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Revolving fractals

Kiko Kawamura and Andrew Allen

Abstract. Davis and Knuth in 1970 introduced the notion of revolving sequences, as rep-
resentations of a Gaussian integer. Later, Mizutani and Ito pointed out a close relation-
ship between a set of points determined by all revolving sequences and a self-similar set,
which is called the Dragon. We will show how their result can be generalized, giving new
parametrized expressions for certain self-similar sets.
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Introduction

In 1970, C. Davis and D. E. Knuth [1] introduced the notation of revolving
representations of a Gaussian integer: for any z = x 4 iy with x, y € Z, there
exists a revolving sequence (8o, 81, . . ., 6,) such that

n
2= G140,
k=0

where §; € {0,1,—1,i,—i} with the restriction that the non-zero values must
follow the cyclic pattern from left to right:

=l (i) —(-l)—i—1—---.

For instance, they gave the following example:
—5433i=(1000(=i)(—1)i 10 (—i)0)14i-

They also showed that each Gaussian integer has exactly four representations
of this type: one each in which the right-most non-zero value takes on the values
1,—1,i,—i.
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Let W be the set of all revolving sequences, and define the set
o
X = {Zzsnu i) (51,8,85,...) € W}
n=1

Notice that each revolving sequence determines a complex number and X is a set
of points in the complex plane. The set X is shown in the left half of Figure 1.

Figure 1. X (left) and X ™ (right).

Mizutani and Ito [7] proved the following theorem using techniques from
symbolic dynamics.

Theorem 0.1 (Mizutani-Ito, 1987). (i) The set X is tiled by four Dragons
{Dr,k =0,1,2,3}, that is

where D = Y1 (D) U Y2(D) is the self-similar set generated by

ne = (50

a(2) = (—lz—i)z+ 1;1"

(ii) For each k # k',
A(Dg N Dyr) = 0.
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In the same paper, they mentioned an interesting question. Define another set
X* by

X* = {Za(l i) (81,60,85,...) € W}.
n=1

Notice that 8, moves on the unit circle counterclockwise instead of clockwise.
The set X * is shown in the right half of Figure 1. Computer simulations suggested
to Mizutani and Ito that X * must be a union of four Lévy’s curves; however, they
could not give a mathematical proof.

Recall that Lévy’s curve is a continuous curve with positive area. It was
introduced by Paul Lévy in 1939 [6]. Figure 2 shows the graph of Lévy’s curve,
which is a self-similar set L = ¢1(L)U¢» (L) generated by the similar contractions

$1(2) = (1—2l_i)2,
¢2(Z)=(1;i)z—l— 1—2|—i'

0.1

0

A ‘n"l
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Figure 2. Lévy’s curve.

Kawamura in 2002 [4] finally gave a proof of Mizutani and Ito’s conjecture.

Theorem 0.2 (Kawamura, 2002). The conjugate of X* is a union of four copies
of Lévy’s curves L generated by (0.1), that is

3
X* = U i*L.
k=0
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It is worth mentioning that the proof is completely different from Mizutani and
Ito’s approach. Instead of using technique from symbolic dynamics, Kawamura
considered the following functional equation

o,y (2x), 0<x<1/2,

0.2)
VSay(x —1) + (1 —y), 1/2<x<1,

Joy(x) = {

where o and y are complex parameters satisfying |«| < 1, |y| < 1. She proved
the existence of a unique bounded solution fy,:[0,1] — C of (0.2) and gave
the explicit expression. Observe that the closure of the image of this bounded
solution fy ,, ([0, 1]) is a self-similar set generated by two contractions ¢ (z) = az
and ¢»(z) = yz + (1 — y). In particular, if« = (1 +i)/2andy = (1 —i)/2,
Jay(0.1]) = L.

Lévy’s curve and Dragon are very different: one is a continuous curve while
the other is a tiling fractal; however, both are self-similar sets. Thus, the following
questions arise naturally.

(1) Is there a generalized relationship between sets of revolving sequences and
self-similar sets? In particular, we are interested in describing self-similar
sets which arise from more general revolving sequences, where the 90 degree
angle of rotation is replaced with a more general angle.

