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Improved bounds
for the dimensions
of planar distance sets

Pablo Shmerkin?

Abstract. We obtain new lower bounds on the Hausdorft dimension of distance sets and
pinned distance sets of planar Borel sets of dimension slightly larger than 1, improving
recent estimates of Keleti and Shmerkin, and of Liu in this regime. In particular, we prove
that if dimg (A) > 1, then the set of distances spanned by points of A has Hausdorff
dimension at least 40/57 > 0.7 and there are many y € A such that the pinned distance set
{|x—y|:x € A} has Hausdorff dimension at least 29/42 and lower box-counting dimension
at least 40/57. We use the approach and many results from the earlier work of Keleti and
Shmerkin, but incorporate estimates from the recent work of Guth, Iosevich, Ou and Wang
as additional input.

Mathematics Subject Classification (2010). Primary: 28A75, 28 A80; Secondary: 49Q15.

Keywords. Distance sets, pinned distance sets, Hausdorff dimension, box counting dimen-
sion, Falconer’s problem.

1. Introduction

Given A C R?, with d > 2, its distance set is A(A) = {|x — y|:x,y € A}. If
y € R? is given, we also define the pinned distance set Ay (A) = {|x—y|:x € A}.
A major open problem in geometric measure theory, introduced by Falconer in [3],
is whether |A(A4)| > 0 whenever A is a Borel set with dimg(4) > d/2 (we
denote Lebesgue measure by | - | and Hausdorff dimension by dimg). A variant
asks whether, under the same assumptions, |A)(A4)| > 0 for some y € A. These
problems remain open in all dimensions, but many new partial results have been
achieved very recently [10, 5, 6, 8, 1, 2, 4, 7]. We review only a small selection of
relevant results in the plane.

1P. Shmerkin was partially supported by Projects CONICET-PIP 11220150100355 and
PICT 2015-3675 (ANPCyT).
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All sets are assumed to be Borel. In [6], Keleti and the author proved that if A
is a planar set with dimg (A4) = s € (1, 3/2), then

2
dimp (Ay4) = Zs (1.1)

outside of a set of y of Hausdorff dimension < 1 (in particular, for nearly all
y € A). In [6] we also proved that if dimg (4) > 1 then

dimg (AA4) > 2/3 + 1/54.

We also established much better bounds for the packing (or upper box-counting)
dimension of A, A, as well as for the Hausdorff dimension of A, A under addi-
tional structural assumptions on A (such as an upper bound on its packing or box
dimension).

Very recently, Guth, losevich, Ou and Wang proved in [4] that if A is a planar
set with dimg (A4) > 5/4 then there are many y € A such that |A,(A4)| > 0. This
improves upon a well-known result of Wolff [11] asserting that if dimg (4) > 4/3
then |A(A)| > 0. In another recent breakthrough, Liu [8] managed to replace
A(A) by Ay(A) with y € A in Wolff’s Theorem. Guth, Iosevich, Ou and Wang
use Liu’s approach as well as an idea of [6], but also introduce several fundamental
new insights.

Even more recently, Liu [7], building upon the results of [4], proved that if
s € (1,5/4) and dimg (A) = s then there are many y € A such that

4 2
dimp (Ay4) = 25— 2. (1.2)

This improves upon (1.1) for all s > 1. However, if one only assumes dimg (A4) > 1
(as in Falconer’s original problem), both (1.1) and (1.2) give dimg (A, (A4)) > 2/3.
This is perhaps a bit curious as both proofs rely on very different methods, and
suggests that improving upon the 2 /3 is a natural problem. Here we prove:

Theorem 1.1. Let

294 19u + 6u® + 8u® — 8u*
T 42— 15u + 30u? — 12u3

¢ (u)

If A is a planar Borel set with dimg (A) = s € (1, 1.04) then there is y € A such
that
dimg (AyA) > ¢(s —1) >29/42 =2/3 +1/42 ~ 0.6904 ... ..

In fact, the above holds for all y € R? outside of a set of Hausdorff dimension at
most 1.
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This improves upon Liu’s lower bound (1.2) in the interval (1, 1.037) (note
also that our exceptional set has Hausdorff dimension at most 1 and so it is
much smaller than A, while the exceptional set in Liu’s approach can be as large
as A in terms of dimension). Theorem 1.1 also improves upon the estimate
dimg (A A) > 2/3+41/54 for the full distance obtained in [6] under the assumption
dimg (4) > 1. We are able to obtain a further improvement for the dimension of
the full distance set, which also works for the lower box counting dimension of
the pinned distance set. Even though for upper box dimension or even packing
dimension much better estimates are proved in [6], a lower box dimension bound
provides new information as it says the pinned distance sets is large at all small
scales, as opposed to only infinitely many small scales.

Theorem 1.2. Let
_ 8(1+u)(5—3u + 4u?)

1) = = S 0u + 482
If A is a planar Borel set with dimg (A) = s € (1, 1.06) then

dimg (AA) > x(s —1) >40/57=2/3+2/57 ~ 0.7017....
Moreover, if H*(A) > 0 then there is y € A such that
dimp(AyA) = 5(s - 1).

The lower bound y (s — 1) is better than that given by (1.2) for s € (1, 1.05].

We make some brief comments on the proofs. We follow the scheme of [6].
Recall the bound (1.1). Even though this bound is never better than (1.2) for
general sets, the methods of [6] provide better lower bounds in many cases,
depending on the “branching structure” of A. Let s be slightly larger than 1. If
there are arbitrarily small scales r such that at scale r the set A is a union of ~ r—*
squares of side length r which are ~ r~*/2-separated, then the methods of [6] do
not give anything better than 2s/3. However, for such well-separated sets, it is not
too hard to see that the results of [4] give a lower bound dimg (A (A4)) > 4/5 for
many y € A (this is related to the exponent 4 /5 for discretized well separated sets
in [4, Corollary 1.5]). In [6] we proved a structural result saying, roughly, that if
dimg (Ay(A)) < 2s/3 + n then A resembles one of these well-separated sets in a
rather technical but quantitative fashion.

