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On the Fourier dimension and a modification
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Abstract. We give a sufficient condition for the Fourier dimension of a countable union of
sets to equal the supremum of the Fourier dimensions of the sets in the union, and show by
example that the Fourier dimension is not countably stable in general. A natural approach
to finite stability of the Fourier dimension for sets would be to try to prove that the Fourier
dimension for measures is finitely stable, but we give an example showing that it is not
in general. We also describe some situations where the Fourier dimension for measures
is stable or is stable for all but one value of some parameter. Finally we propose a way
of modifying the definition of the Fourier dimension so that it becomes countably stable,
and show that for each s there is a class of sets such that a measure has modified Fourier
dimension greater than or equal to s if and only if it annihilates all sets in the class.
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1. Introduction

Let 4 be a Borel subset of R¢. One way to prove a lower bound for the Hausdorff
dimension of A is to consider integrals of the form

I(w) = / =y di (1) du (9):

if u is a Borel measure such that w(A4) > 0 and /(i) < oo for some s, then
dimg A > s. For a finite Borel measure u, the Fourier transform is defined as

O = [ du o),
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where £ € R? and - denotes the Euclidean inner product. It can be shown [13,
Lemma 12.12] that if u has compact support then

Is(pn) = Const-(d,S)/ )P 1E1° dg

for 0 < s < d, and thus Iy, (n) is finite if f(§) < |E|75/2 for some s > s¢ (here
and in the remainder, f(§) < g(&) means that there exists a constant C such that
| f(&)] < Clg(&)| for all £). This motivates defining the Fourier dimension of A as

dimg A = sup(s € [0,d]; Q(§) S €177, 1 € P(A))},

where P(A) denotes the set of Borel probability measures on R¢ that give full
measure to A (it would not make any difference if the supremum was taken only
over such measures with compact support, for if 1(£) < |&|7*/? then there is
a compactly supported probability measure v that is absolutely continuous with
respect to 4 and satisfies D(£) < |£]7°/? by Lemma 1 below). Thus the Fourier
dimension is a lower bound for the Hausdorff dimension. The Fourier dimension
of a finite Borel measure u on R? is defined as

dimg ;1 = sup{s € [0.d]; (§) < |&]7/2),

or equivalently

—21log|i
dimp 4 = min (d, lim inf M) ,
Elooo  log €|
so that
dimp A = sup {dimp u; n € P(A)}.

If A C B then P(A) C P(B) and hence
dimp(A4) = sup{dimp p; 1 € P(A)} < sup{dimg p; u € P(B)} = dimp(B),

showing that the Fourier dimension is monotone. It seems not to be previously
known whether the Fourier dimension is stable under finite or countable unions,
that is, whether

dimp (LkJAk> = sup dim: . (1)

where {Ag} is a finite or countable family of sets. The inequality > follows from
the monotonicity, but there might be sets for which the inequality is strict.
In Section 2 we show that (1) holds if for each n the intersection 4, N | kn Ag
has small “modified Fourier dimension” (defined below), and in particular if all
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such intersections are countable. We also give an example of a countably infinite
family of sets such that (1) does not hold.

This still leaves open the question of finite stability. The most straightforward
approach would be to prove a corresponding stability for the Fourier dimension
of measures, namely that

dimp(u 4+ v) = min(dimg p, dimg v). 2)

From this one could derive the finite stability for sets, using that any probability
measure on A U B is a convex combination of probability measures on A and B.
The inequality > always holds in (2) since the set of functions that are < |&|~*/2 is
closed under finite sums, but we give an example in Section 3 showing that strict
inequality can occur. We also describe some situations in which (2) does hold —
this seems to be the typical case.

To achieve countable stability, we consider the following modification of the
Fourier dimension.

Definition. The modified Fourier dimension of a Borel set A C R is defined as
dimpy A = sup{dimg u; u € P(R?), n(4) > 0},
and the modified Fourier dimension of a finite Borel measure u is defined as
dimpy 0 = sup{dimp v; v € P(RY), 1 < v},
where « denotes absolute continuity.

Thus
dimpyv A = sup{dimpm u; n € P(A4)}.

In Section 4, we investigate some basic properties of the modified Fourier di-
mension, and give examples to show that it is different from the usual Fourier
dimension and the Hausdorff dimension.

In Section 5, we show that if u annihilates all the common null sets for the
measures that have modified Fourier dimension greater than or equal to s, then
dimpp ;¢ > 5. Other classes of measures that can be characterised by their null
sets in this way are the measures that are absolutely continuous to some fixed mea-
sure, and, less trivially, the measures u € P([0, 1]) such that limg|— o f1(§) = 0
(see [12]). A necessary condition for such a characterisation to be possible is that
the class of measures be a band, meaning that any measure that is absolutely con-
tinuous to some measure in the class lies in the class. The definition of the modified
Fourier dimension is natural from this point of view, since the class of measures
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that have modified Fourier dimension greater than or equal to s is the smallest
band that includes the measures that have (usual) Fourier dimension greater than
or equal to s.

1.1. Previous work. Here we mention briefly some of the previous work related
to the Fourier dimension that we are aware of. A Salem set is a set whose Fourier
dimension equals its Hausdorft dimension.

Salem [17] showed that for each s € (0, 1) there is a compact Salem subset of
[0, 1] of dimension s (although this was shown for the restriction of the Fourier
transform to the integers). An explicit example of a Salem set of any prescribed
dimension in (0, 1) is given by the set of «-well approximable numbers, namely
the set

o o
E@) = () [Jtxe0.1]: kx| < k=03,
n=1k=n
where | - || denotes the distance to the nearest integer. By a theorem of Jarnik [7]

and Besicovitch [1] the set £ («) has Hausdorff dimension 2/(2+«) fora > 0, and
Kaufman [11] showed that there is a measure in P(E(«)) with Fourier dimension
2/(2 4+ «) (see also Bluhm’s paper [2]).