(2) Is there a simpler way to prove both Mizutani and Ito’s and Kawamura’s
theorems?

1. Generalized revolving sequences

Before stating our results, some notation need to be introduced. Let « € C denote
a complex parameter satisfying |¢| < 1. Let 6 be an angle with —7 < 6 < &
and a rational multiple of 2. More precisely, there are p € IN, g € Ny such that
|6 = 2. Define

Ag := {0, 1,619 20 e(p_l)m}.

Definition 1.1. A sequence (61,8,,...) € A]g satisfies the Generalized Revolving
Condition (GRC), if the subsequence obtained after the removal of its zero ele-
ments is a (finite or infinite) truncation of the sequence (¢’?). More precisely, let
(n;) :={n:8, # 0}. Then, § = ei95ni.

nj41
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Notice that §,, moves on the unit circle counterclockwise if 86 > 0, and
clockwise if 6 < 0.

Define Wy as the set of all generalized revolving sequences with parameter 6:
Wy :={(61,62,...) € A]g: (61,82, ...) satisfies the GRC},

and for a given o € C such that |¢| < 1, define

oo
Koo i={ D 600" (61,65, 83,...) € W),

n=1

Notice that each generalized revolving sequence determines a complex number
and X, ¢ is a set of points in the complex plane. Two examples of X, ¢ are shown
in Figure 3. It is not hard to imagine that X, ¢ is a union of self-similar sets;
however, it is not immediately clear which iterated function system generates these
self-similar sets.

Figure 3. Xo.0: (@, 0) = (1L, ) (left) and (. 6) = (15, Z) (right).

Using a direct approach different from both [7] and [4], we obtain the following
theorem.

Theorem 1.2. X, ¢ is a union of p copies of Ky 9:

p—1
Xa,@ = U(ele)lKa,O,
1=0
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where Ky 9 = Yr1(Ko ) U2 (Ky g) is the self-similar set generated by the iterated
function system (IFS):

- .

Va(z) = (we'?)z + a.

Remark 1.3. Using a similar approach as in [4], Young [8] essentially found the
result of Theorem 1.2 under the RTG Undergraduate Summer Research Program;
however, his proof was incomplete.

Example 1.4. Both Mizutani and Ito’s and Kawamura’s results are included in

this setting as special cases. It is clear that X, g is a union of Dragons if « = 1—;‘

and 0 = —z/2. If @ = 1%’ and 0 = 7 /2, then X, g is a union of Lévy’s curves
generated by
1—i
@ = ()=
w(z)—(l—H)z—i—l_i (1.2)
R ) 2

Notice that (1.2) is different from (0.1). Let P be the self-similar set P =
V1 (P) U yo(P) generated by (1.2). It is clear that L = P since

L =¢1(L)Ugs(L) = y1(L) Uya(L).

Recall the celebrated theorem of Hutchinson [3]: for any finite family of
similar contractions 1, ¥, ..., ¥, on R”, there exists a unique self-similar set
X C R”, which is a unique non-empty compact solution of the set equation
X = ¥1(X) U ya(X) U---UY,(X). However, the converse is not true. In
fact, a self-similar set can be constructed by many different families of similar
contractions.

One of the challenges of this type of question is to find a suitable pair of
contractions which matches the position of the set X, g exactly. Once the suitable
pair of contractions is found, a more direct proof is possible, using the following
lemma and proposition.

Define a subset of X, g as follows.

o
Xiao = {2 8a0™:8), = 1,61, 82.85....) € Wy, (1.3)

n=1

where j; := min{j:6; # 0}.
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Lemma 1.5. X, 4 is a closed set.

Proof. Let (x) be a sequence in X 4 g, converging to some point x. For each
k € IN, there exists a sequence (§X) € Wj such that x; = 352 | §ka”.

