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Embedding topological fractals in universal spaces

Taras Banakh1 and Filip Strobin2

Abstract. A compact metric space X is called a Rakotch (Banach) fractal if

X D
S

f 2F
f .X/ for some �nite system F of Rakotch (Banach) contracting self-maps

of X . A Hausdor� topological space X is called a topological fractal if X D
S

f 2F
f .X/

for some �nite system F of continuous self-maps, which is topologically contracting in the

sense that for any sequence .fn/n2! 2 F
! the intersection

T

n2! f0 ı � � � ı fn.X/ is a

singleton. It is known that each topological fractal is homeomorphic to a Rakotch fractal.

We prove that each Rakotch (Banach) fractal is isometric to the attractor of a Rakotch (Ba-

nach) contracting function system on the universal Urysohn space U. Also we prove that

each topological fractal is homemorphic to the attractor AF of a topologically contracting

function system F on an arbitrary Tychono� space U , which contains a topological copy

of the Hilbert cube. If the space U is metrizable, then its topology can be generated by a

bounded metric making all maps f 2 F Rakotch contracting.
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1. Introduction

Let X be a topological space. By a function system on X we shall understand any
�nite family F of continuous self-maps of X . Every function system F generates
the mapping

F W K.X/ �! K.X/; K 7�!
[

f 2F

f .K/;
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on the hyperspace K.X/ of non-empty compact subsets of X , endowed with the
Vietoris topology. If the topology of X is generated by a metric d , then the Vietoris
topology on K.X/ is generated by the Hausdor� metric

dH .A; B/ D max¹max
a2A

d.a; B/; max
b2B

d.b; A/º:

We shall say that a compact set A 2 K.X/ is an attractor of a function system
F if F.A/ D A and for every compact set K 2 K.X/ the sequence of iterations
Fn.K/ D Fı� � �ıF.K/ converges to A in the hyperspaceK.X/. A function system
F on a Hausdor� topological space X can have at most one attractor, which will
be denoted by AF. �e following classical result of the theory of deterministic
fractals [11] detects function systems possessing attractors.

�eorem 1.1. Each function systemF consisting of Banach contractions of a com-

plete metric space X has a unique attractor AF.

�e proof of �eorem 1.1 given in [11] (cf. also [3]) uses the observation that a
Banach contracting function systemF (i.e., a function system consisting of Banach
contractions) on a complete metric space X induces a Banach contracting map
F W K.X/ ! K.X/ of the hyperspace, which makes possible to apply the Banach
Contracting Principle to show that F has an attractor AF.

It turns out that the Banach contractivity of F in �eorem 1.1 can be weakened
to the '-contractivity, which is de�ned as follows.

A map f W X ! Y between metric spaces .X; dX / and .Y; dY / is called '-con-

tracting for a function ' W Œ0; 1/ ! Œ0; 1/ if dY .f .x/; f .x0// � '.dX .x; x0// for
every points x; x0 2 X . It follows that f W X ! Y is Banach contracting (i.e., it is a
Lipschitz mapping with the Lipschitz constant less than 1) if and only if it is '-con-
tracting for some function ' W Œ0; 1/ ! Œ0; 1/ such that sup0<t<1 '.t/=t < 1.

A function f W X ! Y is called

� Rakotch contracting if f is '-contracting for a function ' W Œ0; 1/ ! Œ0; 1/

such that supa<t<1 '.t/=t < 1 for every a > 0;

� Edelstein contracting if dY .f .x/; f .x0// < dX .x; x0/ for any distinct points
x; x0 2 X .

It is known ([12]) that each Rakotch contracting map is Edelstein contracting, and
each Edelstein contracting map f W X ! Y with compact domain X is Rakotch
contracting. �e notions of Rakotch and Edelstein contracting maps are connected
with certain generalizations of the Banach Contracting Principle, cf. [8], [12],
and [23].
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A topological version of �eorem 1.1 was recently proved by Mihail [20] who
introduced the following notion (cf. also [4] for a particular version of it). A func-
tion systemF on a Hausdor� topological space X is called topologically contract-

ing if

� for every K 2 K.X/, there is D 2 K.X/ such that K � D and F.D/ � D;

� for every D 2 K.X/ with F.D/ � D, and a function sequence

Ef D .fn/n2! 2 F
! ;

the set
T

n2! f0 ı � � � ı fn.D/ is a singleton.

