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Local dimensions of measures of finite type

Kathryn E. Hare,! Kevin G. Hare,? and Kevin R. Matthews!

Abstract. We study the multifractal analysis of a class of equicontractive, self-similar
measures of finite type, whose support is an interval. Finite type is a property weaker
than the open set condition, but stronger than the weak separation condition. Examples
include Bernoulli convolutions with contraction factor the inverse of a Pisot number and
self-similar measures associated with m-fold sums of Cantor sets with ratio of dissection
1/R for integer R < m.

We introduce a combinatorial notion called a loop class and prove that the set of
attainable local dimensions of the measure at points in a positive loop class is a closed
interval. We prove that the local dimensions at the periodic points in the loop class are
dense and give a simple formula for those local dimensions. These self-similar measures
have a distinguished positive loop class called the essential class. The set of points in the
essential class has full Lebesgue measure in the support of the measure and is often all but
the two endpoints of the support. Thus many, but not all, measures of finite type have at
most one isolated point in their set of local dimensions.

We give examples of Bernoulli convolutions whose sets of attainable local dimensions
consist of an interval together with an isolated point. As well, we give an example of a

measure of finite type that has exactly two distinct local dimensions.
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1. Introduction

It is well known that if u is a self-similar measure arising from an IFS satisfying
the open set condition, then the set of local dimensions of the measure is a closed
interval whose endpoints are easily computed. Further, the Hausdorff dimension
of the set of points whose local dimension is a given value can be determined
using the Legendre transform of the L7-spectrum of the measure. This is known
as the multifractal formalism and we refer the reader to [5] for more details.

For measures that do not satisfy the open set condition, the multifractal analysis
is more complicated and, in general, much more poorly understood. In [16],
Hu and Lau discovered that the 3-fold convolution of the classical middle-third
Cantor measure fails the multifractal formalism as there is an isolated point in
the set of local dimensions. Subsequently, in [2, 26, 28] further examples of this
phenomena were explored and it was shown, for example, that there is always an
isolated point in the set of local dimensions of the m-fold convolution of the Cantor
measure associated with a Cantor set with ratio of dissection 1/ R, when the integer
R < m. More recently, it was proven in [1] that continuous measures satisfying a
weak technical condition have the property that a suitably large convolution power
admits an isolated point in its set of local dimensions.

In [21], Ngai and Wang introduced the notion of finite type (see Section 2
for the definition). This property is stronger than the weak separation condition
introduced in [18], but is satisfied by many self-similar measures which fail to
possess the open set condition. Examples include Bernoulli convolutions, ft,
with contraction factor ¢ equal to the reciprocal of a Pisot number [21] and the
Cantor-like measures mentioned above.
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Building on earlier work (c.f., [12, 15, 19, 25]), Feng undertook a study of
equicontractive, self-similar measures of finite type in [7, 8, 9]. His main results
were for Bernoulli convolutions. In particular, he proved that despite the failure
of the open set condition, the multifractal formalism still holds for the Bernoulli
convolutions whose contraction factor was the reciprocal of a simple Pisot number
(meaning, a Pisot number whose minimal polynomial is of the form x* — x"~! —
---—x—1). A particularly interesting example is when the contraction factor is the
golden ratio with minimal polynomial x> — x — 1 (also called the golden mean).

In this paper we study the local dimension theory of equicontractive, self-
similar measures u of finite type, whose support is a compact interval and for
which the underlying probabilities are regular. We first give a simple formula for
the value of the local dimension of u at any “periodic” point of its support. As
a corollary we get that the local dimension exists at “periodic” points. The finite
type condition leads naturally to a combinatorial notion we call a “loop class”.
For a “positive” loop class we prove that the set of attainable local dimensions of
the measure is a closed interval and that the set of local dimensions at periodic
points in the loop class is a dense subset of this interval. Similar results are also
given for upper and lower local dimensions. Given two values £ < u within this
interval, we can find an x in this positive loop class with lower local dimension
equal to £ and upper local dimension equal to u.

Similar results have been proven in this directions before. In [9], Feng, with-
out the restrictions on the probabilities that we require, constructed a family (finite
or countably infinite) of closed intervals /; with disjoint interiors, where on each
of these closed intervals the set of attainable local dimensions of the measure
restricted to this interval was a closed interval. These closed intervals, /;, cor-
respond to net intervals within the essential class, a distinguished positive loop
class. It is worth observing that, except at the end points, the local dimension of
the measure, and the local dimension of the measure restricted to the interval will
be the same. At the end points, these may be different. However our results, with
the addition of the mild technical assumption on the probabilities, gives this result
for the original measure, as well as for positive loop classes other than the essen-
tial class. Under the less restrictive assumption of the weak separation condition,
Feng and Lau [10] similarly proved that the range of the local dimensions of the
measure restricted to a certain open ball is a closed interval.

A consequence of our result is that the set of attainable local dimensions is the
union of a closed interval together with the local dimensions at points in finitely
many loop classes external to the essential class. We will say that a point is an
essential point if it is in the essential class. The set of essential points has full
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Lebesgue measure on the support of the measure and in many interesting examples
the set of essential points is the interior of the support of the measure. This is the
case with many Bernoulli convolutions, 4,, including when o~ ! is the golden ratio
(c.f. Section 8.1.1), and with the m-fold convolution of the Cantor measure on a
Cantor set with ratio of dissection 1/R when R < m (see Section 7).

When the essential set is the interior of the support of the measure u, then u has
no isolated point in its set of attainable local dimensions if and only if dimyec £ (0)
coincides with the local dimension of u at an essential point. In that case, the set
of attainable local dimensions of u is a closed interval. The Bernoulli convolution
Ko, With 0~ a simple Pisot number, has this property.

However, we construct other examples of Bernoulli convolutions (with con-
traction factor a Pisot inverse) which do have an isolated point in their set of at-
tainable local dimensions (see Subsection 8.1.2). As far as we are aware, these
are the first examples of Bernoulli convolutions known to admit an isolated point.
We also construct a Cantor-like measure of finite type, whose set of local dimen-
sions consists of (precisely) two distinct points (see Example 6.1). In all of these
examples, the essential set is the interior of the support of the measure.

The convolution square of the Bernoulli convolution, (,, with o~ ! the golden
ratio, is another example of a self-similar measure to which our theory applies.
It, too, has exactly one isolated point in its set of attainable local dimensions,
although in this case the set of non-essential points is countably infinite (see
Subsection 8.2).

The computer was used to help obtain some of these results. In principle, the
techniques could be applied to other convolutions of Bernoulli convolutions and
other measures of finite type, however even with the simple examples given here,
the problem can become computationally difficult.

The paper is organized as follows. In Section 2, we detail the structure of self-
similar measures of finite type, introduce terminology and describe a number of
examples that we will return to throughout the paper. The notion of transition ma-
trices and properties of local dimensions of measures of finite type are discussed
in Section 3. In Section 4 we introduce the notion of loop class, essential class
and periodic points. A formula is given for the local dimension at a periodic point
and we prove that the essential class is always of positive type. In Section 5 we
prove that the set of local dimensions at periodic points in a positive loop class is
dense in the set of local dimensions at all points in the loop class. We also show
that the set of local dimensions at the points of a positive loop class is a closed
interval. In particular, this implies that the set of local dimensions at the essential
points is a closed interval.
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In Section 6 we give a detailed description of our computer algorithm by means
of a worked example. We also explain our main techniques for finding bounds on
sets of local dimensions and illustrate these by constructing a Cantor-like measure
of finite type whose local dimension is the union of two distinct points. In Section 7
we show that with our approach we can partially recover results from [2, 16, 26]
about the local dimensions of Cantor-like measures of finite type. We also show
that some facts about the endpoints of the interval portion of the local dimension,
that are known to be true for Cantor-like measures in the “small” overlap case,
do not hold in general. Bernoulli convolutions, 1, where o is the reciprocal of a
Pisot number of degree at most four, are studied in Section 8 and we see that two
of these measures admit an isolated point. We also study the convolution square
of the Bernoulli convolution with the golden ratio in this final section.

For the examples in this paper, we present only minimal information. A more
detailed analysis of all of these examples can found as supplemental information
appended to the arXiv version of the paper [14].

2. Terminology and examples

2.1. Finite type. Consider the iterated function system (IFS) consisting of the
contractions S;: R — R, j =0, ..., m, defined by

Si(x) = ox +d,; (1)

where 0 < o < 1,dyp < dy < dp <:-- < dyandm > 11is an integer. By
the associated self-similar set, we mean the unique, non-empty, compact set K
satisfying
m
K = si(K).
j=0

Suppose p;, j = 0,...,m are probabilities, i.e., p; > 0 for all j and
Z;’;O p; = 1. Our interest is in the self-similar measure p associated to the
family of contractions {S;} as above, which satisfies the identity

m
M:ijp,on_l. ()

Jj=0

These measures are sometimes known as equicontractive, or p-equicontractive if
we want to emphasize the contraction factor o. They are non-atomic, probability
measures whose support is the self-similar set.
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We put A = {0, ...,m}. Given an n-tuple 0 = (j1, ..., ju) € A", we write S,
for the composition S;, o---0.S;, and let

Po = Pj1 " Pjn-

Definition 2.1. The iterated function system, {S;(x) = ox +d;:j =0,...,m},
is said to be of finite type if there is a finite set F € R such that for each positive
integer n and any two sets of indices o = (ji,...,jn), 0’ = (j{.....j,) € A",
either

0" 185(0) = S (0)] > ¢ or ©7"[S5(0) = Sor (0)] € F,

where ¢ = (1 — ¢)~!(max d; — min d;) is the diameter of K.
If {S;} is of finite type and u is an associated self-similar measure, we also say
that p is of finite type.

