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Abstract. We study the family of vertical projections whose fibers are right cosets of
horizontal planes in the Heisenberg group, H”. We prove lower bounds for Hausdorff
dimension distortion of sets under these mappings with respect to the natural quotient
metric, which we show behaves like the Euclidean metric in this context. Our bounds are
sharp in a large part of the dimension range, and we give conjectural sharp lower bounds
for the remaining range. Our approach also lets us improve the known almost sure lower
bound for the standard family of vertical projections in H” for n > 2.
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1. Introduction

The study of dimension distortion by projections dates back to J. Marstrand’s
1954 paper [18]. Among many other things, it was shown that for an analytic
set A C R?, dim Pg(A) = min{dim A4, 1} for H'-almost all § € [0, ), where
Py:R? — {4 is the orthogonal projection onto the line with terminal angle 6.
Moreover, it was shown that if dim 4 > 1 then (' (Pg(A4)) > 0 for H!-almost all
0 € [0, 7). Over time, this result has been expanded and generalized in many
directions. For instance in [17], R. Kaufman introduced a potential theoretic
approach that streamlined Marstrand’s proof, and using this approach P. Mattila
generalized the result to higher dimensions [19]. The general result, including the
Besicovitch—Federer characterization of unrectifiability ([7, 12]), is stated in the
following theorem.

Theorem 1.1. Let A C R” be an analytic set of dimension s.

(1) If s < m, dim Py (A) = s for almost every m-dimensional subspace V.
2) If s > m, H™(Py(A)) > 0 for almost every m-dimensional subspace V.
3) If s > 2m, Int(Py (A)) # @ for almost every m-dimensional subspace V.

Moreover, in the case where s = m and with the added hypothesis that H™ (A) < oo,
A is purely m-unrectifiable if and only if H™(Py(A)) = 0 for almost every m-
dimensional subspace V.

Analogous, but in some cases weaker, results have been obtained when pro-
jections are restricted to a subfamily of planes [3, 16, 11, 24, 9, 25, 14]. In [26]
the authors introduced the concept of transversal families of maps thus giving a
vast generalization of Theorem 1.1 which extended the result to many more fam-
ilies of mappings. The problem has also been studied outside of the Euclidean
setting, specifically in the Heisenberg group, in [2, 3]. There, the story is far from
over. Two distinct families of “projections” arise naturally in this context, known
as homogeneous projections. Dimension distortion by one of these families, that
of horizontal projections, can be tackled using transversality, but the other fam-
ily, that of vertical projections, is not transversal in the sense of Peres and Schlag
and is otherwise quite difficult to work with. Improving the known dimension
distortion bounds in this context continues to be an active area of research with
improvements being made recently in [15]. In this paper we continue the work in
this direction by studying another natural, yet unstudied, family of projections in
the Heisenberg group. Our approach also improves the known dimension distor-
tion bound for the standard family of homogeneous projections studied in [3].
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The nth Heisenberg group is defined as the manifold H” := R?" x R with
typical pointdenoted by (z,¢) = (x1,...,Xn, Y1 ..., Vn,t) wherefor j = 1,...,n,
zj = x; + iy;. As such, we will identify C" with R?" (and e.g. write iz
for pointwise scalar multiplication of z € C” by i). We endow this manifold
with the group law (z,7) * (w,s) = (z + w,t + s+ %a)(z,w)), where w =

M1,... Uy, V1,..., V), and w(z,w) = Z;-'Zl(xjv‘,- — y;juj). This group law
makes H” a Lie group with left invariant vector fields
d i 0 d i 0 0
Y ; Y9 T=—, forj=1,...,n.

T 200 T oy 2 ot
For any given j, [X;,Y;] =T, so H{ = span{X;,Y;: j = 1,...,n} forms a
bracket generating distribution. We say an absolutely continuous curve y: [0, 1] —
H" is horizontal if
y(s) € H,) forae.se]0,1].

By declaring {X;,Y;:j = 1,...,n} to be orthonormal, we can compute the
(horizontal) length of y in the usual way. We will denote the length of y by |y]|.
The bracket generating condition enables the definition of a Carnot—Carathéodory
distance in all of H” via

dec(p, q) = inf{|y|: y is horizontal, and y(0) = p, y(1) = ¢q}.
|* + 1612 also gives a left invariant metric
L% p||. These two metrics

The Kordnyi gauge ||(z,t)||ﬁ'{n = |z
(known as the Kordnyi metric) given by dy» (p, q) = |lg~
are bi-Lipschitz equivalent.

For r > 0 the non-isotropic dilations 8,(z,¢) = (rz, r?t) give H" a homoge-
neous structure. This enables the definition of homogeneous subgroups as sub-
groups which are closed under dilations. These subgroups come in two kinds,
those contained in C” x {0} (horizontal), and those containing the entire ¢-axis
(vertical). The ¢-axis is a homogeneous subgroup, one without a complementary
horizontal subgroup. The horizontal subgroups V' x {0} coincide with isotropic
subspaces V of C", and their (Euclidean) orthogonal complements V+ x R are
vertical subgroups (here an isotropic subspace means one on which the symplectic
form o vanishes identically). We denote the Grassmannian of isotropic m-planes
in R?" as Gj,(n,m), and for V € Gy, (n, m), we denote the corresponding horizon-
tal and vertical subgroups by V and V- respectively. For each V € Gy, (n, m), V+
is a normal subgroup of 1", and we have a semi-direct splitting H"” = V x V.
Since the group V= is normal, the splitting can also be taken to be H” = V+ x V.
These splittings induce projection maps Py onto the horizontal subgroup V, and
PR | PL onto the vertical subgroup V. Here P\If ' is induced by the first men-

vl fvL
tioned splitting, and its fibers are right cosets of the subgroup V. In the same
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way, Pé . is induced by the second splitting and its fibers are left cosets of the
horizontal subgroup V. Turns out, Py agrees with the Euclidean orthogonal pro-
jection onto the subspace V, while P{,ﬂ, and Pé . can be defined via the group
law by PR (p) = Pv(p)~'p, PL (p) = pPv(P)'. Since the group law is
non-commutative, these two maps are inherently different, although they are re-
lated by the equation Pé " (p) =— {f ' (—p). It is important to note that given a
set A C H"” dimp» A # dimp= (—A) in general. It is therefore expected that these
maps behave differently when it comes to dimension distortion.

The group U(n) of complex unitary matrices, which may be identified as
a subgroup of O(2n), preserves the symplectic form w (see [20, Chapter 3]).
This group acts smoothly and transitively on G,(n,m), and each R € U(n)
induces an isometry of H” given by R(z,¢) = (Rz,t). Therefore, for any two
horizontal subgroups V and V’ there is an Ry € U(n) such that V. = RoV'.
Since U(n) has a unique probability Haar measure, the space G (n, m) inherits
a unique U(n)-invariant probability measure, which we denote by 1, ;. This in
turn allows us to put a measure on the set of horizontal (resp. vertical) subgroups
of Hausdorff dimension m (resp. 2n + 2 —m) in H”, specifically, one simply uses
the measure u, ,, by appealing to the aforementioned correspondence between
horizontal (resp. vertical) subgroups and Gy (n, m).

The vertical projections Pé ', together with horizontal projections, have been
heavily studied in the context of Hausdorff dimension distortion ([2, 3, 10, 15]).
These projections also play a pivotal role in the theory of rectifiable sets in
H" ([23]). Here we intend to initiate the study of the projection P{f ' in the context
of dimension distortion. Whereas the fibers of the map Pé . are horizontal lines,
the fibers of P{f ', are not horizontal. It is therefore not very natural to consider
PE, asamap from (H”, dec) to (V+, dec|y1). In H', the maps P¥, have already
been studied in other contexts (see for instance [1]) where a natural metric arises
on the image of P§ . We study dimension distortion in the context of this, “more
natural,” metric by first generalizing it to higher dimensions. Our main result is
as follows.

Theorem 1.2. For 1 < m < n and any Borel set A C H",

dimg A ifdimEA S [0, 2n—m],
dimg Pl (4), dimg PR (4) > {210 —m if dimg A € [2n —m, 2n),
dimg A—m if dimg A € [2n,2n + 1],
(D
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Jor ppm-a.e. V€ Gp(n, m), and

(dimgn A)/2 lf dimpgn A € [ s ],
. dimp» A — 1 if dimgn A € [2,2n —m + 1],
dimy\ pyn P‘I;J_(A) > g
2n—m if dimgn A € 2n—m + 1,2n + 1],
[

dim]HnA—m—l l'fdim]HnAG 2n+12n+2]
2)
Jor ppm-a.e. V. e Gp(n,m). If dimg A < 2n — m then (1) is sharp, and if
dimgr A < 2n + 1 — m then (2) is sharp.

