J. Fractal Geom. 5 (2018), 165-226 Journal of Fractal Geometry
DOI 10.4171/JFG/60 © European Mathematical Society

Numerical integration for fractal measures
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Abstract. We find estimates for the error in replacing an integral | fdu with respect
to a fractal measure p with a discrete sum ) .. w(x) f(x) over a given sample set E
with weights w. Our model is the classical Koksma—Hlawka theorem for integrals over
rectangles, where the error is estimated by a product of a discrepancy that depends only
on the geometry of the sample set and weights, and variance that depends only on the
smoothness of f'. We deal with p.c.f. self-similar fractals, on which Kigami has constructed
notions of energy and Laplacian. We develop generic results where we take the variance to
be either the energy of f orthe L' norm of A f, and we show how to find the corresponding
discrepancies for each variance. We work out the details for a number of interesting
examples of sample sets for the Sierpifiski gasket, both for the standard self-similar measure
and energy measures, and for other fractals.
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1. Introduction

Numerical integration on domains in Euclidean space is a highly developed sub-
ject that is of interest from both a theoretical and practical point of view, with
many open problems still being actively pursued ([5], [8]). The goal of this paper
is to develop a similar theory on fractals, following up on earlier work in [1].

The gist of the matter, in any context, may be succinctly stated as follows.
Given a measure ¢ on some space and a finite set of points E, the sample set, we
would like to approximate the integral [ fdu by the sum ), . w(x) f(x) for aset
of weights {w(x)}. The main problem is to estimate the error of the approximation.
A desirable form of the error estimate is in terms of a product of two factors, a
discrepancy of the weights (or just of the set E if the weights are chosen uniformly
w(x) = ﬁ) depending on the “geometry” of E, and a variance of f that measures
the “smoothness” of f in a suitable norm. A well known version of such an
estimate in the case of rectangles is the Koksma—Hlawka theorem ([8]), and some
of our results are modeled on this theorem. Other interesting questions concern
how to choose the sample set E to minimize the discrepancy, and how to choose
“natural” weights on E.

We will restrict attention to Kigami’s class of p.c.f. self-similar fractals with
a regular harmonic structure [3]. A basic example is the Sierpifiski gasket SG
(see [10] for a detailed description of this example) and we will give the most
detailed results for this example. We hope that our results will serve as a foun-
dation for future work on products of fractals, motivated by the observation that
rectangles are products of intervals, and intervals are in fact the most elementary
examples of p.c.f. self-similar sets.

There are two types of measures that are natural to consider in this context.
The first are the self-similar measures that are naturally associated with the self-
similar structure of the fractal, and include the normalized Hausdorff measure
in the appropriate Hausdorff dimension. The second are the energy measures
associated with the harmonic structure. Very briefly, the harmonic structure
provides an energy E(f, g), a bilinear Dirichlet form analogous to the energy
Jo(V f-Vg)dx on adomain € in Euclidean space. Harmonic functions are energy
E(h, h) minimizers, analogous to linear functions on an interval.

The energy measure vy g for harmonic functions & and H assigns to a set C
the “restriction” of £;, g to C. An interesting and surprising result of Kusuoka [6]
shows that energy measures and self-similar measures are mutually singular, in
start contrast to what happens in classical analysis. Associated to each measure
w is a Laplacian A,. The study of Laplacians for self-similar measures was
originally the focus of the theory of analysis on these fractals, but recently energy
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measure Laplacians have come to the fore ([4], [2], [11], [1]). For this reason, it is
worth investigating numerical integration for both types of measures.

We will consider two types of smoothness conditions. The first is a very
minimal smoothness that E( f, f) is finite. This implies that f is continuous in
our context (but not in Euclidean space of dimension above one). The second is
the finiteness of || A, f|l1. There will be a different discrepancy associated to
each of these variances of f, with the second one typically a lot smaller because
we are assuming more smoothness for the function. We will have two “generic
results” corresponding to these choices. We note that our results are not exactly
analogs of Koksma—Hlawka; they are only similar in spirit.

For each sample set £ we will typically investigate a “natural” set of weights
{p(x)}. These weights will allow the exact evaluation

[ 1eduto = ¥ p s
x€E
for a finite dimensional space of functions called piecewise harmonic splines.
These are basically the continuous functions that are harmonic on the complement
of E, and are the exact analog of piecewise linear functions on an interval. So then
it is natural to estimate the error for a general set of weights {w(x)} in terms of the
differences between the two sets of weights, using the approximation properties
of the piecewise harmonic splines in terms of the smoothness norms of f.

We develop our generic results in Section 2. Then in Section 3 we study the
example of SG and the standard self-similar measure p, and work out in detail
the natural weights and discrepancies for a variety of sample sets. In Section 4
we briefly examine some other p.c.f. fractals. In Section 5 we return to SG but
consider energy measures. See [9] for related work concerning values of smooth
functions on discrete sets of points. The programs used to generate the data in
sections 4 and 5 may be found at the website [7]

2. Generic results

Let K be a p.c.f. self-similar fractal generated by a finite iterated system {F ,-} of
contractive similarity on some ambient Euclidean space. So

K:UE-K
i

and there exists a finite set Vy of boundary points such that

FEKNF,KCFEVynNFV.



168 J. Malmquist and R. S. Strichartz

We assume there is a self-similar energy form €(u) on K such that
1
E(u) = —& F;
() =30 e e k)

for some energy renormalization constants 0 < r; < 1. See [3] for detailed
definitions.

Let u be a probability measure on K that is non-atomic and assigns positive
values to nonempty open sets. Let £ be a finite subset of K, and suppose we are
given a set of positive weights w(x) on E with

Z w(x) = 1.
xeE

Our goal is to understand how well the discrete sum ) .z w(x) f(x) approxi-
mates the integral [, fdu under various “smoothness” assumptions on f. We
want estimates of the form

‘ [ ran =3 wen 1)

xeE

< disc(E, w) Var(f)

where the discrepancy disc(E, w) is some “geometric” measurement of the dis-
tance between the original measure x and the approximate measure ) ..z w(x)dx,
and Var( /') is some norm measuring the smoothness of f. The classical Koksma—
Hlawka theorem is a model example of such an estimate.

Our approach to obtaining such estimates is to consider two separate subprob-
lems. The firstis to obtain estimates of | fd under the assumption that f|g = 0.
The second is to consider a family of splines defined in terms of £ and to find a
family of weights {p(x)} such that [ gdu = Y g p(x)g(x) for every spline g.
Given a suitably smooth f, we write f = (f — g) + g where g is a spline satis-
fying g|g = f|g. We use the first subproblem to handle f — g and the second
subproblem to handle g, and then add.

Associated to the energy € and the measure . we have a Laplacian A, defined
by the weak formulation

/ v A udp =—Eu,v) (2.1)
K

for all test functions v € dom &€ (dom € is the set of functions with €(v) < oo, and
&(u, v) is the associated bilinear form).

[Note that this definition actually gives the Neumann Laplacian with vanishing
normal derivatives at boundary points. In the case that V, € E we could just as
well restrict (2.1) to hold for just test functions v vanishing on Vj.]
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We define dom A, to be the space of functions u where A, u is continuous,
and dom; 1 A, to be the larger space where A, u € L'(dp) with seminorm

elldom, 1 & =/|Auu|d,u.

Associated with the set £ we have the Green’s function Gg(x, y) that gives
the inverse of —A , subject to Dirichlet boundary conditions on E. That means

Fe) = [ Gee ) f()du) 2.2)
gives the unique solution to
— AL F=f Fl|g=0.

Note that, in particular, the function

g (x) = /K G (x, y)dp(y)
is the solution of
—-Auge =1, ggle=0.

Also, G is symmetric under interchange of x and y. Another useful expression
for Gg is

1
Gp(x.y) = -0/ ()9; () (2.3)
— Aj
J
where {¢;} is an orthonormal basis of Dirichlet eigenfunctions
—Apgj =495, ¢ile=0.

Note that while the individual terms in (2.3) depend on w, in fact Gg depends
only on E and not u.

Definition 2.1. Let
1 1
50(E):( [ Gﬂw)du(y)du(x)) =( [ gE(x)du(x))

81(E) = sup gg (x).

and

Theorem 2.2. Suppose u € dom €& and u|g = 0. Then

‘ / udu‘ < So(E)e(w)"” (2.4)
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Proof. Write u =) cj¢; for¢c; = [ug;jdu. Since

E(pj k) = /(— Ay @) eedpn = A /Wkd/x,

we have E(;, or) = 0if j # k and E(p;,¢j) = Aj. So
Ew) =Y Ajle; %,
J
and by Cauchy-Schwarz
Uudu‘ = Zcf'/sﬂjdu‘
J
2\ "2 1
=< (ZMICJI ) ZT /@jdu
J i

But by (2.3),
1 2
Zj rj‘ [wan| = [ [ 6et.nanduc.

and combined with (2.5) this yields (2.4).

Theorem 2.3. Suppose u € domy1 A, and ulg = 0. Then

[ ] <510e) [ 1wl

Proof. Let f = Aju,so f € L'(dp) and (2.2) holds (with F = u). Then

‘ / udu‘ - ‘ / / GE(x,y)f(y)du(x)du(y)‘
- ‘ / gE(y)f(y)du(y)‘
551(E)f|f|du

which is (2.6)

2) 1/

(2.5)

(2.6)
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Generally speaking, we expect 61 (E) to be a lot smaller than §y(E), because
of the square root in the definition of §o(£). We gain this better estimate because
we are requiring more smoothness in # in Theorem 2.3.

