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Invariant measures for iterated function systems
with inverses

Yuki Takahashi

Abstract. We consider iterated function systems that contain inverses in the overlapping case.
We focus on the parameterized families of iterated function systems with inverses, satisfying
the transversality condition. We show that the invariant measure is absolutely continuous for
a.e. parameter when the random walk entropy is greater than the Lyapunov exponent. We also
show that if the random walk entropy does not exceed the Lyapunov exponent, then their ratio
gives the Hausdorff dimension of the invariant measure for a.e. parameter value.

1. Introduction

A finite collection of strictly contractive maps on the real line is called an iterated
Sunction system (IFS). Let ® = {@,}sea be an IFS, and let p = (pa)aen be a prob-
ability vector. Then it is well-known that there exists a unique Borel probability
measure v, called the invariant measure, such that

V=" pa-@av

acA

where @, v is the push-forward of v under the map ¢, : R — R. When the construction
does not involve complicated overlaps (say, under the open set condition), the invari-
ant measure is relatively easy to understand. For example, if the open set condition
holds, then the dimension of v is given by

dimy = —,

X
where h = h(p) is the entropy and y = x(®, p) is the Lyapunov exponent. How-
ever, the situation is dramatically more difficult in the overlapping case. Let ®’ be a
parameter family of IFS with overlaps, and let v; be the associated invariant measure.
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Using the so-called transversality method, in [14] the authors showed that under the
transversality condition the measure vy satisfies

dimv, = min{l, —}

Xt
for a.e. ¢, and is absolutely continuous for a.e. £ in
h
{t celU: —> 1}.
Xt

For the transversality method, see also [2,9, 10, 12, 15].

In this paper, we extend the above result. Namely, we consider the case that the
collection of maps contains inverses. We call such system an IFS with inverse. For the
proof, we need to employ the ideas from random walks on free groups.

The paper is organized as follows. The next section contains definitions and the
statement of the main result. Section 3 is devoted to preliminaries. In Section 4, we
prove the main result. In Appendix A, we discuss the Furstenberg measure, and see
how IFS with inverses arise naturally.

2. Definitions and the main result

2.1. Notations and setup

Let G be the free group of rank r > 2, and let S be a free generating set of G. Let A
be a set that satisfies
SCAcCSuUS,

where S7! = {a"!}4es. Let Q* = |, A" and Q = AN. For w = wow; - -, we
write w|, = wg - wy, (of course, this definition is not usual, but for our purpose, it
is more convenient to define it in this way). For w,7 € Q U Q*, we denote by w A T
their common initial segment. For w € Q* and 7 € Q U Q*, we say that w precedes t
ifoAnt=ow.

Let p = (pa)aea be a probability vector, and let u be the associated Bernoulli
measure on 2. We assume that p, # 0 for all @ € A. We say that a (finite or infinite)

sequence @ € Q* U Q is reduced if w;w; 11 # aa~' foralli >0anda € A. Let Qg

*

red> W€

(resp. Q2req) be the set of all finite (resp. infinite) reduced sequences. For w € €2

denote the associated cylinder set in Qeq by [@]req. Define the map
red : Q% — QF

red

in the obvious way. Let @ C  be the set of all w such that the limit

lim red(w|,) (1
n—o0
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exists. For example, for any a € A, we have aaa--- € Q and aa 'aa™!--- ¢ Q. By
abuse of notation, for w € Q, we denote the limit (1) by red(w). Notice that, for w € €,
if [red(w|n)| > k for all n > N, then red(w|,)|x precedes red(w) for all n > N. The
following is well-known (see, e.g., [7, Chapter 14]).

Lemma 2.1. There exists 0 < £ < 1 (drift or speed) such that
o1
lim — |red(w|,)| = ¢ )
n—oon

for p-a.e. € Q. In particular, Q has full measure.

It is easy to see thatif A = S, then £ = 1,andif A = S U S ! and p, = 1/|A]|,
then{ =1—1/|S].

2.2. IFS with inverses
Define A* = {(a,b) € A2 :a # b~}

Definition 2.1. Let X = {X,}sea be a collection of (not necessarily mutually dis-
joint) open intervals and 6 € (0, 1]. Write X = (J,cp X4. Suppose that there exists
0 < y < 1 such that the following holds: for any (a,b) € A*, the map ¢up : Xp — X,
is C119 and satisfies

@ vap(Xp) C Xas
(i) 0 <|gl,(x)] <yforallx € Xp;
(i) ¢y, : @apr(Xp) = Xpis C1FE.
We call ® = {@up}(a,b)ea* an IFS with inverse, and write ® € I'x (6).

