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Hidden positivity and a new approach to
numerical computation of Hausdorff dimension:
higher order methods

Richard S. Falk and Roger D. Nussbaum

Abstract. In 2018, the authors developed a new approach to the computation of the Hausdorff
dimension of the invariant set of an iterated function system or IFS. In this paper, we extend
this approach to incorporate high order approximation methods. We again rely on the fact that
we can associate to the IFS a parametrized family of positive, linear, Perron—Frobenius oper-
ators Lg, an idea known in varying degrees of generality for many years. Although L is not
compact in the setting we consider, it possesses a strictly positive C'" eigenfunction vs with
eigenvalue R(L) for arbitrary m and all other points z in the spectrum of L satisfy |z| < b for
some constant b < R(Ly). Under appropriate assumptions on the IFS, the Hausdorff dimension
of the invariant set of the IFS is the value s = s, for which R(Lg) = 1. This eigenvalue problem
is then approximated by a collocation method at the extended Chebyshev points of each subin-
terval using continuous piecewise polynomials of arbitrary degree r. Using an extension of the
Perron theory of positive matrices to matrices that map a cone K to its interior and explicit a
priori bounds on the derivatives of the strictly positive eigenfunction vy, we give rigorous upper
and lower bounds for the Hausdorff dimension s, and these bounds converge rapidly to s as
the mesh size decreases and/or the polynomial degree increases.

1. Introduction

In this paper, we continue previous work in finding rigorous estimates for the Haus-
dorff dimension of invariant sets for iterated function systems or IFS’s. To describe the
framework of the problem we are considering, we let S C R be a nonempty compact
set, and for some positive integer m,let 6, : S — S and g, : S — [0,00) € C™(S) for
1 < p <n < o0.1f 8, are contraction mappings, it is known that there exists a unique,
compact, nonempty set C C S such that C = UZ=1 0,(C). The set C is called the
invariant set for the IFS {6, : 1 < p <n}.
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For s > 0, define a bounded linear map L : C(S) — C(S) (often called a Perron—
Frobenius operator or linear transfer operator) by

(Ls /)(0) = ) gy f(6,(2)), fort € S. 1.1

p=1

Under additional appropriate hypotheses (stated in the next section), Lg, considered
as a map from C"(S) to itself, has a strictly positive eigenfunction vy € C™(S) with
algebraically simple eigenvalue Ay = R(Lj), the spectral radius of L;. In addition,
all other points z in the spectrum of L satisfy |z| < b for some constant b < R(Ly).
A more precise statement of this result, along with other conclusions, is given in
Theorem 2.1 in the next section. Note that in the C™ setting, L is, in general, not
compact, has positive essential spectral radius and cannot be the limit in operator norm
of a sequence of finite-dimensional linear operators. These difficulties do not usually
arise if L can be studied in a Banach space of complex analytic functions; there is
an extensive literature concerning the spectral theory of Perron—-Frobenius operators
which map a Banach space of analytic functions into itself. We prefer to work in the
more general C™ setting so as to provide tools which also can be applied to some
non-analytic examples, e.g., as in [ 14, Section 5].

The aim of this paper is to derive an approximation scheme that allows us to
estimate R(Lg) by the spectral radius of an associated matrix Ly which approxim-
ates the operator L in a weak sense and then to obtain rigorous bounds on the
error |R(Ls) — R(Lg)|. We then use this approximation scheme to estimate s, the
unique number s > 0 such that R(Ls) = 1. Under appropriate assumptions, s, equals
the Hausdorff dimension of the invariant set associated to the IFS. This observation
about Hausdorff dimension has been made, in varying degrees of generality by many
authors. See, for example, [4,6—-10,13,15,18-20,22-25,31,32,35,37-39,41]. There is
also a large literature on the approximation of linear transform operators, not neces-
sarily related to the computation of Hausdorff dimension, and often assuming the
maps are analytic. We do not attempt to survey that literature, other than to cite one
recent paper, [1], which has some connections to our work here, and contains many
references to that literature.

In previous work, [14], the authors presented a new approach to the problem
described in the preceding paragraph. We obtained rigorous upper and lower bounds
for the Hausdorff dimension s, and these bounds exhibited second order convergence
to s« as the mesh size decreases. The approximate matrix was obtained by a colloca-
tion method using continuous piecewise linear functions, motivated by the fact that if
such functions are nonnegative at the mesh points, they are nonnegative at all points
of the interval in which they are defined. This property leads to nonnegative matrix
approximations of the operator L. One would like these matrices to mimic the prop-
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erties of the continuous operator L, which means they should satisfy the conclusions
of the Perron theorem for positive matrices (matrices with strictly positive entries),
i.e., they should have an eigenvalue of multiplicity one equal to the spectral radius of
the matrix with corresponding positive eigenvector and all other eigenvalues of the
matrix should have modulus less than the spectral radius. This is not true for nonneg-
ative matrices, however, unless they have an additional property. One such property
that would guarantee this is that the matrix L be primitive, i.e., there exists a positive
integer p such that L? is a positive matrix. Note that if Ly is irreducible, then the first
two properties hold, but there can be other eigenvalues of the same modulus as the
spectral radius. Unfortunately, the approximation scheme used led to matrices which
are neither primitive nor irreducible. The remedy to obtain the desired properties was
to note that the cone K of nonnegative vectors is not the natural cone in which such
matrices should be studied. Using a more general notion of positivity of an operator L
in which L maps a cone K into itself, one can still obtain the conclusions of the Per-
ron theorem. This is important since we use the spectral radius of the approximate
matrix Ly to approximate the spectral radius of L and the fact that there is a single
dominant eigenvalue enables us to calculate it efficiently using some variant of the
power method.

In this paper, we analyze a similar method obtained by approximation using higher
order piecewise polynomials. As we shall see, the matrices resulting from the approx-
imation scheme appear to be even more problematic, since they are not even nonneg-
ative. Despite this fact, the use of an alternative cone, in place of the standard cone
of nonnegative vectors, allows us to show that the conclusions of the classical Perron
theorem also hold for the matrices of this paper. There is a substantial abstract theory
which has been developed for finite-dimensional linear operators which are positive
in the sense that they map a cone into itself. The survey paper [43], references in [43],
and [28, Appendices A and B] provide a good starting point. However, the difficulty
lies in finding such a cone that fits the application under study. We use the term hid-
den positivity to call attention to the fact that we are able to find such a cone for the
approximate operators developed in this paper.

The cone we use is easiest to describe in the case of continuous, piecewise linear
functions, and is defined as follows. On the interval [0, 1], for a fixed integer N, let
h=1/Nandx; =ihfori =0,1,..., N. The space of continuous, piecewise linear
functions is just the finite-dimensional space of continuous functions that restricted
to each subinterval [x;, x;41] are linear functions. Since a function w in this space
is completely determined by its values w; = w(x;),7 = 0,1,..., N (the degrees of
Sfreedom of w), we can also view w as the vector [wy, ..., wy]. For any integer M > 0,
we then define the cone Kjs by

Ky = {w cw; < exp(M|x; —x;|)w; fori, j =0,l,...,N}.
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The cone for higher order piecewise polynomials is similar, but its description is more
involved because of the more complicated nature of the degrees of freedom of such
functions. The details are provided in Section 3.

One technical difference between piecewise linear functions and higher order
piecewise polynomials is that in order to obtain the results described above, we must
consider approximations Ly, of the operator L}, where v depends on the degree r
of the piecewise polynomial approximation. As we observe in the next section, the
operator L} has the same form as Ly, i.e.,

(LINO) =) (g0 f(Bu()).

wey

where for v > 1, Q, = {w = (p1, p2,..., py) : 1 < pj <nforl < j < v}, for
w:(pLPZ»H-,pv)Est

O (1) = (Op; © Opy 0+ 0 6p,)(1),

and g, () is defined in the next section. We note that under the weaker assumption
that 6, is a contraction mapping for all ® € €2,, there exists a unique compact set C
such that C = | J,cq, 0»(C) and that necessarily C = U;=1 60,(C). By using the
matrix Ly ,, one reduces the domain of the operator to a finite set of subintervals
whose total length is much less than the original length of the domain, resulting in
many fewer mesh points. The downside, however, is that this advantage is completely
offset by the increase in the number of terms in the operator L for each time the map
is iterated, i.e., from n to n”. We note that since we have not found any case where the
method fails if we do not iterate the matrix, we conjecture that this extra condition is
an artifact of the method of proof, and not the method itself.

To obtain the conclusions of the Perron theorem, the key result is to show that for
some 0 < M' < M,

Ls,» (Kar \{0}) C Kp \ {0}. (1.2)

This enables us to apply results from the literature on mappings of a cone to itself
to obtain the desired conclusions. Details of this connection, along with references to
the relevant literature, are described in Section 4.

A main goal of our approach, in addition to proposing a new approximation
scheme, is to provide rigorous upper and lower bounds for the Hausdorff dimen-
sion of the underlying IFS. This will follow directly if we are able to derive rigorous
error bounds for |[R(L;)]” — R(Ly,)|. In the case of piecewise linear functions, we
obtained the bounds by using a simple and well-known result (cf. [14, Lemma 2.2])
that if A is a nonnegative matrix and w is a vector with strictly positive components,
then (i) if (Aw)x > Awy for all components k, then R(A) > A and (ii) if (Aw)x < Awyg
for all components k, then R(A) < A. Here, we use an analogous result for a matrix
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mapping a cone K to itself, in which we replace < by <g, i.e., u <k v if and only if
v—u € K.

Another key tool for obtaining rigorous upper and lower bounds for the Haus-
dorff dimension s, is to obtain and use explicit a priori bounds on the quantity
DYvs(x)/vs(x) of the strictly positive eigenfunction vs of L, where D?v; denotes
the gth derivative of vg. Such estimates are derived in Section 7.

In order to improve the efficiency of our computation, in Section 7, we consider
the possibility of replacing the original interval S = [a, b] by a smaller interval Sy C S
such that 0 (So) C So for B € B. In particular, for the maps 6g = 1/(x + B), setting
y = min{f € B} and I' = max{f € B}, we can reduce the interval S to [aso, Dol
where

2 r rz2 r T
R e S R

For example, for the set {1, 2}, we reduce the interval [0, 1] to [(v/3 — 1)/2, v/3 — 1]
of approximate length 0.366, while for the set {10, 11}, we reduce the interval [0, 1]
to [0.0901, 0.0991] of length 0.009.

A main result of the paper, Theorem 8.8, says that under appropriate hypotheses,
there is a computable constant H, such that

[R(( 4+ HA' g )Y < Ag < [R([1 — HA"] 'Ly )],

where /1 denotes the maximum mesh size and 7 is the degree of the piecewise polyno-
mial approximation. Using these inequalities, we can obtain rigorous upper and lower
bounds on the Hausdorff dimension of the invariant set associated with the transfer
operator L as follows. Let s, and s; denote values of s satisfying

[1—HR ] 'R(Ls,») <1 and [1+ HA"]'R(Lg, ) > 1.

It follows immediately from Theorem 8.8 that Ay < 1 and A}, > 1. Since the spectral
radius Ay of Ly is a strictly decreasing function of s, there will be a value s satisfy-
ing 5; < sx < sy for which AY = 1 or, equivalently, A5, = 1. The value s, gives the
Hausdorff dimension s, of the invariant set associated with the transfer operator L.
Since s, — s; is of order A", by choosing / to be sufficiently small and/or r to be
sufficiently large, we obtain a highly accurate estimate for s.. As noted above, for a
given s, R([1 & Hh"]7 'Ly, ) is easily computed by variants of the power method for
eigenvalues, since the largest eigenvalue has multiplicity one and is the only eigen-
value of its modulus. Our theoretical results imply that L, has an eigenvector w
in K := Kjs with eigenvalue R(L;,, ) and that this eigenvector can be computed to
high accuracy. Still, one might be concerned about possible errors in the computation
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of R(Ls,,) and w. However, independently of how a purported eigenvector w € K
for Ly, is found, if cw <g Ls;,w <g fw, Lemma 4.1 in Section 4 implies that
o < R(L;,,) < B. This provides a means of giving rigorous bounds for R(Ly,,).

