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Attractors of iterated function systems
with uncountably many maps
and infinite sums of Cantor sets

Giorgio Mantica and Roberto Peirone

Abstract. We study the topological properties of attractors of iterated function systems
(IFS) on the real line, consisting of affine maps of homogeneous contraction ratio. These
maps define what we call a second generation IFS: they are uncountably many and the set
of their fixed points is a Cantor set. We prove that when this latter either is the attractor
of a finite, non—singular, hyperbolic, IFS (of first generation), or it possesses a particular
dissection property, the attractor of the second generation IFS is the union of a finite number
of closed intervals. We also prove a theorem that generalizes this result to certain infinite
sums of compact sets, in the sense of Minkowski and under the Hausdorff metric.
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1. Introduction and discussion of the main results

This paper addresses a problem that belongs to the important study of the topology
of fractals: to characterize the attractor of iterated function systems (IFS) that
consist of an uncountable infinity of similarities in one dimension.

The recent surveys [7, 8] offer a good perspective of attractors of finite IFS.
On the other hand, attractors of IFS with a countable infinity of maps have also
been considered, e.g. in [9, 14, 16, 25, 28]. Much less studied is the case, discussed
herein, when such infinity is uncountable, so that [16, 18, 20, 22, 23, 24, 26, 32]
is an almost complete list of references.

Our result, somehow surprising in its simplicity — that, in a large family of
cases, the attractor is a finite union of closed intervals, also describes certain
infinite sums of Cantor sets. As such, it has relevance to the problem of Minkowski
sums and more generally to the study of algebraic/Boolean operations with Cantor
sets, a very partial list of related literature being [1, 2, 11, 15, 30, 31]. Further
motivation to solve this problem is to control the support of IFS invariant measures
that model multiple pursuit games [22] and fractal inverse problems [23].

1.1. Problem formulation. We consider X, the set of non—empty compact sub-
sets of a compact interval / in R, endowed with the Hausdorff metric, defined in
the standard way as follows. Let d(x, y) be the Euclidean distance of two points x
and y in R, and let d(x, A) = min{d(x,a),a € A} be the distance of the point x
from the non—empty compact subset A of /. The Hausdorft distance dg between
two compact sets A and B in X is then defined as

dy (A, B) = max{max{d(a, B),a € A}, max{d(b, A),b € B}}. (1.1)

Under this distance X is a compact space [33].

Let W be a non-empty set of contractive transformations of a non-empty
compact interval / in R, such that there exists r < 1 for which every v € W
is r-Lipschitz. Also, let the operator Uy be defined by [17, 5, 4]

Ug(4) = (] v(4) (1.2)

Yew

for every A € K, where the bar denotes topological closure.
In this setting, Uy is a contractive operator on X and K = Ky is the unique
element of X that solves the equation

K = Uyg(K). (1.3)
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Following Hutchinson and Barnsley—-Demko Ky is called the invariant set,
or the attractor of the iterated functions system W [17, 5], a construction that
generalizes the first insights of Moran and Mandelbrot [29, 21]. For an IFS
composed of finitely many affine maps, the attractor may take different topological
forms, as diverse as an interval, a countable union of intervals, a Cantor set, a finite
number of points (in the singular case of maps with zero contraction ratios).

As mentioned, IFS with a countable infinity of maps have been considered e.g.
in[9,14,16, 25, 28]. Their study requires the introduction of the closure of the right
hand side of eq. (1.2), at difference with the case of finitely many transformations.

In this paper we will study the topological properties of the attractor in a
more general class of IFS, composed of an uncountable set of maps, but we
will restrict ourselves in two ways. First, following Elton and Yan [13] we will
consider homogeneous affine maps. Secondly, as in [22, 23, 24] these maps will
be structured as a second generation IFS.

Precisely, we start from a first generation IFS ¥, that we require to be finite,
hyperbolic and non—singular. This is defined by the following conditions:

i) W consists of a finite number M of real maps (i.e. maps from R to itself),

W={yii=1..,M): (1.4)

ii) there exists a closed interval I such that y;(/) € [ foranyi =1,..., M;
iii) every map v, is C?>on I;

iv) there exist constants § and ¢ such that foranyi = 1,..., M
0<o<|y/(x) <8<, (1.5)

for all x in 7, and at least two maps in W have different fixed points.

A paradigmatic example of this situation is offered by non-linear IFS generating
real Julia sets (see e.g. [6, 10]).
Next, consider a new set of affine maps, of equal contraction ratio 0 < o < 1,

p(B:x) =alx—p)+p =ax+ (1 -a)p, (1.6)

where 8 € R is the fixed point of ¢(8;-). A second generation IFS ® consists of
all maps of the form (1.6), whose fixed points § belong to the attractor Ky of the
first generation IFS W:

D ={¢(B:), B € Ky} (1.7)

Note that x — ¢ (8, x) maps [ into / for every 8 € Kg. We use again eq. (1.2) to
define the operator Ug, replacing the set of maps W by ®. Since Ky is a compact
set, the closure at right hand side of eq. (1.2) is here redundant.
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Let therefore K¢ denote the fixed point of Ug: Ko = Us(Ko). This set is the
attractor of the second generation IFS & derived from W and «, the properties of
which are the object of this paper.

1.2. Main results and their discussion. Our main result shows that K¢ has
a very simple structure, under very general conditions on the first—generation
attractor Ky upon which it is constructed.

Theorem 1.1. For any finite, non—singular, hyperbolic IFS ¥V and for any 0 <« < 1
the attractor K¢ of the second generation IFS ® derived from V and a consists of
a finite union of closed intervals. The same is true when Ky in definition (1.7) is
replaced by a Cantor set K admitting a construction of uniformly lower bounded
dissection.

As stated, the theorem holds also for a class of Cantor sets, defined via con-
structions of uniformly lower bounded dissection: these latter will be described in
the course of the paper.

The first part of this theorem has been conjectured in [24], Conjecture 1, for
disconnected, affine IFS. In the same work, a weaker result was found in a specific
case: namely, it was proven (Theorem 1 in [24]) that when W is a two—maps,
disconnected, affine IF'S (but the proof can be extended to any finite number of
maps) the attractor K¢ contains an interval. Theorem 1.1 solves the problem
completely and in wider generality, under the hypotheses above. The following
consequences of this theorem are to be noted.

Firstly, it can be used in conjunction with a localization analysis of the set K¢.
Formulae somehow simplify when the convex hull of Ky is the interval [—1, 1]:
by a suitable rescaling we can always put ourselves in this situation. Then, the
following proposition was proven in [22, 23] (see also Lemma 1 in [24]).

Proposition 1.2. Let Conv(Ky) = [—1, 1]. Then
Ky € Ko C [-a,a] + (1 —a) Ky € Bro(Ky),

where Bao(Kwy) is the closed 2a—neighborhood of K. The last two sets in the
chain of inclusions consist of a finite number of closed intervals.

We shall give a different proof of Proposition 1.2 later on, in Section 2. A first
consequence of it is that in the limit case of « = 0 K¢ is equal to K. Also observe
that this proposition yields in a rather simple way a cover of K¢ by intervals.
The difficult step achieved by Theorem 1.1 is to prove that intervals are contained
in K¢ and indeed that it exactly consists of a finite number of them.
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Finally, Theorem 1.1 implies that algorithm A2 in [24] terminates in a finite
number of steps, hence it provides an efficient means of computation of the
intervals composing the set K.

Remark 1.3. Observe that when B is a countable dense subset of the compact
set Ky and when ® = {¢(b;-), b € B}, the induced operator is the same as that
of the complete IFS: Uz = Us. Hence, one can construct a countable IFS with
the same attractor as the uncountable one — however, closure in eq. (1.2) becomes
essential. This is a particular case of the general Proposition 9 in [20].

While the previous remark might seem to downplay the importance of un-
countable IFS, it must be observed that their distinctive role is fully appreciated
when considering balanced measures on their supports, as done in [13, 26]. In the
case of the second generation IFS considered in this paper these measures have
been studied in [22, 23]: they are always of pure type and can be either absolutely
continuous or singular continuous with respect to the Lebesgue measure. Dis-
criminating between the two cases appears to be an interesting and challenging
problem [22]. Theorem 1.1 helps in this endeavor by settling the problem on the
nature of the support of these measures.

From a more general perspective, the results of this paper also belong to the
study of the topological properties of sums of Cantor sets. A key ingredient of
our proof is a result (Theorem 7.1 below) by Cabrelli ef al. [11] on finite sums of
Cantor sets. Recall the notion of Minkowski sum of two non—empty sets A and B
in R (see [33]): this sum is the set

A+ B={a+b,ac A Dbe B} (1.8)

In this context, we first prove a result on sums of Cantor sets of the kind K, =
y1 K +---+ vy, K, Proposition 8.1, where K is a Cantor (see below for hypotheses)
and y; are arbitrary positive numbers.

