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Intermediate Assouad-like dimensions

Ignacio Garcia,! Kathryn E. Hare,!*2 and Franklin Mendivil3

Abstract. We study a class of bi-Lipschitz-invariant dimensions that range between the
box and Assouad dimensions. The quasi-Assouad dimensions and #-Assouad spectrum
are other special examples. These dimensions are localized, like Assouad dimensions, but
vary in the depth of scale which is considered, thus they provide very refined geometric
information. Our main focus is on the intermediate dimensions which range between the
quasi-Assouad and Assouad dimensions, complementing the §-Assouad spectrum which
ranges between the box and quasi-Assouad dimensions.

We investigate the relationship between these and the familiar dimensions. We con-
struct a Cantor set with a non-trivial interval of dimensions, the endpoints of this interval
being given by the quasi-Assouad and Assouad dimensions of the set. We study stability
and continuity-like properties of the dimensions. In contrast with the Assouad-type dimen-
sions, we see that decreasing sets in R with decreasing gaps need not have dimension 0 or
1. As is the case for Hausdorff and Assouad dimensions, the Cantor set and the decreasing
set have the extreme dimensions among all compact sets in R whose complementary set
consists of open intervals of the same lengths.
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1. Introduction and main results

1.1. Introduction. Over the years, many notions of dimension have been intro-
duced to help understand the geometry of (often “small”) subsets of metric spaces,
such as subsets of R” of Lebesgue measure zero. Hausdorff, box and packing di-
mensions are well known examples of such notions. More recently, the upper and
lower Assouad dimensions of a set E, denoted dim4 £ and dimz, E respectively,
which quantify the “thickest” or “thinnest” part of the space, were introduced by
Assouad in [1, 2] and Larman in [23]. Along with their less extreme versions, the
upper and lower quasi-Assouad dimensions, dimg4 E and dim,;, E, introduced in
[4, 26], these dimensions have been extensively studied within the fractal geome-
try community; see for example, [5, 8, 11, 10, 12, 13, 14, 18, 22, 25, 27, 28] and
the references cited therein. These dimensions can roughly be thought of as local
refinements of the box-counting dimensions where one takes the most extreme
local behaviour. The following relationships are known for all compact sets E:

dimy, E < dim,, E < dimg E < dimgE < dimpE < dimg4 E < dimy E,

where dimg, dimy, dimp denote the HausdorfF, lower and upper box dimensions
respectively. See [6, 8, 14, 26] for proofs.

In several recent papers, a range of intermediate dimensions have been intro-
duced and studied. For instance, in [7], Falconer, Fraser and Kempton discussed a
continuum of dimensions that lie between the Hausdorff and box dimensions. In
[12, 13], Fraser and Yu focussed on the family of dimensions known as the upper
(or lower) 0-Assouad spectrum, which lie between the upper (or lower) box and
quasi-upper (resp., lower) Assouad dimensions. For further references, we refer
the reader to Fraser’s survey paper [9].

In this paper, we study a general class of intermediate dimensions, which we
refer to as the upper and lower ®-dimensions. These include the (quasi-) Assouad
dimensions and 8-Assouad spectrum as special cases, with the box dimensions
typically arising as a limit. More generally, the ®-dimensions provide a range of
bi-Lipschitz invariant dimensions between the box, quasi-Assouad and Assouad
dimensions. As the box and (quasi-) Assouad dimensions for a given set can all be
different, the intermediate ®-dimensions provide more refined information about
the local geometry of the set, such as detailed information about the scales at which
one can observe extreme local behaviour.

Another motivation for us to investigate these intermediate dimensions was the
classical problem of understanding the dimension of “rearrangements” of Cantor
sets. This problem was first considered by Besicovitch and Taylor in [3] for the
Hausdorff dimension in the deterministic case and later by Hawkes in [19] for



Intermediate Assouad-like dimensions 203

the random situation. In [16] we prove that if ®(x) <« log|logx|/|log x|, then
the upper and lower ®-dimensions of almost all (in a natural probabilistic sense)
rearrangements of a given Cantor set are 1 and 0 respectively, while if ®(x) >
log | log x|/| log x|, then almost all rearrangements have the same upper and lower
®-dimensions as the original Cantor set. The first case includes the Assouad
dimensions and the second, the quasi-Assouad. In [30], Troscheit obtained similar
results for other random constructions.

1.2. ®-dimensions. To explain these dimensions in more detail, we first recall
that for the upper box dimension of a metric space E one considers the minimal
number of balls of radius r that are required to cover the entire space E, say N, (E),
and computes the infimal exponent s such that N,(E) < r=¥ as r — 0. For the
upper Assouad dimension of E one determines, instead, the infimal s such that

Nr(B(z, R)NE) < (R/r)’

for all ¥ < R and all centres z € E. The lower Assouad dimension is a similar
local variation of the lower box dimension. The quasi-Assouad dimensions are
less extreme versions of the Assouad dimensions, requiring only that the bounds
hold for r < R? where the exponent p decreases to 1.

Fraser and Yu observed in [12, Section 9] that a rich dimension theory can be
developed by considering decreasing continuous functions F(x) < x, choosing
r = F(R) (or r < F(R) in our modified case) and studying the corresponding
Assouad-like dimensions. In [10, 12, 13], Fraser et al studied the special case
of F(x) = x'? for fixed & € (0, 1), the so-called upper and lower 8-Assouad
spectrum. As 6 — 1, the upper (lower) 8-Assouad spectrum tends from below
(resp., above) to the upper (resp., lower) quasi-Assouad dimension. As § — 0, the
upper 8-Assouad spectrum tends from above to the upper box dimension, while
the lower 0-Assouad spectrum is dominated by the lower box dimension.

Motivated by the work of Fraser, we consider the quite general class of func-
tions F(x) = x'+®™ requiring only that F(x) decreasesto 0 as x | 0. The upper
and lower ®-dimensions of E, denoted by dimg E, dimg E respectively, arise by
restricting to r < R'T®(®)_ We refer the reader to Definition 2.3 for the precise
definitions.

When & = 0 we recover the Assouad dimensions and when ® = 1/6 — 1, we
get the 6-Assouad spectrum. It will be shown that if &(x) - oo as x — 0
(and dimgy E > 0) the upper (lower) ®-dimension is the upper (resp., lower)
box dimension (Proposition 2.8), while if ®(x) — § € (0, c0), then the upper
(lower) ®-dimension coincides with the upper (resp., lower) 6-Assouad spectrum



204 1. Garcia, K. E. Hare, and F. Mendivil

for § = (1 + 8)~! (Corollary 2.12). Thus our main interest in this paper is in the
case that & — 0 (such as the function ®(x) = log|log x|/|log x|, which appears
naturally in the random problem) when we obtain a full range of intermediate
dimensions between the quasi-Assouad and Assouad dimensions.

1.3. Summary of the main results. The primary purpose of this paper is to
study the basic properties of these intermediate dimensions.

One easy property is that the upper ®-dimension is finitely stable, but the lower
®-dimension is not. See Proposition 2.5.

1.3.1. Relationship between dimensions. A natural question to ask is how the
®-dimensions compare, both with each other and to the familiar dimensions.
Clearly, they are naturally ordered: if ®; < &,, then ﬁcpl (E) > ﬁcpz (E)
and vice versa for the lower ®-dimensions. Thus the upper (lower) ®-dimensions
lie between the upper (lower) box and the upper (lower) Assouad dimensions.
Here is an overview of some of our main theoretical results on this question.

(1) If &(x) < ¢/ |logx|, then the upper and lower ®-dimensions coincide with
the upper and lower Assouad dimensions (respectively) for all sets E. See
Proposition 2.10.

(2) The upper and lower quasi-Assouad dimensions are special examples of
upper and lower ®-dimensions, but the choice of dimension functions will
depend on the underlying set E. See Proposition 2.15.

3) If &;/P,(x) — 1 as x — 0, then the upper (and lower) ®; and ®,-dimen-
sions coincide for all sets E. See Proposition 2.11(i).

(4) If there is a constant & > 0 such that ®; > (1 + &)®d,, then there are
sets Ey, E with dimg, (E;) # dime, E; and dimg E, # dimg, E,. See
Theorem 3.8.

(5) Given any family of decreasing dimension functions, {®,},e(0,1), With
®, > @, for p > ¢, and given any decreasing, continuous function
d:(0,1) — [a,b] € (0,1), there is a set £ C R with di—m<1>p(E) =d(p)
for all p. The analogous result holds for the lower dimensions. See Theo-
rem 3.9. Hence there are subsets of R with a full (non-trivial) interval of
dimensions whose endpoints are given by the quasi-Assouad and Assouad
dimensions. See Corollary 3.11.

(6) Itis known that the lower 8-Assouad spectrum of a set are not uniformly dom-
inated above by the Hausdorff dimension. However dimg, L E = 5 dimy E for
®g = 1/6 — 1. See Proposition 2.16.
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(7) In[5]and [13],itis shown that both the upper and lower 8-Assouad spectrum
are continuous in the parameter 6. More generally, if ®;(x) = g(¢1)P(x)
where g is continuous and g(zo) # 0, then dimg, (E) — dimg, (E) as
t — to, and similarly for the lower dimensions. But this need not be true
when g(fp) = 0. See Propositions 2.11(ii) and 3.6. This suggests that it
may be difficult to find a one-parameter family of continuous dimension
functions that interpolates precisely between the quasi-Assouad and Assouad
dimensions.

1.3.2. Decreasing sets. In [15] it was shown that if £ = {x,}, € Ris a
decreasing sequence with decreasing gaps, then the Assouad dimension is either 0
or 1. Likewise, the quasi-Assouad dimension is O if dimg E = 0 and 1 otherwise.
In contrast, in Example 2.18 we construct a decreasing set £ with decreasing gaps
and a dimension function ® — 0 with dimyy £ =0 < dimgE < dimy E = 1.

1.3.3. Cantor sets and Rearrangements. We give formulas for the ®-dimen-
sions of Cantor-like sets, similar to those known for Hausdorff, box and Assouad
dimensions, in Theorem 3.5. These are used in some of our constructions, such
as in exhibiting sets with different values for various ®-dimensions as mentioned
in (4) and (5) above. This approach was taken in [14] and [26] to construct sets
with different box and (quasi-) Assouad dimensions, but new ideas are required
here.

In [3], Besicovitch and Taylor proved that if C is a Cantor-like set, then the
interval [0, dimg C] is precisely the set of Hausdorft dimensions of “rearrange-
ments” of C, the sets whose complement consists of open intervals of the same
lengths as the complementary intervals of C. This was extended in [15] where
it was found that the set of attainable lower (upper) Assouad dimensions was
[0, dimy, C] (resp., [dimy4 C, 1]), with O (resp., 1) being the lower (upper) Assouad
dimension of the decreasing rearrangement. In Section 4, we study this problem
for the ®-dimensions and show that under natural assumptions, the ®-dimensions
of any rearrangement lies between the dimensions of the Cantor set and the de-
creasing rearrangement (whose upper ®-dimension could be < 1). Further, for
any & — p € [0, o0] (including the quasi-Assouad dimensions), this full range
of values can be attained. New construction techniques are needed to do this.
In [16] some of these results are used in studying the ®-dimensions of random
rearrangements.