It is worth noting here that the definition of finite type is independent of the
choice of probabilities.

Recall that an algebraic integer greater than 1 is called a Pisot number if all
its Galois conjugates are less than 1 in absolute value. Examples include integers
greater than 1 and the golden ratio, (1 + +/5)/2. In [21, Theorem 2.9], Ngai and
Wang showed that if o~! is a Pisot number and all d; € Q[o~'], then the measure
w satisfying (2) is of finite type. This result allows us to produce many examples
of measures of finite type that do not satisfy the open set condition.

The case when the IFS is generated by two contractions is of particular interest.

Notation 2.2. We will use the notation 1, to denote the self-similar measure
1 _ 1 _

Mo = EMQOSOIJ’_EMQOSII’
where §; = ox + j(1—p9)for j =0,1.
Example 2.3. When 0 < o < 1/2, the measures, 1o, are known as Cantor
measures (or uniform Cantor measures). Their support is the Cantor set with ratio
of dissection ¢ and they satisfy the open set condition. When 1/2 < o < 1,
these measures are called Bernoulli convolutions. They fail to satisfy the open set
condition, but are of finite type whenever o~! is a Pisot number.

Given two probability measures, (1, v, the convolution of x and v is defined as

wxv(E)=uxv{(x,y):x+yekE}
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The name “Bernoulli convolution” comes from the fact that

— 00 8o + 8(1-g)e"
Ko = *n=l(f)’
where the infinite convolution is understood to converge in a weak sense.
Bernoulli convolutions, p,, with contraction factor o the inverse of a Pisot
number, have been long studied. They have unusual properties and are of inter-
est in fractal geometry, number theory and harmonic analysis. For example, al-
though almost every Bernoulli convolution is absolutely continuous with respect
to Lebesgue measure, and even has an L? density function, those with a Pisot
inverse as the contraction factor are not only purely singular, but their Fourier
transform, ft,(y), does not even tend to zero as y — *oo. We refer the reader to
[24] and [27] for some of the interesting history of these measures.

Example 2.4. Suppose p and v are p-equicontractive measures, say

pw=Yy pipoS;' and v=> guoT;"
i 7

where
Si(x) =ox+d; and Tj(x)=o0x +e;.
Index

i +ej}ij = ik

Then p * v is the p-equicontractive, self-similar measure satisfying
U*v = Zrt(,u* V) o U !
t

where

Uix)= > ox+f and ri= Y pig;.
d[-}-le’}']:ft di+léj:ft

It follows directly from Ngai and Wang’s result [21] that any m-fold convolution
power of the Bernoulli convolution or Cantor measure, o, is of finite type when
o~ ! is Pisot.

Example 2.5. Another consequence of [21] is that the IFS

1 J .
{S,-(x) = Ex“‘W(R—l)S] =0,...,m},
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where R > 2 is an integer, is of finite type. The convex hull of the self-similar
set is [0, 1] and the self-similar set is the full interval [0, 1] when m > R — 1.
When m > R, the open set condition is not satisfied. The m-fold convolutions
of Cantor measures with contraction factor 1/R are examples of self-similar
measures associated with such an IFS.

These Cantor-like measures were studied in [2, 26] using different methods.
In Section 7 we will see how our approach relates to some of their results.

2.2. Standard technical assumptions. We will refer to the following conditions
on a self-similar measure p as our standard technical assumptions:

(1) the measure u = ) ; pjjuoS j_l is a p-equicontractive, self-similar measure,
as in equation (2), that is of finite type;

(2) the probabilities, {p;}7_, satisfy po = p,m = min p; (we call these regular
probabilities);

(3) the support of u (equivalently, the underlying self-similar set) is a closed
interval. By rescaling the d; appropriately, we can assume without loss of
generality that this interval is [0, 1].

We remark that suppu = [0, 1] if and only if (the rescaled) {d; } satisfy dy = 0,
dnw=1—pandd;jy1 —d; <pforalli =0,...,m— 1. In this case, ¢ = 1 in the
definition of finite type.

Although some of what we say is true more generally for self-similar measures
of finite type, we make use of the standard technical assumptions at key points
throughout the paper.

The Bernoulli convolutions 1, and the m-fold convolutions of uniform Cantor
measures (o, wWith o > 1/(m+ 1) are examples of measures satisfying the standard
technical assumptions. (See Examples 2.3 and 2.4). The measures of Example 2.5,
where m > R — 1, are also examples of such measures when regular probabilities
are chosen.

2.3. Netintervals and Characteristic vectors. As we have seen, measures that
are of finite type need not satisfy the open set condition. Our primary interest
is in this case. The finite type property is, however, stronger than the weak
separation condition (see [22] for a proof), and the multifractal analysis of self-
similar measures of finite type is somewhat more tractable because of their better
structure. This structure is explained in detail in [7, 8, 9], but we will give a quick
overview here.
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For each integer n, let hy, ..., hs, be the collection of elements of the set
{S5(0), S¢(1):0 € A"}, listed in increasing order. Put

Fn = {[hjvhj—l—l]: 1 <j <su}.

Elements of &, are called net intervals of level n. For each A € F,, n > 1, there
is a unique element A € F,_; which contains A. We call A the parent of A and
A a child of A. We denote the normalized length of A = [a, b] by

(D) =07"(b—a).

Note that by definition there is no 0 € A" with a < S4;(0) < b, nor can we
have a < S,;(1) < b. Furthermore, there must be some oy, 0, with S5, (x) =
a, Sq,(y) = b for suitable choices of x, y € {0, 1}.

Next, we consider all o € A" with A € S;[0, 1]. As S,[0, 1]is a closed interval
of length ", this is the same as the set of all 0 € A" witha — 0" < S5(0) < a.
We suppose

{07"(a— S5(0):0 € A", A C S;[0,1]} = {a1,...,ar}
and assume a; < a; < --- < ag. We define the neighbour set of A as

Va(A) = (aq,...,a).

Let A € JFn—1 be the parent of A, and Ay, ..., A; (listed in order from left to
right) be all the net intervals of level n which are also children of A and have the
same normalized length and neighbour set as A. Define r,,(A) to be the integer r
with A, = A. The characteristic vector of A is the triple

Ca(A) = (6 (D), Va(A), ra(A)).

We also speak of the pair of characteristic vectors, «, 8, as parent and child if
a = Gn_l(ﬁ) and B = C,(A) for a parent/child pair A, A. The characteristic
vector is important because it carries the neighbourhood information about A.
Put
Q={C,(A):neN, A eF,}.

If the measure is of finite type, then Q2 will contain only finitely many distinct
characteristic vectors.

Suppose the net interval, ﬁ, has two children, A; and A, that differ only in the
value of r, (A;), that is, they have the same length and the same neighbourhood set.
The characteristic vectors for the children of A; and A,, will be identical as they
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depend only on £, (A;) and V,(A;), and not on r,(A;). For notational reasons,
we find it convenient to take advantage of this when drawing the directed graph
relating parents to children by suppressing r,(4;), equating these two children
on the graph, and allowing multiple edges from A to A;. We will call the
characteristic vectors where we have suppressed the numbers 7, (A;) the reduced
characteristic vectors, and we will call the resulting graph the reduced transition
graph.

Example 2.6. In [8, Section 4] and [9, Section 6], Feng studied the Bernoulli
convolution j1,, with o~ !the golden ratio, and found that there were seven char-
acteristic vectors. Their normalized lengths and neighbourhood sets are given by

e characteristic vector 1: (1, (0), 1);

characteristic vector 2: (g, (0), 1);

characteristic vectors 3a and 3b: (1 — g, (0, 0), 1) and (1 — g, (0, 0), 2);

characteristic vector 4: (o, (1 — 0), 1);

characteristic vector 5: (o, (0,1 — ), 1);
e characteristic vector 6: (20 — 1, (1 — o), 1)

Notice there are only six reduced characteristic vectors; we label the two
characteristic vectors with identical length and neighbourhood set as 3a and 3b.
In [8] these were labelled as 3 and 7. The directed graphs in Figure 1 show the
parent/children relationships. The term “essential class”, referred to in the figure,
is defined in Section 4.

By an admissible path, n, of length L(n) = n, we will mean an ordered n-tuple,
n =, )7:1, where y; € Q for all j and the characteristic vector, y;, is the parent
of yj+1.

By the symbolic expression of A € F, we mean an admissible path of length
n + 1, denoted

[A] = (Co(Ao). . ... Ca(An)).

where A = A, and for each j < n, Aj € J;. Here Ay is [0, 1]. Feng [7] proved
that the symbolic expression uniquely determines A.

For x € [0, 1], the symbolic representation for x, denoted [x], will mean the
sequence (Co(Agp), C1(A1),...) of characteristic vectors where x € A, for all n
and A; € J; is the parent of A; ;. We note that unless x is an endpoint of a net
interval and not equal to 0 or 1 (in which case there are two representations of x),
[x] is unique. The notation [x|/N] will mean the admissible path consisting of the
first N characteristic vectors of [x].
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(a) Transition graph. (b) Reduced Transition graph.

Figure 1. Transition graph for ., with o~! the golden ratio.