*

d» We define

Forw = wy -+ w, € 2

Po = Popw; © " ° Pwy_jwp -

Let IT : Q — X be the natural projection map, i.e.,

(@) = () Crea@)ln Krea@)n)-

n>1

For w € Q, it happens that TI(w) ¢ X,,. Consider, for example, ® = bb~'aaa - --
for a,b € A with a # b. Define the measure v by v = I1u, where ITu is the push-
forward of the measure y under the map IT : Q@ — X. Itis easy to see thatif A = S,
then the measure v is a self-similar measure of the usual IFS.

Notice that in Definition 2.1, we do not have any explicit inverse map. The next
example illustrates why we call the system given in Definition 2.1 an IFS with inverse.
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Example 2.1. Letr =2, S ={0,1}and A = {0,1,17!}. For 0 < k,[ < 1, define

(1+Dx+1—1

Jo(x) =kx, filx) = e

Let fi—1 = f; . Itis easy to see that we have fo(0) =0, fi(—1) = —1, fi(1) =1
and f§(0) =k, f/(1) = [.Itis well known that there exists a unique Borel probability

V= Zpafav.

acA

measure v that satisfies

Let
Yo = (=k.k), Y1 =C(fi(=k),1) and Y_; = (-1, f-1(k)).
Then we have
Ja(Y \Y,—1) CY,,

foralla € A, where Y = | J,cp Ya and Yy—1 = @. Notice that the sets {¥,}qen are
not mutually disjoint if and only if k > f;(—k), which is equivalent to

1—k
fl>m. 3)

It is easy to see that there exist open intervals Xo, X1, X;-1 C R such that
Y,C X, and f,(X\X,~1)C X,

foralla € A, where X = | J,cp X and Xy—1 = @. In Appendix A, we will show that
{falx, }(a,p)en= is an IFS with inverse, and the associated invariant measure agrees
with v.

2.3. Transversality condition and the main result

Let U C R be an open set. Consider a family of IFS with inverse
o' = {(pttlb}(a,b)eA* eTx(), tel.

Denote by I, : @ — X the natural projection map. Let v; = IT,i. Assume that for
any (a,b) € A*, the maps ¢ — ¢’, and ¢ > (¢%, )" are continuous, where ¢’, and
((pé b)_1 are equipped with C 119 norm. Denote the d -dimensional Lebesgue measure
by £4.

Definition 2.2. We say that ®' satisfies the transversality condition if the following
holds: there exists a constant C; > 0 such that for all w, T € Q.4 With wy = 79 and
w1 # 1, we have

La({t €U |Hy(w) — ()| <r}) < Cyr forallr > 0.
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For an arbitrary positive measure v on the real line, we define the dimension of v
by
dimv = inf{dimH(Y) cv[R\Y) = O}.
We denote the random walk entropy by Agw = hgw (p) and the Lyapunov exponent
of ® by x; (for the precise definition, see the next section). Our main result is the
following.

Theorem 2.1. Assume that the transversality condition is satisfied. Then
(i) forae. t € U,

. . (hr
dimv, = mln{ W, l};
Xt
(i1) the measure vy is absolutely continuous for a.e. t in

h
U’={teU: Rw >l}.
Xt
Example 2.2. Letr =2, S = {0,1}and A = {0,071, 1,17"}. Let D [0, 1] be an
open interval. For a € A, we define X, = I x {a}, which we identify with /. For
(a,b) e A*and 1/3 < A < 1, we define ¢ p : Xp — X, by

Ax + 22 if a=b,
Pab(X) = | Ax, if (a.b) € {(0.1).(1,071). (0", 171). (171, 0)},
Ax +1=24, if (a.b) €{(1,0), (07", 1), (171, 071), (0, 17H)}.

It is easy to see that {@up}(a,p)en+ is an IFS with inverse. Let vj be the associ-
ated invariant measure. By [11, Corollary 5.2], the transversality condition holds for
1/3 <A < 1/2. By [5, Theorems 2 and 5], the random walk entropy % gw (p) and
the speed £(p) depend continuously on the probability vector p. Furthermore, later
in Proposition 3.1, we will see that y(p) = —£(p)log A. Since hgw (p) = x(p) =
% log 3, if A = 1/3 and the weight p is uniform, Theorem 2.1 implies the following.