Definition 2.4. Let Hg denote the space of piecewise harmonic splines with
nodes in E. In other words, the continuous functions v such that A,v = 0in
the complement of E (the condition A, v = 0 is independent of ). Hg is a
space of dimension #E and each v € Hg is uniquely determined by its values on
E. (Note that if £ does not contain Vjp, then the harmonic condition at points in
Vo \ E is just the vanishing of the normal derivative.)

Theorem 2.5. There exists a set of weights {p(x)} on E such that

/vdu = Z p(x)v(x) forallv e Hg. 2.7)

xeE

Proof. Letv; € Hg be determined by the condition v; (xx) = J;x for all x; € E.
Set

p(xj) =/vjdﬂ-

Then (2.7) follows from v = . v(x;)v;. O

Theorem 2.6. (a) Suppose that u € dom E. Then

‘ / udp — ) pu(x)| < do(E)e )", 2.8)
x€E
(b) Suppose u € domy1 A,,. Then
‘/ud,u— > pux)| < SI(E)/ | A | dpe. (2.9)
xe€E

Proof. Write u = (u —v) + v where v € Hg and v|g = u|g. Then

[ wdi= 3 peoun = [ v+ [van=3" oo = [@-vidn

xeE xeE

by Theorem (2.5). For part (a), we apply Theorem (2.2) to u — v to obtain

‘/(u - v)du‘ < 8o(E)E(u —v)'".
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Since u — v vanishes on E, we have
8(u—v,v)=—/(u—v)AMvd,u=0
since A v = 0 away from E. Thus, €(u, v) = (v, v) and hence
Eu—v,u—v)=EWm,u)—EW,v) < &(u,u),

so we obtain (2.8). For part (b), we apply Theorem (2.3) to u — v to obtain

‘/(u—v)du‘ = 508) [ | Bu— Buold

However, Ayv = 0 away from E and p is assumed to be non-atomic, so we
obtain (2.9). O

It may not always be feasible to compute the weights {p(x)} precisely, or we
may have a preference for a different set of weights, for example the uniform
weights w(x) = % for all x € E. So we want a more flexible theorem that
gives error estimates for general weights.

Definition 2.7. Let R denote the radius in the effective resistance metric, namely
the minimum value for which there exists xo € K (the “center”) such that the
estimate

lu(x) — u(xo))* < RE(u) (2.10)

holds for all x € K and all u € dom &. For any set of finite weights {w(x)}, define

S(E.w) =R |p(x) —w(x)]. (2.11)

xeE

Theorem 2.8. (a) [fu € dom € then

‘/udu— Z w(x)u(x)

xeE

< (o(E) + 8(E, w)) Eu) .

(b) Ifu € domy1 A, then

‘/ udpu — Z w(x)u(x)

xeE

< §1(E) / | Ay uldp + 8(E, w)E)'”.
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Proof. In view of Theorem 2.6 it suffices to show

> (p(x) — wx) u(x)| < S(E, w)Ew)"”.

xeE

for u € dom €. Note that ) .z (p(x) —w(x)) = 0 since both {p(x)} and {w(x)}
sum to 1. Let
u(x) =u(x)—c, forc = u(xp).

Then E(u) = E(u) and
D (p() —w))u(x) = Y (p(x) — wx))i(x).

x€FE xX€E
So
Z(p(X) —wx)u(x)| < [lilloo Z |p(x) —w(x)]
xX€E xX€E
<S8(E,w)€(u)"”
by (2.10) and (2.11). O

Note that we can not control |}z (p(x) — w(x))u(x)| in terms of [ | Auldu
alone because u could be harmonic and we can not make it zero by subtracting a
constant.

In some examples the constant §; is larger than desirable because gg (x) has
a large spike near the point where it assumes its maximum but is otherwise
considerably smaller. In that case we may obtain a smaller constant by applying
Holder’s inequality in the proof of Theorem (2.3), at the cost of assuming that
Ayu is in some L? space for p > 1.

Theorem 2.9. Assume u € domp» A, for some p > 1, and let g be the dual
index, % + é = 1. Then

‘/ ud — Y w@u)| < Igellgl Ay ully +8E.wEW™”.  (2.12)
x€E

Proof. The same as the proof of Theorem (2.8)(b), except for the use of Holder’s
inequality in the proof of Theorem (2.3). |

Note that if we take p = oo, then

lgel = 83
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3. Basic examples on SG

In this section we consider some examples of the set E for the case of SG with
w the standard symmetric self-similar measure. We will use “A” to refer to the
Laplacian with respect to this measure. For each example we compute our estimate
of 8o(E) and §; (E), the weights { p(x)}, and §(E, w) when w is the uniform weight
w(x) = #. The results of Section 2 give us a recipe to make these computations.
We find the function

g5 (x) = / G (x. »)dp(y).

This function is non-negative and vanishes on E. Its integral over SG is (§o(E))?
and its maximum value is §; (E). For all x € E, we compute the weight p(x) =
[ vxdp (Where vy is specified by 2.5) by computing the harmonic spline v.

Example 3.1. £ = 1}.

[12] provides an algorithm to compute the values of multiharmonic functions
on V, for an expansive family of fractals. For SG, Section 5.1 of [12] gives the
specific values resulting from this algorithm. By Table 5.1 of [12], if fix is the
biharmonic function such that fix|y, = 0 and A fix = hi, then

5- fik(Figi) = p1 = —.12,

} (fori # k)
Sk (Figr) = —°/375

and

5+ fik(Fiqj) = g1 = —.09333...,
- (for i, j, k all distinct).

Sik(Fiqy) = =7/375

Thus, if v(x) = [ Gy,ho(y)di(y) = fij(x) (or equivalently, Av = ho and

vly, = 0), then the values of v on V; are shown in Figure 3.1. In general, if

v(x) = [ Gy, (x, y)hi(y)dp(y), then the values of v on Vi \ Vp are —9/375, —9/37s,

and —7/375, with the —7/375 occurring at the midpoint of the side opposite from g;.
Also

gvo(x) = / Gy, (x, y)(=ho(y) —hi(y) — ha(y))du(y)

= —fio(x) — fi1(x) — fi2(x),

so gy, takes the values shown in Figure 3.2.
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0

Figure 3.1. The values of v(x) = [ Gy, (x, y)ho(y)du(y)on Vj.

o

o=
3=

o

L
5

Figure 3.2. The values of gy, on V.

Moreover, A?2gg = A(—1) = 0, so gg is the biharmonic function whose
Laplacian is equal to —1 everywhere. From the values gy, takes on V,,, we deduce
what values it takes for x € Vj,,41. Once we have (gy, o Fy)|y, for a word w of
length m, because we also know that (Agy,) o Fy, = —1, we can use the Green’s
function to calculate (gy, o Fy)|v,.

Lemma 3.1. If |w| = m and (gv, o Fy)|v, takes values as shown in Figure 3.3,
then (gv, o Fy)l|v, takes values as shown in Figure 3.4.
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a

b c

Figure 3.3. The values of (gy,, o Fy) on Vp, in the context of Lemma 3.1.

2a+2b+c 1 2a+b+2c + 1
5 . 5 15-5m

Figure 3.4. The values of (g1, o Fy) on Vp, in the context of Lemma 3.1.

Proof. Letu = gy, o F,. Let i be the harmonic function that shares the values of
u on Vy. A simple consequence of the pointwise formulation of the Laplacian is

A(fon):rw//vw(Af)on

or
sifor)=(3) @0k

Therefore,

B = Dgrpo Fu) = (5) " (@gw) o R = (5)"
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u — u has the same Laplacian as u, so

[ 663 () a0 = ut i)

and this yields
1\m
ii(x) + (g) gvo () = u(x). G.1)

By applying (3.1) to all x € V; we get the values shown in Figure 3.4. O

We compute §o(Vp) by considering gy, as a series of piecewise harmonic
functions.

Theorem 3.2. We have
1

SO(VO) = m

(3.2)

Proof. For all m, let f,, be the piecewise harmonic m-spline whose values on V;,
are the same as those of gy,. Forallm > 0, x € V,,,, Lemma 3.1 gives

0 for x € Vi1,
1

Jm(X) = fm—1(x) = { for x ¢ Vip—1.

15-5M

o=
o=

0 L 0
15

Figure 3.5. The values of f; — fo on V7, in the context of Theorem 3.2.
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0 L 0 L 0
7 7

W
W

Figure 3.6. The values of f> — f1 on V5, in the context of Theorem 3.2.

Because f,, — f—1 is a harmonic m-spline, we can compute its integral from
its values on V. The values of fm — fm—1 on the boundary of some m-cell are (in
some order) 0, - 5,,, T, and = sm r, because the boundary of each m-cell contains
one point from V,,,_; and two from V,, \ V},—;. Thus,

2 1

/fm_fm—ld:u =3 15.5m1

Since [ gy,dpu is clearly the limit of | f,,du, we have

/gVodu = lim fndu
o0

80(Vo) is equal to (f gVOd/L)l/Z, which gives us (3.2). O
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To compute §;(Vp), we must determine the maximum value of gy, (x). To
facilitate this computation, let us take advantage of the symmetry of gy, and
instead consider the function u = 15gy, o Fy. It is clear that

1
sup gy, (x) = = sup u(x).
xeSG xeSG

Theorem 3.3. If F,SG is an m-cell along the bottom line of SG (that is, an m-cell
whose bottom line is the bottom line of the gasket), then

1\m
u(Fugo) =1-(2) . u(Fuq) =1 uw(Fug) =1 (3

Proof. We will prove this claim by using induction on m.
Base case. If m = 0, this is easy to verify.