It was shown by Kaufman [10] that for any C2-curve I" in R? with positive
curvature and any s C (0, 1), there is a compact Salem set S C I' of dimension
s. From this it can be deduced [5, Proposition 1.1] that for any s € [0, 1] there is
a continuous function [0, 1] — R whose graph has Fourier dimension s. Fraser,
Orponen and Sahlsten [5] proved that the graph of any function [0, 1] — R has
compact Fourier dimension (defined below) less than or equal to 1, and that the
set of continuous functions [0, 1] — R whose graphs have Fourier dimension 0
is residual with respect to the supremum norm among all continuous functions
[0,1] = R.

Kahane showed that images of compact sets under Brownian motion and frac-
tional Brownian motion are almost surely Salem sets, see [9]. It was shown by
Fouché and Mukeru [4] that the level sets of fractional Brownian motion are al-
most surely Salem sets (in the special case of Brownian motion this follows from
a result of Kahane, see [4, Section 3.2]).

Jordan and Sahlsten [8] showed that Gibbs measures of Hausdorff dimension
greater than 1/2 (satisfying a certain condition on the Gibbs potential) for the
Gauss map x — 1/x (mod 1) have positive Fourier dimension.

Wolff’s book [18] about harmonic analysis discusses some applications of the
Fourier transform to problems in geometric measure theory.
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1.2. Some remarks. It is not so difficult to see that the Fourier dimension for
measures is invariant under translations and invertible linear transformations, and
thus the Fourier dimension and modified Fourier dimension for sets are invariant
as well.

For any finite Borel measure © on RY,

. 1 NPT ST 2
S T [y O 4 = 3 it

xeR4

(this is a variant of Wiener’s lemma). If u has an atom it is thus not possible that
limg| 00 1(§) = 0, so dimg . = 0, and also dimgy = 0 since v has an atom
whenever u < v. It follows that dimp A = dimpy A = 0 for any countable set
ACR?,

Suppose next that A is a countable union of k-dimensional hyperplanes in R?
with k < d. If p gives positive measure to A, then there must be a hyperplane P
such that y(P) > 0. But then the projection of u onto any line L that goes through
the origin and is orthogonal to P has an atom, so jx does not decay along L. This
shows that dimg A = dimgy A = 0. Thus for example a line segment in R? has
Fourier dimension 0 even though an interval in R has Fourier dimension 1.

From a special case of a theorem by Davenport, Erdds and LeVeque [3], it can
be derived [15, Corollary 7.4] that if u is a probability measure on R such that
aE) < |7 for some o > 0, then pu-a.e. x is normal to any base (meaning
that (bkx),‘z":0 is uniformly distributed mod 1 for any b € {2,3,...}). Thus if
A C R does not contain any number that is normal to all bases, then dimg A =
dimpp A = 0. In particular this applies to the middle-third Cantor set, since it
consists of numbers that do not have any 1 in their ternary decimal expansion and
hence are not normal to base 3.

1.3. Other variants of the Fourier dimension. One alternative way of defining
the Fourier dimension of a Borel set A C R¢ is to require the measure in the
definition to give full measure to a compact subset of A, rather than to A4 itself.
This variant, which will here be called the compact Fourier dimension, is thus
defined by

dimpe A = sup{s € [0,d]; fu(€) < |E]7/2, u e P(K), K C A is compact}.

The anonymous referee of this paper provided an argument showing that the com-
pact Fourier dimension is countably stable whenever all the sets in the union are
closed (see Proposition 5 below), and pointed out that this can be used to deduce
that the Fourier dimension and the compact Fourier dimension are not the same.
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Inspired by this, we then found an example that shows that the compact Fourier
dimension is not in general finitely stable.
The Hausdorff dimension is inner regular in the sense that
dimgA = sup dimgK

KcA
K compact

for any Borel set A C R¥ (this follows from [16, Theorem 48]), and the same is
true of the modified Fourier dimension by inner regularity of finite Borel measures
on R?. Another way of expressing the fact that dimgc is different from dimg is to
say that dimp is not inner regular.

One might consider to define the Fourier dimension and the modified Fourier
dimension of any B C R?, by taking the supremum over all measures in P(R?)
that give full or positive measure to some Borel set A C B, but then dimg and
dimpy are not even finitely stable. For there is a construction by Bernstein (using
the well ordering theorem for sets with cardinality c) of a set B C R such that
any closed subset of B or B¢ is countable [14, Theorem 5.3]. Thus any non-atomic
measure i € P(R) gives measure 0 to any compact subset of B or B¢, and by inner
regularity to any Borel subset of B or B¢. It follows that B and B¢ have Fourier
dimension and modified Fourier dimension 0, but B U B¢ = R has dimension 1.

This can be modified slightly to produce Lebesgue measurable sets C1, C; C R
that would violate the finite stability. For each natural number 7, let A, be a Salem
set of dimension 1 — 1/n and let

o o
CGi=BnlJ4,. CG=Bnl]A4.
n=1 n=1
Then C; and C, are Lebesgue measurable since each A, has Lebesgue measure
0, and since they are subsets of B and B¢ respectively they would have Fourier
dimension and modified Fourier dimension 0. On the other hand,

o0

dimp(C; U Cy) = dimg ( U A,,) —1,

n=1

and thus also dimpy(C; U Cp) = 1.

2. Stability of the Fourier dimension for sets

In this section it is shown that the Fourier dimension is stable under finite or count-
able unions of sets that satisfy a certain intersection condition, and that the com-
pact Fourier dimension is stable under finite or countable unions of closed sets.
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Then examples are given, showing that the Fourier dimension is not countably sta-
ble, that the compact Fourier dimension is different from the Fourier dimension
and that the compact Fourier dimension is not finitely stable.

The following lemma is used in the proofs of Theorem 2 and Proposition 5,
and also in Section 3 and Section 5.