The main idea of this paper is to show that the results of [4] still give a lower
bound 4/5 — h(n) for the dimension of the (pinned) distance set of A under the
structural information on A derived from dimg (A, (A)) < 2s/3 + n. A similar
idea was already used in the proof of the bound dimg (A(A4)) > 2/3+1/541in [6];
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there the estimates of Wolff [11] were used as additional input. The additional
gains in this paper follow from using more powerful quantitative estimates that
we extract from [4].

Interestingly, both [6] and [4] rely crucially on a spherical projection theorem
of Orponen, [9, Theorem 1.11]. Hence the proofs of Theorems 1.1 and 1.2 use
this theorem twice in rather different (although related) forms. It is because of the
use of this projection theorem that we need to assume that dimg(A) > 1 and we
get no results when dimg (A) = 1.

We set up notational conventions in Section 2. In Sections 3 and 4 we review
various results from [6], while in Section 5 we recall several estimates from [4]
and deduce some useful consequences. Finally, we complete the proofs of Theo-
rems 1.1 and 1.2 in Section 6.

2. Notation

We use Landau’s O(-) notation: given X > 0, O(X) denotes a positive quantity
bounded above by C X for some constant C > 0. If C is allowed to depend on some
other parameters, these are denoted by subscripts. We sometimes write X < Y in
place of X = O(Y) and likewise with subscripts. We write X =2 Y, X ~ Y to
denote Y < X, X <Y < X respectively.

Throughout the rest of the paper, and according to the setup of [6], we work
with three parameters that we assume fixed: a large integer 7" and small positive
numbers ¢, . The parameter T indicates the scale we work with: we will de-
compose sets and measures in the base 27 . In particular, we will work with sets
and measures that have a regular tree (or Cantor) structure when represented in
this base: see Definition 3.1. The parameter 7 arises in the set of bad projections
from [6] and we do not deal with it directly. Finally, & will denote a generic small
parameter; it can play different roles at different places.

We will use the notation o7,,:(1) = 0750 ¢—0+ 0+ (1) to denote any
function f(7, ¢, t) such that

f(T,e,t) >0 and Tl_i)rgof(T,s, 7) = 0.
e—0T1
=07t
If a particular instance of o(1) is independent of some of the variables, we drop
these variables from the notation. Difference instances of the o(1) notation may
refer to different functions of 7, ¢, 7, and they may depend on each other, so long
as they can always be made arbitrarily small.
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We will often work at a scale 2-7¢; it is useful to think that £ — oo while
T, &, T remain fixed.

The family of Borel probability measures on a metric space X is denoted
by P(X). If 0 < u(A) < oo, then uy denotes the normalized restriction
w(A)ulsa € P(A). If f:X — Y is a Borel map, then by fu we denote the
push-forward measure, i.e. fu(A) = u(f~1A4).

We let D; be the half-open 277/ -dyadic cubes in R (where d is understood
from context), and let D; (x) be the only cube in D; containing x € R¢. Given
a measure ;1 € P(R?), we also let D;(u) be the cubes in D; with positive y-
measure. Note that these families depend on 7. Given A C R4, we also denote
by N(4, £) the number of cubes in D, that intersect A.

A 27-measure is a measure in P([0, 1)) such that the restriction to any
27™-dyadic cube Q is a multiple of Lebesgue measure on Q, i.e. a measure
defined down to resolution 277. Likewise, a 27" -set is a union of 27" dyadic
cubes. If i € P(R?) is an arbitrary measure, then we denote

Re(n) = > pu(Q)Leby.

€Dy

that is, R¢(1) is the 277 *-measure that agrees with ;2 on all dyadic cubes of side
length 2-7¢. We also define the corresponding analog for sets: given A C R,
R¢(A) denotes the union of all cubes in Dy that intersect A.

We will sometimes need to deal with supports in the dyadic metric, i.e. given
w € P([0, 1)?) we let

suppy(u) = {x: u(D;j(x)) > 0 for all j € IN}.

Note that p(suppy(r)) = 1 and that suppy (1) C supp(u).
If a measure ;1 € P(R?) has a density in L?, then its density is sometimes also

denoted by u, and in particular ||u||z» stands for the L? norm of its density.
Logarithms are always to base 2.

3. The Keleti-Shmerkin framework

In this section we recall several concepts and results from [6].

3.1. Regular measures and energy. Following [6], we decompose a 2~ 7 ¢-mea-
sure in terms of measures which have a uniform tree structure when represented
in base 27. This notion is made precise in the next definition.
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Definition 3.1. Given a sequence 0 = (01,...,0¢) € R¥, we say that u €
P([0, 1)?) is o-regular if it is a 2~ T *-measure, and for any Q € Di(pn), 1 <j =4,
we have

w(Q) =277V (0) < 2(Q),

where Q is the only cube in D;_; containing Q.

The exponent T'(o; + 1) is a convenient normalization. The key point in this
definition is that a measure is o-regular if all cubes of positive mass have roughly
the same mass, and the sequence (o) quantifies this common mass. We have the
following easy estimate for the mass decay of regular measures.

Lemma 3.2. Suppose i € P([0,1)?) is (01, . ..,0¢)-regular and

J
dle—o) <K j=1,...¢L

i=1
Then
w(B(x,r)) < 25Tr' % forallx e R%,r e @774, 1].

Proof. Let Q € D;(u). By definition of regularity and the assumption
1w(Q) < 2 TE1+=F0j+j) < pKT)=(1+a)jT

Since we can cover a ball B(x, r) by Or (1) squares Q € D; with 27/ < r, the
claim follows. |

The decomposition we referred to above is detailed in the next proposition; see
[6, Corollary 3.5] for the proof.