We frequently write A, (x) for the net interval of level n containing x. Thus
[x] is the sequence where the first n 4 1 terms gives the symbolic representation
of A, (x) for each n.

3. Transition matrices and local dimensions

3.1. Local dimensions of measures of finite type

Definition 3.1. Given a probability measure u, by the upper local dimension of
W at x € suppu, we mean the number

- 1 -,
dimjpep(x) = lim sup ogpullr—rx+ r]).
o+ logr

Replacing the limsup by liminf gives the lower local dimension, denoted
dim, . (x). If the limit exists, we call the number the local dimension of p at
x and denote this by dimjgc p(x).
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Multifractal analysis refers to the study of the local dimensions of measures.
For a p-equicontractive measure u, it is easy to check that

log u([x — 0", x + 0"])
—00 nlogo

dimjge u(x) = for x € suppu, 3)

and similarly for the upper and lower local dimensions.
Our first several lemmas will enable us to show that we can replace the interval
[x —¢". x + "] by Ap(x).

Lemma 3.2. Suppose u satisfies the standard technical assumptions. Let A =
[a,b] € Fy, with V,(A) = (a1,...,ax). Then

n(a) = Zual,alwm) Y po
o @2Sh O =a;

Proof. This argument can basically be found in Feng [7], but we give the details
here for completeness. Iterating (2) n times gives

(D) = > popn(S; (D).
oeAn

Since p is a non-atomic measure supported on [0, 1], we have

(D) =" pop(Sy'(A))
oeAn
So(0,1)NA#£D
Now, S5(0,1) N A # @ implies that A C S,[0, 1], hence by definition of the

neighbourhood set o™ (a — S4(0)) = a; for some i. Thus S;(0) = a — a;0", so
S0, 1] = [a —a;0", a — a; 0" + 0"]. This implies that

(D) = Z Z Poi(Sy (M)

e (a So (0)) =a;

We observe that Sy (x) = 0" x + S4(0), and hence

So(lai,ai + £n (D)) = [a;0" +a —a;i0",aid" +a —a;0" + £y (A)Q"]
=la.a + £, (A)Q"]
= [a, D]
=A.
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Hence

k

pA)Y =" Y poplai.ai + La(D)]
i=1 geAN
0 " (a—Ss(0))=a;
k
= plai.ai + (D] Y po
i=1 geA"
o "(a—Ss(0))=a;

as claimed. O

Notation 3.3. Fori = 1,2, ... card(V,(A)) =k, put

PIA) =py" Y Po

geA: g " (a—Ss(0))=a;
and

k
Py(8) =) Pa(A).
i=1

Here we have chosen to normalize by multiplying by py”. This is done so
that the minimal non-zero entry in the transition matrices (defined in the next
subsection) is at least 1.

Corollary 3.4. There is a constant ¢ > 0 such that for any n and any A € F,
cpg Pn(A) = n(A) = pg Pu(A).

Proof. The upper bound is clear from the lemma. For the lower bound we note that
each u [a;, a; + £, (A)] > 0 as the support of u is the full interval [0, 1]. The finite
type condition ensures there are only finitely many choices for [a;, a; +£,(A)]. O

Lemma 3.5. Suppose u satisfies the standard technical assumptions. There are
constants ¢y, ¢ > 0 such that if A1, A, are two adjacent net intervals of level n,
then

1
C1;Pn(A2) < Pn(Al) < C2nPn(A2)-

Proof. The proof is similar to that of [8, Lemma 2.11] and proceeds by induction
on n. The base case holds as there are only finitely many choices for P;(A;) when
Aj € JF1. Now assume the result for level n — 1 and we will verify it holds for
level n.
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If Ay, A, have the same parent ﬁ, the result follows easily from the observation
that
Pp-1(A) < Pu(Aj) < mpg ' max pj Pp—1(A).

Otherwise, A; and A, are children of adjacent net intervals of level n — 1,
A1, A, respectively, and we can suppose A is to the left of A,. As in [8], put

Dy ={o e A" 'A; C S, [0, 1] and they share the same right endpoint };

Dy ={o e A"l Ay C Sy [0, 1] and they share the same left endpoint };

E; ={o € A""\Dj:A; € S,[0.1]},j =1,2.

The definitions ensure that £; = E,,

p(r)l_lpn—l(Aj) = Z Po + Z Po
O'EDJ' O'EEj
and

m
PePa(AD) S D poPm+ Y Po YD
j=0

oeD ockE;

Emepa-i-PmZPa-i-ZPa‘i' ZPG

oeDy oekE oekE> oeDy

< PPt Paci (AY) + PR Pasi (A7)

Applying the induction assumption gives

PoPu(A1) < P Pu1 (D)) + Pu_i (A7)
=< pmc2(n - l)Pn—l(Z;) + Pn—l(&)
< (Pme2(n = 1) + 1) Py (A3).
Taking c; > 1/po = 1/ pm > 1 gives
PoPu(A1) < (€2pm(n — 1) + 2 pm) Pu—i1(A2)

< C2pmnPn—1(£\2)
< c2pmhPr(A).
By observing that pg = p;,, > 0 this implies that P,(A;) < canPy(A,) as

required.
The other inequality is similar. O
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Note that in the proof the assumption that {p; } were regular probabilities was
important.
The following is immediate from the two previous results.

Corollary 3.6. There are constants Cy, Co such that if Ay, A, are adjacent net
intervals of level n, then

1
C1;M(A2) < uw(Ap) < Conu(As).

Together these results yield the following useful approach to computing local
dimensions.

Corollary 3.7. Suppose  satisfies the standard technical assumptions. Let
x € supp u and A, (x) denote a net interval of level n containing x. Then

S 1 A
dimyec it (x) = lim sup M
n—o00 n log o

1 log P, (A,
— O8P0 | i gup —2Lni2ntY) nl (x))' 4)
log o n—>00 nlogo

A similar statement holds for the (lower) local dimensions.

Proof. Since any net interval of level n has length at most ¢”, the interval
[x—0", x+0"] contains A, (x). The finite type property ensures it is contained in a
union of a uniformly bounded number of n’th level net intervals, say | ]N=1 An(xj),
where A, (x;) is adjacent to A, (x;4+1) and for a suitable index j, x; = x. Thus
for constants ¢, C (independent of the choice of # and x),

N
cp Pa(Bn(x)) < (An(x) < pllx — 0" x + ") < Y 1(An(x)))
j=1

N
<Y PpPu(An(x))) < NpgCNn™ Pu(An(x)).
Jj=1

Thus the limiting behaviour of the three expressions

log u([x —o".x + ¢"]) log (An(x))
nlogo " nlogo

and
IOg Po + 10g Pn (An(x))

logo nlogo
coincide. O
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Remark 3.8. If A = [0, 5], then V,,(A) = {0} and hence P,(A) = 1. Conse-
quently, dimj,e £(0) = log po/ log 0. More generally, since V;,(A) is never empty
and py is the minimal probability, it follows that P,(A,(x)) > 1 for all n and x.
Consequently,

dimyee p(x) < dimyee 1(0) for all x € supppu.

3.2. Transition matrices. The results of the previous subsection show that for
studying the local dimensions of these measures it will be helpful to make accurate
estimates of P, (A, (x)). Towards this, slightly modifying [7] we define primitive
transition matrices, T(Cp,—1(A), C,(A)), for a net interval A = [a, b] of level n
and parent A= [c, d] as follows:

Notation 3.9. Suppose V,(A) = (ai,...,ax) and V,_1(A) = (c1.....cy).
Forj=1,...,Jandk =1,..., K, we set

Tjk == (T (Cn1(D), Cu(A)))jk = Py Pe

if ¢ € Aand there exists o € A"~ ! with S;(0) = c—0" " !¢;j and S;¢(0) = a—0"ay.
This is equivalent to saying

Tix = po ' peifc—o" 'ej + 0" 'dy = a — ¢"ax.

We set (T'(Cy—1(A), €x(A))),x = 0 otherwise.

As Q is finite for a measure of finite type, there is an upper bound on the size
of these matrices. The entries are non-negative and all non-zero entries are at least
one. Each column has at least one non-zero entry because a; € V;,(A) if and only
if there is some ¢; € V,,—1(A) which “contributes” to it, in the sense defined above.

It is also important to note that the standard technical assumption that suppu =
[0, 1] guarantees that given o € A"~! such that S5(0) = ¢ — 0" '¢;, there exists
¢ € A such that Sg¢(0) = 0" 'dy + S5(0) € (a — 0", a]. This means that each
row of the matrix (7 (Cp—1 (ﬁ), Cn(A))) also has a non-zero entry.

For K = card(V,(A)), put

0n(A) = (PL(A),..., PK(A)).
The same reasoning as in [7, Theorem 3.3] shows that

0n(A) = Qu_1(A)(T(Cazi (D), Cu(A))).



Local dimensions of measures of finite type 347

Thus if [A] = (VO, e, )/n) (that is, Vi = Gj (A/) and Yo = eo([o’ 1]))’ then since
00l0, 1] = (1) we have

Pp(A) = |Qn (M) = T (0, y1) - T (Vn—-1, vl »

where by the norm of matrix M = (M;;) we mean
1M =" M.
Jjk

Given an admissible path n = (1, ..., y»), we write

T =T, vn) =TGv2) - T(Yn—1,¥n)

and refer to such a product as a transition matrix.
With this notation, the results of the previous subsection can be stated as

Corollary 3.10. Suppose u satisfies the standard technical assumptions. If x €
supp i, then

logpo o Tog 1Tl

dim =
1Mjoc U (X) log 0 . n log o

(%)
and similarly for the (lower) local dimension.