Lemma 1. Let ;1 be a finite Borel measure on R? and let f be a non-negative
C™-function with compact support, where m = [3d /2]. Define the measure v on
R by dv = fdu. Then

A6 < 677 = 06) < 16172
forall s € [0, d], and in particular
dimpv > dimg u.

Proof. Since f is of class C™ and has compact support, there is a constant M
such that

fol=

for all# € R¥. In particular f is Lebesgue integrable, and from this it also follows
that the Fourier inversion formula holds pointwise everywhere for f. Thus

5(E) = / ¢2TEN () du (x)

- / e 2miEx ( / 2mitx f(t)dz) du (x)
_ / ( / e 2miE—x g (x)) F@)de

- / AE— /@) dr.

Now,

A A nRHM
/ ae-njol < [ L8
(It <I€l/2} (e1=lgl2y 1+ 1t

< uRH)M |e]™™ de
{lz1=1£1/2}
= const. - |£[97™

< g9/,
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and if (&) < C|€|7%/2 for all £ € R? then

/ AGE -0 f@0ldr < / F0)ldr < 6772
{lE—t]|=|&]/2}

- IS | &2
Thus
D(§) < [617972 + |17
whenever f1(§) < |£]7%/2, which proves the lemma. O

Theorem 2. Let { Ay} be a finite or countable family of Borel subsets of R? such

that
Sup dimppm (A N U Ak> < dimg (U Ak>
k#n

dimp (LkJ Ak) = Sl],:p dimp Ak.

Proof. 'The inequality > is immediate from the monotonicity of dimg. To see the
other inequality, take an arbitrary u € P(|J; Ax) such that

sup dimpgpm (A N U Ak) < dimp
k#n

and let n be such that u(A4,) > 0. Then by the definition of the modified Fourier
dimension,

,U,(An nlJ Ak) — 0 and thus ,u(A,,\ U Ak) >0

k#n k#n

Let f be a non-negative C*°-function that is 0 on | ., Ax and positive ev-
erywhere else. Then u(f) > 0, and there is a non-negative C °°-function g with
compact support such that u( fg) > 0 as well. The measure v defined by

is a probability measure on A, so

sup dimg Ap > dimg A, > dimgp v > dimg n,
k

where the last inequality is by Lemma 1. Taking supremum on the right over all
w € P(Uy Ax) gives the inequality < in the statement. U
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Corollary 3. Let { Ay} be a finite or countable family of Borel subsets of R? such
that
sup dimpym (An N U Ak> < sup dimp Ag.
n k#n k
Then
dimp (U Ak) = sup dimp Ak.
X k

Proof. If the conclusion does not hold then neither does the assumption, since
then

sup dimp Ay < dimp (U Ak) < sup dimppm (An N U Ak),
k k n k#n
where the second inequality is by Theorem 2. O

Corollary 4. Let { Ay} be a finite or countable family of Borel subsets of R? such

that
An 0 | Ak
k#n

is countable for all n. Then
dimg (U Ak) = sup dimg Ag.
X k

Proof. 'This follows from Corollary 3 since any countable set has modified Fourier
dimension 0. 0

The proof of the following proposition was provided by the anonymous ref-
eree, who also noted that the statement can be applied to the sets constructed in
Example 7 below to show that the compact Fourier dimension is different from the
Fourier dimension. Another application is Example 8 below, which shows that the
compact Fourier dimension is not finitely stable.

Proposition 5. Let { Ay} be a finite or countable family of closed subsets of R%.
Then

dimpc (LkJ Ak) = Sl],:p dimpc Ak.

Proof. 'The inequality > holds since dimgc is monotone. To see the other inequal-
ity, let i be any Borel probability measure whose topological support K is a subset
of |J; Akx. By Baire’s category theorem the complete metric space K cannot be
expressed as a countable union of nowhere dense sets, and since

K=|JKnA4
k
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it follows that there must be some n such that K N 4, = K N A, has non-empty
interior in K. Thus there is an open subset V of R¢ such that

0£KNV CKNA,

Let f be a non-negative C °°-function that is 0 outside of V and satisfies u( f) > 0,
and define the probability measure v by

dv =Ld,u.

n(f)
Then
dimg n = dimgv < dimgc 4, < sup dimgc A,
k

where the first inequality is by Lemma 1 and second inequality holds since v gives
full measure to A,. Taking the supremum over all probability measures u such
that supp u C |, Ax completes the proof. U

Example 7 below shows that the Fourier dimension is not countably stable, and
also that the strict inequality in the assumption of Theorem 2 cannot be changed to
a non-strict inequality. The following lemma is used in Example 7 and Example 8.

Lemma 6. Forany ¢ € (0, 1],

inf sup |1()] = —— ( > ‘9)

szll),u,j ~ 8+ 2me — 5/
where the infimum is over all u € P([g, 1]) and the supremum is over all positive
integers j.

Proof. Fix ¢ > 0 and take any u € P([e, 1]). If ¢ is a real-valued continuous
function supported on [0, ] such that

/(p(x)dx =1 and Y [p(k)| <oo

k=—o00

then

0=pip)= Y ¢(A) =1+2Re( Y ¢)A®)),
k=—00 k=1

and thus

N

Jjz1

< Y ml1aw)] < (X 16001 sup Al
k=1 k=1
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Now let y be the indicator function of [0, ¢/2] and take ¢ to be the triangle

pulse ) )
o= (3)(F)

where * denotes convolution. Then

901 = ne? (537 < min (1, 73
so that
Z'W‘)'{_W == > sz%+l+%/:ox—lzdx:4;:8'
k=1 [Z1+1 e
It follows that 1 re
spla()l = 5 7 s

Example 7. Let (/x)72 , be a strictly increasing sequence of natural numbers such
that

Define the compact sets

A = {x € [0, 1]; xp 41 ... Xp 4k 7 OF},

where x = 0.x;x; ... is the binary decimal expansion of x, and let

Take any measure u € P(B,) and let u; be the image of p under the map
x + 2%x (mod 1). If k > n then p; gives full measure to [27%, 1], so by
Lemma 6 there is some j; > 1 such that
, —k
A% ji) = k() = S
Thus for any s > 0,
2Slk/2—k
5

limsup |2 (8)] [£]/% > lim |2Q2% ji)| (2% jx)*/? > lim = 0.
£ k—o00 k—o0

— 00

It follows that dimg(B,) = 0 for all n.
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Let A be Lebesgue measure on [0, 1]. Then for each n

A G By) = M(By) = 1- iz—k — 1D,
n=1

k=n

so that A (\Us—; Bx) = 1 and hence dimg (| ,—, B») = 1. This shows that the
Fourier dimension is not countably stable, and that dimgc is different from dimg
since dimgc (\J,—, Bx) = 0 by Proposition 5.

