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Dimensions of graphs of prevalent continuous maps

Richard Balka!

Abstract. Let K be an uncountable compact metric space and let C(K, R9) denote the set
of continuous maps f: K — R¢ endowed with the maximum norm. The goal of this paper
is to determine various fractal dimensions of the graph of a prevalent f € C(K,RY).

As the main result of the paper we show that if K has at most finitely many isolated
points then the lower and upper box dimension of the graph of a prevalent f € C(K,R9)
are dimg K + d and dimp K + d, respectively. This generalizes a theorem of Gruslys,
Jonusas, Mijovi¢, Ng, Olsen, and Petrykiewicz.

We prove that the packing dimension of the graph of a prevalent f € C(K,R%) is
dimp K + d, generalizing a result of Balka, Darji, and Elekes.

Balka, Darji, and Elekes proved that the Hausdorff dimension of the graph of a prevalent
f € C(K,R%) equals dimg K + d. We give a simpler proof for this statement based on a
method of Fraser and Hyde.
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dimension, Minkowski dimension, packing dimension.

1. Introduction

Assume that G is a Polish group, that is, a separable topological group endowed
with a compatible complete metric. If G is locally compact then it admits a Haar
measure, i.e. a left translation invariant Borel measure which is regular, finite on
compact sets, and positive on non-empty open sets. The concept of Haar measure
cannot be extended to groups that are not locally compact, but surprisingly the
idea of Haar measure zero sets can. The next definition is due to Christensen [5],
which was rediscovered later by Hunt, Sauer, and York [14].
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Definition 1.1. Let G be an abelian Polish group and let A C G. Then A4 is called
shy or Haar null if there exists a Borel set B C G and a Borel probability measure
ponGsothat A C Band uw(B + x) = 0 for all x € G. The complement of a
shy set is a prevalent set.

Shy sets form a o-ideal, and in a locally compact abelian Polish group they
coincide with the Haar measure zero sets, see [5]. We will apply this concept for
the Banach space G = C(K, R%).

Notation 1.2. The Hausdorff, lower box, upper box and packing dimension of a
metric space X is denoted by dimy X, dimg X, dimg X, and dimp X, respectively.
We use the convention dim ¥ = —1 for each of the above dimensions. We simply
write C[0, 1] = C([0, 1], R).

Over the last three decades there has been a huge interest in studying properties
of typical objects, where typical might mean both generic in the sense of Baire
category and prevalent. Now we summarize the results on dimensions of graphs
of continuous maps. In the category setting Mauldin and Williams [22] proved
the following.

Theorem 1.3 (Mauldin—Williams). For a generic f € C|0, 1] we have
dimg graph(f) = 1.

Indeed, the strategy of Mauldin and Williams easily implies the following
result, see also [1].

Theorem 1.4. Let K be an uncountable compact metric space and let d € IN™T.
Then for a generic f € C(K,R?) we have

dimg graph(f) = dimgy K.

The following theorems were proved by Hyde et al. [15]. In fact, they con-
sidered the case K C R and d = 1, but their proof easily yields the following
theorems.

Theorem 1.5 (Hyde et al.). Let K be a compact metric space and let d € N7.
Then for a generic f € C(K,R?) we have

dimp graph(f) = dimg K.
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Theorem 1.6 (Hyde et al.). Let K be an uncountable compact metric space
with at most finitely many isolated points and let d € N*. Then for a generic
f e C(K,R?%) we have

dimp graph(f) = dimpK + d.
The following result was proved by Humke and Petruska [13].
Theorem 1.7 (Humke-Petruska). For a generic f € C|[0, 1] we have
dimp graph(f) = 2.
Recently Liu et al. [19] proved the following generalization.

Theorem 1.8 (Liu et al.). Let K be an uncountable compact metric space. Then
for a generic f € C(K,R) we have

dimp graph(f) = dimp K + 1.

Now consider graphs of prevalent continuous maps. First McClure proved
in [23] that the packing dimension (and hence the upper box dimension) of the
graph of a prevalent f € C|0, 1] is 2. For the lower box dimension the analogous
result was proved independently in [8], [12], and [26]. Moreover, Gruslys et al.
[12] proved the following theorem.

Theorem 1.9 (Gruslys et al.). Let K C R™ be an uncountable compact set.
Assume that K satisfies the following property: there is a 8o > 0 such that for
all 8 < 8o and for every cube of the form Q = []i=,[mi8, (m; + 1)8] (m; € Z)
the intersection K N Q is path connected. Then for a prevalent f € C(K,R) we
have

dimg graph(f) = dimgK + 1,
dimp graph(f) = dimpK + 1.
As the main result of this paper, we generalize Theorem 1.9 in Section 3.

Theorem 1.10. Let K be an uncountable compact metric space with at most
finitely many isolated points and let d € N*t. Then for a prevalent f € C(K,R?)
we have

dimp graph(f) = dimg K +d,

dimp graph(f) = dimpK + d.
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In the proof of Theorem 1.9 prevalence is witnessed by a measure supported
on a one-dimensional subspace, see also Theorem 6.2 and the subsequent discus-
sion. The proof (in the case of upper box dimension) uses that if K satisfies the
connectivity condition of Theorem 1.9 then for all f, g € C(K, R) we have

dimp graph(f + g) < max{dimp graph( /), dimp graph(g)}.

The next theorem shows that the above inequality is not true even for the triadic
Cantor set K. That is why in the proof of Theorem 1.10 prevalence will be
witnessed by a more complicated ‘infinite dimensional’ measure.

