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On McMullen-like mappings

Antonio Garijo! and Sébastien Godillon

Abstract. We introduce a generalization of particular dynamical behavior for rational
maps. In 1988, C. McMullen showed that the Julia set of f3(z) = z* + A/z< for |A| # 0
small enough is a Cantor set of circles if and only if 1/n + 1/d < 1 holds. Several other
specific singular perturbations of polynomials have been studied in recent years, all have
parameter values where a Cantor set of circles is present in the associated Julia set. We
unify these examples by defining a McMullen-like mapping as a rational map f associated
to a hyperbolic postcritically finite polynomial P and a pole data D where we encode the
location of every pole of f and the local degree at each pole. As for the McMullen family
fa, we characterize a McMullen-like mapping using an arithmetic condition depending
only on (P, D). We show how to check the definition in practice providing new explicit ex-
amples of McMullen-like mappings for which a complete topological description of their
Julia sets is made.
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1. Introduction

The Fatou set of a rational map f: C — G, denoted by F(f), is defined to be
the set of points at which the family of iterates of f is a normal family in the
sense of P. Montel. The complement of the Fatou set in the Riemann sphere C,
is the Julia set, denoted by J(f). The Julia set is known to be the closure of
the set of repelling periodic points of f, and it is the set where f has sensitive
dependence on initial conditions. Equivalently, the Julia set is the smallest closed
set containing at least three points which is completely invariant under f. For a
deep and helpful introduction on iteration of rational maps see [1, 4, 17, 22]. One
of the main goals in complex dynamics is to study the topological properties of
the Julia set and the dynamics of f restricted to J( f).

In [15], C. McMullen showed the first example of Julia set which is a Can-
tor set of circles, namely homeomorphic to the product of the Cantor set and a
simple closed curve. The rational map that exhibits this phenomenon, hereafter
McMullen family, is f5(z) = z" + A/z¢ for some values of n,d € N and A € C.
The McMullen family, which can be viewed as a singular perturbation of the poly-
nomial z + z" when we add a pole of order d at the origin, has been the focus
of attention for several reasons. On the one hand, the parameter space has com-
plex dimension one, since the “free” critical points of f; behave in a symmetric
way, and on the other hand, it exhibits classical Julia sets including Cantor sets,
Sierpinski curves, and Cantor sets of circles (see [8]). The McMullen family has
been studied extensively by R. Devaney et al. [8, 9, 2], N. Steinmetz [23] and Qiu
W., P. Roesch, Wang X. and Yin Y. [20, 19] among others. We refer to [6] for a
survey of the main results about singular perturbations of complex polynomials
and references therein.

For the polynomial z +— z”, with n > 2, infinity and the origin are super-
attracting fixed points and the Julia set is the unit circle. When we add the per-
turbation A/ z9 with A # 0, several aspects of the dynamics remain the same,
but others change dramatically. For instance the point at infinity is still a super-
attracting fixed point and there is an immediate attracting basin of co that we call
Vso. However, there is a neighborhood of the pole located at the origin that is
now mapped d-to-1 onto a neighborhood of co. When this neighborhood of 0
is disjoint from V., we call it the trap door and denote it by 7. Every point
that escapes to infinity and does not lie in V4, has to do so by passing through T5.
Since the degree of f; changes from n to n + d, some additional critical points are
created. The set of critical points includes co and 0 whose orbits are completely
determined, so there are n + d additional “free” critical points. The orbits of these
points are of fundamental importance in characterizing the Julia set of f.
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McMullen showed that if the arithmetic condition 1/n + 1/d < 1 holds and if
the free critical values lie in the trap door Ty (this second condition being satisfied
as soon as |A| # O is small enough) then the Julia set of f; is a Cantor set of
circles (see [15, 8, 7]). Under these assumptions we notice that the n + d free
critical points belong to a doubly connected Fatou component A separating the
trap door Ty from the immediate attracting basin of infinity V., and such that f;
maps the annulus A over Ty with degree n + d.

In recent years, several works have appeared in the literature dealing with sin-
gular perturbations of polynomials of the form P.(z) = z" + ¢ where c is chosen
to be the center of a hyperbolic component of the corresponding Multibrot set
and adding a perturbation with one or several poles (see for instance [2, 11]). Fig-
ure 1 displays the Julia set of three singular perturbations of polynomials. The
first one corresponds to a member of the McMullen family, concretely the ratio-
nal map z +— z3 — 1072/z3. The second one is the Julia set of the rational map
z + z2 +i — 1077 /23, that corresponds to a singular perturbation of the cubic
polynomial z > z3 + i, that exhibits a super-attracting cycle 0 > i > 0, when
we add a pole at the origin. Finally, the third one is the Julia set of the rational
map z +— z2 — 1 4+ 10722/(z7(z + 1)°) that corresponds to a perturbation of the
quadratic polynomial z2 — 1, with super-attracting cycle 0 +— —1 + 0, when we
add two poles, one at z = 0 and another one at z = —1. In this figure we also
show the dynamical plane of the corresponding polynomial and we mark the Fatou
component with a number where we add a pole with corresponding local degree.
We remark that all these examples present Cantor sets of circles in their Julia set.

The main goal of this paper is to present a unified approach to this kind of
dynamical systems. We firstly define what we call a McMullen-like mapping. Here
we give an idea and we refer to the next section for a precise definition. Before the
definition we need two ingredients: the first one is a hyperbolic postcritically finite
polynomial (hereafter HPcFP) and the second one is a pole data that encodes the
information about the poles (locations and local degrees).

A McMullen-like mapping of type (P, D), formed by a HPcFP P and a pole
data D, is a rational map f* verifying the following conditions. The first condition
is that oo is a super-attracting fixed point of f, whose immediate attracting basin
is denoted by Vi, and that 0V, is a homeomorphic copy of the Julia set of the
polynomial P. Outside the Fatou components that appears in the pole data D, the
second condition requires that the dynamics of f is basically that of the polyno-
mial P. The third condition is about the trap doors which are simply connected
domains mapped by f onto Vs, according to the pole data D. Moreover, around
every trap door we require the existence of an annulus (containing some critical
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Figure 1. Three examples of McMullen-like mappings. On the left, we show the dynamical
plane of the polynomial z + z3 (up) and the rational map z + z3 — 1072/z3 (down).
In the middle, the polynomial z > z3 + i and the rational map z > z3 +i — 1077/23.
And finally, on the right, the polynomial z +> z2 — 1 and the rational map z > z2 — 1 +
10722 /(z7(z + 1)°). In each case, the bounded Fatou component where we put a pole has
been marked with the local degree.

points) separating the corresponding trap door from Vs, and mapped by f onto a
simply connected domain. Finally, the last condition on the critical points of f en-
sures that the forward orbit under f of every annulus described above eventually
reaches a trap door.

The main result of this paper Theorem A, about the existence of McMullen-
like mappings. More precisely, given a pair (P, D), formed by a HPcFP P and
a pole data D, we can characterize the existence of a McMullen-like mapping of
type (P, D) under an arithmetic condition. We also describe the Julia set of any
McMullen-like mapping.

