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Abstract. We study an asymptotic perturbation of the limit set generated from a �nitely

family of conformal contraction maps endowed with a directed graph. We show that if

those maps have asymptotic expansions under weak conditions, then the Hausdor� dimen-

sion of the limit set behaves asymptotically by the same order. We also prove that the

Gibbs measure of a suitable potential and the measure theoretic entropy of this measure

have asymptotic expansions under an additional condition. In �nal section, we demon-

strate degeneration of graph iterated function systems.
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1. Introduction

Let D � 1 be an integer. We consider a triplet .G; .Jv/; .Te// satisfying the fol-

lowing conditions.

(1) G D .V; E; i; t / is a �nite directed multigraph which consists of a vertices

set V , a directed edges setE and two functions i; t W E ! V . For each e 2 E,

i.e/ is called the initial vertex of e and t .e/ called the terminal vertex of e.

Assume that the graph G is strongly connected and aperiodic.

(2) For each v 2 V , a subset Jv � R
D is compact and connected so that the

interior of Jv is not empty and Jv0 and Jv are disjoint for v0 ¤ v.

(3) For each e 2 E, a mapTe W Ot.e/ ! Oi.e/ is conformalC 1Cˇ-di�eomorphism

with ˇ > 0 and satis�es 0 < kT 0
e.x/k < 1 for x 2 Ot.e/, TeJt.e/ � Ji.e/ and

TeJt.e/ \ Te0Jt.e0/ D ; for e0 2 E with e0 ¤ e and i.e0/ D i.e/. Here

Ot.e/ � R
D is an open and connected subset containing Jt.e/ and kT 0

e.x/k

denotes the operator norm of T 0
e.x/ on R

D.

It is known that there exist unique non-empty compact subsetsKv � Jv for v 2 V

such that

Kv D
[

e2E W i.e/Dv

Te.Kt.e//

is ful�lled. Put K D
S

v2V Kv. In this paper we call the triplet .G; .Jv/; .Te//

a graph iterated function system (GIFS) and this set K the limit set of the GIFS.

Such a system is studied by many authors ([4, 7, 9, 10, 11]) and they be mainly

interested in the calculation of the Hausdor� dimension of K.

Now we state one of our main results. Recall that for an integer k � 0 and a

number ˇ > 0, a map f .x/ from a subset A of a normed space .X; k � kX/ to a

normed space Y is of class C kCˇ if k-th derivative f .k/ of f exists and there is

a constant c > 0 such that kf .k/.x/ � f .k/.y/kk � ckx � yk
ˇ
X for any x; y 2 A,

where k � kk is the usual operator norm on Y k . Fix a GIFS .G; .Jv/; .Te// and

an integer n � 0. We give a family of GIFSs .G; .Jv/; .Te.�; �/// with a small

parameter � > 0 so that

.G/n there exist numbers ˇ > 0 and ˇ.�/ > 0, and R
D-valued functions Te of

C nC1Cˇ , Te;1 of C nCˇ ,. . . , Te;n of C 1Cˇ , and zTe;n.�; �/ of C 1Cˇ.�/ de�ned

on Ot.e/ for each e 2 E such that Te.�; �/ has the form

Te C Te;1� C � � � C Te;n�
n C zTe;n.�; �/�

n on Jt.e/;

and, j zTe;n.�; �/j ! 0 and k @
@x

zTe;n.�; �/k ! 0 as � ! 0 are satis�ed, where

j � j is a usual norm on R
D.
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We note that ˇ.�/ may tend to 0 as � ! 0. Let K.�/ be the limit set of the GIFSs

.G; .Jv/; .Te.�; �/// for � > 0. Now we are in a position to state one of the main

result.

�eorem 1.1. Assume that condition .G/n is satis�ed. �en there exist numbers

s1; : : : ; sn 2 R such that dimH K.�/ D dimH K C s1� C � � � C sn�
n C o.�n/ in R,

where dimH K.�/ denotes the Hausdor� dimension of K.�/.

Each numbers sk is explicitly determined for the GIFS .G; .Jv/; .Te// and the

maps Te;1, Te;2, : : : , Te;n ([14] for detail).

Remark 1.2. (i) In the system .G; .Jv/; .Te//, if the cone property (condition (d)

in [11]) is imposed on the set Jv for each v 2 V , then this system satis�es the

condition of conformal graph directed Markov systems (CGDMS) de�ned in [11]

with a �nite alphabet. In addition to the property, when V consists of one point v,

our system ful�lls the condition of conformal iterated function system with a �nite

alphabet (�nite CIFS) de�ned in [10].

(ii) From each Te is a conformal C 1-di�eomorphism, this map is either holo-

morphic or antiholomorphic if D D 2, and Liouville’s theorem (�eorem A.3.7

in [2]) implies that this map has the form

Te.x/ D �eAe.i�e;�e
.x//C �e (1.1)

if D � 3, where �e 2 R, �e 2 RD , Ae is a linear isometry on RD, and i�e;�e

is either the identity or the inversion with respect to the sphere with the center

�e 2 R
D and the radius �e > 0. �is inversion is de�ned by

i�e;�e
.x/ D �e C �2e

x � �e

jx � �ej2
:

(iii) WhenV consists of one point v and the cone property for Jv is ful�lled, our

theorem under n D 0 contains a similar result of Roy and Urbański (�eorem 5.8

in [10]).

(iv) Assume thatD � 3 and the cone property for Jv, v 2 V , are satis�ed. Let

SO.D/ be the totally of linear isometries on R
D whose determinants are 1, and

� D .0;1/ � .0;1/ � RD � RD � SO.D/. Note that � is an open subset of

R
2CD.DC3/=2. For the �ve parameters ze D .�e; �e; �e; �e; Ae/ 2 � of Te de�ned

in (1.1), denoted by K..ze// the limit set of the GIFS .G; .Jv/; .Te//. We write

B.ze; R/ for the open ball with the center ze and the radiusR. Under this notation,
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Roy and Urbański (�eorem 7.2 in [11]) showed that there exists a small R > 0

such that B.ze; R/ � � for any e 2 E and the map

Y

e2E

B.ze; R/ 3 .ye/ 7�! dimH K..ye//

is real-analytic. Our theorem gives an asymptotic version of this result. In fact, it

is not hard to check that if the �ve parameter

ze.�/ D .�e.�/; �e.�/; �e.�/; �e.�/; Ae.�//

of Te.�; �/ has n-order asymptotic expansions

ze.�/ D ze C

n
X

kD1

.�e;k; �e;k ; �e;k; �e;k; Ae;k/�
k C Qze;n.�/�

n

with j Qze;n.�/j ! 0 as � ! 0, then the GIFSs .G; .Jv/; .Te.�; �/// satis�es condition

.G/n. In particular, each coe�cient Te;k (k D 1; 2; : : : n) is given as C1.

For the second result, we also introduce the following condition:

.G/0n under condition .G/n, the small order parts zTe;n.�; x/ satisfy

c1 D lim sup
�!0

max
e2E

sup
x;y2Ot.e/Wx¤y




@

@x
zTe;n.�; x/ �

@

@x
zTe;n.�; y/





jx � yjˇ
< 1:

We give some notation below. We take a number r 2 .0; 1/ so that r > kT 0
ek and

r > supx2Ut.e/
kT 0
e.�; x/k for any e 2 E and for any � > 0, where Ut.e/ is given

by (2.1) in the next section. Denoted by

E.1/ D
°

! D .!k/
1
kD0 2

1
Y

kD0

E W t .!k/ D i.!kC1/ for all k � 0
±

a code space. �e shift transformation

� W E.1/ �! E.1/

is de�ned by

.�!/k D !kC1 for ! D .!k/ 2 E.1/.

�e pair .E.1/; �/ is called a subshift of �nite type. Let

� W E.1/ �! R
D
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be a coding map for the GIFS .G; .Jv/; .Te// de�ned by

�! D

1
\

kD0

T!0
� � �T!k

Jt.!k/ for ! 2 E.1/.

We put the function

'.!/ D log kT 0
!0
.��!/k (1.2)

for ! 2 E.1/. For each � > 0, �.�; !/ means the coding map of the GIFS

.G; .Jv/; .Te.�; �/// and '.�; !/ the function log

 @
@x
T!0

.�; �.�; �!//

. Denoted

by � the Gibbs measure of .dimH K/' on E.1/ and by �.�; �/ the Gibbs measure

of .dimH K.�//'.�; �/ onE.1/. It is known that the .dimH K/-dimensional Haus-

dor� measure restricted toK is equivalent to the measure�ı��1 by condition (3).

For � 2 .0; 1/, a metric d� on E.1/ is de�ned by

d� .!; �/ D �m0 ;

with m0 D min¹m � 0 W !m ¤ �mº. For K D C;R or RD, let C.E.1/;K/ be the

Banach space consisting of all K-valued continuous functions on E.1/ endowed

with the supremum norm

kf k1 D sup
!2E.1/

jf .!/j;

and F� .E
.1/;K/ the Banach space consisting of all K-valued d� -Lipschitz con-

tinuous functions on E.1/ endowed with the Lipschitz norm

kf k� D kf k1 C Œf �� ;

where

Œf �� D sup
° jf .!/ � f .�/j

d� .!; �/
W !0 D �0; ! ¤ �

±

:

If no confusion can arise, we may omit K from notation of these two spaces.

We obtain the second result as follows.

�eorem 1.3. Assume that condition .G/0n is satis�ed. Choose any �1 2 .rˇ ; 1/.

�en there exist linear functionals �1; �2; : : : ; �n 2 F �
�1
.E.1/;R/, and numbers

H1; H2; : : : ; Hn 2 R such that for each f 2 F�1
.E.1/;C/

�.�; f / D �.f /C �1.f /� C � � � C �n.f /�
n C o.�n/ in R;

h.�.�; �// D h.�/CH1� C � � � CHn�
n C o.�n/ in R;

where h.�.�;�//denotes the measure-theoretic entropy of the Gibbs measure�.�;�/.
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We would prove �eorem 1.1 and �eorem 1.3 in Section 3. We remark that

�1; : : : ; �n and H1; : : : ; Hn are exactly given [14].

One of our motivations for studying those asymptotic expansions is as follows.

For a �xed GIFS .G; .Jv/; .Te//, we decompose the edge setE of the graphG into

E D E.0/[E.1/ with E.0/ ¤ ;. Consider a family of GIFSs .G; .Jv/; .Te.�; �///

with a small parameter � > 0 so that
8

<

:

jTe.�; �/� Tej �! 0; e 2 E.0/;

jTe.�; �/� aej �! 0; e 2 E.1/;

as � ! 0, where ae is a constant. Put

E.0/.1/ D
°

.!k/
1
kD0 2

1
Y

kD0

E.0/ W t .!k/ D i.!kC1/ for all k � 0
±

and

�.0/ D � jE.0/.1/ :

In this setting, when � tends to 0, the subshift .E.1/; �/ corresponding to

the perturbed system .G; .Jv/; .Te.�; �/// changes extremely to the subshift

.E.0/.1/; �.0// corresponding to the unperturbed system .G.0/; .Jv/; .Te// at

� D 0, where G.0/ D .V; E.0//. Such a situation is often called a singular

perturbation of symbolic dynamics ([5, 6, 8]).