Theorem 1.11. Let K C [0, 1] be the triadic Cantor set. Then there exist functions
f.g € C(K,R) such that

dimp graph(f + g) > max{dimp graph( /). dimp graph(g)}.

Note that if K has infinitely many isolated points, then Theorem 1.10 may not
hold. For the following example see [15].

Example 1.12 (Hyde et al.). Let K = {0} U {1/n:n € NT}. Then

sup dimp graph(f) <1<3/2= dimp K + 1.
feC(K,R)

For packing dimension Balka, Darji, and Elekes [2] proved the following.

Theorem 1.13 (Balka-Darji-Elekes). Assume that m,d € Nt and K C R™ is
an uncountable compact set. Then for a prevalent f € C(K, R%) we have

dimp graph(f) = dimp K + d.
In Section 4 we generalize the above theorem based on Theorem 1.10.

Theorem 1.14. Let K be an uncountable compact metric space and let d € IN™T.
Then for a prevalent f € C(K,R%) we have

dimp graph(f) = dimp K + d.

Fraser and Hyde [10] showed that the graph of a prevalent f € C][0, 1] has
maximal Hausdorff dimension. This improves the analogous results concerning
box and packing dimension, see Fact 2.4.
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Theorem 1.15 (Fraser—Hyde). For a prevalent f € C|[0, 1] we have
dimg graph(f) = 2.
The following generalization is due to Bayart and Heurteaux [4].

Theorem 1.16 (Bayart—-Heurteaux). Let K C R™ be compact with dimyg K > 0.
Then for a prevalent f € C(K, R) we have

dimg graph(f) = dimg K + 1.

Remark 1.17. Recently Peres and Sousi [25] proved a stronger result for compact
sets K C R. Let X: K — R? be a fractional Brownian motion restricted to K
and let f € C(K,RR?) be given. In [25] the almost sure Hausdorff dimension of
graph(X + f') is determined in terms of f and the Hurst index of X.

The proof of Theorem 1.16 is based on the energy method, see [4, Theorem 3].
A lower estimate for the Hausdorff dimension of graph(X + f) is given there,
where X: K — R is a fractional Brownian motion restricted to K C R™ and
f € C(K,R) is a continuous drift. In fact, the proof easily extends to vector
valued functions, and (as pointed out in [3]) Dougherty’s result on images handles
the case dimg K = 0, see Theorem 5.1. These yield the following theorem.

Theorem 1.18. Assume that m,d € NT and K C R™ is an uncountable compact
set. Then for a prevalent f € C(K,R%) we have

dimg graph(f) = dimyg K + d.

Balka, Darji, and Elekes proved in [2] that the condition K C R™ is superflu-
ous.

Theorem 1.19 (Balka—Darji-Elekes). Let K be an uncountable compact metric
space and let d € NT. Then for a prevalent f € C(K,R?) we have

dimg graph(f) = dimyg K + d.

In [2] the above theorem is a corollary of a much deeper result concerning the
fibers of a prevalent f € C(K,R?). Following Fraser and Hyde [10], in Section 5
we give a simpler proof for Theorem 1.19 based on the energy method.

Finally, in Section 6 we pose some open problems.
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2. Preliminaries

Probability and expectation will be denoted by Pr and I, and | - | denotes absolute
value. The compact metric space K is called a Cantor space if it is perfect and
totally disconnected. Let (X, p) be a metric space. We endow X x R? by the
metric

Pxsre (X1, 21), (X2, 22)) = v p(x1, X2)2 + |21 — 222,

For x € X and r > 0 let B(x,r) and U(x, r) denote the closed and open ball
of radius r centered at x, respectively. For A, B C X let us define dist(4, B) =
inf{p(x,y):x € A, y € B}. Let diam A4, int A, and cl A denote the diameter,
interior, and closure of A, respectively. Given § > 0 we say thataset S C X isa
§8-packing if p(x, z) > § for all distinct x,z € S. Forn € Nt define

Ny (X) = max{#S:S C X is a 27" -packing}.
If X is non-empty and totally bounded then the lower and upper box dimension

of X are respectively defined as

log N, (X
dimp X = liminf log N (X)
n—oo  nlog?2

- log N,, (X
dimp X = limsup Og—"().
n—soco nlog2

Let dimg X = dimpX = oo if X is not totally bounded. The packing dimension
of X is defined as

o0
dimp X = inf{supdi—mBA,-: X C U A,-}.
i i=1
For the following lemma see [21, Lemma 3.2] or [9, Lemma 4].
Lemma 2.1. Let K be a compact metric space and let s € R. If dimp K > s then

there is a compact set C C K such that dimp (C NU) > s for all open sets U with
CNU #£0.

For the following lemma see the proof of [27, Proposition 3] or [7, Corol-
lary 3.9].

Lemma 2.2. Let K be a compact metric space and s € R. If dimg(K N U) > s
for every non-empty open set U C K, then dimp K > s.
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For s > 0 the s-dimensional Hausdorff content of X is defined as

K (X) = inf{Z(dlamA ¥ X C U }

i=1

The Hausdor{f dimension of a non-empty X is defined as
dimpyg X = inf{s > 0: H3 (X) = 0}.

Recall that dim@ = —1 by convention for each of the above dimensions. For a
Borel probability measure v on X and s > 0 we define the s-energy of v by

dv(x)dv(y)
I()_//Xz o)y

For the following theorem see [20, Theorem 8.9] and Frostman’s lemma for
compact metric spaces [20, Theorem 8.17].

