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Kneading with weights
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Abstract. We generalize Milnor—Thurston’s kneading theory to the setting of piecewise
continuous and monotone interval maps with a weight associated to each branch. We de-
fine a weighted kneading determinant D(¢) and establish combinatorially two kneading
identities, one with the cutting invariant and one with the dynamical zeta function. For the
pressure log p; of the weighted system, playing the role of entropy, we prove that D(z) is
non-zero when |¢| < 1/p; and has a zero at 1/p;. Furthermore, our map is semi-conjugate
to every map in an analytic family 8§;,0 < ¢ < 1/p; of piecewise linear maps with slopes
proportional to the prescribed weights and defined on a Cantor set. When the original map
extends to a continuous map f, the family 8; converges as ¢ — 1/p; to a continuous piece-
wise linear interval map f . Furthermore, f is semi-conjugate to f and the two maps have
the same pressure.
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1. Introduction

Let! =a,b]. Leta =cy <c1 <---<cpgy1 =b. Set S ={0,1,---,£}. For
eachi € S,set I; =]c;,ci+1[andlet f;: I; — I be astrictly monotone continuous
map extending continuously to the closure, and finally assign a constant weight
gi € C.

We say that (/;, f;, gi)ies is a weighted system. In the particular case that each
gi equals 1, we say also that the system is unweighted.

Milnor and Thurston [6] developed a widely used kneading theory on un-
weighted systems so that the maps f; glue together to a single continuous map
f. Let us recall a list of their results (see also Hall, [5] for an enlightening intro-
duction to the subject).

Milnor and Thurston introduced a power series matrix N(¢), called the knead-
ing matrix, which records combinatorially the forward orbits of the cutting points.
They establish two identities:

1. the main kneading identity, relating N(¢) to the growth of the cutting points
of f" on any subinterval J, and taking the form

yy(t) - N(t) = terms involving boundaries of J;
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2. the zeta-function identity, relating N(¢) to a dynamical Artin-Mazur zeta
function that counts the global growth of the f”-fixed points, taking the form

£(t) - detN(r) = 1.

Using these identities, Milnor—Thurston derive the following important conse-
quences:

3. for log s the topological entropy of the map, the matrix N(¢) is invertible
when |¢t| < 1/s. If s > 1 the matrix N(¢) is singular at t+ = 1/s and the growth
rate of the periodic points is precisely s;

4.if s > 1, the map is semi-conjugate to a simple model dynamical system
which is a continuous PL (i.e. piecewise-linear) map of slope s.

Most of this theory has been extended by Preston [8] to the general unweighted
setting without the assumption of global continuity. An advantage to allow dis-
continuity at the cutting points is that one can treat tree and graph maps as interval
unweighted systems after edge concatenation. See for example Tiozzo [9]. There
exist also works that treat tree maps as they are. See for example Alves and Sousa-
Ramos [1], Baillif [2] and Baillif and de Carvalho [3].

An essential difference in Preston’s approach as compared to Milnor-Thurston’s
lies in the proof of the zeta-function identity. Preston’s method is purely combi-
natorial whereas the original proof tests on a concrete example and then studies
behaviors under perturbations.

In this work we will generalize all four results above to weighted systems,
where the pressure log p; will play the role of entropy. Points 1-4 will become
Theorems 2.1, 2.2, 2.3, and 2.5 below.

Our setting is identical to that of Baladi and Ruelle [4]. In their work they
define a weighted kneading matrix B and a weighted zeta function, and establish
a version the zeta-function identity using a perturbative method similar to that of
Milnor-Thurston. For our purpose we will define a somewhat different kneading
matrix R.

We will not rely on previous established results but instead provide self-con-
tained proofs. In a way our results recover partially results in [4, 6, 8].

Our proofs will be fairly elementary, with, as the only background, some basic
knowledge of complex analysis. The rest is to play carefully with the combina-
torics of iterations, following mostly Milnor and Thurston.
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There is however a notable exception, concerning the proof of the zeta-function
identity. For this we choose to follow the combinatorial method of Preston, along
with several significant differences. Preston cuts off the graph above the diagonal
in order to count the intersections, instead we keep the graph intact but change
signs across the diagonal. Preston’s kneading matrix is similar to that of Milnor—
Thurston, by recording the sequence of visited intervals of a critical orbit. Instead
we take the kneading matrix B of Baladi-Ruelle, which records the orbit’s position
relative to every given critical point. We then add one more dimension to B to ob-
tain our kneading matrix R, by incorporating the influence of the boundary points
(with a somewhat different choice of sign). These modifications are designed to
simplify, even in the unweighted case, Preston’s proof of the zeta-function iden-
tity. Preston’s idea is to express —(log £ (¢)), as the trace of a certain matrix F, and
then use repeatedly the main kneading identity to connect & with the derivative
of the kneading matrix. Here, many choices are possible but most give rise to
additional correcting terms. Having tested various possibilities we came up with
the current choice of the kneading matrix R and a matrix F for which we have the
simplest relation possible, i.e. FR = R’ (see Theorem 4.1). Once this relation es-
tablished, the zeta-function identity will follow from a one-line computation (cf.
Section 4.1),

d d
——1 =TrF=TrRR ' = —1 R
T og (1) rF T T ogdetR,

and the fact that ¢(0) = detR(0) = 1.

The kneading matrix and its smallest positive zero cost relatively little to evalu-
ate. This enables a fast and accurate computation of the pressure/entropy as well as
the semi-conjugacy and the PL. model map. While experimenting these ideas we
noticed that the system is also semi-conjugate to a PL. map for every 0 < ¢ < pq,
although the conjugated system acts on a Cantor set instead of an interval. This
numerical observation can easily be proved and has now become our Theorem 2.4.
To the best of our knowledge this statement is new, also in the unweighted setting,
even though its proof does not require any new ideas.

A further justification of our choice of the kneading determinant det R as com-
pared to det B, is that the latter may have a spurious small zero unrelated to the
pressure (in Appendix C we give an example).

Another originality of this work is the systematic treatment of point-germs
relative to points. Each point x in the interior of the interval generates two point-
germs: x* and x~. They have often distinct dynamical behavior and it is convenient
to treat the two germs independently. The idea is certainly present to all the papers
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in the theory. But highlighting the notion transforms our computations in more
concise forms.

Why adding weights to piecewise continuous and monotone maps? One mo-
tivation is that one can prescribe slope ratios for the PL. model maps, the other
is that one can choose to ignore some parts of a dynamical system by assigning
zero weights, so to reveal deeper entropies hidden for example in renormalisation
pieces.

A further application, not pursued in the current work, is to construct various
invariant measures by playing with weights and following Preston’s construction
of measures maximizing the entropy.

Acknowledgement. This note originates from the second author’s lecture notes
for the ANR LAMBDA meeting in April 2014, organized by R. Dujardin. We
would also like to thank G. Tiozzo for enlightening discussions.