Theorem 2.2. [f the weight p is sufficiently close to the uniform weight, then there
exists an interval J C (1/3,1/2) such that v, is absolutely continuous for a.e. A € J.

3. Preliminaries

3.1. Random walk entropy and the Lyapunov exponent

Definition 3.1. Let 1 be the probability measure on A associated with the probability
vector p = (Pa)aen, and let n(”) be the push-forward of the product measure I17_,7
under the map

red : A"t — QX .
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We define the random walk entropy (or asymptotic entropy) hrw = hrw (G, p) by
1
hgw = lim —H(y™),
n—oon
where H (-) is the Shannon entropy. For the existence of the limit, see, e.g., [6].

It is well known that if A = S, then the random walk entropy is

— " palog pa.

acsS

andif A = S U S~ ! and p, = 1/|A|, then the random walk entropy is
1
1 ——)log(2|S|—1).
(1= 757) toxc2lsI =1
Lemma 3.1 ([6, Theorem 2.1]). We have

- %logu({v € Q: red(vlp) =red(wln)}) > hrw 4)

for p-a.e. w.

We next define the Lyapunov exponent y = y(u, ®). Due to the presence of
inverses, the definition is more complicated than in the case of the usual IFS. For
weQandn >0, let

N(w.n) =n+ Iglfg{lred (0" w)lp)| = 1}

and
P(w,n) =red(c"w)g.

For example, if o = bb~'bbaaa ---, then we have N (w,0) = 2, P(w,0) = b and
N(w,1) =3, P(w, 1) = b. Itis easy to see that Wy (»,n) = & (w,n). Notice that, if
wy € S forall n > 0, then we have N (w,n) = n and P (w,n) = wy.

Forw € Q and n > 0, let

o = {w@,nm(w,nﬂ), if M (@,n) < N(@.n+ 1),
w,n — _ .
(p?}w,nﬂ)?(w’n), if N(w,n) > N(w,n+1).

We then define the Lyapunov exponent by

x=—/log
Q

Gr 0(TM(0w))| dpp(). Q)
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Since Pow.n = Pw.n+1 and [(w) = @y o(I1(cw)), by the Birkhoff ergodic theorem,
we have

n—1

1 R
Jim —> " log|gk,, o (M@ T w))]

k=0

/Q log|¢), o (TT(60)) | dpt(w)

S k1 (©)
= i,y 2 1ogl Mot o)
=0

.1 . «
lim —10g|(@w,0 © -+ © fuo,u—1) (T(0" )|

n—oon

forae. w € Q.

1 0.1

Lemma3.2. Lett° € Q* 11 € Qanda € A. Write »° = t%aa 7! and v = t°71.

Letn > |t°| + 2. Then we have
$0,0 0+ 0 P01 = Pip1,0©*** © Pt 3.
Proof. Since P(0°, |t + 2+ k) = P(w!,|1°| + k) for all k > 0, we have
¢w0,|10| 0 ¢w0,|10\+1 =id

and
Pw0,|10|+k+2 = Pl |t0|+k

for all k > 0. The result follows from this. ]

Fix x, € X, foreacha € A. Forw € Q and n € N, we write Xw.n = Xj, Where
j = j(w,n) € A is the last letter of red(w|,).

Proposition 3.1. We have

. 1
— lim —10g|¢/ ), Kwn)| = X (7

n—oon

for p-a.e. w.

Proof. Letw € Q be such that (2) and (6) holds. Write

n; = r]?ax{k ¢ [red(wlk)| =1}
>0
for [ > 2. By Lemma 3.2, we have

Pw,0 © "0 Pw,n—1 = Pred(wln,)-
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Therefore, by (6) and the distortion property (for the distortion property, see, e.g.,
[8, Chapter 4]), we have

. 1 /
= fim = 10g|¢leual,,) om)| = 2 ®)

Notice that by (2), we have

lim 2L =,
=00 Ny
Together with (8), the result follows. ]

3.2. Estimate above

For ¢ € C'T9(I), where I C R is an open interval, we write
l¢'lle = sup{le’(x) ='W - [x = y|7% s x,y € I}.
For an IFS with inverse ® = {@up } (a,p)ea*» Write
1"l6 = max{llggplle : (a.b) € A*}.