We organize the rest of the paper in the following way. In Section 2 we give
the precise definition of a pole data (Definition 2.1) and of a McMullen-like map-
ping (Definition 2.2). Then we describe the Julia set of any McMullen-like map-
ping (Theorem 2.5) and we show some examples from the literature regarding this
kind of rational maps (Subsection 2.3). In Section 3 we state the main result of
this work, namely Theorem A which characterizes the existence of a McMullen-
like mapping of type (P, D) using an arithmetic condition (x) depending on the
polynomial P and the pole data D. The rest of Section 3 is devoted to proving
Theorem A. We first use the theory developed by W. Thurston about obstruc-
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tions (see [10, 14]) to prove the necessity of the arithmetic condition (x) (Subsec-
tion 3.2). Then using quasiconformal surgery (see [21, 3]) we are able to construct
a McMullen-like mapping of given type (P, D) assuming only the arithmetic con-
dition () (Subsection 3.3), proving thus the sufficiency. Finally, in Section 4 we
give some new examples of McMullen-like mappings. In particular, we give an
explicit expression of a McMullen-like mapping of minimal degree 4.

Acknowledgments. The first author is partially supported by the Catalan grant
2009SGR-792 and by the Spanish grant MTM-2008-01486 Consolider (including a
FEDER contribution).

2. Definition and properties of McMullen-like mappings

2.1. Definition of McMullen-like mappings. Let P be a hyperbolic postcriti-
cally finite polynomial (HPcFP for short), namely a polynomial map P: C — C
of degree n = deg(P) = 2 such that every critical point is eventually mapped
under iteration to a super-attracting periodic cycle. The Julia set J(P) is con-
nected and the Fatou set F(P) contains countably many connected components
which are simply connected. Moreover the unbounded Fatou component, denoted
by Us, is a completely invariant super-attracting basin with dUs, = J(P), and
every bounded Fatou component U is eventually mapped to a periodic cycle of
immediate super-attracting basins (see [1, 4, 17, 22]).

We arbitrary choose a labeling of the finitely many periodic bounded Fatou
components, of the following form

{Uj|1<i<Nandj€Z/pZ)

where N = 1 is the number of bounded super-attracting periodic cycles, p; = 1
is the period of the i-th cycle, and so that P(U; ;) = U; j+1 forevery 1 <i < N
and j € Z/pi’Z. Moreover for every periodic bounded Fatou component U, ;,
we denote by n; ; the degree of the restriction P |y, e which coincides with the
degree of the restriction P |yy, ;. Notice that the Riemann—Hurwitz formula gives

Definition 2.1 (pole data). A pole data D associated to a HPcFP P is a nonempty
collection of periodic bounded Fatou components of P, each provided with a pos-
itive integer. More precisely, D is the data of a nonempty subset of {U; ; | 1 <
i < N and j € Z/p;Z} and a function from this subset to IN \ {0} denoted by
Ui, j di’j.
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With abuse of notation, we write U; ; € D if and only if U; ; is picked in the
pole data D, and conversely U ¢ D for every bounded Fatou component U which
isnota U; ; € D.

The degree of the pole data D is defined to be

d =deg(D):= Y dij=1.
U; ;€D

We remark that if there is a simply connected domain Vo, C C and an orien-
tation preserving homeomorphism ¢ : C — C so that p(dUs) = 0Vso then we
may define for every bounded Fatou component U of P a simply connected do-
main V(U) C C as the unique connected component of C \ ¢(dU) which does
not intersect Vi (it is well defined because dU is a simple closed curve since P is
hyperbolic, see for instance Lemma 19.3 in [17]). In order to lighten the notation,
we write V; ; = V(U; ;) forevery 1 <i < N and j € Z/p;Z.

Definition 2.2 (McMullen-like mapping). Let D be a pole data associated to a
HPCFP P. A McMullen-like mapping of type (P, D) is a rational map f: € — C
which satisfies the following conditions.

(i) There exist a simply connected domain Vo, C C and an orientation preserving
homeomorphism ¢: C — C such that f(Vy) = Ve, 9(0Us) = Ve, and
Sflaves 0@ = ¢ © Plau,,-

(ii) Forevery U ¢ D, f(V(U)) = V(P(U)).

(iii) Forevery U; ;j € D, there exista simply connected domain 7; ; C V; ;, called
a trap door, and a doubly connected domain A4; ; C V; ;\T;,; which separates
T;,; from Vy such that

e f(Ti,j) = Voo and f|r, ; has degree d; ;;

e f(A; j)isasimply connected domain containedin V(P (U;;)) = V; j+1
and f|a; ; is a proper map (namely f(3dA;,;) = af(Ai,;));
e f has no critical points in V; ; \ (4; ; U T; ;).

(iv) For every critical point ¢ of f, if ¢ is eventually mapped under iteration of f
into V; ; for some U; ; € D, or equivalently if

te :=min{k > 1|3U;; € D, f¥(c) € V; ;} < +o0,

then ¢ is mapped into the corresponding trap door, namely f%(c) € T;,;.
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According to points (i) and (ii) above, f|y..: Voo — Voo is a holomorphic
branched covering of degree n = deg(P) with n — 1 critical points counted with
multiplicity, and for every U ¢ D, f|yw): V(U) — V(P(U)) is a holomorphic
branched covering of same degree as P|y: U — P(U) with the same number of
critical points counted with multiplicity. The following lemma extends point (iii)
above by describing how f acts on each V; ;.

Lemma 2.3. Forevery U;,j € D, denote by A}\} the closed annulus between dV;
and 0A;,j, and by F“J the closed annulus between 0A; j and dT; ;. Then the action

of fonVij =AU A; ;U A%nj U T;,; is as follows:

f(A?"“]-t) is the closed annulus in V; ;1 between 0V; ;1 and 0f (A; ;), and
S 40wt is a holomorphic covering of degree n; j;
L.J

f(Ai,j) is a simply connected domain in V;,j+1, and f'|a; ; is a holomorphic
branched covering of degree n; j +d;, j with n; j +d;, j critical points counted
with multiplicity;

f(A}“/-) is the closed annulus between 0f(A; ;) and 0Voo, and f|in is a
EN h 1.]
holomorphic covering of degree d; ;;

f(Ti,;) = Voo, and f'|1; ; is a holomorphic branched covering of degree d;, j
with d; ; — 1 critical points counted with multiplicity.

In particular f(V; ;) = C (and hence flv; ; is not a proper map).

Proof. Since f has no critical points in V; ; \ (T,; U A;,;), it follows that f 4, ;
has degree

deg(f |4, ;) = deg(flav; ;) +deg(flr, ;) = ni,j +di,;

because deg(f|av; ;) = deg(P|yy; ;) = n,;j from point (i) in Definition 2.2. The
remaining easily follows by using the Riemann—Hurwitz formula. O

Notice that each of the critical points ¢ € A;; satisfies f(c) € V; jt1.
It follows from Definition 2.2 that 7. < p; < 400 and ¢, only depends on 4; ;,
namely on U; ; € D. The following lemma shows that 4; ; may be chosen in
Definition 2.2 in order that the whole image f’(4;, ;) is actually the trap door
containing f(c).
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Lemma 2.4. For every U; ; € D, we may assume without loss of generality that
fHii(A; ) = Ti,j+1; ; where

ti,j ;=min{k = 1| U; j4x € D}.
In particular, t. = t; j for every critical point ¢ € A; ;.

This result is similar to the first proposition of Section 3 in [8] for the McMullen
mapping f3(z) = z" +A/z¢, except we can not use the symmetry of the map here.