Example 3.11. Again, consider the Bernoulli convolution, p,, with o~ ! the
golden ratio. Feng [8] showed that 0 has symbolic representation (1,2,2,...)
and that 7(1,2,2,...) = [1]. Applying Corollary 3.10 gives another proof that
dimyoc 1 (0) =log2/ [logo|.

Next, we give a useful simple lemma.

Lemma 3.12. Suppose u satisfies the standard technical assumptions. Let A and
B be transition matrices. Then |B|| < |AB| and ||B|| < || BA]|-

Proof. We have
14B =" (ZAikBkj) => (ZAik)Bkj-
ij ok jk i
Since all the entries of each of the matrices is nonnegative and each column of 4
has an entry > 1, it follows that |AB|| > || B] .
The argument for the other inequality is similar, noting that each row of A4 has
an entry > 1 as a consequence of the standard technical assumptions. O
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An important consequence of this result is that the local dimension of u at x
depends only on the tail of the symbolic representation of x.

Corollary 3.13. Suppose [x] = (Yo, V1,...). Forany N,

1 1 T , S,
9P | lim sup og |7 (yn, YN +1 YN+l
logo n—>o0o nlogo

di—mlocﬂ (x) =

and similarly for the (lower) local dimension.

If [y] = (Yo, B1s---,Bus YN+ YN+1, ... ), then the (upper or lower) local di-
mensions of |1 at x and y agree.

Proof. This holds since

IT(yN, YN+1 - YN+ S NT Yoo YN T (YN VN1 - YN+) |l
=[T(Yo,--- s YNsYN+1:---» YN+n)l
<ITWo,...yMINT (YN, YN+1+- - YN+l O

Notation 3.14. By sp(M) we mean the spectral radius of the square matrix M,
the largest eigenvalue of M in absolute value. Recall that

sp(M) = lim || " | /".

We will call a matrix M positive if all its entries are strictly positive and write
M > 0. We record here some elementary facts about positive matrices that will
be useful later.

Lemma 3.15. Suppose u satisfies the standard technical assumptions. Assume
A, B, C are transition matrices and B is positive.

(1) Then [[ABC]| = [|A[ |C |l

(2) There is a constant C1 = C1(B) such that if AB is a square matrix, then
|AB| < C;sp(AB).
(3) Suppose B is a square matrix. There is a constant C, = Co(B) such that

sp(B™) < ||B"|| < Cysp(B") for all n.
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Proof. To see (1), let B = (Bjx). As all Bj; > 1, a simple calculation gives
IABC|| =" Ay BjCr = Y AijCry = || A]| | C] .
ijkl ijkl
For (2), assume A = (Ajx) is a g x p matrix. Let b = max Bj. As the entries
of A are non-negative and the entries of B are at least 1, it is easy to see that

IAB| = (AB)ji = Y AjiBix

Jik,l

k
; q V4 q V4
by Z j=bay Y AuBiy
jk=11=1
q
b 2

| /\

j=11=1

AB)jj < bg* sp(AB),

with the final inequality holding because the sum of the diagonal entries of A B is
the sum of the eigenvalues of A B, counted by multiplicity.

For (3), let B = PJP~! be the Jordan decomposition of B and let 8 = sp(B).
By the Perron-Frobenius theory, 8 is a simple root of the characteristic polynomial
of B and all other eigenvalues of B are strictly less than 8 in modulus. Since
all entries of B are at least 1, it can be easily seen that 8 > 1. As |B"| <
1PN | P~ | < C1B" where C; depends on B,
but not .

Assume B is of size d x d. Since the Jordan block for § is 1 x 1, all entries
of J", other than the (1, 1) entry which is 8", are either 0 or of the form (’J’.)a”_j
where j < min(d — 1,n) and « is an eigenvalue of B with |«| < 8. Thus

1J"| < B" +d*n B}

where By < B is the maximum of 1 and the modulus of the eigenvalues of B other
than B. As (8/Bo)" > d?n? for all n sufficiently large depending on d, S, B, it
follows that for some constant C,, depending on S, B9, d, (and hence depending
only on B) we have ||J"| < C,B" for all n. This proves the right hand inequality.

The left hand inequality is obvious. |

4. Loop classes and periodic points

4.1. Essential and Loop classes. Feng in [9] also introduced the notion of an
essential class for measures of finite type. Here we introduce the more general
definition of a loop class, of which the essential class is a special case.
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Definition 4.1. (i) A non-empty subset Q' C Q is called a loop class if whenever
o, B € Q/, then there are characteristic vectors yj, j = 1,...,n,suchthata = yy,
B = yn and (y1, ..., yn) is an admissible path with all y; € Q’.

(ii) A loop class Q' € Q is called an essential class if, in addition, whenever
a € Q and B € Q is achild of @, then 8 € Q.

(iii) We call a loop class maximal if it is not properly contained in any other
loop class.

The finite type property ensures that every element in the support of u is
contained in a loop class. Clearly every loop class is contained in a unique
maximal loop class. Feng in [9, Lemma 6.4], proved there is always precisely
one essential class. Of course, the essential class is a maximal loop class.

Notation 4.2. We will denote the essential class by Q¢ and here-after speak of
“the” essential class.

Definition 4.3. If [x] = (yo. y1. y2,...) with y; € Q for all large j, we will say
that x is an essential point (or is in the essential class) and call x a non-essential
point otherwise. The phrase, x is in the loop class ', will have a similar meaning.
An admissible path will be said to be in a given loop class if all its members are
in that class.

Remark 4.4. Note that if [x] = (y;) is non-essential, then none of the character-
istic vectors y; belong to €2¢. A non-essential point necessarily has its tail in some
loop class external to the essential class.

We remark that the essential class is dense in [0, 1]. This is because the
uniqueness of the essential class ensures that every net interval contains a net
subinterval of higher level whose characteristic vector is in the essential class.
In fact, we show next that the set of essential points has full Lebesgue measure in
[0, 1].

Proposition 4.5. Suppose p satisfies the standard technical assumptions. Then
the set of non-essential points is a subset of a closed set of Lebesgue measure 0.

Proof. As we already observed, every net interval contains a descendent net
subinterval whose characteristic vector is in the essential class. (We will abuse
notation slightly and call such a net subinterval “essential”.) The finite type
property ensures we can find such a net subinterval in a bounded number of
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generations and that there exists some A > 0 such that the proportion of the length
of the net subinterval to the length of the original interval is > A.

We now exhibit a Cantor-like construction. We begin with [0, 1]. Consider the
first level at which there is a net subinterval that is essential. Remove the interiors
of all the net subintervals of this level that are essential. The resulting closed
subset of [0, 1] is a finite union of closed intervals, say U;, whose lengths total at
most 1 — A. We repeat the process of removing the interiors of the essential net
subintervals at the next level at which there are essential net subintervals in each
of the intervals of U;. The resulting closed subset now has length at most (1 —21)2.

After repeating this procedure k times one can see that the non-essential points
are contained in a finite union of closed intervals, Cy, whose total length is at most
(1 — L)k, Tt follows that the non-essential points are contained in the closed set
Mr—, Ck, and this set has measure 0. a

Remark 4.6. It is worth remarking that the construction above may leave some
essential points within the Cantor-like construction. As the resulting set is measure
0, the smaller set of just the non-essential points will also be measure 0.

Example 4.7. From Figure 1 one can see that the Bernoulli convolution p,, with
o~ ! the golden ratio, has seven distinct loop classes: {3a,3b,5,6}, {3a,3b,5},
{3a, 5,6}, {3a, 5}, {3b, 5}, {2}, and {4}. Of these, {2}, [4} and the essential class,
{3a,3b,5, 6} (with 4 elements and 3 reduced elements) are maximal. The two
loop classes external to the essential class, {2} and {4}, are associated to the two
endpoints, 0 and 1. These are the only two non-essential points, in other words,
the set of essential points is (0, 1).

Definition 4.8. We will say the loop class Q' is of positive type if there is an
admissible path 7 in Q’ such that T'(5) is a positive matrix.

Remark 4.9. We note that as there is a non-zero entry in each row and column
of each primitive transition matrix, then any loop class Q' of positive type has the
property that for every §, 8" € Q' there is an admissible path n = (8, 81, ...,68,,8)
in Q' such that T'(n) is positive.

Example 4.10. The loop classes {2} and {4} of Example 4.7 are of positive type
since (as shown in [8, Section4]) 7'(2,2) = T(4,4) = [1]. AsT(5,6,3a) = [ 1 1].
the essential class, {3a, 3b, 5, 6}, is also of positive type. However, the loop class,
{3a, 5}, is not of positive type since all transition matrices from this loop class are
of the form [ ! 9] for some n.
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Remark 4.11. In Example 8.2 we give a Bernoulli convolution where a maximal
loop class is not of positive type.

However, the essential class is always of positive type under our standard
technical assumptions.

Proposition 4.12. Suppose [ satisfies the standard technical assumptions. Then
the essential class is of positive type.

Proof. Fix § € Qp. We recall that Feng in [9, Lemma 6.4] showed that given
any positive integer k < cardinality(V(§)), there is an admissible path y in the
essential class, going from § to 8, such that all entries of the k’th row of T'(y) are
non-zero.

