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Fourier decay for homogeneous self-affine measures
Boris Solomyak

Abstract. We show that for Lebesgue almost all d-tuples (61, ..., 04), with |6;| > 1, any
self-affine measure for a homogeneous non-degenerate iterated function system {Ax + a; }_’/?1:1
in R, where A1 is a diagonal matrix with the entries (1, ..., 84), has power Fourier decay
at infinity.

1. Introduction

For a finite positive Borel measure i on R¢, consider the Fourier transform
pE) = [ e duco).
RA

We are interested in the decay properties of [i at infinity. The measure p is called
Rajchman if

lim Q(§) = 0,

|§]—>00

where || is a norm (say, the Euclidean norm) of £ € R?. Whereas absolutely continu-
ous measures are Rajchman by the Riemann-Lebesgue lemma, it is a subtle question
to decide which singular measures are such; see, e.g., the survey of Lyons [14]. A
much stronger property, which is useful for many applications, is the following.

Definition 1.1. For o > 0, let
Da(a) = {v finite positive measure on RY :|5(2)] = O, (|t|7%) as |t]| — 00},

and define Dy = |
Ve Dd.

w>0 Da(cr). A measure v is said to have power Fourier decay if

Many recent papers have been devoted to the question of Fourier decay for classes
of “fractal” measures; see, e.g., [1-3,9,11-13,17,19,23,25]. Here, we continue this
line of research, focusing on the class of homogeneous self-affine measures in RY. A
measure u is called self-affine if it is the invariant measure for a self-affine iterated

2020 Mathematics Subject Classification. Primary 28 A80; Secondary 42A38.
Keywords. Self-affine measure, Fourier decay, Erd6s—Kahane method.


https://creativecommons.org/licenses/by/4.0/

B. Solomyak 194

function system (IFS) { f;}7L,, with m > 2, where f;(x) = Ajx + a;, the matrices
Aj : R? — R? are invertible linear contractions (in some norm), and a; € R¥ are
“digit” vectors. This means that for some probability vector p = (p;);j<m holds

w=> piwo fih. (L.1)
j=1

It is well known that this equation defines a unique probability Borel measure. The
self-affine IFS is homogeneous if all A; are equal to each other: A = A; for j < m.
Denote the digit set by D := {ay,...,an} and the corresponding self-affine measure
by w(A, D, p). We will write p > 0if all p; > 0. Following [8], we say that the IFS is
affinely irreducible if the attractor is not contained in a proper affine subspace of R?.
It is easy to see that this is a necessary condition for the self-affine measure to be
Rajchman, so this will always be our assumption. By a conjugation with a translation,
we can always assume that 0 € D. In this case, affine irreducibility is equivalent to
the digit set & being a cyclic family for A, that is, R4 being the smallest A-invariant
subspace containing .

The IFS is self-similar if all A; are contracting similitudes, that is, 4; = A;0;
for some A; € (0, 1) and orthogonal matrices @;. In many aspects, “genuine” (i.e.,
non-self-similar) self-affine and self-similar IFS are very different; of course, the dis-
tinction exists only for d > 2.

Every homogeneous self-affine measure can be expressed as an infinite convolu-
tion product

wA.D.p) =KD pibana,. (1.2)

n=0;=1

and for every p > 0, it is supported on the attractor (self-affine set)
o0

Kap = {x eRY: x = ZA”b,,, b, € :D}.
n=0

By the definition of the self-affine measure,

m

m
e = ij /e—Zm(S,Ax+aj) dp = (Z pje_z’”@’”f))ﬁ(A’g),
j=1

j=1
where A’ is the matrix transpose of A. Iterating, we obtain
o0 m o0 m
A©) = [T(X pre 0} = T (X pye>@4"). (13)
n=0 j=1 n=0 j=1

where the infinite product converges, since | A"|| — 0 exponentially fast as n — oo.
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1.1. Background

We start with the known results on Fourier decay for classical Bernoulli convolutions
v, namely, self-similar measures on the line, corresponding to the IFS {Ax, Ax + 1},
with A € (0, 1) and probabilities (%, %) (often the digits 1 are used instead; it is easy
to see that taking any two distinct digits results in the same measure, up to an affine
change of variable). Erdds [5] proved that 7, () 4 0 as t — oo when 6 = 1/ is
a Pisot number. Recall that a Pisot number is an algebraic integer greater than one,
whose algebraic (Galois) conjugates are all less than one in modulus. Salem [18]
showed that if 1/ is not a Pisot number, then 7, is a Rajchman measure. In the other
direction, Erdés [6] proved that for any [a, b] C (0, 1), there exists & > 0 such that
vy € Di(a) fora.e. A € [a, b]. Later, Kahane [10] indicated that Erdés’ argument actu-
ally gives that vy € D, for all A € (0, 1) outside a set of zero Hausdorff dimension.
(We should mention that very few specific A are known, for which v, has power Four-
ier decay; see Dai, Feng, and Wang [4].) In the original papers of Erd6s and Kahane,
there were no explicit quantitative bounds; this was done in the survey [15], where
the expression “Erd6s—Kahane argument” was used first. The general case of a homo-
geneous self-similar measure on the line is treated analogously to that of Bernoulli
convolutions: the self-similar measure is still an infinite convolution and the Erd&s—
Kahane argument on power Fourier decay goes through with minor modifications; see
[4,22]. Although one of the main motivations for the study of the Fourier transform
has been the question of absolute continuity/singularity of v,, here we do not discuss
it but refer the reader to the recent survey [24].