2. Notation and results

Let I =a,b]. Leta = ¢cog < c¢1 < -+ < ¢g41 = b. Set I; =]c;,ci+1[ and let
fi: I; — I be strictly monotone continuous maps fori = 0,--- , £. We write

f = (f0|101"' 1ﬁ|14)

and let
s;i = +1 (respectively s; = —1)

when f; is increasing (respectively decreasing). We consider f as undefined at
the cutting points. On the other hand, each f; extends to a continuous map from
the closed interval [c;, ¢;+1] to [a, b].

We call
C(f)=Ha:1=i={

the interior cutting points of the interval. We write C.(f) for the set of cutting
points including ¢ and ¢y ;.

In order to treat monotonicity and discontinuities in a consistent manner it is
convenient to extend our base interval [ to its unit-tangent bundle, also denoted
the space of point-germs I: each interior point x € I ~{a, b} generates two point-
germs denoted

x'=(x,41) and x = (x,—1)
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while the boundary points a, b each has only one point-germ associated, a* and ™.
1 is the union of these point germs. We write

e(x’):=1 and &(x7):=-1

for the direction of a point germ. In order to make some formulae in Section 4
more concise, we set (artificially) ¢y := b7, so that {c{,cy} = {a*,b"}. Forx € I
we denote by X = (x, o) the point-germ based at x and in the direction o € {£1}.

It is notationally convenient to define an order < on the collection of point-
germs together with base points, / U/, by declaring that for two base points x < y
we have x < x* < y~ < y < y*. Given two point-germs #,v € [ with i < 0,
we define

(n,0) :={xel|u<x<1}
as a sub interval of /. Itis then consistent to write e.g. [u, v[= (u”, v") and Ju, v[=

(u*, v7). Note that the boundary points a, b never belong to an interval of the form
(11, D). When J =]u, v[ is an open interval we set

J={u<x<vu{utiu .
In particular,
L ={%ci<x<cimyUltules,), 0<i<t

We observe that the IA, ’s are disjoint and their union is I.
Our original map f induces a well-defined map

f:I—T.

When £ = (x,0) € I; then f(%) = (y,0’) is simply the germ based at y =
lim,_, o+ fi(x 4+ o) whose direction is 0’ = s;0. Note that on each [;, f is
monotone because f is strictly monotone. We will usually write f also for the
extended map f.

Foreach 0 <i < { we let g; € C be a weight associated with the interval ;.
Both g; and s; gives rise to functions on /; by declaring s(x) = s; and g(%) = g;
whenever X € I;. We may define products along orbits, s”, g", [sg]” by setting
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and, forall n > 1,

n—1 n—1
(&) =[] s(ff @), g"®) =[] e(f*@). I[sg" :=s5"g".
k=0 k=0

Note that s"(X) is the sense of monotonicity of f” at X.

We define a half-sign function

+1/2 ifx >y,

N 1 .
o(X,y) = 5sgn(X —y) = X
2 —1/2 ifX <y,

forallf e, yel.
Concerning forward orbits of point-germs we set, for j,k = 0,--- , ¢,

&, tc1) = Y 1" [sg]"(R) - o (S, cx),

m=>0

s0, in particular,

0k 15c0) = 3 "Isgl" (D)0 (f"Roco) = 5 3 1M lsg]" ()

m>0 m>0
‘o) e(@) ifé # cf,
c) =
+1 ifé = Cg:’

Rip() = Y (&) 0. 1:c0),

A 3 o=
Cj=c},C;

R(t) = (Rjk(t))o<jk<t (the kneading matrix)

B(t) = (Rjk(t))1<jk<¢ (the reduced kneading matrix)
In particular, one has (note the signs)

Rjx(1) = 6(c;

i) —0(cj tce) =1 A 0(. t5c6) (> 0),
while
Rox (1) = 0(a*, t; cx)+0(b™, 15 cx)
(this choice of signs is designed to absorb boundary correcting terms in later cal-
culations).
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Regarding *backward’-orbits we define Z; as the set of level-1 cylinders

() =1L =lcj,¢j+1l, j=0,1,--- L

Define then recursively Z,, as the set of non-empty level-n cylinders of the form

(ioi1 -+ +in—1) := Lig N fi7 (i1 -+ +in1).
Each @ = (ipiy - - -in—1) is an open interval Ju, v[= (u*,v7). We set
do = {ut,v7}.
ForO0<j <n, f/(a) C I; - S0 f" maps « homeomorphically onto its image, in

particular each of the functions s/ and g/, 0 < j < n, is constant on .

Definition 2.1. We call (/;, fi)o<i<¢ expansive if

lim sup diam («) = 0.
n—00 a€Z,

Forany y € I,setI'g,, = {y}, and for p > 0,

Fp,y:{xe U a|fp(x):y}.

a€Zy

Note that x € I',, implies that g#(x”) = g?(x*), for which we simply write
g”(x). This is because g°(x) = 1 and every j-iterate (0 < j < p) of a p-cylinder
o € Z, belongs to some level-1 cylinder. Define

p) =) Y P87 (x)

p>0x€lpy

and

o =33 PP@)ps().  for J Cla.bl.

p>0x€lpy

where yj is the characteristic function of the set J. These functions count the
(weighted) number! of preimages of y.

Clearly when J and J’ are disjoint subsets we have

Vy,J(t) + )’y,J’(Z) = )’y,JUJ’(t)-

! In the case g; = 1, we have y,, ; (¢) = Z #(Tp.y NJ)tP.
=0
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Theorem 2.1 (main kneading identity, or MKI in short). For any interval J =
(u,v)in I, forallk € {0,--- , £},

L
D e, s OR (1) = 0(. 1) — 0@ 1:.¢x) =2 AyO(-, 13 k)

Jj=1

(the term j = 0 is not included in the sum, but we do allow k = 0).

We also need a particular way to count the fixed points of f”. Fix n > 1 and
an n-cylinder «. The value of g"(x) is a constant on ¢, denoted by gl’fx. We define
a (fixed point counting) weight by

w(a) =—gl, > o(f"%.x)-e(f"%).
£€da
We refer to Appendix A for an account of the geometric meaning of this weight,
notably its relation to fixed points of f”. Introduce then

Ny =) o) Q)
a€Zy
as well as the corresponding zeta-function

£(t) = exp(Z%Nnt”). )

n>1

Theorem 2.2. We have the identity (as formal power-series) between the zeta-
function and the (Milnor-Thurston) determinant

£(t)-detR(r) = 1.
Definition 2.2. For every n > 0 we write

lg"loo = sup lge| and llg"lh = D lgfsl-

acZy aeZ,

We then set
T n|1/n — 1; n1/n
Poo := limsup ||g"[|,5" < p1 := limsup [|g"|;"".
n—o00 n—oo

We also call log p; the pressure? of the weighted system (/;, f;, gi)ies. This is
consistent with usual "thermodynamic formalism" for dynamical systems.

