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Hausdorff dimension of asymptotic self-similar sets

Daruhan Wu and Takao Yamaguchi!

Abstract. In this paper, we introduce the notion of asymptotic self-similar sets on general
doubling metric spaces by extending the notion of self-similar sets, and determine their
Hausdorff dimensions, which gives an extension of Balogh and Rohner’s result. This is
carried out by introducing the notions of almost similarity maps and asymptotic similarity
systems. These notions have an advantage of making geometric constructions possible.
Actually, as an application, we determined the Hausdorff dimension of general Sierpinski
gaskets on complete surfaces constructed by a geometric way in a natural manner.
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1. Introduction

The notion of self-similar sets or general Cantor sets have played significant roles
in fractal geometry. These sets are usually defined by means of iterated func-
tion systems {fi,..., fx} consisting of contracting similarity maps on a com-
plete metric space as the unique nonempty compact set K, called an attractor or

1'This work was supported by JSPS KAKENHI Grant Numbers 26287010, 15K13436,
15H057309.
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an invariant set, satisfying K = U?=1 fi(K). Hutchinson [10] (cf. Kigami [12],
Schief [18]) introduced the notion of the open set condition and determined the
Hausdorff dimension of self-similar sets in Euclidean space R” satisfying the
open set condition. Balogh and Rohner extended Hutchinson’s result to doubling
metric spaces ([2]). However, it is difficult to construct a similarity map in general
metric spaces. Actually, similarity maps do not always exist on curved metric
spaces. To overcome this difficulty, in the previous work [22], the first named
author introduced the notion of (A, c, v)-almost similarity maps extending that of
A-similarity maps in order to construct generalized Cantor sets in general metric
measure spaces, and determined the Hausdorff dimension of such a generalized
Cantor set. However the basic subsets considered in [22] are assumed to be
disjoint each other, and therefore generalized Cantor sets like Sierpinski gaskets
are excluded in the results of [22].

In the present paper, we extend both Balogh and Rohner’s result and our
previous result to the case when basic subsets may have intersections with their
boundary by introducing a generalized open set condition. As an application, we
determine the Hausdorff dimension of Sierpinski gaskets on complete surfaces
defined via geometric way.

Let X be a proper complete metric space. We assume that X is doubling in
the sense of [2] (see Section 2 for the precise definition). Complete Riemannian
manifolds with Ricci curvature bounded from below are typical examples of
doubling metric spaces (cf. [8]). Doubling metric spaces also appears in metric
measure spaces satisfying a doubling condition. Nowadays, geometric analysis on
doubling metric measure spaces has been very active (see for instance Assouad [1],
Gromov[8], Heinonen [9], Villani[20]), and therefore it is quite natural to study
self-similarity sets in such doubling metric spaces.

Let U D V be bounded domains in X homeomorphic to each other, where U
and V denote the closures of the open subsets U and V. Fix constants 0 < A < 1,
0 < v < 1 and a continuous increasing function ¢: (0,00) — (0, 00) with
limy_, 10 ¢(x) = 0. We call ahomeomorphism f:U — V a (A, ¢(|U|), v)-almost
similarity map if for every x,y € U,

d(f(x). ()

1) Al = Ae(|UD. (L.1)

V| <v|U|. (1.2)

where |U| is the diameter of U. Then the set V is called a (1, ¢(|U|), v)-almost
similar set of U.



Hausdorft dimension of asymptotic self-similar sets 341
In this paper, we assume the following conditions for ¢:

¢:(0,00) —> (0, 00) is increasing with linio(p(x) =0;
x—>

0o (1.3)
/ @(av®) dx < oo for some constants ¢ > 0and 0 < v < 1.
1

Note that the second condition (2) above does not depend on the choice of a > 0
and 0 < v < 1, and that for any & > 0 and any positive integer n, the following
functions satisfy the above conditions:

o(y) = y%. ¢(y) = —(log y) "7

For a fixed positive integer k, we let J = {1,2, ..., k}. We denote by J* the set of
all ordered multi-indices / = i;...i, withn > 1,i; € Jforevery 1 < j < n.
Weset |I| = |i1...in| = n and call it the length of 7. Let J" denote the set of all
I € J of length n.

In the present paper, we investigate an asymptotic self-similar set in X, which
is defined under the following hypothesis: For 0 < v < 1 and a > 0, let
¢: (0, 00) — (0, c0) be a continuous function satisfying the above conditions (1.3).

Definition 1.1. Suppose that ratio coefficients 0 < A; < 1, (i = 1,..., k) together
with a non-empty open subset V' C X are given for which we have

(1) foreachi € J,a (A;, ¢(|V]), v)-almost similarity map
fitV—ViCV,
is given in such a way that V; N V; = @ for every i # j € J, where
Vii= fiV):
(2) foreachij € 92, a (A;, (|Vi|), v)-almost similarity map
fij:Vi — Vij C Vi,
is given in such a way that V;; N V;j; = @ for every j # j’ € J, where
Vij == fij (Vi);
(3) foreach I’ € 7" ' and i, € J with I := I'iy, a (A;,.9(|Vy/]), v)-almost

similarity map
fr:Vp — Vi C Vi,

is defined in such a way that V;; N Vyr; = @ for every i # j € J, where
Vi = fi(Vp).
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We call {(V7, f1)}1e9+ an ({A,-}f.‘zl, @, v)-asymptotic similarity system. Then

the set K defined as -
k=(1(U ")

n=1 [ejn
is called an asymptotic self-similar set in X .

Let us consider the case of iterated function system of contracting similarity
maps { f1,..., fr} with open set condition
M VSAV)U---U fi(V):
2) fiV)yn fj(V) # @ foreveryi # j;
for some non-empty open set V' C X. In this case, foreach I = iy...i, € J*,
let

V] = fino---ofil(V), f[ = fin:Vp—>I71.