Next, we show that the attractor K¢ defined above and characterized via
Theorem 1.1 can be written as a geometric series of Cantor sets (see eq. (25) in [24]
and Section 9 below):

Ko=(1-0a)) o/Ky. (1.9)
j=0

In the above, convergence of the series is to be understood in the sense of Hausdorft
metric. We can study more general series than (1.9): this results in the following
theorem.
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Theorem 1.4. Let K = Ky be the attractor of a finite, non—singular hyperbolic
IFS V, or a Cantor set K admitting a construction of uniformly lower bounded
dissection. Let Zj a; < 0o be a convergent series of positive real entries. Then,
the infinite series

> oK (1.10)
j=0

is convergent in the Hausdor[f metric to a non—empty compact set, which is a finite
union of closed, disjoint intervals.

Clearly, because of eq. (1.9), Theorem 1.4 is a generalization of Theorem 1.1.

1.3. Organization of the paper. In the next section we review some basic
properties of IFS and their attractors. These properties are well known (see e.g.
Section 3 in [17]) and we reproduce them here solely for convenience and as a way
to introduce notations. Partially new is the proof of Proposition 1.2, presented
at the end of this section. The successive Section 3 explains a standard way to
describe Cantor sets in the real line. We mainly follow Section 2 in [11] and
we extend it by proving a few results needed in the remainder of the paper. The
fundamental property of uniformly lower bounded dissection (ulbd) of Cantor sets
is also defined in this section. In Section 4 we prove that this property holds for
Cantor sets generated as attractors of two—maps, non—singular, hyperbolic IFS.
We then derive some useful lemmas on the relation of ulbd property with certain
operations on sets: Section 5 contains an explicit construction by which it is proven
that the union of two separated, ulbd Cantor sets is also ulbd, while Section 6
proves that a ulbd Cantor set with prescribed properties can be found in the sum
of a finite collection of ulbd Cantor sets.

We then move to the core of the problem: in Section 7 we recall Cabrelli et al.
result on finite sums of ulbd Cantor sets [11], to which we add two useful Lemmas.
This leads us to Section 8 where we prove a proposition about the finite truncations
of the series in eqs. (1.9) and (1.10) and we prove Theorem 1.1. The theory of
infinite series of compact sets of the kind (1.10), in the sense of Minkowski and
under the Hausdorff metric, is briefly developed in the final Section 9, where we
prove Theorem 1.4.

2. Basic properties of IFS maps and attractors

In this section we let W be a set of contractive transformations, more precisely of
r-Lipschitz transformations on a compact interval /, where r is a suitable number
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with 0 < r < 1. Such a set ¥, according to standard terminology, is called
a hyperbolic IFS. When the cardinality of W is finite we will use the notation
V= {y;:i = 1,..., M} and assume there exist at least two maps with different
fixed points. Then, my = min Ky is strictly smaller than My = max Ky. For all
n > 1 let U" be the IFS consisting of the n-fold composition of the maps in W:

U =i, i it in =100 MY, Yy i =Y, 0000, (2.1)

Clearly, Uy, = Uygr on X. Acting with Uy n times in eq. (1.3) yields
Ky = Uy (Ky) = Ugn (Ky) and this implies that, for all n > 1,

Kgn = Ky. 2.2)

Lemma 2.1. If ¥ and V' are hyperbolic LF.S on a compact interval I, the
following hold:

i) if A e X and Uy (A) D A, then Ky 2 A;
ii) if B € X and Uy (B) C B, then Ky C B;
iii) if W C W' then Ky C Ky.

Proof. i) The set X := {D € K:Ug(D) 2 A} is a closed nonempty subset of K
(X is nonempty since A € X by the hypothesis), thus it is a complete metric space
with respect to the Hausdorff metric. The map Uy is a contraction from X into
itself (since D € X implies U% (D) 2 Uy(A) D A), thus it has a fixed point C:
Uy (C) = C. Because of uniqueness, this latter is the same as the IFS attractor:
C = Ky. Moreover, since Ky = C € X, then Ky = Uy (Ky) 2 A.

ii) Same as i), with X :={D € KX:Uy(D) C B}.

iii) We have Uy (Ky) 2 Ug(Ky) = Ky. Now, iii) follows from i) with
A= Ky. O

Remark 2.2. The above lemma is folklore: we included its proof for complete-
ness. Indeed, it is a consequence of order/monotonicity properties of W. A thor-
ough analysis of its implications can be found in [19].

Remark 2.3. The previous lemma can be used to construct monotonic sequences
of compact sets converging to the attractor Ky. Take A as in i) and define
An = Uy (A), B asinii) and B, = Uy (B). Then,

AC--CA CApp1- S Kv S-S Bpy1 S B, S-S B.
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The ascending sequence has been called the construction from the inside; the
descending, construction from the outside; A the nucleus and B the absorbing set
[3, 7]. Typical choices for A and B are a finite set of fixed points, and [my, My],
the convex hull of Ky, respectively. (Notice that an alternative proof of i) and ii)
can be obtained via the previous equation.)

A corollary of this result is the following

Lemma 2.4. Let ¥V := {y;:i = 1,..., M} be a hyperbolic IFS on a compact
i With iy, ...,ip = 1,..., M. Then

.....

.....

Proof. By definition, Ug» ({8}) = Ui({B}) 2 Viy....i, {B}) = {B}. Thus, by
Lemma 2.11) Ky = Kgn 2 {f}. Next,

Vil il (B) € vy i,’(,(K‘I/) C Uy (Kw) = Ky. O

.....

Observe that the above also holds for infinite cardinality IFS.

Lemma 2.5. Suppose that the hyperbolic IFS V is composed of finitely many
maps. Then, there exists V' C W such that V' has precisely two elements and
my = my, My = My.

Proof. Firstly, my € K¢y = Uy (Ky). There exists ¥ € W such that

my € Y¥1(Ky).

Thus, there exists x € Ky such that my = v1(x). We have either x = my
or x = My. In fact, in the opposite case there exist x;,x, € Ky such that
X1 < X < Xxz. Thus ¥1(x1), ¥1(x2) € ¥1(Ky) € Ug(Ky) = Ky and one
of the numbers 1 (x1), ¥1(x2) is less than my, a contradiction. Similarly, we
can prove that there exist ¥, € W and y € {my, My} such that V»(y) = My.
Let W' := {y,¥,}. We claim that ¥’ satisfies the Lemma. Note that, since
Ky C Ky C [my, My], it suffices to prove that

my, My € Ky (2.3)

We distinguish four different cases.

Case l.x = my, y = My. Here, my is the fixed point of ¥; and My is the
fixed point of ¥,. Now, eq. (2.3) follows from Lemma 2.4.

Case 2. x = y = my. Then my is the fixed point of ¥y, and My = ¥ (my),
and eq. (2.3) follows again from Lemma 2.4.
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Cask 3.x = y = My. We proceed as in Case 2.

CASE 4.x = My, y = my. We have y1 o Yp(my) = my, ¥ o Y1 (My) = My,
and eq. (2.3) follows again from Lemma 2.4. |

To complete this section we prove the localization result described in the
Introduction.

Proof of Proposition 1.2. Since Up(Ky) 2 Ky by the definition of @, the first in-
clusion follows from by Lemma 2.1, i). Next, observe that Conv K¢ = Conv Ky:
the maps ¢ (f8; x) in eq. (1.6) are contractive, the set of their fixed points is Ky and
since « is positive Ug(Conv Ky) € Conv Ky which implies that K¢ € Conv Ky
so that Conv K¢ € Conv K. On the other hand, since Ky € K¢ the reverse in-
clusion also holds. By hypothesis we so have that Conv K¢ = Conv Ky = [—1, 1].
Write explicitly K¢ = Ug Ko using the Minkowski sum of sets in the form

Ko = | [eKo + (1 —a)f]

BeKy

— Ko + (1 — @)Ky € [~a.a] + (1 — @)Ky @4

= Ko,

where the set I?<1> defined in the above is a cover of K. Observe that it can also
be written as a union of intervals of fixed length 2«

Ke= |J[1-0)p—a.(1-a)f +al

BeKy

It follows that I/{\cp is closed and included in [—1, 1], hence compact. In addition,

since the intervals in the union have fixed length 2¢ it can be written as a finite

union of (different) intervals, each of length larger than, or equal to, 2c.
Furthermore, let 8 € Ky, so that also |8| < 1, which shows that

e+ (1—-—a)f,a+(1—a)f] <[B—2a B+ 2]

Taking the union over all 8 € Ky proves the third inclusion of the thesis. The same
argument used above shows that also this last set, the closed 2« neighborhood of
Ky, consists of a finite number of closed intervals. O
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Remark 2.6. Suppose that
dix,(l —a)Ky) > o + €. (2.5)

It follows from the above proof that B_G(x) () Ko = 9, so that the closed ball of
radius € at x is contained in the complement of K. The set N, introduced in [24]
(that we here write for the case when Conv(Ky) = [—1, 1]):

Ne={xe[-L1lix—a—ex+a+elN(l —a)Ky = I} (2.6)

is the collection of the centers of these balls, or equivalently of the points x €
[—1, 1] which satisfy the inequality (2.5). For any € > 0, N is a finite collection
of open intervals contained in the complement of K. When ¢ = 0 N is the
complement of K¢ in [—1, 1].