Theorem 2.3. For a compact metric space K we have
dimg K = sup{s > O: there exists v on K such that I3(v) < oco}.
For the following facts and for more on these concepts see [7].
Fact 2.4. For any metric space X we have
dimyg X <dimgX <dimpX and dimyg X <dimp X < dimpX.

Fact 2.5. Let dim be one of the above dimensions. Then for every non-empty
metric space X and d € N we have

dim(X x [0,1]%) = dim X + d.
The next lemma is [6, Proposition 8].

Lemma 2.6. Assume that G1, G, are abelian Polish groups and ®: Gy — Gy isa
continuous onto homomorphism. If S C G is prevalent then so is ®~1(S) C G;.

Lemma 2.6 and Tietze’s extension theorem in R? imply the following corol-
lary.

Corollary 2.7. Assume that Ky C K, are compact metric spaces and d € N7.
Let
R:C(K2,RY) — C(K1,RY),  R(f) = flxk;.

If A C C(K1,R?) is prevalent then R~ (A) C C(K», R?) is prevalent, too.
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3. Upper and lower box dimensions

The aim of this section is to prove Theorems 1.10 and 1.11.

Proof of Theorem 1.10. We may remove the finitely many isolated points from
K without changing the lower and upper box dimensions of the set. This and
Corollary 2.7 yield that we may assume that K is perfect. By Fact 2.5 it is enough
to show only the lower bounds. That is, we need to prove that for a prevalent
f € C(K,R?) we have

dimy graph(f) > dimzK +d and dimp graph(f) > dimgK +d. (3.1)
For every n € INT define the open set
Ap ={f € C(K,R%): N, (graph(f)) = N,(K)2"4n=29},

where recall that N, (X') denotes the cardinality of the maximal 27" -packing in X .
In order to show (3.1) it is enough to prove that the set

A= Tlim inf A, = G ( ﬁ An)

k=1 n=k

is prevalent. As A, are open, A is Borel. We need to construct a Borel probability
measure 1 on C(K, R?) such that u(A — g) = 1 forall g € C(K, R%).
First we define jt. For all n € INT let us define S,, C R¢ as

Sy =27"30,1,.... [2"n 2 )4,

where | x| denotes the integer part of x. Then clearly S, is a 27" *2-packing such
that #S, > 2"9n~24 . Foralln € NV let

sp =#S, and k, = N,(K).

Let {X]'}i »n>1 be independent random variables defined on a measurable space
(Q.,9) such that {X"};> is an i.i.d. sequence for each n € N with distribution
given by
1
Pr(X!=y)=— forally € S,.
Sn

For each n,i > 1 define the generated o-algebra
Fp=o(X/:1<j<i-1),

where J7 = {0, Q}.



Dimensions of graphs of prevalent continuous maps 415

Statement 3.1. Let n € NT. There exists {, € INT with the following property.
For every random sequence {y; }i=1 in R? such that y; is F-measurable we have

pe (o (Ut 4 30) <52) = 1o
i=1 "

Proof of Statement 3.1. Define {,, = s,m,, where m, € N is so large that

1 \mn 1
1—— < : 32
( sn) = Spk,2n (3-2)
Fix an arbitrary random sequence {y;};>1. Forall s € {1,...,s,} let

Zo= X0} and NG = Na(Z).

i=1

Now we prove by induction that for all s € {1, ..., s,} we have

Pr(N(s) <s) < (3.3)

s
Spk,2m’
and the case s = s, will complete the proof. If s = 1 then (3.3) is straightforward.
For the induction step we need to prove that
Pr(N(s +1) <s+ 1) =Pr(N(s) <s) =Pr(N(s + 1) = N(s) = s)
1 (3.4)
< .
= Spk, 2t

Suppose that N(s) = s andi € {sm, + 1,..., (s + 1)m,} is fixed. First we prove
that there is an 7' -measurable random x; € S, such that

No(Zs U{xi + yi}) = s+ 1. (3.5)

Indeed, the distance between any two balls of {B(x,27")} es, is at least 2711,
$0 Ny(Zs — yi) = Nu(Zs) = s < s, implies that there is an x; € S, such that
B(x;,27")N(Zs—y;) = B. Thus dist(Zs, {x; + y;}) > 27", s0 (3.5) holds. As x;
depends only on y; and Zj, it is clearly J7'-measurable. Let B; be the event that
X! # xj forall smy, < j <i,then B; € F7. As x; is J}'-measurable and X} is
independent of J7', we have

Pr(X" # x; | B)) = Pr(X" # x;) = 1 — si (3.6)

n
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Therefore (3.5), (3.6), and (3.2) imply that

Pr(N(s + 1) = N(s) = s) < Pr(X]' # x; for all sm,, <i < (s + D)my)
s+1)my

= [] Prx!#x1B)

i=smu+1

(-2

1
< .
= spky 2t

Thus (3.4) holds, and the proof of the statement is complete. A

Now we return to the proof of Theorem 1.10. For all n let {x} };<x<x, be a
27"-packing in K and assume that for some ¢, > 0 for all j # k we have

p(x7, xg) = 27" 4 3ep, (3.7
where p denotes the metric of K. As K is perfect, for each n € Nt and
k €{l,...,ky} we can define distinct points {x} ; }1<i<¢, in B(x}, &,) such that

kn En
E, = U U{th}
k=1i=1
satisfy
E,.NE,=@0 forall m<n. (3.8)
Let us define the random function f,: E, — R4 such that
fn(x];:,i) = Xin-

Tietze’s extension theorem for the coordinate functions and (3.8) imply that the
sample functions f, = f,(w) can be extended to f, € C(K, R?) such that

(1) fu(x) =0if x € E,, for some m < n;

(2) fu(x) € 8n72[0,1]¢ forall x € K.
Let P, be the probability measure on C (K, R?) corresponding to this method of
randomly choosing f;,, and let B,, ¢ C(K,R¢) be its finite support. Clearly we
have #B,, = si" and P,({f,}) = s, for all f, € B,. By (2) the sum > f,
converges for all f, € B,. Let P = ]_[f,c’=1 P, be a probability measure on the
Borel subsets of B = [[72, B, and let

7B —> C(K.RY),  w((f) =) fn-

n=1
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Let us define
1

u=Porm .