It can be seen that in this case the singleton ¹�. Ef /º D
T

n2! f0 ı � � � ı fn.D/

does not depend on the choice of the compact set D and the map � W F! ! X ,
Ef 7! �. Ef /, is continuous (here the countable power F! of F carries the compact

metrizable topology of Tychono� product of countably many copies of the �nite
space F endowed with the discrete topology). Moreover, the compact metrizable
space AF D �.F!/ is the attractor of the function system F. �is fact was proved
by Mihail [20].

�eorem 1.2. Every topologically contracting function system F on a Hausdor�

topological space X has an attractor AF, which is a compact metrizable space.

A compact Hausdor� topological space X is called a topological fractal if
X D

S

f 2F f .X/ for some topologically contracting function system F on X .
It follows that for every topologically contracting function systemF on a Hausdor�
topological space X its attractor AF is a topological fractal. Mihail’s �eorem 1.2
implies that each topological fractal is a compact metrizable space. Moreover,
the topology of X is generated by a metric d making all maps f 2 F Rakotch
contracting (see [2] or [21]). Topological fractals were introduced and investigated
by Kameyama [13] and Kigami [17] (who called them topologically self similar

sets), and considered also in [1], [7], [14], [15], and [22].

In this paper we shall search for copies of (Banach) topological fractals in uni-
versal (metric) spaces. A topological space X will be called topologically univer-

sal if every compact metrizable space K admits a topological embedding into X .
By a Tychono� space we understand a completely regular T1-space. Equivalently,
Tychono� spaces can be de�ned as spaces homeomorphic to subspaces of powers
of the real line. �e following realization theorem will be proved in Section 2.
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�eorem 1.3. If a Tychono� space X is topologically universal, then every topo-

logical fractal is homeomorphic to the attractor AF of a topologically contracting

function system F on X . If the space X is metrizable, then we can additionally as-

sume that all maps f 2 F are Rakotch contracting with respect to some bounded

metric d generating the topology of X .

For the universal Urysohn space we can prove a bit more. Let us recall that
the universal Urysohn space is a separable complete metric space U such that
each isometric embedding f W B ! U of a subspace B of a �nite metric space A

extends to an isometric embeddig Nf W A ! U. By [24], a universal Urysohn space
exists and is unique up to a bijective isometry.

A compact metric space X will be called a (Banach) Rakotch fractal if X D
S

f 2F f .X/ for some function system F consisting of (Banach) Rakotch contrac-
tions of X . By [2] and [21], each topological fractal is homeomorphic to a Rakotch
fractal. On the other hand, there are examples of Rakotch fractals which are not
homeomorphic to Banach fractals (see [1], [14], [22]). A compact metric space is
a Rakotch fractal if and only if it is self-similar in the sense of Hata [10, 2.2].

�e following realization theorem will be proved in Section 3.

�eorem 1.4. Each (Banach) Rakotch fractal X is isometric to the attractor AF of

a function system F consisting of Banach (Rakotch) contractions of the universal

Urysohn space U.

�eorems 1.3 and 1.4 show that the problem of studying the inner topological
or metric structure of attractors of topologically (Banach, Rakotch) contracting
function systems in arbitrary spaces can be reduced to studying such systems in
some nice universal spaces (such as the universal Urysohn space U).

2. Copies of topological fractals in universal spaces

In this section we shall prove �eorem 1.3. At �rst we need to recall some infor-
mation on spaces of probability measures.