Proposition 3.3. Fix { > 1, write m = T{, and let u be a 27™-measure
on [0,1)2. There exists a family of pairwise disjoint 27™-sets X, ..., Xy with
X; C suppy(p), and such that

(i) M(U,N=1 X;) = 1 =27 In particular, if 1(A) > 27°™, then there exists i
such that px, (A) > p(A) — 278",

(ii) /'L(Xt) > 2—(s+10g(2dT+2)/T)m > 2—0715(1)m fOl" eachi;

(iii) each uyx; is o(i)-regular for some o (i) € [—1, 1%

Recall that the s-energy of 1 € P(R?) is

// dM(X)d)/f'Ey)-
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Energies play an important role in all known approaches to the Falconer distance
set problem, and also in this paper. The following bound for the s-energy of regular
measures is proved in [6, Lemma 3.3].

Lemma 3.4. Ifv € P([0, )?) is o-regular for some o € Rt and s € (0, d), then
¢ J
[ log &4(v) — (T r]ng;(s —1D)—0;)| = 0() + O ().

3.2. Box-counting estimates for pinned distance sets. The goal of this section
is to combine several results from [6] to obtain a box-counting estimate for sets
Ay, (A) in terms of certain combinatorial information about a Frostman measure
W supported on A.

We recall several definitions from [6, Section 4]. They will not be directly used
in this paper, but we include them for completeness.

Definition 3.5. Given L € N, a good partition of (0, L] is an integer sequence
0= No <---<Ny4 = Lsuchthat Njy; — N; < N; + 1. If additionally

tN; < Njy1—Nj = N; +1 (3.1

then (&V;) is said to be a t-good partition.
Given a finite sequence (0y,...,01) € RL, let

L
8(0) = —r_nigcrl +:-+0;>0.
]:

For any good partition P = (N, )?=0 of (0, L] and any o € RZ, we denote

qg—1
M(.P) = ) 8(a|(Nj, Njs1]).

Jj=0
where 0|1 denotes the restriction of the sequence o to the interval /. Finally, given
o € REand © € (0, 1), we let

M; () = min{M(o, P): P is a T-good partition of (0, L]}.

We write A,(x) = |x — y| for the pinned distance map. Recall that o7(1)
denotes a function of 7 and & which tends to 0 as T — oo,& — 07, and that
N(B, £) is the box-counting number of B at scale 277
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Proposition 3.6. Let 1, v € P([0, 1)) have disjoint supports and satisfy (1),
Eu(v) < oo for some s € (0,2),u > max(1,2 —s). There exists a set

G C suppu X suppv

with (u X v)(G) > 2/3 such that the following holds for £y sufficiently large in
terms of L, v, T, e.

Suppose L > Ly. Let p = ux,, where X; is one of the sets given by Proposi-
tion 3.3 applied to Rgp. If y € supp(v) and A C supp(Rep) satisfy

ACRe{x:(x,y) € G} and p(A)=>172)2,

then

logN(Ay A, £) -1_ M. (o) —orer(l)
-, = ] &,T .

T¢

Proof. The proof uses the sets of bad projections defined in [6, §3.2]. We do not
repeat the definitions here, but recall from [6, Lemma 3.10] that

o
|Bad/e/0 (14, X)| STpee 27° to

for all x € suppy(u), where ¢’ = &'(T, ¢, t) > 0.

Now let « = k(u,v) > 0 be the number given in [6, Proposition 3.12] (this
is where the assumptions on p and v get used; Orponen’s spherical projection
theorem plays a crucial role here). By taking £, large enough we may assume that

| Badj, (1, )| <

for all x € suppy(w). It follows from [6, Proposition 3.12] that (u x v)(G) > 2/3,
where

G = {(x.y): Py(x) ¢ Bad], (1. x)}.

Now let y and A be as in the statement. Then for all x € A there is X € Dy(x)
such that (X, y) € G and therefore

Py() ¢ Bad{, (1. %). (3:2)

According to the definition of the sets Badj, ,(R¢j, x) and Bady, (i, x) in [6,
Egs. (3.3) and (3.4)], we have P, (X) ¢ Bad}, ., (R¢p. %) = Bad¢¢(p, X).

The hypotheses of [6, Proposition 4.4] are met by p and A4, with § = ¢. If £y is
taken large enough in terms of 7', &, T we can make the error term in the proposition
equal to o7 ¢(1). The claim follows from an application of [6, Proposition4.4]. [
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4. Combinatorics of 1-Lipschitz functions

We next recall some results from [6] that will help us deal with the numbers
M. (o) from the last section. It turns out to be convenient to work with 1-Lipschitz
functions instead of [—1, 1]-sequences; see Lemma 4.6 at the end of this section
for the connection between functions and sequences. The following provides an
analog to Definition 3.5 for Lipschitz functions (we will not directly use this
definition).

Definition 4.1. A sequence (a,);2, is a partition of the interval [0, a] if a = ao >
ay > ---> 0anda, — 0; it is a good partition if we also have a_q/a; < 2 for
every k > 1.

Let f:[0,a] — R be continuous and (a,) be a partition of [0, a]. By the rotal
drop of f according to (a,) we mean

o0
T(f. @) = ) fla) = min f
n=1 n,an—1
and we also introduce the notation

T(f) = inf{T(f, (an)): (a,) is a good partition of [0, a]},

Although we will not use it directly, we recall [6, Proposition 5.2] (or rather
the special case in whicha = 1and C = 1).

Proposition 4.2. Let u € [0, 1/2] be a parameter. Let f:[0,1] — R be a 1-Lip-
schitz function such that f(x) > ux for every x € [0, 1]. Then
1 —2u

T(f) = ——

This proposition is sharp: if

X ifx e[0,(u+1)/2],

fx) = {1+u—x if x € [(u+1)/2,1],

then T(f) = (1 —2u)/3. This estimate leads to the bound dimg (A, (A4)) > 2s/3
for some y € A if dimg(4) = s > 1. In order to improve upon this, we need
another result from [6] that asserts that if T( f) is close to (1 — 2u)/3 then f is
close to the above example in a quantitative way.
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Proposition 4.3. Fix u € [0,1/3], n € (0,1/21] and let f:[0,1] — R be a 1-
Lipschitz function such that f(0) =0, f(x) > uxon[0,1] and T(f) > % —.
Let

I +u 1 +u
n=— —n(1_2u—(1—u)). 4.1)
Then
ux on [0, 3n],
x —=3n(1—u) on [3n, t1],
t1 —3n(1 —u) on [t1,2t; — 6n(1 —u)],
fx) =

x—t1 =3n(1—u) on[2t; —3n(1 —u),2t],
3t1 —x =3n(l—u) on|2t,1].