Choose such a path, 7y, with all the entries of row 1 of T(;) non-zero.
Row 2 of T'(n;) has a non-zero entry in some column, say k, and, of course,
the (1, k) entry is also non-zero. Choose an essential, admissible path 7, from
8 to 8§, with all entries of row k non-zero. Matrix multiplication shows that all
entries of both rows 1 and 2 of T'(n1)T (n2) = T (11, n2) are non-zero. By repeated
application of this reasoning we can construct an admissible path 7 in ¢, from §
to §, such that all entries of 7'(n) are strictly positive. O

4.2. Periodic points and their local dimensions

Definition 4.13. We call x esuppu a periodic point if x has symbolic represen-
tation

[X] = (VOs---aVs,e_,e_,...)

where 0 is an admissible cycle (a non-trivial path with the same first and last letter)
and 0~ is the path with the last letter of 6 deleted. We refer to 6 as a period of x.

We will say that periodic x is positive if the square transition matrix 7'(0) is
positive.

It is worth noting that 6 and 6~ are not uniquely defined. For example, the path
(1,3a,5,3a,5,3a,...)from Example 4.7 can be decomposed as (yo, y1) = (1, 3a)
and 6~ = (5,3a), or as (y9) = (1) and 6~ = (3a,5), or as (yp) = (1) and
0~ = (3a, 5, 3a, 5), etc. In what follows, it will not make any significant difference
as to which choice is made.

Observe that

T(xIND) = T(yo, ... 5. 81)(T(0))"
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when N = s + 1 + L(607)n and §; is the first letter of . (Recall L(67) is the
length of path 6~.) A periodic x is in the essential class if it has a period that is a
path in the essential class.

There is a simple formula for the local dimensions at periodic points.

Proposition 4.14. Suppose u satisfies the standard technical assumptions. Let x
be the periodic point with period 6. Then the local dimension exists and

log po | log(sp(7'(¥)))
logo L )logo

dimyec p(x) =

Proof. Suppose [x] = (yo,....¥5,07,07,...) and 0= = (81,....006-))-
Let S = T(yo,...,¥s,01). According to Lemma 3.12, there is a constant ¢ > 0
such that

ITEN" I = IST @ = 1STO)"T @1, - ... 8. < ¢ I(T(0))"]

for any r < L(67). Thus Corollary 3.10 implies that

logpo . logl(T(6)"]

di = '
1Mo [,L(X) log 0 n—00 nL(Q_) IOgQ

Since the limit exists and %log (T @) — log(sp(T(#))), the result follows.
O

5. Local dimensions of positive loop classes

In [8] and [9], Feng showed that the set of local dimensions for the Bernoulli
convolution w,, with o~! the golden ratio, was an interval and determined its
endpoints. This is not true, in general, for measures of finite type. For instance,
it is known that the set of local dimensions of the m-fold convolution of uniform
Cantor measures with contraction factor 1/R, for integer R < m, is the union of
an interval and an isolated point (see [2, 16, 26]).

Feng also proved that the set of attainable local dimensions of u, was the
closure of the set of local dimensions at periodic points. In this section we will
prove that if a loop class, ’, is of positive type, then the set of local dimensions
at points in Q' is a closed interval. Moreover, this interval is the closure of the
set of local dimensions at the periodic points in Q’. These statements hold, in
particular, for the essential class, €2¢, since the essential class is a positive loop
class according to Proposition 4.12.
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In Sections 6, 7 and 8 we give examples to illustrate that the set of local
dimensions attained at points of a loop class external to the essential class can
overlap, or may be disjoint from the local dimensions of the essential class.

5.1. Local dimensions at periodic points are dense

Theorem 5.1. Suppose u satisfies the standard technical assumptions. Assume
that Q' is a loop class of positive type. The set of local dimensions of i at positive,
periodic points in the loop class Q' is dense in the set of all local dimensions at
points in Q'. It is also dense in the set of all upper (or lower) local dimensions at
points in Q.

Remark 5.2. We remark that in this theorem (and other results of this section)
the assumption that the loop class is of positive type may not be necessary for
particular IFS and particular loops.

Proof. We will prove denseness in the set of lower local dimensions at points in
the loop class €. The arguments for the (upper) local dimensions are the same.

Fix x in @', say [x] = (Yo, y1, V2, ...) With y € Q for all k > M. Choose a
subsequence (ny) such that

! log |7 (ym. .. ..
dl_mlocu(x)zw‘i‘ lim 08 ” ()/M ynk)”

logo  k—oo ni logo

As Q' is finite, by passing to a further subsequence if necessary (not renamed) we
can assume all y,, =& € Q'. Put

k—o00 ng logo

Let n be an admissible path in Q' going from § to yus, such that 7(n) > 0.
(We remark that it is important that this transition matrix is independent of the
choice of k.) Of course, then 6 = (ym., . ... Yn,—1)7 is an admissible cycle in Q.

As T(n) is a positive matrix, Lemmas 3.12 and 3.15(2) imply that there are
constants, Kj, bounded above and bounded below away from O such that

1Tt Yn )l = Kiesp(T(ym- - - - ¥ug )T () = Kie sp(T (O)).

Consider the local dimension at the periodic point y, in ' given by

k] = o, - ym—1, 0,0, . .).
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Since T(0x) = T(ym.....yn,)T(n) is positive, yi is a positive point. Further-
more, we have

log po | log(sp(T (k)

log o L(0,)logo

_logpo  log Ky log || T(ya. - vmp)|
~loge  L(§)loge L(6;)loge

dimyoe u(yx) =

Fix ¢ > 0. The choice of n; and boundedness of K; ensures we can choose k
large enough so that

tog [ 7O,

D
ng logo

< e,

‘ log K
L(6,)logo

It is now easy to see that

‘<8

|dimyoe 4 (x) — dimyoe u(yi)| < (D + 2)e. O

Since the essential class is of positive type, we immediately deduce the follow-
ing important fact about these measures of finite type.

Corollary 5.3. The set of local dimensions at essential periodic points is dense
in the set of local dimensions at all essential points.

Here is another needed elementary fact whose proof is an exercise for the
reader.

Lemma 5.4. Let 6 = (61,62,...,81,681) be a cycle and let 0* = (8, ...,dL,
81,...,6k) be any cyclic shift of 6. Then

sp(T'(0)) = sp(T'(6™))

Theorem 5.5. Suppose i satisfies the standard technical assumptions. Assume
that the loop class, @', is of positive type and suppose (x,) is a sequence of
positive, periodic points in Q'. Then there is some x in Q' such that

di—mlocﬂ (x) = limsup dimyqc p4(x») and dimy . p(x) = liminf dimygc p(xp).
n n
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Proof. Assume x, has period 6, in Q' and that 7(6,) > 0. We put

. log(sp(7'(6x)) . 10g(sp(T'(6n))
S :=limsup —————= and [ :=liminf ————, 6
L) n L(©®;) ©
. I log 7
lim sup dimyoc p(x,) = 98 Po + o8 .
n logo  logo
and i log §
lim inf dimyec p(x,) = OF Po + 08 .
n logo logo
By passing to a subsequence, not renamed, we can assume all
log(sp(T (¢20)) _ S‘ ey ana |lRERTEO) |
L(6,) L(03,41)

where ¢, is a decreasing sequence tending to 0. Further, we can assume that all
the even labelled paths, 8,", have the same first letter, say «s, and the same last
letter, Bs. Similarly, we can assume all the odd labelled paths have a common first
letter &y and common last letter 8;.

Since ' is of positive type, we can certainly choose two admissible paths in
Q', gy going from Bg to oy and Ajs going from By to ag, so that T(Agy) and
T (Ars) are positive.

We want to inductively define a rapidly increasing subsequence (k,) such that

[X] = (.07 .. ... 07 Ars.05.....05 Asr.05.....05....)

k1 k> k3

has the desired property, where 7 is an admissible path beginning with Cy([0, 1])
and ending with the parent of «;.

Temporarily fix n. With abuse of notation we will write the truncated product
as

[xln =0 [ [67)% 4
i=1

where A; = Agy if i is even, and A;g if i is odd.

Recall that C,(B) is a function on a square matrix B, as defined in
Lemma 3.15(3). Define K, as the maximal K, := C»(T(6,,,)), taken over all
cyclic shifts of 6, ; of 6,+1. Let A, be any prefix of A, and 6, , any prefix of
6, +1- The elementary lemmas of the Section 3 imply that

log(I7 ([xla—1(6;)* A1) log(sp(T(6))) | _

kmoo | L(IXJn1(8)FAL) L(6;) 0 @
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and
| log(I T ([x]n-1(6,)% 16 heD) ) log(sp(T (64)))
1 =0.
koo | L(Ine 1Ok 000, ) L(6;) ! ®
Obviously,
. log(K»)
1 = 9
ko0 L(Wn1 (05 ) 2n0l ) ©)
and
. LQnOht1) log(sp(T(6n))
am Lo (10)

We pick k, such that the left hand side of these four limits are each less than ¢,

for all choices of A}, and 6, _ ;.