2In the case g; = 1, we have poo = 1 and p; is the growth rate of the n-cylinders. By
Misiurewicz-Szlenk ([7]) log p; is equal to the topological entropy of the unweighted system.
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Theorem 2.3. (1) The power series for 0(X, t; cx), Rjk(t) define analytic functions
of t on the disc {|t| < 1/poo}-

(2) The kneading matrix R(t) is invertible when |t| < 1/p;.

(3) Suppose that p1 > peo and all g; > 0. Then R(t) is non-invertible at
t = 1/p1 and 1/p; coincides with the radius of convergence of (t).

Theorem 2.4. Assume p1 > poo and all g; > 0. Foreach 0 <t < 1/p; there is a
monotone (non-continuous) map

¢i: I —>[0,1]
with the following properties.
A. For0<i </ let
i = [$e(c;5). e (ciiy)]

(which is an interval or a point). The collection I~,, 0 <i < {is pairwise

disjoint.
B. Foreachi there is an affine map

frit i — [0,1]
of slope s; /(tgi) such that
Jei(¢e(X) = ¢ (f(x), x €.

C. Let
S | JTri — [0.1]
i

be given by )
8:(8) = f1.i(§)

when & € I~” Then 8; is uniformly expanding (cf. Lemma 5.4) and its maxi-
mal invariant domain is

Qt == ¢t(i)

Remark. Thus, ¢; is semi-conjugating the dynamical system (I, f) to the uni-
formly expanding map 8, restricted to €2,. Often, 2, is a Cantor set but in some
cases it is not, as it may contain isolated points. In particular, a subset ¢,(1:~) is
trivial, i.e. reduced to an isolated point, precisely when the forward orbit of /;
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never encounters a cutting point. This does not happen if the original system is
expansive.

The proof will show that the semi-conjugacy ¢, can be explicitly expressed as

0
h(x) — h(a®) ) o e B G(cr,1)
o) —h@y VRO = OG0 R ]
G(ce, 1)

where G(x,t) is the average of the generating functions for g"(x”) and g"(x*)
(see (6), (10) and (13)). If £ = 1, one can replace h(x) by 0(%,1;c1), which is
particularly simple to implement numerically.

When taking the limitas ¢ ' 1/p; we obtain a different type of semi-conjugacy.
Theorem 2.5. Assume p1 > poo and all g; > 0. There is a monotone continuous

surjective map
¢: 1 —[0,1]

with the following properties. Denote by
ScS§:={0,---.4)
the subset of i ’s for which I; = Int ¢(I;) is non-empty.

A. Foreveryi € S, there is an affine map ﬁ of slope s;p1/gi such that
Ji@(0) = ¢(fi(x)).x € I;.

B. The two weighted systems (I;, fi, gi)ies and (I~,~, fi,gi)ieg have equal pres-
sures.

C. If the sytem f = (I, fi)ies extends to a continuous map on [a,b] then
so does [ = (I;, fi);c5 on [0, 1] and ¢ gives a genuine topological semi-
conjugacy. We have in this case, for every x € [a, b],

Flp(x) = ¢(f(x)).

Furthermore, the map f is uniformly expanding.

For the last theorem, some intervals may disappear under the semi-conjugacy,
i.e. the set S becomes a strict subset of S. This happens in particular, when the
original system is not transitive and contains sub-systems of a smaller pressure.
The set S may even depend on the choice of the weights g;. In particular, intervals
for which g; = 0 disappear under the conjugacy.
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3. The main kneading identity
Lemma 3.1. We have R(0) = id.

Proof. Note that

Ri() =Y &) 0(&,15c0)

A -
¢j=c},c;

=D 1" Y e @sgl" @) o (e ck)

a4 -
n>0 Cj=cj.C;

By convention f° = id. Recall that *(¢;) = &(¢;) if j # 0 and £*(ép) = 1.
Assume first j > 0. Then, forallk =0,---, ¢,
Ric(O) = Y &*(&)-[sg]°() - o(f°¢. k)
6j=c;f,
= > e@)-o.c)

A -
¢j=c,c;

c-

= §jk.
Also,

Rok(0) = 0(a*,0;5¢cx) + 0(b™, 0; cx)
=o(a*,cx)+ob,cr)
= 80k. O

Proof of Theorem 2.1. Consider first an open interval J =]u, v[Cla, b[, and a ¢

for some k € {0,---,{}. Foreach n > 0 and each (n + 1)-cylinder « € Z,,+1, the
functions
n—1 . _
[sgl"(®) = [[s(f7D)e(f/ %)
j=0

and o(f"X,cr), X € & are constants. When o € Z,+; and @« N J # @, then
obviously

Yo e®)=1+(1=0.

£€3(JNa)
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So the following power series vanishes identically:

Yot Y e®) - Isgl"(®) o (f"f.ex) = 0.

n>0 ann_,_l,fceﬁ(Jma)

In this sum, X = u*, v~ appears for every n > 0. Extracting their contributions we
write

DRLERHARIES)
£€dJ
+Y 0 Y @) e®) - [sg]"(R) o (f" % k) = 0.

n>0 aEZn+1,J%E§a

3)

Now wheno € Z,4+1,% € 5(] N «), there is a unique minimal integer 0 < p <n
for which f?(x) = ¢ for some ¢ € {cy,-+-,c¢} =: C(f)and ¢ = c¢* or ¢™ (note
that the boundary points «, b are excluded here, since for an interior point to be
mapped to them, it has to pass an interior cutting point just before). Recall that
Ipe=1{xe€ Uaezp o| fPx =c}and Ty, = {c}. Whenx € T, . and f?%x = ¢,
then
g (%) = g"(x),
o(f"%.ck) =0(f"7P¢, ck).
and also (the essential point here is that the sign s?(x) is absorbed in £(¢))
(%) - [sg]" (%) = g7 (x)(e(%)s” (X)) [sg]" "7 (¢)
= g"(x) - e(0) - [sg]"" " (O).

So we obtain, for the second term in (3) (writing " = t”19),

X Y m®) Y e@ - gl @ (/7 cr)

ceC(f) p=0 xelp. é=cE,g>0
= Z Vi) - AcO(1;ch).
ceC(f)

Combining with (3) we get the Main kneading Identity when J is an open interval.

It remains to prove the case that J is half closed or closed. Consider for ex-
ample J = (u™,v") witha < u < v < b. We have (a*,v") = (a*,u”) U J and
the additivity y¢ (a+,v-) = Ve,(a*,u-) + Ve, - The result then follows by applying the
identity to the two intervals (a*,u”) and {a*, v~) and subtracting. O
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4. Zeta functions and kneading determinants

In this section we prove Theorems 2.2 and 2.3.