For d > 2, the sets {B, x [0, 1]97!} give a counterexample to countable sta-
bility of the Fourier dimension in R¢. Moreover, these sets do not satisfy the
conclusion of Theorem 2, but they would satisfy the assumption if the strict in-
equality was replaced by a non-strict inequality. Thus it is not possible to weaken
the assumption of Theorem 2 in that way.

The following variation of Example 7 shows that the compact Fourier dimen-
sion is not finitely stable.

Example 8. Let s € (/3 — 1, 1) and choose b such that

1—
S<b<£
2

N

(this is possible since s > +/3 — 1). Let (lk)7—, be a strictly increasing sequence
of natural numbers and let m; = [bl;]. Define the compact sets

Ak = {x € [07 1]’ xlk+1 . 'xlk+mk 76 Omk}’

where x = 0.x;x; ... is the binary decimal expansion of x, and let

By = () 4.

k=n

Take any measure u € P(B,) and let u; be the image of p under the map
x > 2kx (mod 1). If k > n then py gives full measure to [277%, 1], so by
Lemma 6 there is some j; > 1 such that

27 Mk

5

A% k) = (k) >
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Thus
2slk/2—ﬂnk

limsup |2(£)]|E[*/2 > lim |2(2% ji)| 2% jx)*? > lim “— = o0,
E—o00 k—o00 k—o00 5

and it follows that dimg(B,) < s for all n. Consequently dimgc ({Up—; Bx) < s
by Proposition 5.
Next consider the complement C of UZO=1 B, in [0, 1], that is,

c=0.1\{JB. =) U 0.1\ 4.
n=1 n=1k=n

For each k the set [0, 1]\ Ay is a union of 2% intervals of length 2~ ¢« +7&) and
thus
30, 1]\ Ag) = 2% - o7,

whenever k is so large that [ + my > —log, §. Thus for all large enough n,
o0 00
5(C) < %;( Jo.11 \Ak)) < 3 pDlkmsme,
k=n k=n

The sum converges by the choice of (my ), and since n can be taken arbitrarily large
it follows that
H5(C) =0.

for all § > 0. Thus
dich C <dimygC <y,

so that [0, 1] is the union of two sets with compact Fourier dimension strictly less
than 1.

3. Stability of the Fourier dimension for measures

As mentioned in the introduction, finite stability of the Fourier dimension for sets
would follow if it could be shown that

dimp( 4+ v) = min(dimg @, dimp v) 3)

for all finite Borel measures pu and v. The inequality > always holds, but Exam-
ple 10 below shows that strict inequality is possible. The following lemma is used
in that example.
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Lemma 9. Let @ and B be two distinct real numbers. Then

1
/ e2™1%% sin(27fx) dx
0

1
<.
llee| — 18]

Proof. For any y > 0,

1
/ 62myx dx
0

From this together with the identity
eZJriax sin(2nﬁx) — %(eZJri(a—ﬂ)x _ ezm(a—l—ﬂ)x)’

it follows that

1

Lt
/ 62m|a+ﬂ|x dx
2 0

3

A

1
/ p2mila—plx 4.
0

1 1 1
=Gt een)

R S O

~ e = 1811

1
/ €271 gin(27fx) dx
0

Example 10. This example shows that the Fourier dimension for measures is not
in general finitely stable.
Let

o
gx)y =1+ Z 27k sin(2n '2k2x);
k=1

this is a continuous non-negative function. Define the probability measure p on
[0,1] by du = gdx. Using that

1

1 1
/ e 2" sin(2rlx) dx = / cos(2mlx) sin(2wlx)dx —i / sin®(27lx) dx
0 0 0
—i

2
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for / € N, one sees that forn > 1

|/1(2n2) +i- 2—(n+1)| < Z 2—k
k>1
k+#n

I
< -
k#n

o0
2.2
k=1

- 2n2 _ 2(}1—1)2

1 2
— - . 2
/ e 2m2" X gin(27r - 2K x) dx
0

2
<
— 2”2 b
where the inequality at * is by Lemma 9. Thus for any s > 0,

limsup |/2(§)] [€]*/% > limsup [2(2"")] - 25"/
-0

|§|—>00 n

> lim (2—(n+1) _ i) . 2sn2/2

n—00 on?

:OO,

and it follows that dimg u = 0.
Next, let

o
hix)=1-— Z 27k sin(27 - 2k2x)
k=1

and define the probability measure v on [0, 1] by dv = A dx. Then dimpv = 0 as

well, but i + v is twice Lebesgue measure, which has Fourier dimension 1.

Even though (3) does not hold in general, it does hold if i and v have different
Fourier dimensions. For suppose that, say, dimp . < dimpv. Then for every
s € (dimp p, dimp v) there is a sequence (§;) with |&;| — oo such that

lim |4 1E|¥> =00 and  lim [D(E) [&]*/2 =0,
k=00 k—o00
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so that
limsup |1(§) + D(§)|1§]7/% = oo

|&]—>00

and hence dimp(u + v) < s. Thus
dimp(p 4+ v) <inf{s € (dimp u, dimpv)} = dimp p < dimg(u + v).
For the same reason, any convex combination of u and v satisfies
dimg((1 — M) + Av) = min(dimg wu, dimg v).