Inductive step. Assume that m > 0 and that (3.3) holds for all m-cells along the
bottom line. For any (m + 1)-cell F,, K along the bottom line: w is a word without
any 0s. We can assume without loss of generality that the last character of wisa 1
(rather than a 2), so w = w’1 for some word w’, and F,,»SG is an m-cell along the
bottom line of SG. By the inductive hypothesis,

u(Fugo) =1-(3)". w(Fag) =1, u(Fpgs) =1

Because u = 15gy,, o Fy, to describe the way u|y,, +1\Vin depends on u|y,,, we

must use Lemma 3.1 but replace ﬁ with # We obtain

M(quo) = u(Fw’FlCIO)

_(2(1—(5) )+2+1)+ !

- 5 sm+1

1\m+1
- 1 N <_> ’
5

u(Fuqi) = u(Fy Fiq1) = u(Fyrq1) =1,

and
u(Fyq2) = u(Fy Fiq2)
1—(%)m+2+2 Lomat
(6

B 5 5

= 1.

Thus, the inductive hypothesis holds for (:m + 1)-cells. O
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Theorem 3.4. If x is not on the bottom line of SG, then u(x) < 1.

Proof. Because x is not on the bottom line, there exists some m such that an m-
cell containing x is along the bottom line, but an (/m + 1)-cell within this m-cell
contains x and is not on the bottom line. Thus, for some word w consisting of m
characters, all of them are 1 or 2, and x € F,,(SG. By Theorem 3.3,

1\m
u(Fuwoqo) =1— (5) . u(Fyoq1) =1, andu(Fyoq2) = 1.
For all non-negative integers k, define

(k) = sup  u(x).
X€Vim+k+1,
x€Fy,05G

We need only consider one (m + 1)-cell, so

o =1-(3)"

Forallk, p(k+1) < o(k)+ (é)”th+2 (by applying our adjustment of Lemma 3.1
on an (m + 1)-cell whose values on the boundary are all less than or equal to ¢(k)).

For all &,

ok) <1 - (%)m-i-l N i (é)m+i+2

=0

~.

Because V is dense in SG, u(x) < 1 — ( )m+l, sou(x) < 1. O

3
4

Corollary 3.5. §,(Vy), or the maximum value of gy,, is %

Proof. Let x be any point in the Sierpifiski gasket. If x € FySG, then either x
lies on the bottom line of FySG (in which case gy, (x) = %), or x is above this
line (in which case gy, < %). In either case, gy, < % If x ¢ FySG, then by

symmetry of gy, there is some point y € FoSG such that g(x) = g(y) < % |
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LNLNANNNSNANRN

Figure 3.7. The cells along the bottom line of SG.

1 1 1

Figure 3.8. The values of u along an m-cell along the bottom line of SG.

0
1 /\ 1
15 15
0 1 0
15

Figure 3.9. The values of gy, on Vi. gy, attains its maximum value, % all along the
thickened lines.
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The weights {p(x)} for all x € V; are % (the integral of any of hg, i1, and k).
Because {p(x)} for all x € V, and the uniform weights {w(x)} are one and the
same, §(E,w) = 0.

The calculations for all of the examples E that follow may be greatly simplified
by observing that the difference between gy, and gg is a piecewise harmonic
function, and combining calculations involving that piecewise harmonic function
with the calculations that we already made in Example 3.1.

Lemma 3.6. If E is a finite superset of Vo, then gy, — gg is harmonic away
from E.

Proof. For x ¢ E,

A(gvy — 8E)(X) = Agyy(x) — Agg(x)
=—-1-(=1
— 0,

SO gv, — &£ is harmonic away from E. O
Example 3.2. £ = Vj U {x¢}, where x¢ is a member of V; \ V.

The next example we consider is when E contains the three points from Vj
and one additional point from V7. Without loss of generality, we take xo = Fypq;.
The analysis would be exactly the same for either of the other choices of xo (if
the characters 0, 1, and 2 were permuted accordingly). For this set £, Lemma 3.6
guarantees that gy, — gg is harmonic away from E. Because £ C Vi, gv, — 8E
must be a harmonic 1-spline. Furthermore, (gy, — g£)|v, = 0 (because both Gg
and Gy, vanish on Vp) and gy, — gg is harmonic at Fog> and Fig,.

Because Foq1 € E, ge(Foq1) = 0,50 (gv, — g£)(Foq1) = gvy(Foq1) = 7.

Let x = (gv, — g£)(Foq2). By symmetry, (gv, — g£)(Fi1g2) = x. By the
harmonicity of gy, — gr at Foq1, we have

0+ & +x+0
X=——",
4
hence
1
X = —.
45

Thus, gy, — gk is the harmonic 1-spline with values as shown in Figure 3.10.



Numerical integration for fractal measures 183

0

-
&=

=]

€1 0
a5

Figure 3.10. The values of gy, — g on V1, in the context of Example 3.2.

Theorem 3.7. If E = Vy U {x¢} for some xo € V1 \ Vo, then

o=()"

Proof. Because gy, — gk is the harmonic spline with values shown in Figure 3.10,

fousein= 3G )+ 3680+ 3 ) -3

and so

1 2 5
dy = du — —pdp = — — = =
/gEM /gVOM /gVO SEAL =18 781 162

and
)2 1
51\~
So(E) = (/gEdM) = (@) : u

We know how to compute gy, for all points in Vi, and gy, — g is a harmonic
spline. Therefore, we can equally well compute gg for all points in V. After
computing the values of gg for the finite graph approximations up to Vi, the
maximum value is %, a value that first occurs in V,. We conjecture that this is
the absolute maximum value the function takes, and that

11
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Figure 3.11. The values of vy, on Vi, in the context of Example 3.2.

>

_
ol
=

Figure 3.12. The values of vy, on V7. in the context of Example 3.2.
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Figure 3.13. The values of vy, on V1 in the context of Example 3.2.
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0

=]

1
3

Figure 3.14. The values of vf,4, on Vi in the context of Example 3.2.

Each of the functions v, for x € E will be a function that is harmonic away
from E and is determined the same way we determined gy, — gg: by assigning
the appropriate values to the points in E (in this case, 1 for x, O for all other points
in £) and choosing the values for V; \ Vj such that v, is harmonic at these points.
Then, p(x) will be [ vydu. The values of that the functions vy (x € E) take on
V1 are shown in Figures 3.11-3.14. The weights, calculated from these functions,
are

r(qo) = /27,
r(q1) = 3/27,
p(q2) =7/27,

p(Foq1) = 10/27.

If {w(x)} are the uniform weights,

7
S(E,w)= R'"?. —,
(E.w) 57

Recall that we took x¢ to be Fyq;, but one could also take Fyg, or Fi¢,, and can
figure out the resulting weights from the above analysis by symmetry.

Example 3.3. £ = VyU{x¢, x1}, where x¢ and x; are distinct elements of V1 \ V.
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o=
3=

=]
=]

Figure 3.15. The values of gy, — g in the context of Example 3.3.
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Figure 3.16. The values of vy, on V7 in the context of Example 3.3.
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Figure 3.17. The values of vy, on V1 in the context of Example 3.3.
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2>
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Figure 3.18. The values of vy, on V; in the context of Example 3.3.

2>

(=)
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B

Figure 3.19. The values of v g4, on V7 in the context of Example 3.3.

2>

(=)
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A=

Figure 3.20. The values of v 4, on V1 in the context of Example 3.3.
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As in Example 3.2, we assume specific values of x¢ and x; (in this case:
xo = Foqy and x1 = Fyq»), and know that one could determine the weights
for any other choice of x¢,x; from these calculations. The methods for our
calculations in this example are exactly the same as those in Example 3.2.

gv, — &E is the harmonic 1-spline with values shown in Figure 3.15. Thus

1
/gvo—ggdu =2

and :
/gEd,u =

From computing the values gg takes on all points in the finite graph approx-
imations up to Vi, it appears that the maximum is %, which first occurs in V7.
We conjecture that this is the true maximum value of #, that

1
S1(E) = —.
W(E) = 55
The values of the functions v, are shown in Figures 3.16-3.20. The weights
are

r(qo) = 1/o,
p(q1) = /e,
r(q2) = /s,

p(Foq1) = 3/18,
p(Foqz) = >/18.

For the uniform weights {w(x)},

14
‘5
The method used in Examples 3.2 and 3.3 of finding gg from the harmonic
spline difference between gy, and gg will work for any finite £ D V,. How-
ever, for larger E, there are, in some cases, improvements to the method. The
post-criticially finite nature of the Sierpinski gasket allows us to easily analyze
examples E that divide the gasket into m-cells, where the inverse image of £ un-
der each Fy, (Jlw| = m) is a more wieldy set (such as one of the Examples 3.1, 3.2,
or 3.3). The most important result that allows this analysis via decompositions
into m-cells is the scaling of Green’s functions.

S(E,w)=R'"
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Theorem 3.8. If V,, € E, and for all |w| = m, we denote { F;;'x: x € EN F,SG}
(the inverse image of E under Fy) by Ey,, then

3I\m
=) Gg,(F;'x,F;'y) ifx.y € F,SGand |lw| = m,
Ge(x,y) = (5) N ’ !

0 if x and y belong to separate m-cells.
(3.4)

Proof. Let a(x, y) be the right-hand side of (3.4), the function that we claim is
Gg. It suffices to show that for a function u € dom A such that u|g = 0,

_ / a (e ) (Au()du(y) = u(x). (3.5)

If x € V,,,, both sides of (3.5) are 0. If x ¢ V},,, let w be the unique word of length
m such that x € F, K. Let x’ = F;'x. The left-hand side of (3.5) is

- / a(Fpx', y)(Au(y)du(y))

_ _(g)’” / Gy (s Fuy)(Au(n)du(y))

-3 /F G IBu 0 Fl0du ()
-(3)" /F Gr, (IS A (w0 (7))

=~ [ Geu 'y & (o Fu)(6)dn(y)
= u(Fypx')
= u(x)
which verifies (3.5). Thus, a(x, y) is the Green’s function for E. O

Corollary 3.9. Suppose V,, C E.

