or it must be chosen such that s, 3(z, 1) = 0.
It is known (see Freiberg [8] p. 40) that the solution of the above problem is unique
up to a multiplicative constant. So z is a zero point of sinﬁ’ if and only if z2 is a

. d d
Neumann eigenvalue of —dndx

Thus, for m € No, fym = ci,u(y/ANm.X) is an eigenfunction to the mth
Neumann eigenvalue Ay .

To show the second part of the proposition, note that s ,(z,-) satisfies the
equation if A = z? and also the left boundary condition s, ,,(z,0) = 0. The
right boundary condition gives s, ,,(z, 1) = 0. So z? is a Dirichlet eigenvalue of

—% j—x if and only if z is a zero point of sinﬁ and z # 0.

Thus, for m € NN, the function fp, = s ;. (v/AD,m.X) is an eigenfunction to
the mth Dirichlet eigenvalue Ap . |

So if we only know the sequences (p, (1)), and (¢,(1)),, we can determine
the Neumann and Dirichlet eigenvalues by means of the functions sinﬁ' and sinﬁ .

Remark 3.8. (i) As was pointed out to me only recently by V. Kravchenko, a con-
struction analogous to that in Definitions 3.1 and 3.4 has also been done in [18]
for Sturm-Liouville equations of the form (pu’)’ 4+ qu = z? u. There, the corre-
sponding spectral problem is also transformed to the problem of finding zeros of
a power series as in Proposition 3.7. See also Kravchenko and Porter [19].

(ii) An eigenfunction is only unique up to a multiplicative constant. Through-
out the chapter we will use the notations fx ,, and fp ,, for the eigenfunctions as
constructed above. One would also get these by imposing the additional conditions

SNm(0) = 1and f} . (0) = /Apm.
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Analogously to sinﬁ’ and sinf we define for z € R

oo
cosl (2) :=capu(z. 1) = Y _(=1)" ponz™"
n=0
and

o0
cos? (z) i=cpa(z. 1) = Y (=1)"qanz™"
n=0

These functions are linked with the eigenvalue problems with mixed boundary
conditions

(=0, f(1)=0, (ND)
and

f) =0, f'(1)=0. (DN)
We treat these problems as the problems in the above Proposition 3.7. If A > 0 is

chosen such that cosﬁ’ (+/A) = 0, the solutions to (ND) are multiples of ¢ Al (VA,9),
because

¢h (V2,0) = VA5, 2(VA,0) =0

and

c;w(«/x, 1) = cosﬁ'(\/x).

Similarly, if A > 0 satisfies cos? (v/A) = 0, the solutions to (DN) are multiples
of sA,M(\/X, -), because

si.u(V2,0) =0

and

(VA1) = VA, (VA1) = VAcos? (V).

where the derivative refers to the second argument of s; ,. Therefore, the (ND)
eigenvalues are the squares of the zeros of cosﬁ’ and the (DN) eigenvalues are the
squares of the zeros of cosﬁ.

4. Calculation of L;-norms

It turns out that by knowing the sequences (py,), and (g,), we can not only de-
termine the Neumann and Dirichlet eigenvalues, but also the L, (x)-norms of the
eigenfunctions fx,, and fp . We will need the following lemma to achieve that.
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Lemma 4.1. Fork,n € No with k < n and for all x € [0, 1] we have

2k

/0 Pok(t) panaic @) dpt(t) = 3 (=1)7 py (¥) poms 1 (x) 3)
j=0
and
% 2k+1 .
/0 G2k +1(0) Gan 12k (O di() = 3 (11 (¥) Gansas (). (@)
j=0

Proof. We prove (3) by induction on k. If ¥ = 0 and n > 0, we have

/0 P0(6) pan(0) di(t) = pansr(x)

and so the assertion holds. Now, take k£ € INy and assume that the assertion holds
for k and all n > k. Then, foralln > k + 1,

/ o (0) Panoata(t) dit)

X
= pok+2(X) pan—2k—1(x) — / P2k+1(t) pan—ok—1(t) dt
0
= pak+2(X) Pan—2k—1(X) — par+1(X) pan—2k (x)

+ / Dot (t) Pani (1) da0),
0

by Lemma 2.2. Thus, by the induction hypothesis, we have for all n > k + 1

2k+2

/0 Par2(t) Panak—2 () du(t) = > (=1) pj(x) pant1- (x),
j=0
which proves (3). The proof of (4) works the same way. O

Proposition 4.2. Let z € R and p; := p;(1) and q; := q;(1). Then

o0 n
a0 = D (=D"22" Y (n + 1= 2k) pak pant1-2k. (5
k=0

n=0
and

n+1

o0
I3, (2, ')||%2(M) = Z(—l)n22n+2 Z(”l + 1 —2k) g2kc+1 92n4+2-2k. (0)
n=0 k=0
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Proof. First we prove (5). It holds for all x € [0, 1] and z € R that
Oz )2 =D (=" 22" 3" por(x) pan—a (x).
n=0 k=0
Consequently, applying (3),

/0 a0 dp) = 3 (1) 22 Z / Pok() pan—ak(t) dpa(0)

n=0

= Z( 1" 22" ZZ( 1/ pj Pans1—;.

k=0,=0
Straightforward computation yields

n 2k

ZZ( 1) pj pant1-j = Z(” + 1 —=2k) pak pant1-2k,

k=0, =0 k=0

which proves (5). The proof of (6) works analogously. O
Weputz = \/Aymand z = \/Ap , to get the following corollary.

Corollary 4.3. The L,(u)-norm of the Neumann eigenfunction fy  is given by

”me”Lz(M) Z( 1)nlrfvm Z(" + 1= 2k) pak pan+1-2k
n=0 k=0

and of the Dirichlet eigenfunction fp m, by

n+1

ol = Z( DA " (n 41— 2K) Gok41 Gon+2—2k-
k=0

5. A trigonometric identity

As in the previous section, we consider an atomless Borel probability measure
won [0, 1]. We prove a formula that links the functions ¢ _;,, ¢, 2, Sy, and sy
generalizing the trigonometric identity sin? 4 cos?> = 1. For this we need the
following lemma.

Lemma 5.1. Fork,n € N with k <n and for all x € [0, 1] we have

2k—1

/0 Gk 1 () pona@) dpe(t) = 3 (—1)7H1g5(x) pan—s (x).

Jj=0
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Proof. We prove this by induction on k. Fork = 1 andn > 1, we get by Lem-
ma 2.2

X

/ G1(0) pans() dit(t) = g1 () pan—s (x) — / pamei1(0) di
0 0
= q1(x) pan—1(x) — pan(x),

and so the assertion holds. Now, take k£ € IN, and assume that the assertion holds
for k and all n > k. Then, again by using Lemma 2.2, we get

/0 4241 () Pam—sts (1) du(0)

= qok+1(X) pap—2k—1(x) — / G2k (1) pan—2k—1(t) dt
0

= q2k+1(X) Pan—2k—1(x) — q2x (X) p2n—2k(x)

4 / G2ter (1) Pam—aic () dpt(0).
0

Thus, by the induction hypothesis, for all n > k + 1,

2k+1

/0 G2k 41(0) pan—ak—2(1) dp(t) = Y (=1)/ T q;(x) pan—j (x). O

Jj=0

Corollary 5.2. Ifwe set n = k in Lemma 5.1, we get the formula

2n
> (=1)7 j(x) pan—j(x) =0,

J=0

which holds for all n € IN and x € [0, 1].
With the above corollary we can prove the following theorem.

Theorem 5.3. Forall x € [0,1] and z € R,

CM,),(Z7X) CA,M(Z’X) + S/‘L,/L(Zax) SM,)’(Z’X) = 1
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Proof. Take x € [0, 1] and z € R. Then, by Corollary 5.2,

Z( 1"z 2"Zq2k(x) Pan—2k (¥)

n=0

+Z( )"z 2n+22‘12k+1(x) Pant1-2k(x)

n=0

=1 +Z( 1)z 2"[Zq2k(x) Panak (%) - Zq2k+1(x) ]

n=1

—1+Z( )"z Z"Z( D* qic(x) pan—i(x) = 1. m
n=1
6. Symmetric measures
In this section we consider symmetric measures p on [0, 1], meaning that, addi-

tionally to being an atomless Borel probability measure, p shall satisfy for all
x €[0,1]

p([0, x]) = p([1 = x, 1]).