This gives a ({)L,-}f.‘zl,q) = 0, Amax)-asymptotic similarity system {(V7, f7)}7e,
where Apax = max A;. Thus the notion of ({Ai}f.‘zl,cp, v)-asymptotic similarity
system is an extension of iterated function system of contracting similarity maps
with open set condition.

Our main result in the present paper is stated as follows.

Theorem 1.2. Let X be a complete doubling metric space and let K be the
asymptotic self-similar set associated with a ({1; }f.‘zl, @, v)-asymptotic similarity
system {(Vy, fi)}1es. Then the Hausdor{f and the box dimensions of K are given
as

dimH K = dimB K =y,

where s is a unique number satisfying

k
Y=l
i=1

In [2], Balogh and Rohner suggested a problem. They considered an iterated
function system of contracting asymptotically similarity maps in the sense that for

alll =i;...ip €7
A< /1), 1] _
X, ¥l
where f; = fi,0---0fi,, A = Ai, ... A, and ¢y, ¢, are uniform positive constants.
They posed a problem: what happens if an iterated function system of contracting
similarity maps is replaced by one of contracting asymptotically similarity maps?

1 A7,
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Rajala and Vilppolainen completely solved the above problem in Theorem 4.9
of [16] by introducing a more general notion of a semiconformal iterated function
system. A ({A; }f.‘zl , @, v)-asymptotic similarity system {(V7, f7)}7es is closely
related with Balogh and Rohner’s iterated function system of contracting asymp-
totically similarity maps and Rajala and Vilppolainen’s semiconformal iterated
function system under the open set condition. Actually our notion of asymptotic
similarity system provides a controlled Moran construction in the sense of Rajala
and Vilppolainen ([16]) (see Lemma 3.12). However an asymptotic self-similar
set introduced in the present paper is constructed by means of a ({Ai}le, ©,V)-
asymptotic similarity system, which consists of infinite series of almost similarity
maps. Therefore in general, it is not simply defined by a finite iterated function sys-
tem. For example, a generalized Sierpinski gasket on a general complete surfaces
constructed in this paper is an asymptotic self-similar set. It would be an inter-
esting question to determine whether a generalized Sierpinski gasket on a general
complete surface can be defined by means of a finite iterated function system due
to Balogh and Rohner and Rajala and Vilppolainen (see Section 4). Anyway the
notion of asymptotic self-similar sets introduce in this paper has an advantage of
making geometric constructions in general curved spaces much easier.

As indicated above, we consider a Sierpinski gasket on a complete surface M
as an application of Theorem 1.2, which is naturally defined in a geometric way
as follows.

Now let J = {1,2,3}, and let A be a closed domain contained in a convex
domain of M bounded by a geodesic triangle. By joining the midpoints of the
edges of A by minimal geodesics, we divide A into four triangles, and remove
the center triangle to get three geodesic triangles A;, A, and A3. Repeating
this procedure for each A; infinitely many times, we obtain a system of geodesic
triangles {A;}reg+. The generalized Sierpinski gasket K on M associated with
A is defined as

KA=’é(UAI),

Iejn

We say that A is asymptotically non-degenerate if all the divided small triangles
Ay are §-non-degenerate for some constant § > 0. (See Section 4 for the precise
definition). For example, every geodesic triangle region A of perimeter less than
27 on a unit sphere is asymptotically non-degenerate (see Example 4.3). We show
that a small geodesic triangle region on a surface is asymptotically non-degenerate
(see Lemma 4.9).
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Theorem 1.3. If a geodesic triangle domain A in a convex domain on a complete
surface is asymptotically non-degenerate, then

(1) for some 0 < v < 1 there exists a ({1/2,1/2,1/2}, ¢, v)-asymptotic simi-
larity system {(Ag, f1)}1e9+ associated with A, where ¢(x) = cx? for some
constant ¢ > 0;

(2) the Hausdorf{f and box dimensions of the generalized Sierpinski gasket Ka
associated with A are given by

log3

dimH KA=dimB KA = .
log?2

(1.4)
The following result gives a condition for A to be asymptotically non-degen-
erate.

Corollary 1.4. A geodesic triangle domain A in a convex domain on a complete
surface is asymptotically non-degenerate if and only if for some 0 < v < 1
there exists a ({1/2,1/2,1/2}, ¢, v)-asymptotic similarity system {(Ay, f1)}1es+
associated with A, where ¢(x) = c¢x? for some constant ¢ > 0.

The organization of the present paper is as follows. In Section 2, we discuss
some basic notions needed in the proof of the above results. In Section 3, we prove
Theorem 1.2. In Section 4, we discuss generalized Sierpinski gaskets on complete
surfaces, and prove Theorem 1.3 and Corollary 1.4.

Acknowledgments. The authors would like to thank Ayato Mitsuishi for a com-
ment on Example 4.3. He would also like to thank the referee for valuable advice.

2. Preliminaries

The distance between points x, y in a metric space will be denoted as d(x, y).
For r > 0, B(x, r) denotes the open ball of radius r around x.

Definition 2.1. A metric space X is said to be doubling if there exists a positive
integer C such that for any x € X and any r > 0, there exist {xi}ic=1 C X such
that

C
B(x.r) C | B(xi.r/2)
i=1

Note that C, called the doubling constant of X, does not dependent on the choices
of x orr.
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For the proof of the following lemma, see Lemma 3.3 of [2].

Lemma 2.2. Let X be a doubling metric space with doubling constant C. For
any 0 < § < 1, there exists a constant C(8) such that the number of mutually
disjoint balls B(x;,8r) in a ball B(x,r) of X is bounded by C(§).