One of our interests is to study the behaviour of the dimension dimH K.�/, the

Gibbs measure�.�; �/ and the measure-theoretic entropy of this measure as � ! 0.

It is known that dimH K.�/ converges to dimH
zK.G.0// as � ! 0 (as in a special

case treated in [8]), where zK.G.0// is the limit set of .G.0/; .Jv/; .Te//. On the

other hand, the continuity of the Gibbs measure �.�; �/ depends on the number of

strong connected components of G.0/ and on the convergence speed (or higher

order asymptotic expansion) of each Te.�; �/. In fact, it is known that when G.0/

consists of two strong connected components ¹H1; H2º and the two dimensions

dimH
zK.H1/ and dimH

zK.H2/ are equal, the limit lim�!0 �.�; �/ D � exists if

Te.�; �/ has a 1-order asymptotic expansion for each e 2 E and some conditions

are satis�ed (�eorem 4.1 and �eorem 4.9 in [15]). In particular, this limit � has

the form � D 1 Q�1C2 Q�2 with 1; 2 � 0 and 1C2 D 1, and this coe�cient is

determined with the convergence speed Te;1, where each Q�k is the Gibbs measure

corresponding to .Hk; .Jv/; .Te// for k D 1; 2. To deal with such a problem, we

need to study high order asymptotic behaviors of the dimension dimH K.�/ and

the Gibbs measure �.�; �/ under the case when E.1/ D ;, and state these in the

present paper. �is argument is very important in our future work in the case when

E.1/ ¤ ;.
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In Section 2, we give some notation and auxiliary propositions which need to

prove the main theorems. Proofs of the main theorems are shown in Section 3. In

the last section 4, we provide concrete examples which satisfy condition .G/1 or

.G/01 in Example 4.1 and Example 4.2. In particular, we demonstrate an example

in which the small order part of a function Te.�; �/ is of C 1Cˇ.�/ and ˇ.�/ tends to

0 as � ! 0. In Example 4.3, we formulate degeneration of graph iterated function

systems and calculate the speed of Hausdor� dimension of this limit sets. �is

example is one of examination in the case when ]E.1/ ¤ ;.

2. Auxiliary propositions

In this section, we give some auxiliary propositions which need to prove the main

theorems. We begin with the following fact. Let .G; .Jv/; .Te// be a GIFS. Put

Uv D
[

x2Jv

B.x; ı/ (2.1)

for small ı > 0 with Uv � Ov for all v 2 V , where Uv is the closure of Uv . �en

these Uv are open, relative compact and connected subsets of RD. Furthermore,

TeU t.e/ � Ui.e/ for any e 2 E is satis�ed by TeJt.e/ � Ji.e/. We have the next

result:

Proposition 2.1 ([9]). Under the above notation, for any v 2 V and for any map

T of class C 1 from Ov to a normed space .Y; k � kY /, for each x; y 2 Jv

kT .x/ � T .y/kY � c2 sup
z2Uv

kT 0.z/kjx � yj (2.2)

is satis�ed, where we put

c2 D max
°

1;max
v2V

� diam.Jv/

dist.Jv; @Uv/

�±

:

Choose any Oı 2 .0; ı/ and put

yUv D
[

x2Jv

B.x; Oı/ for each v 2 V .

We note that even if we replace the set Jv in Proposition 2.1 by yUv and the constant

c2 by max¹1;maxv2V .diam. yUv/= dist. yUv; @Uv//º, the assertion of this proposition

is correct.
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Proposition 2.2. Let .X; k � kX /; .Y; k � kY / be normed spaces. Assume that a

function f .x/ from a bounded open set O of X to Y is of C nCˇ with n � 0 and

ˇ > 0. �en for any x; y 2 O with ¹tx C .1 � t /y W 0 � t � 1º � O there exists

an n-multilinear map L.n; f; x; y/ from Xn to Y such that

f .x/ D f .y/C

n
X

kD1

f .k/.y/

kŠ
.x � y/k C L.n; f; x; y/.x � y/n; (2.3)

where f .k/.y/.x � y/k means f .k/.y/.x � y; : : : ; x � y
„ ƒ‚ …

k

/ and L.n; f; x; y/ is

de�ned by

L.0; f; x; y/ D f .x/ � f .y/;

L.n; f; x; y/ D

Z 1

0

.1 � t /n�1

.n � 1/Š
.f .n/.y C t .x � y// � f .n/.y// dt

for n � 1. In particular, kL.n; f; x; y/kn=kx � yk
ˇ
X is bounded uniformly in

x; y 2 O with ¹tx C .1� t /y W 0 � t � 1º � O .

Proof. �e expansion of f .x/ immediately follows from Taylor theorem [1]. It

su�ces to prove the last assertion. We have

kL.n; f; x; y/kn

kx � yk
ˇ
X

�

Z 1

0

.1� t /n�1

.n� 1/Škx � yk
ˇ
X

kf .n/.y C t .x � y// � f .n/.y/kn dt

�

Z 1

0

.1� t /n�1

.n� 1/Škx � yk
ˇ
X

cky C t .x � y/ � yk
ˇ
X dt

� c

Z 1

0

.1 � t /n�1

.n� 1/Š
tˇ dt D

c

.ˇ C 1/ � � � .ˇ C n/
:

�us we obtain the assertion.

Proposition 2.3. Let .X; k � kX /; .Y; k � kY / be normed spaces and O � X a

bounded open set. Assume that a map f .�; �/ W O ! Y with a parameter � > 0

has the form f .�; �/ D f C f1� C � � � C fn�
n C Qfn.�; �/�

n and k Qfn.�; �/kY ! 0

as � ! 0 with maps f D f0 of C nCˇ , f1 of C n�1Cˇ ,. . . , fn of C ˇ and Qfn.�; �/

of C ˇ . Further, x.�/ 2 O satis�es x.�/ D x C x1� C � � � C xn�
n C Qxn.�/�

n

and k Qxn.�/kX ! 0 as � ! 0 for some x D x0 2 O and x1; : : : ; xn; Qxn.�/ 2 X .
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�en f .�; x.�// has the form

f .�; x.�// D y0 C y1� C � � � C yn�
n C Qyn.�/�

n

and k Qyn.�/kY ! 0 as � ! 0 by putting

y0 D f .x/;

yj D fj .x/C

j�1
X

lD0

j�l
X

kD1

X

i1;:::;ik�1W

i1C���CikDj �l

f
.k/

l
.x/.xi1 ; : : : ; xik /

kŠ
; 1 � j � n;

and

Qyn.�/ D

n�1
X

lD0

n�l
X

kD1

kn
X

iDn�lC1

X

1�i1;:::;ik�nW

i1C���CikDi

f
.k/

l
.x/.xi1 ; : : : ; xik /

kŠ
�i�nCl

C

n
X

lD0

n�l
X

kD1

M.l; k; �; x/
�l

kŠ

C

n
X

lD0

L.n � l; fl ; x.�/; x/
�x.�/ � x

�

�n�l

C Qfn.�; x.�//;

where

M.l; k; �; x/ D

k
X

iD1

f
.k/

l
.x/.x.�/ � x � Qxn.�/�

n; : : : ; Qxn.�/
„ƒ‚…

i-th

; : : : ; x.�/ � x/:

Proof. We have

f .�; x.�// D f .x.�//C f1.x.�//� C � � � C fn.x.�//�
n C Qfn.�; x.�//�

n

D

n
X

lD0

� n�l
X

kD0

f
.k/

l
.x/

kŠ
.x.�/ � x/k

C L.n � l; fl ; x.�/; x/.x.�/� x/n�l
�

�l

C Qfn.�; x.�//�
n

(2.4)

with .n � l/-multilinear maps

L.n� l; fl ; x.�/; x/ W X
n�l �! Y
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by using (2.3) in Proposition 2.2. Here

f
.k/

l
.x/.x.�/ � x/k D f

.k/

l
.x/.x1� C � � � C xn�

n C Qxn.�/�
n/k

D

n
X

i1;:::;ikD1

f
.k/

l
.x/.xi1�

i1; : : : ; xik�
ik /CM.l; k; �; x/�n

D

n
X

i1;:::;ikD1

f
.k/

l
.x/.xi1 ; : : : ; xik /�

i1C���Cik CM.l; k; �; x/�n

for k � 1 is satis�ed. �us we obtain the form of f .�; x.�//. We see the fact

k Qyn.�/kY ! 0 as � ! 0 by the de�nition of Qyn.�/. Hence the assertion is given.

Finally we recall an asymptotic solution of the equation P.sf .�; �// D 0 for

s 2 R [14]. Here P.f / is the topological pressure of a function f 2 C.E.1/;R/

which is de�ned by

P.f / D lim
k!1

1

k
log

X

�

exp
�

sup
!

k�1
X

jD0

f .�j!/
�

; (2.5)

where this �rst summation is over all paths � D �1 � � � �k 2 Ek , i.e.

t .�j / D i.�jC1/ for 1 � j � k � 1,

and the supremum is taken over all ! 2 E.1/ with !0 � � �!k�1 D � . It is known

that if f .�; �/ 2 C.E.1/;R/ is negative, then the equation P.�; sf .�; �// D 0 has

an unique solution s D s.�/. Suppose that there exist both �; �.�/ 2 .0; 1/, and

f; f1; : : : ; fn 2 F� .E
.1/;R/ with f < 0, as well as Qfn.�; �/ 2 F�.�/.E

.1/;R/

such that

f .�; �/ D f C f1� C � � � C fn�
n C Qfn.�; �/�

n

and

k Qfn.�; �/k1 �! 0 as � ! 0.

�en we obtain the following result.

�eorem 2.4 ([14]). Under the above condition, there exist s1; : : : ; sn 2 R such

that

s.�/ D s C s1� C � � � C sn�
n C o.�n/ in R; (2.6)

where s is an unique solution of the equation P.sf / D 0.
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Note that in �eorem 2.6 of [14] this theorem is shown when �.�/ D � . On the

other hand, in the case when �.�/ ! 1, �eorem 2.4 also follows from the proof

of the same �eorem 2.6 in [14] with no change at all. In fact, in this �eorem,

the asymptotic expansion of the eigenvector �.�; �/ corresponding to the Perron

eigenvalue of the dual of the Ruelle operator of s'.�; �/ can be proven from the

condition �.�/ 2 .0; 1/ for � > 0.