Proposition 6.1. Let u be symmetric and let x € [0, 1]. Then, for n € Ny,

n n
Pont1(¥) = Y poks1 Gan—2k(X) = Y, Pok Pan—2k+1(X) = pant1(1—x), (7)

k=0 k=1
and
n—1
P2n(X) =) pakcs1 Gan—ak—1(x) — szk Pan—2k(x) + pan(l —x).  (8)
k=0 k=1

Proof. For p;(x) the formula reduces to p;(x) = p; — p1(1 —x). This holds since

1 1—x
p1) = p([0.x]) = ([l —x. 1)) = /0 du —/0 dit = p1— pr(1—x).

With du(t) = du(1 — t) the rest of the induction proof is straightforward. O
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Corollary 6.2. Let i be symmetric. Then, for n € N,

n n
Z P2k P2n—2k+1 = Z D2k+192n—2k- ©)
k=0 k=0
Proof. 'This follows from Proposition 6.1 by putting x = 1 in (7). O

Remark 6.3. In the special case where u is the Lebesgue measure, the above
formula reduces to Y _o(—D*(}) = 0.

Corollary 6.4. Let u be symmetric. Then the following statements hold:
(1) pan = qon foralln € IN;

(i) cosl (z) = cosD (z) forall z € R;

(iii) cosl (z)? + sin} (z) sin? (z) = 1 forall z € R;

(iv) we have the recursion formula

2n—1
1
pon =35 3 (1 preganic (10)
k=1

Proof. We prove (i) by induction. By putting » = 1 in (9), we find that

p3 + p2p1 = p1q2 + ps3,

which implies p, = ¢,. Assume that p,r = g for all k smaller than some
n € N, n > 2. We reverse the order of the summands in the second sum of (9) to
get

n—1 n—1
Z P2k Pan—2k+1 + P2n P1 = Z P2n—2k+192k + P192n-
k=0 k=0

From the induction hypothesis follows that p,, = ¢2,. Then, (ii) follows imme-
diately and by Proposition 5.3 also (iii). Clearly, (iv) follows from (i) and Corol-
lary 5.2. O
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Proposition 6.5. Let u be symmetric. Then, for all z € R and x € [0, 1],
Caulz,1—x)= cosﬁ’(z) Cau(z,x)+ sinﬁ’(z) Sau(z,x).

Proof. Rearranging (8) gives

n n—1
pan(1—x) = Z P2k Pan—2k(X) — Z P2k+1 42n—2k—1(%).

k=0 k=0
Multiplying with (—1)"z2" and summing from n = 0 to infinity gives

DD 1) pak - (12)*" 7 pan—ar (x)

n=0k=0
oo n—1
=3 G2 pateyr - (1) a1 (%)
n=1k=0
o0 o0
=3 (=12 pon - > (—1)F 2% poy (x)
n=0 k=0

[e.¢] o0
Y D" 2 gy D (DR g (x)
n=1 k=0
= cosY (z) c; u(z. x) + sinl (2) 55 (2. x). O
1% A 124 s ’

Corollary 6.6. Let i1 be symmetric. Then the Neumann eigenfunctions fn ., are
either symmetric or antisymmetric, that is, either

.ﬁMm(x)::meﬂl_'x)

or
.ﬁMm(x)::_mexl'_x)
forall x € [0,1].

Proof. Let z? be a Neumann eigenvalue. Then, by Proposition 3.7, sinﬁ’ (z)=0
and hence, by Corollary 6.4 (iii), |cosﬁ' (z)| = 1. Thus, by Proposition 6.5, we get

caulz, 1 =x) =%c; (2, x). Since ¢y, (z,+) = fn,m for z2 = A, the corollary
is proved. O

Remark 6.7. All statements in this section have a counterpart in the Dirichlet
case.
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7. Self-similar measures

In this section we impose that the measure pu has a self-similar structure. For
definitions of the concept of iterated function systems and self-similar measures,
see Hutchinson [16]. For reasons of simplicity, we take an IFS consisting only of
two mappings, but it should not raise considerable problems to generalize this to
an arbitrary number.

Let rq, rp, m1 and m5 be positive numbers satisfying
ri+r <1 and m;+my=1.
Let 8 = (S1, S») be the IFS given by
Si(x) =rix and Sy(x)=rx+1—ry, xe€][0,1].

By K we denote the invariant set of $ and by p its invariant measure with vector
of weights (m;,m,). In this case we are able to prove several properties of the
functions p, (x) and g, (x) that resemble corresponding ones of );_,: These we will
employ to examine the Neumann and Dirichlet eigenfunctions and eigenvalues of

—% j—x. In particular, we will develop a recursion law for p, (1) and g, (1).

In the following proposition we present a formula that can be viewed as an
analogue of the binomial theorem, adapted to the self-similar measure w. It re-
lates values on the left part of K, contained in [0, r1], to values on the right part,
contained in [1 — r,, 1].

Proposition 7.1. For x € [0, 1] and n € N,

Pan+1(1 =712 4+ 12x)

n—1 . .
ro\NB—i—1 ymo\n—i
= [1—(r1 +r2)] E P2i+1(71)<—2> <—2) DPan—2i—1(r1x)
i=0 g i

n rom n—i (11)
+ Zp2i+1(rl)( 2 2) q2n—2i(r1x)
i=0

rinmg

n . .
ra\"—i ymy\n—i+1
+ ZPZi(rl)(_) (—) P2an—2i+1(r1x)
i=0 "1

mi
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where a sum from 0 to —1 is regarded as zero, and, for n € N,

Pan(1 =712 + 12x)

ramy

n—i—1
) Dan—2i—2(r1x)
rimi

n—1
=[1—=(r1 +r2)] ZPZH—I(VI)(
i=0

(12)

rimg

n .
ramy\ "
+> pai (V1)< : 2) P2n—2i(r1x)
i=0

n

n—1 . .
ra\"—i ymyo\n—i—1
+ E P2i+1(71)(—) (—) Gon—2i—1(r1x).
i=0 "1

Remark 7.2. If r; = m; and r, = mj and r; + r» = 1 (and hence, u is the
Lebesgue measure), the above formulas reduce to

n

(r1 + rx)" = Z (’:)ri (r2x)"", nel.

i=0

Proof. We prove the proposition by induction. We have u = m;(S;u) on [0, rq]
and pu = m,(Sp ) on [1 — rp, 1] and therefore,

1—-ro+rox

Pl(l—rz-l-rzx):/ m
0

r1 1—ro+rax
=/ du+/ du
0 1-rp

1—-ro+rox

= pi(r) + m2 / d(S2p0)

1—r>

X
= () + m2/ du
0

rix
— pi(r) + ma / d(S110)
0

m rix
= pu(r) + —2/ dp
mi Jo

m
= p1(r1) + —2171(’1)6),
mq

which proves the assertion for p;.
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Assume that the formula for p,, 41 holds for some n € INy. Then
DPan+2(1 — 12 + 1r2x)

r1 1-rp 1—ry+raxx
- / Pansr (1) di + / Panr (1) di + / Pans1(t) dt
0 r 1

—r
X

= pont2(r1)) +[1 = (r1 +r2)]p2n+1(r1) + ”2/ Pan+1(1 —ry +rat)dt.
0

Applying the induction hypothesis and basic sum transformations, we receive the
formula for p,,4,, for a more detailed calculation, see [1].

Furthermore, suppose that the assertion is true for p,, for some n € IN. Then,
transforming p as in the proof of the initial step and applying the induction
hypothesis we get the formula for psy,1. |

Analogous formulas hold for the functions ¢,,.