In Section 9, we present some results of computations of the Hausdorff dimen-
sion s of invariant sets in [0, 1] arising from continued fraction expansions. In this
much studied case, one defines 6, = 1/(x + p), for a positive integer p and x € [0, 1],
and for a subset B C N, one considers the IFS {6, : p € B} and seeks estimates on
the Hausdorff dimension of the invariant set C = C(8) for this IFS. This problem
has previously been considered by many authors; see [3,6,7,15,17-20,23,24]. In this
case, (1.1) becomes

1 \2s 1
(Lsf><x)=p62£(x+p) () fro=xs=t

and one seeks a value s > 0 for which Ay := R(Ls) = 1. Several of the papers listed
above contain a large number of computations to various degrees of accuracy of the
Hausdorft dimension of the IFS {6, : p € 8} for various choices of the set 8. An
early paper, [20], gives results for over 30 choices of B, containing between two and
five terms in the set 8B, with results reported to an accuracy between 1076 and 1071°,
depending on the problem studied. A Mathematica code implementing the algorithm
is also provided. In [23], computations to four decimal places are given for over 35
choices of the set B, ranging from two terms, to as many as 34 (this computation
is to three decimal places), and also includes a computation of E[1,2] (8 = {1,2})
accurate to 54 decimal places. In [24], eight examples of B, consisting of two terms,
are computed with accuracies ranging from 107! to 1072, depending on the choice
of B, although the authors note that for the sets [10, 11] and [102, 10%], they were able
to compute them to accuracies of 10761 and 10~!?2, respectively. This depends on the
fact that the speed of convergence of their methods depends on the size of the smallest
value of p € B. In [26], the Hausdorff dimension of E[1,2] is rigorously computed to
100 decimal places, although more digits are computed. It is less clear how well some
of the approximation schemes employed in these papers work when | 8| is moderately
large or when different real analytic functions éj : [0, 1] — [0, 1] are used. Here and
in [14], in the one-dimensional case, we present an alternative approach with much
wider applicability that only requires the maps in the IFS to be C™, for some finite
value of m. As an illustration, we considered in [14], perturbations of the IFS for the
middle thirds Cantor set for which the corresponding contraction maps are C3, but
not C4.

The computations in Section 9 include choices of various sets of continued frac-
tions, maximum mesh size /4, piecewise polynomial degree r, and number of itera-
tions v (where v = 1 corresponds to the original map), including choices of v for
which the hypotheses of our theorems are satisfied, but also computations which
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obtain the same results when the mappings are not iterated. These results support
our conjecture that our method also works in the non-iterated situation. To faci-
litate computation of further examples, a Matlab code is provided in the website
https://sites.math.rutgers.edu/~falk/hausdorff/codes.html.

An outline of the paper is as follows. In the next section, we introduce further
notation and state some preliminary results we will use in our analysis. Section 3
contains a description of the approximate problem and the cone we use to analyze
it. Section 4 contains the theoretical results we will need to show that the matrices
arising from the approximation scheme satisfy the conclusions of the Perron theorem.
In Section 5, the main result is to determine conditions under which the matrix Ly,
satisfies (1.2). These conditions involve a number of constants, which we then estim-
ate in Section 6, ultimately deriving bounds for R(Ls) in terms of [R(Ls,\,)]l/ V. In
Section 7, we consider a method for reducing the size of the interval S on which the
problem is defined, with the aim of reducing the number of mesh points that will be
needed in the approximation scheme. In so doing, we are also able to improve the
bound on two constants which are used in the error estimate for R(Ly). Recall that
condition (1.2) requires determining for each constant M, a constant 0 < M’ < M
such that (1.2) is satisfied. In Section 8, we provide a procedure for determining this
constant. Finally, the numerical computations described above are given in Section 9.

It would be of considerable interest to extend the methods of this paper to the
two-dimensional case, e.g., to the problem of obtaining rigorous estimates for the
Hausdorff dimension of sets of complex continued fractions. We conjecture that such
an extension can be done, but we leave it as an open problem for possible future work.

2. Notation and preliminaries

Let C(S) denote the Banach space of continuous functions f : S — R, where S is a
compact subset of R. Assume the following:

(HO) For1 < p <n <o00,0,:S — S is a Lipschitz map.
(H1) For1 < p <n < o0, g, : S — [0,00) is a nonnegative continuous function
which is not identically zero, and satisfies that for some constant My > 0,

gp(t1) < gp(t2) exp(Mo|t1 —t2|), forallty, 1, €S, 1 < p <n.

We note that it is easy to show that (H1) is equivalent to assuming that g, (¢) > 0 for
allt € §, and

[In(gy(t1)) —In(gp(t2))| < Molti —t2|, forallty,to €S, 1 < p <n.
P p
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For s > 0, define a bounded linear map L : C(S) — C(S) (often called a Perron—
Frobenius operator) by (1.1), i.e.,

(Ls )(@0) = [gp(] f(B,(1)). fort € S.

p=1
We shall need to consider the vth iterate of Ly, Ly. Forv > 1, let
Qy={w=(p1,p2,....pv): 1 < pj <nforl <j <v},
and for ® = (p1, p2,..., pv) € 2,, define
O (t) = (0p) 0 Opy 0 -+ 0 0p,)(7)
and

go(t) = 81 (9172 0:-:0 epv (t))gp2(9p3 0:-:0 epv ())- 8py—_1 (Opu (l))gpu ().

The reader can verify (e.g., see [35]) that for all f € C(S),

(LY = Y (80O f(Bu(1)).

we,

Note that L} has the same form as L, except that L} has index set 2. To analyze
the operator L}, we shall need stronger assumptions than (HO). We will thus assume
the following:

(H2) Hypothesis (HO) is satisfied and there exist constants Cyp > land 0 <k < 1
such that for all integers v > 1, all w € Q,,and all #1,#, € S,

100 (t1) — O (t2)| < Cok” |t — 12
Assuming (H1) and (H2), one can prove that for all w € 2, and all 1, ¢, € S,
8o (t1) < exp(Mglt; — t2]) g0 (12),

where Mj = MyCo[(1 — k")/(1 — k)]. The proof is left to the reader. The reader
will notice that the above framework carries over to the more general case that S is
a compact metric space with metric p. The hypotheses (H1) and (H2) take the same
form except that |1 — #,| is replaced by p(¢1, t2).

The following result provides some theoretical background which will be essen-
tial for our later work concerning the operator L. This theorem is a special case of
[34, Corollary 6.6]. We refer to [33, Section 3] for a brief discussion of the essential
spectrum, which is mentioned in Theorem 2.1 below.
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Theorem 2.1. Assume that the hypotheses (H1) and (H2) are satisfied, S is a finite
union of compact intervals, and Ly is given by (1.1), where s > 0. Assume also that
0; € C™(S) and g; € C™(S) for some positive integer m. Let A : Y :=C™(S) > Y
be the bounded linear operator given by (1.1), but considered as a map from Y to
itself, so Ls(f) = As(f) for f € Y. If R(Ls) (respectively, R(As)) denotes the
spectral radius of Ly (respectively, of As) and p(As) denotes the essential spectral
radius of A and k is as in (H2), then

p(As) <k™R(As) and R(Ag) = R(Lg) =: Ay > 0.

Let A s denote the complexification of As. If 0([\ s) denotes the spectrum of A s and
we define 6(Ag) := o (Ay), then if z € o(As) and o(As) < |z|, z is an isolated point
of 0(Ay) and is an eigenvalue of A of finite algebraic multiplicity. Moreover, there
exists by < Ay such that

o(As) \{As} C {Z eC:z| < |bs|}.

There exists a strictly positive eigenfunction vy € C™(S) with eigenvalue A > 0, and
As is an algebraically simple eigenvalue of As. If u € Y and u(t) > O forallt € S,
there exists a positive real number o (dependent on u) such that

lim (L)kA]S‘(u) = avy, 2.1)

k—o00 AS
where the convergence is in the norm topology on Y .
Remark 2.2. In our work here, it will be important to have estimates on
d/v
*(1)
su { | di/ | ‘tesS }
vs (1)

where 1 < j < m. Note that if we take u := 1 in (2.1), we find that for ¢t € S and
1<j=<m,

d7 vy d’ g}
[950] _ | Suca, 500
vs(t) koo ZweQA 8w (1)*

and the convergence in (2.2) is uniform in ¢ € S. If u is as in (2.1), we also obtain
from (2.1) that

; 2.2

Ak+1u

lim

= Ay,
k—o0 Ak y

where the convergence to the constant function A is in the norm topology on Y.
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3. Approximation of the spectral radius of L

Returning to the notation of (1.1), we want to approximate R(Ls) by the spectral
radius of an appropriate finite-dimensional linear map L. To do so, we assume that
S = [a, b] in (H1) and (H2), with a < b, and let S denote a union of disjoint sub-
intervals [a;, b;] C [a,b],i = 1,..., 1. We also assume throughout this section that
Op (§) c S for 1 < p < n. Further subdivide each interval [a;, b;] into N; equally
spaced subintervals [Z}_l, t}], j =1,...,N;, of width

p=lT4 <<, 3.1)

N,

i

Set h = max<j<s h;.

i i i . i i
Next, for 0 < k < r, let Cik denote an element of [tj_l, tj], with Cio=1_1

i

Cip = t;, and C]i',k < c]i.’kJrl for 0 < If < r. Given values F].’;k = F.(cJ’i’k), we then
define a piecewise polynomial & on S as follows: For t]’-_l <x < tJl., 1 <j<N,,
and1 <i <1,
,
red R . _ i _ i i
Flui_, iy @) = F () = 3 1 () Fy. (3:2)
k=0
where . )
Mg = i)
' (x) = . —
J.k r
ﬂz:o(f?,’-,k - C]l',l)
14k
Since c]’ = c} +1.00 F €V}, the space of continuous piecewise polynomials of degree

less than or equal to r, whose degrees of freedom are the Nr + I =: Q values Fj ! o
where N = Zil=1 N;.
Note that we can simplify our expressions by choosing points ¢ € [—1, 1] for

0 <k <r,with ¢y < Cg4q for0 <k <r,éo = —1and ¢, = 1. If we then define
. . hi (14 ¢g)
C}’k = [jl._l + IT’

and write x € [t}_l, t]’] C lai, bi] in the form x = t}_l + h;i(1 + x)/2, where

X € [—1, 1], we obtain

[Ti=o(x —¢1)
12k

) = le(8) = (33)

[Ti=o(éx —¢1)
17k

Because we seek to make use of high order piecewise polynomials, it is important
to choose the points ¢ to avoid the large errors that can occur in polynomial inter-
polation due to Runge’s phenomenon (e.g., when equally spaced interpolation points
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are used). Since, for our analysis, we shall need the function ¥ (x) in (3.2) to be con-
tinuous, we choose the points ¢ to be the extended Chebyshev points in [—1, 1] given
by

2k+17_[)

—Cos (2r+2

A

Ck = , fork=0,...,r, (3.4)

cos (37753)

obtained by rescaling the usual Chebyshev nodes. Then,

2k+1
i i hi COS(2r+2 7[)
> 2 cos(

), fork =0,...,r. 3.5)
3753)

We note that another possible choice is to use the augmented Chebyshev points, con-
sisting of the roots of the Chebyshev polynomial of degree r — 1 shifted to the interval
G

With this notation, we can now define, for s > 0, the linear map L : RC — RZ.
IfF = {F]?;k} e R2, we define

i e g i
1] plus the endpoints 7}_, and 7.

Ls(F)(c} ) = Z gp(cj )" F (Bp(ci ),
p=1

where ¥ is defined above. Equivalently, we can also think of the operator L as a map
from the space Vj, to itself, if we replace F by the function ', and given the values
{Gji',k} =Y gp(c;’k)sﬁ(ép(qj,k)), we define §(x) as follows: For; | <x <1},
1<j<Njandl <i <1,

,
Gl i) =5/ (x) = > ()G,
k=0

Given a positive real number M, we next define Ky C R€ asthesetofall F e R€
such that for all £ = c;,k and n = cj:’k/, with1 <i,i’<I,1<j <N;,1<j' <Ny
and0 < k., k' <r,

F(&) =< exp(MI[§ —nl) F(n). (3.6)
Note that to verify (3.0), it suffices to verify it whenever & and 7 are two consecutive
points in the linear ordering inherited from R of the points {c; o)

One can easily verify that if F € K}y, then either (a) F] i =0 foralll <i <1,
1<j<N;j,and0 <k <r,or(b) Fj?k > 0 for all i, j, k in this range. In case (b),
onehasforalll <i,i’<I,1<j <N;,1<j <Ny, 0<k,k <r,

| ln(I*}ik) — ln(Fji/:k/)I < M|C]i~,k - le::’k/|v (37)

and (3.7) implies that (3.6) holds.
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One might hope to prove that the spectral radius R(Ly) of L closely approximates
the spectral radius R(Ly), and we shall see that this is true if the Lipschitz constant
Cok in (H2) (corresponding to the case v = 1 and the operator R(L;)) and the constant
h in (3.1) are sufficiently small. However, if Cok is not sufficiently small, we can
instead work with the operator L, where v is a positive integer, and the corresponding
Lipschitz constant in (H2) is then Cok"”. This, in turn, means that we will have to
replace Ly by Ly, : R2 — R2, where, v is a positive integer and in our earlier
notation,

Loy @) = D uleh ) F(Bu(chy). (3.8)

weR,

4. Cones, positive eigenvectors and Birkhoff’s contraction constant

As noted in Section 1, we would like to have the approximating matrices defined in
the previous section mimic the properties of the infinite-dimensional, bounded linear
operator Ly, which means they should satisfy the conclusions of the Perron theorem
for positive matrices, i.e., they should have an eigenvalue of multiplicity one equal
to the spectral radius of the matrix with corresponding positive eigenvector and that
all other eigenvalues of the matrix should have modulus less than the spectral radius.
However, the matrix Lg defined in the previous section is not even a nonnegative
matrix once the degree r of the piecewise polynomial satisfies r > 1. The reason
for this, seen by constructing the matrix, is that the Lagrange basis functions for a
polynomial of degree strictly larger than 1 are not always positive.