Proof. Remark that f%./~1(V; J+1) =V J+t from the definition of #; ; and
point (ii) in Definition 2.2, and the critical values of f.j 1|Vz g lein T gy,
from point (iv). Therefore the preimage of 7; ; 4, , under f%i./ “y, is a simply
connected domain in V; ;4.

Let

J+1

A;,j = {Z € Vi,j | f(Z) € (fti'j_llVi j+1)_1(Ti,j+tij)}'
It follows that f (A ;) is a simply connected domain in V; j 41, f| Al is a proper
map (since f(Vi ;) = C from Lemma 2.3), and f%i./ (4; ;) = T,,]Jr,l..j. Notice
that A/ ; C Vi, \T, because f(7;,j) = Voo is outside V; ;1. Furthermore,
every crltlcal point ¢ € A; ; satisfies f%./(c) € T; j+y ; from the definition of
t;,; and point (iv), and hence is in 4] ;. ;- Therefore f has no critical points in
T/\ (Aﬁ,j U Tt/)

Consequently, it is enough to show that 4] ;.; is a doubly connected domain
which separates 7; ; from V. At first remark that f| A is actually a holomorphic
branched covering of degree deg(f|A/ ) = n;,;j+d; ; with v(f|A/ ) =n;;j+d;;
critical points counted with rnult1p11c1ty from Lemma 2.3 since every critical point
and every cocritical point of f|4; ; is in A/ by definition. Denote by {Cy | 1 <
¢ < L} the collection of L > 1 connected components of A} o and by my = 1 the
number of connected components in every dC¢. The Riemann—Hurwitz formula
gives

= @2-1Ddeg(flc,) —v(flc)), 1sE<L,

that leads by summing to

L

2L=) my = Zdeg(ﬂcn Zv(ﬂcn =deg(fla; )—v(fla; ) = 0. (1)
=1 =1

Furthermore, every simply connected components of V; J\A . must contain some

points which are mapped into Vi, C C \ f(4; ) (A ;), and hence must contain 7;_;
from Lemma 2.3. In particular there is no my > 3, and (1) implies that every
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C¢ is a doubly connected domain which separates 7; ; from V. Assume the
(C¢)1<e<1, are ordered labelled from d7; ; to dV; j, then deg(f|c,) = di,j + 1
and deg(f|c, ) = 1 + n;; lead to a contradiction as soon as L > 2. O

As a consequence, the orbit of A; ; is as follows:
A ; CVij, with U; j € D,
84 C Vi, forall 1 <k <t j, with U j1x ¢ D,
fi9(Aij) = Tijvy; CVij+y ;- WithUijiy €D,

(A ) = Ve, forallk > ¢; ;.

2.2. Julia sets of McMullen-like mappings. The following result describes the
Julia set of any McMullen-like mapping.

Theorem 2.5. If f is a McMullen-like mapping of type (P, D) for some pole
data D associated to a HPcFP P, then f is a hyperbolic rational map of degree
deg(f) = deg(P) + deg(D) with disconnected Julia set, every Fatou component
is either simply or doubly connected, and J( f) contains

e countably many preimages of 3V, which is a fixed Julia component quasisy-
metrically equivalent to 0Us, = J(P);

e countably many Cantor sets of circles such that every pair of simple closed
curves in each Cantor set of circles belong to different Julia components;

e and, if P is not affine conjugate to z + z", uncountably many point Julia
components which accumulate everywhere on J( f).

There is actually much more structure in the Julia set J( /). Indeed, countably
many simple closed curves are eventually mapped under iteration onto a proper
subset of V. Therefore every Julia component which contains such a simple
closed curve is actually quasisymetrically equivalent to a finite covering of dUy, =
d(P), and hence comes with infinitely many “decorations” attached to the simple
closed curve, provided P is not affine conjugate to z + z” (this structure has
already been noticed in [7, 11]). We will see in the proof below that except for the
preimages of 0V, all others Julia components are either points or simple closed
curves (in particular, every buried Julia component is either a point or a simple
closed curve, compare with [12]), that provides a complete topological description
of all Julia components.
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Proof. We compute the degree of the rational map f. The Riemann—Hurwitz
formula gives 2deg(f) —2 = v(f) where v(f) denotes the number of critical
points of f counted with multiplicity. From the definition of a McMullen-like
mapping (Definition 2.2), we have

() =v(flr) VD + S vl )+ Y v(fln)

Ul'_jED Ul'_jED

where

e v(f|y,) = n — 1 is the number of critical points of f|y_, counted with
multiplicity;

e V/(f) is the number of critical points of f counted with multiplicity which
are neither in Voo nor in Uy, ,ep Vi,j, namely

V(f) =Y (deg(flvaw) = 1)

U¢D
=Y (eg(Ply)-D=@m=1)— Y (n;—1);
U¢D U; ;€D

® v(fla; ;) = nij+d,; is the number of critical points of f|4, ; counted with
multiplicity;

e v(f|r, ;) = di,j — 1 is the number of critical points of f|r; ; counted with
multiplicity.

Putting everything together leads to
1
deg(f) = S (v(f) +2)

1

= 5(21’1 + Z 2di,j)

U; ;€D
=n+d
= deg(P) + deg(D).
In order to prove that f is a hyperbolic map we study the orbit of every critical

point. Let ¢ be a critical point of f. From Definition 2.2 and Lemma 2.4, one of
the following holds:
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e cither ¢ € V (and hence 7, = +00), where V is a fixed simply connected
domain, that corresponds to a fixed immediate attracting or super-attracting
basin;

e orc € T; j for some U; ; € D (and hence t. = +00), where T; ; is a simply
connected preimage by f of Vi

e orc € A;,j for some U; ; € D (and hence f. = ¢, ;), where A; ; is a doubly
connected preimage by £/ 1 of V;

e orc € V(U) forsome U ¢ D and . < +00, then ¢ lies in a simply connected
preimage by fl ! of Vo;

e orc € V(U) forsome U ¢ D and t, = +o0, then V(U) is a simply con-
nected domain which is eventually mapped onto a periodic cycle of simply
connected domains of the form V' (U; ;) with U; ; ¢ D, that corresponds to a
periodic cycle of immediate attracting or super-attracting basins.

Therefore the rational map f is hyperbolic, and every Fatou component is ei-
ther simply or doubly connected.

Now, we focus on the Julia set. J(f) is disconnected since there is at least
one doubly connected Fatou component. From point (i) in Definition 2.2, 0V,
is a fixed Julia component homeomorphic to dUy. Using the surgery procedure
described in [15] (Sections 5 and 6), we can extend the topological conjugation
¢loavs - U — 0V to a quasiconformal conjugation on a neighborhood of
dUo, and hence 0V, is quasisymetrically equivalent to U, = J(P).