3. Construction of Cantor sets via dissections

Recall that a Cantor set is a compact, totally disconnected, nonempty subset of R,
with no isolated points. Iterated function systems yield a convenient construction
of families of Cantor sets on the real line. We now use a different description, of
general scope, that has been employed also in [11]. The Hausdorff dimension of
sets constructed in this fashion has been studied in [12]. The main idea behind this
construction is that the complement of a real Cantor set is a countable union of
open intervals. How to organize this countable set is the core of the description,
which requires symbolic coding, as follows.
Let W be the set of finite binary words, with @ being the empty word:

W .=zU{wy,...,w:r=1,2,3,....,w; €{0,1}}.

Define the wordlength function | - | via |&| = 0, |wy,...,w,| =r. fw,w' € W,
let ww’ be the concatenation of w and w’, w@ = Fw = w. Let us now associate
a closed interval on the real line to each word in W: that is to say, we define a map
J: W — {closed intervals C R}, such that

Jow — Iy = [aw, by, (3.1

with a,, and b,, denoting the end points of [, (clearly, we always require a,, <
by). This map is defined iteratively. The initial seed is an arbitrary interval
I = [a, b] that is associated to the empty word. Thatis, Iz = I,ag = a,bg = b.
The iteration rule is then the following: given I, = [ay, by] With ay < by,
choose two points ¢y, and dy,, so that a,, < ¢y, < dy < by holds with strict
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inequalities and define the new intervals I,¢0 = [@wo, bwo] and Iy = [aw1, buwil
via

Awo = Ay, bwo = Cw, w1 = dy, by1 = by.

In simpler terms, the interval corresponding to a word w, of length |w| generates
two intervals, corresponding to the words w0 and wl of length |w| + 1. Itis
convenient to define the ratios of dissection r(J)y0 and r(J),,1 associated to these
intervals, as

bwj — Ay d(ij)
by —ay B d(1y) ’
where here and in the following we use the notation d(A4) = diam (A) for the

diameter of the set A. Clearly, d(A) = max A — min A, for every non—-empty
compact subset A of R. Note that, since d(1yy0) + d(Iw1) < d(1y), we have

r(Nwj = =01 (3.2)

r(Dwo +r(Nw1 < 1. (3.3)

The ratio of dissection r (J), is so defined for any word v € W\{@} and it measures
the ratio of the diameters of 7, and of its immediate ancestor /, (associated with
the word v’, obtained from v by deleting the last binary digit).

To complete the construction, take the union of the intervals /,, of fixed length
|w|, and then intersect these latter sets:

G = | Iv. CO):=()Cu(. (3.4)

lw|=n n=0

Note that I,,; € Iy, thus in particular C, 1 (J) € C,(J) and C(J) is not empty. We

say that C(J) is the quasi-Cantor set constructed on J, or that J constructs C(J).
Consider the following specific case: for j = 0,1, let j” denote the word

composed of the letter j repeated n times, with n € IN, where j° = @. These

words are labels of the extreme intervals in C,, (J), so that

min Iop» = min/, max/i» = max/,
and
min C(J) = min/, max C(J) = max /.

The correspondence J — C(J) is not one-to-one: the same Cantor set may be
constructed on different J’s. This is clearly seen by considering the complement
of a quasi-Cantor set C(J): define the gaps of C(J) as the bounded connected
components of the complement of C(J). Their countable union is precisely
Iz \ C(J).
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Lemma 3.1. The gaps of C(J) are the sets

Iw \ (Iwo U le)l we W (35)

Proof. The sets in (6) are clearly bounded components of the complement of C (J).
Conversely, suppose A is a bounded component of the complement of C(J) and
take x € A. Then x € Iz. In fact, in the opposite case, either x < a or x > b.
In the former case x € | — 00, a[, in the latter x € b, +o0], so that A being the
connected component of x contains either | —oo, a[ or b, 4+o0[, thus is unbounded,
a contradiction. Now recall that /g = Cy(J), so that x € Co(J) \ (ﬂ 0 Cr(0))
and there exists r € IN such that x € C,(J) \ C;+1(J), and also w € W such that
lw| =rand x € Iy, \ ({wo U Iy1). Therefore, A = I, \ ({yo U Iy1). O

Note that Iy, \ (Iyo U Iy1) =]cw, dw[. Therefore, the above construction of
C(J), defined by J, can also be seen as a construction of its complementary in [a, b],
described by a function G from W to the set of open intervals. Keeping fixed the
image of this map, i.e. the gaps, any map 9, that respects a simple prescription
(gaps appear in interlacing sequence) yields the same Cantor set. We will use this
freedom later in the paper. We will also use a specific symbol for the diameter of
the gaps:

Y(Dw 1= dy — cw = min Iy; —max Iy9, y(C) = sup y(J)y. (3.6)
wew
We now give a condition for C(J) being a Cantor set. Let us start with a
symbolic codmg of all points in C(J). Denote by W the set of infinite strings
of 0and 1, iie. W = {0, 1)MO and for & € W, write @ = i1isi3.... Also,
let W, be the finite string of length n obtained by truncation of w: W, =i ...y
With this vocabulary, a point x € R belongs to C(J) if and only if there exists
T € W such that x € Mn—; I, Indeed, when the set is Cantor, this intersection
is the singleton {x}, as the following standard lemma shows:

Lemma 3.2. The set C(9) is a Cantor set if and only if for every W € w

d(Ig,) —> 0.
n—+o00

Proof. Infact, being the sets I, serially enclosed, the sequence of their diameters

is monotonic, and if for a certain W € W it does not converge to zero, then it has

a strictly positive limit: d(I,) —+> ¢ > 0. In this case, C(J) 2 Moz I, 2
n—>+0oo

[, B] with @ < B. Thus C(J) is not totally disconnected.
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Conversely, suppose that for every @ € W we have d (Uz,) — 0. Let
n—-+oo

x € C(J) and take @ € W such that x € (2, Ig,. Put I, = [an.b,]. Since
an < x < b, and b, — a, — 0, for every U neighborhood of x there

n—>+o0o
exists n such that [a,,b,] € U. If @' € W and w, = W, but ' # W and
x' € MpZy I, then x' € C(J) N [an, by], thus x” € U, but x’ # x, so that C(J)
has no isolated points. Also, since C, (J) is the disjoint union of closed intervals
including [a,, b,], then the component of x in C(J) is contained in [a,, b,], for

every n, thus in ﬂff;l I, , which, since b, —a, m 0 amounts to {x}, hence

C(J) is totally disconnected. O

We can use the previous lemma in conjunction with the following:

Lemma 3.3. A sufficient condition for C(J) being a Cantor set is that there exists
a positive constant a, such that all dissection ratios are larger than, or equal to a.

Proof. Equation (3.3) implies that 7 (J)y; <1 —r(J)ya-j) <1—a < 1. Hence,
since d(ly;) = r(Nwjd(ly) < (1 —a)d(ly), it follows that for every w € W
d(Ig,) < (1 —a)"d(Il), thus d(Ig,) —— 0. O

n—-+4o00

Clearly, this condition is not so much intended to exclude that dissection ratios
get too small — which could still be compatible with having a Cantor set, and hence
the condition is not necessary — rather, because of the inequality (3.3) it implies
that dissection ratios cannot tend to one.

Given the role that this condition will play in the following, we find it conve-
nient to embody it into a formal definition:

Definition 3.4. A construction J that satisfies the condition in Lemma 3.3 will
be defined to be of uniformly lower bounded dissection (ulbd), and a Cantor set
admitting one such construction will also be said to possess the ulbd property.

Remark 3.5. Note that the proof of Lemma 3.3 shows that if J is ulbd, then
d(ly) < (1—a)*d(I) wheneverw € W, |w| = n, and a is as given in Lemma 3.3.

We end this section by defining a further element in the algebra of quasi-Cantor
sets. Observe that each interval in the above construction can be thought of as the
starting interval in the construction of a Cantor set, subset of the former. In fact,
let the mapping J be fixed, and let us focus on a finite word w € W and on its
associated interval I, = J(w). Define a new mapping J,, by the formula (compare
with eq. (3.1)):

Jw:w — Jy(w') == J(ww') = Iy (3.7)
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Denote by C(J,,) the quasi Cantor set constructed in the set [, by this mapping.
Clearly

C(Jw) = Iy N C(I). (3.8)

Moreover, the set of gaps of J,, is contained in the set of gaps of J, and the set of
ratios of Jy, is contained in the set of ratios of J. Namely, y(Jy)w = y(J)ww’ and
r(Jw)w = r(J)ww. Of course, it also holds true that

max C(Jy,) = max I,, minC(Jy) = min [y,.

4. Ulbd property of IFS attractors

In this section we prove that Cantor sets constructed via IFS with two maps
satisfying (1.5) possess the uniformly lower bounded dissection property. Prior
to that, we need a technical lemma, that will also be useful elsewhere.

Let V be the set of finite words in the M letters {1,2,..., M} (i.e., the labels
of the IFS maps), that obviously also include the empty word. This is a trivial
generalization of the two letters case. For eachv € V, let ¥, = ¥, 0---0 Yy, , as
in eq. (2.1).