Next suppose that dimp ¢ = dimp v = s and that there is some A € [0, 1] such
that

dimp((1 — Ao)p + Agv) > s.
Then for any A € [0, 1]\ {Ao}, the measure (1 —A)u + Av is a convex combination
of (1 —Ag)t + Agv and one of u, v, so it has Fourier dimension s. Thus there is at
most one convex combination of ¢ and v that has Fourier dimension greater than
s.

The results in the rest of this section describe situations where (3) holds, or
where it fails for at most one value of some parameter.

Proposition 11. Let i and v be finite Borel measures on R¢ whose supports are
compact and disjoint. Then

dimp(p 4+ v) = min(dimg @, dimp v).

Proof. Let f be a non-negative, smooth and compactly supported function that
has the value 1 on supp u and the value 0 on supp v. Then fd(u + v) = du, so

dimg 0 > dimg(p + v)

by Lemma 1. Similarly,
dimp v > dimp(u + v),

and thus

dimp(u 4+ v) < min(dimg @, dimg v).

The proposition now follows since the opposite inequality always holds. O
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Proposition 12. Let u be a finite Borel measure on R¢ with compact support and
let yu; be the translation of 1 by t € R, Then

dimg(p + pr) = dimg .
Proof. Since the Fourier dimension is translation invariant,
dimp(u + p;) > min(dimg p, dimg p4,) = dimg p.

The opposite inequality clearly holds if # = 0, so assume that ¢t # 0 and let n be
an odd integer so large that supp i N supp i = 9. Note that

e F )] = (1 + e EAE)] = 2| cos(r - )],
and similarly
|+ s (6)] = 2| cos(mnt - §)[ | (E)].

Since cos(nx)/ cos x is bounded, this gives

cos(mnt - §)

]

‘ [cos(rt - ) |AE)] < |+ 1, ©)]-
Thus

dimg(p + @) < dimg(p + pne) = min(dimg @, dimg @y, ) = dimg @,
where the first equality is by Proposition 11. O

Proposition 13. Let . and v be finite Borel measures on R? with compact sup-
ports, and for t € R? let v, be the translation of v by t. Then there is at most one
t such that

dimp(u + v;) > min(dimp @, dimg v).
Proof. It shall be shown that
min(dimg(u + vy, ), dimp(p 4 vy,)) < min(dimg @, dimg v)
whenever ¢1 # t,. By the translation invariance of dimp, this is equivalent to

min(dimp(k + v), dimp(k + va)) < min(dimp x, dimp v),
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where « is the translation of u by —#; and A = t, —t;. Suppose that s is less than
the expression on the left — then s < d and

R(§) + b(§) < (517
{K@) B(E) < E] "

R(E) + e85 (8) < 5172

Let n be an integer so large that supp « N suppv,Ao = @. Subtracting the second
relation in (4) from the first gives

sin(wA - £)D(§) £ (1-e>MA)p(E) < €772,
and since sin(nx)/ sin x is bounded it follows that

sin(rnA - §)

. oy —s/2
SnGra ) SnCeA - D9E) S 177

(1— e 288y h(g) <

Subtracting this from the first relation in (4) then gives
R(E) +eMMAE D) S 152,
and thus
s < dimg(k 4+ vyA) = min(dimg «, dimg v,A) = min(dimg «, dimg v),
where the first equality is by Proposition 11. U

Lemma 14. Let B € R%*4 pe an invertible matrix such that |A| # 1 for all
eigenvalues A of B, andlet f : R¢ — R be a function such thatlimg o0 f(§) =0
and

|f &) — f(BE S |57

for some o > 0. Then

f¢) I
Proof. Using that |[B~'£| > || B||~!|£| one sees that
|f(BT'E) = f(®) S IBTIEI* < JE7,
and thus there is a constant C such that
|f(§) = f(BEI = CIEI™ and [f(§) — f(BT'E)| < Cl&I™™

for all £.
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Let

Vu:@EA and Vs:@EA,

IA|>1 [Al<1

where E, denotes the (generalised) eigenspace of B corresponding to the eigen-
value A. Then there is some ¢ > 1 and an m such that if k > m then |BKg| > c¥|¢|
for all & € V, and |B7%&| > c*|g| for all £ € V; (this need not be true with
m = 1, for instance if B is a large Jordan block with diagonal entries slightly
larger than 1).

Take any & € R? \ {0} and write it as £ = &, + & with &, € V,, and & € V.
Suppose first that |&,| > |&], or equivalently that |£,| > |&|/~/2. Then for any
n>m,

n—1
|f(€) = f(B")| < ) | f(B*E) — f(B*'g)]

k=0

n—1
<C ) |B*g™

k=0

n—1
<CY |B*&™

k=0
m—1 00
(X IBTR + Y g
k=0 k=m
m—1 00
< C( Z ”B—l”ka + Z C—ka>2a/2 |%-|—0t‘
k=0 k=m

Letting n — oo shows that | f(£)| < D|&|™* with

m—1 m—1
D= 2c(max ( LR ||B||k"‘) +) c—k“)z"‘/z.
k=0 k=0

k=m
Similarly, if |&5| > |&,| then for any n > m,

m—1 e
@ = fBe == (Y IBIF + Y k)22 g,
k=0 k=m

and letting n — oo shows that | f(§)| < D|&|™* in this case as well. O
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Proposition 15. Let i be a finite Borel measure on R? with limg| o0 1(E) = 0,
and let A € R¥*4 be an invertible matrix such that |A| # 1 for all eigenvalues A
of A. Then

dimp(u + Ap) = dimg u.