(a) Z .
~ (Bo(Ew))™\ '/
50(E)=( """’fsm ) . (3.6)
(b) |
51(E) = 5 sup 61(Ey). (3.7)

5

|w|=m
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(¢) To simplify the notation, for all E, we let P (x) refer to the weight of x on
E. Then for all x € E:

1
Jm PEw (Fp'x)

if x belongs to a unique m-cell, F,,SG,
PE(x) = . .
_PEw( X))+ 3—mPEw/(Fu71x)

if x belongs to two distinct m-cells, F,,SG and F,,SG.

Proof. If x belongs to the m-cell F,,SG and x’ = F; 1x, then

gr(x) = / G (v »)du(y)

3I\m

:/FWK (g) G, (Fy'x. Fy ' y)du(y)

_ (%)’”(%)’” / Gy (¥, y)dpn(y)

- (é)m/ng(Fujlx).
For (a),

%@WZ/HW
Lt

|w|=m
d
( u;m/gE M
= (5)" L bo(Ew)”
lw|=m

which implies (3.6).
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For (b),
01(E) = supgg(x)
z

1\m _q
= sup (—) 8E, (Fy, x)
wl=m, O
xX€EFy K

(A" s swp g,

5 lw|=m x’eK

(1)'" sup 81(Ew)
= — u 1
5 lw|=m v
which is (3.7).
(c) is a trivial consequence of adding the harmonic indicators. |

The most obvious examples to apply Theorem 3.8 and Corollary 3.9 to are sets
E such that that V,,, € E C V,,41. In such examples, for all |w| = m, E,, is either
one of the sets described in Examples 3.1, 3.2, and 3.3, or V1, which is also simple.
We first consider the notable case £ = V,,, and then consider V;, € E C Vj,41
in general.

Example 3.4. £ = V,,. We have
1

So(Vim) = ——;
oUm) =3 rgm
51 (V) = ——
BT 15 e
1 .
3mA if x € Vp,
p(x) = 5
ot A€ Vi \ Vo
203m — 1
S(E,w) = ¥R1/2
3m(3m 4 1)

for the uniform weights {w(x)}.

Example 3.5. V,,, € E C V4. For all |[w| = m, E, contains either 3, 4, 5, or
6 points. (In other words, E,, is one of the sets described in Examples 3.1, 3.2,
and 3.3, or £y, = V7, which is a special case of Example 3.4.)
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Let

A =#{|w| =m: Ey = Vo},

B = #{|lw| = m:#E, = 4},

C =#{|w| =m:#E, = 5},

D = #{|lw| =m: Ey = V1}.

We can express §o(E£) and §;(E) in terms of A, B, C, and D:

15m
1 .
1557 lfA#O,
11 :
SI(E) _ 335.57 if A=0and B 750,
1 .
3905w it A=0,B=0,andC #0,
1 .

The weights {p(x)} can be calculated using part (c) of Corollary 3.9. From
this, §(E, w) for the uniform weights {w(x)} can be calculated if R is known.

Example 3.6. £ = Vy U {FoF1q2, F1F2q0, F2Fogq1} (E consists of the three
elements of V4 and the three most interior points of V5, as shown in Figure 3.21).

Figure 3.21. The set E in Example 3.6.
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The sample set £ in Example 3.5 can be thought of as very “wide” (in that at a
given level k, many k-cells are represented) but not very “deep” (as the points of
E all come from Vj for particularly small values of k). Given a finite number
of points that we are allowed to pick for our sample set, some trade-off must
necessarily be made between width and depth. In Example 3.6, we choose a basic
set that can be described as “deeper” than the other sets of similar size we have
considered so far, since it includes elements of V; \ V.

As usual, in order to calculate 8o (E), we consider the harmonic spline gy, — gk -
For all x € Vp, gy, (x) — ge(x) = 0 —0 = 0. For the interior values of
x € E, gg(x) = 0since x € E, and applying Lemma 3.1 (or Theorem 3.3) gives
gvy(x) = % Therefore, the values of gy, —g g are as shown in Figure 3.22, where
a and b are some constants. The function gy, — gg is harmonic away from E, so
a and b must satisfy the average rule:

a=0+a+%+b b:a+%+%+a
4 ’ 4 '
Therefore, a = 5= and b = ==. Now we can calculate the integral gy, — gz
2
/gVO—gEdM= 5
So
(8(E))2—/d—/ d / dp=—~_2_1
0 = gEAU = gvoadlL 8Vvo —8EAU = 18 45 90
o(E) = —
° 3/10°

Figure 3.22. The values of gy, — g on V>, in the context of Example 3.6. Constants a
and b are as of yet unknown.
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1

Figure 3.23. In example 3.6, the biharmonic function g obtains its maximum value, -z,

along these shaded lines.

By the same inductive arguments that were used to prove Theorems 3.3 and 3.4
and Corollary 3.5, gg obtains its maximum value, % along the shaded lines in
Figure 3.23, so

1
51(E) = —.
W(E) = =
Now we calculate the weights

p(x) = / vxdp

for x € E. By symmetry, there are only two weights to calculate: p(go) and
p(FoF1q>). The indicators are shown in Figures 3.24 and 3.25.

Figure 3.24. vy, in Example 3.6.
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Figure 3.25. v r, F, 4, in Example 3.6.

The weights are
r(qo) = p(q1) = p(q2) = /o,
p(FoF192) = p(Fi1F2q0) = p(F2Foq1) = 2/o.

If {w(x)}xek are the uniform weights,

1 1 2 1 1
S(E.w) = (3 5|+ 3‘5 - 6‘)1%‘/2 = R

Interestingly, V; is another highly symmetric 6-element sample set and 8o (E) =
80(V1), 61(E) = 81(V1), and when {w(x)} are the uniform weights for each set E,
8(E, w) = §(V1, w). Therefore, by taking E rather V; as our sample set (choosing
depth over width), it is not clear whether we would be making a better or a worse
choice.

We briefly mention one more family of sample sets E,,. For a fixed m, E,
consists of Fy,x for all |{w| = m, x € E (where E is still the sample set in
Example 3.6). Because the values of 8y, §1, and 6(E, w) (for the uniform weights
{w(x)}) are the same for £ and V7, Corollary 3.9 tells us that they will continue
to be the same for V;,,+1 and Em, for all m. We have

- 1
So(Em) = 61(Vit1) = o
- 1
Sl(Em) = Sl(Vm-H) = 15,5—m+1’
2(3m — 1)

S8(Em,w) = 8(Vpg1, w) = R'".

3m 41



196 J. Malmquist and R. S. Strichartz

To calculate the weights { p(x)} for E,n, notice that the harmonic spline indicators
for E,, are the indicators for E but with F,! for some |w| = m. (For those
elements x € Em that are shared between two distinct m-cells F,, SG and F,,’SG,
the indicator for x in E,, is the sum of two indicators of E, one composed with
F,;! and the other composed with F;!.) Thus

T if x € o,
p];:m(x) = ﬁ ifx € (Viu \ Vo),

if x is one of the interior points of an m-cell.

4. Other self-similar measures

In this section, we apply the results of Section 2 to more fractals: the Sierpinski
tetrahedron (ST) and the 3-level gasket (SG3), both of which will be covered in
less depth than the Sierpiriski gasket was in Section 3. Like in Section 3, our
starting point is using [12] to determine the values of gy, on V; for these fractals.
However, whereas [12] gives us these values directly for SG, it does not for ST or
SGsj. Therefore, we will have to apply the general algorithm of Section 2 of [12] in
its entirety to ST and SG3. We begin this section with a summary of that algorithm.
We slightly modify the notation and indexing of [12] to be consistent with our own
and to be the most useful for our purposes.

Let K be ap.c.f. self-similar fractal with boundary Vo = {gx }o<k<n, generated
by a set of contractions {F;}o<i<n, for some Np and N. For the fractals we
consider in this paper, it will help to add the simplifying assumption that Ny < N
and each ¢ is the fixed point of F. Form,let V,, = {Fyx:|w| = m,x € V,}, and
let Vi = {,, Vin. Let K have a regular harmonic structure with Dirichlet form &
on V; satisfying

N-1
E(u,v) = Z r7'euo Fi,vo F)
i=0

and a self-similar probability measure p satisfying

N—-1

=Y pi(poF).

i=0
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Let A be the associated Laplacian. Forall j, let }; = {f: A/T! f = 0}. An easy
basis for H; is { fix }o<i<j,0<k<N,> Where fi is the solution to

A" f11(qn) = 8mi8kn forall m,n suchthat0 <m </ and 0 <n < Nj.

Define the harmonic functions %; as usual such that 4;(gx) = 8;x. (This means
that h; = fo; foralli € {0,1,2,..., No—1}.) Forallk,k’,n,n" € {0,1,2, No—1},

let
N—-1

Ak nn'")y =" pihi(Fign)hi (Figu). 4.1)
i=0
It is a result [12] that if
N-1
1K) = 3 i [ (o Flh o Fd
i=0
then the vector I(kk’) is an eigenvector of the matrix A(kk’, nn’) corresponding

to eigenvalue 1, and
No—1 No—1

SO>Ik = 1.
k=0 k'=0
It is easy to compute A(kk’,nn’) for any example K (such as ST and SGs3), so
I(kk") can be determined.
Let X be the matrix whose rows and columns are indexed by the elements of
V1 \ Vo, such that
Xpg = E(vp, vg) (4.2)
where v, and v, are harmonic 1-splines such that v,(r) = 8,, and v, (r) = 84,.
Let G = X~ !. Foralli,i’ €{0,1,2,...,N —1Yandn,n’ € {0,1,2,..., Ng — 1},
let
GFiqn.Fyrq, if Fign, Firgn € (V1 \ Vo),

y(@,i',n,n") =
otherwise.