Lemma 4.1. Let V be a set of real maps, as in eq. (1.4), that satisfy conditions
i—iv in Section 1 on an interval I C R. Then, there exists ¢ > 0 such that, for any
interval J C I, anyv € V,anyi =1,..., M, we have

L d@wi)

vi ‘= >c. 4.1
A0 (D) € @

Proof. We need to estimate the ratios r,;. Let us first consider the numerator in
eq. (4.1): this is the length of an interval, that can be evaluated as

d(Yrvi (1)) = [Yy,: (MId (),

where 7 is a point in J. Similarly, d(y,(J)) = |¥,(¢)|d(J), ¢ € J. Let n be the

length of v. The chain rule for the derivative of these composed functions leads

us to define two sequences of points 7, i, for k = 1,...,n, as follows:
7Ik=(‘ﬁvk+1O"'OanOWi)(U)’ k=1,...,n—1,
é‘k:(kaﬁo"'ol/’vn)(é‘)a k=1,....,n—1,
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and n, = ¥;(n), {» = {. With these notations, the derivative of the composed
function can be factored as

Vi (1) = Yy, (m1) -+ - v, (M) - Wi (0).
UMIER N (SORETEE Uy, (Cn)-

Because of contractivity of the maps, the points 7, {x approach each other
geometrically, when n grows. In fact, n,, {, € I and

Uk,CkG(vaHO"'Olﬂvn)(l)’ k=1,...,n—1.

Using eq. (1.5) we obtain
d(Yuypy 00 Yo, )(1) < 8" *d(D), k=1....n—1.

The above information permits to compute the logarithm of the inverse of the ratio
ryi: we call it [,,; and we show that it is bounded from above. In fact,

L := —log(ryi) = —log([y{(m) + Y _ log(1¥,, (&) — log(|yy, (m)]). (4.2)

k=1
Therefore,
Li <log(1/0) + Y [log(|¥,, (&)) —log(¥y, (m)D]. (4.3)
k=1
Consider now the functions g; (x) = log(|y/(x)|), wherei = 1,..., M. Because
of eq. (1.5) g;(x) is differentiable and
[ ()
/ 1
g = :
8=y

so that each term in the summation at right hand side of eq. (4.3) can be estimated
as

[V, (Bic)|
%3, ()
with 6, an intermediate point between 7 and ¢z and where B is the maximum of

the absolute value of the second derivative of all ¥;’s over /. In conclusion, we
have

[ Tog(1¥y, (i) ) —log Iy, () D] = |8 — Ml = gSn_kd(l), (4.4)

lyi <log(1/0) + gd(l) > 8" <log(1/0) + d). (4.5)

B
= o(l—19)
The term at right hand side is a finite quantity C, independent of w and i, and this

proves the lemma: ry; > e CforallveV,i=1,...,M. O
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The second lemma of this section is now the following.

Lemma 4.2. Let ¥ = {9, ¥1} be a set of two real maps, that satisfy conditions
i—iv in Section 1 on an interval I C R. Then, the attractor Ky is either an interval,
or a Cantor set that admits a construction J that is of ulbd.

Proof. Remark that the attractor of a two—maps IFS with different fixed points
is either a full interval or a Cantor set, as it is easy to see. In fact, let Iz =
Conv(Ky) = [a, b], the convex hull of Ky. Let now J; = v;([a,b]),i = 0, 1.
The extreme point a must belong to one of these two intervals, and b to the other:
in fact, they belong to Ky and therefore also to Uy (Ky). If these two intervals
are not disjoint, we have that Uy ([a, b]) = [a, b] and therefore the attractor is the
full convex hull, Ky = [a, b]. In the opposite case, Jy is either strictly to the left
of Ji, or to its right. In the first case we assign a permutation g of {0, 1}, such
that g(0) = 0 and g(1) = 1 (the identity). In the second case we invert indices:
g(0) = 1, g(1) = 0, so that in both cases we define I; = [a;,b;]] = Ve1)(Iz)
and we have ap = a, by = b. Disconnectedness of the two intervals imply that
by < ai, thereby completing the first step in the construction of the Cantor set.

We then proceed by induction: consider the words w € W of length n — 1, the
maps ¥, (as in eq. (2.1)) and the permutation g of the set of n — 1 letter words
that defines the lexicographically ordered intervals Iy, = [aw, byw] = Vew)(Io).
Define the intervals Jy; = (Ygw) © ¥i)(Ig), fori = 0,1. Clearly, Jy; C Iy,
and these two intervals are disjoint. Extend the permutation g to the set of n-
letter words as follows: g(w0) = g(w)0, g(wl) = g(w)1 if Jyg is to the left
of Jy1, or g(w0) = g(w)l, g(wl) = g(w)O if otherwise. This implies that
Ly, = [awi, bwi] = 1ﬁg(wi)(IQ)’ and ay = ayo < byo < aw1 < by1 = by.
This proves that the map J so defined yields a Cantor set.

Let us now prove that this construction is of u/bd. In fact, contraction ratios
are defined by eq. (3.2): in this case, they are given by

r(0)wi = d(lw)) — d(Vgwj)Uz))
Y d) T dWe)(T)
with j = 0, 1. Since g(wj) = g(w)hy(j), where hy, is a permutation of a last

letter (that depends on w, but this is not an issue), we can apply Lemma 4.1 to
prove that these ratios are uniformly bounded from below. |

(4.6)
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5. Union of ulbd Cantor sets

This section explains how to organize the union of two ulbd Cantor sets, into a
single construction, J’, that is also ulbd, perhaps with a smaller lower bound. To
do this, we shall exploit the non uniqueness of the construction.

Lemma 5.1. Let CV and C® be two Cantor sets of ulbd, separated so that
max CM < minC@®. Then, C := C® U CD is a Cantor set, that admits a
construction J that is also of ulbd with dissection ratios larger than, or equal
to a’. This value can be estimated as follows. Let a®V and a® be the (strictly
positive) lower bounds to the dissection ratios of CV and C®. Let also

4 = min {maxC(l) —minCY maxC? —minC® a@)}‘ 5.1)
minC® —minC® " max C® —maxc®’
2
Then, a’ = aa?
Finally,
y(C) = max{y(CV), y(C?), min C® — max cV}. (5.2)

Proof. First, it is clear that C := C® U C® is a Cantor set, because of the
separation condition max C M < min C®. Therefore, it can be constructed on a
map J, although not in a unique way. Since the set of gaps do not depend on the
construction J, the gaps of C are the union of those of C(!) and C ® and the open
interval | max C M, min C @[, eq. (5.2) follows. We now need to prove that such a
construction exists, that is of uniformly lower bounded dissection. We denote by
J this construction.

Suppose C D and C® are constructed on IV and 7?, with ratios of dissection
r(ID)y,, r(I@®),, which by hypothesis are all larger than, or equal to a. Without
loss of generality, assume that 7 is wider than 7 ®:

d(IW) > d(1®). (5.3)

The hypothesis and eq. (3.3) imply that _r(fJ(j Nw <1—a for every w € W\ {2}
and j = 1,2. Then, d(I$)) = r9 a(15”) < (1—a)d(1$]) and we conclude that

(1) = (1= a)¥a(1”)

foreachw € W andi,j = 1,2.



232 G. Mantica and R. Peirone
Then, because of (5.3), there exists 7 € IN such that
APy > d(I®) forn <, (5.42)
A1) <d(®) forn > 7. (5.4b)

In view of this result, let us define a construction J as follows: for any w € W
define /,, by

[min 7P, max 1@ ifw=1"0<n<q (firstcase),

. if w=1"0w’ (second case),

I, = 1(2)w ) (5.5)
1, ifw=1"1w’ (third case),
I 15,1) otherwise (fourth case).

We first prove that C(V U C @ is constructed on J. That is, J constructs a quasi
Cantor set and, putting C,, := U|w|=n I,,, we have

o0
cPuc®=(c. (5.6)

n=0

We will use systematically the following evident remark: Since max /() =
max CD < min C® = min 7@ and the intervals 1 are all contained in 7¢)
(j = 1,2), then any element of 115,1) is strictly less than any element of 15)2/) for
every w,w’ € W.

Note that by hypothesis min 7" < max IV < min /® < max I® and in our
construction J, eq. (5.5), I = Iz = [min /(Y max I ®]. Let again I, = [ay. by].
Note that by construction, in any case a,, < by,. If w = 1", n <, this follows
from the above remark, since min / 15,1) < max /M. In the other cases the intervals
considered are of the form /) with j = 1,2, which by hypothesis satisfy the
inequality a, < by.

Next, we have to prove that a,, = ayo < byo < aw1 < by = by, i.e.

min I,,9 = min /[y, 5.7
max [0 < min [y, (5.8)
max I, = max [,,. (5.9

In first case of eq. (5.5) we have I, = [min I,f,l), max [ (2)] and either one of

the two possibilities holds:
1

wo0’

It = [min 7Y max71?],  (5.10)

n<ii, Iyo=1I .

n=i, lwo=1% =10, In=1?. (5.11)
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We see that (5.7) holds in both cases. Moreover, (5.8) holds trivially if n < 7,
while if n = i1 we have max I, = max I\ < max IV < min 7® = min I,;.