The remedy, also used in the case r = 1, when the resulting matrix was nonnegat-
ive, but not primitive or irreducible, is to base the analysis on a cone different from the
usual cone of nonnegative functions. More precisely, by using the cone Kjs defined
in the previous section, we shall show that the conclusions of the classical Perron
theorem also hold for the matrices of this paper.

To outline our method of proof, it is convenient to describe, at least in the finite-
dimensional case, some basic definitions and classical theorems concerning linear
maps L : RY — RY which leave a cone K C R¥ invariant. In doing so, we shall
closely follow the analogous description in [14]. Recall that a closed subset K of RY
is called a closed cone if (i) ax + by € K whenevera > 0,b >0,x € Kand y € K,
and (ii) if x € K \ {0}, then —x ¢ K. If K is a closed cone, K induces a partial
ordering on RY denoted by <g (or simply < if K is obvious) by u <g v if and
only if v —u € K. If u,v € K, we shall say that u and v are comparable (with
respect to K) and we shall write u ~g v if there exist positive scalars a and b such
that v <g au and u <g bv. The equivalence relation given by being comparable
with respect to K partitions K into equivalence classes of comparable elements. We



High order computation of Hausdorff dimension 35

shall henceforth assume that int(K), the interior of K, is nonempty. Then, an easy
argument shows that all elements of int(K) are comparable. Generally, if xo € K and
Ky, :=1{x € K : x ~g xo}, all elements of K, are comparable.

Following standard notation, if u, v € K are comparable elements, we define

M(%;K) =inf{B>0:u < po,

m(E;K> - M(E;K)_l = sup {a > 0:av < uj.
) u

If u and v are comparable elements of K \ {0}, we define Hilbert’s projective metric

d(u,v; K) by
d(u,v;K)=1In (M(%, K)) + In (M<§’ K))

We make the convention that d(0,0; K) = 0. If xo € K \ {0}, then for all u, v, w €
K,, one can prove that (i) d(u,v; K) > 0, (ii) d(u, v; K) = d(v, u; K), and (iii)
d(u,v;K)+d(,w; K) > d(u, w; K). Thus d restricted to K, is almost a metric,
but d(u, v; K) = 0if and only if v = fu for some ¢ > 0 and generally, d(su,tv; K) =
d(u,v; K) forallu,v € Ky, and all s > 0 and ¢ > 0. If | - || is any norm on R" and
S :={u €int(K) : [|u|| = 1} (or, more generally, if xo € K \ {0} and § = {x € Ky, :
x|l = 1}), then d(-, -; K), restricted to S x S, gives a metric on S; it is known that
S is a complete metric space with this metric.

With these preliminaries, we can describe a special case of the Birkhoff-Hopf the-
orem. We refer to [2,21,40] for the original papers and to [11, 12] for an exposition of
a general version of this theorem and further references to the literature. We remark
that P. P. Zabreiko, M. A. Krasnosel’skij, Y. V. Pokornyi, and A. V. Sobolev independ-
ently obtained closely related theorems; we refer to [27] for details. If K is a closed
cone as above, § = {x € int(K) : ||x|| = 1},and L : R¥ — R¥ is a linear map such
that L(int(K)) C int(K), we define A(L; K), the projective diameter of L by

A(L; K) = sup {d(Lx,Ly; K):x,ye Kand Lx ~g Ly}
=sup {d(Lx,Ly;K) : x,y € int(K)}.
The Birkhoff—Hopf theorem implies that if A := A(L; K) < oo, then L is a contrac-

tion mapping with respect to Hilbert’s projective metric. More precisely, if we define
A= tanh(%A) < 1, then for all x, y € K \ {0} such that x ~g y, we have

d(Lx,Ly;K) < Ad(x,y; K),

and the constant A is optimal.

If we define ®: S — S by ®(x) = L(x)/||L(x)]|, it follows that ® is a contraction
mapping with a unique fixed point v € S, and v is necessarily an eigenvector of L with
eigenvalue r(L) := r, where r is the spectral radius of L. Furthermore, given any
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x € int(K), there are explicitly computable constants M and ¢ < 1 (see [11, The-
orem 2.1]) such that for all k > 1,

HMm
L% ()|

the latter inequality is exactly the sort of result we need. Furthermore, it is proved in

e

[11, Theorem 2.3] that r = r(L) is an algebraically simple eigenvalue of L and that
if 0 (L) denotes the spectrum of L and ¢(L) denotes the spectral clearance of L,

B H
q(L) := sup{ )

then g(L) < 1 and g(L) can be explicitly estimated.

cze€o(L)andz # r(L)},

The main issue, then, is to find a suitable cone satisfying the hypotheses out-
lined above. We shall show in the sections that follow that the cone Ky, defined in
the previous section, is such a cone. To do so, we shall show that there exists M’,
0 < M’ < M, such that L(Kps \ {0}) C Kp \ {0}. After correcting the typo in the
formula for da ( f, g) on [29, p. 286], it follows from [29, Lemma 2.12] that

M+ M
M-M

where now S := [a, b] in (H1) and (H2) (cf. Section 3). This implies that
A(L; Kpr) < 0o, which in turn implies that L has a normalized eigenvector v € Ky

sup {d(f.g:Knr) : f.g € Ko \ {0}} < 21n ( ) +2exp(M' (b — a)) < oo,

with positive eigenvalue » = r(L) = the spectral radius of L. Furthermore, r has
algebraic multiplicity 1, ¢(L) < 1, and limg_, || L¥(x)/||L*(x)| — v|| = 0 for all
x € Ky \ {0}. Thus, it suffices to prove, for an appropriate map L, that for some
M <M,
L(Ku \ {0}) C Kar \ {0}, @.1)
Note that if the map L satisfies (4.1), then it is not difficult to show that L(Kjs \ {0})
C int(Kjs). An alternative approach is then to apply [44, Theorem 4.4], which con-
cludes that R(L) is a simple eigenvalue, greater than the magnitude of any other
eigenvalue, and that an eigenvector corresponding to R(L) lies in int(K). In any case,
the key step is to show for an appropriate matrix L and cone K3y, that (4.1) is satisfied.
A key part of the paper is to obtain upper and lower bounds on R(L;) using the
approximations developed in this paper. To do so, we will use an extension to cones
of a well known result for positive matrices.

Lemma 4.1. Suppose L(Kpr \ {0}) C Kpr and Vs € Ky \ {0}. Then, if there exist
positive constants o and B such that

a'Vs =Ky LV <Ky ,BVS7

thena < R(L) < B.
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5. Theory for the discrete approximation

The main result of this section, Theorem 5.8, is to show that under appropriate hypo-
theses, the matrix operator Ly ,, defined in Section 3, satisfies

L (Kp (T) \ {0}) C K (T) \ {0},

where T will be as in (5.1) below.

Throughout this section, we shall assume that (H1) and (H2) are satisfied and that
S = [a, b] with a < b, where § is as in (H1) and (H2). We shall also assume that
(H3), given below, is satisfied, and we shall use the notation of (H1), (H2) and (H3).

(H3) For a given positive integer v, there exist pairwise disjoint, nonempty com-
pactintervals [a;,b;] C S, 1 <i < I (where S := [a, b] is as in (H0)-(H2))
with the following property: For every w € Q,, there exists i = i(w),
1 <i < I,suchthat 8,(S) C [a;, b;].

Remark 5.1. Assume that the hypotheses (HO)-(H2) are satisfied and that for some
positive integer V', 6, (S) and 6y, (S) are disjoint whenever w; and w, are unequal
elements of Q. Label the elements of Q2,7 as w;, | <i < I, and define [a;, b;] =
B, (S). Then, for all positive integers v > V', (H3) is satisfied. More generally, for
1 <i < I, one could take [a;, b;] to be any interval contained in [a, b] such that
0w; (S) C [a;,bi]aslongas [a;,b;] N [a;,b;] =@ for1 <i, j < I.Note that (H3) is
also trivially satisfied if we take / = 1 and [a1, b1] = [a, b].

Remark 5.2. In the context of (H3), it is possible to assume that b; < a;4; for
1 <i < I by relabeling, so the intervals are linearly ordered as subsets of R. Thus,
we shall make this assumption if convenient.

We now follow the notation of Section 3. If we define
Tio={c,:1<i<I,1<j<Nand0<k<r}, (5.1

then T is a finite subset of R and a compact metric space. Recall that we consider the
finite-dimensional vector space V = V(T') of dimension Q = Nr + I of all maps
F : T — R and Kjs(T) is then defined as in Section 4 or (3.6), i.e., F € K (T) \ {0}
if and only if

|In(F(§)) —In(F(n)| < M|§ —n|, forall§,neT.

Note that V' is linearly isomorphic to R€.

A central question for our approach is to determine under what conditions on Ly ,
(see (3.8)) Ls v (Km (T)) C Kp/(T) for some M, M’ with 0 < M' < M. To do so,
we begin by recalling some classical results.
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Lemma 5.3 (See [30], [36, pp. 121-123] or [42]). Let p(t) be a real-valued polyno-
mial of degree less than or equal to r. Then,

max |p'(1)| < r?
—1<t<1

1)|.
_max |p(@)]

A proof of the following estimate is given in [5] and refinements for r > 5 can be
found in [16].

Lemma 5.4. I]‘ik (x), 0 <k <r, are defined by (3.3), then
max Z e (R)] < —ln(r + 1) + =1y,

where In denotes the natural logarithm.

It will also be convenient to have some elementary estimates concerning the num-
bers c]".’k, 1 <j<N;,0<k <r,in (3.5). If x is a real number, [x] denotes the
greatest integer m < x. If r is an integer, it follows that [r/2] = r/2 if r is even and
[r/2] = (r — 1)/2is r is odd. The next lemma is a straightforward exercise and is left
to the reader.

Lemma 5.5. Let the numbers cji. k be defined by (3.5). Then, for 0 <k <rand 1 <
1 <1,

>

. . oL if r is even,
|CJl'k_CJl'[r/2]|S{hz L
7’[1 +tan([2r+2])], ifr is odd.

For1 <j <Njand0 <k <r,

. . 2
min |c’-k—c’.k+1|=2hi[sin( T )] ,
1<j<N;,0<k<r 7’ I [2r + 2]
_ ji'k+1| = {hi tan (57557).  if 7 is odd,

h; sin ([2;12]), if r is even.

max I &
1<j<N;,0<k<r

Since the first result in Lemma 5.5 will be used later, we define the constant 7(r)
for a positive integer r by:

n(r) = {

In addition, for a positive integer v and @ € 2,,, we define constants Mg (v) and c(v)
such that for all w € Q,,

if r even,

5.2
[1+tan (555)], i r odd. 2

D= NI»—-

8w € Kntyn(S) and lip(bpls) = c(v). (5:3)
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We already know (see Section 2) that My(v) < MyCo(l —«")/(1 — k), where My is
as in (H1) and Cy and « are as in (H2), and (H2) implies that ¢(v) < Cok"”. However,
in specific examples which we shall study later, these estimates can be significantly
improved.