We denote by || - || the supremum norm. Given ® = {@up }(a,p)er*» Y = {Vab } (a.b)er*
€ I'x(0), we write

D -V = — and ||® — V|| = max L= .
-l = max leus— Vol and [0 =W = max Jgl,— Vil

The following is well known (see [14, Section 3] and the references therein): for any
nonzero Borel measure v on R, we have

1 -
dimv = v-ess sup{lim inf ogvlx —rx + r]} 9
740 log 2r
and J J
dimv > sup oa>0: // v(x) v() < oo} (10)
R2 |x -yl

For ® e I'x(0),0 < y,u < 1and M > 0, we write
D elxd y,u, M)

if we have
() u <|g),(x)| <yforall (a,b) € A* and x € Xp;
(i) [®llg, (P71 Nlg < M.
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Proposition 3.2. We have
h
dimvy < ﬂ.
X
Proof. Let x € X be in the support of v, and let @ € Q2 be such that x = I[1(w). We
can assume that w satisfies (2), (4) and (7). Let ¢ > 0. Take N € N in such a way that

the following holds for alln > N:
nl—e) < |red(a)|n)| <n(+e¢),

n(hpw —¢) < —log u({v € Q: red(vl,) = red(w|n)}) < n(hrw + €)

and

e xte) < o x—e)

|<Pr,ed(w\n)(xw,n)|

Forn € N, letn’ € N be the integer part of n(€ — ¢). Then red(w)|, precedes red(w|,)
for all sufficiently large n € N. By the mean value theorem, we have

diam(H ([red(a))|n/]red)) < diam(X) - ”(pr,ed(a))ln/

=Irp

for all n € N. The following claim follows by the Markov property of the random
walk.

Claim 3.1. There exists 0 < C < 1 such that for sufficiently large n, we have

p(lv e @: M) — @) =) > Cp({v € Q: red(v]) = red(@la)}).
Proof of Claim 3.1. Notice that we have

{veQ:redv)|y = red(®)|n}
») {U € Q:red(vl,) = red(a)|,,)}
N{veQ: red(0" ' (v))o # (red(@n)rea(wl—1) 1>
for sufficiently large n, where o (+) is the left shift. Therefore, for such n, we have
pn({v € Q: red(v)|n = red(®)|n})
> pn({v e Q: red(vl,) = red(w|a)})
'M({U € Q: red(v)g # (red(w|n)lred(wln)l—1)_l})'

The result follows from this. |

Therefore, for sufficiently large n € N, we have
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v[x —rn.x +ra]l = p({v € Q: M) — ()| < ra})
> Cu({v e Q: red(v]y) =red(wln)})
> Ce "hrw +e)

Let n” € N be such that red(w|,~») = red(w)|,. Then we have n” > % By the
distortion property, there exists C’ > 0 such that

|reayl, | = €' |0k, n Faom)
< Cle"(2)

)

Therefore,

logv[x — rp, x + ry] - n(hrw +¢) —logC

log 2ry, f%n()( — &) —log(2C’ - diam(X))

It follows that

logv[x — rp, x + ry]

logv[x —r,x + r] <1
<l

lim inf minf
rio log 2r n—00 log 2r,
_ (+e)hrw + &)
(t—e)x—e

Since ¢ > 0 is arbitrary, we have
liminflogv[x —r,x+r] < hRW‘
r0 log 2r X

The proof of Proposition 3.2 is finished by applying (9). ]
The following proposition is immediate.

Proposition 3.3. Assume that the sets {@ap(Xp)}(a,p)en are mutually disjoint. Then
we have

h
dimv = ﬂ.

Proof. By arguing analogously as in the proof of Lemma 3.2, we obtain

. logv[x —r,x +r] hrw
lim = .
) log 2r X

Therefore, by (9), the result follows. [ ]
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4. Proof of Theorem 2.1

The following two lemmas follow easily by imitating the proof of [14, Lemma 4.1]
and [13, Corollary 6.3]. For the readers’ convenience, we include the proof.