Finally (5.9) is trivial in both subcases. In second case, w0 = 170w’0 and
wl = 1"0w’l. Thus,

_ 7 _ 7 7
Ly =15 Two=1370 Twr =15, (5.12)

so that (5.7), (5.8) and (5.9) follow from the corresponding properties of I,S,l). In
the third case, then w0 = 1" 1w’0 and w1 = 1" 1w’1. Thus,
Ipy =12 (5.13)

w’l’

Ly =12, Io=12)

w’ w’0’

and we proceed as above. In the fourth case we have

Iy =10, Io=1% 1, =1V (5.14)

w w0’ wl>

and we proceed similarly. Thus, we have proven that in fact J constructs a quasi
Cantor set. We now prove that C™) U C® is constructed on J, that is eq. (5.6).
Note that for every n > i we have

chuc®cc,cc.  uc® . (5.15)

To prove (5.15), suppose first x € C,,(l) u C,fz). Then, either x € C,,(l) or
X € C,fz). In the former case, there exists w € W with |w| = n such that x € 1,5,1),
and either w can be written as w = 1w/, in which case x € Ligy C Cut1 € Cy,
or w is not of the form w = 1%w’, in which case x € I, € C,. Ifinstead x € C,fz),
then x € 115,2) for some w € W with |w| = n. Then, x € 1,3, € Chti+1 C Cy.
The first inclusion in (5.15) is so proven. Let us prove the second. Suppose that
x € Cy, thus x € [, for some w € W with |w| = n. Then by definition, since
n > n we are not in the first case in definition of I,,. If the second case holds, then
X € I,fl) with |[v| = n — 1; in the third case one has x € 1152) with [v]| =n—1—1,
and in the fourth case x € Ilfl) with |v| = n. In any case, since the sequences of
sets C,fj ) are decreasing we have that x € Cn(l_)ﬁ_1 U Cﬁ)ﬁ_l and (5.15) is proven.

At this point, from (5.15), since cP c Cé‘i) =1Dand IV NP = @, and
N2, C) = €D, eq. (5.6) easily follows. Thus, we have proven that C M UC@
is constructed on J.

Finally, we have to prove the fundamental part of the lemma, that is, there
exists a positive constant ¢’ such that r(J),,; > a’ forallw € W, j = 0, 1. Note
that by the hypothesis (5.1) we have

max I, — min /; > a(max I, — min /; 4+ min /; — max /)
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hence, using also (5.4),
maxl(l)—minl(1)>max1 — mi 2 (mi —
n w = 2 —min/; > ] _a(mm I, —max ;) (5.16)

for every n < n. Similarly, since eq. (5.1) implies that

max /Y —min /@ > a(min I® —max 1D + max IV — min I(l))
we have
max /D —min7® > 1%(min 1@ —max 1D). (5.17)
Moreover, by (5.4),
d(I®) > d(1,) = r@D)ae d(IP) = ad (1),

Hence,
1
d(I®) < d(I)) < -d1®). (5.18)
a

Following these inequalities, we can evaluate r(J),,;, withw € W.
When (5.10) holds, we first estimate 7 (J)y0:

max [0 — min [y _ max 115)18 — min 115)18

r(MDwo = max Iy —minlw  max 7@ — min 1o (5.19)
Now, since w = 1", n < i1, by (5.16) we have
max /® — min I(l)
= max /@ —min /® + min /¥ — max Il(ﬁ) + max 1(1) min Il(,ll)
=max /@ —min /@ + min I1® _max 1™ + max 11(,1) — min 11(,1)
< 2(max 1(1) min 1(1)) +min /® — max 1M
< (2 + p )(max I(l) min I(l)) (5.20)

(1+ )(maxl(l) min 7{V)

I a+l M _ ()
= WT(maX I, —min /)
w

1
? + (m axl(l)—mlnl(l))
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Thus, also in view of (5.19), we have

Cl2

a+1"
Let us now consider r(J) 1, still when (5.10) holds. We have

r(MDwo = (5.21)

_ max/y; —min/y;  max[®@ —minISl)
r(Nw1 =

max Iy —minly,  max /@ —min 1D’
Now,
max [ 15)1) —min / ,5)11) = max / 15)11) — min [ 15)11)

= r(IW); (max sz)l) — min sz)l))
> a(max 115)1) — min 115)1))_

Since max /@ > max I{" and a < 1,

max I® —min 7{}) = max 1® — max 1" + max 1" — min 7Y

> max /@ — max IV + a(max 1" — min 1)

> a(max I ® — max sz)l)) + a(max sz)l) — min sz)l))

= g(max /® — min Izgl)),

hence
r(Nwr > a. (5.22)

We next evaluate 7 (7)o and r(J),; when (5.11) holds. We have w = 17 and
max Il(;) = max /(. Then,

max /® — min 1,5,1)
—max/® —min1® + min I1® _max 1M + max Il(;l,) — min Il(;l,)

)

l1—a
< max Il(é) — min Il(é) + ——(max 11(;) — min 11(;)) + (max /7 — min 11(,%))
a

1
= i(max 1 (;1,))
a

(1 ;
i —min/

where the inequalities follow from (5.16) and (5.18). Hence

@ max [0 —min [,  Max Il(;) — min Il(;) -
r = = .
wo max [, — min [, max /@ — min 115)1) ~“a+1

(5.23)
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Similarly,

max /@ — min I,S,l)

=max/® —min /® + min /® — max I + max Il(;l,) — min Il(;l,)
<max/® —min/® + la;a(max I® —min @)

+ é(max 1@ — min 1(2))
= z(max I® — min 1(2)).

Hence

N

a
a+1

max Iy, —minly,; max /@ —min 7@
r(fJ)wl = =

(5.24)

= > g >

max I, —min [, max /@ — min 115)1) -2
Finally, we easily see that if (5.12), (5.13), or (5.14) holds, then we have

respectively r(J)y,; = r(fJ(l))lﬁw/j, rDwj = 1Py, r(Dw; = r(@D)y;,

and by hypothesis such numbers are all larger than, or equal to a > a‘fl .

To sum up, in view of (5.21), (5.22), (5.23), and (5.24), we have r(J)y; > a’

where a’ is given by % and the Lemma is completely proven. O

6. Finite sums of ulbd Cantor Sets

This section contains a single Lemma, in which we prove that any finite sum of
ulbd Cantor sets contains a Cantor set of uniformly lower bounded dissections,
with the same convex hull as the full sum, and maximum gap size not larger than
those of the individual Cantor sets.

Lemma 6.1. Letr CY . ... C™ pe Cantor sets constructedon IV, . .., ™ with
ratios of dissection larger than, or equal to, a. Then there exists a Cantor set
C CCO 4 ... 4+ C™ constructed with all ratios of dissection larger than a,
where an, > 0 depends only on a and m, such that

y(€) = max y(CY), (6.1)

m m
minC = Zmin C®, maxC = Zmax Cc®. (6.2)

s=1 s=1
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Proof. The proof of this Lemma is rather long and technical. For better clarity, it
is organized in successive steps.

STEP 1. The lemma holds trivially for m = 1. We first show by induction that if
it holds for m = 2, then it holds for any m. It will then be sufficient to prove the
Lemma for m = 2. In fact, suppose that the Lemma holds for m = 2, and that it
also holds for a generic value m > 1. This implies that it holds for m + 1, as the
following argument shows. Let C(D, ..., C ™ C @™+ be Cantor sets constructed
with all ratios of dissection at least a. Then by hypothesis there exists a Cantor
set C' € CW 4 ... 4 C™ which can be constructed with all ratios of dissection
at least a,,, such that y(C’) < maxs=1,... m y(C )) and min C’ = > i, min c®),
max C' = ) 7" | max C®. Put now a’ = min{a, a,,} and let a,,41 = a’. Then,
by the Lemma for m = 2 applied to the pair C’, C ™+ there exists a Cantor set

cccC + c m+1) C c® N cm + cm+1)
with all dissection ratios at least a,,+; such that

ﬂ@meWWWVWWHWSSIMXHﬂdW,

=1,....m,
m+1
min C = min C’ + min C "V = Z min C®,
s=1
m+1
max C = max C' + max C™"*1 = Z max C®,
s=1

and the Lemma for m + 1 holds. In the next steps we will prove the Lemma for
m = 2.

SteP 2. Let C, C@ be Cantor sets constructed on IV, 3@ with all ratios of
dissection at least a. Based on these latter, we will define a construction J of a
new Cantor set C. Prior to do that, we need to study auxiliary sets 4,. For any
n € IN (including obviously n = 0), put

Ay = AD U AD,

where the terms in the union are defined as follows. Suppose that the following
condition holds:
y(IM)on < y(1P)on, (6.3)

y being the gap size defined in eq. (3.6). In this case, let

AW = +max €, AP = Cf) + max CQ). (6.4)
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In the opposite case the indices (1) and (2) at right hand side of eq. (6.4) are
exchanged:

AW = @) +maxC,
AP = C@) + max Con).

Therefore, let us consider the case in eqgs. (6.3,6.4), the other giving results that
can be obtained by exchanging superscripts. Clearly, A,(,l) and Af,z) are two Cantor
sets with gaps not larger than max{y(C (), y(C @)}, constructed with ratios of
dissections at least a. We have

min A,(12) — max A;(zl) = min Cé,l,)l + max Céz)l — (max Céz)l + max Céll-l)

= min Ié,l)l -+ max Iéf)l — max Iéf)l — max I(S)Jrl

= min Ié,ll)l — max 10(,13rl

= y(1D)on.