3. Proofs

In this section, we will show �eorem 1.1 and �eorem 1.3 which are given in

Section 1. We use the notation de�ned in Section 1 and Section 2. For the

sake of convenience, we denote the composite map T!0
� � �T!n

by T!0���!n
and

T!0
.�; �/ � � �T!n

.�; �/ by T!0���!n
.�; �/ for ! 2 E.1/. Further, we sometimes write

@
@x
Te.�; x/ as T 0

e.�; x/ when no confusion is possible. We �rst prove the following

lemma.

Lemma 3.1. Assume that .G/n is satis�ed. Choose any �2 2 .r; 1/. �en there

exist �1; : : : ; �n 2 F�2
.E.1/;RD/ such that �.�; �/ has the form

�.�; �/ D � C �1� C � � � C �n�
n C Q�n.�; �/�

n

and

k Q�n.�; �/k1 �! 0 as � ! 0.

Proof. First we show this assertion in the case when n D 0. For each ! 2 E.1/

and k � 0, we have

j�.�; !/� �!j

D jT!0���!k
.�; �.�; �kC1!// � T!0���!k

.��kC1!/j

� jT!0���!k
.�.�; �kC1!// � T!0���!k

.��kC1!/j

C

k
X

iD0

jT!0���!i�1
.T!i ���!k

.�; �.�; �kC1!///

� T!0���!i
.T!iC1���!k

.�; �.�; �kC1!///j

� c2supz2Ut.!k/
j.T!0���!k

/0.z/jj�.�; �kC1!/ � ��kC1!j C j zT!0;0.�; �/j

C c2

k
X

iD1

supz2Ut.!i�1/
j.T!0���!i�1

/0.z/jj zT!i ;0.�; T!iC1���!k
.�; �.�; �kC1!///j

� c2supv2V diam.Uv/r
kC1 C supe2E j zTe;0.�; �/j.1C c2r C � � � C c2r

k/
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from inequality (2.2) in Proposition 2.1 by putting T D T!0���!k
. Letting k ! 1,

k�.�; �/ � �k1 � supe2E j zTe;0.�; �/jc2=.1 � r/ is satis�ed. �us we obtain the

assertion in the case when n D 0.

Next we prove the form �.�; �/ D � C �1� C Q�1.�; �/� and k Q�1.�; �/k1 ! 0

for some Q�1.�; �/ 2 C.E.1/;RD/ under condition .G/1. To see this, we claim

lim sup�!0 k�.�; �/��k1=� < 1. We note the inclusion �.�; E.1// �
S

v2V Uv

for su�ciently small � > 0. In particular, t�!C .1� t /�.�; !/ is in Ut.!0/ for any

! 2 E.1/, 0 � t � 1 and small � > 0 from uniform convergence of �.�; �/. For

each ! 2 E.1/ and small � > 0, we have

j�.�; !/� �!j

D jT!0
.�; �.�; �!//� T!0

.��!/j

D jT!0
.�.�; �!//� T!0

.��!/

C T!0;1.�.�; �!//�C zT!0;1.�; �.�; �!//�j

� sup
t2Œ0;1�

jjT 0
!0
.t�.�; �!/C .1 � t /��!/jjj�.�; �!/� ��!j

C max
e2E

.jTe;1j C j zTe;1.�; �/j/�

� rk�.�; �/� �k1 C max
e2E

.jTe;1j C j zTe;1.�; �/j/�

by using condition .G/1 and Mean value theorem. �us

lim sup
�!0

k�.�; �/� �k1

�
� max

e2E

jTe;1j

.1� r/
< 1

is satis�ed. We consider the expansion

�.�; !/ D T!0
.�.�; �!//C T!0;1.�.�; �!//�C zT!0;1.�; �.�; �!//�

D �! C T 0
!0
.��!/.�.�; �!/� ��!/C T!0;1.��!/� C zR1.�; !/�;

(3.1)

where

zR1.�; !/ D L0.�; !/
��.�; �!/� ��!

�

�

C L1.�; !/C zT!0;1.�; �.�; �!//;

L0.�; !/ D

Z 1

0

T 0
!0
..1� t /��! C t�.�; �!//� T 0

!0
.��!/ dt

and

L1.�; !/ D T!0;1.�.�; �!//� T!0;1.��!/: (3.2)
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Note that these last two expressions also satisfy

L0.�; !/ D L.1; T!0
; �.�; �!/; ��!/

and

L1.�; !/ D L.0; T!0;1; �.�; �!/; ��!/;

where L.n; f; x; y/ is de�ned in Proposition 2.2. We see k zR1.�; �/k1 ! 0 from

the facts that kL.n; f; x; y/kn=kx � yk
ˇ
X is uniformly bounded (Proposition 2.2)

and k�.�; �/� �k1=� is bounded. By using the form (3.1) repeatedly,

�.�; !/� �! D

l
Y

jD0

T 0
!j
.��jC1!/.�.�; � lC1!/ � �� lC1!/

C

l
X

kD0

k�1
Y

jD0

T 0
!j
.��jC1!/.T!k;1.��

kC1!/� C zR1.�; �
j!/�/

(3.3)

is ful�lled for each l . Letting l ! 1 we obtain the form

�.�; !/ D �! C �1.!/� C Q�1.�; !/�

and convergence

k Q�1.�; �/k1 �! 0 as � ! 0,

where

�1.!/ D

1
X

kD0

T 0
!0���!k�1

.��k!/.T!k;1.��
kC1!// (3.4a)

Q�1.�; !/ D

1
X

kD0

T 0
!0���!k�1

.��k!/. zR1.�; �
k!//: (3.4b)

We next show that if �.�; �/ D �C�1�C � � �C�n�1�
n�1C Q�n�1.�; �/�

n�1 and

k Q�n�1.�; �/k1 ! 0 with some functions �1; : : : ; �n�1, then so is for n. Consider

�.�; !/ D T!0
.�; x.�// D T!0

.x.�//C

n
X

kD1

T!0;k.x.�//�
k C zT!0;n.�; x.�//�

n

x.�/ D x C

n�1
X

kD1

�k.�!/�
k C Q�n�1.�; �!/�

n�1;
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where x.�/ D �.�; �!/ and x D ��!. A simple result of Proposition 2.3 implies

that �.�; !/ has the form

�.�; !/ D �! C T 0
!0
.��!/.�.�; �!/� ��!/

CR1.!/� C � � � CRn.!/�
n C zRn.�; !/�

n

and

k zRn.�; �/k1 �! 0 as � ! 0,

by putting

Rj .!/ D T!0;j .��!/

C
X

0�l�j �1;
1�k�j �lW
.l;k/¤.0;1/

X

i1;:::;ik�1W

i1C���Cik Dj �l

T
.k/

!0;l
.��!/.�i1.�!/; : : : ; �ik.�!//

kŠ

and

zRn.�; !/ D
X

0�l�n�1;
1�k�n�lW
.l;k/¤.0;1/

kn
X

iDn�lC1

X

1�i1;:::;ik�n�1W

i1C���CikDi

T
.k/

!0;l
.x/.�i1.�!/; : : : ; �ik.�!//

kŠ
�i�nCl

C
X

0�l�n�1;
1�k�n�lW
.l;k/¤.0;1/

k
X

iD1

T
.k/

!0;l
.x/

kŠ
.z.�/; : : : ; Q�n�1.�; �!/

„ ƒ‚ …

i-th

; : : : ; x.�/ � x/�l�1

C

n
X

lD0

Ll .�; !/

�
x.�/ � x

�

�n�l

C zT!0;n.�; x.�//;

(3.5)

where

z.�/ D

n�1
X

kD1

�k.�!/�
k

and

Ll.�; !/ D L.n� l; T!0;l ; x.�/; x/
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in Proposition 2.3. �us by a similar argument in the case when n D 1, we obtain

the form

�.�; !/ D �! C �1.!/� C � � � C �n.!/�
n C Q�n.�; !/�

n

with

�j .!/ D

1
X

kD0

T 0
!0���!k�1

.��k!/.Rj .��
k!//; (3.6a)

Q�n.�; !/ D

1
X

kD0

T 0
!0���!k�1

.��k!/. zRn.�; �
k!//: (3.6b)

Choose any �2 2 .r; 1/. We will show �1; : : : ; �n 2 F�2
.E.1/;RD/. We �rst

prove this assertion in the case when n D 1. Let r1 2 .r; �2/ and !; � 2 E.1/ with

!0 � � �!m�1 D �0 � � ��m�1 and !m ¤ �m. To see �1 2 Fr1.E
.1/;RD/, consider

.T!0���!k�1
/0.��k!/.R1.�

k!// � .T�0����k�1
/0.��k�/.R1.�

k�//

D ..T!0���!k�1
/0.��k!/ � .T�0����k�1

/0.��k�//.R1.�
k!//

C .T�0����k�1
/0.��k�/.R1.�

k!/ � R1.�
k�// D Ik.!; �/C IIk.!; �/:

Put � D !0 � � �!k�1. Recall that for x; y 2 Ot.!0/,

jT 0
� .x/ � T 0

� .y/j � rkc3jx � yj

is satis�ed for a constant

c3 D max
e2E

kT 00
e kr�1.c2/

2

.1� r/

from the bounded distortion of the GIFS .G; .Jv/; .Te//. Moreover, in the case

when k � m, we have

jIk.!; �/j � c3r
k j��k! � ��k�jkR1k1 � c3kR1k1Œ��r1.r=r1/

kdr1.!; �/:

Note that since R1.!/ D T!0;1.��!/ holds by the de�nition, this implies in a

straightforward way that ŒR1�r1 < 1. Furthermore,

jIIk.!; �/j � rkŒR1�r1dr1.�
k!; �k�/ � ŒR1�r1.r=r1/

kdr1.!; �/:
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On the other hand, in the case when k > m,

jIk.!; �/j; jIIk.!; �/j � 2rkkR1k1 � 2kR1k1.r=r1/
kdr1.!; �/

are satis�ed. Consequently, we obtain

j�1.!/ � �1.�/j � c4

1
X

kD0

� r

r1

�k

dr1.!; �/ D
c4

1 � r=r1
dr1.!; �/

by putting

c4 D max.c3kR1k1Œ��r1 C ŒR1�r1 ; 2kR1k1/:

�us, �1 2 F�1
.E.1/;RD/ by r1 < �1 is ful�lled.