Here, dy\p» refers to this aforementioned “more natural” metric on V+ while
dimg and dimp» refer to the Hausdorff dimension with respect to the Euclidean
and Heisenberg metrics, respectively (see [6]). Our main idea is to obtain a
projection theorem in the Heisenberg group by first considering the Euclidean
metric on both sides and then applying some kind of “dimension comparison
principle”. This is natural for right coset projections because the resulting bound
obtained is sometimes sharp. We remark that the Euclidean-Euclidean dimension
distortion problem for vertical projections in H seems to have been first posed in
[21, p. 296]. At least one instance of applying Euclidean methods and dimension
comparison to projection bounds in the Heisenberg group can be found in the
proof of Proposition 4.9 in [3].

By dimension comparison, Theorem 1.2 leads to the following almost sure
dimension bound for the standard (left-coset) projection problem.

Theorem 1.3. For 1 <m < n and any Borel set A C H",

dimgn A — 1 if dimgm A € [2,2n — 1],
dimgn PL, (4) = {0 { dimgn 4 € [2,2n —m + 1] 3)
2n —m if dimgn A € 2n—m + 1,2n + 1],

Jor ppm-a.e. V€ Gp(n, m).

Previously, the best known almost sure lower bound for this problem (in H”
with n > 1 and dimp» A < m + 2) was

dimpn Pél (A) > min{dimpgn» A, 1} for u, u-almostall V e Gp(n,m).

This bound also holds when n = 1, though there it is not the best known. The best
known universal lower bound was

dim]Hn A—m

dimpn P{;l (A) > max {0, 7

s dil’l’l]Hn A—m—1, Z(dil’l’l]Hn A—n—l)—m}.
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From this, the best possible almost sure lower bound was
dim]Hn A—m
2 b
dim]Hn A—m— 1,2(dil’l’1]Hn A—n— 1) - I’I’l},

dimpn Pé ' (A) > max { min{dimgr A, 1},

for pn m-almost every V€ Gp(n,m). Therefore, Theorem 1.3 improves this
almost sure lower bound in the range dimp» A € [2,2n + 1]. The new lower
bound reads

dimgn P, (A)

dimpp A if dimpgn 4 € [0, 1],
1 if dimg» A € [1,2],

> Jdimpr A — 1 if dimpr A € [2,2n —m + 1],
2n—m if dimge A € 2n—m +1,2n + 1],
2(dimgn A —n—1) —m if dimgr A € 2n + 1,2n + 2],

for pup m-almost every V € Gy (n, m).

For n > 1, we do not know if the lower bounds in Theorem 1.2 are sharp
for dimg A > 2n — m and dimg» A > 2n 4+ 1 — m, but we suspect the answer
is no. For dimp» A > 2 we predict the lower bound dimp» A — 1 to hold up to
dimp» A = 2n + 2—m; the example in the proof of Theorem 1.2 shows this would
be sharp. The conjectured lower bounds are given below; in all cases it is assumed
that 1 <m < n.

Conjecture 1.4 (see [2, Conjecture 1.5] for the case n = 1). Let A € H” be a
Borel set. If dimpn A <2n 4+ 2 —m, then

dimgn P\ (A) > dimpgn A
fora.e.V € Gp(n,m), and, if dimpn A > 2n 4+ 2 —m, then
Han 2 (P (4)) > 0
fora.e.V € Gp(n,m).
Conjecture 1.5. For any Borel set A C H",
dimy\pn P, (A) > min{dimg A,2n —m + 1}

fora.e. VeGy(n, m).
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Conjecture 1.6. For any Borel set A C H",
dimg PL, (A), dimg PR, (4) > min{dimg 4,2n —m + 1}

fora.e.V € Gp(n,m).

Conjecture 1.7. For any Borel set A C H",

{ dimpn A

dimy\ n P{,QL(A) > min{max ,dimpn A — 1},2n —m+ 1},

fora.e. V € Gy(n,m).

Conjecture 1.8. For any Borel set A C H",

{ dimp» A

dimg Pél(A)zmin{max ,dim]HnA—l},Zn—m—l—l},

fora.e.V € Gp(n,m).

Conjecture 1.9. For any Borel set A C H",

{ dimpn A

dimg P{,ﬂ(A)zmin{max ,dim]HnA—l},2n—m+l},

fora.e.V € Gp(n,m).

All these conjectures are sharp if true; the connections between them are
pictured below. The relations and sharpness will be shown at the end of Section 3.

Conj. 1.6 <= Conj. 1.5

[ l “)

Conj. 1.4 = Conj. 1.8 Conj. 1.7 <= Conj. 1.9

Here we also include graphs summarizing our results on a.e. Heisenberg and
Euclidean dimension distortion.
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2n—m +

1

2n—m

dimy\p» PR, (A)

2n—m + 1

2n—m

dimg PR, (4)

1

‘Zn—l—‘l—m‘ Zn‘—i—l ‘

2 2n+2—m 2n+2
dim]HnA

—— Theorem 1.2
--- Conjecture 1.7

2”"?“” | | |
2n—m 2n 2n+1
dimEA
—— Theorem 1.2

--- Conjecture 1.6
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Finally, in the first Heisenberg group H there is a small improvement possible
to Theorem 1.2, which we show in Section 4. With Euclidean metrics on each side,
Corollary 4.3 is a better a.e. lower bound than Theorem 1.2 for dimg 4 € (1,5/2).

2. Right coset projections in H"

In this section we will first introduce the Grushin plane, which will come back
later in connection with right coset quotient spaces. Then we will describe the
right coset quotient space by vertical subgroups together with the corresponding
vertical projections. Finally we will restrict to the case of vertical subgroups of
co-dimension one where we have a clear description of the metric structure of
the space and the aforementioned connection with the Grushin plane arises. It
is worth mentioning that the connection between the Heisenberg group and the
Grushin plane has been studied before (see for instance [1], [27], and [13, (3),
p- 293)).

In this section we only consider the projections P{,ﬂ which we will simply
denote by Py .. In addition, for 1 < m < n, the notation H" ™ will be frequently
used. It is therefore important to emphasize that this notation signifies the (n—m)th
Heisenberg group, C"~™ x R, with all of its structure. In particular, when n = m,
H""™ is simply the “t-axis”, C® x R = R, with standard addition and metric
dyn-m = 2d /2.

2.1. The GrushinPlane. The Grushin plane is the manifold G = R? with vector
fields

T = va
V=£,

where (v, ) € R2. These vector fields span the whole tangent space at every point
outside of the singular set {v = 0}, and by taking them to be orthonormal there,
we get a line form

dt?
ds? = dv? + =
v

on R%\ {(0, 7): T € R}. One can check that [T, V] = 3%, which allows us to extend
this metric to a Carnot—Carathéodory path distance in all of R?. The resulting

metric, denoted by dg, turns G into a non-equiregular sub-Riemannian manifold
whose horizontal curves are curves that have horizontal tangent at every point of
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intersection with the critical line. That is to say, y: [0, 1] — G is horizontal if there
exist integrable functions a and b such that

y(s) =a(s)T + b(s)V,

for a.e. s € [0, 1]. The length of y is then given by

1
/[a(s)2 + b(s)?]"/? ds.
0

If we write y(s) = (v(s), t(s)), a more explicit formula for the length is

Ag = /1 [z}(s)z + i(s)z]l/zds. 6)
0

v(s)?

For each ¢y the vertical translation map (v,t) — (v,t + tp) is an isometry
of G. This can also be seen as a non-transitive group action by R whose orbits are
vertical lines, in particular, the orbit of 0 is the critical line v = 0. One interesting
property of the Grushin metric, that will come back later in the discussion, is that
the restriction of the distance to the critical line is comparable to the square root
of the Euclidean distance. Therefore, this “copy” of R is embedded into G in a
“snowflaked” way. In contrast, the restriction of the distance to any other vertical
line is Riemannian.

2.2. The right coset quotient space. For 1 < m < n, given V € Gy(n,m) we
consider the quotient space of right cosets of V in H”,

V\H" := {Vp: p € H"},
endowed with the quotient distance
dy\un (Vp,Vp') = inf{dec(qp. p'):q € V}.

There is a unique way to write elements of V\IH" as V¢ with ¢ € V. Therefore
V\H" is identified with V1 by the map Vg ~ ¢. This map coincides with the
map on V\IH” induced by Py, thatis Py (Vp) = {PyL(p)}.

Lemma 2.1. For each fixed V, the map
PVJ_: (Hn, dcc) — (VJ_’ dW\]H")

is 1-Lipschitz.
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Proof. Indeed, if p, p’ € H" we have
dy\gn (PyL(p). PyL(p') = ;2{/ dec(qPy1(p), PyL(p)).

An upper bound is found by choosing a specific ¢ € V. In particular, choosing
q = Py(p’)~! Py(p), and appealing to the left invariance of d.. we see that,

dy\un (Py1(p), Py1(p") < dec(p. P'). O
Denoting by nw the Euclidean orthogonal projection onto W, an explicit

formula for the projection is given by

Pyi(z,t) = (nw (z),t — %w(nv(z), Ty (z))). 7

The space V\H" inherits a rich structure from H" which allow us to have a
more intuitive understanding of the space.