Lemma 5.6. Suppose that t € R, € > 0 and ¢, 0 < k < r is a normalized exten-
ded Chebyshev point as in (3.4), and ¢ =t + 5(1 + ¢x). If x € [t, T + €], let
X € [1, 1] denote the unique point such that x = t + 5[l + X]. Assume that M > 0,
I'={ck:0<k <rjand F € Kp(I') \ {0}, so [In(F(§)) —In(F(n)| = M|§ — 1l
forall&,nel. Let F : [t,7 4+ €] = R denote the unique polynomial of degree less
than or equal to r such that ¥ (c;) = F(cg) for 0 <k <r. Let n(r) be as in (5.2)
and Y (r) as in Lemma 5.4, and define u = Men(r). If

Y (rjuexp(u) <1,
then ¥ (x) > O forall x € [t,7 + €]. If Y (r)uexp(u) < 1 and

_ 200y ()] exp)M

C:
1 =y (r)uexp(u)

then forall x,y € [t,T + €],
| In(F (x)) = In(F (»))| < Clx = yl.
Proof. Recall thatfor0 <k <r,
H?;g(x —c1) 1"[1?;2 (X —<¢n)

Ir(x) = and lAk(fc) =

[Ti=o(ck —c1) [Ti=o(éx —¢1)’
1%k 1k
and [ (x) = fk()?) for x = © + 5[l + %] and, writing Fy, = F(cx),
r r
F) =Y k)F(er) =) h(x)Fx.
k=0 k=0

Recalling that Y ;_, lx(x) = 1 forall x € [z, T + €], we obtain

F) =Y () F = F[r/zl(l Y e[ - 1]) = Fyyll + )]
k=0 k=0

— Firya
kAlr/2]
L1 R 2o
:F[r/z](1+ > k)] —1]) =t Fyyz[l + ¢ (@],
= Fir2)

k#[r/2]

where as usual, x = 7 + §[1 + X] and % € [-1,1].
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Since F € Ky (I") \ {0}, we have for0 < k <r, k # [r/2],

Fi
exp (— Mlcx = cpyzl) < T S CXP (Mlcx = crrya])-
[r/2]
Because Lemma 5.5 (with h; = €) implies that |cx — c[r/21| < n(r)e,
Fy

exp(—Mn(rje) —1 <
Fir/2)

—1 <exp(Mn(r)e) — 1.

Using the mean value theorem and writing u = M n(r)e, it follows that

—u < —1 <uexp(u),
Fir/2)
SO F
ko l‘ < uexp(u).
Firya)

Using Lemma 5.4, it follows that

pOI= Y 1K@

k=0
k#[r/2]

F
1| = vuep), (5:4)
Firj2)
soif Yy (ryuexpu) < 1,1+ ¢(&) > 0, and F(x) > 0 for all x € [z, T + €]. For the

remainder of the proof, we assume that ¥ (r)u exp(u) < 1.
If x,y € [t, T + €], our previous calculations show that

1+¢(x)1
InF () = In F ()] = | In[1 + $()] — In[1 + $(3)]| = \[M( S
y
160 —¢0) |1 i
T lw e

where we have used the fact that (1/s) is a convex function and hence the integral is
bounded by the trapezoidal rule approximation.

Now, by the mean value theorem, for some & lying between X and y and hence
§el[-1.1],

p(x) — ()| = [(F) — ()| = |¢'()||% — |

2 N A 2 N
< =lx—y| max |¢'E)| < =|x—y|r® max [$p()].
€ —1<é€<1 € —1<é€<1

where in the last step we have used Markov’s polynomial inequality (Lemma 5.3).
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Recalling our earlier estimate for |$(§)| in (5.4), we obtain
|6(x) = ()| < 2r2Y (r)n(r)M exp(u)|x — y|

and

l[ 1 4 1 i| - 1 ,
201+ o(x)  14+¢() ]~ I =y (r)uexp(u)
which implies that

[ In(¥ (x)) = In(F (»)| = Clx — yl,

with the constant C defined in the statement of the lemma. This concludes the proof
of Lemma 5.6. ]

Lemma 5.7. Let the notation be as in Section 3 and T be as defined by (5.1). Suppose
that F : T — R is an element of Kp (T) \ {0} and let ¥ - Ui1=1 [a;,bi] — R be defined
by (3.2). For 1 <i < I, define u; = M h;n(r) and assume that

v (r)u; exp(u;) < 1.
Then, ¥ (x) > 0 for all x € [a;, b;]. If we define C; by

_ [20(r)r2y (r)] exp(ui ) M
— ¥ (r)u; exp(u;)

(5.5)

then for all x, y € [a;, bj],
| In(F (x)) — In(F (y))| < Ci|x — y|. (5.6)

Pm@lkmnmmmhmkzuﬁJ¢4ﬁmemﬂ—gI_than—mymmf
we write h; = €, note that whenever x, y € [r}_,, tj’.] for some j, Lemma 5.7 implies
that (5.6) is satisfied. Thus we can assume that x, y € [a;, b;] and that there does
not exist j, 1 < j < Nj, such that x and y are both elements of [¢ [ i _1> ti] We can
also assume that x < y and select j;, 1 < j; < Nj, such that x € [t]’1 1 ]1] and j,
1 <j, <Nj,suchthaty € [t’2 1 ]2] By our assumptions, it must be true that j; < j».

If we apply Lemma 5.7 to ¥ (x) and ¥ (tjl ), we obtain
| In(F (¢},)) — In(F (x))| < G (1}, — x).
Similarly, if we apply Lemma 5.7 to ¥ (t’ ,—1) and ¥ (y), we obtain
[ In(F () = In(F (¢},_,)| < Ci(y — 1}, ).
Since ¥ (t’ )= F(l‘ ) and ( 1) = F(t]’fz_l) and F € K (T), we obtain

| In(F (,—1)) — In(F (t},)| = M(tj,_y — 1)) < Ci(t],, —1},),
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where we have used the fact that C; > M. Combining these inequalities, we find that

| In(F () — In(F (x))|
< [In(F (y)) —In(F (t},_,))| + | In(F (1},_,)) —In(F (&})))]
+ | In( (1],)) — In(F (x))]
<Ci(y —x),

which proves Lemma 5.7. |

Up to this point, we have only used the fact that F € Ky (T'), where T is defined in
(5.1) and the notation is as in Section 3. We now exploit the fact that lip(6,|s) < c(v)
forall w € 2,.

Theorem 5.8. Let notation be as in Section 3 and for positive real numbers M' < M,
let Kpg(T) and Kpg/(T) be as defined earlier. Recall that h; = (b; — a;)/Nj,
1 <i<I, and h =max{h; : 1 <i < I}. Assume that the hypotheses (H1), (H2)
and (H3) are satisfied, and that

v(rjuexpu <1, 5.7

where we now set
u = Mhn(r).

If F e Kpg(T)\ {0} and ¥ is the pwcewzse polynomial approximation of F of degree
less than or equal to r on S = Ul 1lai. bi], then ¥ (x) > 0 forall x € S.

Define C :=max{C; : 1 <i <1}, where C; is defined by (5.5) and let V(T) := RQ
and Lg,, : V(T) — V(T) be defined by (3.8). Assume the above hypotheses are sat-
isfied and also assume that

c()2n(r)r*y (r)] exp(u) M
1 — Y (r)uexp(u)

Then, it follows that L, (Kpr (T) \ {0}) C Kp/(T) \ {0}.

c(v)C = <M’ —sMy(v). (5.8)

Proof. Suppose that F € Ky (T) \ {0}, which implies that F(§) > O forall £ € T.
Since u > u; for 1 <i < I, (5.7) implies that ¥ (r)u; expu; < 1for1 <i < [I.1It
follows from Lemma 5.7 that ¥ (x) > O forall x € [a;,b;],1 <i <I,so F(x) >0
for all x € S. Since (H1) implies that g, (x)* > 0 for all x € § = [a, b] and for all
w e Q,,

Lo (F)E) = Y (80P F (0u(6)),

weR,
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and g, (x)*F (0, (x)) > O forall x € S and certainly for all £ € T, it suffices to prove
that the map & — g, (§)*F (0, (§)) belongs to Ky (T) \ {0} for every w € Q,. We
know that forall x,y € S,

| In(ge(x)*) —In(gw(¥)*)] < sMo(v)|x — y],

so it suffices to prove that for all x, y € S,
| In(F (6 (x)) — In(F (0 (¥))| = [M" — sMo(v)] |x — y].

For each fixed w € ,, (H3) implies that there exists i = i(w) such that 6, S) C
[a;, bi]. Writing x" = 0, (x) € [a;, b;] and y' = 6,(y) € [a;, b;], Lemma 5.7 implies
that

|In(F (x") = In(F ()| = Clx" = Y| = c()Clx —yl.
so (5.8) completes the proof. |

Remark 5.9. Assume that y (r)u exp(1) < 1. Notice that for a given positive integer r,
a necessary condition that (5.8) be satisfied is that

c(W)2r2y (rn(r) < W.

For a given M’ < M, if (5.9) is satisfied, then (5.8) will be satisfied if /4 is sufficiently
small.

5.9)

Remark 5.10. The reader will note that in our definition of Ly, (F) for F € V(T),
we arrange that ¥ |[4; 5] is a piecewise polynomial map of degree less than or equal
to r. In some applications, it is desirable to make F|[4, »;] a piecewise polynomial
map of degree < r;, which leads to a generalization of the definition of Ly ,. An
analogue of Theorem 5.8 which handles this more general case can be proved by an
argument similar to the proof of Theorem 5.8. Because of considerations of length,
we omit the proof.

6. Estimating R (L) by the spectral radius of L; ,

In the previous section (cf. Theorem 5.8), we determined conditions under which
Ls,v (Km (T) \ {0}) C Kn/(T) \ {0},

for M’ < M. The main result of this section is to show that under this condition,
R(Ls,y), the spectral radius of Ly, satisfies

A1~ HI') < R(Ly) < A(1+ HA),
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for some constant H to be specified below. Using this result, we obtain the following
explicit bounds on the spectral radius Ag of L.

[R(( 4+ HA' g )]V < Ag < [R([1 — HA"] 'Ly )],

where the entries of the matrices [I + Hh"]" 'Ly, and [l — Hh"]"'Ly,, differ by
O(h").

Throughout this section, we shall assume the hypotheses and notation of (H1),
(H2) and (H3); vs(-) will always denote the positive eigenvector vs of Ly guaranteed
by Theorem 2.1. In particular, S and [a;, b;], 1 <i < I, will be as in (H3) and (as can
be guaranteed by relabeling) we shall assume that b; < a;q for1 <i < [I.

We shall further denote by E and y, constants for which the following two
inequalities are satisfied:

dPvs(x)
sup U dx? | < E(s,p) =: E, 6.1)
a<x<b s( )

where p is a positive integer, and
Us(x1) < vs(x2) exp(2s|x1 — x2|/x), forall x;,x; €S, (6.2)

where y 1= y(s,{6;,gi : 1 <i <n}). Using Theorem 2.1 and Remark 2.2, in the next
section, we shall see that for some interesting examples, it is possible to obtain sharp
estimates on the constants £ and y such that (6.1) and (6.2) below are satisfied. These
estimates will refine earlier results in [14].

Using the notation of Section 3, if V,(x) is the piecewise polynomial interpolant
of v (x) of degree less than or equal to r at the extended Chebyshev points in [a;, b;],
1 <i < I, then on each subinterval [t}_l,t}], j =1,...,N;, we have, using standard
estimates for polynomial interpolation,

o V0
0s() = Va(x) =~ H(x—cjk)

for some &, € [t}_1 , t}]. If we write, as done previously,
Are=t_+h(l+6&)/2, x=t_;+h(1+5%)/2 and %e[-11],
then for x € [a;, b;],
[vs(x) — Vs(x)| < |U§r+1)(§x)|h;+lmr+l’

where
,

1 [T -0,

————— max
r+1 | 2o
27T (r 4+ 1)! 2e[-1,1] fali

M1 = (6.3)
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Using (6.1) and (6.2), we see that

6] = Eexp (27 u),

SO

2Sh,'
05(0) = Vo] = ERTF mpavs(o) exp (5 )

Defining, for 1 <i <1,

2sh;
Gy = Em,exp( al ’), (6.4)
(6.3) implies that for 1 <i < [ and x € [a;, b;]
(1= Grar,i ] THug(x) < Vs(x) < (1 + Gryr,ihI THug(x). (6.5)

In order to make (6.3) explicit, we need a formula for maxze—1,1] | [ [=o(X — ¢k)I-
The result and proof, which we provide below, are slight modifications of the well-
known corresponding bound and proof when ¢ are taken to be the zeros of the
standard Chebyshev polynomial.

Lemma 6.1. If r > 2 is a positive integer and Cy is defined by (3.4), then

r+1
malxl] ‘ 1_[()( — Ck)‘ [m] .

Proof. If we set w = X cos(st/[2r + 2]), where |x| < 1, then |w| < cos(rr/[2r + 2]).
For notational convenience, we write &« = 1/ cos(x/[2r + 2]), and we obtain
max

(Dax H(x —Ck)
= a’“max{‘kljo(w + cos (%))‘ Hwl = C05([2r1 2])}

_ ar“ma"H [T (- cos (%))' ol = COS([zrzzl)}'

k=0

If we define g, 41(w) = [Tr—o(w — cos([2k + 1]x/[2r + 2])), gr+1(w) is a polyno-
mial of degree r + 1 which vanishes at the points cos([2k + 1]z /[2r +2]),0 <k <7,
and has leading term w” ™!; and these properties uniquely determine g, +1(w).