Certainly this process defines an x belonging to Q’. We need to check that the
upper and lower dimensions of u at x are correct. By construction, the limiting
behaviour (as n — oo) of

log (|7 ([x]a—1(6,)*" A,))1) and 08U (¥l (6, )4 dn b))
L([x]a-1(6;)%27)) L([xX]n-1(0;)% Anby 11

approach the values 7 and S along the odd and even n respectively. Hence it
remains to consider the case

log(HT([x]n 106, )k An (9;+1)p"+1 +1)H)
L([x]n—1(6;7)kn An (0, ) P10, 11)

for 0 < pp41 < k1, and 6, , some prefix of 6,+;. This is equivalent to

1og(IT ([x]n—1(6;)% An by, (87 1)Pr+1)])
L([x]n- 1(0 )k nAn0 +1(0:-|__1)p"+1)

for some cyclic shift 67, ; of 6,4 1.
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For ease of notation, let
Lo(n) = Lo := L([x]a—1(6, )" 1n 011 (037" +).
First, observe that

E. — log(”T([x]n—l(er,_)knkne,;+1(9;:_:1)17"“)”)

n -

Lo
- 0g(I T ([X]a=1(6,) 5 2n 0} 1 1) log(IT (B, )P +D)])
_|_
- Ly Lo
< L0106, 206,1,)  1og(sp(T (6)))
- Lo L(6;)
n log(Ky sp((T (0n41))?" 1)) Le,
Lo
_ Lo- L((6,,. )P ") log(sp(T'(6r)))
- Lo L(6;)
L LG )™ Log(sp(T (i) *) | logKn
Lo L((6, )P *1) Lo "
_ Lo— L((6,,. )" ") log(sp(T'(6r)))
- Lo L(6;)
L((6,,. )" log(sp(T (6n+1)))
+ Lo L(@n__l_l) + 2¢,
_ log(sp(7'(6,))) log(sp(T'(On+1)))
— (- z,,)( 0 ) tn< A ) + 26,

for

- L((9n_+1)p"+l)
n —LO .

Here the second inequality comes from (8), Lemma 3.15(3) and Lemma 5.4, and
the final inequality from (9).

For the opposite inequality, we use the fact that 7(1,,6,,_ ;) >0 and Lemma 3.15
part 1 for the first inequality below, and (7) and (10) for the second and third
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inequalities to obtain

£ log(IIT ([x]n—1(6,)*" A6, 11 (0,5 )P+ D)1)

n

Lo

- log(|IT ([x]n—1(6,)*" 1) 4 log(/I7((6, 1))
- Ly Ly
- L([x]n—1(6,)%") log(sp(T'(6)))
B Lo L(6;)

" L((0,5)"" ") ' log(sp(T (Bn+1))""*1) .

Lo L((9n_+1)p"+l) "

- log(sp(T'(6))) log(sp(T (6n+1)))
= (1 - tn)(W) + tn( L(G,,_H) ) —2¢&,

Together these estimates prove £, lies within 2¢, of the same convex combination

Tog(sp(T (6 1og(sp(T (6, . o
of Og(st((eTn_() D) and Og(stEG;HJ)”))), and hence limsup E, and liminf E, both

belong to the interval [/, S]. That completes the proof. O

Combining Theorems 5.1 and 5.5, it follows that these measures satisfy the
following.

Corollary 5.6. The set of local dimensions at essential points coincides with the
set of lower (or upper) local dimensions at essential points. Moreover,

{dimjoc u(x): x essential }

= closure{dimyy. u(x): x essential, positive periodic}.

5.2. Set of local dimensions at points in a positive loop class is an interval.
The final result of this section will be to show that the set of local dimensions at
points in a loop class of positive type is a closed interval. Of course, in particular,
this applies to the essential class.

Theorem 5.7. Suppose u satisfies the standard technical assumptions. Further,
suppose that the loop class Q' is of positive type. Assume y and z are periodic,
positive points in Q'. Then the set of local dimensions of . contains the closed
interval with endpoints dimo. u(y) and dimyee 1(2).
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Proof. Suppose y has period ¢ and z has period  where A = T'(¢) and B = T'(0)
are positive matrices with spectral radii & and 8, respectively. With this notation,

. log po log o
d =
1Mjoc M(y) log 0 L((p_) log 0
and
. Io lo
dimyoc pu(z) = S 1o gp

logo L(®)logo’
Let 0 < ¢ < 1. We want to prove that there exists a x such that
dirnloc ,LL(X) =1 dirnloc M(y) + (1 - t) dirnloc /L(Z).

Appealing to Theorem 5.5, we see it will be enough to show that there is some
sequence of periodic, positive points x, in the loop class €', such that

log po tlogo (1—-1)logp
logo  L(p7)loge  L(67)logo

lilgl dimyoc p(x) = (11)
To do this, we start by choosing admissible paths in ', ; joining the last letter

of 6 to the first letter of ¢ and 1, doing the opposite, such that 7'(n;) > 0. Then

for any positive integers, n, m, B™T (1) A" T (n2) is a square transition matrix.
Select two sequences of integers, (nx)72 ,, (mg)z-,, tending to infinity, with

L7 )ng
L(O7)my + L(¢™)ng

We will prove that the periodic points with period 6 satisfying
T(6k) = B T (n)A™ T (n2)

work.
As T'(n;) > 0, Lemmas 3.12 and 3.15 combine to imply that for all &,

sp(B™ T () A" T (n2)) < I T)INT (n2) 1 B™ || [| A" ||
< C(A, B,n1, ma)a"* 7k,
and
sp(B™ T () A8 T'(n2)) = C(n2)|B™* T (n1) A"* T (n2) ||
= C(m2) | B"* | | A™ |
> C(n2)a" k.
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Thus
i 108BP(B™ T () A™ T(12))) _ . neloga + myclog B
L(07)my + L(¢™ )nk ko L(07)my + L(¢7)ng
_tloga  (1—1)logp
L(gp7) L(67)
It follows that (11) is satisfied. O

Combining the three theorems we deduce that the set of local dimensions at the
essential points of such measures is a closed interval whose endpoints are given
by the infimum and the supremum of the local dimensions at essential, periodic
points.

Corollary 5.8. Let

I = inf{dimy. u(x): x essential, positive periodic}
and

S = sup{dimyec i (x): x essential and positive periodic}.

Then
{dimyjoe p(x): x essential} = [I, S].

Another immediate corollary is that if the set of essential points is (0, 1), then
the measure admits at most one isolated point.

Corollary 5.9. If the set of essential points of u is (0, 1), then the set of lo-
cal dimensions of w consists of a closed interval together with dimjy. n(0) =
dimyee p(1).

Example 5.10. As observed in Example 4.7, this is the situation for the Bernoulli
convolution u,, with o~1 the golden ratio. Further, since

sp(T'(5,3a,5)) = 1 = sp(T'(2,2)) = sp(T' (4. 4)),

and {3a, 5} is in the essential class, it follows that dimje. 1 (0) coincides with the
local dimension at an essential point. Consequently, the set of local dimensions
of 1, is equal to the closed interval [/, S] consisting of the local dimensions at the
essential points of j1,. In[8,15] itis shownthat / = log2/|logp|land S = I+1/2.
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More generally, we have the following result.

Corollary 5.11. If every maximal loop class is of positive type, then the set of
local dimensions of | is a finite union of closed intervals.

These intervals can be disjoint. Indeed, in Example 6.1 we construct a measure
whose set of local dimensions consists of two points (degenerate intervals).

6. Algorithm

6.1. Algorithm for finding characteristic vectors, the essential set and transi-
tion matrices. Given afamily of contractions, Sj(x) = ox+d;, and probabilities
pj» we have implemented an algorithm to find 2 and all of the associated tran-
sition matrices. We use a modified version of [21] to perform these calculations.
We give an overview here, by means of a worked example.

For this we consider the six contractions, the maps S;(x) = ix + d; for
dj = 2j/15,for j = 0,1,...,5. The corresponding self-similar set is the 5-fold
sum of the middle-third Cantor set rescaled to [0, 1]. Suppose the maps have
normalized probabilities 1, p1, p2, p3, pa, L.

One can see that A = [0, 1] € Fy has characteristic vector (1, (0), 1). We will
call this characteristic vector 1. Here the first 1 is the normalized length of the
interval. The sequence (0) is Vo(A) = (a1, as, ..., ax) is the neighbourhood set.
The last 1 is ro(A). For the questions we are interested in, r,(A) is not needed,
hence we will suppress it in the future, instead allowing multiple edges between
nodes in the graph. This gives a reduced characteristic vector of (1, (0)).

Instead of considering all intervals in F;, we only consider those that arise
from new reduced characteristic vectors found to be in €. So, initially, we look
at those children of reduced characteristic vector 1. In this case, these two things
are the same, but we will see later on that this is not always the case. We first
subdivide [0, 1] by considering the maps S;(0) — a; and and S;(1) — a; for all
ai € V(1) and j = 0,1,2,3,4,5. This partitions the interval at the points
{k/15:k =0,2,4,5,6,7,8,9,10,11, 13, 15}.

Consider first A = [0,2/15] coming from this subdivision. We see that its
normalized length is 3 - 2/15 = 2/5 and it has neighbourhood set (0). We label
(2/5, (0)) as the reduced characteristic vector 2. The d; that contributes to 0 is do
and is associated to the normalized probability of 1. Hence the transition matrix
isT(1,2) =[1].
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Now, consider A = [2/15,4/15]. This again has normalized length 2/5 and
neighbourhood set (0, 2/5). We label (2/5, (0,2/5)) as the reduced characteristic
vector 3. The 0 comes from d; and the 2/5 from dy, hence the transition matrix
isT(1,3)=[p1 1].