Acknowledgements. The authors are grateful to the referee for the valuable
suggestions made to improve the clarity in the exposition of the paper.
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2. Basic properties of the ®-dimensions

2.1. Definitions. We begin with notation and definitions. Let X be a metric
space.

Notation 2.1. We denote the closed ball centred at z € X with radius R by
B(z, R). Forabounded set £ C X, the notation N, (£) will mean the least number
of balls of radius r that cover E.

Definition 2.2. A map ®: (0, 1)~ R™ is called a dimension function if x'+®®
decreases as x decreases to 0. We write D for the set of all dimension functions.

Of course, R'T®(®) < R so R1T®® _ (0 as R — 0 for any dimension func-
tion . Special examples of dimension functions include the constant functions
®(x) = § > 0 and the function ®(x) = 1/|log x|.

Definition 2.3. Let X be a metric space and ® € D. The upper and lower
®-dimensions of E C X are given by

dime E = inf{a: (Ac1, 2 > 0)(VO <r < RFEB < R < ¢))
R\«
sup N,(B(z, R) N E) < C2<—> }
zeE r
and

dimgE = sup{a: (Ac1, 2 > 0)(VO < r < RFTEB < R < ¢))

inf N, (B(z. R)N E) = Cz(g)a}.

A standard argument based upon the relationship between balls in bi-Lipschitz
spaces, shows that upper and lower ®-dimensions are preserved under bi-Lipschitz
maps. We also note that, as with the box dimensions, a set and its closure have the
same upper or lower ®-dimensions.

The upper and lower (quasi)-Assouad dimensions and spectrum can be ex-
pressed in terms of ®-dimensions.

Remark 2.4. (i) The upper Assouad and lower Assouad dimensions of E, denoted
dimy £ and dimy E respectively, are the special cases of the upper and lower
®-dimensions with ®(x) = 0 for all x.
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(ii) The upper and lower 6-Assouad spectrum, ﬁiE and di_miE , are the
special cases of the upper and lower ®y-dimensions with ®y(x) = 1/60—1 > 0 for
all x. To be precise, the upper and lower 6-Assouad spectrum introduced in [12]
only required consideration of r = RY%. However, it was shown in [10] that
if we denote this dimension by di—mjeE , then di—sz = supy < dim, " E. with
the analogous statement proven in [5] (see also [18]) for the lower 6-Assouad
spectrum.

(iii) The upper quasi-Assouad and lower quasi-Assouad dimensions are given
by
dimgg E = (}im dimg,E and dimy, E = (}im dimg, E,
—1 —1

where, again, ®g(x) = 1/6 — 1 > 0. In Proposition 2.15 we will prove that the
quasi-Assouad dimensions can also be obtained as ®-dimensions, but the choice
of ® depends on the set E.

We refer the reader to the references cited in the introduction of this paper for
further background information on these various Assouad-like dimensions.

It is easy to see that dimgy £ = 0 whenever E has an isolated point, thus we
need not have dimgy £ < dimg F if £ € F. This monotonicity property does,
however, hold for the upper ®-dimension, as does finite stability. We show this
first, along with bounds on the lower ®-dimension of finite unions.

Proposition 2.5. (i) If E C F, then dimgE < dimg F. Indeed, for E, F C X,
dimg (E U F) = max(dime E, dimg F).
(ii) Forall E, F C X,
min(dimg £, dimg F) < dimg(E U F) < max(dimg E, dime F).

Proof. (i) The fact that dime(E U F) > max(dime E, dime F) follows easily from
the observation thatif z € E U F, say z € E, then

Ny (B(z, R)N(E U F)) = Nr(B(z, R) N E).
To see the reverse inequality, first note that
Ny(B(z, R)N(E U F)) < N;(B(z, R)N E) + N,(B(z, R) N F).

Fix ¢ > 0Oandassume z € E and r < 131 1+®(R) for small R. Then there is a constant
¢ such that N, (B(z, R) N E) < ¢ (B)" ™ where dy = dimg E. If B(z, R) N F is
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empty, then trivially
R\di+e
N,(B(z, )N (E U F)) < c(—) o
r

Otherwise, there is some y € B(z, R) N F,and as B(z, )N F € B(y,2R)N F
we have

R\ dx+e
N,(B(z, R) N F) < N,(B(y,2R) N F) < c’(7)

for d» = dime F. In either case, there is a constant C such that

N,(B(z, )N (E U F)) < c(?)dﬂ

ford = max(di—mq>E,di—rnq>F) forallz € EUF and r < RIT2®) proving that
dime (EU F) <d.

(ii) The lower bound is obvious. For the upper bound, choose z; and r; <
RJHCD(R 7 such that Ny (B(zj,R) NE) < ¢; ( )d‘+s where d; = dimg E and
e > 01is fixed. Choosing y; € B(zj, Rj) N F (if this set is non- -empty), we have

Ny, (B(zj, Rj) N (E U F)) < Ny, (B(zj, Rj) N E) + Ny, (B(y;,2R;) N F)

R:\di+e R:\dx+e R.\d+e
501(-‘/) 1 +02(—]> < C(—’)
Ty Tj Ty

where d, = dimgF and d = max(dy, da). O

Remark 2.6. We will always assume the underlying metric space X is doubling,
which means that there is a constant M > 1 so that for any R > 0, each ball of
radius R can be covered with at most M balls of radius R/2. The least such M is
called the doubling constant of the space. This condition is equivalent to saying
the space has bounded upper Assouad dimension, [20]. For example, if E € R,
thendimy £ < d.

The doubling assumption ensures that in the definitions of the ®-dimensions
the covering number N, (B(z, R) N E) could be replaced by the packing number
P, (B(z, R) N E), the maximum number of disjoint balls of radius r, centred in
B(z, R) N E. This is because the packing and covering numbers are comparable:

1
MN,(F) < P.(F)<M-N,;(F) forany F C X.

2.2. Relationships between dimensions. We begin by recalling the relation-
ships between Assouad-like dimensions and various classical dimensions. We
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denote by dimg, dimy and dimp the HausdorfF, lower box and upper box dimen-
sions respectively. The box dimensions are defined for bounded sets and satisfy

dimg E < dimgzE < dimpE.

We refer to [6] for the definitions and basic properties of these dimensions.
Clearly we have the following relationships:

dimy E <dimyy E < dimgE < dimpE < dimy4 E < dimy E

and
dimy, E < dimgE < dimgE < dimy E.

Since dimg E > dimy E, we obviously have
dimg E < dimgy E
and for closed sets E it is also true that
dimg;, £ < dimg E;

see [14] (and [24] for the earlier result, dimy; £ < dimg E). This inequality is not
true in general, for example, if ) denotes the set of rational numbers in [0, 1], then
dimyg Q = 0, butdimgy;, Q = dimyy, R =1.

Obviously, if ®(x) < W(x) for all x € (0, 1), then

dimgy E <dimyE and dimy < dimgE.

Consequently, if ®(x) — 0 as x — 0, then the ®-dimensions give a range of
dimensions between the Assouad and quasi-Assouad type dimensions:

dimy E < dimg E < dimyz, E < dimg4 E < dimeE < dimy E .

Remark 2.7. We remark that in Section 3 of this paper many examples are con-
structed which demonstrate strictness in these inequalities. These are based on the
formulas given in Theorem 3.5 for the ®-dimensions of Cantor sets. The reader
can also refer to [14, Ex. 16] or [26, Ex. 1.18] for similar constructions illustrating
the strictness of the relationship between the quasi-Assouad and Assouad dimen-
sions.

Here are some additional facts about the relationships between these dimen-
sions.
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Proposition 2.8. (i) For any ® € D,

dimg E < dimg E < dimpE < dimgE.

(i) If ®(x) — oo as x — 0, then dimgE = dimgE. If. in addition,
dimgE > 0, then dimg, £ = dimg E.

Remark 2.9. Since dimg E = 0 if E has an isolated point, it need not be true that
dimg E = dimg £ under only the assumption that $(x) — oco.

Proof. (i) As our metric space is assumed to be doubling, we even have that
dimgE < oo. Thus, we may suppose b = dimgE and b — ¢ = dimgE for
some ¢ > 0. Given small r, choose R such that r = RP® where (R) =
max(l + ®(R), 4). It is easy to see that

N,(E) < sup N, (B(z, R) N E) - Ng(E).
zeE

If R is small enough, then for some constant c,

No(E) < o R )”‘8/ 2 R-b+e) _ p-BRYb—c/2+36/@B(R) _ ,p—(b—c/8)
<c( <

This implies dimp E < b — ¢/8, which is a contradiction.

The arguments are similar to show the lower box dimension is an upper bound
on the lower ®-dimensions, but using packing numbers instead of covering num-
bers, both for the lower ®-dimensions and the lower box dimension.

(i) If ®(x) — coas x — 0, then ®(x) > p for any p, provided x is sufficiently
small. Thus the monotonicity of the ®-dimensions implies that if 6 = (1 + p)~!
and ¥(x) = p, then dimgE < dimgE < dimgE = di—mZE. The result for the
upper dimension then follows since the upper 6-Assouad spectrum converges to
dimgE as p — oo (8 — 0), as a consequence of [10, Theorem 2.1] and [12,
Proposition 3.1].

For the lower dimension case, suppose that dimg £ = d > O andlet 0 < e <
d/2 be given. Since ®(x) — oo, we have

Ré/e—1 Rd/e—1 (g)d—f

. Z Rirem X = (l)d—2e
r

as R — 0, provided r < R'*®®  We note that for r < RT®® < diam(E),

R\d—e
N (E) > N,(B(z, R)NE) > C(-) > Cr26—d
r
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and thus dimp E > d — 2¢ for all such €. This implies that dimz £ > d. Since we
know that dimg £ < dimpg E, we obtain equality. O

It is natural to ask when two dimension functions give rise to the same dimen-
sions for all sets E.

Proposition 2.10. If there is some constant ¢ such that ®(x) < c¢/|logx|, then
dim;, E = dimgE and dimy E = dimgE.

Proof. This is simply due to the fact that if ®&(x) < c¢/|logx|, then there are
positive constants a, b such thata < R®® < p for all R € (0, 1). O

Proposition 2.11. (i) Suppose @1, P, € D and ®1(x)/P2(x) — 1 asx — 0.
Then di—mq>1E = di—m<1>2E and dimg E = dimg E for all sets E.

(ii) Assume g: (0, 1) — R is continuous at ty and g(ty) # 0. Suppose ® € D
and put ®,(x) = g(t)®(x). For any set E, dimg, E — ﬁcptoE ast — to. The
same statement holds for the lower dimensions.