[
[
[
31 —9n(1 —u)—x on[2t; —6n(1 —u),2t; —3n(1 —u)],
[
[

Proof. It is proved in [6, Proposition 5.15] that under our assumptions

x —3n(1 —u) on [0, 11],
f(x) > 11 —3n(1 —u) on [t1, 2t — 6n(1 —w)],
3t —x—=3n(1 —u) on[2t,1].

Using the assumption f(x) > ux, Proposition 4.3 and the 1-Lipschitz property
of f, we get the estimates on the remaining intervals. O

The following corollary will be used in the proof of Theorem 1.1. Its deduction
from Proposition 4.3 is very similar to the proof of [6, Corollary 5.17]. The value
of n in the corollary may appear strange at this point; the value is chosen so
that (6.1) holds, and in turn this ensures that two lower bounds on the dimension
of the pinned distance set match.

Corollary 4.4. Fixu € [0,1/25]. Let f:[0, 1] = R be a 1-Lipschitz function such
that £(0) = 0 and f(x) > ux for all x € [0, 1]. Let

14+ u—4u? — 4u3 2(1 +u)
n= 2 3 7 =) - ———.
42 — 15u + 33u? — 21u> + 6u 3
3(1 —u —2u? — 2 + Tu — 5u? + 2u?
é:( u—2u*—n2+Tu u+u))6(2/3’1).
4—u)(1—2u)
Then either T(f) < (1 —2u)/3 —nor
1—

fx) > —=x—(1=2u)y on[0.£].

3
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Proof. Assume T(f) > (1—2u)/3—n. By Proposition 4.3, and comparing slopes,
it is enough to prove the desired inequality at x = 35, x = 2¢; — 3n(1 — u) and
x = &, where ¢, is given by (4.1). Recalling that u € [0, 1/25] we can check that
n < 1/40, which in turn gives #; > 1/3. We can also see that § > 2¢;. Using
Proposition 4.3 we can then verify that, indeed,

1—
F3) = 3qu = —=(3) - (1 = 2u)n.

F@i =301 =) 2 1= 6n(1 =) >~ @6 =301 =)~ (1 = 2001,
1—u
3
(In fact & was defined so that the last equality is satisfied.) O

fE) =3t —&=3n(1 —u) = E—(1—2u)n.

The following variant, which will be used to prove Theorem 1.2, has a nearly
identical proof. Here the value of 5 is chosen so that (6.6) below holds.

Corollary 4.5. Fixu € [0,0.06]. Let f:]0, 1] = R be a 1-Lipschitz function such
that £(0) = 0 and f(x) > ux for all x € [0, 1]. Let

20+ w) (1 —2u) 2(1 4+ u)
1= 5 s0u s AW T T3
_4—du— 8u? — (9 + 30u — 24u?)
5= 5(1 —2u) ‘
Then either T(f) < (1 —2u)/3 —nor
F(x) > x —3(1—4u)n on [0, £].

4

Proof. Assume T(f) > (1 —2u)/3 — n. Applying Proposition 4.3 as in the
previous corollary it is enough to check the claimed inequality for x = 35, x =
2t1 —3n(1—u) and x = £. Using that u € [0,0.06] we getn < 1/29and ¢; > 1/3.
Using this and Proposition 4.3,

f3n) = 3nu = w,
f@ty =301 —u)) > 1, — 6n(1 —u) > 2t —3n(1 — u4) =301 4w
f(5)2311—§—377(1—u):wn’

where again ¢ was defined precisely so that the last equality is satisfied. O
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We conclude this section with a lemma that will help us translate the results
for Lipschitz functions to results for [—1, 1]-sequences; it is the special case of [6,
Lemma 5.22] in which L = £.

Lemma4.6. Lety, T € [—1,1], 7 € (0,1/2), ¢ € (0, 1) and let o € [—1, 1]* satisfy
vi—¢t<o1+-+o; <Tj+5 (1=j=<0).

Then there exists a piecewise linear 1-Lipschitz function f:[0,1] — R such
that

@ UMD = on+ o) i<t
(b) (= VOx < fx) < (T +VDx onf0.1]
and

(©) %M,(U) < T(f) + 2/ + 1447 + 0. (log{/0).

5. The Guth-Iosevich-Ou-Wang estimates and some consequences

Let u,v € P([0,1)?). We want to estimate the dimension of A (supp(u)) for
v-typical y or, rather, discretized versions of this, under suitable assumptions on
w and v. A key innovation of Guth, lIosevich, Ou and Wang [4] is a decomposition
I = [lgood + Mbad Where Ay ppag has small mass, and A pgood has small L?
norm, in both cases for y in a set of large v-measure. For simplicity, we will
denote i = figood (note also that what we denote by w and v are denoted i1, p12
in [4]).

When p is a general probability measure, i is a complex-valued distribution
(in fact a complex-valued measure). We will apply the results of [4] in the case in
which y is a 2~ T¢-measure, and in this case ji can be seen as a (complex-valued)
absolutely continuous measure. The following quantitative estimates are implic-
itly proved in the course of the proofs of [4, Proposition 2.1 and Proposition 2.2].

Theorem 5.1 ([4]). Suppose ju,v € P([0, 1)?) satisfy

E’So(/'l/) 5 K},L,Sos
85‘0(1)) = Kv,s()y

v(B(x,r)) < Ev,slrsl forallx e R,r > 0,

for some so,s1 > 1. Assume also that . has a bounded density and

dist(supp(), supp(v)) 1.
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Then for all large R and small § > 0 there is a function fi: R?> — C such that the
Jollowing holds:

(1) there is a set B with v(B) > 1 — R™%/00W sych that

/ Ay () = Ay O] dit S5 (Kpusy Kvsg) /2 R/00

foreach y € B;
(2) one has

/ 1AL 12 dv(y) S5 RY2 ROW & ogya(0)-

The implicit constants may depend on the distance between supp(u) and supp(v)
as well as so and s1.