We continue in this fashion, noting that for A = [2//15, (2j + 1)/15], where
j = 2,...,5, the characteristic vector is (1/5,(0,2/5,5/4)), which we label as
4. In Feng’s notation, we would distinguish these as four different characteristic
vectors by use of their third component, 71 (A). We will not distinguish these, but
will instead allow multiple maps from the reduced characteristic vector 1 to the
reduced characteristic vector 4. These are

T(1,4)=[p> p1 1] or

[

[p3 p2 p1] or
[ps p3 p2] or
[ps ps4 p3].

Continuing in this fashion, we can compute the finite set of reduced character-
istic vectors obtaining

e reduced characteristic vector 1: (1, (0));

e reduced characteristic vector 2: (2/5, (0));

e reduced characteristic vector 3: (2/5, (0,2/5));

e reduced characteristic vector 4: (1/5, (0,2/5,4/5));
e reduced characteristic vector 5: (1/5, (1/5,3/5));

e reduced characteristic vector 6: (2/5, (1/5,3/5));

e reduced characteristic vector 7: (2/5, (3/5)).

The characteristic vectors 4 and 5 comprise the essential set.
For a complete list of transition matrices, see [14].

6.2. Algorithm for finding bounds on local dimensions. Given a loop class
of positive type, there are two main ways we obtain good estimates on the set of
local dimensions associated to this loop class. The first is to find explicit examples
of periodic points within the loop class and calculate their local dimensions by
determining the spectral radius of the transition matrix of the cycle. Applying
Theorem 5.1, this will produce an interval contained in the set of local dimensions
of the loop class.
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Figure 2. Transition graph for 3x — 1, with d; € {2j/15:j =0,1,...,5}.

To find upper and lower bounds on the set of local dimensions we use the family
of pseudo-norms:

IT |lc,min = min{z |T,‘k|5k € C},
jeC

17 llmin = min { 3 |75/
k

7 lhmas = max { D Tyul: 7}
k

These are the sub-norm on indices C, the total sub-norm and the total sup-norm
respectively. The total sup-norm is actually a norm. Here C is a subset of the
indices of the column vectors. Care must be take here that the subset C is valid
for all matrices within the loop class one is considering, as different transition
matrices may have different dimensions. For all matrices, Ty, 7, > 0 we have

IT1 72l ¢ min = 1711l ¢ min 172l ¢,min »
”Tl T2||min = ”Tl ”min ||T2||min ’
”Tl T2||max = ”Tl ”max ||T2||max
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and

1T lmin s 1T eymin < 1711 < 70T llmax

where 7 is the number of columns in 7. We can thus obtain upper and lower
bounds for the local dimensions at points in the loop class by calculating these
pseudo-norms for all admissible products of primitive transition matrices from
the loop class up to some fixed length and using formula (5).

We remark that pseudo-norms based on a subset of the indices of the row
vectors would serve, as well.

Example 6.1. A measure whose local dimension is two isolated points. We
continue with the example described above, but now take the normalized uniform
weights p; = 1. Let u denote the associated self-similar measure.

The essential class, as mentioned above, is {4, 5} and its primitive transition
matrices are

100 10
T@H=|11 1], T4,5 =11 1],
0 1 1] 0 1
11 0] i
T@H=|11 1], 6=, |
0 0 1] I
(111 1 1]
5,4 11 1], (5,5) 11

As the total column sub and sup-norms for all these matrices is 2, it follows that
all k-fold products of primitive transition matrices in the essential class will have
their (usual) norm in the interval [2", 3.0k ]. It follows that the local dimension at
any point in the essential class is (log6 —log2)/log3 = 1.

As the local dimension at 0 and 1 is equal to log6/log 3, the set of local
dimensions of u consists of the two distinct points,

{dimjoe p(x): x € [0, 1]} = {1} U {1 + log2/log 3}.



366 K. E. Hare, K. G. Hare, and K R. Matthews
7. Cantor-like measures

In Example 2.5 we considered the IFS

| .
{Sj(x)=§x+m’—R(R—1):j=0,...,m} (12)

for integers R > 2, and the self-similar Cantor-like measures p associated with
this IFS and probabilities {p;: j = 0, ..., m}. This class of measures includes, for
example, the m-fold convolution of the uniform Cantor measure with contraction
factor 1/R, rescaled to [0, 1]. The self-similar set is the full interval [0, 1] when
m>R—1.

The results in [2] and [26], which extend [16], together imply thatifm > R > 3
and po, pm < min pj, j # 0, m, then the set of local dimensions of p consists of
a closed interval and one (or two) isolated points, the local dimensions at 0 and 1.
These facts can be recovered by our methods as well, when, in addition, py = p,.

Proposition 7.1. Let u be the self-similar measure associated with the IFS (12)
with m > R > 2 and probabilities satisfying po = pm < min;xom, p;. Then
the set of essential points is the open interval (0, 1) and dimjo. 1 (0) is an isolated
point in the set of all local dimensions. Indeed, for x # 0, 1,

log(min{2po, pj: j # 0,m})| _ [1og po

di <
imjoc pu(x) < log R log R

= dimyoc 1£(0).

Proof. We note, first, that the iterates of 0 at level n (meaning the real values S (0)
for 0 € A™) occur every (R — 1)/(R"m), beginning at 0 and ending at 1 — R™".
Similarly, the iterates of 1 are spaced the same distance apart, but start at R™" and
end at 1. In the subinterval [R™", 1 — R™"] they alternate, except in the special case
that m = 0 mod(R — 1), when they coincide. We will assume m % 0 mod(R — 1)
and leave the easier case for the reader.

Adjacent n’th level net intervals contained in [R™",1 — R™"] are of the form
[a, b], [b, c] where if a is an iterate of 0, then

(R—1 1 k(R—1 i+ 1)(R—1
L dR=D L KR-D G DR
R"m R" R"m R"m
for suitable integers j, k. There is a similar formula when « is an iterate of 1.
Ifm = L(R—1)+r forinteger L and r € {1,..., R — 2}, then it is easily seen
that L 4+ k = j. Thus n’th level net intervals have either (non-normalized) length
r R—1-r
or ————
R"m R"m

and, in either case, have length between 1/(R"m) and 1/R".

’
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Let x € (0,1) and assume 7 is chosen so large that 3R™" < x < 1 —3R™".
Let [A, B] denote the n’th level net interval containing x. The choice of n ensures
that all the numbers of the form i (R — 1)/(R"m) for integer i with

0<A—i(R—1)/(R"m) < R™"

are iterates of 0 at level n and hence comprise the neighbour set of [4, B]. Thus
the neighbour set depends only upon whether A is an iterate of 0 or an iterate of 1.
It follows that there are only two reduced characteristic vectors associated with
these net intervals.

Furthermore, the length of these net intervals is sufficiently large to ensure that
that the interior of each such interval contains at least one n + 1-iterate of 0 and
one n + l-iterate of 1. Consequently, each such »’th level net interval contains
both styles of net intervals of level n + 1 (and no other children). It follows that
their characteristic vectors belong to the essential class and that proves the set of
essential points is (0, 1).

To prove the upper bound given in the statement of the proposition for
dimyoc p(x) with 0 < x < 1, we will show that if [x] = (y0,1,...) and n is
sufficiently large, then || T (Yn—1, Yn)llmin > min{2, p; pgt: j # 0,m} where || || min
is the total column sub-norm introduced in the preceding section.

We can assume 3R™Y < x < 1-3RV andtaken > N. Suppose y, = C(A,),
A, = [a,b], ﬁ\n = [c, d], and the neighbour sets are V,,(A,) = (ay,...,ak) and
Va—1(An—=1) = (c1, ..., cy) respectively, where c; < --- < cjy.

Temporarily fix k. By definition, T'(yn—1, yx)jx = pepy ' when there is some
o € A" and £ € A such that S;(0) = ¢ — R~ V¢; and S54(0) = a — R™"ay,
and T (Yn—1, ¥n)jk = 0 otherwise.

Of course, there is some choice of j with a valid choice of £. If £ # 0,m
we are done. So assume this £ = 0. That means @ — R™"a; = ¢ — R~(""V¢;.
The bounds on x ensure that for some 7 € A* 1,

S5:(0) = S5(0) — (R — 1)/ (R"~"'m).

Furthermore,

R—-1 1 R—-1 1

O<C_Sr(0)§a_So'(O)+m<ﬁ+m§ﬁ.

This implies there is some i such that ¢; = R~V (¢ — S;(0)); indeed, i = j + 1.
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Another routine calculation shows S;z(0) = a — R "ay, thus
T(Vn—lv Vn)j-l—l,k = PRPo_l-

If, instead, { = m, similar arguments prove T (Vn—1,¥n)j—1k = Pm—RDg -
This completes the proof. O

Remark 7.2. We are not claiming that these bounds on dimyc p(x) for x # 0, 1
are sharp, merely illustrating that we can recover the property that dimj 1£(0) is
an isolated point with our approach.

In [2, Theorem 6.1], the minimum and maximum local dimensions, other than
at 0, 1, were investigated for the case of the m-fold convolution of the uniform
Cantor measure for small m. We show that there exists m outside of these ranges
where these formula do not hold.