We �nally show that if we have �1; : : : ; �n�1 2 Frn�1
.E.1/;RD/ for some

rn�1 2 .rn�2; �2/, then �n is in Frn.E
.1/;RD/ with rn 2 .rn�1; �2/. We prove

that Rn is in Frn�1
.E.1/;RD/ by using the above argument. Note that for e 2 E

and l; k � 1with lCk � n, the function T
.k/

e;l
is at least of C 1 onOt.e/. �erefore,

for each !; � 2 E.1/ with !0 D �0,

jT
.k/

!0;l
.��!/.�i1.�!/; : : : ; �ik.�!// � T

.k/

�0;l
.���/.�i1.��/; : : : ; �ik.��//j

� jT
.k/

!0;l
.��!/.�i1.�!/; : : : ; �ik.�!// � T

.k/

!0;l
.���/.�i1.�!/; : : : ; �ik.�!//j

C jT
.k/

!0;l
.���/.�i1.�!/; : : : ; �ik.�!//

� T
.k/

!0;l
.���/.�i1.��/; : : : ; �ik .��//j

� c2jT
.kC1/
!0;l

jj��! � ���jk�i1k1 � � � k�ik k1

C

k
X

jD1

jT
.k/

!0;l
.���/.�i1.�!/; : : : ; �ij .�!/ � �ij .��/

„ ƒ‚ …

j -th

; : : : ; �ik.��//j

� c2jT
.kC1/
�;l

jŒ��rn�1
k�i1k1 � � � k�ik k1.rn�1/

�1drn�1
.!; �/

C jT
.k/

�;l
j

k
X

jD1

k�i1k1 � � � Œ�ij �rn�1
„ ƒ‚ …

j -th

� � � k�ik k1.rn�1/
�1drn�1

.!; �/

(3.7)

is ful�lled by using the inequality (2.2) as

T .x/ D T
.k/

!0;l
.x/.�i1.�!/; : : : ; �ik.�!//;

where

jT
.k/

�;l
j D max

e2E
sup

x2Ut.e/

jT
.k/

e;l
.x/j:
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�erefore Rn 2 Frn�1
.E.1/;RD/ by the de�nition of Rn. �us by a similar proof

which �1 is in Fr1.E
.1/;RD/, �n 2 Frn.E

.1/;RD/ is yielded for rn 2 .rn�1; �2/.

Hence we obtain the assertion of this lemma.

Lemma 3.2. Assume that .G/n is satis�ed. Let �3 D �
ˇ
2 . �en there exist func-

tions '1; : : : ; 'n 2 F�3
.E.1/;R/ and Q'n.�; �/ 2 F�.�/.E

.1/;R/ with �.�/ 2 .0; 1/

such that '.�; �/ has the form

'.�; �/ D ' C '1� C � � � C 'n�
n C Q'n.�; �/�

n

and

k Q'n.�; �/k1 �! 0 as � ! 0,

where ' is de�ned in .1.2/.

Proof. Note that the equation

'.�; !/ D
1

D
log j detT 0

!0
.�; �.�; �!//j

follows from T!0
.�; �/ is conformal.

First we show that the function detT 0
e.�; �/ has an asymptotic expansion. Re-

call that when we write Te.�; x/ D .te;1.�; x/; te;2.�; x/; : : : ; te;D.�; x// in R
D for

e 2 E and x D .x1; x2; : : : ; xD/ 2 Ot.e/, the function detT 0
e.�; x/ satis�es the

form

detT 0
e.�; x/ D

X

�

".�/
@te;1.�; x/

@x�.1/

@te;2.�; x/

@x�.2/
� � �
@te;D.�; x/

@x�.D/
; (3.8)

where � runs through the �nite set of all permutations of ¹1; 2; : : : ; Dº, and ".�/

denotes the signature of the permutation �. Since the expansion

T 0
e.�; �/ D T 0

e C T 0
e;1� C � � � C T 0

e;n�
n C zT 0

e;n.�; �/�
n

and k zT 0
e;n.�; �/k ! 0 as � ! 0 follow, so has for each element @

@xl
te;k.�; �/. We de-

note Te;k.x/ as .te;k;1.x/; te;k;2.x/; : : : ; te;k;D.x// for k D 0; 1; : : : ; n and zTe;n.�; x/

as .Qte;n;1.�; x/; Qte;n;2.�; x/; : : : ; Qte;n;D.�; x//, where Te;0.x/ D Te.x/. We also ob-

tain an n-order asymptotic expansion

detT 0
e.�; �/ D detT 0

e C �e;1� C � � � C �e;n�
n C Q�e;n.�; �/�

n (3.9)
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and kQ�e;n.�; �/k1 ! 0 as � ! 0 by the form (3.8), where each �e;k.x/ and

Q�e;n.�; x/ have the forms

�e;k.x/ D
X

�

".�/
X

0�i1;i2;:::;iD�nW

i1Ci2C���CiDDk

@te;i1;1.x/

@x�.1/

@te;i2;2.x/

@x�.2/
� � �
@te;iD;D.x/

@x�.D/
; (3.10a)

Q�e;n.�; x/ D
X

�

".�/

Dn
X

iDnC1

X

0�i1;i2;:::;iD�nW

i1Ci2C���CiDDi

@te;i1;1.x/

@x�.1/

@te;i2;2.x/

@x�.2/
� � �
@te;iD;D.x/

@x�.D/
�i�n

C
X

�

".�/

D
X

jD1

°� n
X

sD0

@te;s;1.x/

@x�.1/
�s

�

� � �
@Qte;n;j .�; x/

@x�.j /
„ ƒ‚ …

j -th

� � �
@te;D.�; x/

@x�.D/

±

:

(3.10b)

In particular, since the function T 0
e;j is of C n�jCˇ for j D 0; 1; : : : ; n, each �e;k

is of C n�kCˇ from this de�nition.

Next we give the n-order asymptotic expansion of

! 7�! T 0
!0
.�; �.�; �!//:

By virtue of the above argument together with Proposition 2.3 and Lemma 3.1, the

function detT 0
!0
.�; �.�; �!// has

detT 0
!0
.�; �.�; �!//

D detT 0
!0
.��!/C f!0;1.�!/� C � � � C f!0;n.�!/�

n C Qf!0;n.�; �!/�
n

and

k Qf!0;n.�; �/k1 �! 0

by putting f .�; �/ D detT 0
!0
.�; �/, x D ��!, and x.�/ D �.�; �!/ in Proposi-

tion 2.3. Here each f!0;j and Qf!0;n.�; �/ are given by

f!0;j .�!/ D �!0;j .��!/C

j�1
X

lD0

j�l
X

kD1

X

i1;:::;ik�1W

i1C���CikDj �l

�
.k/

!0;l
.x/.�i1.�!/; : : : ; �ik.�!//

kŠ
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and

Qf!0;n.�; �!/ D

n�1
X

lD0

n�l
X

kD1

kn
X

iDn�lC1

X

1�i1;:::;ik�nW

i1C���CikDi

�
.k/

!0;l
.x/.�i1.�!/; : : : ; �ik.�!//

kŠ
�i�nCl

C

n
X

lD0

n�l
X

kD1

k
X

iD1

�
.k/

!0;l
.x/.z.�/; : : : ; Q�n.�; �!/

„ ƒ‚ …

i-th

; : : : ; x.�/ � x/
�l

kŠ

C

n
X

lD0

L.n � l; �!0;l ; x.�/; x/
�x.�/ � x

�

�n�l

C Q�e;n.�; x.�//;

(3.11)

where

z.�/ D

n
X

kD1

�k.�!/�
k:

Now we show that ! 7! f!0;j .�!/ is a d�3
-Lipschitz function. In this form,

the function �!0;j is of C n�jCˇ and at least of C ˇ . Similarity, since �
.k/

!0;l
is of

C n�l�kCˇ with n� l � k � 0, this function is also of C ˇ . By a similar argument

in (3.7), we obtain that for !; � 2 E.1/ with !0 D �0

j�!0;j .��!/� �!0;j .���/j � c5.j; 0/Œ��
ˇ

�2
��1
3 d�3

.!; �/ (3.12)

and

j�
.k/

!0;l
.��!/.�i1.�!/; : : : ; �ik.�!// � �

.k/

!0;l
.���/.�i1.��/; : : : ; �ik.��//j

� c5.l; k/Œ��
ˇ

�2
��1
3 k�i1k1 � � � k�ikk1d�3

.!; �/

C

k
X

iD1

max
e2E

sup
x2Jt.e/

j�
.k/

e;l
.x/jk�i1k1 � � � Œ�ii ��2

„ƒ‚…

i-th

� � � k�ik k1d�2
.!; �/;

(3.13)

where

c5.l; k/ D max
e2E

sup
x;y2Jt.e/ W x¤y

j�
.k/

e;l
.x/ � �

.k/

e;l
.y/j

jx � yjˇ
:

�us the inequalities (3.12) and (3.13) imply f!0;j 2 F�3
.E.1//.
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Finally, we prove the assertion of this lemma. For any small � > 0, the signa-

ture

sign.detT 0
!0
.�; �.�; �!///D sign.detT 0

!0
.��!// D s.!0/

depends only on !0. �erefore

'.�; !/ D
1

D
log.s.!0/ detT 0

!0
.�; �.�; �!///

is satis�ed. By applying Proposition 2.3 with x.�/ D s.!0/ detT 0
!0
.�; �.�; �!//

and f .�; x/ D .1=D/ logx, we obtain the asymptotic expansion of '.�; !/ and

also see k Q'n.�; �/k1 ! 0 by the de�nition of Qyn.�/ in Proposition 2.3. Conse-

quently, each 'k and Q'n.�; �/ have the forms

'k.!/ D
1

D

k
X

iD1

.�1/i�1.i � 1/Šx�i
X

j1���jk

x
j1

1 � � �x
jk

k

j1Š � � �jkŠ
;

Q'n.�; !/

D
1

D

n
X

kD1

kn
X

iDnC1

X

1�i1;:::;ik�nW

i1C���CikDi

.�1/k�1

kxk
xi1xi2 � � �xik�

i�n

C
1

D

n
X

kD1

k
X

iD1

.�1/k�1

kxk

°� n
X

jD1

xj �
j
�

� � � Qf!0;n.�; �!/
„ ƒ‚ …

i-th

� � � .y.�/ � x/
±

C
1

D

Z 1

0

.1� t /n�1.�1/n�1
�xn � .x C t .y.�/ � x//n

.x C t .y.�/ � x//nxn

��y.�/ � x

�

�n

dt;

(3.14)

where the second summation of 'k.!/ is taken over all integers j1; : : : ; jk so that

0 � j1; : : : ; jk, j1 C � � � C jk D i and j1 C 2j2 C � � � C kjk D k, and where

x D detT 0
!0
.��!/;

xj D f!0;j .�!/ for 1 � j � n,

and

y.�/ D detT 0
!0
.�; �.�; �!//:
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�e fact that each 'k is a d�3
-Lipschitz function is yielded by this de�nition.