Proposition 7.3. For x € [0, 1] and n € Ny,

ramy

Grntr(L=r2+12x) = [L=(r1 +12)] ) _ 42 (Vl)( )n_ P2n—2i(r1x)

rim
i=0 1

n .
rama \n—i
+§ 612i+1(r1)( 2 2) DPan—2i (rix)
i=0 i

n . .
ro\Nn—i+1l ;my\n—i
+ 26121'("1)(—2) <—2) q2n—2i+1(r1x),
i=0 n

n

(13)
and, forn € N,
qon(1 =12 + 1r2x)
n-l ra\"—i—=1 /my\n—i
= [1—(r1 + r2)] ;CIZi (”1)(2) (m_1) DPan—2i—1(r1x)
n .
ramp\"—1 (14)
+§qz’(rl)(r1m1) q2n—2i(r1x)

n—1 . .
ra n—i—1 Mo\t
+ E é]2i+1(”1)(—) (—) Dan—2i—1(r1x).
i=0 n i

Proof. 'The proof works by induction analogously to that of Proposition 7.1.



134 P. Arzt

We translate the formulas about the functions p,(x) and ¢, (x) into formulas
aboutc; ,(z,x) and s, ,(z, x). In the Lebesgue case, these are the usual addition
theorems for cos(r1z + rpxz) and sin(r1z 4+ rxz).

Corollary 7.4. Let z € R and x € [0, 1]. With the abbreviation

ramy
z

rimi;

we get

Cau(z. 1 =124+ rx) =cypulz.ri) e (Z, rix)

— Bt sz r) 83 (2, r1x) (15)

—[1—=(r1 +r2)lzspalz, r1)ca .z, rix)
and

sau(z. 1 =12 +12x) =83 (2, r1) cp (2, 11X)

+ P Cua(z r) sau(Z rix) (16)

+[1—=(r1 +r2)lzcua(z,r)ca,u(z, rix).
Proof. We prove (16). We multiply (13) by

(_1)nz2n+1 )2n+1’

1
- T(iZ
1

sum from n» = 0 to infinity and get

Sy M(z, 1 —ry 4 rax)

n=0k=0
2n—2k+1
T Y :?Z; Z Z(lz) qz"(rl)( v :?2? ) G2n—2k+1(r1x)

n=0k=0

+ 1= (1 +r2)z Z Z(zz) 921 (r1) (l Vi )2n_2k}72n—2k("1)€)-

n=0k=0
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This we transform to

;( i(iz)2"+1612n+1(r1)) ( i ( o Z)2kp2k(r1x))
n=0 k=0

+ ,/ ram 1 (Z(lz)zn%n(”l))( ( \/ :2m2 2k+1612k+1(i’1)€))
k

= 14l (2 (rl)) 22

n=0

_ rony _
= Sa.u(z. 1) Ca (. rix) + 4 P Cu,a(z,71) 3,1 (Z, r1X)
172

+[1 = (r1 +r2))zcpalz. r)ca,,(Z, rix).

—

Mg

Il
<

sz(”lx)

||M8

1m1

By multiplying (12) with (—1)"z2" and summing up, (15) is proved in the same
way. O

The following scaling properties are a replacement of the property
1 \» 1
(EES
2 on
for p, and g¢,.
Proposition 7.5. For x € [0, 1] and n € Ny we have
Pont1(r1x) = rimit pryiq(x),

Gon+1(r1x) = i m} gangr (x).

and, forn € N,
Pan(rix) = (rimy)" pan(x),

G2n(r1x) = (rim1)" qan(x).

Proof. We prove the asserted property for p, by induction on n € IN. Since u
satisfies u(B) = m1(S1u)(B) for all Borel sets B C [0, r1], we have

rx
p1(rix) Z/ dp
0
rx
:mI/ d(S1y0)
0

X
:m1/ dp = mqpy(x).
0
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Suppose the assertion is true for p,,+1 for some n € INy. Then

rix

Pan+2(r1x) =/ Pan+1(1) dt
0

X

=r1/ Pan+1(rit) dt
0

= (rlml)n+1p2n+2(x)-

Assuming that the formula holds for p,, for some n € IN, we get
rx
paniari0) = [ pan(t) diatt)
0

X

—m / Ppan(rit) du(t)
0

= V?mrfﬂpznﬂ(x)-

The formula for ¢, is proved analogously.

O

Next, we deduce formulas corresponding to those in Proposition 7.5 that re-
late values of cj ,,(z,-) and sy ,(z,-) at S1(x) to values of ¢, ,(/rim1z,-) and

sa,u(y/T1miz,-) at x.
Proposition 7.6. For all x € [0, 1] and z € R we have
C)\,,/L(Z7 Sl(x)) = C/‘L,/L(\/ rlmlzv x)
and
-
S1.(2.81(0)) = /- sau(Srmiz, x).
1
Furthermore, we have
mi
Sz, S1(x)) = \,r_ Sua(x/rimiz, x)
1

and

CM,A(Z’ S1(x)) = C/l,u(\/ rimpz, x).

a7

(18)
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Proof. With Proposition 7.5 we get

D (=12 pan(r1x) = Y (=1 (Vrmiz)*" pan(x)
n=0

n=0
= CA,u(vrlmlz,X)

and

o0 o0
r
DD o a (rix) =[5 S (D) (Vrmi ) gan s ()
n=0 =0

ry
= ‘/m_s/l,u(\/rlmlzax)-
1

The other two equations are obtained by deriving. U

The counterparts of (17) and (18) are the following formulas for c; ,,(z, S2(x))
and sy, (z, S2(x)).

Proposition 7.7. Forall x € [0, 1] and z € R we have

[m
caulz, Sz(x)) =—[1=(r1 + r2)] r—llz sinff(./rlmlz) Cau(Vramaz, x)
+ cos (/r1m1z) ¢, (y/F2maz, X) (19)
_ :221 sinﬁ'(a/rlmlz) Sa,u(y/ramaz, x)
V rima

and

$2,u(2. 82(x)) = [1 = (r1 + r2)]z cos) (/rim1z) cp u(/Famaz, x)
r. .
+ ‘/m—ls1n/13(4/r1m12)CA,M(«/rzmzz,x) (20)
[r
+ m_22 cosﬁ (Vrim1z) s, (J1ramaz, X).

Furthermore, we have

mim
Su (2 $200) = {1 = (1 + r2)| | S22 2 singl (VP ) 8 (Va2 x)

my .
‘/Zs1nﬁ'(./r1mlz)CM,A(./rzmzz,x)
+ — cosM(«/rlmlz)su,,x(a/rzmzz,x)
2
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and

my
Cua(z,82(x)) =—[1 —(ri +12)]z,/ . cosﬁ (Vrim1z) s, 5 (§/ramaz, x)
2
Cosg(v”lmlz) Cua(y/r2maz, x)
rimy .
— JoE sin (VAZ) 80,V P22z, X).
2M1

Proof. By (15) and Proposition 7.6 we get

Cau(z, 1 —=ry+rx)

%)
=CA,M(Zvr1)C/1,/L zZ,rnx
nmy
ramg ny
- SM,A,(Z7 rl) SA,M Zyrlx
rymsy rim;

ramy

—[1 =1+ r2)lzspaz.ri)cipu (
= cosﬁ'(./rlmlz) Cau(yramaz, x)
ramy .
— ‘/r p” s1nf:’(./r1mlz) Sa,u(V/12amaz, X)
1m2

Z,rlx)
mi

1=+ rz)]\/n::llz sinﬁ'(«/rlmlz) Cau(Vramaz, x).

Analogously, (20) is proved using (16).
The other two equations are obtained by deriving. U

If the functions cosﬁ’ , sinﬁ’ and sinfj are assumed to be known, then equa-

tions (17) and (19) allow to compute basically all relevant values of the function
Ci,u(z,-). If, namely, x is a point in the invariant set K, then there is a sequence
(xn)n that converges to x and takes only values of the form

Swl OSwZO"'OSwn(O)

or

Sw; © Sy, 00 Sy, (1),

where n € N and wy, ... w, € {1, 2}. For each of these values, (17) and (19) can

. . o . N - N - D
be applied n times to get a formula containing only values of cos,, , sin,, and sin,; .
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For example

Cau(z, 82(81(1)))
= cosﬁ'(«/rlmlz) cosﬁ'(a/rzmzrlmlz)

rom
2 1s1nN(./r1 lz)sm (/ramarimyz)

rim

— = (472 \F zsinfy (y/rimyz) cosl (ramarimyz).