Definition 2.3. Let X be a metric space, A C X and o be a nonnegative real
number. An e-cover {U;} of A is a finite or countable collection of sets U; covering
A with |U;| < e. Define H%(A) by

o0
H(A) = inf { > Ui {Us} e-cover of A}.
i=1
The «-dimensional Hausdorff measure of A is defined by
H*(A) = lim HZ(A),
e—>0
and the Hausdorff dimension dimyg A of A is defined as

dimg A := sup{a > 0: H*(A) = oo} = inf{a > 0|H*(A4) = 0}.

Let A be a bounded subset of a metric space X. Let N.(A4) denote the minimal
number of subsets of diameter < ¢ needed to cover A. The lower box dimension
and the upper box dimension of A are defined respectively as

log Ne(A — — log Ne(A
- e—o —loge e—0 —loge

When both the lower and the upper box dimensions are equal, the common value

1 A
dimp A = lim —ogNe( )
e—0 — log €

is called the box dimension of A.
The following is a standard fact (see [7] for instance):
dimyg A < dimgA < dimgA. 2.1)

Next we discuss self-similarity measures. In the rest of this section, we always
assume that Y is a compact metric space unless otherwise stated.
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Let M(Y) be the set of all Borel probability measures on Y. Consider
the Kantrovich—Rubinshtein metric dy¢ and the modified Kantrovich—Rubinshtein
metric dy. on M(Y') defined by

dnc(jur. 1) =sup{‘/y¢dm - [ iz < Lipy 1), sup (ol < 1},

dﬁ(m,m=sup{‘/y¢dm—/y¢dm :¢eLip1(Y)},

where Lip,(Y) denotes the set of all Lipschitz functions on ¥ with Lipschitz
constant < 1.
It is well known that (M(Y), d) is complete (see Theorem 8.10.43 of [3]).
Furthermore, we have from the definition
dni(p1, 2) < dae(pr, p2) < max{|Y|, Ddae (i1, p2).

In particular, (M(Y'), d5,) is also complete.
Let {f;}7_, be a family of contracting maps in a compact metric space Y.
Namely, there are some constants 0 < A; < 1 such that

dfi(x), i) _
BECE

forevery x # y e Y and 1 <i <m.

Lemma 2.4. (c¢f. [11]) Let Y and { f;}7_, be as above. Then for any positive
numbers a;, 1 <i <m, with ;- a; = 1, there exists a unique Borel probability
measure Ly such that

fo(A) = aipo(fiH(A) + -+ + ampo( £, ' (A))
for every measurable subset A C Y. In other words,

o =Y ai(fi)«(o),

i=1
where (fi)«((o) is the push-forward measure of o by f;.
Proof. Define the map
F*(a,...,am):(MY),dr;) — (M(Y),dxo)
by N
F*(ar,....am) () = D ai(fi)«().
i=1
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If ¢ € Lip,(Y), ¢ o f; has Lipschitz constant < A,,x, Where

Amax = maX{Al, ooy A,m}.

This implies that F*(ay, ..., am) iS Amax-contracting, Since (M(Y'), dy;) is com-
plete, it has a fixed point j¢ in M(K) by the contraction mapping theorem. This
completes the proof. O

3. Proof of Theorem 1.2

Let K be the asymptotic self-similar set in a complete doubling metric space
X associated with a ({)L,-}le,(p, v)-asymptotic similarity system {(V7, f7)}reo+.
Foreach I =i;...i, € J*, we set

gl::flo"'ofilizofil:v_)v’ VI::gl(V)CV'

Note that
Vil < vy (3.1)

Let s be a unique solution of

k
doa=1
i=1

Lemma 3.1. Let ¢:(0,00) — [0,00) be a continuous function satisfying the
conditions (1.3). Then

o0 o0
[T+ e/ V) <o, J]U =0 V] >o0.
i=0 i=0
Proof. By the condition on ¢, we have
o0 o0
> log(1+ (v [V]) = D e [V]) < oc.
i=0 i=0
Similarly we have
o0 o0
> log(1— (' V) = =2 (v [V]) > —oc.
i=0 i=0

These complete the proof. |
Let] =i;y...im—1im € J*. We use the notation
I_=i1...ip-1,

and write naturally like / = I_i,, as before.
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Lemma 3.2. dimyg K <.

Proof. By the construction, we have |V;, i,| < |Vi,...i,_,|v. For any € > 0 take
a sufficiently large n such that U, := {V;: [ € J"} is an e-cover of K. From the
definition of (A;,, ¢, v)-almost similarity map f7 : Vi — Vi, I = I'i,, we have

Vil < Ai, A+ (Ve DIVi|.
It follows from Lemma 3.1 that

HUK) < Y Vil

Iejn
= Z (|V1/1|s+"'+|V1/k|s)
I’egn—1
< D A+eVeDIVEPAS + -+ 2))
I’egn—1
<L+ VDY Yo
I’egn—1
<

o0
<[Ja+e0 vVpIvi<Clvi,
i=0

where C is a constant, and therefore dimg K < s. O

Lemma 3.3. Let X be as in Theorem 1.2, and let V = {V;} be a collection of
disjoint open sets of X such that each V; contains a closed ball of radius c1p and
is included in a closed ball of radius c,p for some positive constants ¢1 < ¢z
and p. Then every closed p-ball B(x, p)in X intersects at most C(8) elements of

V = {V;}, where § = Wiﬁ and C(8) is a constant given in Lemma 2.2.