Let g € C(K,R¥) be arbitrarily fixed, now we prove that u(A —g) = 1. We

need to show that u(limsup, (45 — g)) = 0, where A¢ denotes the complement
of A,. By the Borel-Cantelli lemma it is enough to prove that

oo
D (A —g) < oo
n=1

Fix n € N7, it is enough to show that u(AS —g) <27". Leth = g + Y 10, fi,
we need to prove that
P(h ¢ Ap) <27". (3.9)

Lethg = gandforallm € Nt leth,, = g+ /., fi. Foreachk € {1,...,k,}
andi € {l1,...,£,} define

y];:,i = hn—l (XZ’Z-).

Fix k € {1,....kn}. As yi; is F}'-measurable for all i > 1, Statement 3.1 yields
that

IP(Nn( G{Xi” + yZ,i}) < S") = k,,lzn'

1=

As hn(x} ;) = X' + y; ;, summing the above inequality from k = 1 to k, yields
that

]P(there exists k < k,;: Nn( @{hn(x,’j’i)}) < sn) <2,

i=1
By 3. 7)all k, k' € {1,...,k,} withk #k’ and i, j € {1,...,{,} we have
P(Xg s Xgr ;) = 27" +eq > 277
Therefore
P(Nn(graph(hnlg,)) < knsp) <277

Property (1) yields that 4, (x) = h(x) for all x € E,. As ks, > N,(K)2"¢n=24,
we have
P(h & An) < P(Nn(graph(h)) < kpsp) <27".

Therefore (3.9) holds, and the proof is complete. |
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Proof of Theorem 1.11. We may assume by scaling that
e .
K = {Za,s—l ©a; €{0,1) forall i > 1}.
i=1

Define f, g: K — R such thatif x = Y72, a;37" € K then
o0 ) oo )
fx) = Zazi—ﬂ_l and g(x) = Za2i3_l-
i=1 i=1

The squares of the form [k97", (k 4+ 1)97") x [m97", (m + 1)97") where k, m € Z
are called the 9~"-mesh squares. For anon-empty bounded set X C R? let M, (X)
denote the number of 97"-mesh squares that intersect X . It is easy to show that

-— log M,, (X
dimpg X = lim sup LU

3.10
n—soo  nlog9 (3.10)

see also [7, Section 3.1]. For I ¢ IN* let 27 denote the set of functions 4: I — {0, 1},
and for all 1 € 27 let x;, = Y, ; h(i)37". First we prove that

_ 1 log2
dimp graph(f + g) = §+é > 1. 3.11)

Fixn e Nt andlet 7 = {1,...,2n}. Forall h € 27 and k € {0, ..., 3"} define
O = [xXn. xp +372") X [(f + &)(xp) + k372" (f + g)(xp) + (k +1)37").

Clearly Qp, x are distinct 97"-mesh squares. As K+ K = [0, 1], the function f +g
maps K N [xy, x5 +37") onto [(f + g)(xn), (f + &)(xp) +37"]. Thus all Qpx
intersect graph( f + g), and the union of Qj, x covers graph(f + g). Hence

My (graph(f + g)) = #Qpi:h € 21,0 <k <3"}y =27"(3" 4+ 1),
s0 (3.10) yields (3.11). Now we show that
dimp graph(f) = dimp graph(g) = ig%z < 1. (3.12)
We prove this only for f, the proof for g is analogous. Fix n € Nt and define
J={1,....2nyu2n+1,2n+3,...,4n —1}.
Then #J = 3n. For all h € 27 let

On = [xXn, xn +372") X [f(xn), f(xn) +372).
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As the map & +— (xp,, f(x3)) is one-to-one on 27, the sets Qj are distinct
97"-mesh squares. Each Qj, intersects graph( /), and the union of Qj covers
graph( f). Thus

My (graph(f)) = #{Qp:h € 27} = 2°".
Hence (3.10) implies (3.12). The theorem follows from (3.11) and (3.12). O

Remark 3.2. Using the notation of the above proof let F, G € C|0, 1] such that
Flk = f, G|k = g, and F, G are affine on the components of (0, 1) \ K. Liu et
al. [19] pointed out that

dimp graph(F + G) > max{dimp graph(F'), dimp graph(G)}.

This answers a question of Falconer and Fraser [8, (2.6) page 362] in the negative.

4. Packing dimension

The goal of this section is to prove Theorem 1.14.

Proof of Theorem 1.14. We can remove countably many points from K without
changing the packing dimension of the set, so by [18, Theorem 6.4] we may assume
that K is perfect. Choose a sequence s, / dimp K and fix n. By Lemma 2.1 there
is a compact set K, C K such that dimp(U N K,) > s, for every U C K open
with U N K,, # @. Clearly K,, is perfect.

