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Structure of the class of iterated function systems
that generate the same self-similar set

Qi-Rong Deng! and Ka-Sing Lau?

Abstract. Let #x denote the family of homogenous IFSs that satisfy the open set condition
(OSC) and generate the same self-similar set K, we call the IFSs in Hx isotopic, and
give the isotopic class #x a multiplication operation defined by composition. The finitely
generated property of #Hx was first studied by Feng and Wang on R [FW], and by the
authors on R under the strong separation condition [DL]. In this paper, we continue the
investigation of the isotopic class on R?. By using a new technique with the OSC, we
prove that g is finitely generated if either (i) K is totally disconnected, or (ii) the convex
hull Co(K) is a polytope, and there exists a line L passing through a vertex of Co(K) such
that L N K is a totally disconnected infinite set. The conditions are easy to check and are
satisfied by many standard self-similar sets.
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1. Introduction

By an iterated function system (IFS), we mean a finite family of contractive maps
{¢,-}f\': N >=2on R?. If we apply these maps repeatedly on a seed set, we
obtain a unique compact subset K such that K = UZN=1 ¢i (K), which is called the
attractor of the IFS (see [11] and [15]). In particular, if the ¢;’s are similitudes, i.e.,

$i(x) =piRi(x +a;), i=1...N (1.1)

where 0 < p; < 1 and the R; is an orthonormal matrix, then we call K a self-
similar set.

1 The corresponding author is supported by NNSF of China (no. 11471075) and NSF of Fujian
(no. 2015J01001).

2The second author is supported by an HKRGC grant, and NNSF of China (no. 11171100 &
11271148).
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This simple setup provides the most fundamental framework in the study of
fractals; not only that it has far reaching theoretical aspects, it also offers a very
efficient way to generate many fascinating self-similar patterns [3]. As a quote
from [4]: iterated function systems have been at the heart of fractal geometry
almost from its origins. In fact in the main development, there is a vast literature
on dimension theory, multifractal structure and dynamical systems of the self-
similar sets/measures for given IFSs (see [2], [4], [10], [11], [13], [18], [19], [23],
and the references therein). More recently, there is a lot of interest on the study of
Lipschitz equivalence of self-similar sets (see [8], [12], [21], [25], and [28]) and
topological classifications (see [1], [17], [20], and [27]) of certain fractal sets.

In another direction, it is natural to ask what are the IFSs that produce a given
attractor. The problem was originated from the image compression point of view,
and had been studied considerably (see, e.g., [5] and [7]). Recently Feng and
Wang [14] initiated an interesting investigation on a new aspect on the following
problem. Let Jk be the class of homogenous IFSs on R that satisfy the open
set condition (OSC) and generate the same self-similar set K. Giving #g a
multiplication operation by composition, they proved the following result

Suppose K is not a finite union of intervals, then Hx has either one
or two generators according to K is non-symmetric or symmetric (with
respect to some point).

(Note that if K = [0, 1], then it is easy to see that #g has infinitely many
generators.) The proof depends very much on the special properties of R, and they
posed the question on extending this to higher dimension. This was considered by
the authors [9] under the more restricted strong separation condition (SSC) on K
(i.e., ¢i(K) N ¢;(K) = 0, fori # j). In this paper, we will continue the study
under the open set condition (OSC), which has far richer structure, and include a
lot more self-similar sets.

We call an iterated function system (IFS) {¢;}7_,,m > 2 on R? homogeneous
if the ¢;’s are as in (1.1) and have identical p; and R; for all i. For simplicity,
we will use @ (or W) to denote such IFS, and use 4 to denote the family of all
homogeneous IFSs. For ¢, ®, € 4, we define

DDy i =P 0P, = {flofziﬁ ed;,i = 1,2},

then clearly, 4 is a semi-group under this multiplication.
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Definition 1.1. Two IFS’s ®, ¥ € J are said to be isotopic if they generate the
same self-similar set K. We use both [®] and Jx to denote the isotopic classes,
and also dg (p) for the subfamily of Jx with contraction ratio p > 0.

It is clear that the isotopic relation is an equivalent relation on 4, and [®] is
an equivalent class; also, [®] = Jk is a sub-semigroup of J. We say that Jg is
finitely generated, if there exists a finite subset ¥ C Jg such that every ¥ € dg
can be written as W = ®; ... ®; for some &¢,..., D, € F.

We say that an IFS {qﬁi}f\’:1 satisfies the open set condition (OSC) (see [11]
and [23]) if there exists a non-empty bounded open set U such that

¢i(U)ycU and ¢;(U)Ne¢jU)=0, fori#j.

The OSC is one of the most fundamental conditions on an IFS, and it will
be assumed throughout the paper unless otherwise stated. We use H(C J)
to denote the family of homogeneous self-similar IFSs that satisfy the OSC,
and use the same type of notations as the above for the restriction of 4 on
(e.g., Hk,Hk(p) etc.). Note that # is not close under multiplication, but #g
will be (Corollary 6.2), and is hence a sub-semigroup of 4. We also assume the
self-similar sets under consideration span R¢ without explicitly mentioning. Our
main theorems are

Theorem 1.1. If K C R¥ is totally disconnected and spans R¢, then Hx is finitely
generated.

For self-similar sets that are not confined to totally disconnected sets, we have:

Theorem 1.2. Suppose the self-similar set K C R¢ is such that the convex hull
Co(K) is a d-dimensional polytope, and there exists a line L passing through a
vertex of Co(K) such that L N K is a totally disconnected infinite set, then K is
finitely generated.

The condition that the convex hull of K is a d-dimensional polytope in the
above theorem has the following simple characterization.

Proposition 1.3. Let K C R¢ be a self-similar set generated by a homogeneous
IFS @ = {¢;(x) = pR(x + «;)}]_; € 4 (no OSC is assumed). Assume K spans
R4, then Co(K) is a d-dimensional polytope if and only if R¥ = 1d, the identity
matrix, for some positive integer k > 0.
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As a direct consequence of Theorem 1.2 and Proposition 1.3, we have:

Proposition 1.4. Suppose the orthonormal matrix R in ® satisfies R* = Id for
some k > 0, and dimyg (K) < d, then Hx is finitely generated.

The logarithmic commensurability of the IFSs in #k follows from Theo-
rems 1.1 and 1.2.

Theorem 1.5. Let K be a self-similar set satisfying the assumptions of Theorem 1.1
or Theorem 1.2. If ® = {¢;(x) = pR(x + ey} and ¥ = {y;(x) =
oS(x + ,Bj)}Jle are two IFSs in Kk, then there exist positive integers k, £ > 0
such that &% = Wt

It follows immediately from Theorem 1.5 that #Hk is closed under multiplica-
tion, and is hence a finitely generated semi-group. The above theorems apply to
a large number of standard self-similar sets. Theorem 1.2 also include some sets
with dimg (K) = d (they are self-similar tiles); we can adjust the second condition
in the theorem to the existence of an edge [v1, V2] of Co(K) such that [vy, v2] N K
is not a finite union of intervals, and obtain the same conclusion (Proposition 5.6).
This is an analog of the condition on R in [14].