The unitary group, U(n), acts smoothly and transitively on Gp(n,m) and
isometrically on H” via (z,t) — (Rz,t), (R € U(n)), therefore understanding
the metric properties of Vo\H” for a fixed V( will get us the same properties for
V\H" in general. Hence, to simplify computations, fix the horizontal subgroup

V=Vo:={(x1,....,xm.0,...,0):x; € R},
for the rest of this section. This gives us
vt = V(J)‘ ={0,...,0, Xpm+41. s Xn, Y1, .-, Yn, 1): X5, y;, t € R}
With this concrete setting, we discuss some of the symmetries of the space V\H".
Homogeneous dilations. The space V\H" admits homogeneous dilations. Al-
though these dilations are defined on V\IH"” we abuse notation using the same
symbol as for the Heisenberg dilations since the dilations on V\H” are nothing

more than the dilations on H” that factor through the quotient map. For eachr > 0
the map §,: V\H"” — V\H" given by

8000, ..., 0, Xmgts e Vnst) = (0, ..., 0, FXpts ... . TVn, T21),

is homogeneous of degree 1 with respect to dy\p». Indeed,
dv\in (8 (p). 8- (")) = qlg{/ dec(q8:(p). - (P))
= r Inf dec(8y/r (). 1)

= rdy\ur (p. p').
The last equality follows from the fact that V is homogeneous (so that 61/, (g) € V).
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Group action by H*™™. We embed H"”~" in H” by the map & — é given by

(u17 e ’un—m, vla ) vn—m’ T)
> (0,...,0,u1,...,Up—m,0,...,0,v1,...,Vp—m,T),
where in the right hand side the first m coordinates and coordinates n + 1 through

n + m are all zero. With this notation we can see that H"~™ acts on H" by “left
translation” via the map

Lep = ép.
To see that this action is isometric, note that for each & € H* ™™, é commutes with

elements of V. Indeed, writing ¢ = (z,0) € V and é = (w, 1), it is not hard to
see that w (0, z) = 0. Because of this,

dvvn (Lep, Lep') = inf dec(gp, Ep)
= inf dec(Egp, £p')
qev
= inf dec(qp, p')
qgeVv

= dy\un (p. ).

This action is smooth with respect to the quotient topology but it is not transitive.
For a point (0, ...,0, Xpm41, -+ Xns Y1s---»> Yn,t) € V- its orbit consists exactly
of all other points of the form (0,....0,x, ..., X}, Y1y Y Vg1 Vo £)-
Therefore, the orbit space is parametrized by R™.

Group action by U(r — m). Similarly, we embed U(n — m) into U(n) via the
map R — R given for each z = (x1,...,Xn, Y1...., yn) € R*" by

Rz =2Z.
Here
Z = (-xl '-'7XM1-£m+17-'-1-£n7y11'-'1y}’ﬂ1.)7m+11'-'7yn)
with
(im-‘rly-'-sin’ym-‘rl#-'-1,)7}1) = R(-xm+11'-'7-xn1ym+11'-'7yn)-

In this way U(n — m) acts on V\H” via
p > I]AQp = (ﬁz,l),

where p = (z,1) € V+ ~ V\H". Once again, it is not hard to check that this
action, as an action naturally extended to all of H", fixes V pointwise. Therefore
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ﬂAQ(qp) = qJA%p for each ¢ € V and p € VL. Since U(n) acts isometrically on ",
it follows that

dV\]H" (f’}ip, ﬂAQp’) = ;2{/ dcc(qﬁp’ ﬁip/)
= inf dee(R(qp). Rp)
qev
= inf dc.(gp, p/)
qev

= dy\an (p, P').
Like the H*~™ action, the action by U(n — m) is smooth but not transitive. The
orbit of a point (0,...,0, Xm+41,.--»Xn, Y1, ---» Vn,t) € V- consists of all other
points of the form (0,...,0,x,,;..... X}, Y1, Ym: Yppy1+ Vn- t). Therefore, the
orbit space is parametrized by R”+1!.

The group action by H”™™ reveals that there are “R"™ many” copies of the
set H*~™ embedded in V- in a natural way. More precisely, using the notation
p = (x1,X2,91, 52, 1) e R" X R"™ ™ xR™" x R*7™ xR = H”, for a fixed y € R™
we denote by Us the orbit Uy = {L(0,0,7,0,0) € H":§ € H""™}. The map
0"~ — Uj; given by (x,y,t) — (0,x,y, y,t) gives a natural embedding of the
set "~ into V.

Proposition 2.2. The restrictions of dy\m» and dc to Uy, are bi-Lipschitz equiv-
alent.

Proof. For any x; € R™, x5, y, € R"™, and ¢t € R one can check directly from
the formula for the Koranyi norm that,

din ((x1,x2,0,¥2,1),0) > dpun ((0, x2,0, y2,1),0). ()

Now, as mentioned earlier, it is easy to check that w(V, Uy) = 0 so that V and Uy
commute, and moreover, for ¢ € V and p € U;, gp = g + p. In particular, if
p. p’ € Uy it follows that

dy\e (p', p) = inf dec(qp’, p)

qeVv

= inf de.(p~gp’, 0)
qeVv

= inf dee(qg + p~'p',0)
qevVv

~ inf d]Hn (q + p_lp/, O)
qeVv

=du(p~'p'.0)
= dCC(P/’ D).
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where the first equality in the last line follows from (8). This completes the proof
of the proposition. |

Corollary 2.3. The map v: ("™, dee pgn—m) — (VL dy\un) givenby 1(x, y,t) =
(0,x,0, y,t) is a bi-Lipchitz embedding.

Proof. 1tis clear that :: H"™™ — Uz C V= is bijective. By Proposition 2.2,

dy\pn (L(x, y, 1), t(u, v,5)) = dy\un ((0,x,0,y,1),(0,u,0,v,s))
~ de((0,x,0, y,1),(0,u,0,v,s))

:dCC,]Hn—m((x,y,l),(u,v,s)). u

Proposition 2.2 and its corollary, do not hold for y # 0. In particular, for y # 0,
the natural bijection of H"~™ onto the orbit Uy is not a bi-Lipschitz, embedding.
Indeed, if y # 0 and p = (0,x,¥,y,0),g = (0,u, y,v,0) € Uy, we have

din (p.q) = [(Ix —ul> + |y —v/»)? + 4(u -y — x - v)?]/4, )
whereas,

dy\ur (p,q) =~ inf dun(p'p,q)
p'ev

H}’l

= inf H(}Z,x—u,o,y—v,—fc-ﬁ—%(x-v—y-u)ﬂ

XeR™M

In particular, choosing X = —%(x v—y- u)% gives the upper bound

1 2 2 2112
dvyn (p.q) 5 [ (-0 =y 4 [x —u? + |y = vP’]

Comparing with (9) one sees that dy,\n» Lv; cannot be bi-Lipschitz equivalent to
dpn |_U;7’ and therefore to d. LU&'

We expect the space V\H” to behave in an analogous way to the Grushin plane,
G, in that the metric should be Riemannian away from the critical subspace U
and extend as a Carnot—Carathéodory metric to Uz. We were unable to prove
this in general, so it remains an interesting problem to check if (V+, dy\mn) is
isometrically equivalent (or at least bi-Lipschitz equivalent) to a non equi-regular
Carnot—Carathéodory space. In the specific case m = 1 this is exactly true as we
will see in the following section where we state this formally and give a sketch of
the proof.
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2.3. Vertical subgroups of co-dimension one. Consider the manifold R?", with

typical point denoted (w, uq, ..

the vector fields

. Up—1,W1, ..., Wy—_1, T), and frame comprised of
0
W=—,
ow
0 w;i 0
U=—-Z2—, j=1...n—1,
T du; 2 at "
] ] (10)
y
W. = _]_7 | = 17 5 - 17
= w200 ! "
T 0
= —w—.
ot

These vector fields span the entire tangent plane at every point outside of the
critical (2n—1)-plane {w = 0}, thus by declaring it orthonormal there, it induces a
Riemannian distance on R*" \ {w = 0}. Moreover, since [U;, W;] = [T, W] = a—"’r,
this metric can be extended to a Carnot—Carathéodory metric, da, on all of R?".
Note that in the case n = 1, the frame A consist only of the vector fields V and T
and therefore the space (R2, da) coincides with the Grushin plane.

Proposition 2.4. The space (V*, dy\mn) is isometric to (R*", dp).

Sketch of proof. 1t is clear that, as sets, V-4 and R?" can be identified, so we
consider the map Py. as a map from H” to R?". Firstly, we use the analytic
change of variables in H”

Y(z,

1) =[z,t] = (z,t + %a)(nv(z),nw_(z))).