As a countable intersection of prevalent sets is prevalent, it is enough to show
that dimp graph(f) > s, + d for a prevalent f € C(K,R?). By Corollary 2.7 it
is enough to prove that

An ={f € C(K,,R?):dimp graph(f) > s, + d}

is prevalent. Let {U;};>1 be a basis of K, consisting of non-empty open sets and
let C; = cl(U;). We proved that dimp U; > s,. Therefore the definition of K,
implies that for all i € INT we have

dimgC; > dimpU; > dimp U; > sy,.
As K, is perfect, C; are also perfect. Therefore Theorem 1.10 yields that
B; = {f € C(Ci,R?):dimp graph(f) > s, + d}
are prevalent. For all i € N define

Ri:C(Kx,R?) —> C(Ci,RY), Ri(f) = flc,-
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By Corollary 2.7 the sets R;!(B;) are prevalent in C(K,, R9), so (72, R (B;)
is also prevalent. Therefore it is enough to prove that (72, R;'(B;) C A,.
Let us fix f € ;2 R;'(B;), we need to show that f € A,. Let V be an
arbitrary non-empty relatively open subset V' of graph( ). By Lemma 2.2 it is
enough to prove that dimgV > s, + d. As {Ui}ien is an open basis of K,
there is an i € Nt such that graph(f|¢,) C V. Thus f € R;!(B;) yields that
dimpV > dimp graph(f|c;) > sn + d. The proof is complete. |

5. Hausdorff dimension

The goal of this section is to give an simple proof for Theorem 1.19 by following
the strategy of Fraser and Hyde [10]. First we need a theorem of Dougherty [6,
Theorem 11] stating that the image of a prevalent f € C(K,R%) is as large as
possible.

Theorem 5.1 (Dougherty). Let K be an uncountable compact metric space and
letd € N*t. Then for a prevalent f € C(K,R?) we have

int f(K) # @.
Remark 5.2. In fact, Dougherty proved the above theorem only for the triadic
Cantor set. As each uncountable compact metric space contains a homeomorphic

copy of the triadic Cantor set (see [16, Corollary 6.5]), Corollary 2.7 implies the
more general result.

The next lemma generalizes [10, Lemma 4.1].

Lemma 5.3. Let p,q € (0,1, d € N*, § ¢ R4, and u > d/2. Then there is a
constant ¢, € R™ depending only on d and u such that

do dB B
/ / 5 2ufclpd6]d 2u'
[0.p14 Jio.p1e (q*> + e —p + 01%)

Proof. Lety € R? be arbitrary. Define 7 € R? such that forall i € {1,...,d}

1 ify < —1,
vi=1vi if —1=<y <0,
0 if)/i>0.
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Then we have

/ do - / do
(0,174 (g% + p?le +y[»)* = Joa¢ (g% + p?la + y|*)¥

<

/ do
~ Jie113@ (g% + pPla?)*

Applying the above inequality for y = —8 + p~!6 implies that

/ / da dp
(0.4 Jio,p1¢ (g% + | — B + 012

_ pzd/ / da dp
(0,114 Jio,ne (g% + p*la — B + p~102)*
2d

IA

/ da
p —_—
[—1,11¢ (q% + p?|a|?)*

A

p2d/ da

[—1,11¢ (max{g?, p?|a|?})"

< p / do | / _do
lal<a/p 4" Jial=q/p PP ||

d oo
§p2d<cz(%> q—2u+p—2u/ C3rd_1_2“ dr)

q/p
3 d d—2u
d—2u)p q )

= (6’2+

As ¢3,c3 € R depend only on d, setting ¢; := ¢, + ¢3/(d — 2u) finishes the
proof. O

For the following lemma see the proof of [10, Lemma 4.5].
Lemma 5.4. Let K be a compact metric space, let d € N and s € R*. Then
A ={f e C(K,R%):dimg graph(f) > s}
is a Borel set in C(K,R?).
Now we are ready to prove Theorem 1.19.

Proof of Theorem 1.19. By Fact 2.5 it is enough to prove the lower bound.
If dimg K = 0 then Theorem 5.1 implies that for a prevalent f € C(K,R%)
we have int f(K) # @, sodimyg f(K) = d. As f(K) is a Lipschitz image of
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graph( /) and Hausdorff dimension cannot increase under a Lipschitz map, we
obtain
dimg graph(f) > dimyg f(K) =d = dimyg K + d,

which finishes the proof.

Thus we may assume that dimg K > 0. As every uncountable compact
metric space contains a Cantor space with the same Hausdorff dimension [16,
Theorem 6.3], by Corollary 2.7 we may assume that K is a Cantor space. Fix
0 <t < s < dimg K, it is enough to prove that dimg graph(f) > ¢t + d for
a prevalent f € C(K,R%). As dimg K > s, by Theorem 2.3 there exists a
Borel probability measure v on K such that /;(v) < oo. Then we can define

inductively for all n € INT integers a, € N and for all (iy,....iy) € I, =
HZ=1{1, ...,aj} non-empty compact sets K;, ;, C K such that for all distinct
indices (i1,...,i), (j1,..., jn) € I, we have

() Kiy..ip N Kjy..5, =0,
(2) Ki]...in_H C Kil...in foralli € {L ceey an—l—l}’
(3) diamK;, ;, <27

Foralln € Nt let S, = {0,27"}¢, then #S, = 2¢. For all (i1,....i,) € In
define countably many independent random variables Xj;, ;, such that for all
y € S, we have

Pr(X;, ., = y) =27 (5.1)
For eachn € INT and x € C there exists a unique (i1, ...,iy) € J, such that
x € K;, i, Define the random function f, € C(K, R4 ) such that
Jn(x) = Xi iy,

Let P, be the probability measure on C (K, R?) which corresponds to the choice
of f,,and let 8, ¢ C(K,R?) be the finite support of IP,,. Clearly | f, (x)| < 27"
for all f, € 8, and x € K, thus ) 2, fu always converges uniformly. Let
P = [];2, P, be a probability measure on the Borel subsets of § = [[o2; S,
and let

m:8 = C(K,RY), 7((f) =) fn

n=1
Define
w=Pox L

Let us fix g € C(K,R%), and let f = > o2 f be arandom map. Let

A = {h e C(K,R%):dimg graph(h) >t + d}.
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As A is a Borel set by Lemma 5.4, it is enough to prove that (A — g) = 1. Thus
it is enough to show that, almost surely, dimg graph( f + g) > ¢ + d. Define

F:K — graph(f +g), F(x) = (x,(f +8)(x)).