The proofs of the two main theorems depend on the fact that the contraction
ratios of the IFSs in #k are logarithm commensurable as in [14] and [9]. However,
the techniques are quite different, we need to bring in two new ingredients in the
proofs. In Theorem 1.1, the major technique is from [28]. In their study of Lipschitz
equivalence of totally disconnected self-similar sets, Xi and Xiong [28] extended
the SSC assumption in [12] to the OSC by devising a subtle “neighborhood
decomposition” on the self-similar sets. Their main effort is to show that the
Lipschitz equivalence of the self-similar sets (which applies to our case) implies
the logarithmic commensurability of the IFS’s; but the proof is complicate and
lengthy. By adapting their decomposition to our situation, we give a clearer and
shorter proof. We show that for a totally disconnected self-similar set K,

k= sup{#(Hk (p")):n = 1} < o0
(Proposition 4.1), which is used to prove the logarithm commensurable property

of the contraction ratios (Proposition 4.2), and is a key step in the proof of
Theorem 1.1.
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For Theorem 1.2, Proposition 1.3 allows us to assume R to be the identity ma-
trix, and reduces our proof of the logarithmic commensurability of the contraction
ratios in #g to L N K (using Proposition 2.3 and Lemma 5.3). For Proposition 1.3,
we remark that Kirat [16] has another characterization of Co(K) to be a polytope,
in which the number of vertices can be estimated. Also, Strichartz and Wang [24,
Theorem 4.2] gave another characterization that Co(K) is a polytope by consider-
ing the outward unit normal vectors of the (d — 1)-dimensional faces of the convex
hull of set {«; }7_ ;.

For the question on the existence of a single generator, or the more specific
information of the generators in g, we do not have a complete answer like the one
dimensional case [14]. We only have some partial results for the case in Theorem
1.2 through Proposition 1.3. We will discuss this through some basic examples such
as the Sierpiniski gasket, the twin dragon, etc. (Section 6); we show that essentially
it is related to the number theoretic properties of the IFSs and the symmetry of the
set K. We also give some examples to show that the conditions in the theorems
are optimal.

The paper is organized as follows. In Section 2, we define the neighborhood
decomposition for the totally disconnected sets, and provide some preliminary re-
sults. In Section 3, some essential properties of the neighborhood decomposition
are discussed in detail. The proofs of Theorem 1.1 and Theorem 1.2 are given in
Section 4 and Section 5, respectively. Finally in Section 6, we prove Theorem 1.5,
and provide a number of examples to illustrate the theorems. Some remarks and
open questions are also discussed.

2. Basic setup

For E C R4, we use |E| to denote the diameter of E, and let E5 = {x €
R4:dist(x, E) < §} be the §-neighborhood of E. Also we use Co(E) to denote
the closed convex hull of E. For an affine map f(x) = Ax + b on R, we consider
f as a point in R¢ *+d and define a norm by

A= Vir(Ar A) + [16]2.

Then || f(x)| < ckllfIl for x € K, where cx = max{||x]| + 1:x € K}
(use || A]|? < tr(A’ A) where ||A| is the L?-norm of A). Without loss of generality,
we adopt the following convention throughout the paper to simplify notations:

the set K under consideration spans R¢ and |K| = 1.
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For a totally disconnected compact set K and for fixed 0 < p < 1, we consider
K o, k = 0, the pk—neighborhood of K, and let {C 1, Ckp2,..., Cin,} be the
family of connected components of K x. Denote

Kij=KNCrj, j=L12,....nx, k>0 2.1)
and
(e @]
Ki ={Kk,1. ... Kicny ) K= Ukzolck. (2.2)
Since we have assumed |K| = 1, it is clear that for k = 0, there is only one

connected component Cy 1, hence Ky = {K}. For k > 1, Ky is a finite partition
of K with distance at least 2p* to each other. Moreover, for K a self-similar set
of an IFS & with N maps and contraction ratio p, then #; < N k. We remark
that this neighborhood decomposition plays the similar role as the SSC in that the
cells in each level of iteration are uniformly separated.

As a simple example, we let ® = {¢;(x)}?_, be the IFS on R with

1
¢i(x) = g(x + ;) suchthatay =0, ax = 3, a3 = 4.

The attractor K is the so-called {1, 4, 5}-self-similar set in view of the selection of
the three subintervals in each iteration. The attractor is a totally disconnected set.
In Figure 1, the connected components of U|I|=k ¢1([0,1]) are Ly ;, and Cy ; are
the intervals defined by the dotted ellipses, and K ; = Lg j N K = Cij N K.

Figure 1. The neighborhood decomposition of the {1, 4, 5}-self-similar set.

The interest of this example is the surprising result in [25] that the {1, 4, 5}-
self-similar set and the {1, 3, 5}-Cantor set are Lipschitz equivalent, answering
an open question of David and Semmes. It further motivated the deep study
of the Lipschitz equivalence of totally disconnected self-similar sets in [28], in
which the present neighborhood decomposition was introduced. The right figure
is the corresponding graph with the vertices representing the intervals, and the
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horizontal edges joining the dots, representing the connected components. The
graph is called an augmented tree for the additional edges, and is a hyperbolic
graph; it has also been used to study the Lipschitz equivalence problem in the
context of hyperbolic graphs (see [21] and [8]).

Lemma 2.1. Let K C R? be a totally disconnected compact subset and spans
R?. Then for 0 < p < 1, the following statements hold:

@) fork =0,
Ck,j:(Kk,j)pk, Jj=1,...,nk;

(ii) for any Ki41,j € Kk41, there is a unique Ky ; € Ky such that

Kii1,j C© Kg,is

(iii) each x € K corresponds to a unique sequence { ji }r with
o0
ﬂk:OKk’jk = bk

(iv) there exists an integer k > 0 and a neighborhood V C R4+ of the identity
map 1d on RY such that for 1 < j < ng,

(@) f(Kk,j) C (Kk,j)pk forany f €V, and

(b) {y2— 1.3 = Y1,...,Yn, — Y1} spans R whenever v € Co(Kg, ;).