Proof. We indicate how to deduce these estimates by following the proofs of [4,
Propositions 2.1 and 2.2]. In that paper so = s; and the Frostman constants of u
and v (essentially our K’s) remain fixed so the authors do not pay explicit attention
to how other quantities depend on them; however, it is not hard to track the exact
dependencies. Likewise, Ry (our R) and § in [4] are respectively large and small
but ultimately fixed, while we need explicit estimates in terms of these parameters,
which again are not hard to extract from the proofs of [4].

We start by noting that in the proofs of [4, Propositions 2.1 and 2.2] the values
of R and § and therefore the measure ji are the same, but otherwise the proofs are
independent from each other. In particular, we are allowed to consider different
exponents g, 51 in each proof. Also, while [4, Proposition 2.2] has an assumption
s1 > 5/4 (in our notation), this is not used in the proof until the very end; for our
estimates to be valid in fact s; > 0 is enough (on the other hand, so > 1 is key as
we will see shortly).

In the proof of [4, Lemma 3.6], the last line of the proof shows that the implicit
constant in the statement is given by

o(1) / 1Pyl dv(y).

where Py denotes spherical projection with center y and p = p(so) > 1. The fact
that this integral is finite under our assumptions was proved by Orponen in [9,
Theorem 1.11]. In fact, Orponen provides a quantitative estimate in [9, eq. (3.6)]:

[ 1B av0) % £ CPeq 012
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Hence the implicit constant in [4, Lemma 3.6] is Oy, (1)(K ;.50 Kyv.50)"/%. The
first claim follows by inspecting the proof of [4, Proposition 2.1] assuming [4,
Lemma 3.6].

We turn to the second part. Looking at [4, eq. (5.1) and following display],
we see that the claim will follow by establishing that ¢ = O(§), the constant
C(R) = RPW and the implicit constant in [4, Proposition 5.3] is O(K,},/fl) . The
first two facts can be easily read off the proof of [4, Proposition 5.3]; in particular
see the last line of the proof for the value of C(R).

In the proof of [4, Proposition 5.3] , the Frostman condition on v is used at
a single point: to estimate ||v * 7y, [|Lee < r?751 where r is large and 5y, is
a mollifier (recall that u, and « in [4] are our v and s;). The explicit bound

is [|[v % ni/rlleee < Kus, 72751, Following through with the proof, we see that

~

the factor that appears in the final estimate is actually [|v * 1/, ||i/oi, and so one

ultimately gets an additional factor K, /531 . |

The following corollary of Theorem 5.1 is deduced in essentially the same way
as in the proof of [4, Theorem 1.2] from [4, Propositions 3.1 and 3.2].

Corollary 5.2. Under the same assumptions of Theorem 5.1, the following holds:
if C1 = C1(8) and C, are sufficiently large, then there exists a set B with

v(B)>1— R7/C
such that if y € B and A is any set satisfying
[1(A) > C1(K 50 Kv50) /2R €2,

then
1Ay (A < w(A) 2 K3 R €5, 108)/3(W).

Proof. By the first part of Theorem 5.1, v(B’) > 1 — R=%/C2 where
- 1 _
B = {y:/ |Ay () — Ay fi(t)|de < ECl(KM,SOKM,Sl)I/zR S/CZ} ,
and C; and C, as in the statement. On the other hand, for each y € B’

p) = [ Ay d
Ay (4)

< [ 18,000~ &l dn + [ 18,70 dr
Ay (4) Ay (4)
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1 -
< Jul4) + / A (D).
Ay (A)

using the assumption on p(A) in the last line. Using Cauchy-Schwarz, we deduce

2
j(A)*/4 5( /|Ayﬂ(l)|dl) < Ay (A1Ay A7
Ay (4)

for all y € B’. By the second part of Theorem 5.1 and Markov’s inequality,
v(B") > 1—R™!, where

B = {y: 1Ayt 72 = K[G ROV E s +o@ns (0}
The claim follows by taking B = B’ N B”. |

The following result is a further corollary of Theorem 5.1 that is well suited to
the proof of Theorem 1.1.

Proposition 5.3. Let s, s; > 1. Suppose v € P([0, 1)?) satisfies
V(B(x,r)) <Cr® forallx € R,r > 0.

Let also u € P([0, 1)?) and assume that for each x € suppy(u) and for each

sufficiently large { we are given a 2~ T -measure Px.¢ Such that

Es(,Ox,e) = 20T'8(1)T£

and
dist(supp(v), supp(px.¢)) 2 1.

If £y is large enough (in terms of T, €), then there exists a set G C supp(u) x
supp(v) with (i x v)(G) > 9/10 such that for (x,y) € G the following holds: if
0> Lo and py ¢(F) > £72/5 for some 2-Tt et F, then

|Ay(F)| > 2707eWTE e o o a(pr)-

Proof. Fix x and ¢ for the time being and write p = p, ¢ for simplicity. We
are in the setting of Corollary 5.2 applied to p (in place of u) and v, with
so € (1,min(s,s1)), Kp5, = O(1)2°7¢MT¢ and K, = K,y = O(1). Here
we are using that a Frostman condition with exponent s; implies (quantitative)
finiteness of the energy for 59 < s7.

We can then fix § = o7,(1) and R = 2°7-«(DT¢ ip such a way that

072/5 > C1(KpsoKv,s) PR/ and  R79/C2 < o7 THOT(D),
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Let B,y = Ry B, where B is the set given by Corollary 5.2 applied with these
parameters. Then
V(Byg) = 1 =2 THOTeM),

Moreover, if y € B,y and F isa 2Tl get with px e (F) > £72/2, then

Ay (F)| > 2_0”(1)”/8(5—s+or_8(1))/3(px,£)
2270 MTLre o 13 (pxe),

using Lemma 3.4 and the fact that p, s is a 2~ Tt measure. Here we are using that
fora2™-set F,if |y — y’| <27 then |A,(F)| < O(1)|A,/(F)|.