Proof. Take x’i,xé € X satisfying E(x’i, c1p) CV; C E(xé, cap). Let Vi, ..., Vy
intersect B(x, p).
Taking any point z € V; N B(x, p), we have

d(x’i,x) < d(x’i,z) +d(z,x) < Qca+ 1)p.
Furthermore, for any y € B (x’i, c1p), we have

d(y,x) <d(y,x}) +d(x}, x) < (c1 + 2¢2 + 1)p.
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Thus we get
N .
| B(xi.c1p) € B(x. (c1 + 2c2 + Dp).
i=1

Since B(x!, ¢1p) are mutually disjoint, from Lemma 2.2 we obtain the conclusion
of the lemma. This completes the proof. |

The rest of this section is mainly devoted to prove the following.

Lemma 3.4. dimyg K > s.

We set
I7n = U 171.
Iejn
Note that
o0
K=V
n=1

For a large ng, fix an arbitrary /o = iy ...i,, € J"°, and consider
Vi i=g1,(V) = frg ... fuin© fi,(V), Krpy:= KNV,
It suffices to prove that dimy Kj, > s. Therefore we start with
W = "Vi,,

instead of V.
Forevery 1 <i <k, put

hi = fi: W — W,
where
W :=h;(W) C W.
Recall from the definition

d(hi(x), hi(y))

a(x.y) Ai| < o(no),

for every x # y € W, where

0(no) = Amaxe(V"°|V]), (3.2)

and therefore lim,,— o 0(n9) = 0. For J = j; --j,, € 7* andevery 1 < { < m,
we use the notation

hjl"je = fljl"je: Wit-jes > Wiijes
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as before, and define gj: W — W by
gsi=hyjo---ohjj, ohj.

Lemma 3.5. Foreveryx # y € W, we have

d(gr(x),g7(y))
d(x,y)

As| <o(no)ry,

where Ay = Aj, ... A;

Proof. Put J; := ji--j, foreach 1 <{ < m. From Lemma 3.1, we obtain

d(gs(x).gs(») _ _ d(87,,(x). 81, () d(gr,(x), g5, (»))
d(x,y) d(8r_1(X), 87,1 (¥)  d(gs, (), 81, ()
d(gr,(x), g5, (»))
d(x,y)

<A [T+ o™t V)
=0

= As(1+o0(no)).
An estimate from below is similar, and hence omitted. O
For a small € > 0 compared with |W|, let {U;} be any e-covering of
K := Kj,.
Replacing U; by balls B; of radius 2|U;|, we have a covering {B;} of K. Thus

D IUP =27 ) |Bil.

Fix B; and take ¢; > 0 and ¢, > 0 such that W contains a ball of radius c¢;|W|
and is contained in a ball of radius ¢, |W|.

Definition 3.6. We denote by J* the set of all infinite sequences J = j; ...
with j, € Jfor all £ > 1. We call a finite subset 8 of J* a simple family if for each
J = j1j2--- €I, there is a unique m such that J,, = jijo... jm € 8.

For instance, J™ is a simple family for every m > 1.

Lemma 3.7. For every simple family S, we have

doap=1.

JASH]



Hausdorft dimension of asymptotic self-similar sets 351

Proof. Letm := maxjes |I|. We prove the lemma by the reverse induction on m.
Take I € S with |I| = m, andlet I = i;...iy. Recall I_ =1i;...i,_; and note
that /_j € § for all j € J. It follows that

k
ZA;—J =
j=1
Set
Sm:=8NJI", 8§ :=(8\8n)U{l_:I €8,,)}.

Since 8'is a simple family, it follows from the inductive hypothesis that

D= 2 =1 0

I€8 I8’

Assertion 3.8. For each i, there is a simple family § = 8; consisting of J
satzsfymg that Wy is contained in a ball of radius C2|B | and contains a ball of
radius Ammclcz|B | for some uniform constant 0 < Amin < Amin-

Proof. For each J = j;j,--- € J°, there is a unique m such that
Wi cjmei | > c2|Bil, Wy jn| < c2| Bil. (3.3)

Set Ji := ji...jm. Obviously, Wy, is contained in a ball of radius ¢, |B;|. Since
W contains a ball of radius ¢ |W| and since Wy, is open, Wy, contains a ball of
radius (1 — o(n¢))Asc1|W|. From the choice of J,,,

(1 —o(mo))Aysci|[W| > (1 —0(no))*A;, c1c2| Bil.

Let S be the set of all J,, € J* when J runs over J*. (3.3) implies that
"=l > ¢,| B;|/|W|, and therefore § is finite. This completes the proof. O

Applying Lemma 2.4 to the contracting maps g7: W — W, I € S, we have

Assertion 3.9. Let S = §; be as in Assertion 3.8. Then there is a unique Borel
probability measure u = jug in M(W) such that

w= D Aj(EDs (),

Ie8

where A} = (Ar)°.
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Since W > K, it follows from Lemma 3.5 and the property of § that for any
J €8s,
23|Bil* = Wil = [KyI* = (1—o0(no)Ay | K[ (3.4)
By Lemma 3.3, the number of W; with J € 8 meeting B; is uniformly bounded
by some constant C = C(§), where § = §(cy, ¢2, imin). Let i be the measure
constructed in Assertion 3.9. Then we have

1(Bi) = Y A(gn)«(w)(Bi)

JASS)
Zlfr(gl)*(/i)(Bi N W) (3.5)
JASS)

< C($) max AT
1€8,W;NB;#¢

It follows from (3.4) and (3.5) that

SIBil* = (1—0(no))C(8) ' |K|* u(By). (3.6)
Since
S o=, (3.7)
|J|=m

for each m > 1, applying Lemma 2.4 to the contracting maps g;: W — W,
J € 9™, we have a unique measure /i, € M (W) such that

Mm = Z ASJ(gJ)*(//vm)-

|J|=m
Assertion 3.10. For m > maxjeg |I|, we have p = piy,.