Under this change of variables the horizontal vector fields become

~ 0 0

Xlza_xl—ylgy

~ 0

YIZE’ 11
P S b
T 20 et

~ 8 Xja .

ey TR TSR

and the projection map becomes

Dyi(z.t) = Pyilz.t] = (mpo(2).1).
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The differential of this map is easily computed to be the constant matrix

0 0
Pyiw = (0 1)’

where I is the (2n) x (2n) identity. Hence, the push forward of the horizontal
vector fields are

~ 0
X1 =Py, X = —Yigs
~ 0
Y1 = Oy, Y1 = e
(R (12
X] :¢Vi* ~] __y_]_’ = 4, , 1,
dx; 2 ot
ad x;j d
YI_CDWL*Y]:W]' 7’5, =2,...,n

Note that these coincide exactly with (10), therefore if I':[0,1] — H" is a
horizontal path in H”, then y = Py oI is a horizontal path in (R?", da). Indeed,
I" is horizontal in H" if there are integrable functions a;, b;: [0, 1] — R such that

n
I = Zajfj +bj?',
j=1
therefore
n
y = @Vi*f =a1T +b0W + Zanj +b;Y;.
j=2

It follows that y is horizontal in (R?", da) and moreover,

1 n
o /=1

This tells us that given p, p’ € V1 = R?", every H”-horizontal path between V p
and Vp’ induces a A-horizontal path between p, p’ € R?" of the same length.
Thus

da(p, p') < infldec(gp, p'):q € V} = dy\un (. P').
Now we aim to show that every horizontal path in (R?", A) between p, p’ has

a H"-horizontal lift between Vp and Vp’ of the same length. This would imply
dy\in (p, p') < da(p, p’) and complete the proof.



Right coset projections on the Heisenberg group 321

To this end, let y = (w,uq,...,Up—1, W1, ..., Wy—1,7):[0,1] — R2?" be a
horizontal path in (R?", A) with
n—1
y=aW + ) ajW; +b;U; + bT.
j=1

Put

u(s) =ug + | b(o)do,
/

where u is arbitrarily chosen, so that u: [0, 1] — R is continuous and u(s) = b(s).
Then, set

L(s) = u(s), w(s), ur(s). ..., va=1(s), 7(s)).
It follows that &1 (I") = y and

T i i R
F:u%ﬂ/_b(%—w$)+a%+2ajwj+bjU-,

so " is a horizontal path in H” between the fibers @3}, (0, y(0)) and G} (0, y(1)).
Furthermore,

1 n—1

1/2
Aun(0) = [ [ L@t + 576+ a2) + 126)] ds = Aa ()
o J=1
and this completes the proof. |
Note that whenever n > 1 the vector fields {U;, Wj: j = 1,...,n—1} giverise

to the embedded copy of H" ™! in (V- dy\gn) that was mentioned in last section.
On the other hand, as mentioned above, when n = 1 the frame A only consist
of V and T, and the Carnot-Carathéodory manifold (V+, dy\pn) is exactly the
Grushin plane G with the embedded copy of “H®” corresponding to the critical
line. This last fact has been well known and used in conjunction with the right
coset projections in the first Heisenberg group to solve certain iso-perimetric
problems in the Grushin plane by projecting Heisenberg geodesics via Py ([1]).

3. Dimension distortion by right coset projections in H”

We now have the appropriate setup to study dimension distortion by right coset
projections. We have a family of 1-Lipschitz maps

{PyL:(H",dee) —> (V5 dy\un), V € Gp(n,m)}
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and would like to study the generic dimension of the sets Py 1 (A) for a given
Borel set A C H”". First we note that since the maps are Lipschitz, the upper
bound dimy\p» Py1(A) < dimgn(A) holds trivially for all V. Therefore, our
main result focuses on almost sure dimension lower bounds. As we will see in the
proof of the main result, lower bounds for the Euclidean Hausdorff dimension of
projections will help us obtain lower bounds for their dimension with respect to
the metric dy\p» .

For any Borel subset A of a complete separable metric space (X, d), the
Hausdorff dimension dim A of A can be characterised using energy: dim A is the
supremum over all s > 0 such that there exists a compactly supported probability
measure (1 on A with

I(u.d) = / d(x.y)™ du(x) dp(y) < oo.

The first four lemmas will show that for dimension lower bounds, the a.e. be-
haviour of projections with respect to the right coset metric is the same as with
respect to the Euclidean metric.

Lemma 3.1. For fixed V € Gy(n,m), the identity map from (Vl,dw\]Hn) fo
(VL,dg) is locally Lipschitz.

Proof. Fix R > 0 and (z,1), ((,t) € V1 N Bg(0, R). To prove
dE ((Z’ Z)’ (67 T)) gR dV\]H” ((Z’ Z)’ (67 T)),
it suffices to show that
1 1 1/2
lz=¢|+t—t|Srlz+w—=0C|+ t—r+§w(z,§)—§a)(z+§,w) , (13)

uniformly forallw € V. If [t—t| < 2R|z—{| then (13) follows from orthogonality,
using only the first term in the right hand side. Hence it may be assumed that

|t — 7| > 2R |z —{|.

If |lw| > % then (13) again follows from orthogonality, so it may be assumed
that

Thus
1 1 R
t—f—l—ia)(z,é‘)—ia)(z—i—é‘,w) > |f—f|—5|2—§|—R|w|

|t — |
>
- 2
2Rt =1

Taking square roots gives (13), and therefore proves the lemma. |
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The following lemma gives a sufficient condition under which the preceding
inequality can be reversed.

Lemma 3.2. Fix V € Gy(n,m) and (z,t), (¢, 7) € VL. If

|z, D], [(¢, )] = C,
and there exists a unit vector e € V such that
lw(z + ¢, e)| >c >0,

then
dV\]H” ((Z’ Z)’ (C? T)) gc,c dE ((Z’ t)? (é-’ T)) .

Proof. By definition,

dy\un ((2,0), (8, 7))

inf ; 1 1 1/2 (14)
~inf (2=l + [ - S0 0 +sew.z+ 0] ).
The point

_2 t— 1 ,
» = ( T+ 2a)(z g‘))e’ (15)
w(e,z+ )

lies in V and satisfies |w| <¢,c de((z,1), (¢, )). Putting the w from (15) into (14)
makes the second term vanish, and so

dy\un ((2,1). (8. 7)) Ze,c de((2.1). (8. 7). O

Lemma33. Fix3>0,n>1,me{l,....,n}anda € [2,2n + 2). The following
two statements are equivalent.

(i) For any Borel set A C H" with dimp» A > «,

dimy\ pn P{,ﬂ (A) =B foraeV € Gy(n,m).

(ii) For any Borel set A C H" with dimp» A > «,

dimg P\I,QL(A) > B fora.e V € Gy(n,m).

Proof. The implication (ii) = (i) follows directly from Lemma 3.1, so assume
that (i) holds. Let A € H” be a compact set with dimp» A > o > 2. Let u be a
Borel probability measure on A with

w(Bmn ((z,t),r)) Sr® forall (z,1) e H" and r > 0,
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where 2 < o < s < dimgr A. Fix s¢9 > 0 with
S0 < min{s —2,m}. (16)
By a similar covering argument to the proof of Theorem 1.1 in [3],
1
// / ——————dpnm(V)du(z, 1) du(g, 7) < oo, a7
[y (z = §)I*0
A A Gp(n,m)

where the inner integral is bounded using the inequality from the proof of Theo-
rem 1.2 in [3]. Let U be a nonempty open subset of G, (n, m) such that there exists
a continuously varying orthonormal basis {v{(V),...,v,(V)} for V as V varies
over U (which exists e.g. by Gram-Schmidt). By covering Gy (n, m) with a finite
number of such sets, it will suffice to show that

dimg Py1(4) > B forae. V el

Coordinate-wise multiplication by i from C” to C" is a linear map in the complex
unitary group U(n), and since wum,, is U(n)-invariant (see [3]), (17) yields

|[miv(z = O[> 0, (18)

for i X (0 X pn,m almost every ((z,¢), (£, 1), V) € Ax A xU. Let e > 0; the
preceding statement gives a § > 0 such that

(X X pnm){((z2,0), (€, 7), V) € Ax Ax Wi |miv(z = )| <8} <.
By Fubini, this in turn implies that
fm,n(Uo) = fnm (W) — Ve, (19)
where
Uo == {V € W (ux W{((z.1). (€. 7)) € Ax Ar|miv (z = §)| = 8} < Ve}. (20)
Let

N
Uy = U ng),
k=1

be a finite, disjoint partition of Uy into nonempty sets u(()k) such that
lv; (V) —v; (V)| <82 forall v, V" e U and for all j, k. 1)
The definition of Uy in (20) implies that for each V' € Uy,

pl(z, 1) € A: |miv(2)] > 8§/2) > 1 — €V/%.
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Hence for each k there exists Vj € ug"’ and a Borel set By € A with
w(Bx) 21 and |my,(z)| 28 forall(z,t) € By.

Therefore for each k there exists j = j(k) € {1,...,m},0 = o(k) € {0,1} and a
Borel set Ay € A such that

w(Ag) 21 and w(z,(—1)%v;(Vx)) 26 forall (z,¢) € Ag. (22)
If § is sufficiently small (which may be assumed), then by (21) and (22),
lw(z 4+ ¢vj (V)| 28 forall (z.1), (C.7) € A, V e UP, and j = j(k).