It suffices to construct a sequence (8,) such that for each n > 1, there exists
k € W such that (§,) and (5¥) start with the same initial word of length n.
Obviously, then x = Y °7  §,0" € X1 4.0

A suitable sequence (§,) can be constructed by induction as follows. First,
choose §; € {0, 1} so that there exist infinitely many k € IN such that §¥ = §;.
Next, suppose an initial word 61, 65, . . ., 8, has been defined for some n > 1 so
that 8’1‘8’2‘ .. .82‘ = 618, ...68, for infinitely many k € IN. Then choose 6,41 €
{0, eiGSJ-O(n)}, where jo(n) := max{j < n:§; # 0}, in such a way that there exist
infinitely many k € IN such that

Sksk . skk, L =8162.. 846ns1.
This gives the desired sequence (,,). O
Corollary 1.6. X, g is a closed set.
Proof. Notice that

p—1
Xot,G = U (ele)lXI,(x,G-
=0
Using the fact that the union of finitely many closed set is closed, X, ¢ is closed.
O

Proposition 1.7. X, , ¢ satisfies the set equation:

Xl,a,@ = I;01()(1,05,6?) U I;02()(1,05,6?),

where {{r1, W2} is the IFS from (1.1).

Proof. Letx = Y02 8,0" € X149 If 81 = 0,5et 8} 1= 84 for j =1,2,....
Then (§7) satisfies the generalized revolving condition with its first nonzero digit
equal to 1, so

o0
X=u ZS;aj € Vi(X1,0.6)-
j=1

If 6, = 1, set 8]/. = e_i95,-+1 for j = 1,2,.... Since the second nonzero digit of
(8,) is €'?, the sequence (8]/.) satisfies the generalized revolving condition with its



296 K. Kawamura and A. Allen

first nonzero digit equal to 1, so
. w .
x =a+ae'’ 28}061 € V2(X1,0,0)-
j=1
Thus Xl,a,@ C 1#1 (Xl,a,e) ) wZ(Xl,a,G)

The reverse inclusion follows analogously. Let x € (X7 4,0) U ¥2(X1,4.6).
Ifx =a) ;2 8pa" € Y1(X1,0,9), Set

5. |0 if j =1,
/ 81 if j =2.

Then (8]/.) satisfies the generalized revolving condition with its first nonzero digit

equal to 1, so
o0 o0
X = Z5n—10€n = 28]/-06‘/ S Xl’a’g.
n=2 j=1

If x = (e’®) 3% 600" + @ € Y2(X1.4.6), set
o[ if j =1,
! 98, if j > 2.

Since the second nonzero digit of (8]/.) is e!?, the sequence (8}) satisfies the
generalized revolving condition with its first nonzero digit equal to 1, so

o0 o0
X = Z(eif’gn_l)an to= Z‘g}“j € X1,0,6-

n=2 j=1
Thus, 1/’1 (Xl,(x,e) U w2(X1,(x,0) - Xl,a,G- O

Proof of Theorem 1.2. Since the set equation X = 1 (X) U ¥»(X) has a unique
nonempty compact solution, Theorem 1.2 follows immediately from Lemma 1.5
and Proposition 1.7. |

2. Signed revolving sequences

Theorem 1.2 shows a direct relationship between generalized revolving sequences
and self-similar sets generated by the IFS from (1.1):

V1(2) = az,
V2 (2) = (ae'?)z + .
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Many interesting self-similar sets are generated by (1.1); however, Koch’s
curve, a famous self-similar set, is not generated by (1.1) but by a different pair of
two similar contractions:

{wl(m = oz, o

Va(2) = (ee!?)z + a.

In particular, if « = 1/2 + (/3/6)i,0 = —m/3, the IFS (2.1) generates Koch’s
curve.

A reversed question arises naturally: what kind of revolving sequences are
related to self-similar sets generated by the IFS (2.1)? More precisely, given
the attractor K 5 o of the IFS (2.1), we want to find a suitable set of “revolving”
sequences such that the analog of the set X, ¢ from Section 1 is

p—1

10N\ 2
U(e’ Y KZ,.
=0

Recall that o € C is a complex parameter satisfying |¢| < 1 and 6 be an angle
with |0] = 2%‘1 where p € IN,g € INy. The generalized revolving sequences
from Section 1 always follow a fixed direction on the unit circle, depending on the
given 6. How does the introduction of complex conjugates in the IFS influence
the corresponding type of revolving sequences?