To see that Q'n.�; �/ is a d�.�/-Lipschitz function, it is su�cient to show that

'.�; �/ 2 Fr.�/.E
.1// with r.�/ D rˇ.�/ for each � > 0. For !; � 2 E.1/ with

!0 D �0, we have

j'.�; !/ � '.�; �/j

�
1

mine2E infx2Jt.e/
jT 0
e.�; x/j

jT 0
!0
.�; �.�; �!//� T 0

!0
.�; �.�; ��//j

�
c6.�/

mine2E infx2Jt.e/
jT 0
e.�; x/j

j�.�; �!/� �.�; ��/jˇ.�/:

with

c6.�/ D max
e2E

sup
x;y2Jt.e/ W x¤y

jT 0
e.�; x/ � T 0

e.�; y/j

jx � yjˇ.�/
:

Now we will prove

sup
�>0

Œ�.�; �/�r � c7 (3.15)

for some constant c7 > 0. Choose any !; � 2 E.1/ so that

� D !0 � � �!m�1 D �0 � � ��m�1

and !m ¤ �m for an integer m � 1. We obtain

j�.�; !/� �.�; �/j D jT� .�; �.�; �
m!// � T� .�; �.�; �

m�//j

� c2 sup
x2Ut.!m�1/

jT 0
� .�; x/jj�.�; �

m!/ � �.�; �m�/j

� c7r
m

with c7 D c2 maxv2V diamJv . �erefore (3.15) is satis�ed. Consequently, '.�; �/

is a dr.�/-Lipschitz function. Hence Q'n.�; �/ is a d�.�/-Lipschitz function with

�.�/ D max.�3; r.�//.

Proof of �eorem 1.1. By virtue of Lemma 3.2, the function '.�; �/ ful�lls the con-

dition in �eorem 2.4. �us the assertion follows from �eorem 2.4.

Lemma 3.3. Assume that .G/0n is satis�ed. Let �4 2 .�2; 1/. �en we have

lim sup
�!0

Œ Q�n.�; �/��4
< 1;

where Q�n.�; �/ is de�ned in Lemma 3.1.
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Proof. First we show the assertion in the case when n D 0. Since �.�; �/ satis-

�es (3.15) and since � is in Fr .E
.1/;RD/, we obtain

sup
�>0

Œ Q�0.�; �/��4
� c7 C Œ���4

< 1

by r < �4.

Next we consider the case when n D 1. Since Q�1.�; �/ has the form

Q�1.�; �/ D
�.�; �/� �

�
C �1;

it is su�cient to show that

lim sup
�!0

Œ.�.�; �/� �/=��r1 < 1 with r1 2 .�2; �4/.

We give some notation below. Recall the de�nition of Uv and ı in (2.1). We take
Oı 2 .0; ı=.1C 1=.1� r/// and put

yUv D
[

x2Jv

B.x; Oı/ for v 2 V .

Note the inclusion

Jv � yUv � yUv � Uv � Uv � Ov:

We see Te. yUt.e// � yUi.e/ and Te.�; yUt.e// � yUi.e/. We also obtain

B. yUv; Oı=.1 � r// � Uv: (3.16)

Indeed, for any x 2 B. yUv; Oı=.1 � r//, there exist y 2 yUv and z 2 Jv such that

jx � yj < Oı=.1� r/, jy � zj < Oı and

jx � zj < jx � yj C jy � zj < .1=.1� r/C 1/ Oı < ı:

Let yTe.�; �/ 2 C.Ot.e/;R
D/ be

yTe.�; �/ D Te C Te;1� C zTe;1.�; �/� for each e 2 E.

We see yTe.�; �/ D Te.�; �/ on Jt.e/ by condition .G/1. We need to show the bound-

edness of zT 0
e;1.�; �/ on Ut.e/. By virtue of condition .G/01, there exists �0 > 0 such

that for any 0 < � < �0 and for x 2 Ut.e/

j zT 0
e;1.�; x/j � j zT 0

e;1.�; z/j C .c1 C 1/jx � zjˇ � 1C .c1 C 1/ıˇ D c8

for some element z 2 Jt.e/ with jx � zj < ı by supy2Jt.e/
j zT 0
e;1.�; y/j ! 0 as

� ! 0. �erefore, we have that for any e 2 E, x 2 Ut.e/ and � 2 .0; �0/

j yT 0
e.�; x/ � T 0

e.x/j D jT 0
e;1.x/� C zT 0

e;1.�; x/�j � c9�; (3.17)
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and

j yTe.�; x/ � Te.x/j D jTe;1.x/� C zTe;1.�; x/�j

� . sup
y2Ut.e/

jTe;1.y/j C j zTe;1.�; z/j C sup
y2Ut.e/

j zT 0
e;1.�; y/jjx � zj/�

� . sup
y2Ut.e/

jTe;1.y/j C sup
y2Jt.e/

j zTe;1.�; y/j C c8ı/� � c10�;

(3.18)

with some point z 2 Jt.e/, where we put

c9 D max
e2E

sup
y2Ut.e/

jT 0
e;1.y/j C c8;

and

c10 D max
e2E

. sup
y2Ut.e/

jTe;1.y/j C sup
y2Jt.e/

j zTe;1.�; y/j C c8ı/:

Choose a small number �1 2 .0; �0/ so that

sup
y2Ut.e/

jT 0
e.y/j C c9� < r;

c10� < Oı

and

.1 � t /�w C t�.�; w/ 2
[

v2V

yUv

are satis�ed for any 0 < � < �1, e 2 E, t 2 Œ0; 1� and w 2 E.1/. By inequal-

ity (3.17), we see

sup
x2Ut.e/

j yT 0
e.�; x/j < r

and therefore yTe.�; yUt.e// � yUi.e/ for 0 < � < �1.

To see that the map ! 7! .�.�; !/ � �!/=� is in Fr1.E
.1//, we note the

following:

�.�; !/ D T� .�; �/.�.�; �
m!//

D T� .�; ��
m!/

C

Z 1

0

T 0
� .�; .1� t /��m! C t�.�; �m!//.�.�; �m!/ � ��m!/ dt:
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�erefore we have

ˇ
ˇ
ˇ
�.�; !/� �!

�
�
�.�; �/� ��

�

ˇ
ˇ
ˇ

�
ˇ
ˇ
ˇ
.T� .�; �/� T� /.��

m!/

�
�
.T� .�; �/� T� /.��

m�/

�

ˇ
ˇ
ˇ C 2rm




�.�; �/� �

�





1

D I1.�; !; �/C 2



�.�; �/� �

�





1
dr .!; �/

and

I1.�; !; �/ D
ˇ
ˇ
ˇ
. yT� .�; �/� T� /.��

m!/

�
�
. yT�.�; �/� T� /.��

m�/

�

ˇ
ˇ
ˇ

� c11 sup
x2 yUt.!m�1/

ˇ
ˇ
ˇ

� yT�.�; �/ � T�

�

�0

.x/
ˇ
ˇ
ˇ j�.�m!/ � �.�m�/j

� c12 sup
x2 yUt.!m�1/

ˇ
ˇ
ˇ
ˇ
ˇ

m�1
Y

iD0

yT 0
!i
.�; xi .�; x// �

m�1
Y

iD0

T 0
!i
.yi .x//

�

ˇ
ˇ
ˇ
ˇ
ˇ

� c12 sup
x2 yUt.!m�1/

m�1
X

iD0

rm�1
ˇ
ˇ
ˇ

yT 0
!i
.�; xi.�; x// � T 0

!i
.�; yi.x//

�

ˇ
ˇ
ˇ;

(3.19)

with

c11 D max
°

1;max
v2V

diam.Jv/

dist.Jv; @ yUv/

±

;

c12 D c11 max
v2V

diam.Jv/;

and

xi .�; x/ D yT!iC1���!m�1
.�; x/

yi .x/ D T!iC1���!m�1
.x/

for i D 0; 1; : : : ; m� 2, and

xm�1.�; x/ D ym�1.x/ D x:
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We note yi .x/ 2 yUt.!iC1/ for x 2 yUt.wm�1/. Now we show

jxi .�; x/ � yi .x/j < c10
�

1 � r

for each i . By (3.18), we have

jxm�2.�; x/ � ym�2.x/j D j yT!m�1
.�; x/ � T!m�1

.x/j � c10� < Oı <
Oı

.1� r/

for 0 < � < �1 and therefore txm�2.�; x/ C .1 � t /ym�2.x/ 2 Ut.!m�1/ for all

t 2 Œ0; 1� from (3.16). When we assume

jxi .�; x/ � yi .x/j < c10�.1C r C � � � C rm�2�i / for each 1 � i � m � 2,

xi .�; x/ also satis�es txi .�; x/C .1 � t /yi.x/ 2 Ut.!iC1/ for all t 2 Œ0; 1� and

jxi�1.�; x/ � yi�1.x/j

� j yT!i
.�; xi .�; x//� T!i

.xi .�; x//j C jT!i
.xi .�; x// � T!i

.yi .x//j

� c10� C sup
t2Œ0;1�

jT 0
!i
.txi .�; x/C .1 � t /yi.x//jjxi .�; x/ � yi .x/j

� c10� C r.c10�.1C r C � � � C rm�2�i //

< c10
�

1 � r
:

�us we see

jxi .�; x/ � yi .x/j < c10
�

1� r
for i D 0; 1; : : : ; m� 2.

We obtain

ˇ
ˇ
ˇ

yT 0
!i
.�; xi.�; x// � T 0

!i
.�; yi.x//

�

ˇ
ˇ
ˇ

�
ˇ
ˇ
ˇ

yT 0
!i
.�; xi.�; x// � T 0

!i
.�; xi.�; x//

�

ˇ
ˇ
ˇ C

ˇ
ˇ
ˇ

T 0
!i
.�; xi.�; x// � T 0

!i
.�; yi.x//

�

ˇ
ˇ
ˇ

� c9 C sup
t2Œ0;1�

jT 00
!i
.txi .�; x/C .1 � t /yi.x//j

ˇ
ˇ
ˇ
xi .�; x/ � yi .x/

�

ˇ
ˇ
ˇ

� c9 C
c13c10

1� r
;

with

c13 D max
e2E

sup
x2Ut.e/

jT 00
e .x/j:
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�erefore we see

I1.�; !; �/ � c12

�

c9 C
c13c10

1� r

�

mrm�1:

Choose any r1 2 .r; �4/. Since the equation

mrm�1 D m.r=r1/
m�1.r1/

m�1

and the inequality

m.r=r1/
m�1 � �

1
�

exp.1/
r

r1
log

� r

r1

�� D c14

follow for any m � 1, we have

I1.�; !; �/ � c12

�

c9 C
c13c10

1� r

�

c14r
�1
1 .r1/

m:

�us, for any 0 < � < �1
h�.�; �/� �

�

i

r1
� c12

�

c9 C
c13c10

1� r

�

c14r
�1
1 C 2c15 D c16

holds with

c15 D sup
�>0




�.�; �/� �1

�





1
:

Consequently we obtain

Œ Q�1.�; �/�r1 � c16 C Œ�1�r1 for any 0 < � < �1.