Example 7.3. Consider the m-fold convolution of the uniform Cantor measure
with contraction factor 1/R, for integer R > 3. It is shown in [2] thatif R <m <
2R — 2, then

mlog2—log(L%J)

13
log R (13)

ngcin dimjec p(x) = dimyoe f4(Xmin) =

where

1 1m
Xmin = % LEJ

It was also shown there that for all even m, min, dimjec p(x) = dimyge (X min)-

Using the computer, we have checked these formulas for R = 3 and 3 <
m < 10. We have found that the right hand side of (13) is not dimjec £ (Xmin)
and is not the minimal local dimension for m = 5,...,10. Moreover, for m =
5,7,9 the minimal local dimension does not occur at the point xpi,. In fact, the
predicted value of the minimum local dimension is greater than the maximum
local dimension other than for x = 0,1. See Tables 1 and 2. We note that in
Tables 1 and 2, when the formula is known to hold for theoretical reasons, we
put the precise value, otherwise we put a range, coming from the techniques of
Section 6.
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Table 1. Minimal local dimensions

m  Left hand side  Actual min dimyee 4 (Xmin)
of Formula 13

3 .892790 .892790 .892790

4 .892790 .892790 .892790

5 1.05875 [.972382,.972639] .984145

6  1.05875 976628 976628

7 1.18029 [.993576, .993848] .997991

8 118029 995246 995246

9 127620 [.998541, .998658] .999739

10 1.27620 1999022 1999022

Table 2. Maximal local dimensions

m  Left hand side  Actual max dimyoe 4 (Xmax)
of Formula 14

3 113355 1.13354 1.13354

4  1.05875 1.05874 1.05874

5 102757 1.02757 1.02757

6 101434 1.01434 1.01434

7 1.01434 [1.00605, 1.00736] 1.00605

8 101434 [1.00342,1.00346] 1.00343

9 102721 [1.00133,1.00171] 1.00133

10 1.03074 [1.00079, 1.00082] 1.00079

In [2], there was also a formula given for the maximum local dimension other
thanatx =0,1. Letr = [(m — R)/2|,{rj =r + land {5j41 =m —r — R. Put

l & .
Xmax = — —D)R7Y;.
max m Z(R 1)R e]
Jj=1
It was shown that for R <m < 2R — 1,

max dimjec 4(x) = dimyoe 4 (Xmax)
x#0,1

and

log((pr+r+1 + Pr + v (Pr+R+1 — Pr)* + 4Pr41Pr+R)/2)
log R '

dimyoc 4 (Xmax) = —
(14)
Here p; should be understood as 0 if j ¢ {0,1,...,m}.
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Using our methods, we can show that for R = 3, m = 6, these state-
ments continue to be true, that is, dimjoe pt(Xmax) = Maxyxp,1 dimyec p(x) and
dimyec 1 (xmax) is the value specified by the right hand side of formula (14). But
for R=3andm = 7,..., 10, the predicted maximum local dimension from the
right hand side of (14) is too big. We have not been able to determine if xpax is
the point where the maximum dimension occurs.

We refer the reader to [14] where this example is worked out in full detail.

8. Bernoulli convolutions with contraction factors Pisot inverses

8.1. Bernoulli convolutions with contraction factors Pisot inverses. In Ta-
ble 3, we list all Pisot numbers in the open interval (1, 2) of degree less than or
equal to 4. For each of these, we give the number of vertices of the reduced transi-
tion graph and the size of the reduced essential class for the Bernoulli convolution
with contraction factor the inverse of this Pisot number. In the case where the size
is listed as ‘Unknown’, there are more than 10000 reduced characteristic vectors.

8.1.1. Bernoulli convolutions with no isolated point. It can be shown for
Bernoulli convolutions that whenever there are precisely three more elements in
the reduced transition graph than in the essential set, then the non-essential set
consists of the characteristic vector of [0, 1] and the characteristic vectors of the
right-most and left-most net intervals of level 1. The latter two are maximal loop
classes corresponding to the two endpoints of [0, 1], the only two non-essential
points. Thus, with the exception of x3—x2—1, x3—x—1 and possibly x*—x3—1, for
the examples listed in Table 3 the open interval (0, 1) is the set of essential points.
We have checked that in all of these examples (where the essential set is known
to be (0, 1)), the value of the local dimension of the measure at 0 is also the local
dimension at an essential point, hence there is no isolated point.

8.1.2. Bernoulli convolutions with an isolated point

Example 8.1 (minimal polynomial P;(x) = x> —x? —1). The uniform Bernoulli
convolution i, with 0~! the Pisot number with minimal polynomial P, has five
maximal loop classes. In addition to the essential class, there are two singletons
(corresponding to the points 0, 1), one doubleton and one of size 23. All are of
positive type. The set of local dimensions of 1, consists of an isolated point
(dimyoc (1o(0)) and a closed interval which is the union of the closed intervals
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Table 3. Facts about Bernoulli convolutions with o~! a small degree Pisot number.

Minimal Polynomial of ~Approx value of Size of reduce Size of Essential

Pisot Number o} Transition graph  set (reduced)

x2—x—1 .618034 6 3

x3—x2-1 .682328 152 46

x3—x—1 754878 1809 1207
32?4+ x—1 .569840 30 27

x3—x?—x-1 .543689 11 8

x*—x3 -1 724492 Unknown

xt—x3—2x? 41 524889 538 535
fooxd4x—1 535687 190 187

xt—x3—x?2—x—1 .518790 14 1

generated by the three non-trivial maximal loop classes. In particular, we have
[.970222, 1.07770] C {dimyy p(x): x essential} C [.848302, 1.53266]
and

[.970221,1.07771] U {1.81336} C {dimyoc p(x): x € [0, 1]}
C [.848302, 1.53265] U {1.81336}

See [14] for this example worked out in full.

Example 8.2 (minimal polynomial P,(x) = x3 — x — 1). The uniform Bernoulli
convolution s, with o~! the Pisot number with minimal polynomial P,, has six
maximal loop classes. In addition to the essential class, there are four singletons
(two corresponding to the points 0, 1) and one of size 6. The two corresponding
to the points 0 and 1, as well as the maximal loop of size 6, are of positive type.
The other two singletons, although not positive type, are easy to handle as each
has only one transition matrix. The set of local dimensions of p, consists of an
isolated point (dimj. (£,(0)) and a closed interval which is the union of the closed
intervals generated by the four non-trivial maximal loop classes. In particular, we
have

[.997949, 1.00853] C {dimyq p(x): x essential} C [.747924,1.97198]
and

[.997949, 1.00853] U {2.46497} C {dimyqc /1(x): x € [0, 1]}
C [.747923,1.97198] U {2.46497}

See [14] for this example worked out in full.
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8.2. The 2-fold convolution of u,. In this subsection we study the rescaled
measure v, = Lo * (Lo, Where 1, is the Bernoulli convolution with ™! the golden
ratio. This is the self-similar measure associated with the IFS of contractions
S1(x) = ox, S2(x) = ox+1/2—p/2 and S3(x) = pox+ 1 —p, with corresponding
(regular) probabilities (1/4,1/2,1/4). It is of finite type and has support [0, 1].

The reduced transition diagram has 40 reduced characteristic vectors. The
essential class can be naturally identified with those labelled by {28, 29, 30, 33,
34,...,40}. Two cycles in the essential class are n; = (29,35,39,29) and
n2 = (28, 33,28). The spectral radius of 7'(17;) is approximately 2.46916, while
the spectral radius of 7'(5),) is approximately 2.48119. This shows that

[.992400, 1.00250] < {dimjec v, (x): x essential}.

We have also been able to find upper and lower bounds on the local dimensions
from the essential class using the method described in Subsection 6.2. We obtain
an upper bound by taking the column sub-norm with the subset C = {3, 4} and
taking admissible products of up to 20 primitive transition matrices. We obtain
a lower bound by using the total column sup-norm with products of up to 10
primitive transition matrices. These calculations give

{dimjoc v, (x): x essential} C [.815721, 1.40091].

There are four non-essential maximal loops, each of which is a singleton. The
maximal loop classes {2} and {6} correspond to the two endpoints of the support,
0, 1. The transition matrix in both cases is the 1 x 1 identity matrix and the points
have local dimension

dimyec v, (0) = dimyec v, (1)
log 4

= ~ 2.88084.
| log p

The other two maximal loop classes are {25} and {19}. The characteristic
vector of 251is (0 —1/2,(1—=3/20,1/2—1/20,1—0,3/2—3/20,1—1/20,3/2—
0)). Its transition matrix has the same spectral radius as 7'(7,), hence the local
dimension at any point in the loop class {25} coincides with the local dimension
at some essential point. Similar statements hold for the loop class {19}.

Thus the set of local dimensions of v, consists of an interval and an isolated
point, dimjec v4(0).
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We recall that a point x can have a most two symbolic representations, and that
this will occur only if x € F,,. Let x( be the point with symbolic representation

*™ =(1,2,...,2,7,8,10,19,19,19,...).
——

n

This point also has symbolic representation

x™ =(1,2,...,2,7,9,12,25,25,25, . ..).
——
n+1

We see that both representations of these points are external to the loop class, and
hence we have a countable number of non-essential points.

Not all points with a symbolic representation in a loop class external to the
essential set need be non-essential. To see this we observe that

(1,4,14,22,30,37,30,37,30,37,...) = (1,6,18,16,13,19,19,19,19,...)

are two symbolic representations for the same point, one of which is in the
essential class, and one of which is not. Hence this point is an essential point.

Remark 8.3. The transition matrices of the cycles 17 and 7, give the extreme
values of spectral radii over all transition matrices of essential cycles of length up
to 10. It would be interesting to know if these give the endpoints of the interval
portion of the set of local dimensions.
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