Definition 2.1. A sequence (81,63,...) € Ag\l satisfies the Signed Revolving Con-
dition (SRC), if

(1) 6 is free to choose;

(2) if 61 = 8, = --- = 6 = 0, then 1 is free to choose;

(3) otherwise, 811 = 0 or

Spa1 = (et if jo(k) is odd,
i (e )8jow) if jo(k) is even,

where jo(k) := max{j < k:§; # 0}.
Roughly speaking, jo(k) is the last time before time k that §; is on the unit
circle.

Notice that §,, is either zero or lies on the unit circle, and its direction of motion
(that is, where it moves to at time n) depends on the last time j < n when §; is
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on the unit circle. If the last visit to the unit circle happened at an even time, then
8, moves clockwise along the circle. On the other hand, if the last visit to the unit
circle happened at an even time, then §, moves counterclockwise along the circle.
For example,

0—1—e @ 50—1—e? —>0—0—1—-....

Compared to the generalized revolving sequences from Section 1, which al-
ways move in the same direction, we see that the direction of movement of the
sequence (§,) depends on its past.

Define Wei as the set of all signed revolving sequences with parameter 6:
= {(81,82,...) € AP (81,82, ..., ...) satisfies the SRC},

and for a given @ € C such that |¢| < 1, define

o0 n
X2, 0= {215 [T G162 e Wi,
n= j=1

where ny = o and n;+; =5, for j = 1,2,.... Four examples of X‘fe are shown
in Figure 4.
Let j; := min{;j:§; # 0} and define a subset of X‘f o as follows:

1a0—{25 l_[m = 1. (81,82, .. .)eWei}. 2.2)

A straightforward modification of the proof of Lemma 1.5 gives the following
Lemma 2.2 and Corollary 2.3.

Lemma 2.2. X7, isa closed set.
Corollary 2.3. X7 ; is a closed set.
Proposition 2.4. X 12,0(,9 satisfies the set equation

X7 a9 = V1(XTg0) UVa(XT, o),

where {1, ¥, } is the IFS from (2.1).

Proof. Let x = >0 8, [[j=im € X7 o4 I 81 = 0, set 8 1= 84 for
j = 1,2,.... Then (SJ) satisfies the signed revolving condition with its first
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Figure 4. X2 ,: (a.0) = (3 + f’ .—Z) (top left), (e, 0) = (5 + f’ . %) (top right),
(@,6) = (4 + 3L, Z) (bottom left) (@,0) = (3 + L3 —x) (bottom right).

nonzero digit equal to 1, so

nl € 1;01()(10519)

||M8
" :Ellx
||
||M8
T :l‘

If 6, =1, set 81’- = ei98j+1 for j = 1,2,.... Since the second nonzero digit
of (8,) is e'?, the sequence (8]’.) satisfies the signed revolving condition with its
first nonzero digit equal to 1, so

o
X =a+ae Z l_[ € Va(X7 g p)
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Thus X7, C ¥1(X7449) U ¥a2(X7, ). The reverse inclusion follows analo-

gously. |

Since the set equation X = v;(X) U ¥»(X) has a unique nonempty compact
solution, Theorem 2.5 follows immediately from Lemma 2.2 and Proposition 2.4.

Theorem 2.5. Let K§,0 be the self-similar set generated by the IFS from (2.1).

Then,
p—1

U K2, = X2,
k=0

Remark 2.6. It is interesting to note that, while K 5 ¢ 1s the attractor of an au-
tonomous IFS (where the maps applied at each step do not change), its represen-
tation by a set of revolving sequences involves a rule that is past-dependent.

3. Alternating sequences

Both Propositions 1.7 and 2.4 gave more explicit description of certain self-similar
sets generated by the IFS from (1.1) and (2.1) respectively. In these two iterated
function systems, either both maps or neither involve a reflection. But what
happens if exactly one of the maps includes a reflection? For example, what kind
of revolving sequences are related to self-similar sets generated by the IFS

{1/’1(2) =az,

3.1
Va(z) = (ee'?)z + a, G-

where @ € C such that |o| < 1 and |0| = |2an| <m?
(Notice that the self-similar sets generated by

Yi(z) = az,
V2 (2) = (ae'?)z +a,

are essentially the same as those generated by (3.1), so this fourth case does not
require separate treatment.)