Lemma 4.1. Suppose that
th = {¢2b}(a,b)eA* € FX(9)7 t e U,

is a family of IFS with inverse. Then the function t +— y; is continuous on U.

o)

By retaking U if necessary, we can choose 0 < y, u < 1 and M > 0 such that
@ € Tx(0,y,u, M) for all t € U. The desired result follows immediately from the
following claim.

Proof. Recall that

9h.0) (e (0w))| du(@).

Claim 4.1. Let ® = {@up }(a,p)err and V = {Yap }(a,p)er+ be two IFS with inverse
in Toc(0, y,u, M). Then for all o € Q, we have

‘ % o(ITe(ow)) H
Io

Vo, O(Hw(vw))
Proof of Claim 4.1. First we show that

< ;(Mncb — WP =)™+ max{[| @ = WL (@71 = (T]}).

Mo(w) — Mg(w)] < [®—P[(1—y)" (11)
for all w € Qeq. Indeed,

Mg (@) — My (@)] = |Puge Ta(00)) = Yage, (M (0w))|
< |paoer (Me(00)) = Yugw, (Me(0w))|
+ |wwow1 (e (ow)) — Yoow, (H\P(Uw))|
<@ - ¥ +y|le(0w) — My(ow)|.

Repeating this inductively we obtain (11). Since

lx — vl

X
log‘—Hs—. ,
‘ y min{|x/|, |y|}
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we have
‘10 % oITa(0w)) H
Vg o(Mw(ow))
|00,0(Ma(0w)) — Y, o(My(ow))|
u

{%) o(Ma(0w)) — ¢, o(My(cw))|

+ [0 0(Mw(00)) = ¥, o(Mu(00)))
1

;(M|H<I>(0w) — My (ow)|” + max{[[&' - ¥'|l. (@) — (@1Y|})

1
—(M]|® =)’ (1 =)™ + max{|®' — W[ )@ = (¥TI)[}). =

| /\

IA

IA

This concludes the proof of Lemma 4.1. ]

Lemma 4.2. There exists a positive constant
L=L(X,0,y,u,M)

such that for any ® = {@ap }a,p)err ¥ = {Vab}@,p)err € Tx(0,y,u, M), @ € Qeq,
n € Nand x € Xg,, we have

oL, (O

W <exp(Ln(|®—w|® + |&' - ¥'[)).

Proof. Observe that for any @ = wo---w, € Q,; and x € X,,,, we have

|90 (x) = Vo (X)]
= }@wowl (Pwry -0, (X)) = Yapo, (Po; o (x))’

+ \Wwoan (‘Pwl ~wp (x)) — wwowl (le ~wp (x))|
<|®-V¥[+ )’|¢’w1--~wn (%) = Vo, wn (x)|
<[o-¥[d-y7"

Thus,

|§0C,Ukwk+l (wwk+l'“wn (X)) - 1pélz)/<t()/(_~_] (wwk+l'“wn (X))|
E |¢£Ukwk+l ((Pcuk+1mwn (X)) - w(/l)kwk+l (‘Pwk+1~-wn (x))|
+ |W(/,)kwk+1 ((/)wk+1~-~wn (x)) - w(/uka)k+1 (Vfwarl---wn (X))’

0
= ||CD/ - lIJ/” + M|(ﬂwk+1---wn (X) - ka+1--~wn (x)|
<& -+ M- w1 -y
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Since [log| 7| < % we obtain that for each k > 1,

(/’wkwk+1((/7wk+1 wn( )) 1

log 1o =W+ M|®—¥|°(1—y)7).
wwkwk+l (wwk+1 Wn (x)) ( )
Therefore,
1 og Do,y (X)
n 1/’;)|n (x)
-1
_ l nZ log ‘Péukwk“ (wwk+1"'wn ()C))
n k=0 kaa)k_’_l (ka_H 7] (x))
< (j0 — W+ MI® - w|P( —p)),
which implies the lemma. ]

We will also need the following simple lemma.

Lemma 4.3 ([13, Lemma 3.3]). Suppose that {®'},. satisfies the transversality
condition. Then for every 0 < a < 1, there exists Co, = Cy () such that for all v, t €
Qred With wg = 19 and w1 # 11, we have

dt
/U M@ -m,oF =

Now we prove Theorem 2.1. The proof follows the scheme of [14].

Proof of Theorem 2.1 (i). It is enough to establish the estimate from below, which
follows from the following claim (see [14, Section 4]).