Set
Cf)={a"=cg.cl.ci.- .cpep. b =cyh,

Toc ={¢}, forallé e C(f),
and
T,e ={Xel| fPi=¢ fix¢@(f)for0<j <p), forp=>1.

If ¢ # ¢, thenforany £ € T, ; we have x € T', .. Conversely forany x € T}
exactly one of x* belongs to Cpe.

Notice thatif ¢ = ¢i then T, ; = @ when p > 1: due to the forward invariance
of I wehave f~'({a,b}) C {a.b,c1,-++ ¢y}, so every orbit passing though {a, b}
must pass through {c;,--- , ¢/} just before.

Fix n > 1 and an n-cylinder «. Note that for each x € 505, we have
8lo - e(S"%) = [5g]"(X) - (%),
SO

~0(@) =gl Y o(f"%.x)e(f"5)

X€da

> ("R x)lsg]"(R) - e().

x€da

To each £ € da, there is a unique ¢ € é(f) and 0 < p < n such that x € I, ;.

Schematically,

fP . fatl
¢

ny _ rq+la
= C.
p minimal f f

X

Setting ¢ such that p + g = n — 1, we have the “co-cycle” properties:
s"(R)e(x) = sTTH(E)e(@),
g'(%) =1,

g% =g" 1 (O)g” (%)
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Recalling the definitions (1) and (2) we then for the zeta-function we get (as formal
power-series):

¢'(0)/¢(1)
— Z[n—an
n>1
= Zt”_l Z ()
n>1 aeZy
=—> 0" Y a(f"Rnlsel"(R) - e(R)
n>1 (er,,,fcega
== Y D tsglttN@)-e@ Y. tPgP(R)a(f1TE x)
é€C(f) q>0 p=0,%€l, &
== > Yot @@ Y P @oe(f1e )
éeR(f)Mei} g20 pz0,%€l) ¢
=3 Y@ (@) Y 7P (®e(f1e ).
5=coi q=0 p>0,%€l, &

Note that the &(¢) factor in the last expression is treated differently for

¢ = cf.,....cf and ¢ = cf. The reason for this is that we want the two ex-

pressions in the parenthesis to be independent of the direction of ¢. Indeed, for
anyu €1,

me(i )= Y 1PgP(R)o(i.x)
p>0,%€l, »

= Z t?g?(x)o(ii,x), forc = cf—L ,cf,

p=0,x€lp ¢
and

me(t):=e(@) Y tPgP(®)o(il.x)

p>0, JACEFp_é
=¢(¢)o(u,c)

1 o
> for ¢ = cgE,
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where we have used the facts that

Fp,cg: =@ forp>0,

L@ =1
and

gl (x") = gP(x") =:gP(x) forx eTp,,j>0.

In both cases m(i1, ) is independent of ¢(¢) = + or —, so we may safely
write m. (i, t) for this quantity. To compactify the two cases we set C*(f) =
{co,c1,++ ,c¢}. Recall that ¢ = a*, ¢; = b and &*(¢) := &(¢) if ¢ # ¢i and
£*(¢) = 1 otherwise. We then have

o/ =— 3 S gt @) e @) - mo(fTH ). @)

ceC*(f) é=ct,g>0

A central idea (due to Preston) is to consider the right hand side as the trace of
an (£+ 1) x (£ +1) matrix I = (Fj;), and to define J in a way so that IR becomes
related to R’. There are many choices suitable for this purpose with most choices
giving rise to additional correcting terms. There is, however, a choice for which
the relationship becomes particularly simple (note the * in the epsilon factor).

Fori,j € {0,1,---, ¢}, define

Fiy= Y t9sgl?™ (@) e* (&) - me; (f41 6 0). (5)
+

q>0,c; =C;

Theorem 4.1. We have

I)/ct)+TrF=0 and FR=2R.
Proof. 'The first follows from expressions (4) and (5):
¢
TeF =) Fii = ~5'0)/0).
i=0

For the second we first establish a consequence of the main kneading identity.

Claim. For every w € f k=0,1,---,¢,

L
> e, (. 1) Rje(t) = 0. 11 ci).

Jj=0
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Proof. By the main kneading identity, we sum first over interior cutting points:

14
chj' (l‘b’ Z)Rjk(t)

Jj=1

L
=Y > 1PgP(x)o(,x)- R (1)

Jj=1 p>0, -xEFp,Cj

¢
1
= Z Z ’pgp(x)i()((atw)(x) — X@,p) (X)) R (2)

j=1 p=0,x€lp.c;
1
= 5(20(11), tiep)—0@at, ticx) — 07, tcr)).
Adding the boundary term
. 1 . -
Meo (W, 1) Roie(t) = 5 (0(a". t:.cx) + 0. 11 cx))

we get the desired result and end the proof of the claim.

Now, for i,k € {0,---, €},

L
> Fij R
j=0

y4
= D tsglt @) ¥ (@) - Y (me; (fUT D Rk)

q>0,¢;=ci" j=0
= > sl @) e (@) - 0T 1 r)
q>0,¢; =cii

= Y gl @) e @) Y tPlsgl? (fI e (FP(FTH . )

+ p>0

= Z Z P [sg|PtItL () - o (FPTIT1E cp) - 5 (6)
¢éj=ct pa=0

= Y (Xn sl @) o (f ) @)

+ n>1

i

g>0,¢;=c

5,’ =c
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=Y (%9(6;,&%))8*(@)

él‘=Cl~:t
d
= —Rix(t
dt zk()
in which we recall that
Rip(t) = > 0. t:c0) - £°(8)). O
Ej=c;-t

4.1. Proof of Theorem 2.2. Our version of the kneading matrix, R(z), is a ma-
trix valued formal power series in ¢ starting with the identity matrix. Then D(¢) =
det R(¢) is a formal power series starting with D(0) = 1. As formal power series
one has the relation % log D(t) = Tr R'(t)R(¢)~!. This is certainly true for a
truncated power series (e.g. by using standard analytic methods valid for |¢| small
enough) and then holds in general by a degree argument which allows the identi-
fication of terms with the same degree.

Theorem 4.1 yields as identities between formal power-series

d
—; logl(n) = —{'(0)/¢(0) = TrI() = TrR (OR(@)™".

If one truncates to a finite order N in ¢ then R(¢) becomes analytic in ¢ and when
R(¢) is invertible a standard calculation gives

d EERT l -1\ __ / -1
- logdet(R(1) = lim —logdet(R( + MR()™) = TrR (OR®) ™",

When the constant term R(0) is invertible, this identity is naturally graded in the
degree of ¢ so is valid also in the case of a formal power-series. Here we have
by Lemma 3.1 det R(0) = 1 and since ¢(0) = 1 we get log [¢(¢) det (R(¢))] = O,
or equivalently,

¢(t) det (R(1)) = 1.

as claimed. O
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4.2. Weighted lap function and proof of Theorem 2.3. Let us consider the
generating function of g” (%),

G(E.0) =) 1"g" (%), fort e, (62)
n>0
and then
1
G(x.0) = 5(G(x".1) + G(x".1)). whena <x <b. (6b)

Let J = (i, ) Cla, b[ be an (open, closed or half-closed) interval or a point.
We define the weighted lap function?