Finally, it is another result in [12] that

N—1 No—1 Nog—1

SieFign) = Y > D =y (i n i) I n i (Forqrer). (43)

i’=0 n'=0 k’=0

After using this recipe to calculate the values of fix on V; for our fractal K,
the values of gy, on V; can be determined. Agy, = —1, so

No—1

&V = — Z flk-
k=0
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We will then require three more results, Lemma 4.1, Theorem 4.2, and Corol-
lary 4.3. These are the generalizations of Lemma 3.1, Theorem 3.8, and Corol-
lary 3.9 respectively.

Lemma 4.1. If u is a function on K with Au = —1, |lw| =m, uo Fy, = v, Uis
the harmonic function with the same values on Vy as v, and x € (V1 \ Vo), then

u(Fypx) = v(x) = 0(x) + Lwrwgvy(x)

(Recall that if w = wiWa ... W, Uy = U122 i AR Fyy = F1F2 -+ i)

Proof. The proof is essentially the same as that of Lemma 3.1.
Av = A(uo Fy) = pyry(Au) o Fy = pyry - (—1)

SO
—1—1 N _
Ay Ty V) = —1.

wy'r, 10 is harmonic and has the same values on the boundary as uy,'r;, v, while
gv, has the same Laplacian as p;,'r, v but vanishes on the boundary. Thus,

-1 -1 _ -1 -1~
Moy Ty U= [y Ty U+ &V

V=104 UwlwgVp-
v(x) = 0(x) + pwlwgvy (X)),
u(wa) = ﬁ(x)'i'//vwrwgVo(x)- O

Theorem 4.2. IfV,, C E, then

rmGE, (Fplx, Fly) ifx,y € FypK,

Ge(x.y) =
if x and y belong to separate m-cells.
(4.4)
Proof. Let
Gg,(Fylx,Fly) ifx,y € FyK,|w| =m,
a(x,y) =

if x and y belong to separate m-cells.
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Fix u € dom A such that u|y,, = 0. For all x € K, if F,,K is the m-cell that x
belongs to

- [t 2ueidpm) =~ ¥ /F _a(x.y) B u()du(y)

lw’|=m

==Y [ 0auGdu)

lw’|=m,
w’#w

[ G E ) Su()du()
FyK
= —uw/GEw(F,;‘x,y’) Au(Fyy')dp(y').

Note that A(u o Fy) = rypy Auo Fy, sor,'u,! Ao Fy) = Auo Fy.
Therefore, this becomes

- [ate.) 2 urdue)
. /K G, (Fy'x, y) [ o Fyul(y)dp(y')
. / Gy (Fy 2. y) (g gD (A G 0 Fy)(y)dp(y)
- / Gy (Fy'x y) (A 0 F))(0)dp(y).

uo Fy, isin dom A and vanishes on E,, (because u vanishes on the boundary of E)
so this becomes

- / a(x. y)dp(y) = 13" o Fy)(Fylx),
_ / Fwa (e, V) dp(y) = u(x).
This holds for all ¥ € dom A, so

GE(x’y) =rwa(x’y)' (45)

(4.5) is equivalent to (4.4). O
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For Corollary 4.3, we bring back the notations £y, and pz(x) from Section 3.

Corollary 4.3. IfV,, C E,
(a)
2 2\
So(E) = (D Mirw(o(Ew)?) (4.6)

lw|=m

(b)
81(E) = | ST]_p HUwFrwb1(Ew);
(c)
PE(X) =) puwpE, (Fy'x). 4.7)
lw|=m,
xeFy K

Proof. By Theorem 4.2,

rwGE, (Fylx, Fly) ifx,y € FyK,
Ge(x,y) =

if x and y belong to separate m-cells.

To find 8¢, we take the square-root of f gedu. Forall x € K, if Fy, K is the m-cell
to which x belongs,

g5 (x) = / G (x. y)du(y)
so by Theorem 4.2,
g8 (x) = / G, (Fg'x. g y)du(y)

:Mw/ rwGE, (F, x, F ' y)dp(y')
K

or

gE(X) = UwrvwgE, (Fylx). (4.8)
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Therefore,

[ermane = X [ ereaneo

lw|=m

= Z erw/ ng(Fujlx)
jwl=m Fuk

=y uwrw-uw/ gE, (x)dpu(x")
lw|=m K

_ 2

=y uwrw/gEdu-
lw|=m

Taking the square-root of both sides yields (4.6).
By (4.8),

§1(E) = sup gg(x) = sup Sup LUwrw&E, (Fy'X)

xeK lw|=m xeFyK

= SUp SUD UwlwgE, (X)
lw|=m xeK

= SUP UyTw SUP gE, (X)

|lw|=m xeK

= sup LUwrwdi(Ey).

|w|=m

The weights are as in (4.7) because for each cell F, K containing x, if vy is the
indicator for F; x with respect to E,, the contribution to this cell to the weight
of x with respect to E i8 fiy [vxdit = py pE, (Fp'x). O

We now apply these results to the Sierpifiski tetrahedron (ST). Recall that ST
is generated by the four similarities in R3 with contraction ratio % and fixed points
the vertices of a regular tetrahedron. For ST, N = 4, No = 4, 1; = §,andr; = 3.
The values of the harmonic functions on V; are

1 ifi=j =k,

0 ifj#i=k,

13 if j #£kand(i = jori = k),
/6 i, j,k all distinct.

hj(Fiqx) =

Let us index A(kk’,nn’) and I(kk’) by the ordering

kk' <nn' < (k <nor(k =nandk’ <n’)).
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By (4.1), A(kk',nn’) is

16
32
12
12
2
16
3
3
3
12
5
4
3
12
4
5

144

._.
OO LYoo Ll L Oy 00 00 00 00 A

16
12
32
12
3
5
12
4
2
3
16
3
3
4
12
5

16
12
12
32
3
5
4
12
3
4
5
12
2
3
3
16
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32
16 48

By taking /(kk’) the eigenvector of magnitude 1 corresponding to eigenvalue 1,

1(kk') =

7/80

13 /240

ifk = k',
ifk #k'.

By computing the energies £;(v,, v4), and indexing the rows and columns by the
ordering Foq1 < Fogqa < Fogs < Fi1q2 < Fiq3 < Faq3,

SO

G=X1=

18 -3
-3 18
-3 -3
-3 -3
-3 0
0 -3
10 3
3 10
3 3
3 3
3 2
2 3

-3
-3
18

[SSIRVS T S

-3
-3
0
18
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or
0 if Fign € Vo or Firgn € Vo,

10/72 if Fign = Firqn € (V1 \ Vo),
2/72 it {i,i',n,n"} ={0,1,2,3},

y(@i,i',n,n") =

3/72  otherwise.

All that remains is to plug into (4.3). This yields
0 ifi =k,
J1j(Fiqr) = § —5/a32 ifi #k,and(j =i or j = k),
—4/a32 if i, j, k all distinct.

We now proceed to calculate the weights and discrepancies for some sample sets £
(where K = ST).

Example 4.1. K = ST, E = V,. We have gy, = — fi0 — f11 — fi2 — fi3. so for
x €V,

116 iftx e (V1 \ W),

gV()(x) =

0 if x € V.
By applying Lemma 4.1 to ST, if u is a function on ST with Au = —1, w is a word
Oflength ma {l’ ja kyl} = {0’ 1’ 2’ 3}a u(qul) = aa U(qul) = ba u(quk) = C,
and u(Fyq;) = d, then

2a +2b+c+d 1
u(Fy Fiqj) = 6 T2 4.9)
It follows from this that -
g =Y hm (4.10)
m=0

where h,, is the (m + 1)-spline such that for all x € V;,, 41,

o () = Tegr X € Vut1\ Vi),
0 if x € V.

Theorem 4.4. If E = V,, then the weights {p(x)} are the uniform weights,
S(E,w) =0,
3

So(E) = 210

and .
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Proof. By symmetry, the weights are equal, so p(x) = 1/3 and §(E, w) = 0. For

each m, .
1\m 3. 166 +O 3
/hmd“: > () (55—) - 646"
lw|=m
By (4.10), .
3 9
/gVOd“: 2 e = Teo
m=0

By Definition 2.1,
1/ 3
So(Vo) = (/gVOdM) = 2770

For §;, we will first show by induction that for all m > 1, for all |w| = m such
that the character 0 does not occur in w, Foy(q1) = Fow(q2) = Fow(g3) = %,
Fow(g0) = 1x — 1o and gy, attains its supremum in Fo,, ST.