The same holds for s, ,, and formulas (18) and (20). This procedure we will use
to compute approximate values of the maxima and to give plots of eigenfunctions
in Section 10.

Therefore we are interested in the functions sinﬁ, sinﬁ' , COS)) N “and cos . These

have power series representations with coefficients p, = pn(l) and g, = g»(1).
For these numerical sequences we prove a recursion formula in the following.

Proposition 7.8. Forn € Ny,

n
_ i i41 n—i
P2n+1—E rimyT (ram2)" 7 pait1 qan—2i
i=0

+ Z(rlml) 3 my T poi pan—ai (21)

+ 1=+ 72)]27’1 T T mE T paiv1 pan—ai1.

n
Dan = Z(rlml)i(r2m2)n_ip2i D2n—2i
+Zr1mg+1 2 my T paitt Ganai (22)

+ [1 = (r1 + r2)] Zr{ml+l(72m2)" " pait1 Pan—zi-2.
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Gan+1 = Z P (rama) " g1 pan—ai
+Z(rlml)l Ty g1 qan—ait (23)

n
+[L=(r1 +r2)] > (rim1) (r2m2)" " q2i pan—2i

and

n
Gon = Y (rim1) (r2m2)" " qai Gan—2i
i=0

Zrlﬂmlﬂ’g Uml T qait pan—2ia (24)
+ [1 = (r1 + r2)] Z(rlml)l 3 My ai pan—ai-1.

Remark 7.9. If we take r; = m; and r, = m5 (and thus r; 4+ r, = 1 and pu is the
Lebesgue measure), the above formulas reduce to Y7_, (})riry™ = 1.

Proof. We putx = 1 in Propositions 7.1, 7.3, and 7.5. Then we eliminate all terms
of the form p,(r;) and ¢, (r1) to obtain formulas that contain only the members
of the sequences (py), and (qn), (as well as rq, r2, mq and m»). |

To get the desired recursion formulas, we solve the above formulas for the
highest order terms.

Corollary 7.10. Forn € N,

1
i+1
Pantl = T n+1(2’1m1 (ram2)" ™" i1 qon—ai
rpm T — rymy T
o "
+Z(F1m1)'r£' imy " pai pan—sit (25)

i=1
n—1
i+1 1 —i
+ 1= (4] Y rimi T g lp2i+lp2n—2i—1),
i=0
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1 n—1 . .
Pan = (Z(Vlml)l(rzmz)n_lpzi P2n—2i
L= (rimy)" = (ramz)" \
+Z”1ml+l 2 ms T T pait Gan—aia
n—1
+ 1=+ )] Y rim T rama) ™ i Pzn—zi—z),
i=0
! i+, n—i
q2n+1 = T (Zr my(ram2)"" qi+1 pan—2i
I—ri" " m} —
+Z(rlml)l T My g1 qan—ait
i=1
n
+ 1= (r1 + )] Y (rim) (ram2)" " gai Pzn—zi),
and
1 n—1
Gon = 77 ) — (rata) (Z(rlml) (r2m2)"" q2i qan—i

i+1_ i n—i—1,_n—i
Z” myr, My "q2i+1 Pan—2i—1

+ [1 = (r1 + r2)] Z("lml)l T my T g p2n—2i—1)-

141

(26)

27)

(28)

Example 7.11. We take r; = r, = 1 and m; = m, = 5. Then, K is the mid-
dle third Cantor set and u is the normahzed 1°§ d1mens10na1 Hausdorff measure
restricted to K. We calculate the first members of the sequences (p,), and (gn)n

using formulas (25) and (27) for ps,+1 and g2, 41, which simplify to

n—1

1
Pan+1 = T(gpl P2n+1—-i + ;pm—l—l P2n—2i— 1)

Gon+1 = (Z% qon+1-i + ZCIzz q2n— 21)

i=1
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Since w is symmetric, we can use for p,, and ¢, the simpler formula (10)

1 2n—1 )
Pan =4 =3 Z (D" pi qan—i
i=1

from Corollary 6.4. Then,

|

=1, q1 =1, p2=3.

| 1 3
P3=§, CI3=§, P4=%,

27 21 311
P5 = 5300° 5= 12100 P6 = 596 800"

6383 33253 4716349

P7= 319060000 97~ 383465600° ©® T 329780416000°

and therefore

i () 6z3+8125 57447Z7+
sin, Z)=z——=——+————=— + -,
K 531 705! 569757

sin? (2) 323 L 63 z° 299277 zZ7
I)=z———+ —— — —
H 43! 106 5! 684760 7!

and

cos () = cosP(z) = 1 22 9zt 279920  42447141:°
zZ) = Z) = _ — et -
g g 207 104! 37106 © 73611700 8!

Plots of sinﬁ’ and sinﬁ as well as further examples can be found in Section 10.

The functions sinﬁ' , sinﬁ , cosﬁ' and cosﬁ can be characterized by the following

system of functional equations.
Theorem 7.12. For z € R we have
. mp .
smﬁ'(z) = ‘/r_ll s1nff(4/r1m12) cosﬁ(a/rzmzz)
[m .
+ r_22 cosﬁ’(./rlmlz) smff(./rgmgz) 29)
mymsz . N . N
—[1—=(r1 +r2)],/ o zsiny, (/rim1z) siny, (/ramzz),
172
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-
sinﬁ (z2) =, /—1 sinff(./rlmlz) cosﬁ’(./rzmzz)
mi

[r . 30
+ m_22 cosﬁ(a/rlmlz) s1n5(«/r2mzz) (30)
+[1—(r1+r)lz cosﬁ(«/rlmlz) Cosﬁ'(./rzmzz),
cosﬁ'(z) = cosﬁ'(./rlmlz) cosff(./rzmzz)
ram
r2 ! s1nN(./r1 12) siny, (./rz 22) 31)
1m
—[1 = (@1 +r2)],/ r—llz sinff(./rlmlz) COSLY(«/VnggZ),
and
cos/lf (z) = cos? (rimyz) cost) (/ramzz)
rim
12 s1n D frimiz) sin,, N (Jramaz) (32)
rom
—[1=(r1 +r2)] r—;z cosﬁ(«/rlmlz) sinﬁ'(a/rzmzz).
. . N . D N D .
Furthermore, the functions sin,, sin;, cos;, and cos  are the only analytic func-

tions that solve the above system of functional equations and satisfy the conditions
that sm and sm are odd, cos and cos are even, and

sin®V (z sin® (z
NE) L sinRe)

z—0 V4 z—>0 Z

and

Ny — cncl () —
cos,, (0) = cos,; (0) = 1.

Remark 7.13. If we would know all the values of all four functions on a given
interval, say, [0, a], then, using the formulas above, we could calculate all values
of all four functions on [0, (max; /r;m; )~1a]. Then, iteratively, we get the values
on [0, (max; ,/r;m;)"2a] and so on. So, the functions are determined on [0, co)
by their values on an arbitrary small interval [0, a].

Furthermore, the theorem describes a kind of “self-similarity” of our four func-
tions.
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Proof. To show that sinﬁ’ , sinfj , COS), N and cos satisfy the equations, put x = 1
in Proposition 7.7.