From (i), we immediately deduce the following.

Corollary 2.12. If ®(x) — § as x — 0 for some 0 < § < oo, then for
0=(1+8"",

-— —9
dimgE = dimyE and dimgE = dim} E.

The proof of the proposition is an easy consequence of the estimates in the
Lemma below.

Lemma 2.13. Let ® and V be dimension functions and assume that for some
€ > 0 there exists xo > 0 such that |®(x)/V(x) — 1| <€ forall 0 < x < xo.
(i) Choose c1, ca, depending on €, such that
R\ (dimg E +¢)
N,(B(z, R)N E) < C2<—>
.
forallz € E andr < R"®® < R < ¢,. Then, there is a constant C such that
foranyz € Eand 0 <r < R'"TY® < R < ¢| we have

ey

R)(M¢E+e)(1+e)

r

Ny(B(z, R)NE) < c(



212 1. Garcia, K. E. Hare, and F. Mendivil

(ii) Analogously, chose c1, ¢, such that
R (dimy E —¢)
N,(B(z, R)NE) > c2(—)
,
forallz € Eandr < RYTY(R) < R < ¢|. Then, there is some ¢ > 0 such that for
anyz € Eand0 < r < R'T®® < R < ¢, we have

R )di_m\pE—f(l‘Hng M)

N,(B(z, R)N E) > c(7 , 2)

where M is the doubling constant of the space.

Proof. (i)Letd = dimgE and pick0 < r < R'T¥Y® <« R < ¢, Ifr < RO,
then (1) follows by the definition of dimg E. Otherwise, R!T®®) < p < RIHYR)
hence W(R) < ®(R) and therefore 0 < ®(R) — V(R) < eV (R). Consequently,

Ny (B(z, R)N E) < Npi+or) (B(z, R) N E)

R d+e
=€ (R1+d><R))

c (5)‘”6 R-(@R—¥(R)d+e)
;

c ( R )d € U (R d+e)
p

R\ (d+e)(1+¢€)
=c(=) .
r

IA

A

(ii) Now let d = dimyE and pick 0 < r < R*®W® < R < ¢;. Again, if
r < R'Y® ‘then (2) follows by the definition of dimg, E. Otherwise, R!T¥(® <
r < R'®® hence ®(R) < W(R) so W(R)(1 —€) < ®(R). Then,
Ny (B(z, R)NE) > Npi+ow) (B(z, R) N E) > Npi+a-oww (B(z, R) N E).

But R!T1-O¥R) — RI+¥RIZT with T = eW(R)log, R, and since the metric
space is doubling with doubling constant M, iterating this definition we have that
each ball of radius R'+*(1=9¥(®) can be covered by at most M 71 balls of radius
R'TY(®) Therefore,

Ngi+a-owr (B(z, R)N E) > M_rT]NRl+\P(R) (B(z, R)NE)

R d—e
-7
zcM <R1+\IJ<R))

— CRelIJ(R) logzMR—lIJ(R)(d—e)
— CR—\IJ(R)(d—e(l—Hogz M))

R\ d—e(1+log, M)
> () .

r

Here the last inequality holds since R'T¥*® < . O
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Proof of Proposition 2.11. (i) The assumption ®1(x)/®2(x) — lasx — 0
ensures that for each € > 0 there is some ¢y = co(€) such that

‘ ®1(R)
@1 (R)

Thus (1) holds for all R < min(cg, c1) (Where ¢; was introduced in Lemma 2.13)
and that implies E%E < (ﬁcpl E +¢€)(1 +¢) for any € > 0. Hence ﬁcpz E <
cli—mqp1 E. Since the roles of ®; and @, can be interchanged because the condition
is symmetric, the opposite inequality also holds.

The statement for the lower dimensions follows in the same way. Observe that
by symmetry there is no need to consider separately the hypothetical case when
one of the dimensions is zero.

(ii) Given € > 0 choose § > 0 such that

max(|g(t0)/g (1) — 1], 1g(2)/g(t0) =1]) <€

for any |t — #o| < 8. For each such ¢, apply Lemma 2.13 to ®; and &,,. O

—1‘56 for R < co.

In Proposition 3.6 we will see that the convergence of (ii) need not hold if
g(to) = 0.

Remark 2.14. In order to apply Lemma 2.13 to prove the “continuity” property
of Prop. 2.11(ii) , it was necessary that the convergence of ®;(x)/®,,(x) was
uniform in x. For instance, Lemma 2.13 cannot be applied to families such as
®,(x) = |logx|~" with ¢ € (0,1]. We do not know if there is a one-parameter
family of dimension functions which range continuously from the quasi-Assouad
to the Assouad dimensions.

The quasi-Assouad dimensions can also be understood as special cases of
®-dimensions, but the functions ® need to be tailored for the specific set.

Proposition 2.15. For any E C X, there are dimension functions ®,, ®, (de-
pending on E), which tend to 0 and satisfying dimgyq E = ﬁcpl E and dimy; E
= di_mcsz .

Proof. Since our choice of dimension functions will satisfy ®; — 0, it will
automatically be true that dimg, E > dim,4 E and dimg E < dimgy E. Thus
we need only check the opposite inequalities.

First, consider the quasi-Assouad dimension. Putd = dim,4 E. By definition,
for each n € IN, there are 8, | 0 and p, | 0 such that forall » < R'*% < R < p,
and z € E, we have

N,(B(z, R)N E) < (?)Hl/”.
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_ . . 1+£j_1 _ 1+8j
Putn; = 1 andinductively define a subsequence {n; } so that p; = Pjt1
where, for notational convenience, we put p; = p, y and ¢; = &, ” Since
14+¢; 1+¢; .
gj—1 > ¢j, we also have p; < pj4+1 - hence there is some g; € (pj+1. pjl
. I+e; 1 1+¢;
with ¢, =Djt1 -

We are now ready to define ®;. For R € (q;, pj] we put ®;(R) = &1,
while for R € (pj+1,q;] we define ®;(R) by the rule that R1+®1(®) — pllif’
Observe that in either case, ®1(R) > ¢;. It is straight forward to verify that
the function R'*®®) decreases to 0 as R decreases to 0, and therefore ®; is a
dimension function.

If Re(pj+1,9;], then R1Fe/-1 §q}+sj_l = R'*®1(® and thus ®;(R) <&j_1.
This shows that ®; tends to 0.

We will check that dimg, E < d + 1/ny for any given N. To do this, choose
any R < py,r < R"®1® and z € E. Find k > N so R € (pk41. pk] so that
®,(R) > e. Thus r < R'*¢ = R'*¥u and consequently, since ngx < ny,

R R)d+1/nN

B RN E) < (BT < (2

s

completing the verification.

The argument for the quasi-lower Assouad dimension is the same, building ®,
using the fact that for each n € N, there are 6, | 0 and p, | 0 such that for all
r <Rt < R<p,andz € E, we have

’

N,(B(z, R) N E) > (?)dﬂ/"

and the proposition follows. |

Although the lower 6-Assouad spectrum is bounded above by the lower box
dimension, it is not always bounded above by the Hausdorff dimension. In fact,
supg di_mZE is not even bounded above by a uniform multiple of the Hausdorff
dimension. This is a consequence of [13, Theorem 3.3] and [5]; see particularly
the comments in [13] following the statement of the theorem.

However, we have the following relationship between the lower 6-Assouad
spectrum and the Hausdorff dimension that does not seem to have been previously
observed. This follows easily from [14] where it was shown that dim,; £ <
dimy E for closed subsets £ € R4, but the same proof is valid for closed subsets
in a doubling metric space.

Proposition 2.16. If E is a closed subset of X, then di_sz < % dimg E for any
0 € (0,1).
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Proof. Fix 6 € (0,1) and recall that dimg E = di_m?JE for &y = 1/60 — 1. If
dimg, E = 0 there is nothing to prove, so assume o < dimg, £ for some o > 0.

The doubling property implies that the covering numbers, N, can be replaced
by the packing numbers, P,, in the definition of the ®-dimensions. Thus we can
pick p = p(6, @) > 0 such that for any z € E and any r < 2R < R < p,

P,(B(z,R)NE) > 2“(?)“.

In particular, P, g1/6(B(z, R) N E) > RU~1/0e,
In [14, Proposition 10], it is shown that under this assumption, there is a
probability measure u, supported on E, and a constant A such that

1(U) < A(diam(U))*?

for all Borel sets U. But then the mass distribution principle (see [6, Proposi-
tion 2.1]) implies o < dimy E. As this is true for all @ < dimg, E, it must be
that fdimg, E < dimy E. O

Corollary 2.17. If E is a closed set and ®(x) — 6 > 0as x — 0, then
dimgE < (§ + 1)dimy E.

2.3. Dimensions of decreasing sequences. In [14] and [15] it was shown that
if E = {x,} € RT is a decreasing sequence with the sequence of “gaps”,
{xn — xn+1}, also decreasing, then both the upper Assouad and upper quasi-
Assouad dimensions of E are either 0 or 1. The upper Assouad dimension of
such a set is 0 if and only if the sequence of gaps is lacunary. Likewise, the upper
quasi-Assouad dimension is 0 if and only if dimg E = 0.

This dichotomy fails for the upper ®-dimensions. Indeed, if we choose ®(x) =
8 > 0 for all x, it follows from [10] and [12, Theorem 6.2], that

dimg E = min{(1 + 6~ 1)dimpE, 1}.

Therefore, dime E € (0, 1) if 0 < dimg E < §/(1 + §). However, in this case the
upper ®-dimension is bounded above by the upper quasi-Assouad dimension, and
necessarily dimgq £ = dimy E = 1.

More interestingly, the dichotomy fails also for upper ®-dimensions that lie
between the upper quasi-Assouad and upper Assouad dimensions. Indeed, we
have the following.

Example 2.18. There is a decreasing set E, with decreasing gaps, and a dimension
function ® — 0, with dimg4 E = 0 and dimy E = 1, but with 0 < dime E < 1.
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Construction. Let E = {x,}°%, where x, = n~1°2"  Define ® by the rule
x ) T8O — 9 (4y7)=(1+l0g4m) 1og(4n) and extend ® to R by setting (x) = D(x,)
if x € (xp+1,xn). We will verify that £ and ® have the stated properties. Of
course, if ®(x) — 0asx — 0, then we must have dimgy £ < dimgE < dimy E
and thus the properties dim,4 £ = 0 and dimy £ = 1 will follow once we have
shown that ® tends to 0 and 0 < dimeE < 1.

The fact that E is a decreasing set follows from the fact that the function f(z) =
271982 has negative derivative. Similarly, x'*®®) can be seen to be decreasing
by checking the function g(z) = z~(+1°22) Jogz has negative derivative for
large z. Thus & is a dimension function. One can directly calculate & and see
that ®(x,) ~ 1/logn. That shows &(x) — 0 as x — 0.