Claim 4.2. For every ty € U and &' > 0, there exists n > 0 such that

h
dimv, > min{ RW 1} _¢
Xt

fora.e. t € By(to).

Lettg € U.Set ® = &%, IT = I, and y = yy,. Lete = 210gr+48 x- By Lemma

4.2, there exists n > 0 such that for all w € Qeq, # > 1 and x € X, , we have

|(/)w|n( x)|

—_ en, 12
i, ] =€ (12

[t —to] <7

By Egorov’s theorem, choose a set Q' C € such that (') > 0 and the conver-
gence in (2), (4) and (7) is uniform on €’. We can assume that there exists a € A such
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that red(w)o = a for all w € Q. Write
Qley = {Wrea 1 Fw € Q' s.t. red(®) = Wrea}-

Define
Wo=pulg, v, =TIpu and ply=redp'.

Since dim v; < dim vy, it suffices to estimate dim v; from below. Define

.{hRW }
S = min ,17.
X

By (10), the claim will follow by showing

s [ [ i,
By(to) JJ (x,y)ex? lx — vl

For a word p € Q¥ ., we define

red’

Ap = {(w, r)eQred'a)/\rzp}.

Then we have

dt , )
' // Qe xRy (/Bn(to) [ (w) — Ht(f)|s_8/) trea > M) (- T)

dt . )
= Z Z // (/Bn(to) |1 (w) — I, (1’)|s—e/) d([hieq X Hred) (@, T).

n=0 peQr .lpl=n+1

Let (w, 1) € Ap. Then for some ¢ € [I1;(0"w), I1; (0" 7)], we have

M (@) — T ()] = 165,)' ()] - [T (0" 0) — T, (0" D)
> gL, (O)le™*" - [T, (6" w) — TI,

where we used (12) in the second step. By the distortion property, there exists a con-
stant C > 1 such that

M (@) — T, (2)] = —|¢>w|,,(n(o o)|e™" - | (0"w) — T (0" 7).

By Lemma 4.3, there exists a constant C, = C»(s — ¢’) such that

/ dt
By(to) 1Tz (0" w) — T4 (0" T)|~¢

< Cz.

Let us take N € N in such a way that for all w € Q" andn > N, we have

ehrwte) < i (fu € Q1 red(vly) = red(w|a)}) < e "*RW =S (13)



Iterated function systems with inverses 143

e n(x+e) |(p‘/0|n (xw’n)| < e—n(x—a‘)’ (14)

and
n(f —e¢) < |red(@|n)| < n( + ¢). (15)

Claim 4.3. For any w € Q/_., we have

red’

|¢a)| (1 (o™ a)))i s o == (xte)

foralln > N.

Proof. Let @’ € Q' be such that red(w’) = w. Let n’ be the integer part of ;=-. We
have that w/|, precedes red(w’|,). Therefore, by (14),

|(p£‘)‘n (H(o”a)))| > |(/);)/|n,(xw/,n/)| > e_m()('f's). .

Claim 4.4. Forany p € Q) with |p| =n + 1 andn > N, we have

1ea([pliea) < e T rrw=Glogr+ o),
Proof. Letn’,nmax € N be the integer part of 7~ and (£ + &)n’, respectively. Notice
that, by (15), for any v € Q’, we have n < |red(v|,, )| < Pmax. Since

#{v €QX i n <|U| <fmax, Ulp = p} <r+4r24... 4 pmanl

2¢

Rmax—N n

<r = rl—s¢ s
by (13), we have
2¢el
i) < 7 27 MO0 < e g

By the above claim, we have

(Mhog X Heg) (Ap) < (Wheq([0lrea))? < [hloq([plrea) e~ T PrrW = (@loer+1)e)

forall p € Q% with [p| =n + 1.
Recall that our aim is to show that § is finite. We have

dt ) )
Z /f (/B,,(to) [TI; (w) — s (7) |5~ e’) d(Prea X Pea) (@, T)

n>N Pegred lol=n+1

< Z C,C5¢ exp[n{s(s —&)+ m(}( +e)(s—¢)
n>N

_ ﬁ(hRW — (2logr + 1)8)}].
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Since we have

n{e(s —&)+ ﬁ(x +eo)(s—¢)— ﬁ(hRW —(2logr + 1)8)}

n
< 7 _8{e(s —&Y+(y+e)(s—¢&)— (hgrw — 2logr + l)s)}
< /Tg{(sx —hrw) + 2logr +3)e —¢&'x} <0,

the above sum converges. |

Proof of Theorem 2.1 (ii). Note that U’ is open by Lemma 4.1. Assume that U’ is
non-empty, otherwise there is nothing to prove. Fix an arbitrary ¢y € U’. It is enough
to show that v, is absolutely continuous for a.e. # in some neighborhood of #. Define
® = 0, IT = I, and y = xy,. Fix € > 0 such that