Fix U; ; € D and consider the orbit of the closed annulus A = APGUA; UA?"].

where A;?,‘}t and Ai{‘j are defined as in Lemma 2.3. It turns out that f i (A) covers
V;i.;. The preimage of A by f?i contains two disjoint closed annuli both nested

in A (more precisely, they are nested in A?"}‘ and A?"j respectively) which do not
contain critical points of f%i. It is then straightforward to show (see [15] or [8])
that the non-escaping set (", (/7 )~k(A4) C J(f) is homeomorphic to a Cantor
set of circles, namely to ¥, x dD where ¥, = {0, 11N is the set of all one-sided
sequences on two symbols. Moreover, the topological dynamics is conjugate to
the following skew product

(8 & 8’2 Z) € 21 X a]D > (8 €283 .. ’ i.j) i 0 1
0cl1 ceey f £
( (8182 3"')72 i’j) ij 80 - O

where
o(e18263...)=(1—e1)(1 —&2)(1 —¢3)....
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Notice that every copy of dID which is eventually mapped under iteration by the
2-to-1 map o to the fixed copy coded by 11111. .., corresponds to a simple closed
curve in J( f') which is eventually mapped under iteration by f 7 to dV; ; C V.
Therefore, every Julia component which contains such a simple closed curve is
actually a preimage of d0V4,. The others copies correspond to buried simple closed
curves, and are either preperiodic or wandering. In the first case (for instance the
fixed copy coded by 01010. . .), the surgery procedure described in [15] (Sections 5
and 6) shows that the simple closed curve is the whole Julia component. The same
holds in the second case according to the main result in [18].

Now if P is not affine conjugate to z + z”, every preimage of dV, comes with
infinitely many “decorations”. In particular, V; ; contains some disjoint closed
disks which are preimages by f?i of the whole closed disks V; ;. Repeating
this reasoning gives uncountably many sequences of nested closed disks. It is
then straightforward to show (see [7, 11]) that the intersection of such a nested se-
quence is actually a point connected component of J( ). The grand orbit of such
a point consists of point Julia components as well, and it accumulates everywhere

on J(f). O

Theorem 2.6. Two McMullen-like mappings are topologically conjugate on their
Julia sets (by an orientation preserving homeomorphism of C) if and only if they
have same type (P, D) up to conjugation by an affine map.

Proof. Let f1 and f, be two McMullen-like mappings, of type (P;,D;) and
(P2, D,) respectively, which are topologically conjugate on their Julia sets. Since
they both have only one Fatou component which contains the image of every
trap door, it follows from point (i) in Definition 2.2 that P and P, are topologi-
cally conjugate on their Julia sets, and hence are affine conjugate as HPcFP. It is
straightforward to see that the combinatorial description of all Julia components
in the proof of Theorem 2.5 concludes the proof. O

2.3. Known examples of McMullen-like mappings. In this subsection we show
some known examples of McMullen-like mappings from the literature. For each
example we focus in the pair (P, D) where P is a HPcFP and D is the pole data in
the definition of a McMullen-like mapping (see Definition 2.1 and Definition 2.2).

The first example is the McMullen family given by f3(z) = z* 4+ A/z%. This
rational map has oo as a super-attracting fixed point and the only finite preimage of
oo is the origin. Thus if V is the immediate super-attracting basin of co and when
Voo does not contain the origin, there exists a unique trap door Ty, a neighborhood
of the origin, that is mapped d-to-1 onto V. We also recall that f; has n + d
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“free” critical points given by ¢, = (Ad/n)"/ @+ and the corresponding free
critical values are vy = f)(cy). In Figure 1 we show the dynamical plane of the
McMullen-like mapping z + z3 — 1072/z3.

In this case the polynomial z +— z" is a HPCFP, this is a singular case since the
Fatou set F(P) only contains two simply connected components: the immediate
super-attracting basin of co and the immediate super-attracting basin of 0. Thus
there is a unique bounded Fatou component, denoted by Uy, which coincides with
the unit disk. The pole data D is formed by Uy and a positive integer d = do = 1.
From [15, 8, 7] we conclude the following result.

Proposition 2.7. Let f3(z) = z" + A/z% be such that the free critical values v,
belong to the trap door Ty (or equivalently |A| # 0 is mall enough) and the arith-
metic condition 1/n + 1/d < 1 is satisfied, then f) is a McMullen-like mapping.

The next two examples of McMullen-like mappings are related to the poly-
nomial P.(z) = z" + ¢ where ¢ € C is a center of a hyperbolic component of
the corresponding Multibrot set. The choice of the parameter ¢ ensures that P,
is HPcFP since the orbit of the critical point located at 0 is a periodic orbit. We
denote by p the period of 0 and by Uy, Uy, ..., Up—; the Fatou components con-
taining 0, P.(0), ..., P?~'(0), respectively.

The first McMullen-like mapping related to P, was introduced in [2] where
the authors studied the family of rational maps g;(z) = z" + ¢ + A/z". In this
case the pole data is formed by the Fatou component Uy and the positive integer 7,
making thus the first generalization of the McMullen family. In Figure 1 we show
the dynamical plane of the McMullen-like mapping z > z3 +i —1077/z3. In [2]
the authors proved the following result.

Proposition 2.8. Let g)(z) = z" 4+ ¢ + A/z" be such that |A| # 0 is small
enough and the arithmetic condition n > 2 is satisfied, then g, is a McMullen-
like mapping.

The second McMullen-like mapping related to P.(z) = z2 + ¢ forn = 2
was introduced in [11] where the authors studied the family 4;(z) = z? + ¢ +
A/ ]_[]’.’;3 (z — c,-)df with ¢; := Pc'i (0) forevery 0 < j < p — 1. In this case A,
has a pole of order d; in every point ¢; of the super-attracting orbit ¢ = 0 +—
c1 = P(0) = ... > cpg = PP71(0). The pole data D is formed by the
Fatou components {Uy, Uy, ..., Up—1}, and the corresponding positive integers
do.dy,...,dp—1. In Figure 1 we show the dynamical plane of the McMullen-like
mapping z > z2 — 1 + 10722/(z7(z + 1)°). In [11], the following is proved.
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Proposition 2.9. Let h;(z) = z2 + ¢ + A/ [1729(z — ¢;)% be such that |A| # 0
is small enough and the arithmetic conditions 2dy > do + 2 and dj11 > dj + 1
foreveryl < j < p—1 (withd, = dy) are satisfied, then h) is a McMullen-like
mapping.

We notice that in these three examples, some arithmetic conditions are re-
quired to ensure that the corresponding rational maps are McMullen-like map-
pings. In the next section we state the main result of this paper that characterize a
McMullen-like mapping of type (P, D) using an arithmetic condition.

3. Existence of McMullen-like mappings
3.1. Theorem A: the arithmetic condition

Theorem A. Let D be a pole data associated to a HPCFP P. Then there exists
a McMullen-like mapping of type (P, D) if and only if the following arithmetic
condition holds:

1 1 1
max — X —+ _>} <1 *
1<i<N{, H nij; . l_[ <ni,i di,j ™
JE€Z/p;iZ ' jEZ/pZ ‘ ‘
U; j¢D Ui.j€D

Let us give some remarks about this arithmetic condition.

Remark 1. It is enough to check the arithmetic condition (x) for every 1 <i <
N such that the set of indices J; = {j € Z/p;Z | U;;; € D} is not empty.
Indeed, for every 1 < i < N there is at least one degree n; ; = 2, and hence
[ljez/p;z 1/ni,; < 1. Moreover, notice that if n; ; > 2 and d;,; = 3 for every
Ui,j € D, then the arithmetic condition (x) holds. Equivalently speaking, it is
sufficient that every periodic bounded Fatou component picked in the pole data
contains a critical point, and every degree in the pole data is larger than 3.