Proof. Statement (i)—(iii) are obvious. For (iv), since K spans R¢, there exist
x; € K,1<i <d+1,suchthat {x, —xy, x3—x1, ..., Xg41 — X1} is a basis of
R?. Hence there exists ¢ > 0 such that {y, — y1, y3— V1, ..., Ya+1 — y1} is also
a basis of R? whenever vi € B(xj,¢). As K is a totally disconnected compact set,
there exists an integer k > 0 such that |Ky ;| < ¢ for all Ki ; € K (by (iii)); also
let

V = {f affine: || f — Id|| < c,}l,ok, for all x € K} (2.3)

where cx = max{||x|| + 1:x € K}. Hence, for f € V, || f(x) — x| < p* for all
x € K (see the first paragraph of this section). As {(Kk, ;) 5« };’il is a disjoint cover
of K (by (i), the connected component property implies f(Kg,;) € (K, ;) for
f €V, and (a) follows. Also note that K is a partition of K, each x; belongs to

a unique Ky, C B(xj, ¢). Hence Co(Kk,;) C B(x;, ¢) and (b) follows. O
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Proposition 2.2. Let K C R? be a totally disconnected compact set and spans
R?. Then for any invertible affine map f on R?, there is a neighborhood
V c R+ of f suchthat g(K) € f(K) forallg e V\{f}.

Proof. Since f is invertible, we can assume, without loss of generality, that
f = Id. We show that the V in (2.3) satisfies the proposition. Suppose otherwise,
g(K) C K for some g € V \ {Id}. We let k be as in (2.3) as well, then for any
E € Ky, g(E) € Exx N K = E. Hence

g(Co(E)) C Co(E), forall E € K.
By Brouwer’s fixed point theorem, there exist y; € Co(E, ;) such that
g(yj)=y; and y;j € Co(E;), Jj=12,....n.

Lemma 2.1(iv)(a) shows that {y> — y1, y3 — y1..... Yn, — ¥1} contains a basis of
R?. This means that g is the identity map, a contradiction. |

To conclude this section, we give a simple proposition which is used in [14]
on R.

Proposition 2.3. Suppose @,V € Hg, and assume
® = {¢i(x) = pS(x +a)lL, and W= {y;(x) = pS(x+ )L,
then

d =\

Proof. The proof is the same as [14, Proposition 2.1]. The basic idea is that
log N/|logp| = dimg K = log M/|log p| implies M = N. The normalized s-
dimensional Hausdorff measure pu is the self-similar measure with equal weights
for both ® and W. Hence the Fourier transform of y satisfies

f1(€) = P(pS"E)1(pS'E) = 0(pS'E) A(pS"E).

where P(§) = & YN e2miarS's Q) = & YN e~27i8S'E are the cor
responding mask polynomials. This implies P(§) = Q(§), so that {«; fvzl =
{B;j}I_,. Hence ® = W. O

3. The neighborhood decomposition

For an IFS ® = {¢j};\’:1, welet & = {1,...,N}and use * = 2, ZF to
denote the set of finite indices, i.e., J = j1...j; € >k we let |J| = k be the
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length of J, and ¢p; = ¢j; o --- 0 ¢;,. We denote
o = (g1 || =k}.

(As convention ®° = {Id}.) Note that for ® € Hk(p), then &% € Hg(p*). The
following lemma shows that the neighborhood decomposition is compatible with
the IFS.

Lemma 3.1. Let ® € #x(p) with K totally disconnected, and let f € ®*. Then
S (K) px is connected; f(K) N Ky j # @ if and only if f(K) C K j; and

Kej = JU(K): f e @, f(K) S K 5} (3.1)

Moreover, for any Ky ;, f(Kgi) € Ki4g,j for some j.

Proof. Since we have assumed |K| = 1, K; is connected, the first statement
follows from f(K),« = f(K1). For the second statement, assume f(K)N Ky ; #
@. Since Cg; is a connected component of K x, we have f(K) C Cy, ;. Hence
f(K) € Kk, ;, which verifies the second statement. This also implies that

U, Kes =K ={J (/(K) € K j: f € @},

and the disjointness yields Kx ; = |J{f(K) € Kk,;: f € ®*\ for each ;.

For the last statement, we let Ki ¢ ; be such that f(Ky ;)N Kg4¢,; # 0. Since
Cy,; is connected, so is f(Cy ;). It follows that (f(Kg,,-))pk+é (= f(Cgy)) is also
connected. As Cy4g,; is a connected component, ( f (Kg,l-))pkH C Ciyy,j for

some j, and hence f(Ky ;) € Ki4¢,; by the definition of Ky ;. O

We remark that the last statement also holds for any similitude /# with contrac-
tion ratio p* and #(K) C K. In Lemma 3.3, we will show that for some special
Kk, j, we can actually have equality, f(Ky;) = Kie, ;-

The following proposition contains two crucial estimates of the decomposition.

Proposition 3.2. Let ® € Hk(p) with K totally disconnected. Then

1) no:= sup{p_k|Kk,J-|:k >0,1<j<ng}<oo, hence
p* <Kk ;1 < nop®;

(ii) €o := maxy ;#{f € ok f(K) C Ky, j} < oo, hence in (3.1), the number of
sets in the union < {.
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Proof. The main idea is from [28]. For completeness, we provide a simpler proof
adapted to our situation. For any £ C R4, § > 0, and a € Es, we use Esq to
denote the connected component of Ejs that contains a.

(i) We first give some auxiliary notations. It follows from a basic property of
the OSC [11] that

M:= sup #{f e ®: f(K)n B(x,pr) # 0} < co. (3.2)
xeR4 k>0

Let {gi}ies denote a family of isometries, and let
9 = {{gihier#l <M, &i(K)N BO.1) #0, and0 e | J _ &i(K)}.

Let
F={F =00 e ).

then F is compact under the Hausdorff metric. Note that any F € F is totally
disconnected, as it is the finite union of totally disconnected compact sets; this
implies for any fixed 0 < 1 < 1, there exists a § > 0 such that Fs o, the component
of Fs at 0, is contained in B(0, ). Denote

8 = sup{8 = 0: F5o C B0, n)}.

It is direct to check that (. is a continuous function on F € F, it implies that
infrer §F > 0. Choose an integer N such that 0 < pN=! <infrer8F. Then

Fonv o C B(0,n) forall F e F. (3.3)

Now, for any k > N and E € K, we fix an @ € E and define an (expanding)
similitude 7 by T'(y) = pV*(y —a). Let

T ={Tof:fed N To f(K)n B(,1)# @)}

As a € f(K) for some f € &N (by ® € Hx) and T(a) = 0, it follows
from (3.2) that 7 € §. Let

F=|JTo f(K):TofeT}

then F € F, and hence F,v o C B(0,7) (by (3.3)); also a € (T~'(F)) v 4
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We claim that E € T71(F,n o). If f € @V and T o f(K) N B(0,1) = 0,
then T o f(K),~ is disjoint from F,n . On the other hand, note that

FU| JT o f(K): fe® N To f(K)nB(.1) =0} = T(K).

Therefore F,n , is the connected component of (7(K)),~ containing 0, and
T~'(F,n o), which is the connected component of K« (= T~(T(K),~)) and
contains a. Sincea € E (€ Kj), we have E C T_I(FpN,O). This proves the claim.