Setting By, (x) = Ng>¢,Bx,¢, we have that v(By,(x)) > 9/10 for all x €
suppq (1), again provided £y is large enough. The set G = {(x,y):y € By, (x)}
has the desired properties. |

6. Proofs of main theorems

6.1. Proof of Theorem 1.1. In this section we prove Theorem 1.1. We fix
s € (1, 1.04) for the rest of the proof; all implicit constants may depend on it. Since
¢ is continuous, it is enough to prove the desired conclusion under the assumption
dimg (A) > s (rather than dimg (A) = s).

Letu = s — 1, and let n and ¢ be the numbers given by Corollary 4.4 for
this value of u. We let ¢ = ¢(u) where ¢ is the function in the statement of the
theorem. We note the identity

¢=§—(1—2u)n=w+n. (6.1)
Indeed, n and then ¢ were defined precisely so that this holds.

Recall that o7 (1) stands for a function of 7, ¢, r which tendsto 0 as T — oo
and &,7 — 01. We will henceforth assume that T, ¢, t are given, and that the
integer £ is chosen large enough in terms of 7, ¢, T that any required bounds on
£o to hold.

It is enough to show that if v, u € P([0, 1)?) have disjoint supports and satisfy
Frostman conditions

v(B(x,r)) S r%,
p(B(x,r)) <1,

for some sy > 1, then there is y € supp(v) (possibly depending on T, ¢, ) such
that

dimg (Ay (supp(i))) = ¢ — 07.6,2(1).
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See e.g. [6, Proof of Theorem 1.2] for details on this standard reduction. The
measures v, i are fixed for the rest of the proof and any implicit constants may
depend on them.

Let G’ C supp u x supp v be the set G given by Proposition 3.6. In particular,
(u xv)(G) > 2/3.

Given £ > {y let {’ = |££]. We consider, for each £, the decomposition (X ;)
given by Proposition 3.3 applied to Ryuu. We denote pg; = (Rep)x, ; and, for
x € Xy,i, we write

Pee = Repei-
(If x ¢ U; Xy, we define p/. , = p for completeness). Note that if pg; is o-
regular, then Ry py ; is (o1, ..., 0y )-regular. Using (ii) in Proposition 3.3,

Pl (B(.1)) S pri(B(y.r) < 20T=WTE(B(y, 1)) < 207 WTEps,
Since supp o', ,, is contained in the 0(2~Y)-neighborhood of supp y, we also have

dist(supp v, supp p, ») Z 1.

We have checked the assumptions of Proposition 5.3 for v and {P;,e/} (in fact,
¢ — ¢’ is not a bijection; to remedy this we can for example restrict our attention
to a subset of £ on which it is). Let G” C supp  x supp v be the set given the
proposition.

Define G = G'NG”. Then (uxv)(G) > 1/2. We henceforth fix a point y with
u(Aq) > 1/2 for the rest of the proof, where 4; = {x:(x,y) € G} C supp(u).
Our goal is to show that

dimpg (Ay A1) > ¢ —or,6,c(1),

which will clearly imply the statement.

In turn, by a standard dyadic pigeonholing argument (see e.g. [6, Lemma 6.2]
or [7, Lemma 3.1]), it is enough to show that if A, C A, satisfies g, (42) > (2
and ¢ is large enough, then

10gN(AyA2.0) = (§ — 07,6, (1)TE, 6.2)

Since the set A, (R¢ A>) is contained in the (v/2-27T4)-neighborhood of A yAa,
the numbers log N(A, 4>, £) and log N(A, Ry A», £) differ by at most a constant.
We can then assume that 4, is a 2~ T¢-set. Moreover, replacing A, by A,NRy (A1),
we may assume that A, C Ry(A1).

Consider again the sets (X; ;) given by Proposition 3.3 applied to R, . Using
the first part of the proposition with A = A,, and that

27T« 3077 < (A pa, (A2) = pu(Aa) = Reu(Az)
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for large enough £, we get that there is some i such that, setting X = X, ; and
p=pei = Rep)x,
(i) p(A2) = €72/3,
(i) Repu(X) = 2707«(MTE and therefore

€5(0) < Rep(X)2E5(Rep) Sp 207 MTle (1) < 20meDTE

(iii) p is o-regular for some sequence o = (01, ...,0¢), 0j € [—1,1],
(iv) X is contained in R, suppy(u).

Recall that G C G’ where G’ is the set from Proposition 3.6. Note that p and
A, satisfy the assumptions of the proposition, so (assuming ¢ > 0 is small enough
to ensure separation) we get that

M: (o)
{

log N(Ay Ay, £) > (1 . . oT,g,,(l))TZ. 6.3)

Denote p" = p/, , = Ry p. Using the fact that the set G C G” was defined so that
Proposition 5.3 holds, we also have that

log|Ay(A2)] = —10g(E(s—s)/3(p") — o1, () TE
and therefore
logN(Ay Az, £) = 10gN(Ay Az, £") = (1—07,.(1) T —log(E(s—g)/3(p")). (6.4)

From the results of [6] it follows the right-hand side of (6.3) is at least

(2—; — o7,.(1))TL. The idea is to show that if that right-hand side is too close
to %Tﬁ, then one gets an improvement using (6.4).
By Lemma 3.4 and (ii), (iii) above, and assuming that £, was taken large

enough in terms of 7', we have

J
Yoi=(s—=1)j—tore() (j=1....0).
i=1

Lemma 4.6 applies to give a 1-Lipschitz function f: [0, 1] — R with
@) f(j/0) = (01 + - +0)) for j € [or.e(1)¢. 4],

(®) f(x) = (s —1—ore()x,

(©) ¢Mc(0) = T(f) + orec().
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Suppose first that T(f) < 1 — ¢ + 207,(1)/3, where this particular instance of
0T1.(1) is the one from (b). Then (6.3) and (c) immediately yield (6.2).
Hence from now on we assume that
201 _ 1 =2(u—ore(l)
3 3 -
using the identity (6.1). Thanks to (b) above, we can apply Corollary 4.4 with
u —or,(1) in place of u. Since n and £ are smooth functions of u, we deduce that

T(f)>1—¢+

1+u
f(x) > 3 x—({1-2u)n—ore(l) on]0,E£].
Using (a) above, this implies that
7 +u
3 0= (1 =2u)n+ore(l)), j=1,....0.
i=1
By Lemma 3.4, this says that o/, which we recall is a (o1, . . ., 0¢/)-regular measure,

satisfies
10g € (auy3(0)) < TL(1 —2u)n + or.(1)).