Recall that for integers r > 0, cos([r + 1]0) = pr41(cos8) for 0 < 6 <, where
Pr+1(w) is the Chebyshev polynomial of degree r + 1. These polynomials satisfy
p1(w) = w, pa(w) = 2w? — 1, and for r > 2, the recurrence relation p,;(w) =
2wpr(w) — pr—1(w). Using the recursion relation for p,4;(w) and induction, it



R. S. Falk and R. D. Nussbaum 46
also follows that the coefficient of w”*! in p,;(w) is 2”. Since cos([r + 1]0) = 0
when 6 = [2k + 1]z /[2r + 2] for 0 < k < r, we see that p,+1(w) = 0 when w =
cos([2k + 1]x/[2r + 2]), for 0 < k < r. It follows that for w = cos(f) and 0 <0 < 7,

Gre1(w) = 30 prsa(w) = o cos(lr + 110),

2r
SO 1
l%ﬂ; |gr+1(w)| = 5
However,
b1
max {lgr1 )] < ] = cos (3.7 )|
1 T (27’ + 1)7'[
= — =5
o max{|cos([r + 116)] : 20 + 1)2] == 2r +2 }

Since /[2(r + 1)?] < n/(r + 1) < (2r + 1)7/(2r + 2) and also because we have
that | cos([r + 1]z /(r + 1))| =1,

1
7 max {|q,+1(w)| |w| < cos (

b4 >} 1
2r+2]/) 2
which completes the proof. |

If E and y are defined by (6.1) and (6.2), we can use Lemma 6.1 to estimate the
constant G, 41 ; in (6.4) more precisely:

o= ren ()t e 00

and with this estimate of G,41,;, (6.5) is satisfied for all x € [a;,b;],1 <i < I. For
notational convenience, we define 7 and G4+ by h = maxj<j<s h; and

1
(r + 1)'][200s(

! ]m L 67

2sh
Gry1 = 1max Gry1,; = Eexp( )[ TR

o)

Lemma 6.2. Define Ay = R(As) = R(Ly), where Ag and L are as in Theorem 2.1.
Let [a;, bi], 1 <i <1, beasin(H3). For1 <i <1, let N;, h; and Vg be as defined
in the fourth paragraph of this section. Assume that, for 1 <i <1,

[Sm <2r7r+ 2)]2hi = div1 = bi.

Define hyin = minyj<j<y h;j and . = h/ hyin. Then, for all x € [a;, b;], 1 <i <1,
we have

(1 = Grarih! g (x) < Vo(x) < (1 + Grprihl THvg(x), (6.8)
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and
(1= Gt h"THALvs(x) < (LYVe)(x) < (1 + Gr W THAYvg(x). (6.9)

If we define My by

2
Gr+1hr 1 2s
M, = [ ] + — 6.10

S GP 22 |:Sin (ﬁ)} X ©10

and

T={c,:1<i<I1<j<Nad0<k<r}cCS§,
then Vg|r € KQ2s/x;T) and LY Vs|r = Ls v (Vs|T) € K(M1;T).
Proof. To simplify the exposition, we shall denote G, as G. Equation (6.5) gives
(6.8) and (6.2) implies that vy € K(2s/y; S). Since Vs|r = vs|r, it follows that
Vslr € K(2s/x: S). If we observe that we have 1 — Gh™+! <1 — Gr+1,,~hi’Jrl and

14 Grgr,ihit <14+ Gh™ 1 for | <i < I, we derive from (6.5) that for 1 <i <[
and x € [a;, b;],

(1 =GR Hvs(x) < Vs(x) < (1 + GR™ T yvs(x).

Applying L} to this inequality, we obtain (6.9) and in particular, (6.9) holds for all
x € T. A little thought shows that for all x € T,

[L5Vs](x) = Ls,u (Vs|T) (x).
Ifx,y e T NJaj,ait+1],1 <i < 1I,and x # y, we obtain from (6.9) that
25|y —
(LYV)E) = (14 G )AL vs(x) < (14 Gh ) exp (y)vsm
1+ Gh't! 2s|x — y|
= g o (T )0,

Taking logarithms on both sides of the above inequality, and noting that x and y are
interchangeable in the inequality, we find that

[ In[(LY Vo) ()]~ In[(LI Vo) ()] < zx—s|x 4 [In(1 4 GA™) —In(1 - GI" ).

Using the trapezoidal rule and the convexity of the map u — 1/u,

1+Gh"+1 1

In(1 4+ Gh"™ Y —In(1 = Gh™ ™) = / —du
1-Ghr+1 U

1 1 1 r1] 2GH !
= 5[1 —GhrtH! + 1+Ghr+1][2Gh ] T 1 = G2perte;
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To prove that L} Vs|r € K(M;;T), it will suffice to prove that

2s 2GH 1
7|x -yl + 1 — G2p2r+2
2
2s Gh" 1
< —|x— -y, 6.11
— X |X y| + |:,LL1 _G2h2r+2:||:sin([2r73_2]):| |x y| ( )

whenever x,y € ([a;,b;]NT)U{a;j41}forl <i <ITorx,y € (Ja;,bf]NT).(Of
course, we assume, as we can, that x 7 y.) A calculation shows that this is true if

2
— | x>l
Sln([2r7r—+2])i|

If x, y € [a;,b;], we know that |x — y| > 2h;[sin(r/(2r + 2))]?, so it suffices to prove
that & < wh;, which follows from the definition of p. We can assume that x < y, so if
X,y € [a;, bi], the same argument applies. If y = a;41, |x — y| > |ai+1 — bi|, and we

2h§u[

assume that |a; 1 — b;| > 2h;[sin(;r/(2r + 2))]?, so0 again the same argument applies
and gives (6.11). [ ]

Remark 6.3. If / = 1, the condition on a; 1 — b; is vacuous and u = 1.
Our next lemma will play a crucial role in relating R(Ly,,,) to R(L}).

Lemma 6.4. Let notation and assumptions be as in Lemma 6.2. Let G := G4 be
as in (6.7) and My as in (6.10). Assume that H := H, 1 is a constant with H > G
and assume that h < 1. Define M, by

7 1
My =M +_[ ] .
S L =15 ] [ein ()]

If K = K(M5; T), we have
AyVs(1 — Hh") <g Ls Vsl <k A, Vs(1 + HR"). (6.12)

Proof. Our previous results show that (L} Vs)(x) = (Ls,,Vs)(x) for all x € T, and,
forallx € § = [a, b],

1 — G+ 1+Gh!
W S (LyVs)(x) < A Vs(x) 1—Ghrtl"

Recalling that Vs(x) = vs(x) for x € T, we have forx € T,

AgVs(x)

AyVs(x) (1 4+ HR") = (LYVs)(x) < AV Ve(x)(1 + HR") — A (1 — Gh" ) Vy(x)
= AV(HR" + Gh™ ) Vs(x)
= AR Ve(x)(1 + [$1h)H.
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If y € T, a similar argument shows that

AV () (L + Hh™) = (LYV)(r) = AV () (1 + Hh™) = A2(1 + Gh™ TV (y)
= A0 Vs (y)(1 = [$]h)H.

Using Lemma 6.2 and the above estimates, we find that
AV )1+ HI) = (LV)(x) _ Vs(@)(L+ [§1)
V() + Hh') = (LYV) () ~ V() (1 — [Z]h)
1+ [&]h
1-[&h

<exp(Mi|x — y|) (6.13)
The right hand side of (6.12) will follow from (6.13) if we prove that, forall x,y € T
with x # y,

1+ [£]h

- A- My|x — y)). 6.14
ey = (b= ) (6.14)

exp(Mi|x — y|)

Asin Lemma 6.2, it suffices to verify (6.14) for all points x # y, x,y € [a;,a;+1] N T,
1 <i<I,wherea;i; = by.
Arguing as in Lemma 6.2, we see that

(1= [0 = (=[50 = o

If we take the log of both sides of (6.14), it suffices to prove that

G 2h
Mix —y|+ ———
H 11— ([£]h)?
u 1

1- [(%)h]z} [ sin (

G
< Mllx—y|+—[

H 2|X—y|.

)]

As we proved in Lemma 6.2, all x, y € [a;,a;4+1] N T with x # y satisfy |x — y| >
2h;[sin(r/(2r + 2))]?. Since 2|x — y| > 2h; /[sin(z/[2r + 2])]?, we see after sim-
plification, the above inequality will be satisfied if & < wh;, which holds by the
definition of w. This proves the right hand side of (6.12). The proof of the left hand
side of inequality (6.12) follows by an exactly analogous argument and is left to the
reader. ]

Our next theorem connects R(Lg,,) and R(LY). To use the theorem, we shall
need to estimate various constants, and we shall carry this out in the next section for
an important class of examples.
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Theorem 6.5. Let notation and assumptions be as in Lemma 6.2 and let H and M3 be
as in Lemma 6.4. Assume that v, h,s and r have been selected so that L ,,(K(M;T))
C K(M';T) where 0 < M’ < M and M > M, (see Theorem 5.8). Then, we have
that R(Ls,,), the spectral radius of Ly ,,, satisfies

A;}(l - Hhr) = R(Ls,v) = Ajv)(l + Hhr)

Proof. Our previous results show that L ,, has a unique, strictly positive eigenvector
ws,y € K(M; T) with ||ws,| = 1. The eigenvalue corresponding to wy,,, is R(Lg,y).
Furthermore, for every u € K(M;T) \ {0}, limyn—oo (LY, u/ |, u|)) = ws,v, with
convergence in the sup norm topology on R€.

If we use (6.12), but define K = K(M ;T), then because M > M, and K(M;T) D
K(M3; T), we obtain

AVs(1 — HR") <g Lg, Vs <g AYVs(1 + HA").

The theorem now follows directly from Lemma 4.1. |

Our ultimate goal has been to provide rigorous upper and lower bounds on
As = R(Ly) in terms of the eigenvalues of computable matrices, as was done in [14].
This follows immediately from Theorem 6.5.

Theorem 6.6. Under the hypotheses of Theorem 6.5, we have
[(1+ HA) T R(Ls )] < A < [(1 = HA") ™ R(Ls )],

where the entries of the matrices [ + Hh"] 'L, and [| — Hh"| 'Ly, differ by
o(h").

7. Calculating the optimal interval [a, b] and estimating E and y

Throughout this section, we shall assume at least the hypotheses of Theorem 2.1,
so Ly has a strictly positive C™ eigenfunction vs. We shall take S = [a,b],a < b
in (H2). If Sy is a closed, nonempty subset of S and 6;(Sy) C Sp for 1 <i <n,
then Ly : C(S) — C(S) induces a bounded linear operator Ly s, : C(So) — C(So).
It is often desirable to replace the original interval [a, b] by a smaller interval (or
union of intervals) So C [a, b] such that 6;(Sy) C So for 1 <i < n, and we first
describe a class of examples for which this can be easily done. Note that vy|s, is
strictly positive; and since L s, (Vs|s,) = R(Ls)(vs]s,), the following lemma implies
that R(Ls,s,) = R(Ls). Although this is a special case of another well-known result,
a proof is provided for the readers’ convenience.
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Lemma 7.1. Let So be a compact metric space, W := C(Sy) and P = {f € W :
f(@)=>0forallt € So}. Assume that L : W — W is a bounded linear operator such
that L(P) C P.Ifw € W and w(t) > O forallt € Sy, then

R(L) = lim ||L¥|V* = Lim |L*w|"*.
k—o0 k—o0
If, in addition, Lw = Aw, then A = R(L), and there exists a constant C > 1 such
that |L¥|| < CA* for all positive integers k.

Proof. Since Sy is compact, there exists & > 0 such that w(z) > « for all t € Sy. If
f e Wand | f]| <1,it follows that for all z € S,

Luwy < 1) < L.
o o

Because L is order-preserving in the partial ordering from P,

— w0 = LN < - (L))

for all positive integers k, which implies that

1/k 1\1/k
1AM = (sup (I F1: f e wand £ < 1) < () Lk k.
‘We also have that

1\1l/k 1\1/k
(=) Tz < () LR
o o

Since limg o0 || L¥||* = R(L) and limg oo (1/0) /% = limg oo [|w|¥/* = 1, we
conclude that limy_,o || L¥w||/* = R(L).
If Lw = Aw, the above argument shows that

Lykw() < @k £y < Lakw),
o 07

which implies || L¥|| < al||w||/\k, so the lemma is satisfied with C = é||w|| >1. =

Let So = [ag, bo] be a compact interval of real numbers, ag < by, and let B be
a finite set of real numbers. For each 8 € B, 0 : So — R. We make the following
hypothesis:
(H4) (i) Foreach B € B, 0 : Sy — Sop and 6g is a continuous map.
(i) There exist y € 8 and I' € B such that for all x € Sp and all 8 € B,
Or(x) < 0g(x) < 6, (x).