Since the last quantity is positive, this also proves that max A,(,l) < min A,(f).
Following the same kind of computation, we also have that

max A,(,z) — max A,(,l) = max Cé,?l — max Cé,l,z)

= max Ié})l — max Ié,l,)o

M min 7

< max /. 070

= max Iéﬁ) — min Iéﬁ)

(max Ié,l)l — min Ié,l,)l)

" (0M)gn

1 .
= ST (max A?) — min 4?)

IA

1
P (max A? — min 4?).

Therefore,

max A,(,z) — min A,(,z)

>a. (6.5)
max A,(,z) — max A,(,l)
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Moreover
min Af,z) — min Af,l) = min Af,z) — max Af,l) + max A,(,l) — min A,(,l)
= y(1D)pn + max C&, — min 2,
< y(1P)on + max Iéf)l — min Iéf)l
= min Iéf)l — max 10(5)“ -+ max Iéﬁ)l — min Iéf)l
< max Iéf)l — min Iéi)H

= max [/, éf) —min / éf)

(max [, (53)1 — min /, (55)1

" (@)

1 .
= —r(I](z))onl (max Af,l) — min A,(,l))

1
< —(max A — min A(V).
a

As a consequence,

max A,(,l) — min A,(,l) 6.6)

min A,(,z) — min A,(,l) -

Thus, by (6.5) and (6.6) A,(,l) and A,(f) satisfy (5.1). We can so use Lemma 5.1,

that implies that 4, is a Cantor set and can be constructed on a map with all ratios

of dissection larger than, or equal to, a’. Let us denote this map with J(n) and its

image intervals by 7(n),,: recall that a different map is defined for any value of 1,
including zero. Moreover, by construction

y(4y) < max{y(4®M), y(4?), min AP — max A}

< max{y(C1), y(C2), y (IS}
< max{y(Ci),y(C2)}.

SteEP 3. We can now introduce the new map J that constructs the Cantor set C
in the thesis of this Lemma. Recall the notation that associates an interval to any
finite word, eq (3.1): J(w) = [I,,. Let us define all such intervals, parting the set
of finite binary words W according to the number of leading zeros. In fact, let

T = 1D + 12,

_ (6.7)
Tor1w = I(n)w.
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In the above, w’ is any word, n € IN can take the value 0, and the intervals 1 (1),
I éi) and / éﬁ) have been defined in the previous step. As before, 0° is to be intended
as the empty set.

It is instructive to write down explicitly the first few formulae: let n = 0, to
obtain /g = I g) +1 g). This is the convex hull of C and it is clearly made by
an interval composed of the arithmetic sums of any pair of numbers, one in 7
and one in I @ . Therefore, it is also the convex hull of C™) + €@ Consider next
I;. Tt can be obtained from the second formula in (6.7): I; = 1(0)g, that is, the
convex hull of Ay. All intervals corresponding to words starting with 1 are then
constructed by the map J(0): in fact, eq. (6.7) yields /1, = 1(0),; as remarked
above these intervals construct the Cantor set A(0). Observe that the maximum
of this Cantor set is equal to the maximum of 7 4 @ and therefore to the
maximum of C® + C® . Let us also describe the case n = 1. This permits to
write the interval I as Iél) + 10(2). Constructing A; via the map J(1) then enables
us to define all intervals o1y, = I(1)y, et cetera.

STEP 4. We now prove formally that eq. (6.7) is a consistent construction of a
quasi Cantor set. Clearly, [, is an interval for every w € W, so that we just need
to prove that for every w € W we have

min [, = min [0, (6.8)
max I,0 < min Iy, (6.9)
max [,; = max [y,. (6.10)

If w = 0", we have
min [, = min(léyll) + Iég))
= min Ié}l) + min 153)
= min Ié,ll)Jrl + min Iéi)w
= min(]é,grl + Iéf)Jrl)
= min [yn+1
= min /opno,
and (6.8) holds. Next, if (6.3) holds, then
5)1 -+ max cg,?ﬂ) - max(lé,l,lrl + 1551—1)

= min Iéﬁ)l + max I()(,ll)Jrl — max I()(,ll)Jrl — max Iéf)H

min /1 — max 9 = min(Cé
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— min 7@ @
= min [y} —max /7,

= y(I®)on

and the last quantity is larger than zero. On the contrary, if (6.3) does not hold,
we have min /,,; —max I,0 = y(JM)¢n > 0, so that in both cases (6.9) holds. To
sum up, for any word 0" there is j € {1, 2} so that

min Ign; — max Igng = y(39)gn. (6.11)
We now prove (6.10). We have

max [, = max(lé}) + Iéf))

= max Ié,p + max 155)

= max Ié,ll)l + max Iéf)l
= max Cé,l,)l + max Céf)l
= max 4?)
=max A4,
= max I(n)
= max Ignq

= max [y

and (6.10) is proven.

Suppose now w = 0" 1w’. In this case (6.8), (6.9) and (6.10) follow immedi-
ately from the corresponding properties of J(n). In conclusion, the above proves
that J in fact constructs a quasi Cantor set, which we denote by C.

Step 5. Equation (6.11) and a straightforward argument when w = 0" 1w’, imply
that eq. (6.1) holds:

Y(€) = max{y(C1), y(C2)j. (6.12)
Let us now prove eq. (6.2). We have that

min C = min /
= min /o
= min(1$y + 1)
=min /D + min /@

=minCY + min c®
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and similarly
max C = max C + max C®?.

STEP 6. We now prove that C € C 4+ €@, Take x € C. Then, there exists
an infinite string W = ijizi3 ... suchthat x € [;, . ;, for all n. We distinguish two
cases. If iy = 0 for all s, then for all n,

xelp =10 +12

= [min Ié,,l), max Ié,,l)] + [min Iéf), max Iéﬁ)]

= [min 7D, min /D + max 13} — min 1]
+ [min 7@, min I @ + max 153) — min Iéf)]

= [min /D + min 7@, min 7D + min I? + d,]
where

d, := max Ié,l,) — min Ié,l,) + max Ié,%) — min Iéf) — 0,
n—>+oo

since I and 7@ construct two Cantor sets. Hence, x = min I + min /@ =
minC® + minC® e CW 4+ C@. Suppose instead, there exists 5 such that
is = 1, and we can and do assume iy = 0 for every s < § (in other words, §
is the first occurrence of 1 in the symbolic sequence w). Putting n = 5§ — 1 and
W = is41i542 ..., we have Wz, = 0"1w,, for all m > 0. Thus for every m > 0,

x €lgnigy, =In)g, = xedy=APUAP cc® 4P,

Thus, C <€ CM + C® is proven.

Step 7. It finally remains to prove that r (J),, > a’ forall w € W (as usual this also
proves that C is not only quasi Cantor but also Cantor). Let us start by considering
the word w = 0". Recalling that r(J¢)), > g, for j = 1,2and v € W \ {&},
we have the following estimates. The diameter of the interval [y, is

d(ly) = d(lpn)
= max(lé,ll) + Iéf)) - min(lé,ll) + 155))
= max Iéi) — min 1(5,1’ + max Iéf) — min Iéf)

=d(IP) +d1?).
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The diameter of the interval I, is

d(Iyo) = d(Ign+1)
= d(I$)) +d(5)
= r()wod(157) + r(IP)uod (1)
> ad(IV) + ad(1?)

=ad(ly).
The diameter of the interval I,,; is

d(Iy1) = d(lon1)
= d(I(n)
= max /(n) —min I(n)
= max A, — min A4,
= max A?) — min AV
= max Cé,,l)l + max Céf)l — min Céf)l — max Cé;ll .
If (6.3) holds, we can continue as follows:
d(Iy1) = max Ié,%)l — min Ié,%)l + max Ié,l)l — max Iénlll
> max Iéf)l — min Iéf)l + max Iéi)l — min Ié,l)l
= d(Ig)) + d(Ign)
= d(1,3) + (1))
= r(uwrd (1) + r(IM)ud (1))
> ad(I?) + ad(1{V)
=ad(ly).

Hence,

Note that for j = 1 we have used eq. (6.3); when it does not hold we exchange the
indices 1 and 2.
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Let now consider the words w = 0" 1w’, with w’” any finite word. Recalling
that r(J(n)), > da’,forn € Nand v € W \ {&}, we have

ry = Lwi) _ AU 0w)) _
Y d(y) A ()

and the Lemma is completely proven. O

rAm)w,; = d’

7. More on sums of ulbd Cantor sets

In this section, we first recall a result from the literature on the Minkowski sum of
ulbd Cantor sets, and we then derive a couple of further Lemmas.

Theorem 7.1 (Theorem 3.2 in [11]). Let CD, ..., C™ pe Cantor sets constructed
on ID, . 1™ with constructions IV, ..., Jm of uniformly lower bounded
dissections, larger than a > 0. In addition, suppose that a < % and that m is

such that

2 a

a
+ > 1.