In light of (6.4), and recalling that ¢’ = | ££] and the identity (6.1), we also get (6.2)
in this case, and this completes the proof of Theorem 1.1.

6.2. Proof of Theorem 1.2 (Hausdorff dimension part). Now we begin the
proof of Theorem 1.2. As before, we assume that dimg(4) > s and we aim to
prove that

dimp (A(A)) = x(s — 1). (6.5)

In the next section we indicate how to get the statement about box dimension of
pinned distance sets.
We henceforth fix u = s — 1, y = x(u) and let n, £ be the values given by
Corollary 4.5. We note the identities
2w+ 1)

x=E-(—dn =", (6.6)

Again, n and then y were defined precisely so that this holds.

As usual fix T > 1,e,7 < 1. It is enough to consider the case in which
A C [0,1)2. Let 1,2 € P([0,1)%) be measures supported on A such that
Es(1), Es(ua) < oo, and their supports are at distance =2 1. Any implicit
constants arising in the proof may depend on w1, ®» and s.

Let G1, G, C supp 1 x supp 2 be the sets given by Proposition 3.6 applied
topu = g andv = uy andto uw = up and v = puq respectively (in the second case
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we swap the coordinates to get a subset of supp 1 xsupp u2). Weset G = G1NG,
and note that (uy X u2)(G) > 1/3.
Write A(x, y) = |x — y| be the distance map. Our goal is to show that
dimH(A(G)) > X— 0T,s,r(1)-

Since A(G) C A(A x A), this will establish the Hausdorff dimension bound (6.5).
In turn, by the standard pigeonholing argument, in order to complete the proof it
is enough to prove the following claim.

Claim. Let n = py x pa. The following holds if £ is large enough in terms of
w1, 2,8, T, e, t2if H is a Borel subset of [0, 1)% x [0, 1)? such that ug(H) > {72,
then

log N(A(H), &) = TL(x — 0T,e,z(1)).

We will in fact prove the following stronger fact: there is z such that
logN({|x —z|: (x,z) e Hor (z,x) € H},{) > Tl(x — or-(1)). (6.7)

We may assume also that H is a 2~7*-set, since proving (6.7) for R H also proves
it for H. We also assume that H C R;G. Note that Ryu(H) = pu(H) =

G (H)(G) > £72/3.
We denote the decompositions given by Proposition 3.3 applied to R,u; by
(Xj.ex), and set pj ¢ = (Repj)x; , - Write
iy dea = Repr (X0 ) Rep2 (X204, )
and note that
(Reper X Repa) (H) = My ey (01,04, X P2,tde,)(H) = 22776 (6.8)
ki.k2

so we can fix ki, k2 such that p; = p; ¢k, satisfy
(o1 % p2)(H) = £72/4. (6.9)
We can find y; € supp(p;) and sets A; C supp(p;) such that p; (A;) > £~2/4 and
(x1,¥2), (x2,y1) € H CRy(G) forall x; € 4;

Leto) € [~1, 1]* be the sequences such that p; is /) -regular. Using Lemma 3.4
and the fact that the sets Xj ¢k, are obtained from Proposition 3.3, we have

k
Y o = (s — Dk —tore())  (k=1....0.

i=1
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We apply Lemma 4.6 to obtain 1-Lipschitz functions fi, f>:[0, 1] — R with

@ fi(k/0) = Lo + 40 fork € [ore(1)¢, 4],

(®) fi(x) = (s —1—ore(1))x,

© M (V) < T(fj) + 076, (1).
We assume first that T(f;) < 1 — y + 207,(1)/3, where this instance of o1 (1)
is the one from (b). In this case there is y’ with |y’ — y»| < 277¢ and such that y’

and A; satisfy the hypotheses of Proposition 3.6 applied with u = p; and v = pu»
(recall the definition of the set G). From (c) and the proposition we get

log N(A(G), £) = log N(Ay/(A2). £) = O(1) = (x — or,e, (1)) TL.

The case T(f1) < 1— x +2o0r,(1)/3 is identical, so we assume from now on that
for both j = 1,2 it holds that

1 —2(u —or,s(1))
—1n
3
The goal is to apply Corollary 5.2 with u = p/, v = p, and s; = 5/4, where
p; = Ry p; and £ = [£¢]. To begin, notice that since the p; were obtained from
Proposition 3.3, we have

T(f;))>1—y+2071:(1)/3 =

Es(p;) < Es(pj) < 20T’8(1)T£-
Now, thanks to (b) both f; and f, satisfy the hypotheses of Corollary 4.5 with
u — ot(1) in place of u, so we get

x —3n(1 —4u)
4
for j = 1, 2. Using (a) above and recalling that £’ = |££], this yields

fix) = —ore(1) on[0,§]

k
. 3
Y 1/4-0 < K(Zn(l —4u) + oT,g(l)), k=1,...0.

i=1
Lemma 3.2 applied to p) yields

,0/2(B(x, r)) s 2(3n(1—4u)/4+0T,8(1))TZ r5/4’ (610)
while Lemma 3.4 shows that

Es/ator.)(py) S 277 DTS (o)) 5 2B atorcITL (6.11)

We also have the separation property

dist(supp(p}), supp(p3)) X 1.
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We have verified that the assumptions of Corollary 5.2 are satisfied for u = p},
v = p,, with so =5, 51 = 5/4 and

Ky s 20707 Ry oy < 2TEONU—40/4507..))
Let Cy(8), C; be the numbers given by the corollary. Note that
P (R A1) = Ryp1(Rp A1) = p1(Ar) = £72/5.
On the other hand, we can choose § = 0o7,(1) and R = 207.eMTL g4 that
072/5> Ci)(Ky Ky )'PR™Y and R7Y/C < 27707,
It follows from (6.9) that we can find B C supp(p,) with
p5(B) > £72/8 > R79/C2
such that for all y € B it holds that
p1(Ay) > €72/8 where A, = {x:(x,y) € Ry H}.