Suppose that f1, f>, g1 and g, are real analytic functions that satisfy the above
equations, and that f;, f> are odd, g;, g are even, hr% f 12(2) = 11_r)r}) L ZZ(Z) =1,
and g1(0) = g»(0) = 1. Then, power series representations exist, tlzlat is, there are
real sequences (ay), (b,), (cy) and (d,) such that, for all z € R,

fi@) =) an?™t fole) =) baz
n=0 n=0

o o
g1(2) =Y 2™, ga(z) =) dz?,
n=0 n=0

where ag = by = cp = dyp = 1. Since these functions satisfy (29), we get for all
zeR

2:‘122n+1
/ml 2n—2k
Z 2n+1 Zak\/rl— (ST n

my 2k 2n+1-2k
+‘/_r E ZZ"HE CrNT1IM1 Ap—i AST2M2
2
n=0

o0 n
minmy 2k+1 2n+1—2k
—[1—(”1+72)]‘/—r p E Z2nt3 E ag/rimg An—k /T2M2 .
172
n=0 k=0

If we derive this equation 2j + 1 times and put z = 0, we receive formula (21)
for a;. Analogously, one can show that b; satisfies (23), ¢; satisfies (22) and d;
satisfies (24). Together with the initial condition a9 = by = co = dop = 1 it
follows thataj = pajy1,b; = g2j+1,¢; = paj andd; = q»; forall j € IN. Thus,
fi= sinﬁ’, = sinﬁ, g1 = cosY and g, = cos?. m

Example 7.14. (i) If we take ry = m; and r, = m, and r; +r, = 1, then K is the
unit interval and p the Lebesgue measure. The functions sinﬁ’ , sinf , cosﬁ’ and
cosﬁ equal the usual sine and cosine functions, and the formulas in Theorem 7.12

simplify to
sin(z) = sin(r1z + rzz) = sin(r;z) cos(r2z) + cos(ryz) sin(r,z),

cos(z) = cos(r1z + r2z) = cos(r1z) cos(rpz) — sin(ryz) sin(rpz).
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(ii) Let ry = rp, = 1 and my = my = . Then p is the Cantor measure and the
formulas in Theorem 7.12 can be rewritten as

smN(\/_Z) £ s1nN (2)(2 cosN (z) — zsiny, N(2)),

s1nD (V6z) = £ cosN )2 s1nD (z)+z cosN (2)),

N N2 N . D N N
cos), (V6z) = cos,, (z)” —siny, (z) sin,; (z) — z cos), (2) siny, (2).

Since K is symmetric, cos}) = cos?,.

Observe that Theorem 7.12 in combination with the recursive rules in Corol-
lary 7.10 supply a technique for investigation of further properties of the eigenval-
ues. On a given interval [0, a] we can approximate the functions sinN sinﬁ , cosﬂ’
and cos arbitrarily exact by polynomials consisting of sufﬁc1ently many mem-
bers of the corresponding power series. Then, by Theorem 7.12, we can extend all

four functions successively to larger intervals.

8. Self-similar measures with r1m1 = rom»

In this section we suppose u is a self-similar measure as in the last section but
with parameters additionally satisfying rim; = rpm,. This case is particularly
interesting because there we have the following property.

]heorem 8.1. Let rymy = romy. If A is the mth Neumann eigenvalue of—m j—x,

the

2mth Neumann eigenvalue, that is, for allm € NN,
rimg AN,Zm = AN,m-

This Theorem has been proved with the method of Priifer angles by Volk-
mer [31] for the case ry = r, = 3, m; = m, = 1 and by Freiberg [11] in a
more general setting. It delivers the foundation for the statements in this section.
An analogous property for Dirichlet eigenvalues does not seem to hold. However,
in the symmetric case there is a similar relation between Dirichlet eigenvalues and
eigenvalues of the problems (DN) or (ND) posed in Section 3.6. Remember, (DN)

has boundary conditions f(0) = f/(1) = 0 and (ND) has f'(0) = f(1) = 0.

Proposition 8.2. Let iy be symmetric, thatis r := ry = rp and my = mp = %

and let A be an eigenvalue of (DN) or (ND). Then %A is a Dirichlet eigenvalue
and if f is a %)L-Dirichlet eigenfunction, then f o Si is a A-(DN) eigenfunction,
and f o S, is a A-(ND) eigenfunction.
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Proof. In Corollary 6.4 we showed that since p is symmetric, we have cos? =

w
cosﬁ. Then we can factorize (30) and get

sinﬁ(\/gz) = cos} (2) - [2+/2r sinl? (z) + (1 —2r) zcos) (2)].

Since A is an eigenvalue of the (DN) and the (ND) problem, cosﬁ' (+/A) = 0. Then,

sing (,/%A) = 0 and thus, %A is a Dirichlet eigenvalue. From Propositions 7.6
and 7.7 we get for x € [0, 1] that

S (\/§ Sl(x)) = V2r s3 (V7. x)

and
2
S (,/;A, Sz(x)) = V2rsin? (VA) ca (VA x),
which proves the proposition. U

In the following we treat only the Neumann eigenvalue problem for a (not
necessarily symmetric) measure p using Theorem 8.1. With the formula

cos; (z) cos (z) + sin’} (2) sin}) (z) = 1, (33)

which follows from Theorem 5.3 by setting x = 1, we rearrange the functional
equations from Theorem 7.12. With the abbreviation

h(z) := ricosh (z) + racos, (z) — [1 — (r1 + r2)]z sin)) (z) (34)

we can write

sin (z) = Vrrl lr’:“ sin? (/Fimz) h(Jrim2), (35)
cospy (z) = —:—? + % cosy (/rimiz) h(/rimyz), (36)
sinf(z) =[1—(r1 +r)z+ «/”171 sinf(drlmlz) h(\/rim;z), (37)
cos? (z) = —:—; + %cosllj(«/rlmlz) h(J/r1m1z2). (33)

Employing the above formulas we can calculate the values of cosﬁ’ , cosﬁ and
sinﬁ at the zero points of sinﬁ' .
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Lemma 8.3. Let m € N and let v(m) be the multiplicity of the prime factor 2 in
m. Let 2, := \/ANm be the square root of the mth Neumann eigenvalue, that is,
the mth zero point ofsinﬁ'. Then

2v(m)
N — (2
coslY (zm) = ( 1’1) , (39)
2v(m)
D,y (It
cos, (zm) = ( r2> , (40)
- D _
Sing, (Zm) = Goem) * Zm (41

where (ay )y is determined by ag = 1 — (ry1 4+ r2) and, for k € IN,

r 2/(—1 r 2k—1
akzl—(r1+r2)+ak_1(r1(——2) +r2(——1) )
r )

Proof. Suppose m is odd. Then sinﬁ’ (zm) = 0 and sinﬁ’(A/rlmlzm) = 0. To see
this, suppose sinﬁ' (V/r1mi1zm) = 0. Then rlmlz,i would be a Neumann eigen-
value, say rimyz2, = Ay, for some ! € IN, and because of Theorem 8.1, z2, would
be the eigenvalue A i ;. Thus, m = 2[, which is a contradiction. Hence, it follows
by (35) that h(,/rimizm,) = 0. Then, by (36), cosﬁ’ (zm) = —%.

By (31) follows that, for all z € R, if sinﬁ'(. /rlmlz) = 0, then cosﬁ’ (z) =
cosﬁ’(A/rlmlz)z. Thus, if m = 2/ for some odd /, then /rimz,, = z; and hence,
cosl (zm) = cosl (z1)* = (—2)?. Tteratively, we get that, if m = 2% for some

odd [ then cosY (zm) = (—%)2k, which proves (39). Since sin (z) = 0 for all
m € IN we get by (33) that

cos? (zm) = cos} (zm) ™"

which implies (40).

Now we show (41). At first, suppose v(m) = 0, that is, m is odd. Then,
as above, h(,/rimiz,) = 0 and thus, by (37), sinf zm) = [1 — (r1 + r2))zm.
Observe that we have for all m

pu(m) qu(m)

+ rz(—r—l) . 42)

s

hzm) = ri(=22)

r

Suppose v(m) > 1. Then

r\mizy, = Z

SN
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and thus,
sin,lf (zm) . sin/lf(a /rlmlzm)h
—=1—-(r+r)+ rmiz
- (r1 +12) Tz, (Vrimizm)
. D
sin;, (zm)
=1—(r+r)+———h(zz)
&
. D _ _
sin,; (zm) Joy 2001 oy 2V =1
=1—(”1+72)+#(r1(——2) _|_r2(__1) )
Z% r rp
H sing(zm) d d ] d ith
ence, —-—— depends only on v(m) and so, wi
. D
Goom = siny, (zm)’
Zm
we get
s qu(m)—1 r v(m)—1
aymy = 1= (r1 + r2) + aymy—1 (rl (——) + 72(——) )’
ry ra
which proves the assertion. ]

We use the above computed values of cosﬁ' (zm) and Propositions 7.6 and 7.7
to get a relation between the mth and the 2mth Neumann eigenfunction.