X < hrw — (2logr + 3)e.
There exists n > 0 such that for all @ € Qeq, 7 > 1 and x € X,,,,

O, D
(@5, ) @)

&en

|t —to] <
By Egorov’s theorem, for any & > 0 there exists ' C Q such that u(Q’) > 1 — ¢’
and the convergence in (2), (4) and (7) is uniform on . Fix a € A and write
Qg = {Wred € Qrea : Fo € Q' s.t. red(w) = Wred, (Wrea)o = a}.

Define
wo=pula, v, =Tpu and ply=redp'.

It is enough to show that

I=/ / D(vy,x)dv; dt < o0,
BTI(tO) Xa

/ p—
D). x) = hmfnfw
ri0 r

where

is the lower density of the measure v; at the point x. See [14, Section 4]. By applying
Fatou’s lemma, we obtain

/ f—
Ifliminf/ / vlemrx rl g g
V0 JBy(t0) JXa 2r

By the change of variable, we have

/;( velx —r.x 4 r]dvy = //( L (0,0)€272,: |y (@)~ (0) <} @ (Hrea X Preg) (@ 7).
a w,

” red”
T1)EQZ
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For a word p € Q ,, we define

red’

Ay = {(w, t)GQred'a)/\r:p}.

Then,

I <hm1nf(2r) // ear La({t € By(to) : [Ti(w) — T4 (v)| < r})
d(/j’red X Mred)(w ‘C)

= lllgltnf(Zr) 1 Z Z // ;ﬁd({t € By(to) : [T (w) — ()] < r})
n>0 peQ,,lol=n+1 Ap , ,
d(Mred x /’Lred)(w’ t)'
Let (w, 1) € Ap. Then for some ¢ € [[1;(0"w), I1; (0" 7)], we have

T (@) = T (0)| = [(¢f,),) ()] - |TTe (0" @) = T4 (0" 7))
> @y, (€)]e™" - I (0"w) — T (0" 7).

By the distortion property, there exists a constant C > 0 such that
M (@) - T ()] = —|sow|n (M(e"w))|e ™" - | TT; (6" ) — T, (6" 7).

By the transversality condition, we have

La({t € By(to) : M(w) — ()| < 7})

< £alt € By(t) : T (0"0) — Ty (0" )] < Celr !
d 0 O w)— O 1)\ =S —F/———
s, (0" w))
< CClegnr’(pc’o‘n (H(o"a)))|_
Therefore,
1
1< ice e I 1, oI iy % i 0.
n>0 peﬂ*d lol=n+17"4p
Let us take N € N as in the proof of (i). Then we obtain
3 oo I 1, oD dtiy < .0
n>N pEQred Ipl n+1v<4p

< Y exp[ne+ T (x+ ) — 7—(hrw — 2logr + 1))
n>N

< Z exp [ﬁnTg(X —hrw + (210gl’ + 3)8)] ,
n>N

which is finite since y — hgrw + (2logr + 3)e < 0. This concludes the proof. ]
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A. Application to the Furstenberg measure

A.l. Furstenberg measure

Let A = {As}qen be a finite collection of SL,(R) matrices. The linear action of 4
on R? induces an action on the projective space RP!. From now on, we assume that
A generates an unbounded and totally irreducible subgroup (i.e., it does not preserve
any finite set in RPP!). Then it is known that there exists a unique probability measure
v on RP!, called the Furstenberg measure, satisfying

V= Z PaAav,
acelA

where A,v is the push-forward of v under the action of A,. See [4]. For w € €2, we
write Ay, = AwyAw, *** Aw,. The following result is classical.

Theorem A.1 (Furstenberg). For ji-a.e. w, there exists z = z(w) € RP! such that
A, v converges weakly to a random Dirac mass 8; (), and v = E(8; ()

We denote by y’ > 0 the Lyapunov exponent of A = {Ag}aen., i.€.,

1
lim —log || Aw, |l = ¥’ (16)
n—oon

for p-a.e. w.