Proof. For each J € J™, there are unique / € 8 and J, € J* such that J = [ J,.
Let A; be the set of all the indices o with J = IJ, for some J € J™ We can write
as

Mm = Z)L“;Ja (gIJa)*(PLm)-

I€s8,
acAy

By iterating {-times, we have

m = A% . A%, (g, 0 0 g0)w(ilm)

= ZkilJal o ')v;é-’ae (g']l -0 ng)*(/JLm)
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Since A7 = 7" 1! similarly to (3.7) we see
>y, =1 (3.8)
(XEA[
It follows that
=Y ApEn«() =D A1y, (8D)«().

Ie8 I€s8,
acAy

By iterating £-times, we obtain
lu“ = ZA;IJC(I .o .A;eJae (g11 O+++0 gI()*(Hv)
Ii €S8,
a; EA[i
It follows that

dye(t tm) < ) A4 gy -+ M,

I;es8,
o €Ay,

sup
L(¢)<1

/¢Ogleo"'og11 d//“_/gbogleo"'og.ll d//vm .

Here,

‘/ﬁboglgO"'Oghdﬂ_/ﬁbogjgO"'OgJ1 diim

S‘/¢°gle°---°g11du—/rﬁogzeo---ogn ditm

+ ‘/¢Ogu o---ogq dum—/stgu o--ogy dim|.
For a constant A with Amax < X< 1, choose a large n¢ such that
(1 + 0(10))Amax < A < 1.
Then the Lipschitz constant of g7, o --- o g7, satisfies

L(gle ° ”'Ogll) S (1 +0(n0))£)k14 .. -All < 111...147

where we put A7, s, := (A)!/11++!lel Therefore we obtain

‘/qﬂug’leo---cng’z1 a’u—/qbomc>~'ogz1 diim

= ilp.]gd;\k/[(ﬂa Hm)
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On the other hand, from the inclusion

gr,o---ogrn(W)> gy 0--0gn(W),
we have

sup |¢Oglzo"'og11(x)_¢og.7eo"'ong(x)|
XeW

< |g14 o ogll(u_/)|
< (14 0(no)As, ... A1,

< )LI] LAy
Thus letting n = mingeg |/ | together with (3.8), we have

de(is m) = D A3 gy - Mg, Mt (e (i tm) + 1)

I,...Ip,

O ,yeees oy

< jnt Z"frl T+ .A;Nae (dye (s pm) + 1)
I,...0p

= "ty m) + 1),

which yields
1 -
* nt
dye (s ) < " _inlk .

Letting £ — oo, we conclude that . = .

Proof of Lemma 3.4. From the last assertion, we have

supp() < ) (U &)=k

It follows from (3.6) that

Y 27IBil = (1—o0(no))4*c;*C(8) K| Y u(By)
> (1-0(n0)4~°¢;*C($) K|,

This shows that dimg K > 5. We have completed the proof of lemma 3.4.
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Finally we show that
Lemma 3.11. dimgK < s.

Proof. For every € > 0 and Jo = j1j2 ... € I, take a minimal m satisfying
Wyl <e ford :=Jn=j1...0m-
Note that
(Wil = Amin/2IWi_| = €Amin/2. (3.9)

Thus we have a simple family 8§ = {J | Jo € J*° }. By Lemma 3.7, we have

DAy =1 (3.10)
Jes8
By Lemma 3.5, we have
Wy
r—— —lJ <A10(n0). (3.11)
W

It follows from (3.9) and (3.11) that
(€Amin/2)" < 2°A% W .
Using (3.10), we obtain

> (eAmin/2)* < 2°|WS.

J€8

Since {Wy | J € 8} is disjoint, we conclude that
Ne(K) < 2°|W S (€Amin/2) ",
This shows that dimp K < s, and the conclusion of the lemma follows. O

It follows from Lemmas 3.4, 3.11 and (2.1) that dimyg K = dimg K = s. This
completes the proof of Theorem 1.2.

Finally we point out that our notion of asymptotic similarity system provides
a controlled Moran construction defined in Rajala and Vilppolainen [16]:
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Lemma 3.12. Let {(V;, f1)}1e9+ be a ({Ai}f.‘zl,q), v)-asymptotic similarity sys-
tem. Then {Vi}res« is a controlled Moran construction defined in Rajala and
Vilppolainen ([16]). Namely, there exists a constant D > 1 such that for every
1,J eJ*

() Vi cVi-;

(2) there exists a positive integer n such that

max |V;| < D7
Iejn

3) D' < Vi <
VillVyl

Proof. (1) is clear. In view of (3.1), (2) is obvious. To show (3), we go back to the
situation of Lemma 3.5. Let o(n¢) be as in (3.2). For a large ny, fix an arbitrary
Iy =iy ...ip, € 770, and consider W = V. If we take no with o(ng) < 1/2, we
have from Lemma 3.5,

1 __ _ _ 1 _ _ _
511|W| < Wil <201 W], EAJ|W| < |Wy| <245V,

which imply
| (R — _ 4
— Wi |Wy| < [Wpy| < =W |IWy].
4w W
Now (3) is immediate, since we have only finitely many choices for /. O

4. Sierpinski gaskets on surfaces

Let D be a domain in a complete surface M. We assume that D is convex in the
sense that for every two points of D there exits a unique minimal geodesic joining
them and it is contained in D. For simplicity, we assume that the absolute value of
the Gaussian curvature of M is at most 1 on D. Let A be a domain in D bounded
by a geodesic triangle (y1, y2, y3). We call A a geodesic triangle region. The set
of lengths {L(y;)}3_, is called the side-length of A.

Definition 4.1. We say that A is §-non-degenerate if each angle @ of a comparison
triangle A of A in R? satisfies § < & < 7 —§, where a comparison triangle means
that A has the same side-length as A.