Proof. Since the Fourier dimension is invariant under invertible linear transfor-
mations,

dimp(u + Ap) > min(dimg @, dimp(Ap)) = dimg p,

and in particular the lemma is true if dimp(u + Ap) = 0. To see the opposite
inequality when dimg(u + Ap) > 0, take any s € (0,dimp(n + Ap)) and let
B = AT, so that

Ap®) = p(AT9) = A(BE).
Then
1)) - 1BE)|| < ) + A(BE)| S [E]72,
so Lemma 14 applied to f(£) = |(&)| says that 4(§) < |&]™/? and therefore
s < dimp u. O

Proposition 16. Let ju, v be finite Borel measures on R? such that limg| 00 f1(§) =
limg| o0 D(§) = 0,and let A € R%*? be a matrix such that Re A # 0 for all eigen-
values A of A. Fort € R, let v, = exp(tA)v. Then there is at most one t such
that

dimp(u + v;) > min(dimg @, dimg v).

Proof. 'The statement is trivially true if © and v have different Fourier dimensions,
so assume that dimg 4 = dimg v. Take any distinct ¢, #, and suppose that

s <min(dimp(p + vy, ), dimp(p + vy,))
= min(dimg(x + v), dimp(k + vs,—4,)),

where k = exp(—t1A)p. Then s < d and

R(E) +D(E) < [€[7/2
R(E) + D(BE) < 8172,
where B = exp((to — t;)A)T, and subtracting the second relation from the first
gives
15| = D(BE| = D(§) = D(BE)| < [£]7°/>.
The matrix B has no eigenvalue on the unit circle, so (£) < |&|7*/2 by Lemma 14
applied to f(§) = |V(§)|. Thus s < dimp v, which concludes the proof. O
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4. The modified Fourier dimension
Recall that the modified Fourier dimension of a Borel set A C R is defined by
dimpy A = sup{dimg 11; u € P(RY), u(4) > 0}.

Theorem 17. The modified Fourier dimension is monotone and countably stable,
and satisfies dimg A < dimgy A < dimyg A4 for any Borel set A C Ré.

Proof. If A C B then {u € ‘.P(Rd); w(d) >0y Cc{ne ‘.P(Rd); w(B) > 0}, so
dimpy A = sup{dimg u; u € P(RY), u(4) > 0}
< sup{dimg ; 0 € P(RY), u(B) > 0}
= dimpM B.

Thus dimgy is monotone.
Let { Az} be a finite or countable family of Borel sets. For any 1 € P(R¢) such
that (| Ax) > 0 there must be some n such that (A4,) > 0, and thus

sup dimpy Ag > dimpy A, > dimg n.
k

Taking the supremum on the right over {1z € P(R?); u(lJ Ax) > 0} shows that

di Ay = di Ag ).
st;p Impm Ag = lmFM(L];J k)

The opposite inequality holds by monotonicity.

It is obvious that dimp A < dimpy A4 since any € P(R?) that gives full
measure to A in particular gives positive measure to A. The proof outlined in the
introduction of the inequality dimp A < dimyg A works without modification if
dimg is replaced by dimpy. O

The following two examples show that dimpy is not the same as either of dimp
and dimy.

Example 18. The sets B, defined in Example 7 were shown to have Fourier dimen-
sion 0 but positive Lebesgue measure, and hence modified Fourier dimension 1.

Example 19. The middle-third Cantor set has modified Fourier dimension 0 (see
the introduction), but Hausdorff dimension log 2/ log 3.
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5. Null sets of s-dimensional measures
Let
My = {p € P(RY); dimpm pt > s}

In this section it will be shown that M; is characterised by its class of common
null sets, or more precisely that

nweMs; < u(E)=0 forall E € &, (®)]

where
& ={E € BRY); w(E) = 0 for all u € M,}.

For € ¢ P(R%) and & C B(R?) let
et ={E e BRY); w(E) =0forall u € €}
et ={uePR?); n(E)=0forall E € &).

Then & = Mﬁ- and the condition (5) can be expressed as M, = Eﬁ-, or equiva-
lently as M+ = M;.
It is also natural to consider the sets

Cs = {u € P(RY); there exists v € P(RY) such that u < v and D(§) < |&]7%/2).

For s € (0, d] they are related to M; by

M =()¢

t<s

(this is also true for s = 0 if one allows negative ¢:s in the intersection).
The goal of this section is to prove the following theorem.

Theorem 20. The sets Cs; and M; satisfy
Gﬁ-J- =G5, for0<s,
Mﬁ-J- =M, for0<s <d.
The theorem is trivial for s = 0 since
Co = Mo = P(RY)
and
Cy = Mg = {0}

For general s, the first step in the proof is to reduce the problem using some prop-
erties of _L that are collected in the next lemma.
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Lemma 21. Let D, Dy, Dy and {Dy)act be subsets of either P(R?) or B(R?).
Then

(i) D c D+,

(i) D1 € D = Dy C Di;
(iii)y D = D

. 1
(iv) Uael Di_ C (ﬂael Da) ;

(V) m(xel Di_ = (U(xel D"‘)J_'

Property (iii) implies that D+*+2) = DLk for any k > 0, as illustrated by the
following diagram.

D C DJ_J_ — rDJ_J_J_J_
DJ_ — DLJ_J_ —

Proof. Let X be the space that the D:s are subsets of and let Y be the “dual” space,
that is,

B(RY) if X = P(RY),
PRY) if X = BRY).

If x € X and y € Y, then the equation {x, y} = {u, E} determines uniquely a
measure u and a set £. Thus it is possible to define

(x,y) = u(E), where{x,y} ={u, E}.

(i) Let x € D. Then (x, y) = 0 for any y € D+, which by definition of D+
means that x € D+,

(ii) Let y € Di. Then (x,y) = 0 for all x € D, and thus (x, y) = 0 for all
x € Dy since D; C D,. Hence y € Dt

(iii) Applying (ii) to the statement of (i) shows that D+ < D+ and apply-
ing (i) to D+ shows that D+ ¢ DL+,
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(iv) By (ii) it follows that
1
” C ( ﬂ @a/)
a’'el
for any o € I, and hence

Untc(Noe)

ael a’'el

(v) The definition of D+ can be expressed as

= (el (x.y) =0} =[x}
xeD x€D
and thus

(Uze) = N w=NNw=N2 O

ael x€Uger Da a€l x€Dy ael

Once it is proved that G+ = € it follows by Lemma 21 that M+ = M as
well, for then

Mt = (ﬂe) (U€L> =N et = e =N,
1<s 1<s t<s t<s

by (ii), (iv), and (v), and the opposite inclusion holds by (i). Moreover, if D has
the form D = D'+ then (iii) gives

@J_ D/J_J_J_J_ .D/J_J_ D.