From the derivative of the function A (x) = x~1°2% — (x 4+ 1)~12+1) ope can
also confirm that the sequence {x, — x,+1} is decreasing. An application of the
mean value theorem shows that x,, — x,+1 = — f/(&,) for some &, € [n,n + 1]
and thus

2(n 4+ )71 D Jog(n + 1) /(n + 1) < xp — Xpg1 < 20" 2" logn/n.
This shows that if we take R = x; and put
- Rl+<I>(R) — 2(4k)—(1+10g4k) 10g(4k),

then

Xak — Xak+1 = F = Xg4k—1 — X4k-
Because the gaps are decreasing in length, x; — x;4+; > r wheneveri =k, ...,
4k — 1, and x; — x;+1 < r wheneveri > 4k. Consequently,

(4k)_ log 4kk
2(4k)~log4k Jog 4k

Nyj2 (B(O,R)NE) =3k + Tak _ 3k +
r

and hence for large enough £,
3k < Ny/2 (B(O,R)NE) < 4k

Since
R k1+210g4
r 2log4k
we deduce that dime E > 1/(1 + 2log4).
A similar statement holds for any r with x4 — X45+1 < 7 < X4p—1 — X4k-
More generally, there are constants ¢y, ¢, ¢3 > 0 such that if

1+log 4

’

X4n — X4n+1 =T = X4n—1 — X4n
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where n = Lk + j with 0 < j <k and L > 4, then

Nyj2(BO.RYNE) =n —k + 22 <cin—k+ L) < con,
r logn

and

R - n1+logn
— 2 C3 .
r klogk logn

Thus, for r = (1 +log3)~!, we get

R\t n(logn—log3) t Llong—log3klogL—log3 t
(7) = ) = (e )

7)) =B ek og log((L + Dk)

and the last quotient is bounded away from 0.
If R € (Xg+1,Xx%), then since ®(R) = P(xi) we make a similar argument.
Finally, we note that if z > 0, then the decreasingness of the gaps means

Nyj2 (B(z, R) N E) < Ny2(B(0, R)).

Thus 0 < 1/(1 +2log4) < dimgE < 1/(1 +log3) < 1. O

Remark 2.19. It is an open problem to characterize the dimension functions &
for which the 0, 1 dichotomy holds.

3. Examples of ®-dimensions

In this section we will construct various examples. These will show the sharpness
of some of the basic properties, such as Proposition 2.11, as well as illustrating
their distinctness. In particular, we will give an example of a set with specified
values for a countable family of ®-dimensions and whose set of all dimensions
between quasi-Assouad and Assouad is an interval.

In all these examples, the set E will be a Cantor set, by which we mean a perfect
subset of [0, 1] of Lebesgue measure zero, that has a construction as outlined
below. We begin this section by determining a formula for the ®-dimension of
Cantor sets. It will be convenient to make use of the following notation.

Notation 3.1. We write f ~ g if there are positive constants cq, ¢ such that
c1 f(x) < g(x) < ¢y f(x) for all x. The symbols = and < are defined similarly.
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3.1. ®-dimensions of Cantor sets. Given a decreasing, summable sequence,
a = {aj} with Zj a; = 1, by the Cantor set associated with a, denoted by C,,
we mean the compact subset of [0, 1] constructed as follows. In the first step, we
remove from [0, 1] an open interval of length a;, resulting in two closed intervals
I} and I)}. Having constructed the k-th step, we obtain the closed intervals
Ilk, s I;‘k contained in [0, 1]. The intervals I]k, j = 1,...,2% are called the
Cantor intervals of step k. The next step consists in removing from each / Jk an
open interval of length @y« ;_, obtaining the closed intervals I;‘;L_ll and Iéf /.“.
We define

2k
o k
C.=) U1
k>1 j=1
This construction uniquely determines the set because the lengths of the removed
intervals on each side of a given gap are known. The classical middle-third
Cantor set is the Cantor set associated with the sequence {a;} where a; = 37"
if 2"~1 <i < 2" —1. All associated Cantor sets are uncountable, compact, totally
disconnected and, in fact, are all homeomorphic.

If we put
sp=27" Z aj,
j=2"
then s, is the average length of the Cantor intervals of step n. The decreasing
property of the sequence {a;} ensures that all the intervals of step n have lengths
satisfying

Sp+1 = length(ljf“) < Sn—1

and that s, > a,n+1. Of course, always s,+1 < s,/2.

When the gap sizes axn = - -+ = an+1_, for all n, the intervals at step n all
have the same length (namely s, ), and the Cantor set is sometimes called a central
Cantor set. The classical middle-third Cantor set is such an example. In this case,
the ratio sj11/s; is referred to as the ratio of dissection at step (or level) ;.

We will assume the sequence {a;} is doubling, meaning there is a constant «
such that a, < ka,, for all n. This ensures that

T = iIlfSn_H/Sn >0

since

1 o0
Sn = 2—n( Zaj + a2"2") <28p41 + K2a2n+2 <2+ K2)Sn+1.
]=2n+1
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Thus under the doubling assumption we have s; ~ s;41. Itis easily seen that such
a Cantor set is uniformly perfect, where we recall that a set E is called uniformly
perfect if there is a constant ¢ > 0 so that for every z € E and r > 0 we have
B(z,r)\B(z,cr) # @ whenever EN\ B(z,r) # @. A set E is uniformly perfect
if and only if dim; £ > 0 [21], and consequently, dim4C, > O whenever a is a
doubling sequence.

For Cantor sets, it is helpful to understand the comparison r < R'*®®) jp
terms of the sequence {s, }. For this we introduce the following notation.

Notation 3.2. Given ® € D and a doubling, decreasing, summable sequence
a = {a;}, define the associated depth function ¢:IN — IN by the rule that ¢ (n) is

the minimal integer j such that s, ; < s3*2¢").

In other words, ¢(n) is the minimal integer with s, ¢n)/sn =< swin) . We
remark that ¢ depends on both ® and the underlying Cantor set (or, equivalently,
the sequence {a; }). We will frequently refer to ®/¢ as a dimension/depth function
pair associated with the Cantor set.

If ¢ is bounded, then the sequence {sf,I> (S”)} is bounded away from 0. The
decreasingness of the function R'*®® implies that if s, < R < s5,_;, then

m;p(sn) < R®® < %sf_(sln—l)‘
Hence if ¢ is bounded, then Proposition 2.10 implies the upper (or lower) ®-
dimension coincides with the upper (resp., lower) Assouad dimension.
A very useful observation for constructing examples is to note that if £ is any
Cantor set with r =infsj41/s; and p = supsj41/s; < 1/2, and ® is a dimension
function with associated depth function ¢ with respect to E, then we have

@ =Dlogs g 90 oge

- 3)
n log t n logp

This is because the doubling property ensures

L0 < Snte) - a(sn) o' ®ln)
==, St <
and
£ ®(sn) §sf(s") < Sn—l—i(n)—l < p¢(n)—1‘
n

If, in addition, ¢ (n) > 2 (as is typically the case in interesting examples), then
we see that ¢ (n) is comparable to n®(s,) with constants depending only on t, p
because
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¢(n) logp _ O(sy) < ¢(n)logt

—_— 4
n 2logt — n logp @)

Remark 3.3. Notice that if we are given an increasing function ¢: IN — IN, and
a Cantor set C,, we can define a function @ by the rule R'T®R) = s, ;. if
R € (sp+1.54]. If Ry < R, with Ry € (Sp+1,52) and Ry € (Sg+1,5k], then

n >k, so¢(n) > ¢(k)and hence s,4+4() < Sk+4k). Consequently, R}H’(R‘) =
Sntom < Skaot < RyTTED . Furthermore, R1T®® = 5 o0 — 0 as

n — oo and hence as R — 0. Thus @ is a dimension function with associated
depth function ¢.

Corollary 3.4. (i) If $(n)/n — oo, then dimeC, = dimpC, and dimgxC, =
dimp C,.

(ii) The quasi-Assouad dimensions are obtained by taking ¢(n) = dn and
letting § — 0.

Proof. These follow from the fact that ¢(n)/n ~ ®(s,). The statement in (i)
about the lower ® dimension follows from Proposition 2.8 (ii), since dim4C, > 0
because C, is uniformly perfect. O

More generally, we have the following formulas for the ®-dimensions of
Cantor sets.

Theorem 3.5. Let a be a decreasing, summable, doubling sequence and C, the
associated Cantor set. The upper and lower ®-dimensions of C, are given by

dimeC, = inf{,B: @ ko, co > 0) (Vk > ko, n > ¢(k)) (Ss" )ﬂ > cozn} (5)
k+n
and
dimgC, = sup{ﬁ: (Fko,co > 0) (Vk = ko, n > ¢p(k)) (S:k )ﬂ < cozn}, ©6)
+n

The proof is omitted as the arguments are similar to those given in [15] for
Assouad dimensions and in [5] and [26] for the quasi-Assouad dimensions.

3.2. Basic properties revisited. With the formulas for the ®-dimensions of Can-
tor sets, it is easy to give examples of sets with any specified ®-dimension in
(0,1). The key idea is that if E is a central Cantor set with ratios of dissection
ri at step k, and there is an increasing sequence of integers {n;} (possibly even
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very sparse) such that ry = pforall k = n; +1,...,n; + ¢(n;) and rp =
T < p otherwise, then dime £ = log2/ |log p| , where ®/¢ is a dimension/depth
function pair associated with E. A similar idea can be applied for the lower
®-dimension.

In this subsection we will use this principle to obtain (partial) converses to
Proposition 2.11. First, we will show that the continuity properties described in
Proposition 2.11(ii) can fail when g(#p) = 0.

Proposition 3.6. Suppose ¢ is an increasing depth function tending to infinity, but
with ¢(n)/n — 0 as n — oo. There is a central Cantor set E such that if ® is the
dimension function associated with the depth function ¢ (and Cantor set E) and
®, =t ®, then dimg, E € [dimy4 E, dimy E], but lim,_¢ dime, E < dimy E.

Proof. Choose A, B > 0 from (3) such that if £ is a Cantor set with inf s; 1 /s; >
1/27 and ¥/ is any dimension/depth function pair associated with £, then
w(n) < W(sy,) < Bw for all n.
n

In particular, this holds for the depth function ¢ and any associated dimension
function &, and also for the depth function ¢, associated with 1 ®. Without loss
of generality we can assume ¢ (n) > 2 for all n and therefore for all k € IN

¢ (n) ¢ /k(n)

AT —CD(Sn) @i/k(sn) < B———

That shows that for each k there is some Ni such thatif n > Ny, then ¢y, (n) > 2.
Thus we also have A¢q,x(n)/(2n) < ®y/x(s,) for all n > Ny and therefore with
the constant C = A/(2B) (and any such Cantor set £) we have

C 1
Ed)(n) < ¢1/k(n) < aq&(n) for all k and n > Np.