Let vy = vo F~! be arandom measure supported on graph( f + g). Let p denote
the metric of K.

Statement 5.5. There is a constant ¢ depending only on s,t,d such that for all
x,y € K, x # y we have

E((p(x. ) + |(f + &)%) = (f + WP =) < eplr. 3)™>.

Proof of Statement 5.5. Letn = n(x, y) be the largest natural number k such that
x,y € Cj, .., for some (iy,...,ix) € Jx, where max @ = 0 by convention. Then
(3) yields that there is a constant ¢4 which depends only on s, ¢, d such that

2" < cap(x, )0 (5.2)
Clearly
S —f) =D i)=Y, iy =X-Y,
i=n(x,y)+1 i=n(x,y)+1

where X and Y are independent random variables with uniform distribution on
[0,277"]¢. Therefore (5.2) and Lemma 5.3 with ¢ = p(x, y), g(x)—g(y) = 6, and
u = (t +d)/2 yield that

E((p(x. »2 +1(f + ) () = (f +0PA™2")
da dB
— 4nd +d
/[o,z—n]d /[0,2—"]d (p(x. y)? + o — B+ (g(x) — gD ="
<a2"p(x, )™

< cieap(x,y)~7,

SO ¢ := c1c4 Works. A



424 R. Balka

Now we return to the proof of Theorem 1.19. By Theorem 2.3 it is enough to
prove that I, 4 (vs) < oo almost surely, so it is enough to show that B/, 4 (vy) <
oo. The definition of vy, Fubini’s theorem, Statement 5.5, and I;(v) < oo yield
that

d d
Eli4q(vy) = ]E// dvy () dvr () ?{rgy)
(graph(f+))2  P(X,¥)

dv(x)dv(y)
=B i+td
//1<2 (p(x, )2 + 1(f + 2)x) — (f + D)2

= //K E((pr 7

1+~ (f + DM E) du) dv(y)

= //1{2 cp(x, ) dv(x)dv(y) = cls(v) < oo.

The proof is complete. O

6. Open problems

Definition 6.1. Let X be a Banach space. We say that the function A: X — R
satisfies the intertwining condition if for all x, y € X and Lebesgue almost every
t € R we have

Alx —1y) = A(y).
Gruslys et al. [12, Theorem 1.1] proved the following.

Theorem 6.2 (Gruslys et al.). Let X be a Banach space and let A: X — R
be a Borel measurable function satisfying the intertwining condition. Then for
a prevalent x € X we have

A(x) = sup A(y).
yeX

Fraser and Hyde [11] proved that if K is an uncountable compact metric space
then { f € C(K,R):dimg f(K) = 1} is not only prevalent but 1-prevalent, i.e.
prevalence is witnessed by a measure supported on a one-dimensional subspace.
It would be interesting to decide whether this is a general phenomena. For more on
this notion and related problems see [11]. Specially, we are interested whether the
theorems of our paper can be generalized similarly. It was proved in [12] that if
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K C R™ satisfies the property of Theorem 1.9 then the intertwining condition
holds for A:C(K,R) — R, A(f) = dimgraph(f), where dim denotes the
upper or lower box dimension. Hence Theorem 6.2 yields that prevalence can be
replaced by 1-prevalence in Theorem 1.9. In the case of the Hausdorff dimension
the following problem is open even for C|[0, 1], see [10, Question 1.5].

Problem 6.3. Let dim be one of dimy, dimg, dimg, ordimp. Let K be a compact
metric space and let d € NT. Define

A:C(K, R — R, A(f) = dim graph(f).
Does the intertwining condition hold for A?
Example 1.12 shows that Theorem 1.10 does not remain true if K may have
infinitely many isolated points. In the generic setting Hyde et al. [15, Theorem 1]

proved the following theorem. It was stated only for K C R and d = 1, but the
proof works verbatim for the general case.

Theorem 6.4 (Hyde et al.). Let K be a compact metric space and let d € R™.
For a generic continuous function f € C(K,R?) we have

dimp graph(f) =  sup  dimp graph(g).
g€C(K,R9)

Kelgiannis and Laschos [17] explicitly computed this supremum in some non-
trivial cases. It would be interesting to know whether the analogue of the above
theorem holds for prevalent maps as well.

Problem 6.5. Let K be a compact metric space, let d € INT, and let dim be one
of dimg or dimp. Is it true for a prevalent f € C(K,R%) that

dimgraph(f) = sup dimgraph(g)?
geC(K,R¥)

Definition 6.6. A function 4: [0, c0) — [0, 00) is defined to be a gauge function
if it is non-decreasing and 2(0) = 0. The generalized h-Hausdor{f measure of a
metric space X is defined as

H"(X) = lim HH(X),
§—0+
where

Fh(X) = inf{ih(diamAi): Xc G A;, diam 4; < 5}.

i=1 i=1



426 R. Balka

This concept allows us to measure the size of metric spaces more precisely
compared to Hausdorff dimension. It is really needed to find the exact measure
for the level sets of a linear Brownian motion or for the range of a d-dimensional
Brownian motion. For more on applications and for other references see [24]. We
are not able to decide whether the graph of a prevalent continuous map is as large
as possible according to this finer scale.