Proposition 8.4. Let m € IN and v(m) be the 2-multiplicity of m. We denote the
mth Neumann eigenfunction by fu, := ¢ ,,(Zm,). Then, for all x € [0, 1],

f2m(Sl(x)) = fm(x) (43)

and
2v(m)

m
fon($20) = (—=2)" (). (44)
my
Proof. Because of Theorem 8.1 we have A,, = rim Az, and thus,

sinﬁ’ (./rlmlzzm) =0.

Since fm = i, (zm. ), Propositions 7.6 and 7.7 give fom(S1(x)) = fm(x) and
fam(S2(x)) = cosl (zm) fim(x) for x € [0, 1]. Noting that 2 = oL, (44) follows
with (39). [l

The above proposition can be employed to work out the relationship between
the suprema and the L, (u) norms of f,, and fo,.
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Proposition 8.5. Let m € IN and v(m) the 2-multiplicity of m. Then

2v(m)+1

I oml s = (ma+ma(T)" )il (43)
and
amlloo = max{1. (22)" Vo 6)

Proof. At first we prove (45). For m € IN we have

S1(1) S>(1)
om0 = |, o Fon® () + / om0t

1 S2(0

S1(1) S>(1)
—m / Fom(©)? d(S10) (1) + m / Fom (02 d(Sap0) (1)
S2(0)

51(0)

1 5 1 5
—m / Fom (S10)) dpe(t) + m» / Fom (S2(00)? due(0).
0 0

By (43) and (44) we get

1 v(m)+1 1
IIfzmIIiz(M)=m1/0 fm(t)2du(t)+m2(—Z‘)2 /0 Fon(0)? dpa(t)

my
— mi 2
=[mama (o) [l

Now we show (46). With (43) and (44) we have

2v(m)+1

sup | fam(0)| = sup | fam(S1(0))| = sup |fn()| = |l finlloo
x€[S71(0),51(1)] x€[0,1] x€[0,1]
and

v(m)

wp (0] = sup [ fn(S200) = (52)" Il

x€[S2(0),52(1)] x€l0,1

Therefore, since f»,, is linear on [S1(1), S2(0)] and continuous,

2v(m)

sup | fom(x)| = max{l, (%)

x€[0,1]

W oo O

Now we consider the normalized Neumann eigenfunctions. For m € Ny we
set fm = || fm ||Zz1 w fm. We are interested in the asymptotic behaviour of the
sequence (|| fm loo)m- With Proposition 8.5 we get some information about certain
subsequences stated in the following theorem.
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Theorem 8.6. Let i1 be a self-similar measure with rymy; = rom,. Then, for all

m € Ny
’ my \ 2v0m

max{l, (—) }

my

mi
\/m1 + mz(—)
nmy

Suppose my < my and let | be an odd number. Then, for all k € N,

| fonlloo- 47)

||f2m||oo =

2v(m)+1

k

nﬂmw=mﬁjﬁ0+ggfhﬁﬁnﬁw. 48)

Proof. (47) follows directly from (45) and (46). Suppose m; < m, and/ € N is
odd. Then iterative application of (47) gives (48). U

Corollary 8.7. Let [ € IN be odd. Then the following statements hold.
(i) If my = my, then forallk € N, || fox;lloo = |l .f1lloo-

(ll) Ifml < may, then

C = (m1(1 + %))_1/2 > 1,

and we have for all k € N,
| fatilloo = C¥1l filoo.

Additionally, for all k € N,

1 /i1l oo-

~ _k smy\ 5@F-1)
| Fattlloo = my 2 (22)

Proof. (i) follows directly from (48) by putting m; = m, = 1.
If my < m,, then, forall j € IN, 1 + (%)21_1 <1+ % Then,

k
k _K
> 2

~ _ mq ~
I Fottlloo = my 2 (14 22) 7 I fillo,
)

and since m; < my implies m; < %, we have m1(1 + Z—;) < 1. For the upper
estimate, we write

ﬁ(l + (Z_;)Zf_l) > (1 + (Z_;)Zk_l)k . (Z_;)k@k_l)’

which proves (ii). O
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9. Self-similar measures with rim; = romzandri +r2 =1

As in the previous section we have the condition rym; = rom,. We treat the
special case where r; + r, = 1 from which follows that ry = m, and r, = m;.
Such measures have been investigated e.g. by Sabot [26] and [27].

Theorem 9.1. Let i be a self-similar measure where ry = mz and ro = my (and
therefore r1 + r, = 1). Then the positive eigenvalues of —-+ % wzth Neumann
boundary conditions coincide with those with Dirichlet boundary conditions.
Proof. Since the eigenvalues are the squares of the zeros of s1n and s1nD re-
spectively, it is sufficient to show that s1n = s1n . To do that we show that for
alln € No pan+1 = q2n+1. We do this by complete induction using the recursion
formulas from Corollary 7.10. By Definition 3.1 we have

1 1
P1=/ dpu=1 and q1=/ dt = 1.
0 0

Now, let n € IN and suppose that, fori = 0,...,n — 1, pai+1 = ¢2i+1- By (25)
and rearrangement of the order of the terms in the sums we get

1 ;
i+1 n—i
Pan+1 = ( E mbry T (rim )" pait1 qan—2i
n,.n+1 n.n+l
1 —miry " —mir] =
i n i n i+1
+ E (rama)'mi~" ry D2i Pzn—2i+1)
i=1
— 1 nz +1—i i . .
Tttt mnrn+l ny (rim1) pan+1-2i q2i
272 1 im1

+ Z(Vzmz)" 'miri ! pan—ai P21+1)

Then, by the induction hypothesis and (27),

1 . .
_ n— z +1—z i . .
Pan+1 = [ i i1 P n+1( E ms; (r1m1)' qan+1-2i q2i
miry " —mir] P

n—1

1
+Z(r2m2)” 'miri ! panai CI21+1>
i=0

= {q2n+1- O
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With the above theorem we can reformulate Theorem 5.3 to get a property of
the Wronskian of fx , and fp .

Corollary 9.2. Let i1 be as above, let A, be the mth eigenvalue, let

fvm = u(Vam,) and  fom =530 Am,")

be the corresponding Neumann and Dirichlet eigenfunctions constructed in
Section 3.6. Then, for all x € [0, 1],

TN ) fhom () = fom () [rm ) = VA,

Proof. We put z = 4/A,, in Theorem 5.3 and observe that

Fhom = V) = =V A 82(VAm. ")

and
Ibm =53 (VAm ) = VAm i (VAm. ). 0

Since eigenfunctions can be multiplied with any non-zero number, the above
equation states basically that the Wronskian is constant. A similar property of a
different Wronskian has been established in Freiberg [8], p. 41.

10. Figures and numbers

In this section we give some explicit results and figures calculated by using for-
mulas we developed in the preceding sections for several examples of self-similar
measures. For the calculations we used Sagemath cloud [29]. The program code
that we used can be found in the appendix of the longer version of this article
published on arXiv [1]. Also in this longer version more examples are recorded.

Example 10.1. Table 1 collects the first few values of the sequences (p,), and

(gn)n for the classical Cantor set with evenly distributed measure, that is, for r; =

rp = andm; = m = 1. We computed these values with the recursion formulas

in Corollary 7.10 that we implemented for that purpose in Sagemath.
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Table 1. The first members of (p,) and (g,,) forry = rp = % andm; =my = %

n | pan+1
1
1 —
5
27
2 -
2800
3 6383
31906000
4 928 046 087
427065 638 720 000
5 18312146532 699
1290321173 531252800 000
n | q2n+1
1
1 —
8
21
2 -
4240
3 33253
383465600
4 76118969
91537621184000
5 20165083798890939
4103397246999022891520000
n | pan,42n
1
1 _
2
3
2 _
80
311
3
296800
4 4716349
329780416000
5 186511983201
1659577072065920000
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Figure 1 shows a plot of the functions sinﬁ’ and sinfj for x € (0, 50), where the
first 100 terms of the series are taken into account. The zero points of these func-
tions squared give the Dirichlet and Neumann eigenvalues, respectively. Observe
that the pictures suggest that the eigenvalues are in the order

AN,O < AN,I < AD,I < )kD,z < lN,z < )kN,3 < )kD,3 < )kD,4 <L eee

20

10 0 30 a0

Figure 1. sinﬁ’ (solid) and sing (dash-dot) forry = rp = % and my = my = %
Table 2 contains the first 16 positive Neumann eigenvalues correct to 5 decimal
places (rounded down).