As in Section 2, we want to find a suitable set of “revolving” sequences X
satisfying the set equation

3
1,a,0

Xil)t,@ = wl (X13,a,9) U ¢2(X13,a,9),

where ¥, and v, are the maps in (3.1).
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Surprisingly, X 13 .0 18 not parametrized by a set of “revolving” sequences but
by what we call “alternating” sequences.

Definition 3.1. A sequence (61,62,...) € A]g satisfies the Alternating Condi-
tion (AC), if

(1) 6, is free to choose;
(2) if 81 = 8, = --- = 6 = 0, then 1 is free to choose;

(3) otherwise, §x+1 = 0 or

8k+1 _ (€+i0)8j0(k), if Njo(k) is odd,
(€ )8jom),  if Njya) is even,

where jo(k) := max{j < k:8; # 0} and Nj ) := #{j < jo(k):8; # O}.

Roughly speaking, Nj, (k) is the number of times until jo(k) that §; is on the
unit circle. Notice that any §; % 0 must alternate between two values on the unit
circle. For example, the following sequence satisfies the AC:

b 50—1—0—ef

0—0—1—¢ s ) —> -,

Define WQA as the set of all alternating sequences with parameter 6:
W= {(81,82,...) € AN: (81,62, .. .) satisfies the AC},

and for a given o € C such that |¢| < 1, define

o0
X2 = {28
n=1

n

HS,-:(Sl,Sz,...)eWeA},

n
j=1
where £ = o and
g if§; =0,
E=92 (3.2)
& if§; #0,
for j > 0.
Four examples of X 3 o are shown in Figure 5. Notice that X, 3 o has asignificant
difference from X9 and X7 ,: the []}_, & term found in X, depends on the

behavior of the sequence (81, 62, -+ - , §,), while the products in X, 9 and X‘ie do
not depend on that sequence.
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=14

Figure 5. X o2 (@.0) = (i Z) (top left), (@,0) = (L£E, —Z) (top right), (@, 6)
(2L, Z) (bottom left), (e, ) = (ZEL, —Z) (bottom right).

Let j; := min{;:§; # 0} and define a subset of X7 ; as follows.

X3 0o = {25 Hg, 8, =1,(51,... ')EWOA}’

A straightforward modification of the proof of Lemma 1.5 gives the following
Lemma 3.2 and Corollary 3.3.

Lemma 3.2. X 13 .0 18 aclosed set.

Corollary 3.3. X ; is a closed set.
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Proposition 3.4. X 13 «.¢ Satisfies the set equation

X? 0o =V1(X] 4 9) Uta(X] 0.

where {1, ¥, } is the IFS from (3.1).

Proof. Letx =302 8, [1)=, & € X}, 4 Where (&) depends on (6,) asin (3.2).
If §; = 0, set§; :=dj41 and §; := ;41 for j = 1,2,.... Then (§}) satisfies the
alternating condition with its first nonzero digit equal to 1, and (EJ/-) depends on (8})
as in (3.2), with first term «. So

00 J
=a) 56Xl
j=1 I=1

If§; = 1,setd) := e’98,+1 and £} := = &1 for j = 1,2,.... Since the second
nonzero digit of (8 ) is e'?, the sequence (8]/) satisfies the alternating condition
with its first nonzero digit equal to 1, so

00 J

X =0o+ ae Z H Glﬂz(Xia’e).

Thus X 13,0(,9 Cc (X 13’“’9) U ¥ (X 13’“’9). The reverse inclusion follows analo-
gously. O

Since the set equation X = v;(X) U ¥»(X) has a unique nonempty compact
solution, Theorem 3.5 follows immediately from Lemma 3.2 and Proposition 3.4.

Theorem 3.5. Let K “;’,9 be the self-similar set generated by the IFS from (3.1).
Then

p—1
U (elg)kKs 5 =
k=0

Remark 3.6. We originally found the results of Theorems 1.2, 2.5, and 3.5 using a
technique similar to the one in [4] (considering the unique solution of a functional
equation analogous to (0.2)). However, to avoid unnecessary technicalities, we
have chosen to include only the more direct proofs using Propositions 1.7, 2.4,
and 3.4. For the details of the original proofs, see [5].
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