To prove Theorem 20, it thus suffices to show that €; = C-L, where
dy. & -
e, = {v e PR?); D(§) < |&]73).

It is easy to see that C; C Ci- (see the first part of the proof of Theorem 20,
on page 335), but the other inclusion takes a bit of work. The idea is to take an
arbitrary measure u € C:-+ and decompose it as 4 = 1 + o such that py is
absolutely continuous to some measure in €} (thus u; € Cy) and u, is singular to
all measures in C;, and then show that 1, = 0 so that 4 = p; € C;.
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5.1. Decomposition of x with respect to C;

Definition. A set C C P(R?) is countably quasiconvex if for any finite or infinite
sequence (v) in € there is a sequence (py) of positive numbers such that

Zpk=1
3

and

Zpkvk € C.
k

Thus any countable convex combination of measures in a countably quasicon-
vex set C is equivalent to some measure in C.

Lemma 22. Forany s € R, the set C, is countably quasiconvex.

Proof. 1f vi,v,... € C, then there are constants Cy, C,... > 1 such that for
each k
Dk (§)] < Cilg]™/>  forall .
Now set
— _ Gk
ak—m and pk_m,

Then the probability measure

o0
V= Zpkvk
k=1
satisfies
oo oo
D(€)] < Zpklﬁk(é)l < Zpkck|5|_s/2 < €172,
k=1 k=1
sov e C. O

Lemma 23. Let C ¢ P(R?) be countably quasiconvex and let 1 € P(R?). Then
there is a set E € B(R?) such that

/L|E <L v forsomev € C,

and

KUlge Lv  forallveC.
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Proof. Let
r=sup{u(F); F € B(Rd) and u|F < v for some v € G},

and for k = 1,2,...let vy € € and F; € B(R?) be such that /L|Fk < v and
w(Fx) =r—1/k. Set
E=|]J F..
k=1

By assumption, there is a sequence (pi) of positive numbers such that

o0
Z PkVk € C,
k=1

and since all py are positive, /L| g is absolutely continuous with respect to this
measure.

Suppose towards a contradiction that there is some v € € such that ,u| ge LV
Then by Lebesgue decomposition of p| .. with respect to v there is a Borel set
S C E€ such that

Ec
,u|S <Lv and u(S)>0.
For each k, there is a A; € (0, 1) such that
(1 —Ag)v + Apvg € C,

and M| SUF, 18 absolutely continuous with respect to this measure. Moreover,

1
H(S U Fie) = p(S) + pu(Fi) = u(S) +r— &
which is greater than r for large enough k — this is a contradiction. O

5.2. Proof of Theorem 20. The following theorem by Goullet de Rugy [6] is
used in the proof.

Theorem 24 (Goullet de Rugy). Let T be a compact Hausdorff space and let A
and B be subsets of P(T) of the form

o0 o0
A=|JAx and B=|] B,
k=1 k=1

where the Ay and By are weak-+ compact and convex, such that u L v for all
w € A, v e B. Then there exist disjoint Fqyg-sets Ty, T, C T such that u(Ty) =1
Jorall p € A and v(T,) = 1 forallv € B.
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Proof of Theorem 20. As remarked in the beginning of the section, it suffices to
show that €+ = C;. For any € €, there is some v € € such that u < v. Then
any E € € is anull set for v and hence also for x, which means that 1 € €+,
Thus €, C L.

To see the other inclusion, take any u € G;J-J-. By Lemma 22 and Lemma 23,
it is possible to write t = w1 + o such that p, is absolutely continuous to some
measure in C; (hence 1 € Cy) and i, is singular to all measures in C. It will be
shown that p, = 0, from which it follows that u = u; € Cs.

For N, R €{1,2,...} let

BN = {v e P([=R, R|%); (£) < N|&|*/2 for all £}.

These sets are weak-* compact and convex, so Theorem 24 applied to

00
Ar = {u2|[—R,R]d} and B = U BJI\QI
N=1

gives for each R a Borel set Eg such that u,(Er) = 0 and
V(R \ ER) = v([—R.,R]* \ ER) =0 forall v € Bg.

Let

Then p,(E) = 0 and v(E€) = 0 for all v € €} that have compact support.

If v is any measure in C}, define the measure vg by dvg = @gdv, where g
for each R is a smooth function such that y[_g gj¢ < @R < X[_2r2r}<- Then each
vR lies in €, by Lemma 1 and vg has compact support, so

V(E®) :RIi_)rI;Ov(Ecﬂ[—R,R]d) < lim vR(E€) = 0.

This shows that E€ € €. and hence u(E€) = 0. Since also u»(E) = 0, this
implies that pp = 0. O

6. Acknowledgement

We would like to thank Magnus Aspenberg for helpful discussions.



336

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

[10]

(1]

[12]

[13]

[14]

[15]

[16]

F. Ekstrom, T. Persson, and J. Schmeling
References

A. Besicovitch, Sets of fractional dimension. IV. On rational approximation to real
numbers. J. London Math. Soc. 9 (1934), 126-131.