(1—-a)?® 1-a

Finally suppose that no translate of any of these Cantor sets is contained in a gap

of another. Then, the sum of these Cantor sets is a closed interval:

(m —1)

m m
cO..qcm= [Zminc(i),ZmaxC(i)].

i=1 i=1

The result of this theorem can be easily extended to any sets containing the
Cantor sets C @ and enclosed in the intervals @),

Lemma 7.2. Let C® be Cantor sets constructed on 1) = Conv(CY), for
i = 1,....,m and suppose that CV + ... + C™ is an interval. Then, for any
sets D® such that

cCOcp®ci® j=1,....m, (7.1)

and
minC® = min DO maxC® = max DD, i =1,....m, (7.2)

we have that

DD 4 4 pmw— [iminc(i),imaxc(i)]. (7.3)

i=1 i=1
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Proof. Observe that, by eq. (7.1),
CO 4 . +c™cp® ..y pmcy® .y

Moreover, we trivially have

m m m m
L+--+1, = [Zminl(i),Zmaxl(i)] = [Zminc(i),ZmaxC(i)]

i=1 i=1 i=1 i=1

and, since CV 4 ... 4+ C™ s an interval, it is clearly

m m
C(1)+---+C(m):[Zminc(i),ZmaxC(i)]. O

i=1 i=1

We now use Theorem 7.1 to prove the following important lemma:

Lemma 7.3. Suppose that CD, 1 = 1,2, ... are Cantor sets of ulbd larger than
a > 0, such that d(CP) € [Ay, A3 for any I, with 0 < Ay < Ay < oo. Then,
there exist n € N\ {0}, that depends only on Ay, A, and a, such that

n n
COHOLc@D ... cW = [ZminC(l),ZmaXC(l)].
=1 =1

Proof. Take the smallest m € IN such that mA; > A,. Let h € IN and consider the
finite sums S® = c®m+D 4 ... 4 cGhm+m Because of Lemma 6.1, for every
h € N there exist a Cantor set D™ constructed with ratios of dissection larger
than, or equal to a,, (where a,, do not depend on % and where, of course, we can
take a,, € 10, %]) such that the following relations hold:

D(h) C C(hm+1) et C(hm-f—m)’ (7'4)
hm+m

min DP = Z min C©, (7.5)
I=hm+1
hm+m

max D = Z max C D, (7.6)
I=hm+1

y(®P) < max  y(CP) < 4, (7.7)

I=hm+1,....hm+m
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By (7.5) and (7.6) we have

hm+m
d(D(h)) = max D — min D® = Z d(C(l)) > mAy > As,
I=hm+1

so that, in view of (7.7) d(D®) > y(D®") for any h,h’ € N, i.e. no translate
of D™ is contained in a gap of D). Now, by Theorem 7.1, if H € N is large
enough, then

H H
DO ...y pUH) = [ZminD(h), Zmax D(h)],
h=0 h=0

so that on one hand

Hm+m Hm+m
CW ... 4 cHmtm) E[ > minc® )" maxC(i)].
i=1 i=1

On the other hand, by (7.4) and (7.5)

H H
= [ Z min D(h), Z max D(h)]
h=0 h=0

Hm+m Hm+m

:[ Z minC(i), Z maxC(i)]
i=1 i=1

and the Lemma is proven for n = Hm + m. |

8. Proof of Theorem 1.1 and related results

In this section we prove Theorem 1.1, via an additional proposition, interesting
in its own right, that describes a situation in which the sum of Cantor sets is an
interval. We shall present it in a form that will also be useful in Section 9. Such
proposition is the following.
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Proposition 8.1. Let {y; };’il be a sequence of real positive numbers with y; > 1
for all j, and let K be either a ulbd Cantor set of dissection ratios larger than
a > 0, or the attractor of a finite, hyperbolic, non—singular IFS V. Then, there
exists n € N\ {0} that depends only on the set K and not on the specific choice of
the numbers y;, such that K,, = y1K + --- + y, K is the disjoint union of finitely
many closed intervals.

Proof. Let first K be a ulbd Cantor set, K = C(J), and let A = d(Ig) = d(K).
Consider the following condition: for a given / € IN \ {0} require that w € W is
such that

d(lv) = Afyi,  d(lwj) < A/yi 8.1

for at least one value of j € {0,1}. Clearly, this condition may or may not be
verified by a finite word w. Let B; be the set of words that pass the test, for a
given value / € IN \ {0}:

B, = {w € W:(8.1) holds}. (8.2)

Recall that J,, is the induced construction on [,, defined in eq. (3.7) yielding the
Cantor set C(Jy) in eq. (3.8). For all / € IN \ {0}, K may be written as the union
of a finite number of Cantor sets:

K= |]J cw. (8.3)

weB;

In fact, because of eq. (3.4), for any x € K, there exists W € W such that
x € Ig, for every natural n € N and x € C(Jg,). Whenn = 0, Wy = @
and d(Iz) = A > A/y;, since y; > 1 for any /. If either d(Iy) or d(I;) is smaller
than A/y;, then condition (8.1) holds for w = @. Otherwise d(I3,) > A/y; and
the same argument can be repeated for ;0 and w, 1. Clearly, since d(/g,) tends
to zero when n tends to infinity, there exists a value n such that (8.1) holds for w,.
This proves that K is enclosed in the right hand side (8.3). The other inclusion is
trivial, since C(J,) C K for any w € W. By remark 3.5, only a finite number of
words can verify the first inequality in (8.1), hence the cardinality of B; is finite,
forany / € IN \ {0}.

Now, take w € B;. Combining the first part of (8.1), thatis d(Iy,) > A/y;, with
the second: there exists j € {0, 1} such that A/y; > d(Iy;) = r(Nw;d(ly) >
ad(ly), where we have used the ulbd property, we obtain

A d(COw) = d(1) < 2. (8.4)
Yi ayi
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Next, multiply all terms in eq. (8.3) by y;, to prove that for any value / € IN \ {0}
the set y; K can be written as a finite union of Cantor sets y;C(Jy,), w € By, each
of which has the following properties: it has uniformly lower bounded dissection
larger than a > 0, and its diameter lies in the interval [4, A/a].

Consider now the set K,, = y1 K +---+ y, K in the thesis of the Lemma. Using
eq. (8.3), it can be written as follows:

K, = U nCOw)+ +7Cu,). (8.5)

We can now apply Lemma 7.3 to prove that there exists an integer n that depends
only on a and A (and hence, not on the numbers y;) such that each term in the
above union, y1C(Jy,) + -+ + y»C(Jy,), is an interval. Since the cardinality of
each B, is finite, it follows at once that for such value n, K, is the union of a finite
number of disjoint, closed intervals.

More complicated is the case when K = Ky is the attractor of a finite, non—
singular, hyperbolic IFS. Denote again by /g the convex hull of K, A = d(K) =
d(Iz). Let § and o be as in eq. (1.5). As in section 4 we need to consider finite
words in M letters, denoted by v € V. Also recall that i, denotes the composite
map defined in eq. (2.1), with v = iy,...,i,. Consider the diameters of the sets
Yy (K). Clearly, d(v¥y(K)) = d(¥y(Iz)): to these latter we can apply Lemma 4.1,
which proves that letting ¢ = exp(—C), C > 0, computed as in eq. (4.5), we have

d(Yvi(K)) = cd (v (K)) (8.6)
foranyv e V,i =1,..., M, denoting again by vi the composed word. We now
replace condition (8.1) by the following: for / € IN\ {0} require that v € V satisfies

cAlyr <d(Yy(K)) < A/yr1, (8.7)
and define accordingly
B; = {v € V:eq. (8.7) holds}. (8.8)

The analogue of eq. (8.3) is now

K =[] vo(K). (8.9)

vEB,

To prove eq. (8.9) observe that for any x € K there exists i; € {1,..., M} such
that x € ¥;, (K), then there exists i € {I,..., M} such that x € ¥, ;,(K) and
so proceeding: there exist iy, iz, i3,i4,--- € {l,..., M} such that for every s we
have x € ¥;,....i,(K). For s = 0 condition (8.7) is not verified: ¥ (K) = K and

.....
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d(Yz(K)) = A > A/y;. Choose the first index s > 0 such that d(v;,,...;,(K)) <
d(K)/yi, which surely exists, since d (¥, ,....;;(K)) < 6°d(K). At the same time,
since d (i, ,....i,_,(K)) > d(K)/y1, eq. (8.6) implies that

d(Wiy.....i,(K)) = cd(Yiy....i,, (K)) > cd(K) /v

so that (8.7) holds for v = iy,...,i; and therefore K is a subset of the union
at right hand side of (8.9). The other inclusion is obvious from K = Ugy(K).
We can again prove that B; has only finitely many elements: this follows easily
from the inequality d(v,,. . ;,(K)) < 6°d(K) and from the first inequality in
condition (8.7).

Equation (8.9) yields the analogue of eq. (8.5):

Ki= U nvu (K + -+ yavh, (K). (8.10)

v1€B,..., v €By

.....

We need to analyze this union. At difference with the first part of the proof, we
cannot apply Lemma 7.3 directly, because we have control of the diameter of the
sets y; ¥y, (K) (that are contained in the interval [c A, A]) but not of their nature:
we do not know whether they are ulbd Cantor sets. Therefore, we continue as
follows.