Observe that x € F v o implies [x| < n < 1 (by (3.3)); also the definition of
T implies that |[T~1(F N0 = 20K=N . These together with the claim verify that
p¥|E| <2p~", and statement (i) follows.

(ii) Let
{fieshs] ={f € @ f(K) € K s}
and let O be a bounded open set in the OSC such that O N K # @, see [23]. By

considering O N K; where K; := {x:dist(x, K) < 1}, we can assume, without
loss of generality, that O C K. As the contraction ratio of fx ;. is pk , we have

vl fij0(0) S (Kk,j)pr - Let L be the d-dimensional Lebesgue measure.
Then
nk’j
L(O) - n;-p™* < £(0) ) p*
=1

nk!]

= £( Zszl fri(0))

< L((Kk,j) pk)
< L(B(0, 1)(no +2)? - p?¥

(the last inequality is by (i)), and statement (ii) follows from the inequalities. O

Corollary 3.3. With the assumption and notation as in Proposition 3.2, there
exists a constant ¢ > 1 such that

h= Y Kl ses k=012,

where s = dimg (K).
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Proof. We observe that f; ;¢ has contraction ratio o*, hence Proposition 3.2(ii)
implies

ng Nk,j i

k
1= Z Z 0 s < EOZj=1|Kksj|s.

j=11t=1
(The first identity is the dimension formula under the OSC.) Also by Proposi-
tion 3.2(i), we have

ng nk.j
ng nx k k
j=11{=1
The corollary follows. -

The following lemma is another consequence of Proposition 3.2, it allows us to
choose a Ky ; so that for any multi-index / € £*, ¢7 (K ;) is also a full component
in the neighborhood decomposition. It will be used in the proof of Propositions 4.1
and 4.2 in the next section.

Lemma 3.4. Let ® € Hx(p) with K totally disconnected. Then there exist kg

and Ky, i, € Kk, such that for any similitude h with contraction ratio p" and
h(K) C K,
h(KkQ,io) € ,Ck0+n-

In particular, for any multi-index I € X", we have ¢1 (K iy) € Kig+n-

Proof. For any k > 1, Lemma 3.1 and Proposition 3.2(ii) imply that each E :=
Kk, j can be written as the union of ¢;(K), |J| = k, and the number in the
union is at most £y; moreover, the union is H*-measure non-overlap by OSC
(s is the Hausdorff dimension of K). Observe that H*(¢s(K)) = p**H*(K),

hence {p~**H*(E): E € Ky} takes at most £, possible values. We conclude that
there is an integer ko > 0 and Ky ;, € Kk, such that

P OHS (Ergig) = iup{p—skHS(E): E € K} 34)
>0

Now for the given &, h(Kk,,i,) is contained in some Ky 4r¢ € Kgo+: (by
Lemma 3.1 and the remark). By (3.4), we have

p_S(k0+t)Hs(h(Kk0,io)) = sup{p_Sk’Hs(E): E e K}.
k>0

Therefore, h(Kk,,iy) = Kkg+1,6 € Kky+:» and the lemma follows. O
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4. Proof of Theorem 1.1
The proof of Theorem 1.1 depends on the following two propositions.

Proposition 4.1. For 0 < p < 1 and K is totally connected, we have
g = sup{#Hg (p™):in > 1} < co. 4.1

Proof. To prove (4.1), we assume on the contrary that £x = oo. Then there exists
a sequence of positive integers {my }; such that ##k (p™*) > k, and we can choose
distinct IFSs & ; € Hg(p™k), 1 < j < k. Fix an xo € K. For every k, there
exist similitudes hy ; € @ ;, 1 < j < k, such that xg € hi ;(K). Letx; ; € K
such that xo = hg_j(xk,;j), then hy ; can be written as

hi,j(x) = p" Ty ;j(x —xp,j) +x0, 1=<j <k k=>1

where p"* Ty ; is the linear part of maps in ®; ;. Furthermore, Proposition 2.3
shows that {7} ;}; are distinct orthogonal matrices, so A, ; are all distinct. Let
Sk,j = hi’s ohgj, then S, Sk3. ..., Sk are all distinct and

S (%) = T Tej(x —xp ) + Xpq. 2<j <k k=1

Since T, | Ty, ; is an orthogonal matrix, and xj ; belongs to K, the sets {Sk,;};

and {S; }.} ; are contained in a compact set of R4°+4_ Note that the number of
maps in {Sk 2, Sk,3. . ... Sk.x} tend to infinity, this implies

lim min{||[Sk; — Sk,jll:2<i <j <k} =0.
k—o00 ’

Hence there exist2 < ix < ji < k so that limy— o0 | Sk,i, — Sk, i Il = 0. As {S}};
and {Sk,;},; are uniformly bounded, we have limy_, o |||S,;l.1k o Sk, — Id|| = 0.
This implies

lim o~ ||y j, (¥) = By ()| = lim || S} 0 S () — x| =0 (42)
k—o00 k—o00 ’

uniformly for all x € K.

Next, by Lemma 2.1(iv), there exists an integer t such that {y, — yi,
Y3 — Y1.--..Yn, — Y1) contains a basis of R¢ for any y; € Co(K.j;). By
Lemma 3.4, there exist 7o, Ky, ,i,. such that for the multi-indices /; with |/;| =t
and é1; (K) C K,;, we have

b1, (Krg.ig) € Kgg4e, forall 1 < j < nq.
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Since Ay ;(K) C K, by Lemma 3.4 again, we have hy ; (¢1, (Kxy,iy)) € Keg+otmy
for 1 < j <n.. By (4.2), we see that there exists a large k£ such that

ki (@1, (Kro.i0)) C (i jy (1, (Kegip))) pro+etmy , forall 1 < j <ne.
Hence by the connected component property,
hiiy (@1, (Keo.ip)) = D ji (1, (Kry.ig)
necessarily. This implies
hic i (Co(¢1; (K ig))) = hij; (Co(@r; (K i), 1= <n,
and Brouwer’s fixed point theorem yields a y; € Co(¢y; (Ky,i,)) such that
hicix (vi) = hic,j, (vj), 1= <n:.

Since ¢1;(Ky,ip) C ¢1,(K) € Ky; for each j, so are their convex hulls.

Hence from our choice of 7, {y> — y1, y3 — y1, ..., Yn; — y1} contains a basis
of R¥. It follows that hy ;, . = hgj, . This contradicts the distinctness of /i ;, and
completes the proof. O

Next we verify the logarithmic commensurability of the contraction ratios
in Hk. It is instructive to compare this with Proposition 2.3 where the contraction
ratios and the orthogonal matrices are the same.

Proposition 4.2. Let K be a totally disconnected self-similar set, and let
®, U e Hi with

® = {¢i(x) = pR(x + o)}V,
and

W= {y;(x) = 0S(x + I,

Then {log p, log o} are commensurable.