LU =530 Y Y g O,

nz0  a€Zpi1 3edo

Repeating the calculation in our proof of the main kneading identity without the
sign factors s, ¢ and o, it follows easily that

12
L(J.1) = e @) (X 3 510)
j=1 PZOaXEFp.Cj @=cj:,|: q>0
{
= ¥e, (1) - Glej 1) (7
Jj=1

In particular, for a one-point set J = {x} we have simply

tPgP(x)-G(ci,t) forx €Ty, p>0,1=<i=<{,
Ltxh0 = ! ®)

otherwise.

Lemma 4.2. Fix any subinterval J = (u,0). The functions G, 6, Aj0, Rk
are all analytic functions of t on the disc {|t| < 1/poo}. The kneading matrix is
invertible when |t| < 1/p1. The function L(J,t) is meromorphic on {|t| < 1/pso}
and analytic on {|t| < 1/p1}.

31f g; = 1 the G-functions are and the function L(J, t) is the generating function for

the numbers of (n + 1)-cylinders in J ,_and L(]a, b[, t) has radius of convergence equal to 1/p;.
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Proof. The first claim follows from the definition of ps, and the following esti-
mates:

|G(x,1)] < 2:|t|”||g”||C>O <00 for|t] < 1/peo, forall £ € I.
n>0

Similarly, for all &,

|A70C. ;e < Y 1t"]18" oo < 00 for 1] < 1/poo.

n>0

To see that the kneading matrix is invertible when |¢| < 1/p; we use the rela-
tionship to the zeta function. By Theorem 2.2 we have {(¢) - detR(t) = 1, where

£(t) = exp (Z %z")

n>1

and each |N,| < ||g"|l1- So {(¢) is analytic and non-zero for |¢| < 1/p; whence
R(¢) is invertible for |¢t| < 1/p;.
We have

LD " >0 18l

n>0 a€Zy 41

<Yl Y Il + 1) 9)

n>0 aeZy
=(+DD JtI"1g" .
n>0

which shows that L(J, t) has radius of convergence at least 1/p;.

Using the MKI itself for the y factor in (7) we get

L L
LU.0) =Y As6C.1; ck)( Y R0y - Gley. z)). (10)
k=0

Jj=1

The above identities are valid as formal power series but also when the functions
involved are analytic and R(¢) is invertible. As 1/p1 < 1/poo, S0 When |t| < 1/p1,
the identity (10) is valid. O
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Proof of Theorem 2.3. Both (1) and (2) have already been proved in Lemma 4.2.
We proceed to prove (3). When all g;’s are positive and ¢ > 0 we have

L(]a,b[,z)+G(a+,z)+G(b—,t):Ztn Z o,

n>0 «a€Z;4

> " 1"lg" .

n>0
By definition the RHS has radius of convergence equal to 1/p;. Being a power-
series with positive coeflicients it follows that the RHS diverges as ¢ 7 1/p;.

Under the further assumption 1/p; < 1/peo, the functions ¢t — G(X,1), in
particular G(a™,¢)and G(b~, 1), remain boundedat = 1/p;. So L(]a, b[, t) must
diverge ast ' 1/p;. Combining with (9) we know that the radius of convergence
of L(]a,bl[,t) is equal to 1/p;. Now, the functions A ;6 and G involved in (10)
remain bounded on || < 1/p;. Letting t  1/py in (10) we conclude that R(z)
must be non-invertible at z = 1/p;. |

5. Semi-conjugacies to piecewise linear models

In this section we prove Theorems 2.4 and 2.5.

Lemma 5.1. Fix J = (i, 0) C Ij =]}, ¢; [ Fork =0,--- L and |t] < 1/pco,
O, t;cp) — 0@, tick) =158 (0(f0,t;¢k) —O(fu,t;ck)) (11)
When also |t| < 1/p1 we have for the weighted lap function

L(J.t)y=tgj-L(f;J,1) (12)

Proof. Letusfixk € {0,---,£}. By definition, we have the following relation for
0(-,t; cx) when applied to X and fx:

0%, t5c1) = Y 1" [sg]™(R) - o (f ™, cx)

m=>0

=0, ck)+1-[sg](R)-0(f%.t:¢), forallkel.
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This implies (11) when restricting to IA] Now,

AjO(C,tick) =00, t;¢) — O, t; c)
and (as f may reverse the orientation)
Agr0(,t5cr), = 57 (O(f 0,15 c1) — O(f i, 15 ¢p)),
o)

AjO(, tick) =18 Af 70(, 15 ck)-

The result for L(J, ¢t) now follows by linearity in equation (10) which is valid
when |¢t| < 1/p;. O

5.1. Proof of Theorem 2.4. We assume here that all g; > 0 and that p; > poo.
Fix0 <t < 1/p1 < 1/poo. Noting that 0 < L(]a,b[,t) < 400 we define our
conjugating map

~

¢t: I — R
by setting
) L({a™t, %)t A
¢t(X)=M, xel. (13)
L(Ja.b[.1)
Notice that ¢; maps point-germs to genuine real numbers.
g=[2.3] t=0.2000
1.00 1.00 |
i
‘_I
0.75 / 0.75 -
0.50 4 0.50 et
0.25 0.25 el
4 -
0'08.00 0.25 0.50 0.75 1.00 0'c't(f-l).OO 0.25 0.50 0.75 1.00

Figure 1. Left: Example of a piecewise continuous map f* and the graph restricted to €2, of
its conjugated map f;. Right: The graph of ¢;. Here, t = 0.2 < 1/p; = 0.2684. The ratio
of slopes of the two branches is 3 : 2 (coming from the choice of weights).
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Part A. Using (12) we get for any X, X, € f, (the sign enters again)

¢r(2) — ¢r(X1) = 15,8 (1 (f X2) — de(f X1)). (14)

Similarly, we get by iterating this argument for X1, X, € @ witha € Z,,
$i(52) — pe(R1) = 1" 5T, gL (G0 (" R2) — $u (" 30). (15)

When the g;’s are non-negative, we clearly have L(J,t) > 0 for any inter-
val J so by set-additivity with respect to J it follows that ¢, is monotone in-
creasing and takes values in [0, 1]. Let 2, = ¢,(I) C [0, 1] and set Qi = ¢ (I}).
By monotonicity of ¢, the convex hull of 2, ; is the closed interval (or a one-point

set) Iri = [ (c;"). de ()]
Letnowa < x < b. As all g; > 0, by (8)

L(ix}.0)

+ - —
Pi(x™) — e (x7) = L(la,b[.1)

>0 (16)

precisely when x is a cutting point or a pre-image of such (also called an eventual
cutting point). We have in particular L({c;},#) > 1 so that supQ2,; < inf Q;;
and also sup/;; < inf/;;4+1, so the intervals are pairwise disjoint, proving
Part A.