Ch. Bluhm, On a theorem of Kaufman: Cantor-type construction of linear fractal
Salem sets. Ark. Mat. 36 (1998), no. 2, 307-316. MR 1650442 Zbl 1026.28004

H. Davenport, P. Erdds, and W. J. LeVeque, On Weyl’s criterion for uniform distri-
bution. Michigan Math. J. 10 (1963), 311-314. MR 0153656 Zbl 0119.28201

W. L. Fouché and S. Mukeru, On the Fourier structure of the zero set of frac-
tional Brownian motion. Stat. and Probab. Lett. 83 (2013), 459-466. MR 3006977
7Zbl 1267.60041

J. M. Fraser, T. Orponen, and T. Sahlsten, On Fourier analytic properties of
graphs. Int. Math. Res. Not. IMRN 2014 (2014), no. 10, 2730-2745. MR 3214283
Zb11305.60028

A. Goullet de Rugy, Sur les mesures étrangeres. C. R. Acad. Sci. Paris Sér. A-B 272
(1971), A123-A126. MR 0272972 Zbl 0202.33601

V. Jarnik, Diophantischen Approximationen und Hausdorffsches MaB3. Matematich-
eskii Sbornik (3-4) 36 (1929), 371-382. JEM 55.0719.01

Th. Jordan and T. Sahlsten, Fourier transforms of Gibbs measures for the Gauss map.
Preprint 2013. arXiv:1312.3619v2 [math.DS]

J.-P. Kahane, Some random series of functions. 24 ed. Cambridge Studies in Ad-
vanced Mathematics, 5. Cambridge University Press, Cambridge, 1985, Chapters 17
and 18. MR 0833073 Zbl 0571.60002 Zbl 0805.60007

R. Kaufman, Random measures on planar curves. Ark. Mat. 14 (1976), no. 2,
245-250. MR 0477588 Zbl 0371.60026

R. Kaufman, On the theorem of Jarnik and Besicovitch. Acta Arith. 39 (1981), no. 3,
265-267. MR 0640914 Zbl 0468.10031

R. Lyons, Seventy years of Rajchman measures. J. Fourier Anal. Appl. (1995), Spe-
cial Issue, 363-377. Proceedings of the Conference in Honor of J.-P. Kahane (Orsay,
1993). MR 1364897 Zbl 0886.43001

P. Mattila, Geometry of sets and measures in Euclidean spaces. Fractals and rectifia-
bility. Cambridge Studies in Advanced Mathematics, 44. Cambridge University Press,
Cambridge, 1995. MR 1333890 Zbl 0819.28004

J. C. Oxtoby, Measure and category. A survey of the analogies between topological
and measure spaces. 21d o4, Graduate Texts in Mathematics, 2. Springer, Berlin etc.,
1980. MR 0584443 Zbl 0435.28011

M. Queffélec and O. Ramaré, Analyse de Fourier des fractions continues a quo-
tients restreints. Enseign. Math. (2) 49 (2003), no. 3-4, 335-356. MR 2028020
7Zb11057.11038

C. A. Rogers, Hausdor{f measures. Cambridge University Press, London and
New York, 1970. MR 0281862 Zbl 0204.37601


http://www.ams.org/mathscinet-getitem?mr=1650442
http://zbmath.org/?q=an:1026.28004
http://www.ams.org/mathscinet-getitem?mr=0153656
http://zbmath.org/?q=an:0119.28201
http://www.ams.org/mathscinet-getitem?mr=3006977
http://zbmath.org/?q=an:1267.60041
http://www.ams.org/mathscinet-getitem?mr=3214283
http://zbmath.org/?q=an:1305.60028
http://www.ams.org/mathscinet-getitem?mr=0272972
http://zbmath.org/?q=an:0202.33601
http://zbmath.org/?q=an:55.0719.01
http://arxiv.org/abs/1312.3619v2
http://www.ams.org/mathscinet-getitem?mr=0833073
http://zbmath.org/?q=an:0571.60002
http://zbmath.org/?q=an:0805.60007
http://www.ams.org/mathscinet-getitem?mr=0477588
http://zbmath.org/?q=an:0371.60026
http://www.ams.org/mathscinet-getitem?mr=0640914
http://zbmath.org/?q=an:0468.10031
http://www.ams.org/mathscinet-getitem?mr=1364897
http://zbmath.org/?q=an:0886.43001
http://www.ams.org/mathscinet-getitem?mr=1333890
http://zbmath.org/?q=an:0819.28004
http://www.ams.org/mathscinet-getitem?mr=0584443
http://zbmath.org/?q=an:0435.28011
http://www.ams.org/mathscinet-getitem?mr=2028020
http://zbmath.org/?q=an:1057.11038
http://www.ams.org/mathscinet-getitem?mr=0281862
http://zbmath.org/?q=an:0204.37601

On the Fourier dimension and a modification 337

[17] R. Salem, On singular monotonic functions whose spectrum has a given Hausdorff
dimension. Ark. Mat. 1 (1951), no. 4, 353-365. MR 0043249 Zbl 0054.03001

[18] Th. H. Wolft, Lectures on harmonic analysis. With a foreword by Ch. Fefferman
and preface by I. Laba. Edited by I. Laba and C. Shubin. University Lecture Se-
ries, 29. American Mathematical Society, Providence, R.I., 2003. MR 2003254
7Zbl 1041.42001

Received July 25, 2014

Fredrik Ekstrom, Centre for Mathematical Sciences, Lund University, Box 118,
221 00 Lund, Sweden

e-mail: fredrike @maths.lIth.se

Tomas Persson, Centre for Mathematical Sciences, Lund University, Box 118,
221 00 Lund, Sweden

e-mail: tomasp @maths.Ith.se

Jorg Schmeling, Centre for Mathematical Sciences, Lund University, Box 118,
221 00 Lund, Sweden

e-mail: joerg @maths.Ith.se


http://www.ams.org/mathscinet-getitem?mr=0043249
http://zbmath.org/?q=an:0054.03001
http://www.ams.org/mathscinet-getitem?mr=2003254
http://zbmath.org/?q=an:1041.42001
mailto:fredrike@maths.lth.se
mailto:tomasp@maths.lth.se
mailto:joerg@maths.lth.se

	Introduction
	Stability of the Fourier dimension for sets
	Stability of the Fourier dimension for measures
	The modified Fourier dimension
	Null sets of s-dimensional measures
	Acknowledgement
	References