Proof. Lets = dimg (K), fix the K, ;, as defined in Lemma 3.4 satisfying (3.4).

Since {ggg is the limit of a sequence of rational numbers, there exist two sequences

of integers {ny} and {my} such that klim Pk ™™k = 1. We can assume, without
—>00

loss of generality, that

oMk < pk < 20™k, k> 1. (4.3)
By Lemma 3.4, we have
;lk (Kkosio) S ,Ck0+nk, k>1. 4.4)
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Now consider ®¥0 W™k For any f € ®XoWw™  f(K) must intersects some
Koni+ko.j- By Lemma 3.1 and (4.3), we see that (f(K)) i +x is connected,
and the assumption that f(K) intersects K, 1, ; implies that f(K) must be
contained in K, 4, ;. Therefore, by (4.4)

A1 (Kig.io) = | J{f(K): f € @™ | f(K) N ¢7* (Kiy o) # OB}

Let &, = #{f(K): f € @ 0wk f(K)N$T* (Kky.i,) 7 9}, then the OSC implies
(s = dimg (K))

p—(nk +k0)SrHs (¢’11k (Kko,io)) — p—(nk +k0)sekpk0sgmks7_[s (K)

On the other hand, by Proposition 3.2(ii) and (3.4), the left hand side of the equality
equals £oH*(K). Hence

—ngS MgS

Lo =Lrp 0

Note that ¢, are integers, the assumption klim Pk o7k =1 implies £o = £} for all
—>00

large k. Therefore, p"*k = o™* for all large k. {logp,log o} are commensurable.
O

Now we prove the first main theorem (Theorem 1.1)
Theorem 4.3. If K is totally disconnected, then K is finitely generated.

Proof. We fixa ® = {¢;(x) = pS(x + Olj)};vzl € JHg such that N is the smallest
number of maps for all the IFSs in Hx. Write N as N = Nlt L. N/, where
Ny ... N, are distinct primes. We first consider the case gcd{#y,...,#} = 1. Let
s = dimg (K), then the OSC implies

pS — N—l

and p is the largest contraction ratio of IFS’s in #g.

For any W = {y;(x) = oT(x + B}, € Hk, we have o° = M~
Proposition 4.2 shows that o™ = p” for some positive integers n, m. Hence
M™ = N",and M = NI%t1 ...Nt%t‘. Therefore u = - is a positive integer and
o = p* by using the assumption gcd{ty,...,#,} = 1. Since ¥ = {y;(x)} € Hg is
arbitrary, we have

Jx € | U T (x + B} : M = N¥, T is orthogonal}. (4.5)

u=1
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By Proposition 4.1, we can write

‘%K(lou) = {\Iju,lv \Iju,Z’ LI} \Du,ﬁu}

with 1 < ¢, < Lg. (Note that Hg(p*) # @ as it always contain ®*.) Hence
by (4.5),

wx = |J He(p") = (J Wyl =) < b (4.6)

u=1 u=1

Let ¥ > 0 so the £, = sup,, £,,. Then we see that foru = x + v,
%K(pu) 2 {\Iji},l oW, ;1<) =< L} “4.7)

The maximality of £, implies that the above “2” is actually “=." Therefore, (4.6)
shows that every IFS in #k is a composition of the IFS’s in the set | J;_; #k (0%).
Hence Hk is finitely generated as a semi-group.

If ged{t;,....t;} = to > 1, then N = N ... N We let Ny =
N' NG u = "’7” (an integer). Then o = p"/™ = p*/% := r* and we have,
analogous to (4.5),

Hg C UMGA{{r”T(x + ,B‘,-)}jM=1: M = Ng, T is orthogonal }.

where A is the set of integers such that the subfamilies on the right side is non-
empty. (Note that there is no guarantee, say, u = 1 is in A, and we have to adjust
the W ; in the above proof.) Consider the congruence class of A modulus «. It is
easy to see that there exists a t > «k sothat A; := {n € A:n < 1} = A (mod«).
Hence any u € A satisfying u > t can be written as u = kx + £ with £ € A; and
k > 0. Then we can replace the q>ll”1 oW, ;in(4.7)by ¥, ;o \P,’j’_ll oW, ;. O

5. The polytope case

In this section we consider the self-similar set K in connection with its convex hull
Co(K). Recall that F is a face of a convex set E ifforx,y €e E,Ax+(1—A4)y €
F,0< A< limpliesx,y € F.

Proposition 5.1. Let K be a self-similar set generated by an IFS ® = {¢;(x) =
plx + ozj)}jvzl € Kk (no OSC is assumed). Suppose F is a face of Co(K), then
F N K is the self-similar set generated by the subfamily {¢;: ¢;(K) N F # @}.

In particular each vertex of Co(K) is the fixed point of a unique ¢; € .
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Proof. For ¢ € &, we can write ¢(x) = p(x —b) + b, and b € K is the fixed
point of ¢. Hence ¢(x) = px + (1 — p)b is a convex combination of x and b. Let
OF = {¢p € D:¢(K)N F # @}. Then for ¢ € ®F, there exist x € K such that
¢(x) € F. By the convex combination and the face property of F, ¢(x) € F if
and only if both x, b € F. In this case, f(F N K) € F N K . Hence F N K is the
attractor of ®r, and the conclusion follows. O

Proposition 5.2. Let K be a self-similar set that spans R¢ (no OSC is assumed).
Then Co(K) is a d-dimensional polytope if and only if there is an integer ko such
that R*o = 1d for any orthogonal matrix R in ® = {pR(x + “./')}]N=1 e Kk.
Furthermore, there are only finitely many such R.

Proof. NECcEss1iTY. Assume Co(K) is a d-dimensional polytope. Let {vy,

vz, ..., Uy} be the set of vertices of Co(K). For each vertex v; of Co(K), let
m
C ={Zpg(ug—vi):p520}, l<i<m (5.1)
(=1

be the smallest convex cone (with vertex at 0) containing K —v; := {x—v;: x € K}.
Without loss of generality, we assume that C; is such that the Lebesgue measure
of B(0,1) N C; is minimal i.e.,

L(BO.1)NC1) = min L(BO.1)NC)) (5.2)
<J<m

For each vertex v; of Co(K), there exists ; € R? such that
- (x—v;) >0, forall x € K\ {v;}, 1<i<m. (5.3)

For any ® = {¢;(x) = AR(x + ozj)}JI.V=1 that generate K, there exist w € K and j
such that v; = ¢; (w). Then (5.3) implies

AR'ay) - (x —w) = a1 - (¢j(x) —v1) >0, forall x € K \ {w}.

Hence w is also a vertex of Co(K). Let v;, = w, thenby ¢;(K) C K and the cone
property, we have RC;; € C;. The minimality in (5.2) implies RC;, = C;.