Since each V is isotropic, it then follows from Lemmas 3.1 and 3.2 that

dy\ur (Py1(z.1), Py1(8. 7)) ~5 de(PyL(z. 1), PyL(C. 7)),
forall (z,¢), (¢, t) € Ax and V € u(()k). Therefore

dimg (Py1(A4)) = dimg (PyL(Ag)) = dimy\g (PyL (Ak)),
forallk and V € ug"). Applying (i) for each k gives

dimg (Py.L(A)) > B,

for ppm-a.e. Ve Up. But pn m(Uo) > tnm(U) — /€ by (19), so letting € — 0
and covering Gy (n, m) with a finite number of such sets U gives

dimg (Py1(A4)) > B,
fora.e. V € Gy (n, m). This proves that (i) and (ii) are equivalent. O

The preceding lemma and the following one actually hold for &« > 0, but for
small « this follows from Theorem 1.2 (since the a.e. lower bounds for dimension
that follow from Theorem 1.2 are the same in the smaller range of «, and by
Theorem 1.2 they are both sharp). The proof of the following lemma is omitted
since it is virtually identical to the previous one, except that s — 1 is used in (16)
instead of s — 2.

Lemma34. Fix >0,n>1,me{l,...,n}anda € [1,2n+ 1). The following
two statements are equivalent.

(1) For any Borel set A C H" with dimg A > «,

dimy\pn PE (A) = B fora.e. V € Gy(n,m).
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(2) Forany Borel set A C H" with dimg A > «,

dimg PR (A) = B forae. V € Gy(n,m).
We restate Theorem 1.2 here.

Theorem 3.5. For 1 <m < n and any Borel set A C H",

dimg P\ﬁ (A), dimg P\I,ﬂ (A) > max {min {dimg A,2n —m},dimg A — m}
(23)
Jor unm-a.e. Ve Gp(n,m), and

dimV\Hn P{,ﬁ_ (A)

{ dimp» A

zmax{min{max ,dim]HnA—l},2n—m},dimHnA—m—1}

(24)

for pm-a.e. V. e Gyp(n,m). If dimg A < 2n — m then (23) is sharp, and if
dimgn A < 2n + 1 — m then (24) is sharp.

Remark 3.6. By Lemmas 3.3 and 3.4, and by the method of proof used, this
theorem holds verbatim if the left hand sides of (23) and (24) are interchanged.

Proof of Theorem 1.2. The cases PL, and Pf, in (23) are equivalent since
PL (p) = =P (=p). For the remainder of the proof, the notation Py. will
therefore denote PF, .

The quotient distance on V= is defined through the identification of V+ with
V\H" explained in Section 2.2; the formula is given by

v\ (p.q) = inf dec(q'p.q).  where p.q € vt
Since the metric dyy» is bi-Lipschitz equivalent to d., one can set
d/ n ’ = i f d n ! ’ ’
v (P q) Jnf du (@'p.q9)
and trivially obtain that dy\p» and d@,\]H,, are bi-Lipschitz equivalent. For ease of

computation we use d{y\]H,, instead of dy\p», and to simplify notation we denote
dél\]H" by dV\]H" as well.
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It may be assumed without loss of generality that A is bounded. Let u
be a measure on A with Euclidean s-energy Is(u,dg) < oo, where s :=
min{dimg A,2n — m} — € for an arbitrarily small ¢ > 0. Assume s > 0 with-
out loss of generality. By Fubini, the average energy of the pushforward measure
is

/ Is(Pyigp,dg) ditnm(V)
Gp(n,m)

:// /dE (Py1(z.1), Py1(5.0)" dppnm(V)du(z. 1) du(g, 7).

H? H” Gj(n,m)

To prove the Euclidean lower bound in the first part of the minimum of (23), it
suffices to show

/dE (Py(z,1), Pyr(&, D)™ dunm(V) S de((z,1), (L 7). (25)
Gp(n,m)

The first half of this proof will be essentially the same as the proof of Theorem 1.2

in [3]. Let B(0, R) be a Euclidean ball containing A. If |z — ¢| > 2= then

/"dE(PVL(zJ),Pwl(;zO)—Sdunmmvv
Gy (n,m)

5(/|”VL(Z)—7ﬁUi§N_sdﬂmm(V)
Gy (n,m)
<lz—c 26)

(since s < 2n —m)

<R dE ((Zv Z)’ (C? T))_S;

the Euclidean inequality used in (26) is explained in [3, pp. 584-585], and has a

fairly straightforward proof. This proves (25) in the case where |z — | > %.

|t —|
4R >

In the second case with |z — ¢| < Cauchy-Schwarz gives

| (v, (2), 7y 1 (2)) = @ (7, (0), 70, (€))

27
= lo(vy(z = ), my,1(2)) — (v, (§), wy L (= 2))| < 2R|z = {].
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Hence
/ dE (Pyi(z.0). Pyr (6. 0)™ djtnm(V)
Gy, (n,m)
1 1 —s
< []r= = 3000 @y @) + 506 @m0 O dunm()
Gp(n,m)
<(r—tl-Rlz—¢)~,
Sle—™

SrRAe((z.1). (8 0)"

This proves the Euclidean lower bound for the first term in the maximum of (23),
which finishes the proof of (23) in the case dimg A < 2n.
The lower bound

dimg Py.(A) > dimg(A) —m

actually holds for all V+, provided dimg A > m + 1. Since the previous bound
is stronger whenever dimg A < 2n, we may assume, without loss of generality,
that dimg A > 2n. In particular dimg A > m + 1. From here the proof follows
the same lines as the proof of the same lower bound for the H”-dimension of
(left coset) vertical projections from [3, Theorem 1.4]. Given V e Gp(n,m) the
set {U € Gp(n,m):U+ NV = {0}} is open, nonempty and in particular has
positive u, » measure. This, together with Theorem A.1, lets us pick for € > 0,
U € Gy(n,m) and u € U such that the map 7y 1 [: U+ — V1 is injective, and
dimg[A N (U+ % u)] > dimg A — m — €. For this particular choice of U and u,
we will see that Py |1 4,: UL *u — V1 is a locally bi-Lipschitz bijection with
respect to the Euclidean norm.

First we show injectivity. For any ¢ € (UL * u), there exists a unique wy 1 €
Ut ands > Osuchthatq = (w1, $)*(u,0). Letqg = (wy,s)*(u,0) € (Utxu)
and ¢’ = (zy1.t) * (u,0) € (UL x u) be such that Py (¢) = Py1(q’). Then,

1 1
(YTVL (wyr +u),s + Ea)(in, u)— Ea)(ny(wUL +u), 7y (wyr + u)))
1 1
= (nVJ-(ZUJ- +u),t+ Ew(zuL,u) - Ea)(”V(ZUJ- +u), tyi(zyr + u))).

(28)

The first coordinate tells us that w1 (zy1 + u) = w1 (wyL + u) which says
wy1(zy1) = wyi(wy). By our choice of U € Gp(n,m) we get that z;1 =
wyrL. Similarly, the second coordinate gives us that ¢ = s so injectivity follows.
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To see that the map is surjective, for (z,7) € V* put

¢ = (myrly) @ —myr () +u,
and

1
t =1+ oy @), myL(0).

It follows that (¢, 7) € UL % u and Py. (¢, t) = (z,t). This shows that the map
is surjective, but also gives us a formula for the inverse which shows this inverse
map is smooth. Hence Py |1y, is a smooth map with a smooth inverse, and it is
therefore locally bi-Lipschitz with respect to the Euclidean metric. By the choice
of U,

dimg Pyi(A) > dimg PyL (AN (UL % u))
= dimg[4 N (U * u)]

>dimg A —m — €.

Since € can be chosen arbitrarily small, this proves the lower bound in (23). The
lower bound in (24) follows from Lemma 3.1 and the Dimension Comparison
Principle applied to the lower bound in (23). The Dimension Comparison Princi-
ple says that for any set B € H”,

max{dimg B,2dimg B —2n} < dimp» B < min{2dimg B,dimg B + 1}. (29)

This comparison principle, as stated here, appears in [3, eq. 1.4], see [4] for the
original proof in H and see [5] for the proof in the more general case of Carnot
groups.

The sharpness of the Euclidean lower bound in (23) will be deduced from
the sharpness of the Heisenberg lower bound in (24). The sharpness of (24) for
dimp» A < 2n + 1 —m will be proved in two separate cases. For an example with
any Heisenberg dimension in the range [0, 2], let o € [0, 2] and let A be a compact
subset of the vertical segment

{(e1.5) e R*" xR = H":5 € [-1/4,1/4]},

such that dimp» A = 2dimg A = «, where e; is the j-th standard basis vector in
Euclidean space. Let

U ={V € Gp(n,m): |w(er,w)| > 1/2 for some w € V with |w| < 1}.
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Then U is a nonempty open set, and so py , (W) > 0. For (ey, s), (e1,¢) € A and
V € U, there exists w € V with |w| < 2|s — ¢| such that w(e;, w) = s — t. Hence

dy\in (PyL(er,s), PyL(e1, 1)) ~ iréi;(lwl4 + s —1 + o, e
w

~|s —t]
~ dpn ((e1.5). (e1,1))>.