Base case. Let m = 1. Let j be the one character of w. We have

Foj(q;) = Fo(q;) = 1/16.
Let {k,l} ={0,1,2,3}\ {0, j}. We get

Foj(gj) = Fo(qj) = L

16’
2Fy(q;) + 2Fo(qk) + Fo(qo) + Fo(q1) 1
Foj(CIk):( / 5 +16-6)
_(5 1 +1 0+ 1 )
~\6 16 6 16-6
1
16’
Foj(q1) = Foj(qi)
1
16°
2Fy(q0) + 2Fo(q;) + Fo(gk) + Fo(q1) 1
Foj(‘]o)Z( J6 +16-6)
_(4 1 +2 n 1 )
~\6 16 6 16-6
5
9%
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All 2-cells of the form F;; ST are symmetric, as are all 2-cells of the form F;;s such
that i # i’. Therefore, gy, must attain its supremum either on all cells F;; ST, on
all cells F;;» ST (i # i’) or both. The values on the boundary of F;;» ST (5/96, 1/16,
1/16, and 1/16) are greater than those on the boundary of F;; ST (0, 5/96, 5/96, and
5/96) so the supremum must be attained in Fj;» ST. If we leti = 0,i" = j, gy,
attains its supremum on Fy; ST. Thus, the result holds for the base case m = 1.

Inductive step. Suppose the result holds for m. Consider w, a word of length m
with no 0s, and j an element of {1, 2, 3}. Then if {k,[} = {1,2,3}\ {/j},

Fowj(q;) = Fow(q;)

_ 1
16°
P _ (2Fow(q)) + 2Fou (9k) + Fow(qo) + Fow(q1) 1
owj (qk) - ( 6 16 . 6m+1>
:<12_6+%+(%_16-16m)+%+ 1 )
6 16-6m+1
_ /(6/16) 1 1
_( 6 16.6mt1 T 16.6m+1>
. 1
16’
Fowj (q1) = Fow;j (qk)
_ 1
16’

(2F0w(q0)+2F0w(qj)+FOw(‘Ik)+FOw(ql)+ 1 )
6 16 - Gm+1
1 1 2 1 1
(2(E_W)+E+E+E+ 1 )
6 16 - Gm+1

FOwj (CIO)

_ ( 1 1 )

- \16  16-6m*1)"
By the inductive hypothesis, gy, attains its supremum on Fo,, ST. The cells
Fowj ST, Fowk ST, and Fy,,; ST are symmetrical, and have boundary values

greater than those of Fyy0 ST, so gy, attains its supremum on each of them, in-
cluding Foy; ST. This completes the inductive step.
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Thus, if we let {w)}new be any sequence of words such that each w,) has
length n, and the leading k-character substring of w(,) is w,) for all k < n, then

nlggo 8Vo(Fug,) = sup gy, (x),
xeST

. 1
Jm e = 81(Vo).
1

— = . |
T 81(Vo)

Example 4.2. K = ST, E = V.

Theorem 4.4 and Corollary 4.3 allow us to compute the weights and discrep-
ancies for £ = 1V,.

Theorem 4.5. If E =V,

So(E) = ——

O T /1067
1

51(E) =

)m+1 lfx c VO,
1 ifx € (Vi \ Vo),

and for the uniform weights {w(x)},

I
SEw) = @

Proof. The values of 8y, 8;, and the weights follow from Theorem 4.3
(for K = ST). §(E, w) is computed from the weights. |

Now, we provide some examples for another p.c.f. self-similar fractal, SGs.
N = 6 and Ny = 3. The points g; and the cells F;SG3 are shown in Figure 4.1.
To make dealing with these contractions more intuitive, from this point on we will
refer to F3 as F(o1), F4 as F(gz), and Fs as F(;5). The renamed cells are displayed
in Figure 4.2. Forall i, 1; = % and r; = . The values of the harmonic function
ho on V7 are shown in Figure 4.3. (The values for the other harmonic functions can
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be determined from this by symmetry.) If A(kk’, nn’) is indexed by the ordering

(kk' <nn’ < k <k’ or(k =k’ and n < n')), then

/ / 1
A(kk ,nn) = ﬁ

410
125
125
125
123
97
125
97
123

219
280
161
55
219
71
71
161
113

219
161
280
71
113
161
55
71
219

219
55
71

280

219

161

161
71

113

123
125
97
125
410
125
97
125
123

113
71
161
161
219
280
71
55
219

219
71
55
161
113
71

280
161

219

113
161
71
71
219
55
161
280
219

123
97
125
97
123
125
125
125
410

so the eigenvector (kk’) is

551/3735

347/3735

ifk =k,
ifk # k.

1(kK') =

We move on to the matrix X. Let p refer to the point in the middle of SGs5:
P = Fongz = Fo2q1 = Faz)qo. The 7 elements of V; \ V (seen in Figure 4.4)
are Foq1, Foqz, F1q0, F192, F2qo0, F2q1, and p. We will consider them in this
order for the indexing of X. We have

60
-15
—15

0

0

0
—15

Q=

—15
60
0
0

—15
0
60

-15

—15

0
—15

469
203
203
133
133
119
210

203
469
133
119
203
133
210

This allows us to evaluate fix(Fign).

0
0
—15

203
133
469
203
119
133
210

The values for fi9 are shown in Fig-
ure 4.5. The values for other harmonic functions can be determined by symmetry.

60
0
-15
—15

133
119
203
469
133
203
210

—15

133
203
119
133
469
203
210

—15

119
133
133
203
203
469
210

—15
-15
—15
-15
—15
-15
90

210
210
210
210
210
210

420
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The values for gy, = — Z/%:o f1k are shown in Figure 4.6. For x € Vi,

0 if x € 1y,
gvo = 1/15 ifx =p,
Lhig ifx e V1 \ (Vo U {p}).
q0

q1 q2

Figure 4.1. The boundary points and 1-cells of SG3.
q0

q1 q2

Figure 4.2. The boundary points and 1-cells of SGs.
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AN

8
15 5
5
4 1> 4
15 15
0 3 3 0
15 15
Figure 4.3. The values of /g on V.
Foq1 /\ Fogz
D,
Fiqo F>q0
Fig2 Frq1

Figure 4.4. The elements of V; \ Vp.

209
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A /\
\ 1
a5
W
0 C C 0
Figure 4.5. The values of fijpon Vi. A = —431/20250, B = —121/6750, and C = —331/20250.
0
1 /\ 1
8 3
Al
15
L

L
18 I8

oc|—‘

8

Figure 4.6. The values of gy, on V.
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Example 4.3. K = SG3, E = 1}.

Our first sample set for SG3 is Vp. The discrepancies can be calculated using
the results we have shown for a general K and the values of gy, on V.

Theorem 4.6. For SG3,

13

5000 = () 51(04) =

540
8051°

plx) = %forx e Vo, and §(Vy, w) = 0.

Proof. Because y; = 1 and r; = 7% for SG3, Lemma 4.1 applied to SG3 says that
if w is a word of length m, gy, (Fuwqo) = a, gv,(Fwq1) = b, and gy, (Fyq2) = c,

8a + 4b + 3¢ TN\m 1
FuFoqr) = —— 2120 L (Z)" =
u(Fw Foqn) 15 +(90) 8
8a +3b + 4c TN\m 1
FoFoqo) = — 2% 4 (Z)" —
u(Fy Foq) 3 +(90) 5
4a + 8b + 3¢ 7\m 1
FoFigo) = — 2120 4 (2} —
u(Fy F1qo) T +(90) 5
3a + 8b + 4c¢ T\m 1
Fy F = —) — 4.11
u(Fy F1q2) 15 +(90) 5 (4.11)
4a + 3b + 8¢ T\m 1
FoFoqo) = —— 1 4 (=) —,
u(Fy F2q0) G +(90) 13
3a + 4b + 8¢ T\m 1
FoFoq) = —1 "1 4 (=) —,
u(Fy F2q1) G +(90) 13
a+b+c 7\m 1
du(Fpp) = 2227 L (L)'=
and u(Fu p) 3 (90) 15
Thus,
o0
gV() = tha
m=0

where h,, is the (m + 1)-spline such that for all x € V;,, 4+,

0 if x € Vi,
B (x) = 1 (

(

)m% if x = Fy,y for some |[w| =m, y € V; \ (Vo U {p)),

g~ &~

)" & if x = F, p for some [w| = m.
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For each m,
C3.046-2-(g5)" (F) + 13- ()" (§5) _ 13 (7 \m
/h du = 3+6-2+1-3 _%(%)'
Thus,
X 13 ,7\m 13
[ endn=3 35(5)" = 555
SO

So(Vo) = (21439)

Let w = (01)2. Note that w is a word of length 2, because (01) is a character
that is really equal to 3. Let w? = (01)2(01)2, w® = (01)2(01)2(01)2, and so
on. Let F, be the fixed point of Fy,. (This definition is natural because for all
x € SGg, limg o0 Fykx = Fyoo.) If (4.11) is used to compute the values of gy,
on V5, then

1
Fo1)2(q0) = Fon2(q1) = Fon2(q2) = T (4.12)
and for all |w’| = 2,i € {0, 1,2},

Fo1)2(qi) = Fu(qi). (4.13)

By (4.13), gy, attains its supremum on F(41),SG3 = F,SG. Let

o= () (e )

By (4.12), u(x) = 0 for all x € V,. The Laplacian of u is

-2 -2 2
(55) (2 @no i -2(35)) = (5) ((55) 2w -0) =1
Thus,
U =gv,-
By repeating this argument indefinitely and using induction, gy, attains its supre-
mum in F,xSGj for all k. Thus,

§1(Vo) = gvy (Fuwee).

This means that §; (Vp) satisfies

51(Ve) = — +(9O) 51(Vo)

SO
540

Vi
81(Vo) = 3051

The weights are uniform by symmetry. O
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Example 4.4. K = SG3, E = Vj,.

As with ST, Corollary 4.3 allows us to extend the results for V to V;,. For
the weights {p(x)} of V},, we introduce a function n : V;;, — IN. For all x € V},,
n(x) is the number of m-cells to which x belongs. If we consider the graph I,
with vertex set V,, and an edge between every Fy,x and Fy, y such that |w| = m,
x,y € Vp,and x # y, then n(x) is equal to Nol_l times the number of neighbors
of x in I',,. In the case of SG3, n(x) is 1 if x € Vg, 3 if x = F,, p for some w of
any length (not only m), and 2 otherwise.