Denote

O;,j = {S orthogonal: SC; = C;}, 0= | J 0. (5.4)

ij=1
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Since C; is a convex cone with non-empty interior and finitely many edges, O; ;
and O are finite sets. Note that the above R € O. Since ®" also generates K, the
above argument implies R” € O for all n > 0. Therefore, R = Id for some k by
the finiteness of 0. Hence we can choose the least common multiple k¢ of such
k > 0, and the necessity follows.

SurFicIENCY. Assume that there is an integer k > 0 such that, for any
® = {$j(x) = AR(x + oj)}_, generating K, R¥ = Id holds. Then ®*
has the form {g;(x) = A*(x + ,Bj)}JM=1. Let w; be the fixed point of g;, and
Q2 = Co({w1, w2, ...,wm}). Then it is easy to see that g; (€2) C 2 for all j. Note
that all vertices of Q are points of K that spans R?, hence Q@ = Co(K) and is a
d-dimensional polytope. |

By taking R = Id, it follows from the above proposition that the Co(K)
in Proposition 5.1 is a convex polytope. Next we will prove a lemma for the
commensurability of the contraction ratios, which will be a key step to prove
Theorem 1.2. It is also an extension of [14, Theorem 1.1(i)], as the K in the
following lemma need not be a self-similar set.

Lemma 5.3. Let K C [a,b] be a totally disconnected compact set and is not a
singleton. Suppose a € K, and there are ¢; (x) = pi(x—a)+a, i = 1,2 satisfying

[a,a+8NKC¢i(K)CK, i=12 (5.5)
for some § > 0. Then py and p, are logarithmic commensurable.

Proof. Suppose p;,i = 1,2 are not logarithm commensurable, then there exist
two sequences of positive integers {s}},, {s2}, such that 7, := /oi’5 / p;’% converges
to 1, and we can assume, without loss of generality, ,oi’l’ < p;’% . Note that (5.5)
implies [a,a +8]N K = [a,a + 8] N ¢i(K),i = 1,2. By applying ¢; inductively,
we have ) )

¢ (a.a+8NK)=[a.a+p"S)NK, i=12.

As p < pi" we have o5 ([0.8] N (K — a)) 2 02 ([0.8] N (K — a)). Therefore
0,8]N (K —a) 2 t([0,8] N (K —a)), n> 1.

This is a contradiction in view of Proposition 2.2 applying to [0,6] N (K — a),
f =1d, and g(x) = 1,x for n sufficiently large. Hence p; and p, are logarithm
commensurable. O
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We now prove Theorem 1.2 in the Introduction.

Theorem 5.4. Suppose the self-similar set K C R? is such that the convex hull
Co(K) is a polytope, and there exists a line L passing through a vertex of Co(K)
and L N K is totally disconnected and infinite, then K is finitely generated.

Proof. We first prove the logarithmic commensurability of contraction ratios. Let
{v1,..., Uy} be the vertices of Co(K). For any ® = {¢;(x) = pR(x + ai)};vzl €
Hx and ¥ = {y;(x) = oS(x + B}, € Hk. Proposition 5.2 implies that
there is k such that R¥ = S* = Id. Hence without loss of generality, we assume
that R = S = Id. Also, note that each vertex of Co(K) is the fixed point of a
unique ¢; € ® (Proposition 5.1), we can assume ¢; (v;) = v; fori =1,2,...,m.
It follows easily from the contraction of ¢; and the vertices of Co(K) as fixed
points that v; ¢ ¢;(K) wheni # j. Similarly, we can assume ¥;(v;) = v; for
i=12,....mandv; ¢ ¥;(K) wheni # j.

Let Lx = KN L, without loss of generality, we assume that L passes v;. Since
v1 ¢ ¢;(K) and vy ¢ ¢;(K) when i > 1, there is § > 0 such that

B(v1,8) N¢i(K) = B(v1,8) Ny (K) =0, foralli, j > 1.
Hence B(vy,8) N Lx = B(v1,8) N ¢1(Lkx) = B(vy,8) N1 (Lk). This implies
$1(B(v1,8) N Lg) C B(v1,8) N Lk, Y1(B(v1,8) N Lg) C B(v1,8) N Lk.

By considering B(v;,8) N Lk in R, Lemma 5.3 shows that o and p are logarithm
commensurable.

By using Proposition 5.2, it is direct to show that the £g in Proposition 4.1 is
finite; a similar proof as in Theorem 4.3 verifies that g is finitely generated. O

Proposition 5.5. Suppose the self-similar set K C R? is such that dimg (K) < d,
and Co(K) is a d-dimensional polytope, then Hx is finitely generated.

Proof. We need only show that there is a line L satisfies the condition in
Theorem 5.4. In view of Proposition 5.2, we can assume R = Id, i.e., ¢;(x) =
p(x + «j). Also, from the proof of the sufficiency of the proposition, we
can assume {vq, Uz, ..., Un} is the set of vertices of Co(K) and v; = ¢;(v))
forall 1 < j < m. Furthermore we can assume Co({vi,vs,...,v;}) is a
(j — 1)-dimensional face of Co(K) for 1 < j < d, and Co({v1,v2,...,Vg+1})
is a d-dimensional polytope (otherwise we can make a rearrangement of the ver-
tices, and group the consecutive vertices together to form an increasing sequence
of faces).
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For a vertex v; of Co(K), we can write ¢; (x) = p(x —v;) + v;. Hence for the
L passes v; and intersects K at x (7 vj), then vj + p (x —v;) = ¢7(x) € LN K
for all integer n > 0. It follows that L intersects K either at a single point or
infinitely many points.

Now we assume on the contrary that L N K is not a totally disconnected infinite
set for any such lines L. Then the above assertion implies that the edge (i.e., one
dimensional face) [v1, v2] of Co(K) intersects K in a segment with positive length,
and Proposition 5.1 implies that [v;, vz]N K is a 1-dimensional self-similar set with
non-empty interior.

Consider the segments linking v and points of [v;, vy] N K, then as the
above, the intersection of K and such segment has positive length. Therefore
Co({v1, v2,u3}) N K has positive 2-dimensional Lebesgue measure. Therefore
dimg (K) > 2 and d > 2, again by Proposition 5.1, Co({vy, v2,v3}) N K is a
2-dimensional self-similar set with non-empty interior.

We carry out the same argument for v4 and points of Co({vy, vz, v3}) N K,
and continue. Eventually we conclude that K is a d-dimensional self-similar set
with non-empty interior, a contradiction to dimg (K) < d, and completes the
proof. O

The following result is a variant of Theorem 5.4, it does not assume the totally
disconnectedness on L N K (and allows dimg (K) = d), but needs the line L N K
to be an edge (one dimensional face) of Co(K).

Proposition 5.6. Suppose the self-similar set K C R? is such that Co(K)
is a d-dimensional polytope, and there exists an edge [v;, v;] of Co(K) such
that [v;,vj] N K has infinitely many connected components, then Hk is finitely
generated.