(iii) x + 0, (x) and x — Or(x) are strictly decreasing functions on Sp.
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The example we have in mind is that 8 is a finite set of distinct real numbers with
B>y >0forall B € BandbOg(x) =1/(x + B) and Sp = [0, 1/y], but there seems
no gain in specializing at this point.

Lemma 7.2. Assume (H4) is satisfied. Define a; = 6r(bo) and by = 6, (ag). Then,
ap < a; < by < by, and Og(x) € [ay,b1] forall x € Sy and all B € B.

Proof. Property (i) in (H4) implies that ag < a; < bg and ag < by < by. Property (ii)
implies that Or(bg) = a; < 0, (bg) and Property (iii) implies that 6, (bg) < 8, (ap)
= by, s0a; < by. Forall x € [ag, bo] and all B € B, Or(x) < Og(x) (Property (ii))
and Or(bg) < Or(x) (Property (iii)), so a; < g(x). Similarly, 6g(x) < 6, (x) and
8y (x) < 6y (ap) = by, 50 Og(x) < by. [

Lemma 7.3. Assume (H4) is satisfied. Also assume that for 1 < j < k, we have
found an increasing sequence of real numbers ag < ay < --- < ay and a decreasing
sequence of real numbers bg > by > ... > by suchthatb; —aj >0forl1 < j <k and
Og([aj,b;]) Claj+1,bj41]for0 < j <k —1andall B € B. Define a1 = Or(bg)
and b1 = 0y (ag). Then, we have ap < ayg41, by < by, by —agy; > 0 and
0p (lak, b)) C [ak+1. bk+1] forall B € B.

Proof. Apply Lemma 7.2 with [ay, bi] taking the place of [ag, bo] and Or (bg) = ar 41
taking the place of a; and ) (ag) = by taking the place of b;. ]

It follows from Lemma 7.3 that if (H4) holds and if we inductively define sequen-
ces ax and by by ag4; = 0r(bg) and by, = 0, (ax) for k > 0, then for all integers
k >0, ap < by, ag41 = ag, bgy1 < by, and Og([ag, br]) C [ag+1, br1] for all

B € B. It follows that limg oo ax =: aeo and limg_, o bx =: b both exist.

Lemma 7.4. Assume (H4) is satisfied and let the notation be as above. Then, we have
08 ([0, boo]) C [ace, boo] for all B € B and 0 (as) = boo and Or(bso) = oo, SO
Or 0 0y (aso) = aoo and 0y 0 Or(boo) = boo. If B1. B2. . . ., Bk are elements of B and
x € [ag, bo], then (6, 0 O, 0+ 00, )(x) € [ar,bg]. If (Bp, 0 Op, 0---0 g, )(x) =x
for some x € [ag, bg]| and some elements B1, B2, ..., Br of B, then x € [ano, boo]-

Proof. Since limg 00 Ok =: Qoo, liMg 00 b =: boo, Oy (ax) = bg4q and Or(by) =
k41, it follows from the continuity of 6, and Or that 6, (as) = boo and Or(bso) =
Goo-

If x € [ag, bo] and B, B2, ..., Bx are elements of B, repeated applications of
Lemma 7.2 show that 0g, (x) € [a,b1], (0, _, © 0, )(x) € [az, b>], and generally that
(0p, 0 0p, 0= 00, )(x) € [ag, br]. If x € [ag, bo] and By, B2, ..., Bi are elements
of B are such that (g, o g, o--- 00, )(x) = x, it follows that x € [ay, bg]. Now
the same argument can be repeated to show that x € [asg, bog] and generally that
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X € [amk, b ] for every positive integer m. Since ﬂmzl[amk, bi] = [aso, boo], We
conclude that x € [aoo, Doo]- ]

Remark 7.5. Under the hypotheses of Lemma 7.4, if (6r o 0,)(x) = x or
(6, 0 6r)(x) = x for some x € [ag, bp], then age < x < b, S0 A is the least fixed
point of 0 o 6, in [ag, bo] and b is the greatest fixed point of 6, o Or in [ag, bo] .

Lemma 7.4 provides a way of obtaining invariant intervals J such that 6g(J) C J
for all B € B. However, it is frequently the case that we have more information than
given in (H4), and then one can give more flexible methods to find invariant intervals.
The following lemma, whose proof we omit, describes a commonly occurring class
of examples where such methods are available.

Lemma 7.6. Let the hypotheses and notation be as in Lemma 7.4. Suppose also
that there exist intervals J, = [X1, @oo] and J» = [boo, X2] with ag < X1 < aeo and
boo < X2 < by, such that 0, (J2) C [aso, boo), Or(J1) C [aco. boo], lip(By]s,) < c1,
lip(Or|s,) < ¢z, and c1c2 < 1. If & € Jy is chosen so that & = 0,,(§1) € Ja, then
0p([€1. &2]) C [&1, &) for all B € B. Similarly, if 1y € J, is chosen so that
m = 0r(n2) € Jy, then 0g([n1,n2]) C [n1,n2] forall B € B.

We shall use 8 as an index set, so the operator L can be written

(Ls)(x) =Y gp(x)* f(Bp(x)),

BeB

where 6g(So) C Sp for all B € B and Sy = [ag, bo]. If the conditions of Theorem 2.1
are satisfied, L has a strictly positive, C™ eigenfunction. Assuming (H4) and the
hypotheses of Theorem 2.1, the observation in the first paragraph of this section
implies that to compute R(Lg), we can, in the notation of Lemma 7.4, replace [ag, bo]
by [aeo, boo] OF by [ag, bg] for any integer k > 1. In fact, we could use any interval
J C [ag, bo] with 8g(J) C J forall B € B (compare Lemma 7.6).

For the remainder of this section, we shall assume the following:

(H5) B is a finite set of distinct real numbers and y = min{f : 8 € B8} > 1. For
every B € 8B, we define g : [0, 1/y] =: [ag, bo] — [0, 1/y] by Og(x) =
(x+pB)7".

We shall write I' = max{ : B € 8} and y = min{f : § € B} and always assume that
y < I'. The reader can check that {6 : B € B} satisfies the conditions of (H4) with
6,(x) = (x +y)~!and Or(x) = (x + I')~!. Using the calculations in the following
paragraph, the reader can check that the conditions of Lemma 7.6 are also satisfied.

We assume that the sequences {ay : kK > 1} and {bg : k > 1} are defined as in

Lemmas 7.3 and 7.4, with ag = 0 and by = 1/y, and ax and b, defined as in
Lemma 7.4. Since a is a fixed point of 6r o 6, in [0, 1/y] and b is a fixed point
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of 6, o Or in [0, 1/y], one can easily solve the equations

xX+y x+T

= (0rof =0 d x=(0,00 =
x= o)) = p s, r= G =

to obtain

oo = —g + (%)2 + % and  boo = —g + (g)z + ; (7.1)

One can verify that boo = (I'/y) a0, 50 0 < oo < boo < 1/y.
Since our index set is B3, we slightly abuse the previous notation and, for a positive
integer v, we define the set of ordered v-tuples of elements of B by

Q= {(B1.B2.....Bu) : Bj € Bfor 1 < j <v}.

For each w = (B1, B2....,Bv) € Qy, we define 6, = g, 0 O, o---0 8 . Our first
task is to estimate ¢ (v) (see (5.3)), which gives an upper bound for lip(6,), ® € 2,,.
If o = (B1,B2,...,B8v) € 2, and B € B, define a matrix

0 1
we 1)

Ay A
M=Mﬁ1Mﬁz"'Mﬂv:<B:_l 33)7

It is proved in [14, Section 6] that

where A; and B; are defined inductively by Ag =0, 4, =1, By = 1, B; = B and,
generally, for 1 < j < v, by

Ajp1 =45 +ﬂj+1Aj and Bji 1 =B;_1+ ,3j+1Bj. (7.2)

Note that det(Mg) = —1, so det(M) = (—1)". Standard results for Mobius transforms
now imply that for x € [ag, bg], 0 < k < o0,

Ay—1x + Ay
Og 00z 000 — Py
(0p, © bp, 0+ 00p,)(x) B, .x + B,

(=D”

(By—1x + B,)?’ (7.3)

d
E(eﬂl 00ﬂ2 O...OGﬂ\))(x) =

If we define By = 1, By = y and §j+1 = éj_l + yéj for j > 1, then because y < f
for all B € B, it is straightforward to prove that B; < Bj for 0 < j < v, where B; is
defined by (7.2). It follows that for all € 2, and x € [ag, bg],

16, ()] < [Bu—1ax + Bu] 72,
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which implies that, for 8, : [ag, bg] — R,
max {lip(Qw) tw € Qv} = [By_1ax + B, 72 =: c(v). (7.4)

It remains to glve an exact formula for the right hand side of (7.4). The linear
difference equation B +1 = = B; -1+ yB has solutions of the form A/ for j > 0,
which leads to the formula A”+! = A"~! + yA” or for A # 0, A2 = 1 + Ay. Hence,

| I
A=A+=g+§,/y2+4 and A:A_=g—-,/y2+4. (1.5)

2

The general solution of the difference equation is then

M, el = B;, forj >0, (7.6)

where c¢; and ¢, must be chosen so that éo =1and ]§1 = y. A calculation gives

_Vrrtdt+y V2 +4—y

=Y T 7 (1.7)

y2+4 24/y?+4

Summarizing the above discussion, we obtain the following lemma.

C1

Lemma 7.7. Assume (H4) holds and consider Og, B € 8B, as a map of [ay, bi] to
itself, for 0 < k < oo, where ag =0, by = 1, ay = Or(bg_1) and by = 0, (ax_;) for
k > 1 and ag and b are given by (7.1). Then, for j > 1, E’j is given by (7.6), where
A+ and A_ are given by (7.5) and ¢y and ¢, by (7.7).

Remark 7.8. Because Ay > land —1 < A_ = —1/A4 <Oforall y >0, c1/\+ is
the dominant term in (7.6) as j increases; and one can check that |c,A7 | < 1/2 for
all j > 0. Of course, for moderate values of j, one can easily compute B ' from its
recurrence formula. It is clear that the constant c(v) in (7.4) is minimized by working
on the interval [aso, boo].

Assuming (HS5) holds, we now define for s > 0, Ly : C([0, 1]) — C([0, 1]) by

(Ls ))(x) = D 165 f(Bp(x) = D gp(x)° f(Bp(x)).

BeB BeB

It is well known that for v a positive integer,

LI = Y 10 F B0 = Y g0 () f(Bu(x).

BeB w€eR,

Because 0, ([ak, br]) C [ag, bg] for 0 < k < 0o and w € 2,,, we can also consider
LY as a map from C([ag, bg]) to itself and as noted earlier, this does not change the
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spectral radius of L}. Thus, we shall consider L; as a map from C([ag, bg]) into
itself, with optimal results obtained by taking k = co.

We need to find a constant My (v) (compare (5.3)) such that for all w € Q,,
8o(x) 1= 10,(x)| € K(Mo(v); [ak. bg]). In this case, this is equivalent to proving
that for all w € Q,, x — In(|6,,(x)|) is a Lipschitz map on [ag, bx] with Lipschitz
constant less than or equal to My(v). If ® = (81, B2, ..., Bv), we have, by (7.3), that

1

)= —
%0 = B

SO
ln(|9(i>(x)|) = —2In(By—1x + By).

Thus, it suffices to choose My (v) so that for all x € [ag, bg] and all w € 2,,

d B,_1

— In(16’ ) -9 V=
g (D] = 25—

1 1
S ¥ W o
By = B =
X+ (B,,_l) ag + (B‘,_l)
If we define x; = Bj_1/Bj for1 < j < v, then since Bj11 = B;_1 + B;+1B;

for 1 < j <v,weget Bj11/Bj = Bj—1/Bj + Bj+1 0r xj41 = 1/(x; + Bj+1) =
Op;+1(x;) for 1 < j <v.Since x; = 1/B; € [a1,b1] =[1/(T +1/y),1/y]. it follows
from Lemma 7.3 that x; 41 € [aj41,bj41]for1 < j <v,s0o1/x;41 = Bj+1/B; €
[Bj__lH, aj_il] and B,/B,—1 > b L. It follows that for v € Q, and x € [ag, bx], we

can take
2

= e

(7.8)

By adding the exponent s, one easily derives that forall w € Q,,,v>1and 0 <k < oo,

go(-) =16, € K( [k Bl ) (7.9)

s .
ag + 5;1 ’
Note that we could replace b ! by a,—1 + .