In this section, we let J = {1, 2, 3}. Let {A};e5+ be the system of geodesic
triangles obtained by dividing A into smaller triangles A; consecutively, as stated
in Introduction.



Hausdorft dimension of asymptotic self-similar sets 357

Definition 4.2. We say that the system {Aj}jeg+ is non-degenerate if there is a
8 > 0 such that Ay is §-non-degenerate for every I € J*. In this case, we also say
that A is asymptotically non-degenerate.

Example 4.3. Let $? denote the unit sphere around the origin in R3, and let A be
a geodesic triangle domain on $? of perimeter less than 2. Joining the vertexes
P1, p2. p3 of A by shortest segments in R, we have a geodesic triangle region A
on the plane through p;, p», p3. By the projection along the rays from the origin
of R3, we have a canonical map

~

T A — A,

which is a bi-Lipschitz homeomorphism. From a system of geodesic triangles
{Ar}1eg+ of A, setting 81 := m(Ay), we have the system of geodesic triangles
{ﬁl}leg* of A. Note that each ﬁl is 2=1|_gimilar to A in the usual sense. Since
Ay is bi-Lipschitz homeomorphic to A I,

Area(Aj) > L2 Area(ﬁl),

where L is the bi-Lipschitz constant of . It follows that A is asymptotically
non-degenerate. Now we have the formula (1.4) for the Sierpinski gasket Ka
associated with A by two reasons. One is by Theorem 1.3 and the other one is due
to the well-known formula for K3.

Example 4.3 is the special case. For a geodesic triangle region on a general
complete surface, it seems impossible to reduce the problem to a triangle region
in R2.

The main purpose of this section is to prove the following result.

Theorem 4.4. For every § > 0 there exists an r > 0 such that

(1) every geodesic triangle region A on D with |A| < r is asymptotically non-
degenerate;

(2) the Hausdorff and box dimensions of the Sierpinski gasket Ka associated
with A are given by (1.4).

If A be asymptotically non-degenerate as in Theorem 1.3, we can apply The-
orem 4.4 to Ay for each I € J* with large enough |/|. Therefore Theorem 4.4
yields Theorem 1.3.

The following lemma is a consequence of law of cosine, and hence is omitted.
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Lemma 4.5. For any § > 0 there exists an € > 0 such that if a geodesic triangle
A of side length (a1, az, as) is §-non-degenerate, and if the side length (a', a}, a%y)
of a geodesic triangle A’ satisfies
a; _ 4 aj
(l-e)— <5 <(l+e)—, 4.1
a; a;

i i
foranyi # j, then A is §/2-non-degenerate.
Proof. We may assume that A and A’ are triangles in R2. Set
(a,b,c) = (a1,az,a3) and (d',b',c") = (a},a},a%)

for simplicity. Rescaling A’, we may assume that ¢ = ¢’. It suffices to show that
if A’ has side-length (a’, b’,¢’) = (da’, b, c¢) satisfying (4.1), then the angles «, S
(resp. o', B’) opposite to the edges of length a and » in A (resp @’ and b in A’)
satisfy that |’ — | < /4 and |B’ — B| < §/4 for a suitable € = €(§) > 0.

Sublemma 4.6. If a geodesic triangle A of side lengths (ai,as,as) is §-non-
degenerate, then there exists a constant C(8) such that

ce) <L <),
a;
Joreveryl <i,j <3.

Proof. This is an immediate consequence of the law of sines. One can take
C(8) = 1/siné. A

By trigonometry, we have
sinfa/2 = (a + c)(a + b)/be, sin®a’/2 = (a' + c)(a’ + b)/bc.
It follows from the assumption and Sublemma 4.6 with |a’ — a| < €a that
|sin?a’/2 —sin?a/2| < a(a + a'b + c)e/bc < 5C(6)%€. 4.2)
Since sina’/2 + sina/2 > sin(§/2), we obtain
|sina’/2 —sina/2| < 5C(8)%¢/ sin(§/2).
From o < m — 28, we have cos # > sin(6/4). It follows that
/

o —o

lo' —a| < 8 |sin

‘ < 5C(8)%¢/ sin?(8/4). 4.3)
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Similarly we have

|sin® B//2 —sin? B/2| = |a —d'|b(b + ¢)/ad’c
<b(b+c)e/cd

€ bb+c)
T 1—e€ a
€ 2
1 —e€
which implies
8¢ C@) \2
g . 44
F=pl= 1—€<sin(8/2)) “44)
Thus from (4.3) and (4.4) we obtain |o’ —«| < §/4 and |8’ — B| < §/4 for a suitable
€ < €(8). This completes the proof. |

Let A be a geodesic triangle region on D bounded by a geodesic triangle
(v1, y2, y3) with vertices p1, p2, p3. By the convexity of D, we have

|A| = max a;,
1<i<3
where we put a; := L(y;). Fix a vertex p; and let y; be parametrized on [0, 1] in

such a way that y,(0) = y3(0) = p;. Let¢: [0, 1]x[0, 1] = A be a parametrization
of A such thatt — ¢(¢,s),0 <t < 1, is the geodesic, denoted by oy, from y,(s)
to y3(s) for each s € [0, 1]. Namely ¢(z, s) = og(¢). We set

ai(s) := L(oy).
Now define the map f1: A — A by
Sfile(t,5)) = @(t.5/2).

Note that the image A of fj is the geodesic triangle region bounded by (y21[0,1/2)
v3l[0,1/2]- 01/2) and that Ay has side-length (a1(1/2),a2/2,a3/2). We put

r=|Al.