Proof. We first prove the logarithmic commensurability of contraction ratios. Let
® = {§;(x) = oR(x + )}, and W = {y; (x) = pS(x + B}, be in H.
By Proposition 5.2, we can assume R = S = Id. Let F = [v;, v;] be the given
edge, then F N K is the attractor of ®f, Wr (Proposition 5.1). Since F N K is a
one dimensional self-similar set and has infinitely many connected components,
it follows from [14, Theorem 1.1(ii)] that ¢ and p are logarithm commensurable.

By using Proposition 5.2, we can show that the {x in Proposition 4.1 is finite;
a similar proof as that of Theorem 4.3 verifies that H is finitely generated. [
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6. Consequences and examples

We have the following conclusion on the logarithmic commensurability of the
isotopic IFSs in #k.

Theorem 6.1. Let K be a self-similar set as in Theorem 1.1, Theorem 1.2, or
Proposition 5.6. If

® = {$;(x) = pR(x + @))}}_; and W = {y;(x) = oS(x + B)}}L,

are two IFSs in ¥k, then
oF = pt

for some k, £ > 0.

Proof. If K is totally disconnected, Proposition 4.2 shows that p"* = o™ for some
positive integers n, m. Consider the IFSs ®"w*—)m | < < k. Then they
all belong to Hx (p*"). For k large, Proposition 4.1 implies that there exist 7, j
with 1 < i < j < k such that ®"wk—Dm — @/nyk=im Comparing the
orthonormal matrices yields

RU-Dn — ¢(—i)m

This implies ® )" and WU ~)™ have the same contraction ratio and orthogonal
matrix. Proposition 2.3 then implies that U7 = @l-Hm,

For the other two cases, that Co(K) is a convex polytope implies that R =
S* = 1d for some k. That p" = o™ for some positive integers n, m is contained
in the proof of Theorem 1.2 (i.e., Theorem 5.4) and Proposition 5.6. Therefore by
applying Proposition 2.3 again, we have ®" = wkm, O

The following two corollaries are straight forward.

Corollary 6.2. Under the same assumption as in Theorem 6.1, K is a finitely
generated semi-group.

Corollary 6.3. Under the same assumption as in Theorem 6.1, if one of the IFSs
in K satisfies the SSC, then all the IFS in Kk satisfy the SSC.

For the more specific description of the generators of Hk, there is a rather
precise statement for the one-dimensional case, which is an improvement of [14,
Theorem 3.1]. A set E C R is said to be symmetric if there exists ¢ such that
(E—-c¢)=—E.
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Proposition 6.4. Let K be the self-similar set in R generated by
® = {p(x + ;)\,

with 0 < |p| < 1. Assume that ® satisfies the OSC with an open interval U, and
K is not a finite union of intervals. Then

(i) Hk is generated by a unique generator if and only if the digit set {a; }JI.\":1 is
not symmetric.

(i) If {o; };Vzl is symmetric, then there are two generators ®; = {o(x + a‘,-)}jM=1
and ®, = {—o(x + bj)}j]"i1 such that Hg = {®"71d,, ®":n € N}.

We will omit the proof as the main part is as in [14, Theorem 3.1]; the additional
part is that {o; };Vzl is symmetric if and only if K is symmetric, which is an easy
consequence that x € K can be expressed as Zf‘;l 0 o, <ij <N. Instead,
we use the simple example of {1, 4, 5}-self-similar set in Section 2 to illustrate the
basic idea.

Example 6.5. Let K be the self-similar set generated by the IFS

1
o= {g(x Ya)ya= 0,3,4}
as in Section 2. Then @ is the unique generator of Hx.

Proof. Obviously, ® satisfies the OSC with open interval (0,1). If ¥ =
{o(x + bj)}jM= 1 (0 < |o| < 1) belongs to Hg, then the logarithmic commen-
surability of IFSs shows that ®” = W™ for some integers n, m > 0. Hence
(%)” = o™, and the dimension formulas for ® and ¥ imply 3" = M™. Since 3
is a prime, M = 3k, and so |o| = (%)k for some integer k > 0. Proposition 2.3
implies W2 = ®2k_ As ® satisfies the OSC with the open interval (0, 1), so is .

If o < 0, then there is a map y;(x) := o(x + b;) such that ¥;(1) = 0, so
Vi(x) = o(x — 1). Also, there isa g = (é)k(- + ¢) € ®F such that g(0) = 0. As
lo| = (é)k, hence g(x) = |o|x. This implies K = —(K — 1), and K is symmetry,
a contradiction. Therefore, o > 0, and Proposition 2.3 implies ¥ = &K, the
assertion follows. O

A non-trivial example for Proposition 5.6 is the IFS {gi)i}?:1 where ¢;(x) =
%(x + aj), and {aq, az,a3} = {0, 1,2}(mod 3) (but # {0, 1,2}). Then the self-
similar set K is a tile in R that have infinitely many connected components.
It follows from Proposition 6.4 that #x has a unique generator. For higher
dimensional tile, a simple minded example of this sort can be the product K x[0, 1];
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the more interesting examples are Examples 6.7-6.9. Note that the condition of
infinitely many connected components cannot be omitted; it is seen that for [0, 1],
H[o,17 has infinitely many generators, as it contains all the IFS ®,, = {%(- +i )};’;é;
another example of similar nature is in [14].

Example 6.6. Let ©,, = {ﬁ(x +a):ae{0,1}p{0,8n}p4{0,...,.n—1}},n =
1,2,.... Then all ®, satisfy the OSC with the same attractor K := [0, 1]U[2, 3],
and Jk has infinitely many generators.

Next we consider some two dimensional examples in regard to the generators
of Hx. We first make some remarks on Proposition 5.2 with Co(K) a convex
polytope. Let ® = {pR(x + ozl-)}f\’:l, we showed that this condition is equivalent
to R¥0 = Id for some ko > 0, which is determined by R(C;) = C; for some i, j
(see (5.4)). Hence if R = Id is the only one satisfies the identity, than #k has a
unique generator ® = {p(x + oz,-)}fv: , Where N # M k for any k > 1.

To determine the generators, we make some more observation on the geometry
of Co(K). Let {vy, ..., vy} be the vertices of Co(K), they are fixed points of some
¢i € @, namely, ¢; (v;) = v; (Proposition 5.1). Let {i1, .. .i,} be a permutation of
{1,...,m} such that ¢, (v;;) = v; foreach 1 < j < m. Then it is not difficult to
show that

R(C;,) = Ci and R((K—uvi,) N B(0,8) = (K —v;) N BO0,e)  (6.1)

for some & > 0. (We can take ¢ > 0 such that ¢,(K) N B(v;,¢) = @ forall £ # k;.)
This symmetric property can be used to find the admissible pR of ® € Hk.
We illustrate this idea by the following example of Sierpinski gasket.