For a compact metric space .X; dX/ by PX we shall denote the space of Borel
probability measures on X endowed with the metric

dPX.�; �/ WD inf
°

Z

X�X

dX .x; y/ d� W � 2 B.�; �/
±

;

where B.�; �/ is the space of all Borel probability measures on X � X such that
�1.�/ D � and �2.�/ D � (here �1 and �2 stand for the projections onto the �rst
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and the second coordinate, respectively). It is known that .PX; dPX/ is a compact
metric space and for any measures �; � 2 PX , there is � 2 B.�; �/ such that
dPX .�; �/ D

R

X�X
d.x; y/ d� (cf. [5, Chapter 8, especially �eorem 8.9.3, �eo-

rem 8.10.45, p. 234]; here we use the fact that every Borel probability measure on
a compact metrizable spaces is Radon [5, p. 70]). �e metric dPX was introduced
by Kantorovich who studied the mass transportation problem (see the survey [25]
for more detail historical information). According to Kantorovich–Rubinshtein
�eorem [16], this metric can be equivalently de�ned as

dPX .�; �/ WD sup¹j�.f / � �.f /j W f 2 Lip1.X/º

where the supremum is taken over all non-expanding functions f W X ! R on the
compact metric space X .

It follows that the map X 3 x ! ıx 2 PX assigning to each point x 2 X the
Dirac measure ıx supported at x is an isometric embedding of X into PX . Every
continuous map f W X ! Y between compact metric spaces .X; dX/ and .Y; dY /

induces a continuous map Pf W PX ! P Y between their spaces of probability
measures. �e map Pf assigns to each measure � 2 PX the measure Pf .�/ 2

P Y de�ned by Pf .�/.B/ D �.f �1.B// for a Borel subset B � Y .

Lemma 2.1. If a map f W X ! Y between compact metric spaces X; Y is Rakotch

contracting, then the induced map Pf W P.X/ ! P.Y / is Rakotch contracting

too.

Proof. Being Rakotch contracting, the map f is '-contracting for some function
' W Œ0; 1/ ! Œ0; 1/ such that cı D supı�t<1 '.t/=t < 1 for every ı > 0. By the
compactness of PX , the Rakotch contractivity of Pf is equivalent to its Edelstein
contractivity. So, it su�ces to prove that dP Y .Pf .�/; Pf .�// < dPX .�; �/ for any
distinct measures �; � 2 PX . Take any distinct measures �; � 2 PX . As stated
earlier, there is a measure � 2 B.�; �/ such that dPX.�; �/ D

R

X�X dX .x; y/d�.
Since dPX.�; �/ > 0, for some ı > 0 the compact set

Xı D ¹.x; x0/ 2 X � X W dX .x; x0/ � ıº

has positive measure �.Xı/ > 0.

Let Q� 2 P.Y � Y / be the image of the measure � under the map

f �f W X � X �! Y � Y; .x; y/ 7�! .f .x/; f .y//:
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Observe that for every Borel subset B � Y we get

Q�.B � Y / D �..f �f /�1.B � Y //

D �.f �1.B/ � f �1.Y //

D �.f �1.B/ � X/

D �.f �1.B//

D Pf .�/.B/

and similarly Q�.Y � B/ D Pf .�/.B/, which means that Q� 2 B.Pf .�/; Pf .�//.
Moreover,

dP Y .Pf .�/; Pf .�// �

Z

Y �Y

dY .y; y0/ d Q�

D

Z

X�X

dY .f .x/; f .x0// d�

D

Z

Xı

dY .f .x/; f .x0// d� C

Z

X2nXı

dY .f .x/; f .x0// d�

�

Z

Xı

cı � dX .x; x0/ d� C

Z

X2nXı

dX .x; x0/ d�

<

Z

Xı

dX .x; x0/ d� C

Z

X2nXı

dX .x; x0/ d�

D

Z

X2

dX .x; x0/ d�

D dPX.�; �/:

We shall also need a metrization theorem for globally contracting function
systems, proved in [2]. A function system F on a Hausdor� topological space
X is called globally contracting ([2, De�nition 2.1]) if there exists a non-empty
compact set K � X such that F.K/ � K and for every open cover U of X there
is n 2 N such that for every map f 2 Fn D ¹f1 ı � � � ı fn W f1; : : : ; fn 2 Fº the
set f .X/ is contained in some set U 2 U. �e following result was proved in [2,
�eorem 6.7].

�eorem 2.2. A function systemF on a metrizable space X is globally contracting

if and only if the topology of X is generated by a bounded metric d making all

maps f 2 F Rakotch contractive.