It follows that )
dimy\gn Py (4) = dlm%fl for V e .
This shows that (24) is sharp for dimpy» A < 2, which by (29) and Lemma 3.1,
implies the sharpness of (23) for dimg A < 1.
For an example with any Heisenberg dimension in the range (2,2n + 1 — m],
let A be a set in H” with

A=CyxI, dmgA=a+1, dimgpA=a+2, 30)

where C, C C" is a compact set of Euclidean dimension « € [0,2n — 1] and / is a
compact interval of positive length (this is based on Case 2 from [4, Section 4.1];
see also Appendix B for an explicit construction). Then

dimg Pyi(4) <a +1=dimgn 4 — 1,

for all V € Gp(n,m). By varying o and using Lemma 3.3, this shows that (24) is
sharp if 2 < dimp» A < 2n + 1 — m. By the Dimension Comparison Principle
(see (29)), this implies that the lower bound of (23) is sharp for dimg A <
2n —m. O

Theorem 1.3 now follows directly from Theorem 1.2 and the Dimension Com-
parison Principle.
To finish this section, we prove the relations in (4).

Sharpness of conjectures and proof of implications in equation (4). The equiva-
lence of Conjecture 1.7 and Conjecture 1.9 follows from Theorem 1.2 and
Lemma 3.3. The equivalence of Conjecture 1.5 and Conjecture 1.6 is similar. The
implication Conjecture 1.4 = Conjecture 1.8 follows from dimension compar-
ison on the left hand side. The two vertical implications in (4) both follow directly
from dimension comparison on the right hand side.

The sharpness of Conjectures 1.8 and 1.9 follows from the same example as in
Theorem 1.2; which works in the slightly larger range. The sharpness of the other
conjectures is a consequence of the relations in (4). |
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4. An improved bound in H

In this section we prove a result for Euclidean dimension distortion under projec-
tions in H = H!, which for n = 1 improves Theorem 1.2 in a small range.

Since the family of nontrivial horizontal subgroups in H is the one dimensional
family of lines in C x {0} through the origin, the symbols Vy and Vg will be
used for the 1-dimensional subspaces containing (cos 6, sin ) and (cos 6, sin 6, 0),
respectively. In this section, the notation PVJ_ will indicate either PL or P {; ' ; the
left/right designation will only be used if necessary. The proofs of Lemmas 4.1
and 4.2 use the right coset formula in computations, but by symmetry this is
inessential.

The following (standard) lemma essentially says that the family of vertical
projections obeys a weak version of transversality with respect to the Euclidean
metric.

Lemma 4.1. Let R > 0. For any distinct (z,t), ({,t) € HN Bg(0, R) and any
5 € (0, 1), the set

{0 € [0,7):dE(Py s (2,1), Pys (¢, 1) < 8)

is contained in < 1 intervals of length <g m.

Proof. Suppose that |z — ¢| > =Tl Then
0 € 0. m):dp (Pys (z.0). Pys(6.0) < )
SO € [0, 7): |7y 1 (2) — 7y L (©)] < 6}

By scaling, rotation and by transversality of the zeroes of 6 +— sin 6, the right

hand side is contained in at most 2 intervals of length <

|z—|
2R

. In this case if |t — 7| < 2§ the lemma is

5 <« 8

[z=¢] ~R T G0.C0)"
This proves the lemma in case |z — {| >
It rl

Now suppose that |z — | <
trivial, so assume |t — 7| > 24. Then

(0 € [0.7):dp(Py (2,1), Pys (6 0) < 6)
1 1
- {9 € [0, 7): ‘z — = 300y, (). 1y () + 500y, (). (;))‘ < 5}.
(31)
Similarly to (27), Cauchy—Schwarz gives

|t — 7|
> —. 32
z— (32)

t—1— %w(nV9(2)7 7y (2)) + %")(”Ve(g)’
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Since |t — 7| > 26, the set in the right hand side of (31) is empty, and this finishes
the proof. |

The following lemma is the main result of this section, which will be converted
to a projection theorem via a standard technique. The proof will only be sketched
since it is similar to the case of Euclidean projections in R* [25], and also to the
Koranyi metric case of left projections in H [15]; the main emphasis will be on
the steps which differ from [15].

Lemma 4.2. Fixs > 1, and let v be a compactly supported Borel measure on H
such that
v(BEg(x,r))
sup ———— < 00

xeH r
r>0

26=D there exist 8, n > 0 such that

Forany k > =5

v{x € H: 16 € [0, n): Pwei#v(BE(Pwé(x),S)) > 874y =87y <87, (33)
forall § € (0, 8p).

Proof. Assume without loss of generality that v is supported in the unit ball, and
that x < s — 1. Choose 5 with

2(s — 1)

0< — ,
n <Kk 3

(34)

where the right hand side is positive by assumption. Define A $ B to mean
A <8579MB, and write A ~ Bif A S B and B S A.

Let Z be the set of x’s occurring in (33). The argument that follows works
for any § > O sufficiently small, so we assume §y has been suitably chosen and
8 € (0,80). For any such §, dyadic pigeonholing gives a set Z’ C Z with
v(Z') ~ v(Z) and a fixed dyadic number ¢ with § < ¢ < 1, such that for each
x € Z' there are three sets Hy(x), Hy(x), Hz(x) C [0, 7) that are &~ 1-separated
for each x, each with H!-measure & 1, such that

v(Ag(x,t,2t) N P@l (Be(PyL(x).9))) 287 forall € Hi(x), (35)
o

where Ag(x,t,2t) is the Euclidean annulus around x of inner radius ¢ and outer
radius 2¢. This pigeonholing step is virtually identical to those in [25] and [15]
(where more details are provided).
Let
s—1—k+ O(n)

o= , (36)
s—1
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and let

{(x, x1,x2,x3) € Z' x (H)*:
A= dg(z2,0(z1,23)) = 8% if |z — z1], |z — z3] > 1/2}, ¢ X 8%
Z' x (]H)3 , t é 8@,

where x = (z,7) and £(z, w) is the line through z and w in R?. The lemma will
follow from the outer two parts of

V(Z)1383677D < 4 {(x, x1, %2, X3) € Az x ~; x; forall i}

§U—Wsys 4 > 5@ (37)
< ~T
~ e r 58
where x ~; x; means that
t <dg(x,x;j) <2t and dE(PV(J;(x)’PVé-(xi))<5’ (38)

for some angle 6 € H;(x).

The lower bound of (37) essentially follows by fixing x € Z’, establishing
the lower bound #8°7*~! on the v-measure of the set of x;’s satisfying x ~; x;,
integrating over x;, x, and x3 to get 13§3¢—%=1_integrating over x € Z’ and
using v(Z) = v(Z’). This argument is similar to the one in [25], except that here
as in [15] the points (x, x1, X2, x3) have the additional requirement that they must
be in A. For the lower bound #8**~! on the v-measure of the set of x;’s satisfying
x ~; X;, the proof proceeds by sorting the points x; according to the interval
of length 6/¢ containing the corresponding angle 6 in (38), using (35) to bound
the contribution of these points below by §*7* and then adding up ~ ¢§~! such
intervals (this is where Lemma 4.1 is needed to ensure disjointness).

If 1 5 &% this proves the lower bound of (37). If r g §%, then to adjust this
argument to accommodate the requirement that (x, x1, x2,x3) € A, group the
intervals [ of length 6/t into larger intervals J; of length §%/t, so that each
group contributes ~ §*71§57 to the lower bound. It suffices to show that for
fixed x, x1, x3 with

|z —z1], |z — z3| > /2,

and fixed j, the set

E = {Xz = (Zz,lz) € IHZdE(Zz,K(Zl,Zy,)) < 8‘1,
(38) holds for some 6 € H,(x) N J;}
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is contained in a Euclidean ball of radius &~ §%; the excision of this set will
therefore not harm the lower bound of §*~1T57% since §%° is much smaller than
§e~1+s=¢ by the definition of « in (36) (provided the O(n) factor is chosen
sufficiently large).