Part B. Given y € Q, suppose that y = ¢;(X1) = ¢:(X2) with X; < X,. By the
previous paragraph X; and X, must belong to the same /;. So by the identity (14)
we must have ¢, ( f X2) — ¢:(fX1) = 0. We may then define a map

ﬁ . Qt —_— Qt
by
Ji() i=¢(fX), y=¢:i(X) €
since the value is independent of the choice of X in the pre-image of y.

Now, either Q;; = ¢,(fj) is reduced to a point (when I; contains no pre-
image of a critical point) or, by equation (14), the conjugated map (f;)e, ; has
slope (ts;g;)~' = sj/tg;. This map then extends to a unique affine map

frji Iy —[0,1]

which coincides with f; on Q= ¢,(fj) =Q; N I~,,j, thus proving Part B.
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Part C. The collection of closed disjoint intervals and associated affine maps,
(1t,i+ f1,i)o<i<t, defines a partially dynamical system (as there are "holes" in the
domain of definition for the iterated map)

Dt = Ultl 0 1 8t|7t,i = ]Ft,j.

Its maximal invariant set is given by [, (8,)_k D;. The claim is that this in-
variant set is precisely Q; = ¢.(I). The proof is hampered by the fact that ¢; is
neither continuous nor injective.

For an open interval J =]u, v[C]a, b[ we will use the short-hand notation
Ei(J) = [ (™), e (v7)].

Definition 5.1. We say that J =]u, u2[Cla, b is a cutting interval iff each of u;
and u; is an eventual cutting point, i.e. is either a cutting point or a pre-image of
such.

Note that if J =]u;, u[ is a cutting interval then because of (16) and mono-
tonicity of ¢, J = E;(J) = [¢: (uf’), ¢ (u3)] is disjoint from CI(2; \ J).

Lemma 5.2. Given 0 <i,j <, let J C I; be a cutting interval and set
K=Lnf"'J and K =E,I;)NS ' 8,(J).
Then, either K and K are both empty, or K is a cutting interval and K = Z,(K).

Proof. We consider the case s; = +1 (the case s; = —1 being treated in a similar
way). We write J =]uq,uz[ and set J = E,(J). If K were empty, then e.g.
fi(ci+1) < ujp. As u; is assumed to be an eventual cutting point, we have

St¢i(ci11) = ¢e(ficiyy) < ¢t(u;r)-
Then 8;E,(/;) N E;(J) is empty and so is K.
Suppose then K =]w;, w,[ non-empty. There are two options. Either
Uy < fici <uj
or

fici <up < ficiq1.
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In the first case, w; = inf K = ¢; (so is a cutting point) and we have ¢,(wfr) =
min E;(/;). As also 8,¢,(wf) = ¢,(f,~wa) = ¢,(f,-ci+) € E,(J) we conclude

that K is non-empty and that min K = ¢; (wf’ ).

In the second case, w; € I; with f;w; = u; so w; is an eventual cutting point,
since u; is. We have 8;¢;(w]") = ¢:(fiw]) = ¢:(u]) and as ¢,(w;) € E(L;)
we have again min K = ¢, (wi). In either case, min K = ¢¢(w;) and w; is an
eventual cutting point. The same is true for the right end-point so we conclude
that K is a cutting interval and that E,(K) = K. O

For0 <i </, set f,(i) = f,,i = E(/;) and define recursively
LiGio .. vin1) = Trig N 87 I (i1, . in—1)

which is either empty, a point or a closed interval. We write Z, , for the collection
of non-empty sets of this form. They constitute the n-cylinders for the system
(D¢, 8;). The n-cylinders are pairwise disjoint (shown by induction) and form
a partition for the domain of definition of (8;)". They are closely related to the
cylinders of the original map since

Lemma 5.3. Z,,n ={E(x): ¢ € Z,}.

Proof. For n = 1 this is the very definition: Z; consists of the intervals
{I;: 0 <i <{}and Z;; is the collection of I;(i) = E;(I;) = [¢t(C;L)’¢t(Ci_+1)]’
0<i <t

Suppose the claim is true for a given n and pick 8 € Z,, B =2, (using the
induction hypothesis) and I; € Z;. As § is bounded by eventual cutting points
the previous lemma shows thateither = I; N f;"'fand @ = E,(I;) NS, ' E;(B)
are both empty or they are both non-trivial (n 4+ 1)-cylinders with & = Z,(x).
The claim follows. O

Returning to the proof of Part C. By part B, the future S;-orbit of every & =
¢ (X) exists so the point § belongs to the maximal invariant domain of ;. To see
that there are no more points, consider £ € (), | Z,., which verifies /% (£) € T,
for k > 0. Then by the previous lemma, ¢ € a = T;(io, ... ix—1) = B(ay) for
all k£ (a nested sequence of intervals). If £ is a boundary point of such an inter-
val for some k = ko then it is in fact a boundary point for all k¥ > k¢ and clearly
in the image of ¢;. So assume that £ is in the interior of ¢ = &, (o) forall k > 0.
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Let ax =Juk, vk[. Then ug /" ux and vg N\ v« With ux < vi. By hypothesis,
¢:(u) <& < ¢¢(vy) and

0 < ¢ () — e (i) <1¥gf, /LOa.bl.1) — 0 ask — oco.

*

Given any x € [u*, v*] we conclude by monotonicity of ¢, that

P (xT) =i (x7) =&
So ¢ (f ) = @, is indeed the maximal invariant domain for S;.

For the uniform expansion let us state more precisely what we mean.

Lemma 5.4. The system (S;,D;), is uniformly expanding in the following sense.
There is ng > 1 and A > 1 so that for all n > ny, every n-cylinder o € Z, , and
all %'1, %'2 € q,

187 (51) — 87 (&2)| = Al — &

Proof. Either « is reduced to a point (so the inequality is trivially true) or it is an
interval for which the identity (15) implies

N

S1(E) =8I (E1) = —% (& — £1).
la

t"g
Given A > it then suffices to find ng > 1so that, forn > no, sup,ez, g, < P/
and this is possible since t < 1/p; < 1/poo- O

In order to prove Theorem 2.5 we consider the limit ¢  1/p;. As the function
L(Ja, b[, t) diverges the situation is a bit different. By Lemma 4.2 the lap-function
L(Ja, b, t) is meromorphic in the disc {|¢| < 1/pso} and has a pole of some order
m > 1att = 1/p;. By positivity of L(]a, b[, ) for t > 0 there is ¢ > 0 so that

L(a,bl,t) = — + (lower order terms).