Remark 2. If P is affine conjugate to z + z”, namely if N = 1 and p; = 1, then
the arithmetic condition (x) reduces to the well known arithmetic condition 1/n +
1/d < 1 (see [15] and Proposition 2.7). The same holds if P is affine conjugate to
z +— z" + ¢ where c is a center of a hyperbolic component of the corresponding
Multibrot set, and if D only consists of the bounded Fatou component containing
the unique critical point (see Propositions 2.8 and 4.2). The arithmetic conditions
introduced in [11] (see Proposition 2.9) implies the arithmetic condition (x), but
the converse is not true (see Proposition 4.3).



On McMullen-like mappings 263

Remark 3. It is straightforward to show that the degree of a McMullen-like map-
ping of type (P, D), that is deg(P) + deg(D), has a lower bound according to
condition (x). This lower bound is reached for a polynomial P of degree n = 3
with two simple critical points in a same super-attracting cycle of period 2, and a
pole data which only consists of one of the two bounded Fatou components con-
taining a critical point with d = 1 (see Proposition 4.1). Indeed, in that case (x)
reducesto 1/2x (1/2+ 1/1) = 3/4 < 1. In particular, there is no McMullen-like
mappings of degree less than 4.

Remark 4. Finally, and according to Theorem 2.6, the set of all types (P, D),
where P is a monic centered HPcFP and D is an associated pole data which sat-
isfies condition (%), is in 1-to-1 correspondence with the set of all topological
conjugation classes of Julia sets of McMullen-like mappings.

3.2. Proof of Theorem A: necessity of the arithmetic condition. The main
ingredient to prove the necessity of the arithmetic condition (%) is the theory of
Thurston obstructions for rational maps (see [10, 14]).

Assume there exists a McMullen-like mapping f of a given type (P, D). De-
note by Py the closure of its postcritical set. Fix 1 < i < N such that the set of
indices J; = {j € Z/piZ | U;,; € D} is not empty. Remark that every U; ; may
be uniquely written as U; j4x for some U; ;» € D and some 1 <k <t .

For every j € 7Z/p;Z, consider an arbitrary simple closed curve I'; ; in V; ;
such that

e T ; separates dV; ; from fk(A; ;/) C V;; if Uij = U jryx ¢ D with
1<k < tijs
e I ; separates dV; ; from f'ii'(A; ;1) = T;; (by Lemma 2.4) if U;; =
Ui,j’+ti_j/ e D.
From Lemma 2.3, every f*(A; j/) contains at least n; ;s + d; j» > 2 postcritical
points. Thus, it is straightforward to show that I'; = {I'; ; | j € Z/p;Z} is amul-
ticurve, namely a finite collection of disjoint, non-homotopic, and non-peripheral
simple closed curves in C \ Ps (recall that a simple closed curve in C \ P is said
to be non-peripheral if each connected component of its complement contains at
least two points in Py).

For every I; ; € I, consider the connected components of f~1(I; ;) which
are homotopic in C\ P to some simple closed curves in I';. According to Defini-
tion 2.2 and Lemma 2.3, any such connected component lies in V; ;_;, and hence
is homotopic in C \ Pr to I'; j—1. More precisely, there are

e only one connected component if U; j_; ¢ D, which is mapped onto I ;
with degree n; ;_; (from point (ii) in Definition 2.2);
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e two connected components if U; j_; € D, one in AOut , and one in A;“/ 10
which are mapped onto I'; ; with degrees n; ;_; and d, ,j—1 respectively (from

Lemma 2.3).

It follows that the transition matrix associated to the multicurve I'; may be written
as

where
1
ifU;j—1 ¢ D,
ni j—1
(e B 1
+ if Ui,j—l e D.

nij-1  dij-1

It is straightforward to show that the associated leading eigenvalue is

A(Fi):[ 1_[ mj—l,j]pli

JE€Z/piZ
1 1 1 \17
[ T G
. nij,j . ) nij,j d
JEZ/piZ JE€Z/p; Z
Ui.j¢rD U[_jED

Now applying Theorem B.3 and Theorem B.4 from [14] to the hyperbolic ratio-
nal map f, we get A(I';) < 1 forevery 1 <i < N such that J; # @, that implies
the arithmetic condition ().

3.3. Proof of Theorem A: construction of McMullen-like mappings. In this
section, we construct a McMullen-like mapping of an arbitrary given type (P, D)
which satisfies the arithmetic condition (%), that will show the sufficiency of (x)
and conclude the proof of Theorem A. The method is to start from the polynomial
P and to add a pole of degree d;,; on every U; ; € D by quasiconformal surgery
(we refer readers to [3] for a comprehensive treatment on this powerful method).
At first, we need the two following technical lemmas that will allow us to divide
the Riemann sphere C into several pieces on which a quasiregular map will be
defined.
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Lemma 3.1. If the arithmetic condition (x) holds then there exist some positive
real numbers ((X,'"/')Ui’jeg and (,Bi,‘,-)Ul.’jerD such that, for all U; ; € D,

i j < PBij
and
n tij—
i,j+t
(7di,,j+zi; %, j+t; ; + ,Bi,j+t,-_j) ( 1_[ ni, ,+k)a, j
Proof. Fix 1 <i < N such that the set of indices J; = {j € Z/p;Z | U;,; € D}

is not empty, and let M be the positive constant

M=[ l_[ ;x H (.1.+di1,j)]—1/2|1i|

. n .
j€z/piz " jez/pZ
U,'gj¢® Ui_jGD

1 1 1 —1/21J;|
G-t
ni,j+k ni,j di,./‘

Remark that the arithmetic condition (x) precisely implies that M > 1.
Now pick one jo, € J;, let «; j, be any positive real number, and recursively
define «; ; for every j € J; by

o = O B L g

Ni,j+t; Ni,j+t; dt,J+ti,j

ti j—1

-T1[ I1

jeJi k=1

The (a;, ;) ey; are well defined because the product over j € J; of the terms in the
biggest brackets is 1 by definition of M. Define B; ; for every j € J; so that

1 1 n;
Mnl](nl] +E)ai,j = dz ]051] +,Btj

or equivalently
Bi g = Mo, j + (M

,J

Remark that B; ; > «; j since M > 1. Moreover, (2) may be rewritten as follows

1 1 i
_ —1

M”i,j-i-ti,j( — + d - )aiaj+ti,j =M ( H ”i,j+k>05i,j-
Nij+i; iL,j+ti

Using the definition of B; ;1 ; above concludes the proof since M~! < 1. |



266 A. Garijo and S. Godillon

For every periodic bounded Fatou component U; ;, Bottcher’s Theorem pro-
vides a Riemann mapping ¢; j: D — U; ; such that the following diagram com-
mutes:

z >z Z > Mg+

D D D
¢i,jl/ ¢i,j+1l ¢i,j+2l/

Uiyj——F—Ujrnn——FUijpo—"

z > "I Hpiml

D
¢i,j+pi—ll Gij+p; = ¢i,jl

= Uij4p-1

P Uij+pi=Ui;j-

An equipotential y in some U; ; is the image by ¢; ; of an Euclidean circle in
D centered at 0. The radius of this circle is called the level of y, and is denoted by
L;,j(y) €0, 1[in order that y = {z € Uy | |¢; } (2)| = Li,; (y)}.