We have the assertion in the case n D 1.

Let n � 2. Finally we show that if lim sup�!0Œ Q�n�1.�; �/��.n�1/ < 1 is sat-

is�ed for some �.n � 1/ 2 .�.n � 2/; �4/, then so is Q�n.�; �/. Recall the form of

Q�n.�; �/ de�ned in (3.6b). We will prove

lim sup
�!0

Œ zRn.�; �/�rn < 1 for rn 2 .�.n� 1/; �4/,

where zRn.�; �/ is given in (3.5). �e boundedness of Lipschitz constant of

! 7�! T
.k/

!0;l
.��!/.�i1.�!/; : : : ; �ik.�!//

immediately follows from the inequality (3.7). Put

t .�; !/ D T
.k/

!0;l
.��!/.z.�; �!/; : : : ; z.�; �!/

„ ƒ‚ …

i�1

;

Q�n�1.�; �!/
„ ƒ‚ …

i-th position

;

�.�; �!/� ��!; : : : ; �.�; �!/� ��!
„ ƒ‚ …

k�i

/
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and

z.�; !/ D

n�1
X

kD1

�k.!/�
k:

By a similar argument of the inequality (3.7), we obtain that for !; � 2 E.1/ with

!0 D �0

jt .�; !/� t .�; �/j

D
°

c2jT
.kC1/
�;l

jŒ��rnkz.�; �/ki�11 k�.�; �/

� �kk�i
1 k Q�n.�; �/k1

C .i � 1/jT
.k/

�;l
jkz.�; �/ki�21 k�.�; �/

� �kk�i
1 k Q�n�1.�; �/k1Œz.�; �/�rn

C .k � i/jT
.k/

�;l
jkz.�; �/ki�11 k�.�; �/

� �kk�i�1
1 k Q�n�1.�; �/k1.Œ�.�; �/�rn C Œ��rn/

C jT
.k/

�;l
jkz.�; �/ki�11 k�.�; �/� �kk�i

1 Œ Q�n�1.�; �/�rn

±

.rn/
�1drn.!; �/;

where jT
.kC1/
�;l

j appears by (3.7). By virtue of lim sup�!0Œ Q�n�1.�; �/��.n�1/ < 1,

we get lim sup�!0Œt .�; �/�rn < 1. We also have

ˇ
ˇ
ˇLl .�; !/

��.�; �!/� ��!

�

�n�l

� Ll .�; �/
��.�; ��/� ���

�

�n�l ˇ
ˇ
ˇ

� jLl .�; !/ � Ll .�; �/j



�.�; �/� �

�





n�l

1

C .n � l/jLl .�; �/j



�.�; �/� �

�





n�l�1

1

h�.�; �/� �

�

i

rn
.rn/

�1drn.!; �/

and

jLl .�; !/� Ll .�; �/j

�

Z 1

0

.1 � t /n�l�1

.n � l � 1/Š

�

jT
.n�l/
!0;l

.��!/� T
.n�l/
!0;l

.���/j

C jT
.n�l/
!0;l

..1� t /��! C t�.�; �!//

� T
.n�l/
!0;l

..1� t /��� C t�.�; ��//j
�

dt

�
� c2

.n � l/Š
Œ��rn C

c17

.n � l/Š
.Œ��rn C Œ�.�; �/�rn/

�

jT
.n�lC1/
�;l

j.rn/
�1drn.!; �/;
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for any 0 < � < �1, where

c17 D max
°

1;max
v2V

diam. yUv/

dist. yUv; @Uv/

±

:

Moreover,

j zT!0;n.�; �.�; �!//� zT!0;n.�; �.�; ��//j

� c2 sup
x2Ut.!0/

j zT 0
!0;n

.�; x/jj�.�; �!/� �.�; ��/j

� c2.max
e2E

sup
z2Jt.e/

j zT 0
e;n.�; z/j C .c1 C 1/ıˇ /Œ�.�; �/�rn.rn/

�1drn.!; �/

holds. Consequently, lim sup�!0Œ
zRn.�; �/�rn < 1 is ful�lled. By the proof of

�1 2 F�2
.E.1// in Lemma 3.1, we have the assertion

lim sup
�!0

Œ Q�n.�; �/��.n/ < 1 for �.n/ 2 .rn; �4/.

Hence the proof of this Lemma is complete.

Lemma 3.4. Assume that .G/0n are satis�ed. �en

lim sup
�!0

Œ Q'n.�; �/��5
< 1

with

�5 D �
ˇ
4 ;

where Q'n.�; �/ is de�ned in Lemma 3.2 and �4 is given in Lemma 3.3.

Proof. Recall the small order part Q�e;n.�; �/ de�ned in (3.9). By virtue of the as-

sumption .G/0n, the function

zTe;n.�; �/ D .Qte;n;1.�; �/; Qte;n;2.�; �/; : : : ; Qte;n;D.�; �//

ful�lls the condition

lim sup
�!0

sup
x;y2Ot.e/ W x¤y

ˇ
ˇ
ˇ
@

@xj
Qte;n;i.�; x/ �

@

@xj
Qte;n;i .�; y/

ˇ
ˇ
ˇ

jx � yjˇ
< 1
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for each i; j 2 ¹1; 2; : : : ; Dº. �is condition implies that Q�e;n.�; �/ is of C ˇ and

lim sup
�!0

sup
x;y2Jt.e/ W x¤y

j Q�e;n.�; x/ � Q�e;n.�; y/j

jx � yjˇ
< 1

by the form (3.10). �us the small order part of the map ! 7! detT 0
!0
.�; �.�; �!//

de�ned by (3.11) is bounded uniformly in any small � > 0 with respect to Œ���5
.

�e de�nition of Q'n.�; �/ in (3.14) yields the assertion.

Proof of �eorem 1.3. �e map � 7! .dimH K.�//'.�; �/ has an n-order asymp-

totic expansion by �eorem 1.1 and Lemma 3.2. Moreover, it is not hard to check

that this small order part is bounded uniformly in any small � > 0 with respect to

Œ���5
from Lemma 3.4. Hence the assertion is yielded from �eorem 2.4 in [14] by

replacing '.�; �/ as .dimH K.�//'.�; �/.

4. Examples

In the �nal section, we will give two concrete examples of asymptotic perturbed

GIFSs in Example 4.1 and Example 4.2. We also formulate degeneration of graph

iterated function systems and calculate the Hausdor� dimension of this limit sets

in Example 4.3.

Example 4.1. Let

� ˇ 2 .0; 1/,

� G D .V D ¹vº; E D ¹1; 2º; i; t /with i.1/ D t .1/ D i.2/ D t .2/ D v, and

� Jv D Œ0; 1� � R1.

We de�ne two maps T1.�; �/ and T2.�; �/ in C.Jv; Jv/ by

T1.�; x/ D
x2Cˇ

6
C
x

6
C x1Cˇ � C x1C��2;

and

T2.�; x/ D T2.x/ D
x2Cˇ

6
C
x

6
C
1

2
:

It is easy to see that the triplet .G; .Jv/; .Te.�; �/// satis�es the condition of GIFS.

In this case, the map T1.�; x/ has the form

T1.�; �/ D T1 C T1;1� C zT1;1.�; �/�
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if we put

T1.x/ D
x2Cˇ

6
C
x

6
;

T1;1.x/ D x1Cˇ

and

zT1;1.�; x/ D x1C��:

�erefore this GIFS ful�lls condition .G/1 by choosing ˇ.�/ D �. In particular,

T1.�; �/ is of C 1C� for each � > 0. �eorem 1.1 implies that the limit set K.�/ has

the form

dimH K.�/ D dimH K C s1� C o.�/

in R
1, where s1 is given by

s1 D �.dimH K/
�.'1/

�.'/

(for example, Section 5.1 in [14]) and � is the Gibbs measure of .dimH K/'.

Example 4.2. We use the notation ˇ;G; Jv; T2.�; �/ de�ned in Example 4.1. Put

T1.�; x/ D
jx � �j2Cˇ

6
C
x

6
for x 2 Jv .

�is map yields the expansion

T1.�; x/ D T1 C T1;1� C zT1;1.�; �/�

and convergence

j zT1;1.�; �/j �! 0 and
ˇ
ˇ
ˇ
@

@x
zT1;1.�; �/

ˇ
ˇ
ˇ �! 0 as � ! 0,

where

T1.x/ D
x2Cˇ

6
C
x

6
;

T1;1.x/ D �
.ˇ C 2/x1Cˇ

6
;

and zT1;1.�; �/ is the remainder. Furthermore, we obtain

c1 �
.ˇ C 1/.ˇ C 2/

6
;
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where c1 is de�ned in condition .G/01. �erefore the GIFS .G; .Jv/; .Te.�; �///

satis�es .G/01. Let f 2 F� .E
.1/;C/ with

� D .sup
x

jT 0
1.x/j/

ˇ D
�1

3
C
ˇ

3

�ˇ

:

It follows from �eorem 1.3 and the results in [14] that the Gibbs measure �.�; �/

of .dimH K.�//'.�; �/ has the form

�.�; f / D �.f /C �1.f /� C o.�/ in R
1

and

h.�.�; �// D h.�/CH1� C o.�/ in R
1

by putting

�1.f / D ��.f S.LE;s'.'1h/// � �.'1S.hf //

and

H1 D ��1.'/

(see Section 5.1 in [14]). Here the operatorLE;s' and the triplet .1; h; �/ are de�ned

in the next example, and

S D .LE;s' � P � �I/�1.I � P/;

with Pf D �.hf /.

Example 4.3. Let �1 D �1.�/ and �2 D �2.�/ be positive functions with the

conditions

lim
�!0

�1.�/ D lim
�!0

�2.�/ D 0:

We consider a family of GIFSs

¹.G; .Jv/; .Te.�; �/// W � > 0º

as follows.

(a) �ere exists a decomposition of the edge set E into E.0/ and E.1/ with

E.0/ ¤ ; such that .Te.�; �//e2E.0/ satisfy condition .G/1 by putting � D �1

and .Te.�; �//e2E.1/ condition .G/1 by putting � D �2 and Te � ae . Namely

Te.�; �/ D

8

<

:

Te C Te;1�1 C zTe;1.�; �/�1; e 2 E.0/

ae C Te;1�2 C zTe;1.�; �/�2; e 2 E.1/:

Here the triplet .G; .Jv/; .Te/e2E.0// is a GIFS and each ae , e 2 E.1/ is a

constant with ae 2 Ji.e/.
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(b) �e subgraph G.0/ D .V; E.0// of G has exactly one strongly connected

component G0 D .V0; E0/. �e Hausdor� dimension s D dimH
zK.G0/ of

the limit set zK.G0/ of the GIFS .G0; .Jv/v2V0
; .Te/e2E0

/ is positive. Further-

more, either s < 1 or condition .G/00 is satis�ed.