Next, we turn to the non-homogeneous case on the line. Li and Sahlsten [13]
proved that if 4 is a self-similar measure on the line with contraction ratios {r; }7_,
and there exist i # j such that logr; /logr; is irrational, then p is Rajchman. More-
over, they showed logarithmic decay of the Fourier transform under a Diophantine
condition. A related result for self-conformal measures was recently obtained by
Algom, Rodriguez Hertz, and Wang [1]. Brémont [3] obtained an (almost) com-
plete characterization of (non-)Rajchman self-similar measures in the case when r; =
A% for j < m. To be non-Rajchman, it is necessary for 1/A to be Pisot. For “gen-
eric” choices of the probability vector p, assuming that & C Q(A) after an affine
conjugation, this is also sufficient, but there are some exceptional cases of positive
co-dimension. Varjd and Yu [25] proved logarithmic decay of the Fourier transform
in the case when r; = A"/ for j < m and 1/A is algebraic, but not a Pisot or Salem
number. In [23], we showed that outside a zero Hausdorff dimension exceptional set
of parameters, all self-similar measures on R belong to D;; however, the exceptional
set is not explicit.

Turning to higher dimensions, we mention the recent paper by Rapaport [17],
where he gives an algebraic characterization of self-similar IFS for which there exists
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a probability vector yielding a non-Rajchman self-similar measure. Li and Sahlsten
[12] investigated self-affine measures in R¢ and obtained power Fourier decay under
some algebraic conditions, which never hold for a homogeneous self-affine IFS. Their
main assumptions are total irreducibility of the closed group generated by the contrac-
tion linear maps A; and non-compactness of the projection of this group to PGL(d, R).
For d = 2, 3 they showed that this is sufficient.

1.2. Statement of the results

We assume that A is a matrix diagonalizable over R. Then we can reduce the IFS, via a
linear change of variable, to one where A is a diagonal matrix with real entries. Given
A = Diag[0;',...,0;], with |#;| > 1, aset of digits D = {ay.....am} C R4, and
a probability vector p, we write § = (61, ...,0;) and denote by (8, D, p) the self-
affine measure defined by (1.1). Our main motivation is the class of measures which
can be viewed as “self-affine Bernoulli convolutions”, with A = Diag[6 Lo, Hd_l]
a diagonal matrix with distinct real entries and £ = {0, (1, ..., 1)}. In this special
case, we denote the self-affine measure by w (@, p).

Theorem 1.2. There exists an exceptional set E C R?, with £¢(E) = 0, such that
forall 8 € R4 \ E, with min; |0;| > 1, for all sets of digits O, such that the IFS is
affinely irreducible, and all p > 0, holds u(6, D, p) € Dy.

The theorem is a consequence of a more quantitative statement.

Theorem 1.3. Fix1 <b; < b, <ocoandcy,e > 0. Then there exista > 0 and & C RY,
depending on these parameters, such that £4 (&) = 0 and for all 0 & & satisfying

by <min|f;| <max|0;| <by and |6; —0;|>c1.iF# ],
J J
for all digit sets D such that the IFS is affinely irreducible, and all p such that
min; p; > &, we have (0, D, p) € Dy(a).

Reduction of Theorem 1.2 to Theorem 1.3. For M € N, let €M) be the exceptional
set obtained from Theorem 1.3 withby =1+ M1 by = M,ande =c; = M~ L.
Then the set

o0
E=|J&M™Mufe:3i#] 6 =0
M=2
has the desired properties. ]

The proof of Theorem 1.3 uses a version of the Erd6s—Kahane technique. We
follow the general scheme of [15,22], but this is not a trivial extension.