Table 2. Neumann eigenvalues of _dd_uj_x forri =r = % andm; = mp = %

m AN,m m AN,m

1 7.09743 9 | 1548.05582

2 42.58458 10 | 1637.90142

3 61.34420 11 | 1662.62743

4 255.50751 12 | 2208.39134

5| 272.98357 13 | 2220.76944

6 368.06522 14 | 2301.31729

7 383.55288 15 | 2312.58212

8 | 1533.04511 16 | 9198.27070

These values have been calculated as zero points of the polynomial

ST o (SN (J7)
’;(—1) P2n+17Z2 (%MT)
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where « is sufficiently large. Note that by Lemma 3.3 we have

1
Pan+1 = méh(l)n TR

from which a more detailed error estimate can be obtained. More decimals and
more eigenvalues can be found in [1].
Observe that, as stated in Theorem 8.1, we have that Ay 2, = 6 Ay, for all

In Table 3 we give approximate values of the sup norms of the normalized

eigenfunctions
|/ N,m [l oo

1 fvmll oG
For that, the L, norms have been calculated with the formula in Corollary 4.3
where we put in the values for A from Table 2. The number of summands had
to be chosen higher with bigger eigenvalues, so that the limit value could be
approximated with sufficient accuracy. For the supremum norms we calculated

1 fv.mlloo =

Table 3. Norms of Neumann eigenfunctions for r; = rp, = % andm; = mp = %

m | vl m | I fwmlloo
1 1.248 9 1.467
2 1.248 10 1.405
3 1.306 11 1.512
4 1.248 12 1.306
5 1.405 13 1.474
6 1.306 14 1.401
7 1.401 15 1.508
8 1.248 16 1.248

JNm(Sw(0)) and fn (S (1)) for all words w € {1,2}" for a certain iteration
level n and determined the biggest of these values. We varied n between 5 and
8 to get the values. These calculations were made with the formulas in Proposi-

tion 7.7. For that, the eigenvalue 1,, and values of the functions sinﬁ’ , sinﬁ and
cos)Y were needed.

Observe that, as stated in Equation (47), the values for even m are the same as
for 7, respectively.

Figure 2 shows plots of fi v to f3.n and fi p to f3 p. These were done by
iterative use of the formulas in Propositions 7.6 and 7.7 as for the calculation of
the sup-norms.
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Figure 2. The first three Neumann (top) and Dirichlet (bottom) eigenfunctions for

r1=r2=%andm1=m2=%.
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In Table 4 we state the first 16 eigenvalues with Dirichlet boundary conditions
exact to 5 decimals. Estimates of the Dirichlet eigenvalues have also been obtained
by Vladimirov and Sheipak in [30] and by Etienne [6] with completely different
methods.

Table 4. Dirichlet eigenvalues of _dd_uj_x forri =r = % andm; = mp = %

m AD.m m AD.m

1 14.43524 9 | 1581.17702

2 35.26023 10 | 1619.40072

3 | 140.78105 11 | 2029.61356

4 | 151.29061 12 | 2033.85281

5| 326.05732 13 | 2268.79163

6 | 353.41692 14 | 2289.60406

7 | 876.27445 15 | 5258.33939

8 | 876.50531 16 | 5258.33940

As in the Neumann case, we calculated norms of Dirichlet eigenfunctions, see
Table 5.

m | 1ol m | 1fpumlloo
1 1.469 9 1.799
2 1.387 10 1.767
3 1.770 11 2.032
4 1.734 12 2.233
5 1.461 13 1.857
6 1.654 14 1.809
7 2.469 15 3.369
8 2.468 16 3.491

Table 5. Norms of Dirichlet eigenfunctions for ry = rp, = % andm; =mp =

N[—=

Example 10.2. For the next example, we take the asymmetric self-similar mea-
sure with ri = 1/3, rp, = 1/4, m; = 37494 and m, = 479" where dy is the
Hausdorff dimension of the invariant set. That is, dg is the solution of the equa-
tion

1 1
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For the calculations we used 0.56049 88652 for dy. Variation of this value led to
no change in the first 5 digits of the eigenvalues. Plots of sinﬁ' and sinﬁ are shown
in Figure 3 and the first eigenvalues exact to 5 decimal places are displayed in
Table 6. Note that here mr; # m,r;. There seem to be no fixed order of Neumann
and Dirichlet eigenvalues as in Example 10.1 and there are no clear pairings of the
values.

40

20

30 40

20

Prys

Figure 3. sinﬁ’ (solid) and sing (dash-dot) for r; = 1/3,ro = 1/4, my = 3794 and
my = 4=dH

Table 6. Neumann and Dirichlet eigenvalues for r; = 1/3, 1, = 1/4, m; = 3741 and
mo = 4—dn

AN,m AD,m
6.56703 16.10784
41.63279 35.90760
66.82276 128.33044
233.35501 236.46367
365.58421 | 373.70192
389.94561 423.63815
582.13820 | 713.78698
1295.88893 | 2013.16488

09w —S
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Example 10.3. Figure 4 shows plots of sinﬁ’ and sinf forr; = 3,12 = 1 and

my = 2, mp = %. The invariant set is geometrically the same as in Example 10.2,
but m; and m, are chosen such that rim; = rom, = % and thus,

AN,2m =7 AN,m-

The first eigenvalues are given in Table 7. Comparing with Example 10.1, we ob-
serve that the Neumann eigenvalues behave qualitatively similar, but the Dirichlet
eigenvalues do not appear in such close pairs. However, it seems to hold again,
that two Neumann and two Dirichlet eigenvalues appear in turns.

2000+
1500 -
1000 -

500 -

10 20 30 3 T 40 50 60

-1000 -

-1500 -

Figure 4. sinﬁ’ (solid) and sinff (dash-dot) forry = 1/3,r = 1/4,m; = % and mp = %.

Table 7. Neumann and Dirichlet eigenvalues forr; = 1/3,r2 = 1/4,m| = % andmy = %.

AN,m AD,m
6.75228 16.45251
47.26598 36.90424
62.06687 154.57752
330.86192 | 212.37652
345.19467 | 395.52681
434.46810 | 417.53270
446.40799 | 1083.25327
2316.03349 | 1485.47011

0 9O AW —S
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11. Remarks and outlook

In this section we state several remarks and thoughts that could be subject of future
studies.

Conjecture 1. Due to the examination of several examples (see e.g. Examples 10.1
and 10.3) we conjecture that in case of a self-similar measure jL with rymy, = roms
the Neumann and Dirichlet eigenvalues satisfy

AN,O < AN,I < AD,I < AD,Z < AN,Z < )LN’3 < )LD,::, < )LD,4 <L eee

Remark 2. It would be very interesting to find out, if there was a relation between
our sequences (py), and (¢n), to any known number sequences as e.g. Bernoulli
or Euler numbers. Indeed, the definition of p, (x) or g, (x) (Definition 3.1) is rem-
iniscent of the recursive definition of the Euler polynomials E, (x) by Eo(x) :=1
and E,(x) := [} nE,_1(t)dt, where ¢ = 1 if n is odd and ¢ = 0 for even n.
Then the nth Euler number is E, = 2" E,(1/2).

Furthermore, (10) has a similar structure as the recursion rule

n—1
1
Op = —— oj Qp—1—j
n E a j
Jj=0
with g = a1 = 1, where &, = 4| Ezy|.

Remark 3. One could investigate the functional equations in Theorem 7.12 fur-
ther. In the simple case where ry = r, = 1 and m; = mp, = 1, for in-
stance, we can transform them (after eliminating terms containing sinﬁ by using
cosﬁ’ (2)* + sinﬁ’ () sinE (z) = 1) with the abbreviations u(z) = z sinﬁ’ (z) and
v(z) = 2 cosl (2) to

u(«/gz) =3u(z)v(z) — 3u(z)?
v(V62) = v(z)? = v(z)u(z) — 2.

From this one can derive recursion formulas for the sequence (p,), that contain
only members of p, and not, as in Corollary 7.10, both p, and g,. Furthermore,
it could be possible to somehow solve these functional equations to get a more
direct representation of sinﬁ’ and cosﬁ’ .