Now we are able to present:
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Proof of �eorem 1.3. Assuming that K is a topological fractal, �nd a topologi-
cally contracting function systemF on K such that K D

S

f 2F f .K/. By [2, �eo-
rem 6.8(8)], the topology of K is generated by a metric dK making all maps f 2 F

Rakotch contracting. By Lemma 2.1, the function system PF D ¹Pf W f 2 Fº

consists of Rakotch contracting self-maps of the metric space .PK; dPK/.
Given any topologically universal Tychono� space X , identify the compact

metrizable space PK with a (closed) subspace of X . �e space PK, being a
metrizable compact convex subset of a locally convex space, is an absolute retract
in the class of Tychono� spaces (this follows from [6] and Tietze-Urysohn �e-
orem [9, 2.1.8]). �is implies that each map Pf W PK ! PK, f 2 F, can be
extended to a continuous map Pf W X ! PK. �e Rakotch contractivity of PF

and �eorem 2.2 implies that the function system PF is globally contractive and
so is the function system PF D ¹Pf W Pf 2 PFº (as PF.X/ � PK).

�e global contractivity of PF implies the topological contractivity of PF

([2, �eorem 2.2]). �en the function system PF has a unique attractor, which
coincides with K by the uniqueness of the �xed point of the map

PF W K.X/ �! K.X/:

�erefore, the topological fractal K is homeomorphic to the attractor of the topo-
logically contracting function system PF on X .

If the space X is metrizable, then by �eorem 2.2, the topology of X is gener-
ated by a bounded metric d making all maps f 2 PF Rakotch contracting.

3. Embedding fractals into the Urysohn universal space

Recall that the Urysohn spaceU is the unique (up to isometry) complete separable
metric space U such that every isometric embedding f W B ! U of a �nite subset
B � U extends to an isometric embedding Nf W U ! U, and any separable metric
space is isometric to a subspace ofU. According to [19, �eorem 4.1], the universal
Urysohn space has a stronger universality property: every isometric embedding
f W B ! U of a compact subspace B � U extends to an isometric embedding
Nf W U ! U. In fact, isometric embeddings in this result can be replaced by maps

with given oscillation.
For a map f W X ! Y between two metric spaces .X; dX / and .Y; dY / its

oscillation is the function !f W Œ0; 1� ! Œ0; 1� assigning to each ı 2 Œ0; 1� the
number

!f .ı/ D sup¹dY .f .x/; f .x0// W x; x0 2 X; dX .x; x0/ � ıº 2 Œ0; 1�:
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It follows that dY .f .x/; f .x0// � !f .dX .x; x0// for every points x; x0 2 X .
It is clear that the function f W X ! Y is uniformly continuous if and only if
limı!0 !f .ı/ D 0.

If the metric space .X; dX / is geodesic (in the sense that for every points x; x0 2

X there is an isometric embedding 
 W Œ0; dX.x; x0/� ! X such that 
.0/ D x and

.dX .x; x0// D x0), then for any map f W X ! Y its oscillation !f is subadditive

in the sense that !f .s C t / � !f .s/ C !f .t / for any s; t 2 Œ0; 1/. �is motivates
the following de�nition.

By a continuity modulus we shall understand any non-decreasing continuous
subadditive function ' W Œ0; 1/ ! Œ0; 1/ with '.0/ D 0. It is easy to see that each
continuous, concave function ' W Œ0; 1/ ! Œ0; 1/ with '.0/ D 0 is a continuity
modulus. �e following lemma uses some ideas from [18].

Lemma 3.1. Let ' be a continuity modulus. Every map f W B ! U with !f � '

de�ned on a compact subset B of a separable metric space .A; dA/ extends to a

map Nf W A ! U with continuity modulus ! Nf � '.

Proof. �e statement of the lemma is trivial if the map f is constant. So, we
assume that f is not constant, which imples that !f ¤ 0 and hence '.t/ > 0 for
every t > 0 by the subadditivity of '.