Problem 6.7. Let K be a compact metric space and let d € N*. Let h, g be gauge
functions such that H"(K) > 0 and

g(r)

1m =
r—0+ h(r)rd

Is it true that for a prevalent f € C(K,R?) we have
3% (graph(/)) > 07

Note that for K C R with positive Lebesgue measure the above problem was
answered positively in [2].

Acknowledgments. We thank an anonymous referee for some helpful remarks
and for suggesting new references.

References

[1] R. Balka, Z. Buczolich, and M. Elekes, Topological Hausdorff dimension and level
sets of generic continuous functions on fractals. Chaos Solitons Fractals 45 (2012),
no. 12, 1579-1589. MR 3000710 Zbl 1258.37025

[2] R. Balka, U. B. Darji, M. Elekes, Hausdorff and packing dimension of fibers and
graphs of prevalent continuous maps. Adv. Math. 293 (2016), 221-274. MR 3474322
Zbl 06559615

[3] R. Balka, A. Farkas, J. M. Fraser, and J.T. Hyde, Dimension and measure for
generic continuous images. Ann. Acad. Sci. Fenn. Math. 38 (2013), no. 1, 389-404.
MR 3076817 Zbl 1281.28002

[4] F. Bayart and Y. Heurteaux, On the Hausdorff dimension of graphs of prevalent con-
tinuous functions on compact sets. In J. Barral and S. Seuret (eds.), Further develop-
ments in fractals and related fields. Mathematical foundations and connections. In-
cluding papers from the 2"¢ International Conference on Fractals and Related Fields
held on Porquerolles Island, June 2011. Trends in Mathematics. Birkhduser/Springer,
New York, 2013, 25-34. MR 3184186 Zbl 1268.28003


http://www.ams.org/mathscinet-getitem?mr=3000710
http://zbmath.org/?q=an:1258.37025
http://www.ams.org/mathscinet-getitem?mr=3474322
http://zbmath.org/?q=an:06559615
http://www.ams.org/mathscinet-getitem?mr=3076817
http://zbmath.org/?q=an:1281.28002
http://www.ams.org/mathscinet-getitem?mr=3184186
http://zbmath.org/?q=an:1268.28003

(5]

(6]

(7]

(8]

(9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

Dimensions of graphs of prevalent continuous maps 427

J. P.R. Christensen, On sets of Haar measure zero in abelian Polish groups. Israel
J. Math. 13 (1972), 255-260. Proceedings of the International Symposium on Partial
Differential Equations and the Geometry of Normed Linear Spaces (Jerusalem, 1972).
MR 0326293 Zbl 0249.43002

R. Dougherty, Examples of non-shy sets. Fund. Math. 144 (1994), no. 1, 73-88.
MR 1271479 Zbl 0842.43006

K. J. Falconer, Fractal geometry. Mathematical foundations and applications. Third
edition. John Wiley & Sons, Chichester, 2014. MR 3236784 Zbl 1285.28011

K. J. Falconer and J. M. Fraser, The horizon problem for prevalent surfaces.
Math. Proc. Cambridge Philos. Soc. 151 (2011), no. 2, 355-372. MR 2823141
7Zbl1235.28005

K. J. Falconer, J. D. Howroyd, Projection theorems for box and packing dimen-
sions. Math. Proc. Cambridge Philos. Soc. 119 (1996), no. 2, 287-295. MR 1357045
Zbl 0846.28004

J. M. Fraser and J. T. Hyde, The Hausdorff dimension of graphs of prevalent con-
tinuous functions. Real Anal. Exchange 37 (2011/12), no. 2, 333-351. MR 3080596
Zbl 1275.28009

J. M. Fraser and J. T. Hyde, A note on the 1-prevalence of continuous images with full
Hausdorff dimension. J. Math. Anal. Appl. 421 (2015), no. 2,1713-1720. MR 3258345
Zbl 1305.28011

V. Gruslys, J.Jonusas, V. Mijovi¢, O. Ng, L. Olsen, I. Petrykiewicz, Dimensions
of prevalent continuous functions. Monatsh. Math. 166 (2012), no. 2, 153-180.
MR 2913667 Zbl 1251.28005

P. D. Humke and G. Petruska, The packing dimension of a typical continuous
function is 2. Real Anal. Exchange 14 (1988/89), no. 2, 345-358. MR 0995975
Zbl 0678.26002

B. Hunt, T. Sauer, and J. Yorke, Prevalence: a translation-invariant “almost every” on
infinite-dimensional spaces. Bull. Amer. Math. Soc. (N.S.) 27 (1992), no. 2, 217-238.
MR 1161274 Zbl 0763.28009

J. Hyde, V. Laschos, L. Olsen, I. Petrykiewicz, and A. Shaw, On the box dimensions
of graphs of typical continuous functions. J. Math. Anal. Appl. 391 (2012), no. 2,
567-581. MR 2903154 Zbl 1238.28005

J. Keesling, Hausdorff dimension. Topology Proc. 11 (1986), no.2, 349-383.
MR 0945508 Zbl 0648.28005

G. Kelgiannis and V. Laschos, On a conjecture regarding the upper graph box dimen-
sion of bounded subsets of the real line. Fractals 21 (2013), no. 3-4, article id. 1350017,
9 pp. MR 3154000 Zbl 1290.28006