Remark 4. We defined our functions sinﬁ' , sinf , cosﬁ’ and cosﬁ only for real

arguments. However, one can just allow the argument to be complex. Then these
power series can be treated with methods of complex analysis.
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Remark 5. It is also interesting to consider the eigenvalue problem j—M% f =

—Af with appropriate boundary conditions, where both u and v are non-atomic
finite Borel measures. This can be done by modifying the above considerations by
replacing A with v. The case where both derivatives are with respect to the same
measure, that is, 4 = v is much simpler. There we get ¢, ,.(z, x) = cos(z pl(x))
and s, ,,(z, x) = sin(z p1(x)). The eigenvalues are Ay = k*n2, k € IN, as in the
classical Lebesgue measure case. This is treated in Arzt and Freiberg [3]. See also
Freiberg and Zéhle [13].

Remark 6. Our recursion law for p, and g, works only for self-similar measures
with r1 +r, < 1. It would be interesting to develop similar formulas for measures
with overlaps, i.e. with r; 4+ r, > 1. Such measures are treated for example in
Ngai [25] and Chen and Ngai [5], which contains, in particular, numerical solu-
tions of the eigenvalue problem by the finite elements method.

Remark 7. In this work, we examined the eigenvalues of —% j—x by following the
basic lines of the treatment of the classical second derivative operator on the in-
terval. In this classical case all eigenvalues are multiples of 72 and have therefore
direct representations in many forms, e.g. by using the series expansion of arctan.
Maybe one can find a series representation of eigenvalues of the generalized op-

erator, too, by using such functions as sin®, sin? cosﬁ’ and cosﬁ .

wo S

Remark 8. In Corollary 8.7 we stated upper and lower estimates for subsequences
(Il fox1lloo)k» I 0dd, of the suprema of the normed eigenfunctions. We have no
information about the growth of the sequence (|| fax+1 o) 4~ though.

Such estimates could be used to prove estimates of the heat kernel

K@t,x,y) =Y e fu(x) fm(¥)

m=1

for the corresponding quasi-diffusion process. This process has been investigated
for example in Lobus [22] and Kiichler [20, 21].

Remark 9. We used the functions p,(x) and ¢,(x), x € [0, 1], defined in Def-
inition 3.1 to replace monomials %x” in the classical case. One could use these
functions to build a kind of generalized polynomials that are adjusted to the mea-
sure w. For instance, we take the sequence

f’o(x) =1, 131(36) =q1(x), f’z(x) = pa2(x), 133(36) = q3(x),
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and orthogonalize it in L,(u) by using the Gram-Schmidt process. We take odd
numbered ¢, (x) and even numbered p,(x), because they are the building blocks
for the eigenfunctions s, ,(z,-) and ¢, ,,(z,-). We get

Po(x) =1,

Pi(x) = q1(x) —q2,
Pa(x) = pa(x) — P4 — P2 P3 a1(x) + q2 pa — 43 P3‘
q3 — P2492 q3 — pP24>2

In this fashion one can calculate a sequence of L, (u)-orthogonal “polynomials”.
As an example we take the Lebesgue measure for u and put

n

Pa() = galx) = -,

Then
P()(X): 1,
1
PI(X)ZX—E,
1 1 1
P = —x2—— —
> (x) 2x 2x+ B

which are the first Legendre polynomials on [0, 1] (not normed).
If  is the standard Cantor measure, then p, = ¢» = 3, p3 = + and g3 =
and we get

1
8

Po(x) =1,

P = 010~ 5.

1 1
P = - = —.
2(x) = pa(x) 2611(X) + 2
Maybe one can use these functions for further analytical studies.

Remark 10 (fourier series). It is well known that the normed eigenfunctions
(fnvi)re, and (fpx)pe, form orthonormal bases in La(u) (see [8]).

We set
NNk ‘= ” CAu (V AN’k’ ')Lz(u) ”
npx = | sau (VAne )00l

and
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- 1

SNk = mck,u (v Ank.")

i |

ok = —siu(y/ADk:")-
np.k

We decompose some functions f € L,(u) into series of eigenfunctions (Fourier
series), ignoring questions about convergence for the moment. Assume that for
x €[0,1]

so that

and

f) =" ar far(x)

k=0
with
1 ~
a = [ FO) sy duto),
0
For reasons of simplicity, we take p to be a symmetric measure. Then cosﬁ’ =
cosﬁ and we have cosﬁ’ (2)* + sinﬁ’ () sinﬁ (z) = 1. From that follows that

cost (y/Anx)? = 1 and it is heuristically clear that cosl) (y/Ank) = (—DF.
Employing this fact and Lemma 2.2, the computations can be made explicitly,
following the lines of the classical (Euclidean) case.

As a first example, take f(x) = x. Then, for k € IN,

1 1
ax = — | t-ci (N k1) dulr)

NN,k Jo
1

1 1
- VANE.T)dE
0 \/)wv—k/O Sy Awie- ) ]

1

- M—k[%t s,m(\/m,t)

ANk

1 — 1
ZWCA’M( AN’k,t)‘O

_ 1 N
= nN,kAN,k(COSM (VANng)—1).

Thus, ap = 0 forevenk > 1 and a; = —2(nN,k)LN,k)_1 for odd k. Furthermore,
we have

1
ap = /0 tdu(t) = q2(1) = 2.
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Therefore, we have the decomposition into Neumann eigenfunctions
[e.¢]
1

x:qz—ZZ
k

—————— fvakt1 (%),
—o "N.2k+14AN,2k+1

Note that the required norms n y x can be computed with Corollary 4.3.
We apply Parseval’s identity to this series. This gives

1 oo 4
/0 Pdp) =g+ Y

k=0 EN.2k+1 AN 2k+1
and with
t ) 1
| auo = 1000~ [ e0d=a-a
and
l—qg2=p2
we get
> 1 1
Z 2 2 = Z(Pz q2 —43).
k=0 “N.2k+1 "N 2k+1
If we choose the Lebesgue measure for  (then p, = ¢» = 1, ¢3 = 1 and

C]2V,2k = %), the above equation becomes the well known identity

7.[4

> 1
> G =
=2k + 1) 9

In the same fashion we compute the decomposition of some more examples
(u symmetric):

o (_1)k+1 N
x = k2=:1 xSt Ik (X)
1=y 2 Ip2kr1(x)

ko CD.2k+1 v AD2k+1

2 > 1 -
Jpant1(x) = ——=—=—=—=—2VApont1 ) Ik (),
VAD2n+1 k=1 (AN,zk - AD,Zn-I—l)CN,Zk

for every n € INy.
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Applying Parseval’s identity to these decompositions leads, as above, to

ad 1
DD

2
k=1 nD,kADJ‘

> 1 1
Z cz A T4
k=0 °D,2k+17D,2k+1

s

i 1 C%,2n+1 1
4Apon+1 A

2 5 2
k=1 (AN2k — AD2n+1)" €}k D.2n+1

If we again take the Lebesgue measure for u, we receive some well known iden-
tities.

Remark 11. The definition of the operator _dd_uc;i_x can be extended to subsets

of R4, d € N, see, for example, Solomyak and Verbitsky [28], Naimark and
Solomyak [24] and Hu, Lau and Ngai [15]. This case, however, is substantially
more difficult and the techniques presented here can probably not be readily ex-
tended to it.

Remark 12. Analogously to our measure trigonometric functions we can define
measure theoretic exponential functions. For x € [0, 1] and z € C put

o0 o0
eiu(z.X) =Y 22" pon(x) + Y 2" gany1(x)
n=0

n=0

and

o0 o0
eui(2.X) =Y 2" qn(x) + Y 2" paps1(x).
n=0

n=0

Then, €3, (z,-) € H*(A, 1) and e, 2 (z,-) € H?(u, A) for every z € C. Further-
more, for all # € R and x € [0, 1], we have Euler’s formula

ek,u(it,x) = CA,M(Z,X) + i S,LM(Z,)C)

and

CM,A(l'l‘,x) = CM,A(l‘,x) +i SM,A(Z,X).
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