In view of the convolution structure, Theorem 1.3 yields some information on
absolute continuity of self-affine measures, by a standard argument.
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Corollary 1.4. Fix 1 < by < by < o0 and cq,& > 0. Then there exist a sequence (ny)
with ny — 00 as n — 0o and a set & C R?, depending on these parameters, such
that £ (8x) = 0 and for all 0 & &y, satisfying

blfrr}_in|9]'-1k|<m]ax|0;’k|§b2 and |9i"k—9]'.’k|201,i7&j,

for all digit sets O such that the IFS is affinely irreducible, and all p such that
min; p; > &, the measure (0, O, p) is absolutely continuous with respect to £,
with a Radon—Nikodym derivative in C¥(R%), k > 0.

Derivation of Corollary 1.4 from Theorem 1.3. Let n > 2. It follows from (1.2) that
(A, D, p) = (A", D, p) * p(A", AD, p) * - x u(A", A" D, p).

It is easy to see that if the original IFS is affinely irreducible, then so are the IFS
associated with (A", Al D) and, moreover, these IFS are all affine conjugate to each
other. Therefore, if (A", D, p) € Dy (a), then u(A, D, p) € Dy (na). As itis well

known,
du

€eDsB), B>d+k = e CkRY),

HeDa(). p>d+ 7 € CF®Y)
so we can take ny such that nyo > d + k, and §k = {0 : 0"« € &}, where @ and &
are from Theorem 1.3. ]

Remark 1.5. (a) In general, the power decay cannot hold for all #; for instance, it
is easy to see that the measure w(@, p) is not Rajchman if at least one of 6 is a
Pisot number. Thus, in the most basic case with two digits, the exceptional set has
Hausdorff dimension at least d — 1.

(b) It is natural to ask what happens if A is not diagonalizable over R. A complex
eigenvalue of A corresponds to a 2-dimensional homogeneous self-similar IFS with
rotation, or an IFS of the form {Az + a;}7, with A € C, [A| <1, and q; € C.
In [21], it was shown that for all A outside a set of Hausdorff dimension zero, the
corresponding self-similar measure belongs to ‘D,. It may be possible to combine the
methods of [21] with those of the current paper to obtain power Fourier decay for a
typical A diagonalizable over C. It would also be interesting to consider the case of
non-diagonalizable A, starting with a single Jordan block.

(c) In the special case of d = 2 and m = 2, our system reduces to a planar self-
affine IFS, conjugate to {(Ax,yy) & (—1,1)} for 0 < y < A < 1. This system has
been studied by many authors, especially the dimension and topological properties
of its attractor, see [7] and the references therein. For our work, the most relevant
is the paper by Shmerkin [20]. Among other results, he proved absolute continuity
with a density in L? of the self-affine measure (with some fixed probabilities) almost
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everywhere in some region, in particular, in some explicit neighborhood of (1, 1). He
also showed that if (A™!, y~!) forms a Pisot pair, then the measure is not Rajchman
and hence singular.

1.3. Rajchman self-affine measures

The question “when is w(A, O, p) Rajchman?” is not addressed here. Recently, Rapa-
port [17] obtained an (almost) complete characterization of self-similar Rajchman
measures in R?. Of course, our situation is vastly simplified by the assumption that
the IFS is homogeneous, but still it is not completely straightforward. The key notion
here is the following.

Definition 1.6. A collection of numbers (61, ..., 8,) (real or complex) is called a
Pisot family or a P.V. m-tuple if
(i) 16;] > 1forall j <m,and
(ii) there is a monic integer polynomial P (), such that P(6;) = O forall j <m,
whereas every other root 8’ of P(¢) satisfies |6'| < 1.
It is not difficult to show, using the classical techniques of Pisot [16] and Salem
[18], as well as some ideas from [17, Section 5], that

o if u(A, D, p) is not a Rajchman measure and the IFS is affinely irreducible, then
the spectrum Spec(A~!) contains a Pisot family;

o if Spec(A™1) contains a Pisot family, then for a “generic” choice of D, withm > 3,
the measure (A4, D, p) is Rajchman; however,

o if Spec(A™!) contains a Pisot family, then under appropriate conditions the meas-
ure (A, D, p) is not Rajchman. For instance, this holds if there is at least one
conjugate of the elements of the Pisot family less than 1 in absolute value, m = 2,
and A is diagonalizable over R.

‘We omit the details.

2. Proofs

The following is an elementary inequality.