Theorem 4.7. For the 3-level gasket,

7N\"/ 13
8o(Vm) = | = —, 4.14
o(Vm) (90) 249 (14)
7\m 540
=(—) —— 4.1
51Vm) = (55) 5051 (4.15)
n(x)
PV (X) = 3 on’ (4.16)
and
0 ifm=0,
§(Vim w) = { =R ifm=1,
(6" —1)(6"+4) p! .
5 enaemn R? ifm=2
Proof. Apply Corollary 43 to K = SGi3, E = V,. (a) gives (4.7),

(b) gives (4.15), and (c) gives (4.16). Form = 0 and m = 1, §(V,, w) can be
directly computed. To calculate §(V;,, w) for m > 2, first let K = {x € V, |
n(x) =k} forall k. K, = Vp, so #K; = 3. For each j-cell, there are 6 elements
x € (Vi1 \ V}) with n(x) = 2 and one with n(x) = 3. Thus,

m—1

.6
#K, = 6-6/ =—=(6"—1
2=y e ¢ =36

and

m—1 _ 1
#K5 = ; 6/ = Z(6" —1).
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The number of points of V;, is
7
#Ky +#K, +#K3 =3 + §(6m - 1),

so the uniform weights are

1 5
YO = Ty T T e s
For x € K;,
1 8(6™ — 1)
W) =P = e TS T 3 em T 36m) (76" £ 8)
For x € K>,
2 6" — 16
W) =P = e T 3 em T 36M T 6" 1 8)
For x € K3,

3 5 6-6"+24
6m  7-6m+8  3(6M)(7-6™m+8)

) —w(x) = —
So
§(Vimw) = Y [p(x) —w(x)]

X€Vm
B 6" —1
—3(6M)(7- 6™ +8)
4 (6" =16 +4)
5 (6 (T-6m+38)
Interestingly, SG3 is the first fractal we have encountered in which §(V;,, w)
does not decay exponentially to O as m increases. Rather,

6 m 1 m
@8+§®-4®+§®6 +m»

O

4
SV, ’ m—o0 &
Vo 0) == 73
This is because there is a set S, of points (the elements x with n(x) = 3) whose
weights differ substantially from the uniform weights and

#S
lim —= > 0.
m—oo # m

In our previous examples SG and ST, the only points in V;,, whose weights differed
substantially from the uniform weights (for large m) were those in 1, a set which
does not grow at all with m. This means that the uniform weights {w(x)} are a
poor choice to use to numerically integrate functions on SGs;.
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5. Energy measures

We now turn our attention to harmonic energy measures on the Sierpinski gasket:
measures v, g Where h and H are harmonic functions and for any cell C, vy g =
Ec(h, H). We develop a technique to calculate integrals of the form [ udvy g,
where u is a harmonic spline. Later in the section, we will generalize the results
beyong SG to a more extensive class of fractals. Given a finite set £ C Vi, we will
derive a method to produce a set of weights { p(x)} that can be used to numerically
integrate any function that satisfies the conditions of Theorem 2.6.

First, we show that {vg, v1, 12} is a basis of the set of harmonic energy measures
on SG, and provide a formula to express any harmonic energy measure as a linear
combination of vq, vy, and v,.

Theorem 5.1. If h = agho + a1h1 + axh, and H = bohg + b1hy + baha, then

R R [
aoby + azbg — a1bg — agby — a1by —azb; G.1)
+ <a1b1 + > )1)1
aob1 + a1bg — arbg — apb, — arby — a1b
+(a2b2+ 01 1Y0 2 02 ov2 201 1 2)1}2'

Proof. We use the fact that energies are additive in the sense that Ec (u + v, w) =
Ec(u,w)+Ec (v, w). This additivity clearly follows from the definition of energy,
and holds for both the first and second variable.

By expanding for each variable,

VhH = D Vahibsh,-
i
Clearly, for any cell C, Ec (au, bv) = ab&c (u,v), so
vaE = aibjvp ;- (5.2)
i

It is a result in [1] that

1
Vho,hy = 5(_1}0 — V1 +12),

1
Vhohy = 5(—‘10 + v — ),

1
Vhi,hy = 5(1}0 — V1 — Uz).

Thus, all 9 terms in (5.2) can be expressed as linear combinations of {vg, vy, v2},
and when they are and their sum is taken, the result is (5.1). O
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To calculate the weights { p(x)}, we must calculate integrals of the form [ udv,
where v is a harmonic energy measure and u is a harmonic spline (more specif-
ically, u is an indicator of some x € FE). This problem can be split into two
problems: determining [ udv from the values of [u o F,dv for |w| = m, and
taking the integral with respect to v of a harmonic function.

To solve the first problem, we will construct matrices M,, for each word w
such that for every continuous function f, we can use M,, to evaluate integrals

waSG fdvi.

Theorem 5.2. If

1 9 0 O

My = 5 2 2 -1, (5.3a)
2 -1 2
| 2 2 -1

M, = 5 0 9 0], (5.3b)
-1 2 2
| 2 -1 2

M, = 5 -1 2 2], (5.3¢c)
0 0 9

then for all continuous functions f, and for alli € {0, 1,2},

JE.s6 fdvo [ f o Fidvg
Jrsg fdvi | = Mi | [ f o Fdv |. (5.4)
[5G fdv2 [ foFidv,

Proof. By the definition of an energy measure,

5
and s
By Theorem 5.1,
9
Vh()-l-%hl-l-%hz = EVO (5.7
and ) ) .
V%h1+%h2 = gvo + 2—5U1 — 2—5\)2. (58)
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By (5.5) and (5.7),
3
fdl)() = g/fOFOdVO

FoSG
and by (5.6) and (5.8)
fd 2/de+2/de 1/de
V] = — o D -— o} V1 — — o Vo.
FoSG 1= 75 0dvo + 7% 0dvi = 1% 0dV2

By symmetry,

2 1 2
dv, = — Fodvg — — Fod — Fodv,.
/FOSGfV2 15/foovo 15/f0 0V1+15/f00112

Thus

and by symmetry

2 -1 2 -1 2
1 1
Mi=—]0 9 0|, My=—1|-1 2 2]. O
15 15
-1 2 2 0 0 9

Interestingly, [1] showed that for what turn out to be the same matrices M,
My, and M>:

JrysG fdvi [ f o Fodv;
Jris favi | = Mi | [ f o Fidv; |. (5.9)
Jr.s6 fdvi [ f o Fadv;

That these matrices satisfy both (5.4) and (5.9) may be a simple coincidence,
arising from the fact that (M;); ; = (M;);,;. wheneveri # j.

Theorem 5.3. We have
waSGdeO [ f o Fydvg

waSG fdvl = Mw ffo Fwdl}l
JE,s6 fdv2 [ f o Fydv,
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Proof. This theorem is proven by induction.

If m = 1, the result follows from Theorem 5.2.

If the result holds for all words of length m and w is a word of length m + 1,
let w = wyw’ for some word w’ of length m and some w; € {0, 1,2}, w = wyw'.
By the same argument as the one used in the proof of Theorem 5.2 (that of
appealing to the definition of an energy measure and then using Theorem 5.1),

Jrusc fdvo wa/SGfOledVO
Jrysc fdvi | = Mw, | [p,,s6 f © Fudvi |. (5.10)
waSG fdv, wa/SG f o Fydvy
By the inductive hypothesis,
Jr,56./ © Fudvo J f o Fy, o Fyrdvg
k56 © Fuydvi | = My | [ f 0 Fu, o Fydvr |. (5.11)
Jr,s6.f © Fudv [ f o Fy, oFydv,
My, My = My and f o Fy, 0 Fyy = f o Fy, 50 by (5.10) and (5.11):
Jr,s6 fdvo [ f o Fpdvg
waSG fdvi | =My | [ f o Fydv |. O
Jrusc fdv2 [ f o Fydvs

Because every harmonic function is a linear combination of {h¢, 41, h,}, and
Theorem 5.1 constitutes a formula to express every harmonic energy measure as a
linear combination of {vy, v, v}, the problem of taking the integral with respect
to a harmonic energy measure v is solved by calculating the integrals [ &;dv; and
taking linear combinations with the appropriate coeflicients.

Theorem 5.4. Fori,j € {0,1,2}:

1 ifi =],
/hidl)j = . f / (5.12)
> i#].

Proof. Leta = [ hodvg and B = [ hidve. By symmetry, [h;dv; = o for all
i and [h;dv; = B whenever i # j. From the integral of a constant function,
a+ 28 =2.By(5.9),

fFOSG hodvo 9 0 0 f f o Fodvyg

fFlsGhodV() =—12 2 —1 ffOFldU()

-[FZSG hodvo 2 -1 2 ff o Frdvy
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Thus
3 2 2
hodve = hodvo == | h —h —hod
/ovo ZZ/FiSGOVO 5/o-l-sl-l-szvo

2 2 1
— | =h —hyd
+15/50+52V0

2 2 1
— | =h —hyd
+15/50+52V1

1 2 1
—— | =h —hyd
15/50—i-52112

2 2 1
— | =h —hd
+15/50+51V0

1 2 1
—— | =h —hd
15/50—i-51111

2 2 1
— | =h —hi1dv,,
+15/50+51V2

SO
750 = 950 +4B)+2Q2a+B)+2(38)— (¢ +28)+2Qa+ ) — (¢ +28)+2(3p),

750 = 5la + 488,

and
a =2
Because o + 28 =2ando =28, = land § = % In other words,
1 ifi =,
/hidu,-k = (5.13)
1o ifi # j.