¢
(1—p11)

For any interval J Cla, b[ we have 0 < L(J,t) < L(]a, b[,t). An eventual pole
of L(J,t) at 1/p; is therefore of order at most m so L(J,t)/L(Ja, b[,t) extends
analytically to t = 1/p; (the singularity is removable here). We denote the limit

AU) = dim =D

A Tt < 01
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g=1[2,3] t = 0.2684
1.00 1.00
0.75 0.75
0.50 0.50
0.25 0.25
00800 0325 050 075 1.00 0-08%0 o035 o050 075 100

Figure 2. The same example as before but at the critical value t = 1/p; = 0.2684. Note
that Q; is no longer a Cantor set and that ¢, is continuous.

Lemma 5.5. We have the following properties for A.
(1) Foranyx € I, A({x}) = 0.

1
(2) Foralla € Z,, A(@) = —; gl A(f"@).
P1

(3) 6p = sup A(w) — 0.

aeZy

Proof. The expression (8) shows that the function L({x},¢) is analytic on
{lt] < 1/pso} in particular remains bounded on {|¢| < 1/p1}. Ast  1/p1,
the denominator L(Ja, b[, t) diverges, the first claim follows.

For J C I; for some j we divide (12) by L(]a, b[, t) and take the limitz /" 1/p;
to obtain

AU) = L g A ).
P1

In particular, for o = (ipiy ---in—1) € Z, we have @ € I;;, so that

1
A@) = —gi - A(fa).
P1

Iterating this we get the formula.
The last claim follows from

1 " o0
A@) = — gl A(f"e) < 222 220 g 0
P1 P1

n—>oo
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Lemma 5.6. The map ¢: [a,b] — [0, 1] defined by

¢(x) = A(a.x[), x €[a.b]
is non-decreasing, continuous and surjective. For x €la, b,

— i V= i +
$) = 1im ¢ ()= Tm ¢:(x7) )

Proof. Monotonicity follows from positivity and additivity of A(J), J Cla, b|.
Let x € [a,b] and ¢ > 0. Choose n so that §,, < ¢/2 (8, from the previous lemma).
Either x is inside some n-cylinder or on the boundary of two such cylinders.
In any case, we may find at most two n-cylinders oy, ap with a7 Noz = {x'}
so that J/ = a7 U {x'} U &y is an open neighborhood of x and A(J) < &. For
h > 0 small enough ¢(x + h) —p(x —h) < A(J) < e As¢(a) = A@) =0
and ¢(b) = 1 the map is surjective. The first equality in (17) is essentially the
definition of ¢ and the second follows from the continuity just shown. O

‘We write
G =gc). i=0- 41
and let
Scs§:={0,---.4)

denote the (possibly strict) subset of indices i for which
0 < Cit1— G = A(ci, citr]).
Fori € § we set
I; =1¢i, Ciyal.

5.2. Proof of Theorem 2.5

Part A. For %1, X, € [;, taking the limit z /* 1/p; in the identity (14) yields
P(%2) — P(X1) =158 (P (fiX2) — ¢ (fjX1)). (18)

Continuity of ¢ and f; shows that this identity is independent of the direction of
the point-germs. If g; = 0 then this identity shows that ¢; = ¢;11 so j ¢ S and
otherwise the affine map

~ N S N
fi) =¢+-L0-¢)
1gj

will satisfy the required identity.



Kneading with weights 367

Part B. Recall that Z, consists of the non-empty n-cylinder for (/;, fi)ies-
Let Z, be the collection of non-empty open intervals of the form @ = Int ¢(«)
where o = (io dp_ 1) € Z,. Here each i € § 0 <k < n (orelse @ is a fortiori
empty) and f acl «- Therefore @ is contained in an n-cylinder for the dynam-
ical system (I, , f,)l <§- We claim that & is actually equal to an n-cylinder for that
system and Z,, is precisely the set of non-empty n-cylinders for the same system.

To see this note that
1= A=) ldl (19)

a€Zy &ezn

where | - | denotes the length of intervals. There is no room for any other or any
larger open cylinder.

Now, by Lemma 5.5 we have

gn an
@] = A) = ~2A(f"a) < 22
L1 L1

So using (19) we get
pr=>_ lalof
&ezn

= ) Aepf
G€Zn

= Y gLA( )
G€Zn

=2 %

aezZy

<> &

acZy

= lg" -

So

01 = limsup( Z gl’fx)l/n.

n—o00 -
aeZy

The pressures of (/;, f;, gi)ies and (I~,~, f, gi); 5 are therefore the same.
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Part C. We assume here that f extends to a continuous map of [a,b]. When
J C [a,b]is an interval then f(J) \ U; f(J N I;) consists of a finite number of
points. By Lemma 5.5 this set difference has zero mass. By the same lemma we
get

L

AU = Y s MU N )

i=0
Thus,

(min gi%)A(fJ) <AU) < (lzgi%)/\(ff).

In particular

A(J)=0 < A(fJ)=0.

(Note, however, that A(J) > 0 does not imply A(f~1J) > 0 as the latter set
might be empty).
Let us write x ~ x” if ¢(x) = ¢(x'),

When x,x’ € I and x ~ x’ then A([x,x]) = 0 so also A(f[x,x']) = 0.
As we have assumed f continuous, f([x,x’]) is connected and contains f(x),

f(x'). Therefore, ¢ (f(x)) = ¢(f(x)),i.e. f(x)~ f(x). Fory € [0, 1], we may
thus define f (y) = ¢(f(x)) with x € ¢~ 1(») (independent of the choice of x).
Then for every x € [a, b],

F(@(x) = (f(x)).

The same argument also shows that for any two x, x” € I we have
. ” P
|f(¢(x) = fp(x))] = max g—1_|¢(X) — (x|
1€ 1

SO f is a continuous endomorphism of [0, 1]. Uniform expansion should be under-
stood as eventual uniform expansion on cylinders as in Lemma 5.4 and is proved
in the same way.

Remark 1. The set S may depend upon the weights g;. If, however, f is transitive
then S = S for any choice of non-zero weights and Z,, = Z,, for all n. We leave
the exercise to the reader.
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A. Geometry of the weight function o («)

Fix n > 1 and an n-cylinder o € Z,,. Recall that we have associated a weight
o) =—gl, > o(f"%.x) e(f"%).
£€da
Set
m(@) ==Y o(f"%.x)-e(f"%).
%€da
This quantity depends only on the boundary values and their positions relative to
the diagonal. Let & be an affine map on « coinciding with f” on the boundary.
Lemma A.1. We have
m(@)=— Y o(h(®).x) e(h(2))
f€da
and
o w(x) =—1if0 < slope(h) < 1 and h(a) touches the diagonal;
o () = 1if h(a) transverses the diagonal with slope either > 1 or < 0;

e () = 0in all other cases, namely

— either h(w) does not touch the diagonal

— or h(a) touches the diagonal at one end only, with slope > 1 or < 0.