It follows from �eorem 1.1 that the limit set zK.�/ of .G0; .Jv/v2V0
; .Te.�; �//e2E0

/

gives the form

dimH
zK.�/ D s C s1�1 C o.�1/: (4.1)

Denoted by K.�/ the limit set of the GIFS .G; .Jv/; .Te.�; �///. We put

s.�/ D dimH K.�/:

�en we obtain the next theorem.

�eorem 4.4. Assume conditions (a) and (b). �en we have the form

s.�/ D s C s1�1 C s0
1.�2/

s C o.max.�1; .�2/
s// in R,

where s1 and s0
1 are de�ned in this proof.

We will show this theorem by using a transfer operator method. Let L.X/ be

the totality of bounded linear operators acting on a Banach space X. Denoted

by M.E.1// the totally of Borel probability measures on E.1/. For a subset

F � E and ' 2 F� .E
.1/;R/, we de�ne a bounded linear operator LF;' in

L.F� .E
.1/;C// by

LF;'f .!/ D
X

e2F W t.e/Di.!/

e'.e�!/f .e � !/;

where e � ! is the concatenation of e and !, i.e.

e � ! D e!0!1 � � � :

Assume that a graph .V; F / has only one strongly connected component

H D .VH ; EH /. Note that F .1/ ¤ ; is satis�ed by E
.1/
H ¤ ;. Let

' 2 F� .E
.1/;R/. It is known (�eorem 3.1 in [8] and �eorem 4.1 in [13]) that

there exists an unique triplet .�; h; �/ 2 R � F� .E
.1// � M.E.1// such that �

is the positive eigenvalue of the operator LF;' with maximal modulus, h is the

corresponding nonnegative eigenfunction and � is the corresponding eigenvector

of the dual L�
F;' with �.h/ D 1. Moreover, supph D ¹! 2 E.1/ W !0 2 EH º

and supp � D F .1/ are satis�ed. It also see that h� becomes the Gibbs measure

of 'j
E

.1/
H

on E
.1/
H and the equality log� D P.'j

E
.1/
H

/ holds. For the sake of

convenience, we call the triplet .�; h; �/ a thermodynamic spectral characteristics

(TSC for a short) of LF;' .
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Assume condition (a). We take the coding maps � and �.�; �/ de�ned in Sec-

tion 1. We set

�1.!/ D

1
X

kD0

.T!0���!k�1
/0.��k!/T!k;1.��

kC1!/ if ! 2 E.0/.1/

and �1.!/ D 0 otherwise. We de�ne �1;1 and �1;2 on E.1/ by

�1;1.!/ D

k�1
X

iD0

T 0
!0���!i�1

.�� i!/T!i ;1.��
iC1!/;

�1;2.!/ DT 0
!0���!k�1

.��k!/T!k;1.��
kC1!/

if !0 � � �!k�1 2 E.0/k and!k 2 E.1/ for some k � 0, and�1;1.!/ D �1;2.!/ D 0

otherwise. In this setting, we have the following lemma.

Lemma 4.5. Assume condition (a) and s > 0. �en

�.�; �/ D � C .�1 C �1;1/�1 C �1;2�2 C o.max.�1; �2// in C.E.1//.

Proof. By Lemma 3.1, the expansion �.�; �/ D � C �1�1 C o.�1/ in C.E.0/.1//

is satis�ed. For ! 2 E.1/ n E.0/.1/, there exists k � 0 such that we have

!0 : : : !k�1 2 E.0/k and !k 2 E.1/. By using (3.3) in the proof of Lemma 3.1,

we have the equation

�.�; !/� �! D �1

k�1
X

iD0

i�1
Y

jD0

T 0
!j
.��jC1!/.T!i ;1.��

iC1!/C zR1.�; �
i!//

C

k�1
Y

jD0

T 0
!j
.��jC1!/.�.�; �k!/ � ��k!/

D �1�1;1.!/

C �1

k�1
X

iD0

T 0
!0���!i�1

.�� i!/ zR1.�; �
i!/

C �2T
0
!0���!k�1

.��k!/.T!k;1.�.�; �
kC1!//

C zT!k ;1.�; �.�; �
kC1!///:

We note that the maps �1 C �1;1 and �1;2 become continuous functions in E.1/.

It is not hard to verify that this equation implies the assertion.



152 H. Tanaka

We give a decomposition

E.1/ D †.0/ [†.1/

into

†.i/ D ¹! 2 E.1/ W !0 2 E.i/º for i D 0; 1.

We de�ne a function

' W E.1/ �! R

by

'.!/ D

8

<

:

log kT 0
!0
.��!/k; ! 2 †.0/

0; ! 2 †.1/:

Set

˚.�; !/ D log



@

@x
T!0

.�; �.�; �!//


;

'.�; �/ D ˚.�; �/�†.0/;

and

 .�; �/ D ˚.�; �/�†.1/;

 1.!/ D jT 0
!0;1

.��!/js;

where �† denotes an indicator function of a set †.

Lemma 4.6. Assume conditions (a) and (b). �en there exists a function '1 such

that

'.�; �/ D ' C '1�1 C o.max.�1; �
s
2//

in C.E.1// if s < 1, and in C.E.0/.1// if s � 1.

Proof. First we give the form of '.�; �/. For e 2 E.0/, T 0
e.�; �/ has the form

T 0
e.�; �/ D T 0

e C T 0
e;1�1 C zT 0

e;1.�; �/�1

with

sup
x2Jt.e/

j zT 0
e;1.�; x/j �! 0 as � ! 0.

For F � E and e 2 F , let

F .1/
e D ¹! 2 F .1/ W !0 D eº:
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Equation (2.4) in Proposition 2.3 implies that

T 0
e.�; �.�; !// D T 0

e.�.�; !//C T 0
e;1.�.�; !//�1 C zT 0

e;1.�.�; !//�1

D T 0
e.�!/

C T 00
e .�!/.�.�; !/� �!/

C N0.�; !/.�.�; !/� �!/j�.�; !/� �!jˇ C T 0
e;1.�!/�1

C N1.�; !/j�.�; !/� �!jˇ�1

C zT 0
e;1.�.�; !//�1;

where we de�ne

� if �.�; !/ ¤ �!,

N0.�; !/ D
L.1; T 0

e; �.�; !/; �!/

j�.�; !/ � �!jˇ

and

N1.�; !/ D
L.0; T 0

e;1; �.�; !/; �!/

j�.�; !/� �!jˇ
;

and

� if �.�; !/ D �!,

N0.�; !/ D N1.�; !/ D 0:

Note that these functions are bounded uniformly in � > 0 and ! 2 E
.1/
e .

Lemma 4.5 implies for e 2 E.0/

T 0
e.�; �.�; �//D T 0

e.� �/C T 00
e .� �/.�1 C �1;1/�1 C T 0

e;1.� �/�1 C o.max.�1; �
s
2//

in C.E
.1/
e ;L.RD; RD// if s < 1 and in C.E.0/

.1/
e ;L.RD; RD// if s � 1. Indeed,

the term T 00
e .� �/�1;2�2 is a part of o.max.�1; �

s
2// if s < 1 and is equal to 0 on

E.0/.1/. �erefore the proof in Lemma 3.2 yields the form

detT 0
e.�; �.�; �// D detT 0

e.� �/C ae;1.�/�1 C o.max.�1; �
s
2//

in C.E
.1/
e / if s < 1 and in C.E.0/

.1/
e / if s � 1. We see that the sign of

detT 0
e.�; � �/ is equal to the sign of detT 0

e.� �/ for any small � > 0, and depends

only on e from 0 < kT 0
ek. We obtain the assertion by putting

'1.!/ D
a!0;1.�!/

.D detT 0
!0
.��!//

:
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Note that the role of s in the statement of Lemma 4.6 and in this proof is

independent of dimH
zK.G0/. �e essential role of s D dimH

zK.G0/ comes later

in Lemma 4.8 and Lemma 4.9. For � > 0, let .1; h.�; �/; �.�; �// be the TSC of

LE;s.�/˚.�;�/, . Q�.�/; Qh.�; �/; Q�.�; �// the TSC of LE.0/;s.�/'.�;�/ , and .1; h; �/ the TSC

of LE.0/;s' . We remark that � D h� is the Gibbs measure of s'j
E

.1/
0

.

Lemma 4.7. Assume conditions (a) and (b). �en s.�/ converges to s.

Proof. First we prove

lim inf
�!0

s.�/ � s:

To see this, we need to show

0 D P.s.�/˚.�; �// � P.s.�/'.�; �/j
E

.1/
0

/:

Recall the de�nition of the topological pressure (2.5). For any k � 1 and for any

path � 2 Ek0 on the graph G0, we have

sup
!2E

.1/
0

W

!0���!k�1D�

k�1
X

jD0

s.�/'.�; �j!/ D sup
!2E

.1/
0

W

!0���!k�1D�

k�1
X

jD0

s.�/˚.�; �j!/

� sup
!2E.1/W

!0���!k�1D�

k�1
X

jD0

s.�/˚.�; �j!/:

�is implies P.s.�/'.�; �/j
E

.1/
0

/ � P.s.�/˚.�; �// D 0. Since the map

R 3 t 7�! P.t'.�; �/j
E

.1/
0

/

is monotone decreasing and

P..dimH zK.�//'.�; �/j
E

.1/
0

/ D 0

is satis�ed from Bowen’s formula, we obtain s.�/ � dimH
zK.�/. �e form (4.1)

yields lim inf�!0 s.�/ � s.
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Next we show the assertion. We consider the equation

LE;s.�/˚.�;�/ � LE.0/;s.�/'.�;�/ D LE.1/;s.�/˚.�;�/

D LE.1/;s.�/'.�;�/.e
s.�/ .�;�/�/:

(4.2)

Choose any positive sequence .�.n// so that limn!1 �.n/ D 0 and s.�.n// con-

verges to a number s�. Note that s� satis�es 0 < s � s� � D. Let .��; h�; ��/

be the TSC of the operator LE.0/;s�' . Since LE.0/;s.�.n//˚.�.n/;�/ ! LE.0/;s�' in

L.C.E.1/// is ful�lled, we have �.�.n/; �/ ! �� in sense of weakly convergence

by Proposition 4.8(2) in [13]. Equation (4.2) implies

�.�; .LE;s.�/˚.�;�/ � LE.0/;s.�/'.�;�//h
�/ D �.�; .I � LE.0/;s.�/'.�;�//h

�/

D �.�;LE.1/;s.�/'.�;�/.e
s.�/ .�;�/h�//:

Letting as � ! 0 running through .�.n//, we obtain

��..I � LE.0/;s�'/h
�/ D .1 � ��/��.h�/ D 0

by LE.0/;s.�/'.�;�/ ! LE.0/;s�' in L.C.E.1/// and by es.�/ .�;!/ ! 0 uniformly

in ! 2 E.1/. �is yields �� D 1 from ��.h�/ > 0 and therefore

log�� D P.s�'j
E

.1/
0

/ D 0:

By Bowen’s formula, we get s� D dimH
zK.G0/ D s. Hence s.�/ ! s.