To see that E is contained in a ball of radius ~ §%, fix some x, = (23, 172) € E.
The projection of E down to R? x {0} will be shown to be contained in

Nso (£(z21, 23)) N Nese (£(z, 22)), (39)

where N refers to Euclidean neighbourhood. The first set in the intersection comes
from the definition of E. For the second set, by (38) the line £(z, z5) is at an angle
of 0 to the x-axis (up to an error < §/¢), where 6 is the angle from (38). Since
by definition of E the corresponding angles of all other points in £ have been
grouped into one interval of length §%/¢, all other lines £(z, z) with x/, € E are
within an angle < 6%/¢ of the line £(z, z»). Since by (38) all points z} € E satisfy
|z, — z| < 2t, it follows that the part of E in all of these lines is contained in
Nese (€(z, z2)) for some large enough constant C. This proves the projection of
E down to R? x {0} is contained in the set in (39). The set in (39) is contained in
a ball of radius ~ §%; this follows from 80(’7)—transversality of the lines £(zy, z3)
and {(z, z;). This transversality is a simple geometric consequence of the angle
separation assumption on the sets H;(x); an explicit proof is given in [15]. It
remains to bound the distances between the last coordinate. By (38) and the
preceding argument, any two points (z2, 12) and (z5, 75) in E satisfy

|22 — 25| £ 8%, |T[VHJ_(Z —zy)| <8, |7TV91/_(Z —z5)| <6, (40)

vt~ S, (). 1y () + sy, ),y 2| <8, @D
and

v~ S0y, (). 7y () + 30, (4). Ty ()] <5, (@)
for some 6 and #’. Combining the second and third parts of (40) with (41) and (42)

respectively yields

<. (43)

1 1
‘r—rz——a)(z,zz)‘ <$é, ‘r—rﬁ——a)(z,z/z)
2 2
Combining this with the first part of (40) and using the triangle inequality gives
2 — 15| X 6%

which proves that E is contained in a Euclidean ball of radius ~ §%, and finishes
the proof of the lower bound of (37).
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For the upper bound, the case ¢  §* follows by integrating over (x, x1, x2, x3)
and using the Frostman condition on v, so assume that ¢ g §%. Let

A= A(x1,x2,x3) ={x € Z":(x,x1,x2,x3) € A and x ~; x; forall i}.

The upper bound in (37) will be shown by bounding v(A) and then integrating
over (x1, x2, x3). Let

A'={x € A:|t — 1;]/10 < |z — z;| for all i},
where x = (z, ). By similar working to that used to show (43),
A" GTH(BE(0,Cé)),
for some large constant C, where G: R* — R3 is the affine map

T—1] — %a)(z, Z1)
Gz,v)=|t—1n— %a)(z, Z3)

T—13— %a)(z, 73)

As in the left projection case ([15]), the Jacobian satisfies
|det DG| = % lw(z1, 22) + w(22, 23) + w(z3, 21)| < 16%,
by the definition of A. Hence
A" S GTY(BE(0,C8)) € Bp(G™1(0), 17181747 0m),

It follows that
v(A') S 8075, (44)

To bound v(A) it remains to bound v(A\ A’). If x € A\ A" then |z—z;| < |t —t;|/10
for some i, so by the condition x ~; x; and by similar working to (27), there exists
0 such that

d(x,x;) S|t —t]

Slit—t — %a)(nVQ(z)’nVQJ—(z)) + %w(an(zi)angJ—(zi))

< 6.
Hence v(A \ A’) < §%. Combining with (44) gives

v(A) S max{s1~®5=s 55y < 175,



336 T. L. J. Harris, C. N. Y. Huynh, and F. Romdn-Garcia

since ¢ < 1. Integrating over x1, x», X3 gives
v {(x, X1, x2,x3) € Aix ~; x; forall i} S §a—sys

which is the upper bound of (37).
If r 5 8%, then combining the lower and upper bounds of (37) gives

U(Z)t353(s_K_1) < 35
Since s > 1, this simplifies to

v(Z) é 83a(s—1)—3(s—/<—1) ’

and therefore v(Z) < §7 by the definition of & in (36). This finishes the proof if
t 5 6%.
Now assume ¢ 3, §%. In this case the lower and upper bounds of (37) give
V(Z)138367k=D < g—asys (45)
Since s > 1, using 7 g % and simplifying gives

v(Z) é 8(1—(¥)S+a(s—3)—3(s—1—/c)

~ 8(1—0()3‘-}-0[(5‘—3)—3(3‘—1)0[ (by (36))
— 8s(1—3a)
= §T (252 —0) (by (36)).
Hence
v(Z) < 8",
by the assumption n <K k — @ in (34). This proves the lemma. O

Corollary 4.3. Let A C H be a Borel set. If dimg A > 1, then

. 2 +dimg A
dimg Pv(ﬁ (A) = —
fora.e. 0 € [0, 7), and if dimp A > 2, then

1+ dil’l’l]HA
di PR (4> ———,

1My \H V(J;( ) = 3
fora.e. 0 €0, ).

Proof. The Euclidean part follows from [15, Lemma 2.1], which says that any
result of the type in Lemma 4.2 implies a corresponding projection theorem with
lower bound s — « for sets of dimension s.

The non-Euclidean part for right coset projections follows from the Euclidean
bound, the dimension comparison principle and Lemma 3.1. |
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5. Open questions

Sharp Euclidean lower bounds. The Euclidean lower bound in Theorem 1.2
is probably not sharp in the entire range. So the first obvious way to further this
work would be to improve this bound, ideally finding sharp dimension distortion
bounds. Since the projection maps are now viewed as maps from R2"*! to
R2"~m+1  purely Euclidean methods could in principle be applied to improve
dimension distortion bounds. For instance, Fourier restriction methods used for
example in [24] might lead to improvements. As we showed, when studying
the problem as a Euclidean one, left and right coset projections cause the same
dimension distortion. Therefore improving the bound in this direction could
further improve the bound for the two problems relative to the more natural metrics
that go with each one.

Sharp V\H" lower bounds. The method we employed here was to study the
problem as a Euclidean one, and then apply the Dimension Comparison Princi-
ple to obtain dimension distortion bounds with respect to the more natural metric
dy\mn. So our bounds are obtained considering the worst dimension distortion
by projections and the worst dimension drop by dimension comparison. In prin-
ciple, these two things need not happen simultaneously so better bounds could
potentially be obtained by considering the maps P{f ' as maps from (H", dy) to
(VL. dy\mn) or (V4,dE) and estimating energy integrals with respect to these
metrics directly.

Projections of subsets with specific structure. In [2] the authors gave evidence
to their conjectured almost sure lower bound, in H, by exhibiting some subsets of
H with specific structure that do adhere to their conjecture. For instance, if the
set S is either a C! curve or a @! surface then dimp PGLS > dimpg S for all but
at most 2 values of 8. Does something similar hold in higher dimensions for the
projections P, and/or P¥, ?

Structure of (V4, dy\mn). This problem was mentioned in Section 2.2. The
properties of this space discussed in that section hint that it might have the
structure of a non-equiregular Carnot—Carathéodory space. So the problem is
that of finding bracket generating vector fields in R?”~*! such that R?"~" !
with the induced Carnot—Carathéodory distance is isometrically (or at least bi-
Lipschitz) equivalent to (V1, dy\gn). Such a description of the space may also
lead to improvements in dimension distortion bounds by projections as it could
provide a better understanding of the metric itself.
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Appendices

A. A slicing result

Let 3™ denote the m-dimensional Hausdorff measure on Euclidean space, with
respect to the Euclidean metric. Let M(A) be the class of compactly supported,
nonzero, finite Radon measures on aset A € H"”. Let N(E, §) be the §-neighbour-
hood of a set £ € H" with respect to the Euclidean metric.

Theorem A.1 (a slicing result). Let A C H" be a Borel set such that dimg > m+1
and let 0 < HIMEAL < oo, for | < m < n. Then for jinm-almost every
V e Gy(n,m),

H™({v € V:dimg[A N (V1v)] = dimg A —m}) > 0

Note the great deal of similarity between this theorem and Theorem 1.5 in [3].
In fact the proof follows the same techniques and only differ in that here we
consider Hausdorff dimension with respect to the Euclidean metric.

Proof. Eilenberg’s inequality (Theorem 13.3.1 in [8]) tells us that for every V,
dimg[A N (V1v)] < dimg A —m, for H™- almost every v € V.

Therefore, we only need to prove the dimension lower bound. For this, we will
make use of sliced measures in the sense of [20, Section 10.1]. By eq. (10.6)
in [20], we know that for © € M(A) there exists a family of measures pyi,,
defined for H™-a.e. v € V, each supported on Vv, such that for any non-negative
continuous function ¢ compactly supported on H” and any Borel set B C V, the
map v = [y, @(u) djiy L, (u) is Borel measurable and satisfies

/ / () djiy 1y (0) dF (v) < / () dpu (), 46)
B

viv P\TI(B)

with equality if Pygu < H™. In particular if Pygu < H™, then we have
Jy Hyip(AN V4to) dH™(v) = u(A) > 0, so that at least a ™ -positive measure
set of the measures jiy L, are in M(A4 N V+v). Hence, we want to pick a measure
u € M(A) such that Pygp << H™ for pup,,- almost every V. As the next claim
will show, this is possible precisely when dimg A > m + 1.