Let W’ be the two-maps IFS related to W as in Lemma 2.5. Recall that ¥ is
obtained by selecting two maps out of the full set ¥, in such a way to conserve
the convex hull of the attractor. Let K’ := Ky be the attractor of &'. We have
K’ € K (Lemma 2.1, iii). By Lemma 4.2 K’ is either a closed interval, or a Cantor
set, with the same convex hull as K, I.

In the former case K = K’ = I, and therefore y; K +- - -+ y, K is an interval,
and the thesis of this Lemma follows easily.

The second case is more interesting: W’ is a two—maps, non-singular IFS,
whose attractor K’ is a Cantor set. Lemma 4.2 establishes that K’ has a ulbd
construction. Consider now the images K, := v, (K’), with v € V. Each of these
is a Cantor set. We can easily prove that they too are of ulbd. In fact, a construction
JV for each of them can be obtained from J in Lemma 4.2, in analogy with eq. (3.7)
as

Ly = v 0 Yw)Ug) = Yow (1),

where w is a finite word in the labels of the two maps that compose ¥’ and 4 is a
permutation of the finite word w, constructed along the same lines of lemma 4.2.
Lemma 4.1, which we have also used above, proves that the dissection ratios of K,
are uniformly lower bounded by the value ¢ = exp(—C) > 0, eq. (4.5), computed
over the full set of maps composing V.
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Let us now replace K by K’ at right hand side in eq. (8.10). Since K and K’
have the same convex hull, conditions (8.7) and (8.8) imply that the diameters
of y;¥y, (K') are all contained in [cA4, A]. Lemma 7.3 can now be applied, to
prove that for sufficiently large n (that depends only on ¢, § and A) the finite sum
V1Y, (K') + -+ + yu¥, (K') is an interval, for any choice of vy, ..., v, in the
respective sets Bq,...,B,. We must now resort to Lemma 7.2: setting C @ =
Yivry; (K'), DD = y;yn,. (K), I the convex hull of K and I® = y; v, (I5), we
are in the conditions of the Lemma, and thus every term in the union in the right
hand side of (8.10) is also a closed interval. Then the Lemma follows again by the
finite cardinality of each B;. |

Remark 8.2. Notice that in the previous proposition, one can multiply the real,
positive numbers yy, ..., y, by any strictly positive real constant, without chang-
ing the nature of the set K, so that the requirement y; > 1 in the hypothesis can
be relaxed to y; > 0.

We can now prove the first main result of this paper, Theorem 1.1.

Let again K¢ be the attractor of the IFS composed of the maps ® in eqgs. (1.7),
which is the unique solution in K of the equation Ug(Ke) = K. Note that of
course UL (Ko) = Ko, where the map U7 is defined by

Up(A) = | dp, 00 (4) foralldeX. (8.11)

Equation (8.11) easily follows by induction on n. We now need an algebraic
formula.

Lemma 8.3. The n-fold map composition in eq. (8.11) takes the following form:
Jorevery x € R

¢ﬂno...o¢ﬂ1(x)=(x”x+a”(1—a)2%. (8.12)
i=1

Proof. We proceed by induction. For n = 0 and n = 1 the result is trivial.
Suppose it holds for n. For n + 1 we have

¢ﬂn+1 o ¢ﬂn O©¢:--0 ¢ﬂ1 ()C) = ¢ﬂn+1 (¢ﬂn ©--+0 ¢ﬂ1 (X))

= Pp, . (a”x +o"(1 —a) i %)
i=1
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= a(a”x +a"(1—a) Z %) + (1 —@)Bu+1
i=1
n+1

/3.
:a”“x—i-a”“(l—a)za—;. O
i=1

Proof of Theorem 1.1. Because of eq. (8.11), for any n € IN

Ke= |J dpoogp Ko=) | {¢p, 000}

Brseees B1eK x€Kao Bn,.-es B1eK
(8.13)
Use now eq. (8.12) to get
K
U {¢ﬂno...o¢ﬂl(x)}=a”x+a"(1—a)zy. (8.14)
Bn,....p1€K i=1
Because of Proposition 8.1 we can choose 1 in such a way that " (1 —a) Y 7, 5

is a finite union of closed intervals, call it J. The term «”x in eq. (8.14) merely
shifts these intervals, so that eq. (8.13) becomes

Ko=) o"x+3. (8.15)

xeKop

Since K¢ is bounded and closed and since eq. (8.15) shows that K¢ is the union
of shifted intervals in J, K¢ is itself a finite union of closed intervals. O

9. Series of Cantor sets

In this section we generalize the results of the previous section to series of compact
sets of the form (1.10), 3 72, o, K, where K is either the attractor of an IFS or
a Cantor set of ulbd. Recall that we use the Minkowski sum of sets, eq. (1.8),
in combination with the Hausdorff metric in X, eq. (1.1).

A simple lemma is useful:

Lemma 9.1. Let K and T be two non—empty compact subsets of R. Then,

dg(K,K +T) <max{|t],t € T}. 9.1)
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Proof. We estimate the two quantities at right hand side of (1.1) separately. The
first is

max{d(k, K +T),k € K} = max min _d(k, k" +1)
€K k’eK,teT

< rnaxrnmd(k k+1)
keK teT

= min |¢].
teT

The second is

max mind(k’ +1,k) < ,max dk',k'+t)= max |t|=max|t|]. O
k’eK,teT keK eK,teT k'eK,teT teT
The following lemma characterizes a sort of absolute convergence of infinite
series of the kind (1.10).

Lemma 9.2. Let Z;'io aj be a convergent series of real positive entries and let K
be a non—empty compact set in R. Then, the series Z;io a; K is also convergent.
Any permutation of its terms yields the same value for the sum of the series.

Proof. Let S, = Z,?:o o K be the n-th partial sum of the above series. Clearly,
if s is the sum of the series of real numbers, S, is a subset of the compact set
[—sk, sk], where k = max{|k|,k € K}. Let us prove that S, compose a Cauchy
sequence in K, the set of compact non—empty subsets of [—sk, sk]. In fact, let
m>neN:

m—1 m—1
dr (Sn, Sm) < D du(S;, Sj1) <k Y a4, 9.2)
j=n j=n

where we have used Lemma 9.1, since S;+1 = S; + ;41 K. Atright hand side
of the above equation we find the difference of two partial summations of the real
sequence, which is itself Cauchy and therefore can be made arbitrarily small if # is
sufficiently large: this proves that S, is a Cauchy sequence. Since X is complete,
the sequence of sets S, is convergent and we call S its sum.

Let now E be any permutation of the set of natural numbers, E, the set of
its first n + 1 elements, i.e E, = E({0,1,...,n}) and Sx(E) = } ;cz, 4 K
With these notations the previous partial sum S, coincides with S, (Id), being
Id the identity permutation. What proven above implies that the limit S(E) =
)E{}o S, (E) exists for any permutation E. We want to prove that it coincides with

S = S(Id), the sum of the original series. In fact, for any ¢ > 0 there exists
m € Nsuchthat k372 . & < e, since the series of positive real numbers «;
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is convergent. Moreover, there exists n’ > m such that Id,,, = {0,1,...,m} C &,
for all n > n’ and clearly also Id,, C Id,. This yields

Sn(E )—Za,K+ Y GK=Sa+ Y oK.
JEEL, j>m JEE,, j>m
Using Lemma 9.1 this means that
_ o
du(Sm. Su(8) = max{itl.1e Y ;K| <k Z
JEE,, j>m j=m+
The same calculation proves that dg (S, Sn) < k Zf‘;m 4110 <e€,so that
dg(Sp(B), Sy) < 2e
for any n > n’. Since € is arbitrary this proves that S(E) = S. |
We can now prove the second theorem of this paper.

Proof of Theorem 1.4. Because of lemma 9.2 we can rearrange terms in the se-
ries (1.10) — without changing its sum — so that o; becomes a monotonic sequence.
Next, write the finite summation

Z(x,K— (K+”“"‘1K+”°‘”‘2K+---+K"“°), 93)
an oy, ap

where n > 1. Letting y; = n“";% yields a monotonic, non decreasing sequence
of positive numbers, with y; = n > 1. The set in brackets at right hand side of
eq. (9.3) can then be written as K,, = y1K + --- 4+ y,+1 K. To this set we can
apply the previous Proposition 8.1, to show that there exists n € IN \ {0} such that
K, is a finite union of disjoint intervals, and so is obviously also “7"1(,,, that can

therefore be written as USS=1 Fs, F; being closed intervals. As a consequence, we

obtain <
Za,K Z(x,K—I— Z ok =(|JF)+6.

j=n+1 s=1

where G € X is the compact set, sum of the convergent series ) 72, &; K (that
exists because of Lemma 9.2). Indicating by g the elements of the set G, we finally

write
ZaJK U U(F + 9).

geG s=1
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The left hand side of the above is a compact set, again because of Lemma 9.2.
The right hand side is the union of shifted intervals of positive minimal length
| = ming d(Fs). Hence, the left hand side is also a finite union of closed, disjoint
intervals. O
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