SinceLE.0/;s.�/'.�;�/ ! LE.0/;s' in L.C.E.1/// and es.�/ .�;!/ ! 0 uniformly

in ! 2 E.1/, we obtain LE.0/;s.�/˚.�;�/ ! LE.0/;s' in L.C.E.1/// by using equa-

tion (4.2). �erefore we see �.�; �/ ! � and Q�.�; �/ ! � from Proposition 4.8(2)

in [13].

Lemma 4.8. Assume conditions (a) and (b). �en the form

es.�/ .�;�/ D  1�
s.�/
2 C o.�

s.�/
2 / in C.E.1//

is satis�ed.
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Proof. We consider the function  .�; �/. Since for e 2 E.1/, T 0
e.�; �/ has the form

T 0
e.�; �/ D T 0

e;1�2 C zT 0
e;1.�; �/�2;

we obtain

detT 0
e.�; �/ D .�2/

D detT 0
e;1.�/C o..�2/

D/;

and therefore

j detT 0
e.�; �/j D .�2/

Dj detT 0
e;1.�/j C o..�2/

D/:

Now we consider convergence of es.�/ .�;!/=�
s.�/
2 . We have that when � is su�-

ciently small,




es.�/ .�;�/

�
s.�/
2

�  1





1

� sup
!2†.1/

ˇ
ˇ
ˇ

� j detT 0
!0
.�; �.�; �!//j

�D2

� s.�/
D

� j detT 0
!0;1

.�.�; �!//j
s.�/
D

ˇ
ˇ
ˇ

C sup
!2†.1/

j j detT 0
!0;1

.�.�; �!//j
s.�/
D � j detT 0

!0;1
.��!/j

s.�/
D j

C sup
!2†.1/

j j detT 0
!0;1

.��!/j
s.�/
D � j detT 0

!0;1
.��!/j

s
D j

D I.�/C II.�/C III.�/:

We note that for numbers a 2 .0; 1� and b > 0, there exists c > b such that

jxa � yaj � jx � yja for any x; y 2 .b; c/. �us we see

I.�/ �
ˇ
ˇ
ˇ
o.�D2 /

�D2

ˇ
ˇ
ˇ

s.�/=D

�! 0 with 0 <
s.�/

D
� 1.

We also have II.�/ ! 0 by the same argument. Finally, since †.1/ is compact,

we obtain that III.�/ vanishes.

Lemma 4.9. Assume conditions (a) and (b), and s � 1. �en the form

Q�.�/ D 1C �.LE.1/;s'. 1h//�
s.�/
2 C o.�

s.�/
2 / in R

is satis�ed.
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Proof. By virtue of condition .G/00, lim sup�!0Œ'.�; �/�� < 1 is yielded for some

� 2 .0; 1/. �us we have that Qh.�; �/ converges to h in C.E.1// (Proposition 4.3

in [8]). Equation (4.2) implies

.1� Q�.�//�.�; Qh.�; �// D �.�;LE.1/;s.�/'.�;�/.e
s.�/ .�;�/ Qh.�; �///:

Hence we obtain the assertion by Lemma 4.6 and by �.h/ D 1.

Lemma 4.10. Assume conditions (a) and (b). �en we have

js.�/ � sj D O.max.�s2; �
s.�/
2 ; �1//:

Moreover, if either �1 D O.�
s.�/
2 / or �1 D O.�s2/ is satis�ed then �

s.�/
2 =�s2 ! 1

holds.

Proof. First we assume s < 1. We consider the equation

LE;s.�/˚.�;�/ � LE.0/;s'

D LE.0/;s.�/'.�;�/ � LE.0/;s'.�;�/ C LE.0/;s'.�;�/ � LE.0/;s' C LE.1/;s.�/˚.�;�/

D LE.0/;s'.�;�/.'.�; �/�/.s.�/� s/C LE.0/;s'.�;�/.G.�; �/�/.s.�/� s/2

C LE.0/;s'.s.'.�; �/� '/�/C LE.0/;s'.H.�; �/.'.�; �/� '/2�/

C LE.1/;s.�/'.�;�/.e
s.�/ .�;�/�/;

where we de�ne

G.�; �/ D

1
X

kD0

.s.�/ � s/k.'.�; �/kC2/=.k C 2/Š

and

H.�; �/ D

1
X

kD0

.skC2.'.�; �/� '/k/=.k C 2/Š:

We have

0 D �.�;LE.0/;s'.�;�/.'.�; �/h//.s.�/� s/

C �.�;LE.0/;s'.�;�/.G.�; �/h//.s.�/� s/2

C �.�;LE.0/;s'.s.'.�; �/� '/h//

C �.�;LE.0/;s'.H.�; �/.'.�; �/� '/2h//

C �.�;LE.1/;s.�/'.�;�/.e
s.�/ .�;�/h//

(4.3)
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by using �.�; .LE;s.�/˚.�;�/ � LE.0/;s'/h/ D 0. In this equation, we note that the

number �.�;LE.0/;s'.�;�/.'.�; �/h// converges to �.'h/ D �.'/ < 0 as � ! 0.

It follows from Lemma 4.6 and Lemma 4.8 that this equation implies the former

assertion by dividing equation (4.3) by max.�s2; �
s.�/
2 ; �1/ and by letting as � ! 0.

Next we assume s � 1. Let �0 D �E.0/.1/ . By the decomposition

LE.0/;s.�/'.�;�/ � LE.0/;s'

D LE.0/;s.�/'.�;�/ � LE.0/;s'.�;�/ C LE.0/;s'.�;�/ � LE.0/;s' ;

we have

. Q�.�/ � 1/ Q�.�; h/ D Q�.�;LE.0/;s'.�;�/.�0'.�; �/h//.s.�/� s/

C Q�.�;LE.0/;s'.�;�/.�0G.�; �/h//.s.�/� s/2

C Q�.�;LE.0/;s'.�0s.'.�; �/� '/h//

C Q�.�;LE.0/;s'.�0H.�; �/.'.�; �/� '/2h//

(4.4)

from a similar argument above and supp Q�.�; �/ D E.0/.1/. By Lemma 4.6,

Lemma 4.8, and Lemma 4.9, we obtain the former assertion again.

Finally we assume either �1 D O.�
s.�/
2 / or �1 D O.�s2/. �en we have the

inequality

js.�/ � sj � cmax.�s2; �
s.�/
2 / D c�

t.�/
2

with a constant c and

t .�/ D min.s.�/; s/:

�erefore

1 � e.t.�/�max.s.�/;s// log �2 D e�js.�/�sj log �2 � e�c exp.t.�/ log �2/ log �2 �! 1

as � ! 0 is satis�ed. �is gives �
t.�/
2 =�

max.s.�/;s/
2 ! 1. Hence in particular,

�
s.�/
2 =�s2 ! 1 follows.

Proof of �eorem 4.4. Let

�3 D max.�1; �
s
2/:

Put

s1 D �s�.'1/=�.'/

and

s0
1 D ��.LE.1/;s'. 1h//=�.'/:
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First we assume s < 1. Equation (4.3) implies the form

s.�/ � s � s1�1 � s0
1�
s
2

�3

D
1

a.�/
�
�

�;LE.0/;s'

�

s
'.�; �/ � ' � '1�1

�3
h
��

C
� 1

a.�/
�.�;LE.0/;s'.s'1h// � s1

��1

�3

C
1

a.�/
�.�;LE.0/;s'.H.�; �/.'.�; �/� '/2h//

1

�3

C
� 1

a.�/
�
�

�;LE.1/;s.�/'.�;�/
es.�/ .�;�/

�s2
h
�

� s0
1

��s2
�3

D J1.�/C J2.�/C J3.�/C J4.�/;

with

a.�/ D ��.�;LE.0/;s'.�;�/.'.�; �/h//� �.�;LE.0/;s'.�;�/.G.�; �/h//.s.�/� s/:

We see a.�/ ! ��.LE.0/;s'.'h// D ��.'/ as � ! 0. We will consider the two

cases:

(I) �1 D O.�
s.�/
2 / and

(II) �
s.�/
2 D o.�1/.

In case (I), we have �
s.�/
2 =�s2 ! 1 by virtue of Lemma 4.10. We obtain

J1.�/ ! 0 by Lemma 4.6 and J2.�/ ! 0 by �1 D O.�3/. From Lemma 4.6

again, .'.�; �/ � '/=�3 is bounded uniformly in � > 0 and thus J3.�/ ! 0.

Finally, J4.�/ ! 0 follows from es.�/ .�;�/=�s2 converges to  1 in C.E.1// with

Lemma 4.8.

In case (II), we have �s2 D o.�1/. Indeed, we suppose �1 D O.�s2/. �en

Lemma 4.10 implies �
s.�/
2 =�s2 ! 1 and therefore �1 D O.�

s.�/
2 /. �is contradicts

with the fact (II). �us we see �1 D �3 for any small � > 0. By a similar argument

in the case (I), we obtain J1.�/; J2.�/; J3.�/ ! 0. It remains to show J4.�/ ! 0.

We notice

J4.�/ D
1

a.�/
�
�

�;LE.1/;s.�/'.�;�/
es.�/ .�;�/

�
s.�/
2

h
��

s.�/
2

�1
� s0

1

�s2
�1

�! 0

from Lemma 4.8.
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Next we assume s � 1. By equation (4.4), we have

s.�/ � s � s1�1 � s0
1�
s
2

�3

D
1

b.�/
Q�
�

�;LE.0/;s'

�

�0s
'.�; �/ � ' � '1�1

�3
h
��

C
� Q�.�;LE.0/;s'.�0s'1h//

b.�/
� s1

��1

�3

C
1

b.�/
Q�.�;LE.0/;s'.�0H.�; �/..'.�; �/� '/2h///

1

�3

C
� 1

b.�/

1� Q�.�/

�s2
Q�.�; h/� s0

1

��s2
�3
;

where

b.�/ D �Q�.�;LE.0/;s'.�;�/.�0'.�; �/h//� Q�.�;LE.0/;s'.�;�/.�0G.�; �/h//.s.�/� s/

is given. By a similar argument in the case s < 1 and by using Lemma 4.9, the

assertion is ful�lled.
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