Similarly, Bottcher’s Theorem provides a Riemann mapping ¢oo : C \D — Ux
which conjugates P|y,, with z — z". The equipotentials in Uy, are defined as
well (with level > 1).

Recall that any pair of disjoint continua y, y’ in C uniquely defines a doubly
connected domain denoted by A (y, y’). If y, y’ contain at least two points each,
A (y,y’) is biholomorphic to the round annulus {z € C | r < |z| < 1} where
r €]0, 1] does not depend on the choice of biholomorphism. The modulus of
A (y,y') is defined to be mod (y, y') = (2w)~'log(1/r). In particular if y, y’ are
two equipotentials in some U; ; of levels L; j(y) > L; j(y’) then

1 Lij(y)
mod (1, y) = 5 - log (L,- ;(y/))'

Lemma 3.2. Ifthe arithmetic condition (x) holds then there exist an equipotential

' in Uso, and three equipotentials )/io‘]‘.t, )/lm] viy inevery Ui, j € D such that

() Liy (2 > Lij (™) > Lij(r75)s
(i) mod(y;";. ¥23) = z-mod(Ty j+1. o) where Ty j41 = P(y2});

t; ;—1
(i) Lijtr,; 54 ) > (Tge mijak)Lij (0F)-
Note that I'; ;1 is actually an equipotential in U; ;1 of level

Lij+1(Tij1) = nijLij (7).
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Proof. Fix I's, to be any arbitrary equipotential in Us. Let r be a real number
in ]0, 1[. In each U; ; € D, define yom and y;"; to be the equipotentials of levels
Lij(y; ut) = r%.J and L; J(y )= rﬂl i respectlvely, where «; ; and B; ; come
from Lemma 3.1. Notice that L, . (y"“t) > L (y ;) since o, ; < fi,;. Define y
in every U; ;j € D so that point (ii) holds, or equ1valently Lij(y3) = r¥i.j with

d—mod(l“l j+1:Too)

= Bij +
’ )

In particular, L; ; (yl.if‘J.) > Lij(y73) since Bi,j < §;,; that completes point (). For
the last point, using the reversed Grotzch inequality (see Appendix B in [5]),

1 1
mod(T;, j+z ;+1. T SC"'_ln( )
(Tij+4;,+1 Too) 27 \Lij+y; ;j+1(Uijte; +1)

ni,j-i-t,'!‘ 1
=C + 7 J al',j'f—ti,j In (;) ,

where C > 0 does not depend on r. Putting this in the expression of &;,j 4, ; leads
to

2nC
dij+i; ;1 (7)

ni,j-H‘i_j

it < ( O, j+t; j +,3i,j+z,-,,-) +

di,j-l—ti.j

ti j—

( l_[ ”z,1+k)0‘lm

provided r > 0 is small enough according to Lemma 3.1. Point (iii) follows. [

Now we are going to piecewisely define a quasiregular map F on ® according
to a partition induced by the equipotentials coming from Lemma 3.2. Let D, be
the unbounded connected component of C \ T'eo, and W, be the unbounded con-
nected component of C \UJ Ui €D yl"‘;t Denote by D(y) the bounded connected

component of C \ y for every s1mple closed curve y in C. Consider the partition
of C

U; ;€D
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On Wy. Define Flw,, to be the polynomial P in order that F' continuously
extend to every Y with

F(yPh = P(YY) = Tijsa

and deg(F|ygL.j;) =n;;.

On every A(yli:‘j , 719,3')' Define F| AT 7o) in order that

F(A(Vz]’yz])) - A(Flj-f-ly oo)

and F| i o0y is a holomorphic covering of degree d;,; which continuously
1,77, ’

extends on the boundary with F ()/l.if‘].) = Ii,j+1 and F(y;}) = T'. Point (ii) in
Lemma 3.2 ensures that such a holomorphic covering exists. Note that

deg(F|,n ) = deg(Flyp) = di;-

On every A(ytf’";.t, y}f‘j). Continuously extend F so that

F(A(lel;t’ Vl ])) - D(rl ]+1)

and F| AP ) is a quasiregular branched covering. This extension must have
degree deg(F| out) + deg(F|, n ) = n;; +d;j,and n; j + d; ; critical points
counted with multlphclty by the Riemann—Hurwitz formula (compare with the
action of a McMullen-like mapping on every A4; ; in Lemma 2.3). The existence
of such an annulus-disk map is discussed in [3] (the section about annulus-disk
surgery by K. Pilgrim and Tan L.) and [12].

On every D(yt?‘;.). Continuously extend F so that

F(D(%)) = Dec

and F| D(ES) is a quasiregular branched covering. This extension must have degree
deg(F |yl§>3) = d;,j, and d; ; — 1 critical points counted with multiplicity by the
Riemann—Hurwitz formula (compare with the action of a McMullen-like mapping
onevery T; ;j in Lemma 2.3). To construct such a quasiregular branched covering,
we may start from the map

oo (2 = Lo (2)™ ) 47
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which is a holomorphic branched covering of degree d; ; from D(y°°) onto Do,
and then quasiconformally modify it in a neighborhood of y;*; in order that the
continuous extension on y;; agrees with the definition of F on A(yl VoS-

Remark that F is holomorphic outside | J U en(A4 (yl‘"]‘t, yl ]) U D(yf"/’)) The
following lemma shows that this set does not intersect its forward orbit after finitely

many iterations.
Lemma 3.3. For every U; ; € D, the following hold:

Fid (A vi)) € D5, )

F(D(y3)) = Do
and
F(Doo) C Doo C Weo.

Proof. By definition of F on A(y}, p ") and W,

F'r (A ) = Fies = (D(Ti,41))

= P (D(Ty j+1))
= D(Fi,j-l-ti.j)’

where I j 4, ; = P/ N ([ j41) = Pt (yP4') is an equipotential in Uy, 1y, ; of

level
ti j—1

Lijtt; ; (Cijte ;) = ( l_[ ”i,j+k) i (.

Point (iii) in Lemma 3.2 gives L; ;s ; (yl.‘f‘c]’.ﬂi’j) > Lij+t; ;(Ti,j+y ;) that im-
plies the first inclusion. The equality follows from definition of F on D(y/3).
Finally, Doy C Us C W by definition of W, and hence F |m = P|m is
conjugate to the action of z - z” on C \ Loo(T'so)D that concludes the proof. [

As a consequence, the iterated pullback by F of the standard complex structure
provides a F-invariant Beltrami form on C with uniformly bounded dilatation.
Then, after integrating, there exists a quasiconformal map ®: C — C such that
f = ®o F o ®! is holomorphic on C, namely a rational map. We refer readers
to [21, 3] for more details about this result, which is known as the Shishikura
principle for quasiconformal surgery.

Finally, it is straightforward to see that f is actually a McMullen-like mapping
of type (P, D) by construction.
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4. Further examples of McMullen-like mappings

In this section we present several new specific examples of McMullen-like map-
pings showing how to check in practice the conditions in Definition 2.2.

In the first example we give an explicit expression of a McMullen-like mapping
of minimal degree 4 (see Remark 3 below Theorem A). We notice that the first
example of a rational map of degree less than 5 with buried Julia components was
recently founded in [12] for an explicit family of cubic rational maps. We prove
the following result.

Proposition 4.1. Let q;(z) = 223 — 322 + 1 + A/z such that |A| # 0 is small
enough, then q, is a McMullen-like mapping of minimal degree 4.