Lemma 4.7. For any s € (0, 1), we have

ap(s)

saq

1—r?<

<1+r2

In particular, |A1] < 3(1 + r?)|Al.
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Proof. Let
Vi(s) = exp;ll (vi(s)), i =23

The Rauch comparison theorem (see [5]) implies

sinr ai sinh r
< = = < 4.5)
r d(72(1), y3(1)) r
sin r ai(s)) sinhr
< & < (4.6)
ro dya(s), y3(s)) r
Since d(y2(s), y3(s)) = sd(y2(1), y3(1), the conclusion follows. O

Let us denote by (a1,1,a1,2,a1,3) the side length (a1(1/2),a2/2,a3/2) of A;.
Lemma 4.7 implies that

aii

- <8 (4D (4.7)
aj ai,j aj
forevery 1 <i,j <3.

In a similar way, we construct a map f;;:A — A;; C A foreachl <
i1 < 3. Repeating this procedure for each A; inductively, for each multi-index
I =1iy...in—1iy, we have a geodesic triangle region Ay andamap f7: Ay — Ap,
where I’ = iy...in—1. The side-length (az,1,ar2,ar3) of Ay is also suitably
defined inductively. Take r < 1 and set

1
vi=-(1+r?<1.
2
Lemma 4.8. There exists an L(r) > 1 such that for every I and 1 <i,j <3

a; ary.q
L)' < 2
aj ar,j

<L(nZ,
aj

Proof. Repeating use of (4.7) and Lemma 4.7 applied to s = 1/2 implies that for
each I =ii...i,

(1—r2)...(1=r)1-rHZ
aj
al,i

< <(1+r,%l)...(1+r12)(1+r2)%

ar,j J

forevery 1 <i,j <3, where ry :=|A;, .|, 1 <k < m. Since

1
re < 5(1 + r,f_l)rk_l < Vg <o+ < vEr.
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it follows that

Mg, (1—v?"2) &< 2 e (14027r2) &L (4.8)
aj ar;j aj

This completes the proof. O

From (4.8), one can take L(r) as

2r2
L(r) :=e1—2,

Forevery s € (0, 1] we denote by A(1 : s) the geodesic triangle (y2|[o,s]. ¥3[0,5]>
o0s). Similarly, A(i : s) and Ay (i : s) are defined for every 1 <i < 3 and every
multi-index / € J*.

Lemmas 4.5, 4.7, and 4.8 imply

Lemma 4.9. For every § > 0, there exists a positive number r such that if A is
8-non-degenerate and the diameter |A| of A is less than r, then Ay as well as
Ar(i :s)is 6/2-non-degenerate for every multi-index 1,1 <i <3 ands € (0, 1).

By Lemma 4.9, we get the conclusion (1) of Theorem 4.4. In view of Theo-
rem 1.2, to prove the conclusion (2) of Theorem 4.4, it suffices to prove the fol-
lowing.

Theorem 4.10. There is a positive numbers ¢ = c(8) such that {(Ay, f1)}res+

gives a (1/2, ¢., v)-asynptotic similarity system, where ¢.(x) = cx>.

Proof. In view of Lemma 4.9, it suffices to prove that the map
f=fi:A— A CA

isa (1/2, ¢, v)-almost similarity map for a uniform positive constant ¢ = c(§).
Note that J(r) := 32(t,s) is a Jacobi field along o5. Set Ty (¢) := 32(z, 5) = 6,(1).
Observe that

1
df (Ts(t)) = Tga(t), df(Js(t)) = 3 s/2(1). (4.9)
Lemma 4.7 shows that
‘L(US/Z) _ l‘ < 3r2
L(os) 2 ’

which implies that

df (T9)| 1‘ <32 (4.10)

| 7| 2
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Lemma 4.11. For every s,u € (0, 1] and t € [0, 1], we have

|Ju(0)]

0

< C()r2. 4.11)

From now on, we shall use the general symbols C(6) or ¢ () to denote constants
depending only on § unless otherwise stated.

Proof. For any fixed s, take unique Jacobi fields Y7 and Y> along o, and the reverse
geodesic oy (1) := o(1 —t) respectively such that

Y1(0) =0, Yi(1) = Js(1), Ya(1) = Js(0), Y2(0) =0,
to have
Js(1) = Y1(1)) + Ya(1 —1).

We dente by $? and H? the sphere and the hyperbolic plane of constant curvature
1 and —1 respectively.

Recall that A is a §-non-degenerate geodesic triangle region of side lengths
(ai1,asz,as) in D whose diameter is denoted by r.

Lemma 4.12. Let o+ and o;_be the angles of comparison triangles Ay and A_
of A in $? and H? respectively at the vertices opposite to the edge of length a;.
Then we have

|l — i | < C(6)r?.

Proof. Put(a,b,c) := (a1,a»,as),and let o, o— and « be the angles of compar-
ison triangles of A in $2, H? and R? respectively at the vertices opposite to the
edge of length a. By the laws of cosines, we have

sinb sin ¢ cos a4 = cosa —cos b cosc,

sinh b sinh ¢ cos o = cosh b cosh ¢ — cosha,

2bccosa = b? + ¢? —a?,
which imply

2bccosay = 2bccosa + O(b>c) + O(bc?) + 0O(b*c?) + O(a*),
2bccosa_ = 2bccosa + O(b3c) + O(bc?) + O(b*c?) + 0(a*).
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It follows from Sublemma 4.6 that
|cosay —cosal < O(b?) + O(c?) + O(bc) + O(a*/bc)
< Cc@)r’.

Since § < @ < m — §, we obtain |a+ — a| < C(§)r2. Similarly we get
lo_ —a| < C(8)r?, and hence |ay —a—_| < C(§)r2. A

Let o5 and B be the angle of the geodesic triangle
A1 :5) = (2l0,51: V3l[0,51- Os)
at y»(s) and y3(s) respectively.
Lemma 4.13. We have
las — ;| < c8)r? and |Bs — PBi| < c(8)r?,
foreverys,t € (0,1].