A.2. Furstenberg measure and IFS with inverses

There is a natural identification between [0, ) and the projective space RP!. From
now on, we use this identification freely. We equip RP! with the metric induced from
the identification with R /7 Z.

It is well known that the SL,(R) action on RP! can be expressed in terms of lin-
ear fractional transformations. Let ¥ : [0, 7) — R™* be such that 1 (8) = cos 6/ sin 6,

where R* = R U {oo}. Let
b
A= (Z‘ d) € SL,(R),

and write f4(x) = (ax + b)/(cx + d). Denote the action of 4 on RP! by ¢4. Then
it is easy to see that we have

Jaoy =y oga.

The next proposition is a direct consequence of [1, Theorem 2.3].
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Proposition A.1. The following are equivalent:

(1) there existc > 0 and r > 1 such that
”Aw\n ” > crn forall (ORS Qred;

(i) there exist non-empty open sets X, C RP! for each a € A, with X, # RP1,
and such that ¢a,(Xp) C X, forall (a,b) € A*.

Proposition A.2. Let {X,}aca be a collection of non-empty open sets in RP! with
X, # RP. Assume that ¢a,(Xp) C Xq forall (a,b) € A*. Then {pa, |x, }@a.byer* is
an IFS with inverse, and the associated invariant measure agrees with the Furstenberg
measure.

Proof. By Proposition A.1, {¢4,|x, }(a,p)ea~ is an IFS with inverse. It is easy to see
that for w € Q, we have I1(w) = z(w). Therefore, by Theorem A.1, the associated
invariant measure agrees with the Furstenberg measure. ]

By Proposition A.2, we immediately obtain the following.

Proposition A.3. Let {X,}aen be a collection of non-empty open sets in R* with
X, # R*. Assume that f1,(Xp) C Xq for all (a,b) € A*. Then { fa,|x,}a.byenr
is an IFS with inverse, and the associated invariant measure agrees with the push-

forward of the Furstenberg measure under the action of ¥ : RP! — R*.

Example A.1. Let r =2, S ={0,1} and A = {0,071, 1, 17!}. Let {X4}aen be
mutually disjoint connected open components in RP! such that /2 € X, 0 € X1,
w/4 € X;and 37/4 € X;-1. Let

1 (kK O I (1+1 1-1
Ap = — d A4, =——
0 ﬁ(o 1) and A zﬂ(l—l 1+1)
for sufficiently small 0 < k,/ < 1. We suppress the dependence of k and / from the
notation. Let A,—1 = A, ! fora € S. Write ¢, = ¢a, fora € A.Itis easy to see that

$0(0) =0, po(r/2) = 7 /2, p1(w/4) = /4 and ¢, (37w /4) = 37 /4. Since k,[ > 0
are sufficiently small, we have

Pa(X \ Xy-1) C X

for all @ € A. The proof of the following claim is essentially the same as the proof of
[16, Lemma 3.3], so we omit the proof.

Claim A.1. We have
X =2y.
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Therefore, by Propositions 3.3 and A.2, we have

hrw

dimv = .
2y

Remark A.1. Consider the IFS with inverse given in Example 2.1. Let U C R? be
the set of (k, /) such that (3) holds. Write ¢ = (k, /), and let v; be the associated
invariant measure on R. It seems that by following the scheme of [2] it is possible to
find non-empty open sets Uy, U, C U such that

(i) fora.e.t € Uy,

h
dimv, = min{ RW, 1};
Xt

(i1) vy is absolutely continuous for a.e. t € U,.

We do not pursue this in this paper.

Remark A.2. From the viewpoint of random walks on groups, it is natural to con-
sider the Furstenberg measure in the case that the collection of SL,(R) matrices is
symmetric (a collection of SL,(IR) matrices S is symmetric if it satisfies S = S™1).
In [3], relying on a deep result of additive combinatorics, Bourgain constructed a col-
lection of symmetric SL,(R) matrices that has absolutely continuous Furstenberg
measure. It would be interesting to construct a parameter family of SL,(R) matrices
that has absolutely continuous Furstenberg measure for a.e. parameter. However, this
seems to be very difficult to establish and is well beyond the scope of our method.
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