Claim. Let 0 > m + 1 and assume € M(H") satisfies w(Bg(p,r)) < r? for
all p e H" and r > 0. Then Pygp << H™ |y for pn m- almost every V.
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To see this, denote by : H” — R2” the bundle map 7 (z,¢) = z, and note that
Pyy(By(v, 1)) = w(Py ' (Bv(v,1))) = n({p € H":|Py(p) — v| < r}). Now,
Theorem 2.12 in [22] tells us that Pyxu < H'™ if and only if

li(rgn inf 6" Pysu(By(v,8)) < oo for Pysu-almost every v € V.
-0

Using Fatou’s lemma, and Fubini (see e.g. Theorem 1.14 in [22]), we compute

/ / liminf 57" Pygie (B (v.8)) dPysp(0) ditnn(V)
Gp(n,m) V

< liminf§~" / / Pysit(By(v. 8)) dPysin(v) djtnm(V)

§—0
Gp(n,m) V

—timint 5 [ [ .tV € Galm)z | Py(p) = Pu(@ < 8} dula) du(p)
H” H”?
< liminfS_m/ Unm{V € Gp(n,m):

T 7wy (7 (p)) — 7wy (7 (@))] < 8} dplq) dp(p)

< [ [ @ -2 dut@ duo)

H” H?
where the last step follows from Lemma 2.4 in [3]. We now focus our attention on
showing finiteness of this last integral. Since supp(u) is compact, we can fix R > 0
such that supp(i) C Bg(0, R). Forz € R?",{q € H": |m(q)—z| < r}is acylinder
with radius r, so {g € H": |n(q) —z| < r} Nsupp(n) C BZ"(z.r) x [-R, R]. This
cylinder can be covered by at most |_C r_1-| balls of radius r, where C = C(n, R)
is independent of z and r. It follows that u({g € H":|n(q) —z| < r}) < r°~L.
Therefore,

oo

/ Iw(g) — 2" du(g) = / i(lg € B [n(q) — 2| < =™y dr
H” 0
1

N /M({‘I € H": |n(q) —z| < r V™)) dr

0
0

+/M({q € H": n(q) — 2| < r /™) dr

1
00

< (M) + / rE dr,
1
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Since o — 1 > m it follows that
o0
1_
/rmo dr < oo.
1

This tells us that

o0

/ / 7(g) — ()™ dpn(q) d(p) < M(H”)(M(H”) + / P dr) < o0,

H”? H”? 1

which proves the claim.

By Frostman’s lemma, if dimA = o > m + 1 with 0 < H*(4) < oo,
then we may choose © € M(A) to be a suitable restriction of H* such that
w(Bg(p,r)) < r* for all p € H” and r > 0. From the claim, we know
Py < H™ for pp m-almost every V e Gp(n,m). As noted before, it follows
that for 1, m-almost every V € Gj,(n, m), the measure py1, is in M(4 N V4v)
for all v in a set of positive H™ measure.

We now aim to show thatif m + 1 < s < «, then for u, n-almost every
V e Gy(n,m),

Isem(py1y,dg) < oo for H™-ae.veV. 47)

By Fatou’s lemma, Tonelli’s theorem, and by applying (46) with B = B(v, §) and
letting 6 — 0, we can compute

/ / I (ity sy dE) A3 () djtn (V)
A%

<timints™ [ [ [ [ 1p=al"duo) diey 1@ 45" 0) dun (V)
V vlv N(V-Lv,8)

< liminf §~™
§—0

x / / / / 1P — a1 iy (@) dp(p) dH™ () djin (V)
V NWVLv,8) viy

< liminf§™"
§—0

[ [ 19 =" dity 0@ 4370 diep) dan (V).

H" veVidg (p,V4Lv)<8} V91v
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Now we apply (46) to the inner double integral, use Tonelli’s theorem, and apply
Lemma 2.4 from [3] to get

/ / Ity g di) A3 (0) djtn (V)
A%

< liminf 5" / / / 1P — qI™™ du(@) du(p) ditnm(V)
H” {q:| Py (p—q)|<é}

5//Ip—ql’"‘sln(p)—n(q)l‘mdu(q)du(p)-

H7? H”?

This last integral is not quite /5(u, dg), and in fact the singularity in the kernel
lg|™ 5|7 (q)|™™ is stronger than the one in the kernel |¢|™*. Nevertheless, we
will show this integral is finite following the same approach as in the proof of
Theorem 1.5 in [3], by showing that the inner integral is finite for all p and using
the fact that u(H") < oo.

If we denote by L_, the Euclidean left translation by —p, the inner integral
can be written as

/ P — g™ 17 (p) — 7(@)| ™ dpnlq) = / " 1@ dL—pa(@)-
H” H”

Moreover, it is clear that L_,su(H") = pw(H") and L_,4u(Be(g.r)) < r® for
every g € H" and r > 0. Furthermore, since u is compactly supported, by scaling
we may assume the support of L_,zu is contained in Bg (0, 1). Therefore it is
enough to show that

/ " (@)™ du(q) < 1.
]Hn

whenever u € M(BEg (0, 1)) and satisfies u(Bg(p,r)) < r% for all p € H” and
r > 0. Writing ¢ = (¢, 7) we have

/|q|'"—S|n(q)|—'"du(q)=/||¢|2+r2|7‘ 2™ du
]I_In
~/|q|—Sdu+/|r|m—S|z|—m du

{igl=lzl} {igl<lzl}
=:J1 4+ 5.
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We look at these two quantities separately, the first one being the easier to bound.
Indeed, using a change of variables and recalling our choice of s,

oo

5, < / g™ du = / (g lgl < r=Voy dr
H” 0

o0

- / W(BE0.r~%)) dr

0
o0

=s/,u(BE(0, u)u" " du

0
1 00
< s/u"‘_s_1 du + s;/v(]H”)/u_s_1 du < oo.
0 1

To bound the second integral we first split the domain of integration:
{€.1) € BE(0. 1):[¢] < [zl}
= U{(;, t) € Bg(0,1): 27" | < |¢| < 270 |2|} =: U A;.

i=0 i=0

Note that for (¢, 7) € A;, ||7' ~ 2!|z|~. Therefore,

o0

12~ Y [ @ el d
i=0 A;
o0

— /2imlfl_sdﬂ

i=0

Aj
~ Z /2im(2_j)_s du

Li=0 4

— Z 2im+jle(Aj,j),
i,j

where
Aij={C 1) e Bp0. )27 T2 < g <27, 2777 < e <277}

To estimate j(A;,;) we see that 4; ; C B2"(0,277/) x [-27/,27/]. Hence, there
exists a constant C > 0 independent of i and j such that 4; ; can be covered by
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23: — = C2' balls of radius 27/, The Frostman condition on /+ now
tells us that (4, ;) < 2127%@+/), Going back to the sum we are trying to bound,

we get

at most C

o0 o0
Z 2im+jsM(Ai’j) < Z i(m+1-e)+j(s—e)
i,j=0 i,j=0
which is finite since m + 1 — « and s — « are both negative.
Now to complete the proof of the proposition, for V € Gy (n, m) write

Ey :={v e V:uyL,(H") > 0},

so that for v € Ey, uyL, € M(A N (V1v)). Since, by the claim, we know
Pyup < H™, equality in (46) with B = V tells us that H™ (Ey) > 0. Furthermore,
by the previous computation it follows thatif m + 1 < s < « then for p,, ,-almost
every V e Gp(n,m), the energy Is—m(iy1,, dg) is finite for ™ -almost every
v € Ey. This tell us that dimg[4 N (V1v)] > s — m. Since Ey is independent of
s and «, the theorem follows by letting s — «. O

B. Construction of a product set
with prescribed Euclidean and Heisenberg dimension

In this section we outline the construction of the set in (30) required in part of the
proof of Theorem 1.2, specifically for the sharpness of the lower bound in (24).
Given « € [0,2n — 1], we require a compact set of the form A = C, x [ such that

dimgA=a+1, dimgr A4 =«o + 2, (48)
where / € R is a compact interval. There are two cases; either
a=2j+p8, je{0l1,...,.n—1},0<p <1, 49)

or
a=2j+1+8, je{0,1,....n—-2},0<fB<1. (50)

In the first case, let Cg be a Cantor set in R with finite, nonzero B-dimensional
Euclidean Hausdorff measure, and let

A = (Cg x {0}) x €7 x {0)2(=D=2] xR,

which clearly satisfies dimg A" = a + 1. Using ¢ to denote the a-dimensional
Euclidean Hausdorff measure living on R?, the measure

ui= (ﬂ-fg x H

1
2(n—1) ¥ Hlar,
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is nonzero and supported on A’, and satisfies
i (Bun((2,1),1)) S rét2,

for all (z,7) € A’ and 0 < r < 1. This can be proved similarly to the proof
that the Hausdorff dimension of H” is 2n 4+ 2; using invariance by left translation
and that the coordinates from €g x {0} vanish in the symplectic form. Hence
dimpn (A") > « + 2, and therefore dimpn (4’) = « + 2 by dimension comparison.
By using homogeneous dilations, this implies that the set

A= (Cg x {0}) x [0, 1]% x {0}2"=D=2/ [0, 1].

satisfies (48). This finishes the construction in the case of (49). The odd case
in (50) is similar, except that A4 is defined by

A= (Cryp x {0)2 x [0, 1]% x {0}>*=2=2/ x [0, 1].
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