We summarize the above discussion in the following lemma.

Lemma 7.9. Assume (HS) holds and let aj, and by, 0 < k < oo, be as described in
Lemma 7.7. If o € Q,, v > 1, the map x + In(|0,,(x)|*), x € [ak, bx] is Lipschitz
with Lipschitz constant < 2s/(ag + by 1), so (7.9) is satisfied.

It remains to estimate, for 0 < k < 00, maXye[q; ,b;] |(d7vg/dx7)(x)|/vs(X),
where vy denotes the unique (to within normalization) strictly positive eigenfunction
of L. The basic idea is to exploit (2.2), as was done in [14, Section 6], but our results
will refine those in [14].
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Our previous calculations show that for x € [ag, bg], 0 < k < oo, we have
1
2s 2s "
B (x + B )
It follows that for j > 1, and letting D denote d/dx, we have

=1/ (D/[(g0)*D(x) _ 25Q2s+ 1) (25 + ) = D}

gw(x) B (x + %)]

8o (x)* = [0, =

(7.10)

The same argument used in Lemma 7.9 shows that
B
b,' < ——<aqa;", (7.11)
v—1

soif x € [ag, bg], we derive from (7.10) and (7.11) that

2525 +1)--@s+j -1 _ (=17 (D/[(g)*D(x)
[br + a; 1)/ B 8w (X)*
- 2s2s+1)---Q2s+j—1)
- (ag + by1)/ '

(7.12)

It follows from (7.12) that for x € [a, bg],

2525+ D@5+ =) _ (=17 ¥ peq, (D7 [(20)*D(x)
[br + a; 1]/ > weq, 8o(X)*
- 2sQ2s+1)---2s+j—1)
- (ag + b1/

(7.13)

Taking limits as v — oo in (7.13) and using (2.2), we find that for x € [ag, bg],

2525+ 1) 25+ j—1) _ (= D7 (45) ()
[bk + a5l NG
2sQ2s+1)---2s + j — 1)
< TRy (7.14)

Notice that we can replace ag! by beo + I' and b! by as + y in (7.14).

As one can easily see, the lower bound in (7.14) increases as k increases and
the upper bound decreases as k increases, so the optimal bounds are obtained when
k = oo and apply to the interval [aoo, Doo]-

We summarize the above results in the following lemma.

Lemma 7.10. Let vy denote the unique (to with normalization) strictly positive eigen-
Sunction of Ls. Assume (H4) holds and let ay and by, k > 0 be as in Lemma 7.4. Then,
vg satisfies (7.14).
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Remark 7.11. Since, in Lemma 7.10, we have specified the coefficient gg and the
maps 0g for B € B, now Lemma 7.10 gives us a simple formula for the constant
E(s, p) = E in (6.1),

(42) )| @s)@s+1) Qs+ p—1)
xer[g;??%k] vs(x) = (ax + b3 1)? N

 E,

where p and k are positive integers and 1 < k < oo. Here we have allowed the interval
to vary with k, but we may eventually restrict to k = co.

It remains to find a constant y (compare (6.2)) such that for all x1, x, € [ag, bg],
2 —
vs(x1) < exp (%)vs (x2).

It follows from (7.14) that if a < x1 < x» < by, then

|x2 — x1],

_/xz U0 1~ oy (1) — Iny () <
X1 vs(x)

which implies that

ar + bl

25]|x1 — x3|
[ax + b3}

If x5 < x1, we know that vg(x3) > vs(x1), so (7.15) is satisfied for all x1, x, €
[ak, bg]. In particular, (7.15) is satisfied if the roles of x; and x, are reversed, which

vs(x1) < exp ( Jos(x2). (7.15)

implies that the map x +— In(vs(x)) is Lipschitz on [ay, bg] with Lipschitz constant
2s5/(ag + bgl). Summarizing, we have the following lemma.

Lemma 7.12. If y = a; + b3, then (6.2) is satisfied on [ay, by].

8. Computation of R(Lj)

In this section we shall describe how to use the results of Sections 5-7 to obtain
rigorous, high order estimates for R(Ls) = A;. As a subcase, we shall obtain rigorous
estimates for the Hausdorff dimension of certain fractal objects described by iterated
function systems.

For simplicity, we shall restrict attention to the class of maps 6g : [0, 1] — [0, 1],
where g(x) = 1/(x + B) for B € B and B as in (H5) of Section 7. For s > 0, we
define Ly : C[0,1] — CJ0, 1] by

(Ls )(x) = D 1050 £(Bp(x)).

BeB
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Recall (see Lemmas 7.3 and 7.4) that we define ag =0, bo = 1/y, ag+1 = 0r(bg),
brt1 = 6y(ax), aso = limg_,00 ag, and boy = limg_, o bx. Since Og([ak, br]) C
[ag, bg] for 0 < k < oo and for all B € B, and since L has a strictly positive eigen-
vector on [0, 1/y], Ly induces a bounded linear operator

Ly [ay 61 : C[ag, br]) — C([ak, bk])

and R(Lg) = R(Ly,[q; b,])- Various constants are optimized by working on [aee, beo],
so we shall abuse notation and also use L to denote L as an operator on C([aso, boo])
(or, sometimes, C([ag, br])). For a given positive integer r, we assume that (H3) is
satisfied, but with S := [0, boo].

Thus, [a;,b;] C S, 1 <i < I, denote pairwise disjoint intervals that satisfy the
conditions of (H3). Given positive integers N;, 1 <i <[, we write h; = (b; —a;)/Nj.
As in Section 3 (see (3.5)), we define mesh points c]".,k €la;,b;l,1<i<I,1<j<N;,
0<k<randT := {c]i.’k} for i, j,k in the ranges given above. As in Section 3, if vy is
the positive eigenvector of L on S, Vy : S := UiI:1 [ai, b;] — R is the polynomial
interpolant of vy of degree < r on [t]’f_l, t}] forl <i <I,1<j <N;,sowehave
Vs(x) = vs(x) forall x € T.

Our general approach will be as follows: Given s > 0, we must find r, v, M and h
such that the conditions of Theorem 5.8 are satisfied. First, we choose a positive
integer r > 2, where r is the piecewise polynomial degree in (3.6). Once r has been
chosen, we select a positive integer v such that (compare Remark 5.9)

c(v)[Zn(r)rzw(r)] =k < 1. (8.1)

Here, c(v) is as in (5.3), and for our case an exact formula for c(v) is provided
by (7.4), where we shall take ay = as in (7.4). Also, ¥ (r) is as in Lemma 5.4 and
n(r) as in (5.2). As a practical matter, we demand that x; not be too close to 1, say
k1 < 4/5. Note that for fixed r, this means that v must be sufficiently large and hence
c(v) sufficiently small, so that (8.1) is satisfied. We next choose «x, with k; < k3 < 1
and K not too close to 1. A simple choice is k, = (1 + k1)/2. We define (see The-
orem 5.8), M’ = ko M . If we write u := Mn(r)h, the conditions of Theorem 5.8 take
the form

Y (r)uexp(u) <1, (8.2)
K1 exp(u) sMo(v)
1 — ¥ (r)uexp(u) A VA 8.3)

Here, My(v) is as in (5.3), and in our case Lemma 7.9 ensures that

2

My < —-——.
o )_aoo+av—1+y
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Since exp(u)/(1 — ¥ (r)u exp(u)) > 1, (8.3) implies that

sMy(v)
K1 < Ky — M .
We choose M > 0 such that
4 1 2s M,
M= ’ o ZMo(v) (8.4)
Qoo + Qy—1 + Y K2 — K1 K2 — K1
which implies that
sM —
_ o(v) ZKz—Kz K1 > Ky.
2
Also note that since a, + a,—; + ¥ < ), we have that
4s 1
M > — (8.5)

T X k2K

Given an M that satisfies (8.4), we can choose & = max; h; sufficiently small,
i.e., h < o, that (8.2) and (8.3) are satisfied. Recall, however, that we also have to
insure that the constant M, defined by (8.4) also satisfies M > M,, where M, is as
in Lemma 6.4 and M, is given by (6.10). As we shall see, this may require a further
restriction on the size of /.

The constants M and M, are defined in terms of G,4; := G (compare (6.7)),
X =200 + Y, s, and H (compare Lemma 6.4), and it is desirable to choose H to
be small. The constant E in G, is given by Remark 7.11 with p = r + 1. By using
(6.6) in Section 7 and the estimates for E and y in Lemmas 7.10 and 7.12, we find
that we can write

2sh 1 1 T+l
G = FEex —,
p(aoo+f)gol)(r+l)!|:200s(2r”?)i| 2r

where
_ 2s)2s+1)---2s+r)  @2s)2s+1)---2s+7)

(a0 + 5301)'“ B (2aco + V)r+1
and we have used the fact that boo = 1/(as + y). Note that in the application of
(7.14) for E, one must take j = r 4 1. A calculation gives

E :

: (8.6)

2sh )[(2s)(2s+ 1)---(2s+r)]
2000 + ¥ 2:4-6---2r +2)

1 r+1 1 r+l .
'[Zaoo—l—y] [2cos(2r”ﬁ):| ' ®7

G =Gy = Zexp(
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Finally, we define

| 2
D:=Dpyy = |:—,,:| Gr+1, (8.8)
Sm(zr+2)
and
1 2 2000 +
Hyi1 = pDrs1 s = u[—,,} Gpyy 22 V), (8.9)
s sin (m) 2s

To estimate M; and M,, we shall need estimates on these quantities.

Lemma 8.1. Assume thatr >2,0<s <2and2as + y > 1. Then, G, is a decreasing
function of r.

Proof. Forr >2and 0 < s < 2,since 2j + 2 > 2s + j for j > 2, it follows that
lL[2s+j<(2S)<2s+l) 25 +1

— =35 .
j=02j+2_ 2 4 4

By using the Taylor series for cos(8), we see that

1 1

2005( = x 1%
2-[55]

T
2r+2)
Using these estimates in (8.7) gives

r+1
2sh 2s + 1 1 r+1 1
e e o P
2000+ 4 2000 +y 2 - [2r12]

which implies that lim; o G,4+1 = 0. Furthermore, for r > 2 and 2a,, + y > 1,
another calculation shows that

LA

Gron 24y ][ ! Hcos(zr) T<1
G, L2r+21l2a0 +y 2005([2;’—+2]) cos (57%) ’

so G, is a decreasing function for integer r > 2. |

If we set

1 [ 1 ]
Urt1 = | —F7% |
T xl2eos (555)
a calculation gives

1

W22

U3 = —— and uy =

xV3



R. S. Falk and R. D. Nussbaum 62

which gives

s =2 L P e (2

o= S LT 15T ()

D3 = 4G3 and Dy = [4/(2 — +/2)]G4. Then, we have the following.