By Corollary 5.2 and (6.11), we can find a point y € B such that p}(4,) 2 {2
and

—(n(1- - -1
|Ay(ng/Ay)| >2 m(1—4u)/4—o7 (1))TL (85/4+0T.s(1)(:0/1))
> 9—(m(—4w)tor ()TL

Using that dist(y, supp(v)) < 2~ pick z € supp(v) such that
log N(Az(A1), £) > 1og N(A; (A1), L)
> (1 —or()T —n(1 —4u)TL
> (§ —n(1—4u) —or,(1)TL.
In light of (6.6), this yields (6.7) and concludes the proof of the Hausdorff dimen-
sion bound (6.5).

6.3. Proof of Theorem 1.2 (box dimension part). Now we turn to the part of
Theorem 1.2 concerning the lower box dimension of A, (A4). We now assume that
H5(A) > 0 and aim to prove that there is y € A such that

dimg (A (4)) = (s = 1). (6.12)

In fact, we will prove that v-almost all y are good, where v is an s-Frostman
measure on A4, i.e. v(B(x,r)) < r.
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As usual we assume that A C [0, 1)2, and allow all implicit constants to depend
on s and the implicity constant in the Frostman condition. Moreover, we fix
u=s—1, y = y(u) and n, £ as given by Corollary 4.5.

We claim that it is enough to show that for large enough £ (depending on T, ¢, 7)
if v(B) > {72, then there is y € B such that

log N(AyA.€) > (x — o7 (1)TL. (6.13)

Indeed, assuming this, it follows that for v-almost all y the inequality (6.13) holds
for all sufficiently large £ (depending on T, ¢, T and y). Taking a suitable sequence
(T;.¢j, tj) we see that (6.12) holds for v-almost all y.

Before we embark on the proof of (6.13), we present a lemma that will allow
us to go back to a setting very similar to that of §6.2. By a square we mean one
with axes-parallel sides, and we denote side-lengths by A(-).

Lemma 6.1. Suppose p € P([0,1)?) satisfies p(B(x,r)) < Lr® for some s €
(1,2], L > 0. Then there exists squares Q, Q1, Q2 such that Q; C Q, p(Q;) >
L=9%W gnd

dist(Q1, 02) 2 A(Q).

We emphasize that the implicit constants do not depend on L.

Proof. Let K = K(s) > 1 be a number to be determined later. Let us say that a
square Q is good if it contains two sub-squares Q, Q» with A(Q;) > A(Q)/100,
p(Q;) = p(Q)/K and dist(Q1, Q) > A(Q)/100; otherwise, we say that Q is
bad.

We claim that if Q is bad then it contains a sub-square Q' with A(Q’) <
A(Q)/10 and p(Q’) = p(Q)(1 — O(1/K)). Indeed, if K is large enough then cer-
tainly there is a sub-square Q¢ with A(Q¢) = A(Q)/100 and p(Qo) > p(Q)/K.
Let Q' be the smallest square that contains all sub-squares of Q with side-length
A(Q)/100 that are at distance < 1/100 of Q¢. Then A(Q’) < A(Q)/10and O \ O’
can be covered by O(1) squares of side length A(Q)/100, each of which has p-
mass at most p(Q)/ K, so the claim follows.

We now construct inductively a decreasing sequence of squares (R;) as fol-
lows. Let Ry = [0,1)%. If R; is good we stop. Otherwise, we let Rj1q be a
subsquare of R; with A(Rj+1) < A(R;)/10 and p(R;+1) > p(R;)(1 — O(1/K)).
By construction, if K was taken large enough in terms of s then

p(R;) = (1 - O(1/K))’
> A(R;)'oe(1=00/K)/log(1/10)
> 100A(R;) ' A(R))",
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and this contradicts the Frostman assumption if A(R;) < L™!. Hence the process
must stop in < log L steps. Letting O = R;, the last square obtained in this
process, we obtain the claim. |

Now we begin the proof of (6.13). Let B and £ with v(B) > £~2 be given.
We apply Lemma 6.1 to vg, with L = O({?); let Q, Q1. Q> be the squares
given by the lemma. Moreover, let H be the homothety mapping Q to [0, 1)2,
which has ratio < £9()) by the lemma and the Frostman condition. Finally, let
Wi = H(ijnB). By construction, we have

i(B(x,r) 5 €007,

and
dist(supp(it1), supp(u2)) 2 1.

These properties of w1, u, are very similar to those in §6.2, except that we have
the extra factor £°(1) in the Frostman constant (and hence also in the so-energy of
wj, where so = (1 4 s)/2). However, since 00 « 2¢TE for large £, the proof of
the Hausdorft dimension part carries over in exactly the same way to yield (for j
equal to either 1 or 2) a point z € supp u; such that

log N(Az (supp(u3—;)). €) = (x — or,e:(1))TL.
Applying H~! to A, (supp(i3—;)), we conclude that y = H ™!z satisfies

log N(A,(B), £) > log N(A,(B). £ + O(log £)) — O(log {)
> log N(Az(supp(us—;)), ¢) — O(log¥)
> (X — o1, (1)TL.

Since B C A, this concludes the proof of (6.13) and with it of Theorem 1.2.
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