Proof. Let af , o , a? denote the angles of comparison triangles in $2, H2,

and R? respectively at the vertices corresponding y,(s). By Toponogov’s theorem
(cf. [5]), we have

o <ag, al <o (4.12)

By the law of cosines, we have

az + (ai(s)/s)* — a3

0 _
s = T (a1 (s))s)

o a3+ (a1()/1)* —a3
O T @/

which imply with Lemma4.7

cosa? —cosa?

- a%—l—a%(l —|—r2)—a§ B a%—l—a%(l —r2)—a§
2aza1(1 —r?) 2aza1(1 4+ r?)

_ r*(Q2ai + a3 —aj3)

arax(1 —r2)(1 +r?)

_ (2a1+a_2 a§)

1—r4 B

Z ay ayan
< C(é)r?.
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Reversing the role of s and ¢, we have
|cosal —cosa?| < C(8)r?.

By Lemma 4.9, we have §/2 < (¢? + «?)/2 < 7 — §/2, which implies

0 (]

sin (%) > sin(4/2).

Therefore we conclude that

0_ 0

mg—am§4%m(ﬁL5ﬂ)‘5cmmﬂ.

where C;(§) := 512nf8(?%) Using (4.12) and Lemma 4.12, we see

oy < ag +C()r?
<al +CE)r* + Ci(8)r?
<a; +2CE)r? + C1(8)r?.

Reversing the role of s and ¢ completes the proof.

A

Next we analyze the behavior of the norm of Jacobi field J;. For a fixed
s € (0,1],let Y;(¢) = YN (t) + YT (¢),i = 1,2, be the orthogonal decompositions
of Y¥; to the normal and tangential components to 65. We can write Y;(¢) and

Yi ()N as

Yi(t) = d exp,,5)(t(VDios0)s  Y2(2) = d exp,, )t (V2) 165 (0))

(4.13)

YV (0) = d exp,, i (t(V{)io,0) Ya' (1) = d exp,, (V3 )i @) (4.14)

where V; and V, are some parallel vector fields on the tangent spaces satisfying

d exp,, ) (V)ss0) = v3(8),  d exp,, ) ((V2)s50) = 72(5).

The Rauch comparison theorem shows that

YO =tV =t 10 -0l= A -0V = A=)

Here and hereafter we use the symbol a = b whenever | —1| < C(8§)r?.

It follows from dim M = 2 that
TN O = YN O+ 17 (1 —1)]

=t + A= 0)ln0N]
=t sin Bsaz + (1 —t) sinwsas,

(4.15)
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where we recall a; = L(y;) = |p;(¢))|. Similarly we have
|JuN(t)| = tsin Byas + (1 —t) sinayas.

It follows from that
FALGIEIVARGT (4.16)

Next we show that
FRGIEIVAGT (4.17)

We use the expression (4.13) with Gauss’s lemma to obtain

(Y1(2), Ts(2)) = tas|Ty| cos Bs,
(Ya(2), Ts(2)) = —(1 — t)az|Ts| cos .

Thus we get
| (1)| = |tas cos Bs — (1 — t)az cos .

From an inequality for |J,7 (¢)| similar to the above and Lemma 4.13, we have
(4.17). Now (4.11) follows from (4.16), (4.17). Thus we have completed the proof
of Lemma 4.11. A

The expression (4.13) also yields
Vi) =t|Vi| S tas, [Y2(1-0)]= A =-0)[V2] = (1 -1)ax.

In particular we have
[Js@)] < 2r. (4.18)

Since |JN (t)| > ¢(8)r from (4.15), (4.18) implies that the angle
Os(t) := £(Js(1), Ts(2))
has definite lower and upper bounds:
0 <c(d) <05(t) < —c(d). (4.19)
(4.9)—(4.11), and (4.19) yield that

‘Idf(v)l 1
ol 2

‘ < C(®)r?,

for every tangent vector v. Thus we conclude that f: A — Ajisa(1/2,¢c), v)-
almost similarity map, with ¢c(s)(x) = C(8)x2. This completes the proof of
Theorem (2) 4.10. O
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Proof of Corollary 1.4. In view of Theorem 1.2, it suffices to show that for a
geodesic triangle region A on a convex domain of a complete surface, if the
collection {(Ay, f1)}resx gives a ({1/2,1/2,1/2}, ¢c,v)-asymptotic similarity
system with gc(x) = Cx? and 0 < v < 1, then A is asymptotically non-

degenerate.
For a large ny, fix an arbitrary Iy =i ...in, € Js,, and set

W= AI() = gI()(A) = fI() o.. -ﬁ1i2 © ﬁl (A)
Forevery 1 <i <k, put
hi = froi:W — Wi =hi(W) C W,

and recall from the definition

d(hi(x). hi(y))

40 Ai| < o(no),

where o(ng) = A;¢(v"°|Al) and therefore lim,, o 0(n9) = 0. For J = j; -

define gj: W — Wy by
gri=hyjo---ohj;,ohj,
where we use the notation
hjvjo = fijivjo: Wirejoey — Wiiejes
as before. By Lemma 3.5, we have

d(gr(x).g7(y)
d(x,y)

Ag| <o(ng)ry,

'jm’

for every x, y € W. We denote by inrad(W), the inradius of W, the largest r > 0

such that an r-ball is contained in W. It follows that

Wil _1+omo) W]
inrad(Wy) — 1 —o(ng) inrad(W)’

for every J € J*. This implies that there exists a § > 0 such that Ay is

d-nondegenerate for every I € J*.

O
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