A. S. Kechris, Classical descriptive set theory. Graduate Texts in Mathematics, 156.
Springer-Verlag, New York, 1995. MR 1321597 Zbl 0819.04002

J. Liu, B. Tan, and J. Wu, Graph of continuous functions and packing dimension.
J. Math. Anal. Appl. 435 (2016), no. 2, 1099-1106. MR 3429630


http://www.ams.org/mathscinet-getitem?mr=0326293
http://zbmath.org/?q=an:0249.43002
http://www.ams.org/mathscinet-getitem?mr=1271479
http://zbmath.org/?q=an:0842.43006
http://www.ams.org/mathscinet-getitem?mr=3236784
http://zbmath.org/?q=an:1285.28011
http://www.ams.org/mathscinet-getitem?mr=2823141
http://zbmath.org/?q=an:1235.28005
http://www.ams.org/mathscinet-getitem?mr=1357045
http://zbmath.org/?q=an:0846.28004
http://www.ams.org/mathscinet-getitem?mr=3080596
http://zbmath.org/?q=an:1275.28009
http://www.ams.org/mathscinet-getitem?mr=3258345
http://zbmath.org/?q=an:1305.28011
http://www.ams.org/mathscinet-getitem?mr=2913667
http://zbmath.org/?q=an:1251.28005
http://www.ams.org/mathscinet-getitem?mr=0995975
http://zbmath.org/?q=an:0678.26002
http://www.ams.org/mathscinet-getitem?mr=1161274
http://zbmath.org/?q=an:0763.28009
http://www.ams.org/mathscinet-getitem?mr=2903154
http://zbmath.org/?q=an:1238.28005
http://www.ams.org/mathscinet-getitem?mr=0945508
http://zbmath.org/?q=an:0648.28005
http://www.ams.org/mathscinet-getitem?mr=3154000
http://zbmath.org/?q=an:1290.28006
http://www.ams.org/mathscinet-getitem?mr=1321597
http://zbmath.org/?q=an:0819.04002
http://www.ams.org/mathscinet-getitem?mr=3429630

428

(20]

(21]

(22]

(23]

(24]

[25]

[26]

(27]

R. Balka

P. Mattila, Geometry of sets and measures in Euclidean spaces. Fractals and rectifia-
bility. Cambridge Studies in Advanced Mathematics, 44. Cambridge University Press,
Cambridge, 1995. MR 1333890 Zbl 0819.28004

P. Mattila and R. D. Mauldin, Measure and dimension functions: measurability and
densities. Math. Proc. Cambridge Philos. Soc. 121 (1997), no. 1, 81-100. MR 1418362
Zbl 0885.28005

R. D. Mauldin and S. C. Williams, On the Hausdorff dimension of some graphs.
Trans. Amer. Math. Soc. 298 (1986), no. 2, 793-803. MR 0860394 Zbl 0603.28003

M. McClure, The prevalent dimension of graphs. Real Anal. Exchange 23 (1997/98),
no. 1, 241-246. MR 1609802 Zbl 0943.28012

P. Morters and Y. Peres, Brownian motion. With an appendix by O. Schramm and
W. Werner. Cambridge Series in Statistical and Probabilistic Mathematics, 30. Cam-
bridge University Press, Cambridge, 2010. MR 2604525 Zbl 1243.60002

Y. Peres and P. Sousi, Dimension of fractional Brownian motion with variable drift. to
appear in Probab. Theory Related Fields 165 (2016), no. 3-4, 771-794. MR 3520018
Zbl 06610656

A. Shaw, Prevalence. M.Math Dissertation. University of St. Andrews, St. Andrews,
2010.

C. Tricot Two definitions of fractional dimension. Math. Proc. Cambridge Philos.
Soc. 91 (1982), no. 1, 57-74. MR 0633256 Zbl 0483.28010

Received April 27, 2015; revised September 2, 2015

Richard Balka,

CURRENT ADDRESS: Department of Mathematics, University of British Columbia
and Pacific Institute for the Mathematical Sciences, 1984 Mathematics Road,
Vancouver, BC V6T 172, Canada

ForRMER AFFILIATIONS: Department of Mathematics, University of Washington,
Box 354350, Seattle, WA 98195-4350, USA

and Alfréd Rényi Institute of Mathematics, Hungarian Academy of Sciences,
PO Box 127, 1364 Budapest, Hungary

e-mail: balka@math.ubc.ca


http://www.ams.org/mathscinet-getitem?mr=1333890
http://zbmath.org/?q=an:0819.28004
http://www.ams.org/mathscinet-getitem?mr=1418362
http://zbmath.org/?q=an:0885.28005
http://www.ams.org/mathscinet-getitem?mr=0860394
http://zbmath.org/?q=an:0603.28003
http://www.ams.org/mathscinet-getitem?mr=1609802
http://zbmath.org/?q=an:0943.28012
http://www.ams.org/mathscinet-getitem?mr=2604525
http://zbmath.org/?q=an:1243.60002
http://www.ams.org/mathscinet-getitem?mr=3520018
http://zbmath.org/?q=an:06610656
http://www.ams.org/mathscinet-getitem?mr=0633256
http://zbmath.org/?q=an:0483.28010
mailto:balka@math.ubc.ca

	Introduction
	Preliminaries
	Upper and lower box dimensions
	Packing dimension
	Hausdorff dimension
	Open problems
	References