To construct the Cantor set £, we will first choose an integer-valued function
f(n) = oo with f(n)/¢(n) — 0asn — oco. Then choose an increasing sequence
of integers {ny} with ny > max(2Ng, 8nk_1) and satisfying

Fony = min ("5, 2 g~ f0n0)).

The Cantor set will be defined by setting the ratios of dissection to be 1/3 on steps
nj+1,....,nj + f(nj) forall j =1,2,...and equal to 1/27 on all other levels.
Certainly, dimy £ = log2/log 3.

Let r; denote the ratio of dissection at step 7. Our choice of n; ensures that
ifne{n;— f(n;)+1,....n; + f(nj)} and m > 2f(n;), then at least as many
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r; = 1/27 as are equal to 1/3 for i ranging over {n + 1,...,n 4+ m}. Hence the
geometric mean of these ratios is at most 1/9. The same conclusion clearly also
holdsifn ¢ {n; — f(n;) + 1.....n; + f(n;)}.

In order to bound cli—mqp1 ,« E we use formula (5), noting first that it suffices to
consider (s,,/s,,+m)1/m where n > ng andm > ¢/ (n). If n € {nj — f(n;) + 1,
...,nj + f(n;)} for some j > k, then as ¢ is increasing and n > Ny,

C C C
m = ¢ix(n) > Efﬁ(ﬂ) > E¢(ﬂj = f(ny)) = 7¢(n,~ = f(ny)) >2f(n;).

By our previous remark, (s;m /s,,)l/ ™ < 1/9. The same bound clearly holds
if n > ng does not belong to any such interval. Consequently, (5) implies
cli—mq>1/kE < log2/log9. By monotonicity, dime, E < log2/log9 for all
t>0. a

Remark 3.7. We remark that a similar argument could be used to prove that there
is a central Cantor set E and dimension function ® so that lim;—¢ dimg E >
dimz, E. One could also similarly arrange for dime, E € [dimg4 E,dimy E], but
lim;_ 00 dime . E > dimg4 E and likewise for the quasi-lower Assouad dimension.

We will use a similar technique to obtain a partial converse to Proposition 2.11.

Theorem 3.8. Suppose @1, @, are dimension functions decreasing to 0 as x — 0
with |log x| ®>(x) — oo as x — 0. Assume there is some & > 0 such that
Dy(x) = (1 + &)Dy(x) for all x sufficiently small. Then there is a Cantor set
E such that dime, E < dime, E and a Cantor set F with dimg F > dimg F.

Proof. We will give the proof for the upper ®-dimension. The lower ®-dimension
case is similar.

The monotonicity property of the ®-dimensions implies that dimg, E <
dimg, E for all sets E. It is the strictness of the inequality that we need to verify
for an appropriate choice of E.

The strategy of the proof will be to build a central Cantor set by inductively
specifying the ratios of dissection at each level. For most levels, the ratio will
be a fixed small number, say . However, we will specify the ratios to be a
fixed number p > v on the levels n; + 1,....n; + ¢2(n;), where ¢, is the
depth function associated with ®, and the Cantor set, and {n;} is a sparse set.
By consideration of (s, +¢,(n,)/5n, )1/92(n/) (the geometric mean of the ratios at
levels n; +1,...,n; 4+ ¢»(n;)) and the formula for the ®-dimensions of Cantor
sets from (5), we have E%E = log2/|log p|. However, these depths will be too
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shallow to give the ®;-dimension and consequently we will be able to conclude
that ﬁcpl E <log2/|log p|.

One complication with this strategy is that the depth functions depend on
the construction of the Cantor set. However, our construction of the Cantor set
depends (at least, to some extent) on the depth functions. Fortunately, we do have
enough control on the depth functions to overcome this complication. We address
this issue first.

Fix small ¢ > 0 such that

(1
1
Choose 0 < t < p < 1/2 with |logt/log p| < 1 + &. It follows from (3) that if £

is any Cantor set with all ratios between t and p, and ®/¢ any dimension/depth
function pair associated with E, then

(@(n) —1)logp < ®(s )_¢(n)10gf
n logr logp —

—e\2
—) a+H =1+,

S ™

By assumption, given any C > 0, there is some x¢ = x¢(C) such that if x < xo,
then |log x| ®; (x) > C. Choose Ny such that Mo < x4. Since the functions ®;
are decreasing as x — 0, it follows that if n > Ny and E is a Cantor set with
all ratios of dissection at least 7, then ®;(s,) > ®;(z") > C/ |log t"| and hence
n®;(sy) > (1 4+ ¢)/e if we take a suitable choice for C, depending on ¢ and <.
Coupled with the right hand side of (7), this shows that for all n > Nj,
I’ZCD,' (Sn) 1
: > > —
Piln) = =
and hence ¢; (n) — 1 > (1 —¢&)¢;(n) fori = 1, 2. Consequently, using the left hand
side of (7) we also have

¢i(n) (1 —¢)
n (1+e¢ —

< ®;(s,) foralln > Ny.

As ®; | 0, this further ensures that there exists N; such that
¢i(n) <en forn > Nj.

We remind the reader that having fixed ¢,  and p, these inequalities and the choices
of Ny and N; depend only ®; and @, for any choice of Cantor set, provided the
ratios of dissection are chosen from [z, p]. As we will see, these relationships give
us enough control on the depth functions.
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Construction of the Cantor set. We will continue to use the notation from
above. Let n; > max(8No, 8N1) and choose nj41 > 16n;. We will inductively
define a central Cantor set by specifying the ratios of dissection r; at each level
k. To begin, we put ry = v fork = 1,...,ny. Thuss,, = t"!. Define £, to be
the least integer with p‘! < s,?lz(s"l) andletry = pfork =ny+1,...,n1 + £;.
Notice that this construction means £; = ¢o(n1) < eny, thus n; +£; < np. We
putry =tfork =ny +41+1,...,n5.

Now we proceed inductively. We assume integers €q,...,£;_; have been
chosen in the same way and we have put ry = pifk = n; +1,....n; + ¢;
fori =1,...,j—1,and ry = v otherwiseon{l,...,n;}. Thus s, is determined.

@5 (sn
Define ¢; to be the least integer satisfying p% < s,,jZ(S / ). We will put rp, = p

ifk =nj+1,....nj+4{jandry = ton{n; +4£; +1,...,n;41}. Again
{j = ¢2(n;) < enj. This completes the construction of E.

Verification of the ®;-dimensions. The fact that the ratios equal p on the
consecutive levels n; 4+ 1,...,nj + ¢»(n;) for all j and are equal to T otherwise,
certainly means dimg, E = log2/ |log p| .

Since ¢;(n;) < en; and ®; is decreasing, the choice of ¢ gives that for each j
and n € {I’lj —Zj, . ..,n‘,-},

¢1(n)

n
O]
1+e l(sn)

I’lj—Ej
O] )
1+e l(snj)

(I —e#)n,

1+e¢ q)l(snj) (8)
1—
T (1 matsn,)

1—¢

2
= (773) 1+ H9a0))
= (1+§/22(n)).

Since the sequence {s;H’(S”)} is decreasing (for any dimension function @), for
any n, m > 1 and associated depth function ¢ we have

1+®(sy4+-m) 1+d(s
Snt+m+¢(n+m) = Spim < 5,7 < suypim-1

A%

%

by the definition of ¢. That means n +m + ¢(n +m) > n+ ¢(n) — 1, and as these
are integers this implies, in particular, that fori = 1, 2,

nj +m+¢i(nj +m) > n; + ¢i(n;) ©)
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for all m > 1. As (8) holds for n = n;, this gives

nj +m+¢1(nj +m) —(n; + ¢2(nj)) = nj + ¢1(n;) — (nj + ¢2(ny))
> (§/2)¢2(ny).

Since ¢;(n) < en foralln > Ny and £; = ¢>(n;), we also know that

(10)

nj 4+ ¢a(nj) + max ¢1(n) <nj +enj +en; +4;)
nelnj—Lj.n;+4L;]
< (1+&)°n,
<njy1/4

< (nj+1—Pa(nj+1))/2.

In particular, this guarantees thatifn € {n;—£;+1,...,n;+{;},thenn+¢;(n) <
(nj+1 — ¢2(nj41))/2. Together with (10), it follows that for such n there are at
least (§/2) ¢»(n;) ratios equal to  and at most ¢, (n,;) = £, ratios equal to p on the
levelsn+1,...,n+¢;(n). Hence the geometric mean of these ratios is dominated
by
(o4 8L /2 V+E/DL) — g1/ (+E/2) 18/ . 6 <

If m > ¢1(n), the choice of ratios ensures that there could only be an even
greater proportion of the ratios on the levels n 41, .. ., n +m having value t. Thus
we can conclude that the geometric mean of the ratios from the levelsn+1, ..., n+
m is also dominated by o wheneverm > ¢1(n) andn € {n; —{; +1,...,n; +{;}.

Ifn¢ {nj —4; +1,...,n; + {;} for any j, then it is obvious from the
construction that, on the levels n + 1,...,n + m (for any m > 1), there are at
least as many ratios equal to t as equal to p, and hence the geometric mean is even
smaller.

We deduce that

log2  log2 ——
< 282 - 8% _ Gime,E.
lloga|  [logp]

dime, E

which concludes the proof. |

A modification of this argument would allow us to show that given 0 < a <
b < 1/2 there is an example of a Cantor set £ where

log2  log2
og2 _ log

= dime, E.
loga| ~ Jlogh] e

dimg, E =

To do this, we will choose 0 < ¢ < a. Then, instead of assigning ratio p on
the levels n; + 1,...,n; + ¢2(n;) and 7 otherwise, we will put ratios b on levels
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naj+1,... . naj+¢a(nyj), ratiosaonlevelsnyj 1 +1,...,n2j+1+¢1(n2j41) and
ratio ¢ elsewhere. The choice of sequence {n;} may need to be even more sparse
to ensure that ¢ (n;) is sufficiently large in comparison with ¢, (n;) to guarantee
that the geometric mean of ratios from any ¢; (n) consecutive levels beginning at

n is at most a. The fact that the ratios at levels ny; 41 + 1,...,n2;41 + ¢1(n2)
are equal to g implies that dimg, E = ulg%‘ From their values on levels n,; + 1,
log2

..., h2; + ¢2(n2;) one can deduce that di—m<1>2E = Toghl" The details are left for
the reader.

A further modification of the argument would also enable us to construct a
(single) Cantor set E with both dime, E < dime, E and dimg (B >dimg E.

3.3. Continuum of ®-dimensions. In the next result we use the method de-
scribed in the previous remark to show that we can construct a Cantor set with
countably many specified values for ®-dimensions. Furthermore, there is a Cantor
set with a continuum of ®-dimensions between the quasi-Assouad and Assouad
dimensions.

Theorem 3.9. Assume that for each p € (0,1), ®, are dimension functions
decreasing to 0 as x — 0 and satisfying |log x|®,(x) — oo as x — 0. Assume,
also, that

®,(x)/Py(x) — oo as x — 0 whenever p > q.