Proof. We first consider the basic dynamics of the cubic polynomial Q(z) =
2z3—3z2+ 1. Itis a hyperbolic postcritically finite polynomial. The critical points
of Q are oo, 0, and 1 since Q’(z) = 6z(z — 1). There are two super-attracting cy-
cles, the first one is co + oo and the second one is 0 + 1 - 0. We denote by U,
Uy, and U, the Fatou components of F(Q) containing oo, 0, and 1, respectively.
The dynamics of Q on these Fatou components is Q : Uy — U with degree 3,
0Q: Uy — U, with degree 2, and Q : U; — Uy also with degree 2. In Figure 2 we
show the dynamical planes of Q and g, .

We show that g, is a McMullen-like mapping of type (Q, D) checking in turn
the conditions in Definition 2.2, where Q(z) = 2z3 —3z2 + 1 and the pole data D
is formed by the Fatou component Uy (containing the origin) associated to the in-
teger d = dop = 1. We prove the first two conditions using a holomorphic motion,
for A small, of Uy, parametrized by A obtaining the immediate super-attractive
basin of co of ¢, as a result of this movement. Applying the A—Lemma, estab-
lished by R. Maiié, P. Sad and D. Sullivan in [13], we extend this holomorphic
motion to the boundary of Uy, which coincides with J(Q). This establish that the
boundary of the immediate super-attracting basin of oo of ¢, is a holomorphic
motion of J(Q) and this new holomorphic motion is precisely the conjugacy be-
tween qo = Q acting on J(Q) and ¢, acting on the boundary of the immediate
super-attracting basin of oo of ¢,. Finally, we prove the last two conditions in
Definition 2.2 studying the behavior of the critical points of ¢, .

First of all we can compute the critical points and the critical values of g, .
Obviously z = oo is a super-attracting fixed point of ¢, near infinity the rational
map ¢, is conformally conjugate to z — z3. Moreover, since the degree of ¢
is 4 we have that ¢, has six critical points counted with multiplicity: oo with
multiplicity 2 and the four other critical points are solutions of ¢} (z) = 0. Easy
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computations show that these four “free” critical points are the solutions of
6z3(z—1) = A.

For small values of |A|, the above equation has three solutions near 0, denoted by
co(A), and one solution near 1, denoted by c;(4). We have

co(A) >~ i/%

A
cgt(A) >~ 1+ 3

and

The corresponding free critical values

vo(A) = ga(co(2))
and

v1(A) = ga(c1(D)),

are given by

9 1
A)~1— —1)%3 - -2

and
1 2 1 3
v1(A) ~ + A2+ —2

1+% 12 108
1

=1——=A2+00W>.
oAt (A7)

Therefore vo(A) — 1 and v; (1) = 0as A — 0.

We denote by V(A1) the immediate super-attracting basin of z = oo of ¢,.
As it is well known, there is a Bottcher coordinate ¢, defined in a neighborhood
of 0o in V() that conjugates ¢, to z — z3 in a neighborhood of co. If none of
the free critical points lie in Vi (A), then it is well known that we may extend ¢,
so that it takes the entire immediate super-attracting basin univalently onto C \ D.
If A is sufficiently small then none of the free critical points lie in Vs (4), since
they are close to 0 and 1.

Thus, we define § > 0 such that the Béttcher map ¢, extends to the whole
immediate super-attracting basin Voo (4) for all |A| < §. We denote by Ds the
round disk {A € C||A| < §}. We consider the map

H: Voo(0) x Dg —> C,
(z.2) — ¢35 ' o do(2).
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Next we verify that H is a holomorphic motion. By construction, we have that
H(z,0) = ¢y lopo(z) = z. If we fix the parameter A we can see that the map z +>
H(z, %) is injective. This is immediate since the Bottcher map ¢, is conformal.
Finally, if we fix a point z € V(0) we can see that A — H(z, A) is a holomorphic
map. Indeed this map is a composition of holomorphic maps, since the Bottcher
map depends analytically on the parameter A.

Applying the A-Lemma to H, we obtain a new holomorphic motion

H: Voo(0) x Dg —> C.
Hence, it follows that the boundary of V(1) is the continuous image under
H(,A):z+— H(z,})

of the Julia set of Q and the following diagram commutes

50 —2 50
H(-,A)l lﬁ(-,x)
WVeo(A) Weo(A)

proving thus conditions (i) and (ii) in Definition 2.2.

Hereafter we consider |A| < §. We observe that z = 0 is the unique finite
preimage of z = oo, so in this case g, has a unique trap door 7To(A) containing
the origin and such that g, : To(A) — Vs (A) has degree 1. We can compute
now the preimage of 7o(A). We claim that the preimage of 7Ty(A) is formed by
three simply connected domains Wi (A1), W_;/,2(4), and Wy(4). To see the claim
we observe that the polynomial Q(z) = 2z3 —3z2 4+ 1 = 2(z — 1)?(z + 1/2) has
three roots counted with multiplicity: a double root at z = 1, and a simple root
at z = —1/2. By continuity, a neighborhood of z = —1/2, denoted by W_;,,(),
is still mapped under g, to Tp(A) with degree 1 and a neighborhood of z = 1,
denoted by W (1) is still mapped under ¢, to Ty(A) with degree 2. Notice that
W1 (X) contains the free critical point c; (1). Near the origin there exists another
preimage of the trap door, denoted by Wy (1) since g, sends the trap door Ty (1)
onto Vo (A).

We can show now that the three remaining critical points, denoted by ¢ (1), be-
long to a doubly connected domain Ag(A) separating To(A) from Ve (R).
We can compute the preimage of W; (1) by ¢, . First we observe that Q(3/2) = 1
since Q(z) = z2(2z — 3) + 1, so again by continuity there exists a simply con-
nected domain near z = 3/2 that is mapped under ¢, onto W;(1). As we show
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before the corresponding free critical values vo(A) = g;(co(1A)) are close to 1,
hence in W (4) for A sufficiently small. Thus the three critical points co (1) belong
to a preimage of W (A) and applying the Riemann—-Hurwitz formula we obtain
that the three critical points belong to a doubly connected domain 4¢(4), obtain-
ing thus that ¢ : Ag(A) — Wi (A) with degree 3. Since W; (1) is a preimage of the
trap door we have that qi (Ap(R)) = g1 (W1 (1)) = To(A) proving condition (iii)
in Definition 2.2. Since ¢, has no other finite critical points than co(1) and ¢ (1),
condition (iv) follows that proves that g, is a McMullen-like mapping for A suffi-
ciently small.

Finally, we can check the arithmetic condition (x) for the McMullen-like map-
ping ¢,. We have that Uy € D, QO : Uy — Uy withdegree2,U; ¢ D, Q: Uy — Uy
with degree 2, and d = dy = 1, so the arithmetic condition writes as

%(1+1)=%<1. 0

2 1

Figure 2. Two examples of McMullen-like mappings. On the left, we show the dynamical
plane of the polynomial Q(z) = 2z3—3z24-1 (up) and the rational map z +> 2z3—3z2 41+
1077/z (down). On the right, the Milnor cubic polynomial R; /5(z) = z* — 3i+/222/2
(left) and the rational map z +— z3 — 3i4/22%/2 + 1072/23 (right). In both cases, the
bounded Fatou component where we put a pole has been marked with the local degree.
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In the second example we consider the family of rational maps given by
gz =2"4+c+r/z¢

where c is chosen so that P.(z) = z" + ¢ is a HPcFP (equivalently ¢ is chosen to
be the center of a hyperbolic component of the corresponding Multibrot set). The
case n = d was considered previously in [2] (see also Proposition 2.8). When
n # d the only difference is the arithmetic condition (%) that in this case writes as
1/n 4+ 1/d < 1. Using the same ideas as in the proof of Proposition 4.1, we have
the following result.