O

We can now, in principle, compute [udv for any harmonic spline u and
harmonic energy measure v. In particular, if E is a finite subset of V., and for all
x € E welet p(x) = [ vxdv (wWhere v, is the function that is harmonic away from
E with V,|E = ), then any function that satisfies the conditions of Theorem 2.6
can be numerically integrated using the weights {p(x)}.

The results proven in this section so far relating to the Sierpifiski gasket
generalize to any self-similar p.c.f. fractal generated by a finite iterated system
{Fj} satisfying the conditions of Section 4, if the results are expressed using
{Vh; n; Jo<i<j<nN, (instead of {v;}o<i<n,) as the spanning set for the set of har-
monic energy measures. This choice of spanning set may seem odd or unnatural,
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because the measures v that we are interested in are non-negative (for example,
the Kusuoka measure v = ", v;), as are the measures v;, while the measures
Vi, h; (i # J) are signed; the Theorems of Section 2 require that v be non-
negative. However, it is possible to express measures v; as linear combinations
of {vhi,hj }o<i<j<N,, and the reverse is not true. Therefore, though our choice of
spanning set may be less natural, it is necessary to generalize the results of this
section.

Let K be defined as in Section 4, with Vo = {¢;}o<i<n, and the harmonic
functions {4;} such that (YN0 a;hi)(g;) = aj.

If0 <i,j < Ny, denote Vi, h; by v;;.

Theorem 5.5. If v is a harmonic energy measure on K (that is, v = vy g for
someh =}, aihi and H =} _; b;hj), then v is a linear combination of {vi; }i #
given by

V= Z(aibj + ajbi —a; b; —ajbj)vij.

0<i<j<No

Proof. By the additivity and scalar multiplication of energy measures,

No—1 No—1
V= Z Z aiijij.
i=0 j=0
For each i, Y00 vij = Vh, (gt +thnr) = Vit = 0,50 vy = — Y vy
Therefore,
v = Z(dib]‘ + a‘,-b,- —a;b; —ajbj)vi‘,-. O

0<i<j<Np

For the next theorems, we will speak of matrices whose rows and columns are
indexed by pairs (j, k) such that 0 < j < k < Ny, ordered lexicographically, so
(j, k) comes “before” (I,m) ifi </l ori =1 and k < m.

We will refer to the “(j, k)-th row” or “(/, m)-th column or “((J, k), (I, m))-th
entry” of such a matrix.

We will also define constants a; ; x ;,» and matrices M; and M,, as follows:

Definition 5.6. If i € {0,1,2,...,N—1},0<j <k < Ng,and0 <[ <m < Np,
let

ai,jktm = (hj o Fi)(qr) - (hi © Fi)(qm)
+ (hj o Fi)(qm) - (hi o Fi)(q1)
— (hj o Fy)(q1) - (hi o Fi)(q1)
— (hj o F;)(gm) - (hi © F;)(gm).



Numerical integration for fractal measures 221

For all i, let us M; be the square matrix with rows and columns indexed by
{(J. k)}o<j<k<n, Whose ((j. k), (I, m))-thentry is r ' a; j k. 1.m-

For all words w = wijws ... Wy, let My, = My, My, ... My,

Theorem 5.7. For all words w and continuous functions f,
waK fdvor [ f o Fydvo
: = M, : . (5.14)
JFux FAVNo—2)No—1) [ f o Fudvvg-2)o-1)

Proof. First, suppose w is a word of length 1, whose one character is i. For all
0 < j < k < Ny, by the definition of an energy measure,

Fdevjk =ri_1/foFidvhjoFi,hkoFi- (515)

By applying Theorem 5.5 t0 vj o F; hso F; »
Vh;oF; hyoF; = Zai,j,k,l,mvlm- (5.16)
0<l<m<Ny
By (5.15) and (5.16),
/ fdvje =1 Zai,j,k,l,m/f o Fidvim.
FiK 0<l<m<Ny
This statement for all (j, k) is equivalent to (5.14) for w = i. This theorem extends

to longer words by the same argument as used in the proof of Theorem 5.3. O

To compute weights for Theorem 2.6, all that is left to do is evaluate the
integrals of the form [ hjdvj for 0 < j <k < No. For all i, j, k:

N-1
hidvi, = / hidvjg.
/ / g F/K e

By applying Theorem 5.7, each integral | FIK hidv;i can be expressed as a linear
combination of { [ /;dvjk}o<j<k<n,- Doing this for all i, j, k yields a system of
2(N§ — N§) equations and 3(Ng — NZ) unknowns for the integrals [ h;dvj.
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This system is linearly dependent because setting every integral equal to 0 would
be one solution. However, combining this system with the equations

No—1

Z/hidvjk = v (K) = E(hj, hy)
i=0

for all (j, k) will in most cases make it independent (it does in all of our examples).
It is possible that this system will have an un unwieldy amount of terms. Likely,
symmetry can be used to reduce it to a more manageable system.

We now choose some specific self-similar p.c.f. fractals and list the results
obtained when the above calculations are performed. For each fractal, these
calculations determine the matrices M;. The fractals chosen are the Unit Interval,
the Sierpiriski gasket, the Sierpinski tetrahedron, the Sierpinski n-hedron for a
general n, and the 3-level gasket. (The Sierpiriski n-hedron is generated by the
similarities with contraction ratio % whose fixed points are n pairwise equidistant
vertices in R"71.)

Note that the matrices My, M1, M, for the Sierpinski gasket are not the same
as the ones given by Theorem 5.2, because of our change in choice of spanning
set: the matrices in Theorem 5.2 satisfy

Jr;s6 fdvo [ f o Fidvg
Jrsg fdvi | = M | [ f o Fidvr |,
Jrsgdv2 [ f o Fidv,

while the matrices in this table satisfy

JE.sG fdvor [ f o Fidvo
Jrsg fdvor | = Mi | [ f o Fidvoz
fFl.Sdelz ff o Fidvi,
Fractal Unit Interval (1)
. qoe—————{q1
Picture H—/Fo 7 H—/Fl 7
Mo=M; =1

Matrices | For all w, for all continuous f,

waI fdvor = My, [ f o Fydvo
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Fractal Sierpinski gasket (SG)
qo
Picture
q1 q2
6 30 0 —2-21
M, :l<3 6 0) M :l<—21—2> M :l<0 6 3
0= 15\ 5 20 ! 15\ 30 6 2715 g 35
For all w, for all continuous f,
Matrices waSG Ffdvor [ f o Fydvo
waSGde02 = My ffondVOZ
was(}deu ffondvlz
Fractal Sierpinski tetrahedron (ST)
qdo
Picture
q1
q2
8 4 4000 8 004 40
[ 48 5000 [ 336927530
Mo=751 555000 Miy=5"%00% 40
—2-1-2010 4004 80
-1-—2-2001 —100-2-21
1-20-20 1 10-20-2-1
1 [05740% 1 [00F04 %
My =510231210-2 Ms=5100-11-22
040804 00408 4
040408 00404 8
. For all w, for all continuous f,
Matrices /
waSdeVm ffOFdem
waSdevoz ffOFwdvoz
Jr, st fdvos | M [ f o Fydvos
- w
waSdevlz ffOFwdvlz
waSdeVB ffondVB
[z, sT fdvas [ f o Fydvas
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Fractal Sierpinski n-hedron
(M) (ko) (m)
= sy UL L DEK i,m) + (. i,m)E(k,i,1)
—%‘(‘],l,l)g(k,l,l) _E(JJ’m)g(k’l’m)]’
where
Matrices n+2 a=b=c,
2 a=>b#c,
£(a,b,c) =42 a=c#b,
0 a#b=c,
1 a#b,b#c,a#c
Fractal 3-level gasket (SG3)
qo
Picture
Matrices
For all w, for all continuous f,
waSG3 fdvor [ f o Fydvo
JrysGs fAvoz | = My | [ f o Fydvos
Jrys6s faAviz [ f o Fydvis
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By the method that we used to reach (5.13), we can compute the integrals of
the form f hidvjk. In the table below, we list these integrals for the same fractals
as in the above table. From these, since each measure of the form v; is equal to
— Y _j#i Vij» We can calculate integrals of the form [ h;dv;:

/hid\)j :_Z/hidvjk-

k#j

These basic integrals for our example fractals (/, SG, ST, the n-hedron for 3 <
n < 100, and SG3) are listed in the table below. For 7, SG, and ST, the integrals
were calculated by hand, while for the n-hedrons and the 3-level gasket, they were
calculated with the assistance of a computer program. We hypothesize that the
formulae for the n-hedron continue to hold for all positive integers n > 3.

Fractal [ hidvji [ hidv;
Unit Interval —% %

—lp ifi=jori =k, 1 ifi=j,
0 if i, j, k distinct {1/2 ifi #j

{—1/2 ifi = jori =k, {3/2 ifi = J,

Sierpinski gasket

Sierpinski tetrahedron
0 if i, j, k distinct L ifi #j

—1p ifi=jori=k, | [$(n—1) ifi=],
0 if i, j, k distinct {1/2 ifi #j
—1p ifi=jori =k, 1 ifi=j,

{0 if i, j, k distinct {1/2 ifi #j

n-hedron (3 < n < 100)

3-level gasket

As with SG, we can numerically integrate any function that satisfies the con-
ditions of Theorem 2.6 with respect to a non-negative harmonic energy measure
v: For some finite E C Vi, let {vy}xcg be the usual indicator splines, and let the
weights be p(x) = [ vydv.
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