Choose any 0 < a < B < 1 and suppose d:(0,1) — [«a, B] is monotonically
decreasing and continuous. Then there is a central Cantor set E with

ﬁcppE =d(p) foreach p € (0,1).
The analogous result holds for the lower ®-dimensions.

Remark 3.10. An example of a class of dimension functions that satisfy the
conditions of the theorem are the functions @, (x) = |log x|?~!.

Proof. We will construct a central Cantor set £ with the property that if the
map f:(0,1)()Q — [a,b] is monotonically decreasing, then E%E =
log2/ [log f(p)| for every rational p € (0,1). To obtain the theorem, put a =
2~V p = 271/F and define the decreasing continuous function f: (0, 1) — [a, b]
by f(x) = 271/4™)_ The proof follows from this property using the monotonicity
of the functions p — cli—mq>p E and the fact that the function d of the theorem is
assumed to be continuous and decreasing.
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As in the proof of the previous theorem our strategy will be to inductively
define the ratios of dissection of the Cantor set. These ratios will lie in [a2, b] and
so by (3), with ¢ = logb/(2loga) we have

@)~ 1) < nd(sy) < ~p(n) foralln,

for any dimension function ® and corresponding depth function ¢ associated with
such a Cantor set.

Since |log x| ®,(x) — oo for each p, there is a choice of I, € IN such that
if n > I, and x < @, then ®,(x) > C/|logx| for a suitable constant C.
Consequently, as s, > a*", we will have ¢, (n) > cn®,(a*") > 2 for all n > I,,
(whatever the choice of E, as long as the ratios lie between a? and b). Thus with
A=2/cand B = c,

Bn®,(sy) < ¢p(n) < An®p(s,) foralln > I,. (1)
As &, decreases to 0, there is also an index J, € IN such that
®,(b") <1/(8A) foralln > J,. (12)

As in the proof of Theorem 3.8, we will pick a sparse sequence {n;} and
assign ratios a? except on the levels {n; + 1,...,n; + ¢r; (nj)} where the ratios
will be f(rj). Each p must occur as an r; infinitely often so that we will have
ﬁ@p E >log2/|log f(p)|. The numbers n; will need to be sufficiently sparse
so that if ¢ > p, this length of levels (where the ratio exceeds f(g)) is too short
to influence the ﬁcpq E calculation.

Construction of the Cantor set. To begin, we list (0,1) N Q as {r;}72, where
each rational number is repeated infinitely often in {r;}. To start the construction
of E, pick ny > max(/,,,8J,,). We will set the ratios of dissection to be a?

on the levels {1,...,n1}. Choose the minimal integer £; such that f(r;)% <
s:,pl"l 1) and put m; = 4(n; + £;). Set the ratios equal to f(r1) on the levels

{ny+1,...,ny +£;}and a® on the levels {ny + ¢, + 1,...,my}.
Notice that £; = ¢, (n1) and the choice of n; ensures that

b < An Dy, (Sn,) < An1 @, (™) <ny/8

by (11) and (12).
We proceed inductively and suppose we have chosen n;, £;, m; fori =1, ...,
j — 1, (with the properties described below) and have specified that the ratios of
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dissection on levels {1, ...,m;_;} should be a? except on the levels {n; + 1,...,
ni +4;},fori =1,...,j — 1, when they will be f(r;).
Now pick n; large enough to satisfy the following conditions:

(i) nj > 8max(l,j,Jrj,mj_1};
(ii) ifi < j and r; > r;, then
s 84 S
CI)ri (Smj_laz(nj mj_l)) > ?q)rj (Smj_laz(”l mj—l))’
which can be done since @, (x)/®,; (x) — oo as x — 0.

We will assign ratio a? on levels {m;_; + 1,...,n;}, so smj_laz(”f_mf—l) =
sn; and that means (ii) actually says

84
D, (sn,;) > FqD,j (sn;) wheneveri < j andr; > r;. (13)
@, (n;
Choose the minimal integer £; such that f(r;)% < Sn;” (n]), putm; = 4(n; +¢;)
and assign the ratios on levels {n; + 1, ...,n; + {;} to be f(r;) and the ratios on

the levels {n; + ¢; + 1,..,m;} to be a>.

Note that £; = ¢,;(n;) and property (i) in the definition of n;, together
with (11) and (12), ensures £; < n;/8. In particular, n; — £; > 7/8n; > Tm;_,
andn; +{; =m; /4.

This completes the construction of E.

Verification of the ®-dimensions. We now need to verify that we obtain the de-
sired value for each dimg . - We can easily see that di—mqpq E > 1log2/ |log f(q)|

by noting that
(snj—l—d),-j (nj))1/¢rj (n;) _ f(r,)
Sn;
for the infinitely many choices of r; = g. So we only need to prove the other
inequality.

Assume the first occurrence of ¢ in {r;} is with i = j,. It will be enough to
show that (sk+m/sk)1/m < f(g) whenever k > nj, and m > ¢,(k). In other
words, we want to prove that the geometric mean of the ratios rg41, ..., Fk+m iS
at most f(q) for all m > ¢, (k) and k > nj,. A key point to observe is that the
geometric mean of any collection of ratios where there are at least as many ratios
equal to a? as otherwise, is at most a < f(g) for any q.

Given k > Nj,, choose j > josuchthatk € {m;_; + 1,...,m;} = Bj.
If either k < n; — {; or k > n; + {;, then this is the situation with respect to
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the ratios rg 41, ..., 'r4+m (regardless of the size of m), so the geometric mean is
suitably small.

Thus we can assume k € {n; —{; + L,n; + {;}. Ifr; > g = rj,,
then f(r;) < f(¢g) and hence all ratios from B; are at most f(g). In this
case it is clear that the geometric mean of the collection rgq,...,ry, where
J = min(k + m,m;), is at most f(q). If Kk + m > mj, then the set of
ratios {rm, R P Tk1m) contains more ratios equal to a? than otherwise, so its
geometric mean is even at most a and thus the geometric mean of the full collection
{res1s ... Tkxem} is at most f(q).

The last case to consider is that for this choice of j (which we remind the reader
is > jo), we have r; < g = rj, and therefore f(r;) > f(g). From (13), we note
that

84
qDQ(snj) = qujO(Snj) 2 chrj (snj)'

The remaining arguments are now similar to the proof of Theorem 3.8. Recall
that k € {I’lj —6,- +1,n; +€j}. Ifnj —éj <k < nj,thenk > Irj, SO

$q(k) = BkDy(sk)
> B(nj —£j)®q(sn;)
7

> 281 @ (5n)) (14)

> TAnj @y, (sn;)

z 7¢rj (nj) = T¢;.
The fact that n; > 8J, also guarantees that ¢, (k) < Ak®,(sx) < k/8. so
k + ¢4(k) < m; /2. Thus the collection {rg41,. .., "k+4,%)} contains at most ¢;
terms of ratio f(r;) and at least 6£; terms of ratio a2, and therefore has geometric
mean at most a.

If, instead, n; < k < n; + {;, then, as in the proof of Theorem 3.8 (see
particularly (9)),

k+¢q(k) — (nj +£;) = ¢q(n;) — ¢r; (nj) > 6¢;
where the final inequality comes from applying (14) with k = n;. Again,
k+¢qk) <9%/8 <mj/2

and thus again we deduce that the geometric mean of {rg11,...,"k1+¢,k)} is at
most a.

For either choice of k, if m > ¢, (k), then since nj + €; < k + ¢4(k) <m;/2
the collection of ratios {rg4¢,k)+1--- - k+m) has more that are value a? than
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otherwise, and hence has geometric mean at most a, as well. Thus we conclude
(sk/sk+m)1/m < a in this (final) case.
This completes the proof. O

Corollary 3.11. Given 0 < @ < B < 1, there is a set E C [0, 1] such that

{dimpE: ® € D, lim &(x) = 0} = [a, B] = [dimg4 E, dimy E].
X—>

Proof. Let D(E) = {dimgE: ® € D, limy_ ®(x) = 0}. We will let ®,(x) =
|log x|~ ! for p € (0, 1). Clearly,

{dime, E: p € (0,1)} € D(E) C [dimg4 E, dimy E],

so it will be sufficient to construct a set £ with {(ii—mq>p E:pe(0,1)} = (o, p)and
dimyg £ = o, dimy E = B. The previous theorem would permit us to construct
such a set satisfying the first property and would also have dimy £ = . However,
its quasi-Assouad dimension is a2, so we need to modify the construction slightly.

We can do this by requiring the sequence {n;} to grow so rapidly that in
addition to the requirements from before, we can also have k; much greater
than m; and n;4; much greater than 2k;. On the levels k; + 1,...,2k; we
will set the ratios to equal to a = 271/ (rather than a?). One can see that
dimg4 E = log2/|loga| = a by considering the terms si, /52, . The sparseness
of the {k;} will ensure that the other dimensions are not affected by this change.
We leave the technical details to the reader. O

4. ®-dimensions of complementary sets in R
4.1. Bounds for ®-dimensions of complementary sets

4.1.1. Complementary sets. Every closed subset of the interval [0, 1] of Le-
besgue measure zero is of the form £ = [0, 1]\ Uf’;l U; where {U;} is a disjoint
family of open subintervals of [0, 1] whose lengths sum to one. We will let
a = {a;}32, where a; is the length of U;. Of course, } ;a; = 1 and without
loss of generality we can assume a;4+; < aj. We will denote by C, the collection
of all such closed sets E. These are called the complementary sets of a.

One example of a complementary set is the Cantor set associated with a, de-
noted C,. Another is the countable set, D,, called the decreasing rearrangement,
defined as

D, = {Zai:k= 1,2,...} ={l,1—a;,1—a; —as,...}.

i>k
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As is well known, all complementary sets of a given sequence a have the
same upper and lower box dimensions [6, Section 3.2], but, of course, this need
not be true for other dimensions. For instance, the Hausdorff dimension of the
decreasing rearrangement is 0, but this need not be true for the Cantor set. In [3],
Besicovitch and Taylor proved that the Cantor set C, had the maximum Hausdorff
dimension of any set in C,. Further, they showed given any s < dimg C, there
is some set £ € G, with dimyg £ = s. The same result was shown to be
true with the Hausdorff dimension replaced by the packing dimension in [17].
In [15], it was shown that the Cantor set and the decreasing set also have the
extremal Assouad dimensions (under natural assumptions on the gap sequence a).
But unlike the situation for Hausdorff, packing and lower Assouad dimensions,
dimy C, is minimal among the sets in €, and dimy4 D, is maximal (and equals 1 for
such a). Again, it was shown that the full range of possible dimensions is attained,
namely {dimz, E: E € C,} = [0,dimy C] and {dimy E: E € C;} = [dimy4 C, 1].

In this section, we will prove analogous results for the ®-dimensions, although
some proofs are necessarily quite different.