Lemma 8.2. If0 <s <3/2,r >2and y :=2a00 + ¥ > 1, then

G 3 1 3 N
2 [ 2w [ 2 ()] e
Gri1r 7 Lavo+ 211 42+ V2

Proof. A calculation gives

Gr+2 2s +r+1 Ur42 r+1
el

Gry1 L 2r+4 Urtl

Since 0 < U452 < Ur41, it follows that

Grio <[2s+r+1]l|: 1 :|
Gry1 — L 2r+4 Jyl2cos(555) )

andif r > 2 and s < 3/2,

Gr2 _[3 1 < 3 I
Gry1 — [4x]|:2cos(%)j| - |:4[ 2+ ﬁ]:|)(

and so

3 N
Gri2 < [m(;)} Gs.

Furthermore, since we assume that y > 1,

6 =[5 A 5 e () @10
< [%][&} exp(3h) < v/3/2, (8.12)
for h <1n(9/5)/3 < 0.2. [

Lemma 8.3. Assume 0 <s <3/2,r >2, x > 1and D, is as in (8.8). Then,

3 qr—1
Dyis < [—] Ds.
4x
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Proof. A calculation gives

Dyi» Upyp 77+ sin ( 5 53] 2s +r+1
s _fueay [y
Dy 41 Urt1 0 2r + 4

T

(i
<§|:2cos(12 +4):||:smE ES ﬂ [2rr:44]'

Using the Taylor series expansions for sin(u), u > 0, we have sin(#) < u and sin(u) >
u —u>/6. Hence,

sin (

ﬁ)<[2r+4][1_1< i )2]—1'
sin (2my) ~ L2 +2 6\2r + 4

Noting that for r > 2, the expression on the right hand side of the above is a decreasing
function of r, as are the other two functions of r in the bound for D45/ D41, we
see that an upper bound for D,1,/ D, is obtained by setting r = 2 in each of the
expressions above. This gives

Do 1 472 1 m\277213 3
D,y = |:2)(cos (%)][5] [1 B 5<§) ] [Z] = 4y’

3 3 qr-1
Dyyr < [4_]Dr+l < [—] Ds. L]
be 4x

and so

The following bound on H, is a direct consequence of the above estimates.
Lemma 8.4. Assume 0 <s <3/2, r > 2. Then,

3

4X]H4G3.

o= of2]

Lemma 8.5. Suppose 0 <s <3/2,r > 2, My isasin (6.10), M5 is as in Lemma 6.4,
and Hr+1 = /LDr+1(X/2S). Then,

_ MDr+1hr 2s
M, = 1 — G2,  p2r+2 7’
r+1
and
2 1
My= My +[=]—f—— 8.13)
X1 — [_Hr+1 h]

= 2%[1 + % + ( hzi—s sin? ([2r7:— 2]))_1]. (3.14)
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Proof. Applying the definitions of My, M5, D, 41, Gr+1 and H, 41, we get

My = My + [Mfi:l][l - [Qh]z} [[Sm(%)]z}

Hyy
M+ [ZS] 1
=M V1T G112
X 1—[—11,11}’]
_2s uD1h" [23] 1
M — G2 jp2rt2 M G, 2
X 1=Gr h? X1 = [gn]
_2s 4 [25] H, 1 h" [2s] 1
-, 1T _ A2 242 . 5 . 2
X XAl =G hr X 1—(@)[sm([2r”—+2])h]

2 H,1h" 2 -1
:—s[1+r2+—1+(1—h2—ssin2( il )) ] [
X 1 -G} h?r+2 %% [2r + 2]

Remark 8.6. Note that D, has the factor 25/ y, so the identity (8.13) for M, does
not blow up as s — 0.

Remark 8.7. If we replace in G3 and D3, the quantity exp(2s/h/ y) by exp(2sho/ x),
where fg is chosen so that (8.2) and (8.3) are satisfied for 0 < & < §, then we easily
obtain a bound for M, in the form

2
My = 224 Hepah? (1430272 + ch?], (8.15)
X

where ¢ and ¢ are easily computable from (8.13). Note that if 0 < s < 3/2,
¥ =2000 +y > 1and r > 2, then y > 1 and sin®(7r/[2r + 2]) < 1/4. So, for
h<1/V3,

(1 — hZ% sin? ([2r1 2]))_1 < (1 - %)_1 <1+ K,

i.e., we can take ¢ = 1. Similarly, for 4 < 0.2, GrZJrl < 3/4, so we can also take ¢ = 1.

Recall that we have to insure that M > M,. From (8.5), we have that

4s] 1
X

Comparing this expression to the bound for M, given in (8.15) and noting that

Mz

K2 — K1

Ky — k1 < 1, M will be > M, if we choose h < §j; sufficiently small so that it also
satisfies

24 Hep B"(1 + W22 + 12 < (8.16)

K2 — K1 '
We can now state versions of Theorem 6.5 and Theorem 6.6 in the context of this
section.
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Theorem 8.8. Assume that r > 2, y > 1 and 0 < s < 3/2, and let v, k1 and Kk,
be as described at the beginning of this section. Let M, and Hy, 1 be as described
in Lemma 8.5 and select M such that (8.4) is satisfied. Finally, assume that h =
max;er h; < min(fo, h1,0.2). Then, with u = Mn(r)h, (8.2) and (8.3) are satisfied
and M > M. Furthermore, Lg,,(K(M;T)) C K(M';T), where M" = koM < M
(compare Theorem 6.5). In addition, we have that for H = Hy 4,

A‘s)(l - Hhr) = R(Ls,v) = /\;)(1 + Hhr)

Proof. The fact that M, > M follows directly from the computations above. Our
selection of r,v, h, M and M’ = k; M shows that the inequality in Theorem 5.2 is
satisfied, so L, (K(M; T)) C K(M'; T). The inequality for R(L;,,) in Theorem 8.8
follows directly from Theorem 6.5. |

Theorem 8.9. Under the hypotheses of Theorem 8.8, we have
[(1+ HR) T R < A < [(1 = HA') ™' R(Ls )]

where the entries of the matrices [ + Hh"] 'L, and [1 — Hh"|™ 'Ly, differ by
o(h").

Using the inequalities of Theorem 8.8, we can obtain rigorous upper and lower
bounds on the Hausdorff dimension s of the invariant set associated with the transfer
operator L as follows. Let s; and s, denote values of s satisfying

(1—HR) 'R(Lg,») <1 and (1+ Hh")'R(Lg,») > 1,

respectively. It follows immediately from Theorem 8.8 that Ay < 1 and /X}’l > 1. Since
the spectral radius Ay of Ly is a decreasing function of s, there will be a value s,
satisfying s; < s« < sy for which A} = 1, or equivalently A5, = 1. The value s
gives the Hausdorff dimension s, of the invariant set associated with the transfer
operator L.

9. Numerical computations

In this final section, we present results of computations of the Hausdorff dimension s
for various choices of sets of continued fractions, maximum mesh size %, piecewise
polynomial degree r, and number of iterations v of the map, where v = 1 corresponds
to the original map. These computations include choices of the above parameters
(especially the number of iterations v), for which the hypotheses of our theorems are
satisfied, but also computations which obtain the same results when the mappings



are not iterated (denoted by v = 1* in Table 1 below). We note the obvious fact that
as the number of iterations increase, the complexity of the operator increases, so the
time to compute the maximum eigenvalue of the resulting matrix operator increases as
well. To keep the time involved in the various computations to be reasonable, we have
elected to compute to fewer digits those sets with a large value of v, especially if the
set E contains many digits. We have also done additional computations, not reported
in Table 1, which indicate that the method is robust with respect to the choices of 4, r

R. S. Falk and R. D. Nussbaum

and v.
Set E r ‘ h ‘ v ‘
N
E[1,2] 14 [ 0.0002 | 7 |
0.531280 506277 205 141624 468 647 368 471785493 059 109 018 398
E[1,3] | 8 [50e-05]6 ]
0.454 489 077 661 828 743 845 777 611 651
E[1.4] [ 8 [50e05]6 |
0.411 182 724 774 791 776 844 805 904 696
E[2.3] [ 8 [50e-05] 3]
0.337 436 780 806 063 636 304 494 910 387
E[2.4] [ 8 [50e05] 3|
0.306 312 768 052 784 030 277 908 307 445
E[3.4 | 8 [50e05]3]
0.263 737 482 897 426 558 759 863 384 275
E3.7) [ 18] 001 [3]
0.224 923 947 191 778 989 184 480 593 490
E[10,11] [20 [ 0.002 [2 ]
0.146 921 235390 783 463 311 108 628 515 904 073 067 083 129 676755
E[102,10% [ 20 | 0.002 |1 |
0.052246 592 638 658 878 652 588 416 300 508 181 012676284 431 681
E[1.2.3] [ 5 ] 00001 |5 ]
0.705 660 908 028 738
E[1,3.4] | 5 ] 0.0001 |5 ]
0.604 242 257 756 515
E[1.3.5] | 8 | 0.001 [6 |
0.581 366 821 182 975
E[1L4.7 [ 6 | 001 6]
0.517 883 757 006 911

continued on next page
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E[2.3.4] 16 | 0.005 [ 4 |

0.480 696 222 317 573 041 322 515 564 711
E[1,2,3.4] 8 [ 0005 [ 6 ]

0.788 945 557 483 153
E2.3.4.5] [16] 0005 | 4 |

0.559 636 450 164 776 713 312 144 913 530
E[1.2,3,4,5] | 5 ]00005 | 5 |
0.836 829 443 681 209
E[2,4.6,8.10] | 7 | 0005 | 3 |
0.517 357 030 937 017
E[l,....10] [10] 001 [1*]
0.925 737 591 146 765
E[l.....34 [10] o001 [1*]
0.980 419 625 226 980
E[1,3,5.....33) [ 10 [ 001 [ 1*]
0.770 516 008 717 163
E[2.4.6,....34 [ 10| 001 [1*]
0.633 471 970 241 089

Table 1. Computation of Hausdorff dimension s for various choices of sets of continued frac-
tions, maximum mesh size /, piecewise polynomial degree r, and number of iterations v.

In addition to the results presented in Table 1, we have also used our method to
compute the Hausdorff dimension of the set E[1, 2] with degree r = 36, h = 0.001
and v = 1 using multiple precision with 108 digits. Although this choice does not
satisfy the hypotheses of our theorem, the result agrees to 100 decimal places with
the result in [26]. While we do not have a proof that our method also works in the
non-iterated situation, we do not have any examples where it fails. We conjecture that
the limitation is the method of proof and not the underlying method.

We next discuss how to control the size of some of the constants that appear in
the error estimates. We begin with the constant & = max; h; / min; &;. Recall that to
satisfy hypothesis (H3), for a given positive integer v, we need to determine pairwise
disjoint, nonempty compact intervals [a;, b;] C S, 1 <i < I, such that for every
w € Q,, there exists i = i(w), 1 <i < I, such that 8,,(S) C [a;, b;]. By the results in
the previous section, we can take S = [aso, boo] and we then order the w € 2,, such
that the sets 6, (S) are ordered with a; < a;4+;. Although we could use the domain
consisting of the union of the sets 6,,(.5), this can lead to very small subinterval sizes.
Instead, we determine a new domain by iterating only v’ times, while still using the
mappings obtained by v iterations to calculate the mapping L. The constant v’ is
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determined so that the length of the smallest interval will be greater than or equal to
hmax/ 1.

Although we have not done the computations using interval arithmetic, we have
only included the number of digits in each computation that we expect to be correct,
which is always less than the number of digits provided by Matlab for the precision
we have specified. For computations that use more digits than provided by standard
Matlab computations, we have used the Advanpix multiprecision toolbox.

Because the theory developed in the previous sections involves the computation
and estimates for many constants and parameters, we next provide, for the benefit of
the reader, details for the specific example of E[1,4, 7], corresponding to the computa-
tion for r = 6, h = 0.001, v = 6, and s = 0.518, shown in Table 1. The computational
domain is determined by only iterating v’ = 2 times and the total number of subinter-
vals used is 191. With these choices, y = 1 and I = 7. Then, by (7.1),

Y YN2 LY _r
oo = —3 (5) + £~ 0127 and bm—yaw~0.8875.

Working on the interval [aco, boo], We have y = aco + b3} = 2as + y &~ 1.25. From
(7.5)—(7.7), we have that for v = 6,

c(v) = [Bv_laoo + Ev]—z ~ 0.0051.

From (5.2), we have that n(r) = 1/2 and from Lemma 5.4 that

2 3
Y(r)=—In(r+1)+ - = 2.0.
b4 4

From (7.8), since we are working on the interval [aso, boo], we take

2 2
My(v) = = ~ 1.5954.
Qoo + B;1 Qoo +ay—1 + Yy

Setting
k1 =cW)2n(r)r*y(r) ~ 0.364 < 1,

we choose k3 = (1 + k1)/2 & 0.6823, so that k1 < k» < 1. Next, we choose

4s 1
M = ~ 5.2022,
Ao + ay—1 + Y K2 — K1

and M’ = k, M. One of the conditions on the mesh size &1 = max;¢s h; is that it
is sufficiently small so that (8.2) and (8.3) are satisfied. For our example, setting
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u = Mn(r)h, we have
Y (r)uexp(u) ~ 0.0052 < 1,

M,
LR 03674 < 05234 & ey — MO
1 — ¥ (r)uexp(u) M

The second condition, coming from (8.16), is that

2+ Hr+1(hr +h2r+2) +h2 <

, .1
K2 — K1

where, combining (8.8), (8.9) and Lemma 8.3, we have

X X 3 qr—2 X 3 qr—2
Hrpr = poDrir = Mg[a] D3 < MZ[H] 4G3,

where

o= L P e ().

Combining these results and setting p, the ratio of the maximum subinterval size
to the minimum subinterval size, to be equal to 3.76, the value calculated by the
computer code, we get

H,41 <0.0608.

Since 2/(kp — k1) > 6, itis clear that (9.1) is satisfied.

We thus have satisfied the conditions of Theorems 8.8 and 8.9, which guarantee
the rigorous bounds we use to obtain rigorous upper and lower bounds on the Haus-
dorff dimension of the set E[1, 4, 7].
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