7(a) = —1 m(a) = +1

\/
/\

() =0

Figure 3. fixed points counting
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Proof. Since f"|y is a continuous strictly monotone map, we have
o(f"%,x) = o(h(%),x)
and
e(f"x) = e(h(X))

at the two ends of «. So we can replace f” by & in 7 («).

Extend 4 continuously to the boundary points. Let X be a boundary germ.
We check case by case the value of

1

3 if h(x) < x and h(X) > h(x),
orif h(x) > x and h(x) < h(x),

— % . ) = 1
PHED @ =1y,
or h(x) > x and h(X) > h(x),
orif h(x) < x and k(%) < h(x).
Adding the values at the two ends, we get the lemma. O

The quantity (o) counts the number of ’effective’ fixed points of f. If e.g.
/" has 3 fixed points in « then they only count as one provided the middle is given
the opposite sign of the two others.

We also notice that if f is Lipschitz-expanding then 7 () is either 0 or +1 for
all » and @ € Z,,. So in that case N,, > 0 for all n.

B. Relation between det R, det B,
and Milnor-Thurston’s kneading determinant

We relate here our definition of the kneading determinant to that of Milnor and
Thurston (modified by adding weights) and that of Baladi and Ruelle [4]. We write

Iy =]k, ckv1l, 0<k =<
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and define
N Q(X’t;ck)_e()%’t;ck-l-l)’ 0 = k < K’
Me(X, 1) =4 .
O(X,t;¢c) + 0(X,1;¢o), k=¢,
or
¢
ne(R.0) = 0(%.1:¢))Qjx (20)
j=0
with
1 0 O 0 1
-1 1 0 - 0 0
0= o -1 1 - 0 O
0 o o0 --- -1 1

For further use we note that by adding the firstline in Q to the second, the resulting
second line to the third, etc., one obtains a triangular matrix with 1 in the diagonal
except for the bottom right element which becomes 2. Therefore, det 0 = 2.

As

o(X,ck) —0(X. cy1) = x5 (X)), 0=k =L,

we may also write

MR, 1) = Y 1" lsg]" (D) xr, (f"R).

m=>0

We have the following identity.

Lemma B.1. We have

l
om0 —tsege) =1 foralla™ <% <b™
k=0

Proof. Using

X1 (S8 siegre = [sgl(f ™ X) x1 (%),
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we get

)2
domE ) =) 1"sg]" (%)
k=0

m=>0

=14+ Z Zm-}-l[sg]m-i-l()'e)

m=>0

¢
=1+ > " g™ R pr (f7R)

k=0m>0

14
=14 30 3 Il (), (F75) 1

k=0m=>0

14
:1+an($c,t) ISk 8k O
k=0

Consider now the cutting point increments. For every 0 < i,k < ¢, let

ne(a*,t) + e, 1), 1 =0,
Beyni(e) = _ | @
ne(ei, t) —ne(c;,t), 0<i=<{,

and define the augmented Milnor—Thurston kneading matrix
N(@) = (A (1))o<i k<t -

Now, Milnor and Thurston originally defined their kneading matrix as the £x(£+1)
sub-matrix consisting of N(¢) without the first line:

N(@) = (Ae; (1)) im 1, k=0.1, 1 -

Denote by D;(t) the determinant of ﬂ(l) after deleting the j-th column. Baladi
and Ruelle [4] used another matrix B(¢) obtained from

R(t) = (Ac; 0,15 ck))o<ik<t

by deleting the first line and the first column.
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Proposition B.2. The quantity

Durty = S0
JSJ

is independent of j. Setting

H(t) = 1 —1t(s0go + 5¢8¢)/2,

we have . detB(0)
e t
—detN() = Dmt(t) = detR(t) = 22
3 QeON() = Dar(1) = detR(1) = =0 22)
Proof. Let
1 —sogot
vV = :
1 — 5080t
and let (eg); = Ji,0 be the canonical first base vector in ctL. By Lemma B.1,

Zi:o ne(X,t)ve = 1. In view of the signs in (21) with the first line having a
plus sign and the rest a minus sign, we get N(¢)v = 2ey. By Cramer’s solution
for a linear system, v; = 1 —s;g;t = 2(—1)’ D;(t)/detN(¢) which implies the
first statement as well as the first equality in (22). From definitions (20) and (21)
we see that N(¢) = R(t)Q. As det Q = 2 we obtain the second equality. For
the last, note that the vector Qv has vo + v, = 2H(t) as its first row. Since
R(Qv) = RQv = Nv = 2¢( we obtain again by Cramer’s formulae (eliminating
the first row and the first line in R): 2H () = vg + vg = 2det B(¢)/ detR(¢). U

Corollary B.3. If all the weights g; are equal to 1, all three determinants Dy,
det X, det B have the same zeros in D.

Proof. Inthis case H(t) =1 —1t(so + s¢)/2 = 1 or 1 —t so H(t) has no zeros in
{lt] < 1/poo} = D. [

C. The first zero of det B may not correspond to the pressure

We have shown in Theorem 2.3, Part 3, that the first zero of det R corresponds to
the pressure. And in case all the weights g; are 1, one can also use the first zero of
det B (Corollary B.3). This need not, however, be true with more general weights.
Here is a counter example.
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Let
I =la,b] =10,3], Io=]0,1], I =]12[, I,=]2,3].
We have
2x, 0<x<1,
Jx)=32-2(x—-1), 1<x<2,
2(x —2), 2<x<3

Let us assign weights go = g1 = land g, = M.
Note that (1) = [0, 2] and that

f:10,2] — [0, 2]

is the full tent map. There is no periodic points in /,. Using Lemma A.l and the
definition one obtains

_ o0 o ap-l
;(z)_exp(;nz)_(1 21)71.
So by (22) and Theorem 2.2 we have
1
Dyr(t) =detR(t) = — =1—21.
mr(7) = detR(7) 0

The first zero being 1/2 one obtains that the pressure is log 2 (this pressure can
also be computed directly). It is easily seen that the topological entropy is also
log 2.

On the other hand,
Ht)=1- %(Sogo +5282) = 1— %(1 + M),
So by (22) again
detB(1) = H(t) detR(r) = (1 - %(1 +M))(1 - 21).

If M > 3, then det B(¢) has a ’spurious’ zero at 2 /(1 + M) smaller than 1/2.

So the first positive zero of B(¢) does not correspond to the pressure in this
case. By increasing M, one can make this first zero arbitrarily small without
changing the pressure.
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