Proposition 4.2. Let g;(z) = z" +c +A/z¢ be such that |A| # 0 is small enough
and the arithmetic condition 1 /n+1/d < 1is satisfied, then g; is a McMullen-like

mapping.

In particular, Theorem 2.5 directly provides a description of the Julia set J(g3)
similar to that one already obtained in [2] for the case n = d.

In the third example we also consider the polynomial P.(z) = z" + ¢, where
¢ is such that the critical point located at 0 is periodic of period p. We denote
by Up, Ui, ..., Up—1 the Fatou components containing 0, P.(0), ..., ) 24 -1 (0), re-
spectively. As in [11] we can consider McMullen-like mappings of type (P, D)
where the pole data D is formed by the Fatou components {Up, Uy, ..., Up—1 } and
the corresponding positive integers dy, d1, ..., dp—1. According to Theorem A,
the arithmetic condition (x) writes as

ra)eg) (e g5) <t

since Uy is the only bounded Fatou component containing a critical point where
P.: Uy — Uy is n-to-1 while P, acts conformally on all the other bounded Fatou
components. In [11] (see also Proposition 2.9), which deals with the specific case
n = 2, the arithmetic conditions to conclude that the rational map h; (z) = z2 +
c+A/ ]_[j:é z—c;)% is a McMullen-like mapping are 2d; > do +2and d; 4+ >
dj + 1forevery 1 < j < p — 1 (with d, = dy). We claim that these conditions
imply the arithmetic condition (x). To see the claim, we observe that
1 1 _ do +2 - 2d, dq

2 4T 24y 2y dy’

1 di +1 d>
|44 &
T 4 4

1 _ dp_l +1 - do
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So, the arithmetic condition (*)

d d d
(%—i—dio)<1+dil>...<l—i-dpl_l)<d—(1)><01—?><---><d[:1 =1,

is satisfied. However the conserve is not true. Take for example p = 2 and dy =
dy = 4. For these values the arithmetic condition (x) is (1/2 + 1/4)(1 + 1/4) =
15/16 < 1, whereas the arithmetic conditions in Proposition 2.9 are 2d; > dg + 2
and dy > di + 1 which are not satisfied.

However, it turns out that the explicit rational map

I
hi(z) = 2" + ¢+ =
[]E—ep®
j=0

is not a McMullen-like mapping for every |A| # 0 small enough if the arithmetic
conditions in Proposition 2.9 are not satisfied. Indeed we can prove conditions (i)
and (ii) in Definition 2.2 using a holomorphic motion (see the proof of Proposi-
tion 4.1), but studying the behavior of the “free” critical points shows that the free
critical values do not belong to the trap doors as soon as the arithmetic conditions
2dy > do+2and djyy > d; +1foreveryl < j < p—1 (withd, = dp) are
not satisfied (see Lemma 2.1 and Lemma 4.1 in [11]), and thus condition (iii) in
Definition 2.2 does not hold.

The following result is a direct consequence of Theorem A, and a straightfor-
ward generalization of the ideas in [11] and in the proof of Proposition 4.1.

Proposition 4.3. Let

_.n
h@) ="+ + o

[]GE=cp®

Jj=0

be such that |A| # 0 is small enough and the arithmetic conditions ndy > do + n
anddjy1 > dj+1foreveryl < j < p—1(withd, = dy) are satisfied, then h)_is
a McMullen-like mapping of type (P, D). Furthermore, there exists a McMullen-
like mapping of type (P, D) if and only if the strictly weaker arithmetic condition

(%+di0)(1+dil)...(1+dpl_l)<1

is satisfied.
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If the arithmetic condition (x) is satisfied but not the arithmetic conditions
ndy > do+nanddjy; > dj +1foreveryl < j < p—1 (with d, = dy),
we guess there should be McMullen-like mappings of type (P, D) of the form
hy(z) = 2" +c+ A(z)/ ]_[;’:_é (z—c;)% where A(z) is a non constant polynomial
with deg(A) < deg(D) := Z;’;é d;. But we have not been able to produce an
explicit example because of the large number of parameters (the case p = 2 and
do = di = 4 mentioned above leads to a polynomial A(z) of degree less than 8,
which is the smallest value of deg(D) so that the stronger arithmetic conditions
are not satisfied).

In the next example we introduce a McMullen-like mapping obtained from a
HPcFP with more that one bounded super-attracting periodic cycle. We consider
the Milnor cubic polynomials (see [16]), that is a particular slice of the space of
cubic polynomials fixing the behavior of one of the two critical points. More
precisely, we consider the family of polynomials given by R, (z) = z3 — 3az?2/2.
There is a super-attracting fixed point at the origin and the other critical point is
located at z = a. In particular for ¢ = i +/2, the polynomial R; /5 has two finite
super-attracting fixed points: one at 0 and another one at i /2. We restrict to this
value of a, however the same result is true assuming that the polynomial R, is
HPcFP. We denote by Up and U; /5 the Fatou components containing 0 and i V2,
respectively, and we consider the pole data D formed by the Fatou component U,
and a positive integer d = dy. Using the same ideas as in the proof of Proposition
4.1, we have the following result.

Proposition 4.4. Let r(z) = 23 —3i /222 /24 1/z% be such that |A| # 0 is small
enough and the arithmetic condition d > 2 is satisfied, then rj is a McMullen-like

mapping.
Indeed, in this case we have two cycles, so N = 2, and according to Theorem A
the arithmetic condition (x) writes as

{1 1+1}<1
max{—,— + — ,
2274

since Uy € D, Riﬁ5 Up — Uy with degree two, Uiﬁ ¢ D, and
Rip Uz —U.y,

with degree two. In Figure 2 we show the dynamical planes of the Milnor cubic
polynomial R; , and the McMullen-like mapping .
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Finally we can obtain two other examples of McMullen-like mappings topo-
logically conjugate on their Julia set to the McMullen family f; (see Theorem 2.6).
We first fix a small value of |A| # 0 and we consider the family of rational maps
given by ﬁ(z) = z" 4+ 1/(z — a)?. Then for every |a| sufficiently small, if the
arithmetic condition 1/n + 1/d < 1 is satisfied then ﬁ is a McMullen-like map-
ping of same type as f. In this case the pole is moved to a and not located at the
origin as in the McMullen family. The Julia set of jAﬂ has already been studied in
[9] but Theorem 2.6 directly shows that J (ﬁ) is a Cantor set of circles. Similarly,
consider the family of rational maps given by j/i(z) = z" + A(z)/z¢ where A(z)
is any polynomial with deg(A) < d and |A(0)| # 0 small enough, if the arith-
metic condition 1/n + 1/d < 1 is satisfied then ﬁ is a McMullen-like mapping
of same type as f}.
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