Example 6.7. Let K be the self-similar set generated by the IFS ® = {¢; ]3-=1

on R2, where ¢;(x) = p(x —v;) +v;, 0 < p < % Let A denote the triangle

determined by vy, v3, v3. Then K satisfies the conditions in Theorem 1.2, and
(i) if A is not isosceles, then @ is the unique generator of Hk;
(ii) if A is isosceles but not equilateral, then #x has two generators;

(iii) if A is an equilateral triangle, then #g has six generators.

Proof. Assume ¥ = {y; = oR(-+ ,B‘,-)}]-M=1 belongs to . It is clear the assump-
tions in Theorem 1.2 are satisfied. Similar to Example 6.5, the commensurability
of ®, W and the dimension formula imply M = 3" and o = p” for some positive
integer n > 0.
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(i) Since A is notisosceles, so (6.1) hold only if R = 1d. Hence ¥ = {y;(x) =
ot (x + ,Bj)};.n:l for some fB;, and Proposition 2.3 shows W = ®”", the assertion
follows.

(ii) Since A is isosceles but not equilateral. Then there is a reflection R
satisfies (6.1), and there are two generators : ® as given, and ® = {pR(-+ B;)}}_,
for some B;.

(iii) It is easy to check that there are six orthonormal matrices that satis-
fies (6.1), and similar to (ii), there are six generators of Hg. O

Example 6.8. Consider the twin dragon tile K = T (A, D) generated by & =
{A71(- + di)}i2=1, d; € D, where

[ 06

Then @ is a homogenous IFS with contraction ratio p = iz, S = V2471
Moreover K satisfies the assumptions of Theorem 1.2 (or Proposition 5.6), and
Hk has two generators: the given one ®, and

S={-A""(+d)},. dieDy= {((1)) (_1)}

Proof. Tt is direct to check that T(—A,D,) = T(A,D;) = K, hence ® € H.
Consider the IFS ®®3, since —A* = 41d, Proposition 5.1 shows that Co(7T (4, Dy))
is the polygon, and the vertices are (see Figure 2):

OO OO0

Figure 2. The convex hull of twin dragon.
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Denote these vertices by v;, j = 1,2,...,8 in the same order as the above,
and let vy = vg and vg = vy. It is easy to check that the set [v;, v;+1] N K is the
Cantor set generated by the IFS {4 (- 4+ 3v;), 3(- 4+ 3vi+1)} (apply Proposition 5.1
to {f € ®®3: f(K) N [vi, vi+1] # B}, which has exactly two maps with fixed
points v; and v;4+; respectively). Hence the line L determined by v; and vj4
satisfies the assumption in Theorem 1.2 (also Proposition 5.6).

On Co(K), it is easy to see that each angle is %’. Let C; be the cone generated
by Co(K) with vertex at v; asin (5.1), and let L; ;41 = {t(vi+1 — vi):t > 0}, be
the two sides of the cone. It is clear that all the cones are isometric.

For any IFS ¥ = {pR(x + ,Bj)};\’=l € Hg, let RC; = C; (by (6.1)), then
RLyy = Lygyy and RLy o = Ly ¢ (or the other way round). It follows that
R = S1S,...S; for some k > 0, with S; = /247", We show that we can
choose the k such that pR = +A7¥, this will imply W is a composition of IFSs
from {®, ®} by applying Proposition 2.3.

To this end, we only consider the case R = —2A472, all other cases are similar.
Consider W ®?2, the relation —A4* = 4Id implies that each map in W ®? has the form
%Q(X + B). It follows that [uy, v2] N K is a self-similar set generated by the sub
family { f € W®2: f(K) N [vl, vy] # @} (Proposition 5.1). Denote this subfamily
by {30(x + d;j)}!L,. Similar to Example 6.5, the commensurability of ®, ¥ and
the dimension formulaimply M = 2%, and o = (3)?~! for some k > 0. Ifk = 2¢
then oR = —A~8¢=2, 50 the linear parts of maps in ¥ and ®8¢*1 & are the same.
Hence ¥ = ®#+13 by Proposition 2.3. If k = 2¢ + 1, then pR = —A~8¢76 50
the linear parts of the maps in W and ®3¢+5® are the same, and ¥ = ®3¢+5.
Therefore, ® and ® generate the isotopic class. O

We consider one more example from [22] that not all the fixed points of ® are
vertices of Co(K).

Example 6.9. Let K be the self-similar set generated by the IFS

D = {%(x—l—oz):oz GD}

D= {(l +,“|J|):i, = —1,0,1}.
j

There are five fixed points of the ¢; € ® that are vertices of Co(K). @ satisfies
the condition in Theorem 1.2 or Proposition 5.6, and #k has two generators: &
and ® = {%R(- + «):«@ € D} when a # 0, where R = diag(1, —1), the reflection
along the x-axis.

with
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Proof. The K is a Z-tile as showed in the following Figure 3.

at1 a—1 1 at1 a—1
cw-ef{(T)T) O )TN e
2 2 2 2

(for a < 0, we replace the middle one by (%, 0)). The vertical line x = ”erl passes
two vertices of Co(K) and intersects K a Cantor set whena > 0 (x = % for
a < 0). Actually, in the five edges of Co(K), except the two horizontal edges,
the other three edges all intersect K a Cantor set. Hence the assumptions of
Theorem 1.2 or Proposition 5.6 are satisfied.

It is easy to see that R = diag(1l, —1) is the only orthogonal matrix (# Id)
satisfies (6.1). For ¥ = {oR(- + ,Bj)}jl.vzl, we can use the same argument as
Example 6.8 to conclude that W = ®F or W = ®¥~1d. We omit the detail. O

-0.4 -0.2 0 0.2 0.4 0.6

Figure 3. The tile K with a = 0.5.

We see from the examples that the two dimensional connected tiles can be very
different from the one-dimensional tiles as far as the isotopic property is concern
(0,17 has infinitely many generators). In fact a well-known open problem related
to this is whether there is a 2-reptile that is also a 3-reptile, see [6], it is a difficult
question in the plane, but is trivial on R.

If K is totally disconnected, but Co(K) is not a polytope, then we do not have
a suitable condition to ensure the uniqueness of generator, nor an efficient way to
find the generators. We conjecture that if ® = {pR(- + Olj)}]]y=1 € Hk, N isnot a
power of any integer and 1 is not an eigenvalue of any power R” (n > 0), then ®
is the unique generator of Hg.
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In Corollary 6.2, we conclude that #g is a semigroup for those cases in this
paper. We do not know if this is true without the additional assumptions.

In our consideration, we only deal with the homogenous IFS. We have no
knowledge on the non-homogenous case. Note that if the contraction ratios are
logarithmic commensurable, then the neighborhood decomposition is still valid
with more work, see [28]. This may offer a way to consider this more general
case.
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