4.1.2. Decreasing rearrangement. We first prove that the decreasing rearrange-
ment is always one of the extreme values of the ®-dimension over the class C,.
This requires a proof in the case of the upper ®-dimension as this dimension need
not be one, c.f., Example 2.18. To begin, we first point out the following elemen-
tary result which essentially can be found in [6].

Lemma 4.1. Suppose F,G are two compact sets in C, for some decreasing,
summable sequence a = (ay). For any r > 0,
1 _ N.(F)

=

16 = N,(G

< 16.

N

Proposition 4.2. If a is any decreasing, summable sequence, then dimgE <
dime D, and dimg E > dimg D, = 0 forall E € C,.

Proof. As D, has isolated points, dimg D, = 0 for all dimensions functions ®
and hence is the minimal lower ®-dimension.
To prove that dimg D, is the maximal upper ®-dimension we will simply show
that
N,(E N B(z, R)) < 64N,(D, N B(0, R))

forallz € £ and r < R.
To see this, let {a;, } be the set of gap lengths that are completely contained
in EN B(z,R)and let R" = ) aj,. Then N.(E N B(z,R)) = N,(ENI)fora
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suitable interval I C B(z, R) of length R’ < 2R. Let E’ denote the set formed by
removing from [0, R’] the gaps of lengths {a;, } in decreasing order (from right to
left). By Lemma 4.1, N.(E N 1) < 16N, (E' N[0, R']).

Choose n such that a,, < 2r < a,—; and suppose that

%) o0
E a; < R < E a;
i=m

i=m+1

(we will say that R’ belongs to gap a,, in the set D,). If n < m, then all
gaps in the construction of D, intersecting [0, R'] have length at most 2r. Thus
Ny (D, N[0, R]) = f%] is the maximum possible value and hence it dominates
N (E' N[0, R)).

Soassumen > mandlet A = Y72 a; < R'. Asa; < 2r for j > n and
aj >2rforj <n-—1,

Ny (Dg N[0, R]) = Ny(Da N[0, A]) + Ny(Dg N [A + an—1, R))

A
> ’7——‘ + max(n —m —2,0)
2r

(where [A + an—1, R'] is empty if R" < A + ap—1).

Assume that the number A4 belongs to gap a;, in the set E’, so

N,(E'n[0,R]) < Bﬂ +s.

Since Y 72, a; = A > Y 72 ., aj, it follows that j; < n — 1 and consequently,
aj,_, > ap—1—k forallk =0,...,5s —1. Thusif n —s + 1 < m, then

R —A>aj_, +aj_,++aj, +aj
> dp—2 +ap-3+ -+ ap—s+1 + An—s
> dp—2 +ap-3+ -+ ap—s+1 + an—1
> R — A.

This contradiction proves s < n — m. Thus

N,(DaN [0, R]) = [; W + max(s — 2,0),

r
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from which it is easy to check that
N, (Dg N[0, R]) > N.(Dg N[0, R

Sl

%N,(E’ N[0, R'])

%

A%

1
S N(EN B R)).

and the proposition follows. |

4.1.3. Cantor Sets. We now focus our attention on decreasing, summable se-
quences a with the property that there are constants T and A with

0<f§sj+1/s,-§)t<1/2. (15)

Here, as before, s; = 27/ Y"._,; a;. We will call a sequence {a,} with this prop-
erty level comparable. Of course, the doubling assumption automatically gives
the left hand inequality and central Cantor sets have the level comparable prop-
erty precisely when their ratios of dissection are bounded away from 0 and 1/2.

The level comparable assumption is very useful as it ensures that sy ~ a,«
since s > ak+1 2 ac and

(1 =24)s, < s — 28k4+1 < ask - (16)

We remind the reader that the symbols ~ and =~ were defined in Notation 3.1.
For level comparable sequences, the Cantor set has the other extreme value for
the ®-dimensions.

Theorem 4.3. If a = {a;} is a level comparable sequence and ® is a dimension
function, then for all E € C, we have dimg E > dimgC, and dimgE < dimgC,,.

Proof. We begin with the upper ®-dimension. Observe that if ¢ is bounded, then
the upper ®-dimension is the Assouad dimension and the result is already known
in that case, see [15, Thm. 3.5]. So assume otherwise. Some modifications to the
proof of Theorem 3.5 in [15] are required.

Let d = dimeC,. From the formula for the upper d-dimension of C,,
Theorem 3.5, we know there must exist kg, ¢ and indices k > ko and n > ¢ (k)

such that J i
—& —2¢
02" > ( Sk ) . z(s_k) ,
Sk+n Sk+n
where the latter inequality holds because s /sg 41 > 2 for all k.
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We will refer to the complementary gaps of lengths a,x—1,...,a5x—1 as the
gaps of level k.
Remove from [0, ) a;] the complementary gaps of levels 1,...,k to obtain

the set J; U --- U Jp, U {singletons} where J; are non-trivial, closed, disjoint
intervals, Mj < 2k and Yildil= 2k sy. Let b; denote the number of gaps of step
k + n contained in J; and put 7 = a,x+» /2. If we let x; be an endpoint of J;, then
as the gaps of step k + n are at least 2r in length, N, (B(x;, |J;|) N E) > b;. Since
Zi bi — 2k+n’

2k2ns d—2¢
3N (Bxi. 5i) 1 E) = 264 = 22 ()T

i Sk+n

Co
Let
I={i e{l,..., Mg}:|Ji| < sk}
If there is some index i € I with N, (B(x;, |J;|) N E) > (sk/Sk+n)? 2%, then

Sk d—2¢
Ny (B(xi,s8) N E) = No(B(xi. |Ji]) N E) > (Sk+ ) . (17)

Otherwise,
> N:B(xi. | i) N E) =Y Np(B(xi.|Ji)) N E) =Y Ny(B(x;.|Ji]) N E)
i¢J i ieJ
> 2 — (9 max Ny (B(xi, | Ji]) N E)
IAS]

2k2n8 Ky d—2¢ Ky d—2¢
=) )
Co  “Sk+n Sk+n

> k(= )‘Hs(z—ns -1).
Sk+n Co
Since n > ¢ (k) — oo, we can assume 2"¢/co — 1 = 2"¢. Recall that ), |J;| =
2k s, thus

d—2¢ 2_k . Ji|\d—2¢
>N (B, i) N E) 2 25 (=) 2"822"2’“3(72””| ") .
i3 Sk+n Ayk+n

An application of Holder’s inequality gives

2_k d—2¢ 1
> NA(BOxi, i) 0 E) 2 2k2me ()T T 2 e
a2k+n

i¢J i¢J
d—2
. ng(z 1=d+2e ) aq |Ji|CTF
~ |jc| rd—2£
d-2
>2n82i¢3|']i| ‘

rd—2¢ ’
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with the final inequality arising because |J¢| < My < 2K and d < 1. It follows
that in this case there must be some choice of i ¢ J such that

|_]l-|)d—2$

Ny (B, | i) N E) = 2" ( : (18)

By definition, i ¢ J implies |J;| > s and thus

1+®(|J; 14+®(s )
|Ji] ( ’l)ZSk > Sktn ~ .

As either (17) or (18) must hold, we deduce that dimgE > d — 2¢ and that
gives the desired result.

The proof for the lower ®-dimension is a straightforward modification of
Theorem 4.1 of [15]. O

Combining Proposition 4.2 and Theorem 4.3 gives the following statement.

Corollary 4.4. If a is any level comparable sequence, then for all E € C, we
have dimg E € [dimeC,, dime D,] and dimeE € [0,dim4C,]. In particular,
these statements are true for the quasi-Assouad dimensions.

4.2. An interval of ®-dimensions for complementary sets. In [15] it was
shown that if a is any level comparable sequence, then for every ¢ € [0, dimy, C,]
and d € [dimy4 C,, 1] there are sets E., E; € C, with!

dim; E. =c¢ and dimyg E; = d.

These results continue to be true for the quasi-Assouad and ®-dimensions when
® — §, with § € [0, oo]. For the lower ®-dimensions essentially the same proof
as given in [15] for the lower Assouad dimension works. We give a brief sketch
of the main idea at the beginning of the proof of Theorem 4.5.

For the upper ®-dimension, note that the case § = oo is trivial since we recover
the upper box dimension and all complementary sets of a given sequence have the
same upper box dimension. Different proofs are required for the cases & — § for
8 = 0 ord > 0, and these are necessarily different from the proof given for the
Assouad dimension in [15] as the set constructed there only exhibits large local
“thickness” on scales r that are nearly as large as R, and hence are not suitable for
use in obtaining these other dimensions.

Theorem 4.5. Suppose a is a level comparable sequence and ® is a dimension
function with ®(x) — §, for some § € [0,00]. Then for every ¢ € [0,dimgC,]
and d € [dimeC,, dime D], there are sets E., Eg € C4 with dimgE. = ¢ and
dime Ey = d. A similar statement holds with dimgC, replaced by dimy; C, and
dimeC, replaced by dimg4 C,.

1 Actually, the assumption that a is doubling suffices for the upper Assouad dimension.
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Remark 4.6. We remind the reader that for any doubling sequence a (and hence
any level comparable sequence) and any dimension function & — 0, we have
dimp D, > 0 and thus dimg D, > dimg4 D, = 1 by [14].

Combining this result with Theorem 4.3 gives the following.

Corollary 4.7. Suppose a is any level comparable sequence and ® is a dimension
Sfunction with ®(x) — §. Then

{ﬁcpE: E € Ga} = [ﬁcpca,ﬁcpl)a]

and
{dimg E: E € Ca} = [dimg Dy, dimg G, = [0, dimg, Cy].

Proof of Theorem 4.5. For the lower dimension case, the same proof given in
[15, Theorem 4.3] for the lower Assouad dimension, with the obvious modifica-
tions, works for the lower ®-dimensions and the lower quasi-Assouad dimension.
A sketch of the proof is that for 0 < a < dimgCy, it is possible to find a subse-
quence of @ whose Cantor rearrangement is an «-Ahlfors regular set and such that
the Cantor rearrangement of the remaining gaps has lower ®-dimension equal to
dim4C,. This gives a complementary set £ with dimg F = «.

For the upper ®-dimension problem, we first remark that if ® — oo, then
dimg E = dimg E and all sets E € C, have the same upper box dimension.

Thus it remains to study the upper ®-dimension problem when & — § €
[0,00). We will first give the proof for the case ® — § # 0, where we can
take advantage of an explicit formula for the ®-dimension of the decreasing
rearrangement. The harder case, § = 0, will be done second.