Fix a countable dense subset ¹anºn2N in A and put B0 D B and BnC1 D

Bn [ ¹anC1º for n 2 !. Let f0 D f . By induction we shall construct a sequence
of maps .fn W Bn ! U/n2! such that fnC1jBn D fn and !fn

� ' for all n 2 !.
Assume that for some n 2 ! the map fn W Bn ! U has been constructed. Consider
the compact space BnC1 D Bn [ ¹anC1º. If BnC1 D Bn, then put fnC1 D fn.
If BnC1 ¤ Bn, then anC1 … Bn. Consider the subspace fn.Bn/ � U of the
Urysohn space and �x any point y … fn.Bn/. On the union Y D fn.Bn/ [

¹yº consider the metric dY which coincides on fn.Bn/ with the metric dU of the
Urysohn space U and

dY .z; y/ D min¹dU.z; fn.b// C '.dA.b; anC1// W b 2 Bnº

for z 2 fn.Bn/. It follows from the compactness of Bn and anC1 … Bn that
dY .z; y/ > 0 for every z 2 fn.Bn/. Let us show that the metric dY satis�es the tri-
angle inequality and hence is well-de�ned. Indeed, for any points z; z0 2 fn.Bn/,
we can �nd points b; b0 2 Bn such that dY .z; y/ D dU.z; fn.b// C '.dA.b; anC1//

and dY .z0; y/ D dU.z0; fn.b0// C '.dA.b0; anC1//. �en
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dY .z; z0/ D dU.z; z0/ � dU.z; fn.b// C dU.fn.b/; fn.b0// C dU.fn.b0/; z0/

� dU.z; fn.b// C '.dA.b; b0// C dU.fn.b0/; z0/

� dU.z; fn.b// C '
�

dA.b; anC1/ C dA.anC1; b0/
�

C dU.fn.b0/; z0/

� dU.z; fn.b// C '.dA.b; anC1// C '.dA.anC1; b0// C dU.fn.b0/; z0/

D dY .z; y/ C dY .y; z0/:

On the other hand,

dY .z; y/ � dU.z; fn.b0// C '.dA.b0; anC1//

� dU.z; z0/ C d.z0; fn.b0// C '.dA.b0; anC1//

D dY .z; z0/ C dY .z0; y/:

So, the metric dY satis�es the triangle inequality and hence is well-de�ned.
By [19, �eorem 4.1], the identity embedding fn.Bn/ ! U extends to an

isometric embedding e W Y ! U. Let fnC1 W BnC1 ! U be the map such that
fnC1jBn D fn and fnC1.anC1/ D e.y/. It follows from !fn

� ' and

dU.fnC1.x/; fnC1.anC1// D dY .fn.x/; y/ � '.dA.x; anC1// for x 2 Bn

that !fnC1
� '. �is completes the inductive step.

After the completion of the inductive construction, consider the map

f! W B! �! U

de�ned on the set B! D
S

n2! Bn by

f!jBn D fn for n 2 !.

It follows from !fn
� ', n 2 !, that !f!

� '. �is implies that the map f! is
uniformly continuous and hence extends to a uniformly continuous map Nf W A !

U having the oscillation ! Nf � '. It is clear that Nf jB D f0 D f .

Now we are able to present the

Proof of �eorem 1.4. Given a (Banach) Rakotch fractal X , choose a function
system F consisting of (Banach) Rakotch contractions of X such that
X D

S

f 2F f .X/. �e maps f 2 F, being Rakotch contracting on the com-
pact metric space X , are '-contracting for some bounded continuity modulus '
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such that supt�ı '.t/=t < 1 for all ı > 0. (Moreover, if all maps f 2 F are
Banach contractions, then we can assume that supt>0 '.t/=t < 1).

Since the universal Urysohn space U contains an isometric copy of each com-
pact metric space, we can assume that X is a subspace of U. By Lemma 3.1, each
map f 2 F extends to a map Nf W U ! U such that ! Nf � ', which implies that
Nf is a (Banach) Rakotch contraction of U. By �eorems 1.2 and 2.2, the function

system NF D ¹ Nf W f 2 Fº on the universal Urysohn space U has an attractor AxF,
which is a unique �xed point of the map xF W K.U/ ! K.U/ on the hyperspace
K.U/ of the Urysohn space U. Taking into account that xF.X/ D

S

f 2F
Nf .X/ D

S

f 2F f .X/ D X , we conclude that X D AxF.
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