Case ® — § € (0,00). According to Corollary 2.12, dimgE = di—mZE for all
E, where § = (1 + §)~. Observe that for any decreasing set D,

dlmBD’l)‘ (19)

1-0

This follows from [12, Theorem 6.2] and [10, Theorem 2.1].
Givenany 0 < d < cli—mf1 D,, we will use the above formula to construct a

subsequence b of a such that if & is the subsequence obtained after removing b

from a, then ﬁij =d and ﬁﬁca = ﬁf,ca. The set E; = Dy U C; will

belong to €, and by the union property, its upper 6-dimension will be given by

-0
dimy D = min (

dimy g = max(d, dim,Ca),

which will prove the statement of the theorem.
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Let o := dimg D,,. By [29, Section 3.4] we have

1 1
o = lim sup OEM  _ lim 8%k ,
n—oo —loga,  k—oo —logan,

where {ny} is chosen to be a suitable sequence, say ng4; > 2"%. Choose y such
that yo = d(1 — 0) and define the subsequence b by

yo o Jane =< L+ 1)L
" A\ /7| otherwise.

Note that for the integers my where b,,, = a,, we have my ~ n,’;, SO

logmg i logn}

1]£n_10gbmk k& —logay, =or

Moreover, for € > 0 we have logn/(—loga,) < o + € for all n large enough, so
for large m, with m # my,

logm  ylogm!/”
—loghm  —logaj,i/y

< y(o + 2¢).

Therefore, dimg Dj, = oy, and by (19) di—miDb =d.

Finally, note that [(m + 1)/7] — [m'/”| — oo as m increases. As the
original sequence was doubling, this ensures that the sequence a consisting of
the remaining gaps is comparable to the original sequence a. In consequence,

-0 T : ;
dim,C; = dim,C, and, as we noted above, that completes the proof in this case.

Case ® — 0. We will give a detailed proof for the quasi-Assouad dimension. It
will be clear that the same arguments will work for the upper ®-dimension with
® — 0. Our proof is constructive. The set E = E; € C, will again have the
form £ = A U B, with dimg4 A equal to the desired in-between value d and
dimg4 B =dimgy4 C,. The union property for the quasi-Assouad dimension will
ensure that £ has the desired quasi-Assouad dimension.

If b = {b;} is the sequence with b,; |, = a,, fort =0,...,2/ — 1, thena,b
are comparable sequences and if E is the set formed with some rearrangement of
a and F is the corresponding rearrangement of b, then E and F are bi-Lipschitz
equivalent. So without loss of generality we will assume a is constant along diadic
blocks. Moreover, a level comparable sequence {a;} has the property that there
are constants u, v such that

1>uz£zv>0 for all ;.

a2j—l
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If dim,4 C, = 1, there is nothing to do. So assume 1 > d > dimgyq C,, say
d =log2/|log B| where B < 1/2.

To simplify the notation, we will let &; = a,;. Temporarily fix m. Given
j > 1, choose the minimal index i(j) > 1 such that a,,1;(;)/am < B/ and
choose the maximal integer J; > 1 such that

o
J/ m+i(j) ,BJ
. m

The minimality of i (j) ensures that

Ym+i(j) Fm+i(j)—1
J] m—+i(j /3] m+i(j
Om Om

which implies
Um+i(j)

| =

Similarly, the maximality of J; means that

i
Uy + Dot > .

m

o) .
amﬂ]

o Sy >
m+i(j) = 1+ 1/1)

where ¢; > 0is independent of m and j. Moreover, the fact that v < a4 /0 <
u’, coupled with the definition of i (), implies

= cramp’

. log B . dogp .
163§J$+1§1(1)§110gv=m

where we again note that ¢, c3 are positive constants, independent of m and ;.

Construction of the set E. We now form a Cantor-tree like arrangement with
blocks of gaps. The first block will consist of J; gaps of length o,4(1) placed
adjacently. The blocks of level 2 will each consist of J, gaps of length o, 1;(2)
placed adjacently and there will be two blocks of level 2, one to the left and the
other to the right of the block of level 1. In general, there will be 2/~ blocks
of level j, each consisting of J; gaps of length «,,;(;) placed in a Cantor-like
arrangement. If we do this for j = 1,...,n, we will call the resulting finite
set X,n,». Note that the length of any block of level j in X, ,, is equal to J; oty 4 ()
and satisfies

clam,Bj < JiQmyi() < am,Bj. (20)
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Hence the diameter of X, , is at least the length of block 1 which is > c¢;a, 8,
and the diameter of X, , is at most

n
E 2]_105m,31 = Um

Jj=1

B _
T—28 camB. 21

Since i(j) > c»j, for each k the number of gaps of length «,,+x that we will
require is

k/co 1
Dot =y g < 2ok
el .n) i=1 v
i())=k

Asj ef{l,....,ntand i(j) < c3J, we have k < c3n. Of course, for each k there
are a total of 2% gaps of this size available in the sequence a, so we have enough
gaps, even twice as many as we need, provided

%2"/"2 < 2m+k=1 foreachk = 1,...,c3n.
Hence there is some ¢5 > 0 (and independent of m) such that if n < csm, then
there will be enough gaps to carry out this construction.

Lastly, we will select a rapidly growing sequence of integers {my} and let
ng = [esmy]. We will set Ay = Xy 0. We will want my, to be much larger
than my + c3ng, so that we will not use any gaps from the same diadic blocks in
two different sets 4;. Also, we will want to choose my increasing so rapidly that
the diameter of Ay, ; is at most 1/2 diameter of Ay.

We will position the sets A adjacent to each other in decreasing order and let

o0
A= 4.
k=1

The gaps of the sequence {a; } that were not used in the construction of the sets
Ay will be then placed to form a Cantor set B to the left of A;. This completes
the construction of the set £ = AU B € C,.

Computation of dim,4 E. Since there are at least half the gaps a; left in
each diadic block, the decreasing sequence consisting of the remaining gaps is
comparable to the original sequence. Hence dimg4 B = dimg4 C; < d. Thus,
to see that the rearranged set A U B has quasi-Assouad dimension d, it will be
enough to prove dimg4 A = d.
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(a) Lower bound for dimg,4 A. We will let |Y| denote the diameter of a set
Y CR.

To see that dimg4 A > d, consider R = |Ax| ~ om, B (by (21)) and r =
%length of block of level ny in Ag, so that r ~ ay,, B"* (by (20)). Notice that if
8 > 0 (independent of k) is chosen such that /SCSU_S < 1, then as ap» > v", for
sufficiently large k,

SN N I S
R1+6 — (Otmkﬁ)HS_ ﬁ1+8a§nk —/31+5 v

If we let z € Ag, then N,(B(z, R) N A;) > 2™~ ! since the blocks of level ny
are separated by at least r, while (R/r)¢ ~ p~4" = 2"k In order for there to
be a constant C such that N,(B(z, R) N A;) < C(R/r)" for all k, we must have
t >log2/|log B| = d. This shows dimg4 | J Ax > d.

(b) Upper bound for dim, 4 A. For this, we will prove the following claim.

Claim. There is a constant C, independent of k, such that

min(| A |, R))d 22)

NA(B(z. R) N Ag) = € :

Jorall r < min(|Ag|, R) and all z € A.

Assuming the claim, we can even prove that dimy A < d. Take R < |A41| /2.
Suppose r < R and that

|[Ak+1]/2 < R < |Ak| /2.

Then B(z, R) can intersect at most two (consecutive) sets A; for i < k, (say
i =m,m+ 1), as well as possibly ( J72 |, 4;. Assume

|4l <1 < |Aj—1]

where, of course, j > k + 1. Since Z?ij |A;| < 2|A;|, one ball of radius r will

cover U;’i] Ai. Asr < |Ag| < |Am+1], from (22) we have

Ny(B(z, R)NA) < Ny(B(z, R) N (A U Aps1)) + Ny (B(z, RN UA,-)

i=k+1
Jj—1

R\d
<2C (7) + i=;§1 Ny (B(z, R)N 4;) + 1
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(where the sum is empty if j —1 < k+1). Sincer < |A4;|fori =k+1,...,j—1,
from (22) we again see that

Nr(B(z,R)mA)gzc(g) e Z (IAI)

i=k+1

co(f) el

<o)

That proves that dimy A < d and hence dimyy A = d.

Proof of the claim. Choose y < 1 such that the diameter of A > ya,,, B forall k.
Temporarily fix k. Choose R and r < min(|Ag|, R).
First, suppose there is some j € IN such that

Yom B/ /A < R < youm, B’ /4

(in particular, R < |Ag|). If j > ng, then 2R is smaller than the smallest block in
Ay and thus B(z, R) can intersect at most two blocks in Az. As there are at most
1/v gaps in each block,

N(BE RN Ay < 2 < (R
U r

Hence assume j < ng. Then 2R is less than the length of any block of level
< j and thus B(z, R) N A can intersect at most two (consecutive) blocks of level
< j,as well as the interval / in-between (where an in-between interval could mean
the interval between the left or right-most block of level j and the endpoint of the
set Ax). The points in A from the two blocks of level at most j can be covered by
2 /v balls of radius r, hence

Ny (B(z, R) N Ay) < % + N,(B(z,R)N ).

Notice that the interval / will contain (at most) 2"~/ blocks of level n > j + 1.
Also, observe that the interval between two consecutive blocks of level n (should
it exist in Ay ) has length at most

oo ¢ +1) n+1
1—n i
'Zz mi P = ame g
i=n+1
Thus if
n+1 n
for somen > j + 1, (23)

O op <=M 2p
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then each such subinterval can be covered by one ball of radius . There are at
most 2"~/ such subintervals contained in /. Additionally, the points in A from
each of the blocks of levels j + 1,...,n contained in / can be covered by 1/v
balls of radius r and there are < 2"~/ such blocks. So

Ny(B(z, R)N1T)<2"/ 42" Jy
<chn/
— C/(IBj—n)d
<C"(R/r)4.
Thus for such r we certainly have

2 R\4 in(|Ag|, R)\4
N, (BG RN A = 2+ ¢(2) < o (R Ry
v r r
for a suitable constant C (recalling that R < |Ax| and R/r > 1).
If (23) does not hold, we must have
j+1 _
amkm <r < R < ]/Olmk,B]/"-.
Then B(z, R) is covered by a bounded number (independent of j, k) of balls of
radius r and that also suffices to prove
R\4 min(|Ag|, R))d
,

N(BG RN A =¢(=) = .

for these r.
Otherwise, R > yo, B/4. If (still) R < |Ak|, then we argue similarly, taking
as [ the full set Ag. Finally, suppose R > |Ag|. Then

Ny (B(z. R) N Ay) = Np(B(Z', |Ak]) N Ak)
where z’ € Ag. As r < |Ag|, the previous work shows

|Ak|>d

r

(min(|Ak|7 R))d_

Nr(B(' 4k N Ax) < € ( :

<C

This completes the proof of the claim. A

Conclusion of the proof for general case of ® — (. Lastly, we remark that the
same arguments show that if & — 0, then for each d € [ﬁcpca, 1) there is some
E =AUB e €, with dimyy A = dimy A, so that also dimgeA = d. Further,
dimeB = dimeC, and thus dimeE = d by the union result, Proposition 2.5.
Since we have 1 = dimgq D, = dimg D, the proof is complete when & — 0. O
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