Lemma 2.1. Let p = (p1, ..., pm) > 0 be a probability vector and oy = 0, o; € R,
J =2,...,m. Denote ¢ = min; p; and write || x| = dist(x, Z). Then for any k < m,

m
§ : pje—27ruxj

j=1

<1-2meag|?. .1
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Proof. Fix k € {2,...,m}. We can estimate
m m )
D pie | = ‘Pl + D pe T < |p1 4 pre P 4 (1= pr = p).
j=1 j=2

Assume that p; > py; otherwise, write |py + pre 27'%| = |p1e?™'% + p;| and

repeat the argument. Then observe that

P14+ pre ™2 < (p1 — pi) + pill + e,
|1 + e—27ri0(k| — 2| Cos(nak)| < 2(1 - 7T||ak||2)

This implies the desired inequality. |

Recall from (1.3) that

A = H(Zp eT2mIEA “ﬂ)

n=0

For £ € R?, with [|£]lee = 1, let n(£) = (A")N®¢&, where N(£) > 0 is maximal, such

that [(§)[lco = 1. Then [[n(§)lloo € [1. |47 [loo] and (1.3) implies

NE , m
ﬁ(é) = ﬁ(n(g)) . 1_[ (Z pje—Zﬂi(ﬂ(f)a Anaj))‘ (2.2)

n=1 Yj=1

Proof of Theorem 1.3. First, we show that the case of a general digit set may be
reduced to D = {0, (1,...,1)}. We start with the formula (2.2), which, under the
current assumptions, becomes

N(§&)
AE) = A((E) - H(Zp, exp| - zmzn o)),

n=1 %=1

k
where a; = (af”)¢_, and n(§) = (ne)_,. Note that [(§) oo € [1, max; [6;]] C
[1, b2]. Assume without loss of generality that a; = 0. Then we have, by (2.1), that

for any fixed j € {2,...,m},
d 2
k
> ma ] ).
k=1

where || - || denotes the distance to the nearest integer. Further, we can assume that all

N()
2®) < [ (1 e

n=1

the coordinates of @; are non-zero; otherwise, we can work in the subspace

Jr’(’::{xeRd: —O<:>a(k)—0}
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and with the corresponding variables 6y, and then get the exceptional set of zero £¢

measure as a product of a set of zero measure in # and the entire . Finally, apply
®) — 1 for all k, to obtain

J
d 2
> mebg ) (2.3)
k=1

This is exactly the situation corresponding to the measure (6, p), and we will be

a linear change of variables, so that a

N
a1 < [T (1 -2

n=1

showing (typical) power decay for the right-hand side of (2.3). This completes the
reduction.

Next, we use a variant of the Erd6s—Kahane argument; see, e.g., [15,22] for other
versions of it. Intuitively, we will get power decay if || ZZ:] Nk O || is uniformly
bounded away from zero for a set of n’s of positive lower density, uniformly in 7.

Fix c; > 0and 1 < b; < by < 00, and consider the compact set

H={0=0.....00) € (~bo.=b1] U [b1.ba)? : 16; — 0j] > c1. i # j}.

We will use the notation [N] ={1,...,N}and [n,N] ={n,...,N}. For p,§ > 0,
we define the “bad set” at scale N:

1 a
Egn(@.p) = {o €H: N gﬁﬁ’;sbﬁ‘{” €[N]: ];nkek < pH > 1—5}.
2.4)
Now, we can define the exceptional set
[e.¢] o0
En(s,p) = m U En.n (@, p).
No=1N=N,

Theorem 1.3 will immediately follow from the next two propositions.

Proposition 2.2. For any positive p and §, we have w(@, p) € D () whenever
0 € H\ &y (6, p), where o depends only on §, p, H, and ¢ = min{p, 1 — p}.

Proposition 2.3. There exist p = pg > 0and § = §g > 0 such that
£4(61(8.p)) = 0.

Proof of Proposition 2.2. Suppose that § € H \ Eg (8, p). This implies that there is
No € N such that @ & Eg n (8, p) forall N > Ny. Let £ € R? be such that [|£]/e >
bévo. Then N = N(£) > Ny, where, as above, n = n(§) = (A)NEg = ANE¢ and
N (&) is maximal with ||7]lcc > 1. From the fact that 8 & Eg x (8, p), it follows that

d
> mby

k=1

]i]{ne[N]:

<p}‘§1—5.



Fourier decay for homogeneous self-affine measures 201

Then, by (2.3),
A0, p)(E)| = (1 —2mep?) V],
By the definition of N = N(§), we have

I€lloo < by .

It follows that
11108, p)(E)| = Om,e(1) - EIISS,

for o = —8log(1 — 2mwep?)/ log b, and the proof is complete. [

Proof of Proposition 2.3. It is convenient to express the exceptional set as a union,
according to a dominant coordinate of n (which may be non-unique, of course):

d
Eun@G.p) = Ean.; (6. p).
j=1

where

Errn;(6.p) = {o € H:3n 1<yl = Inllee < bo.

d
~ {n €[NT: | > by <p} >1—8}. (2.5)
k=1
It is easy to see that Ey_n,; (3, p) is measurable. Observe that
d 0o 00
En(d,p) = U En,j(8,p), where &g ;(8,p) = ﬂ U En.n,;(,p).
Jj=1 No=1N=Ny

It is, of course, sufficient to show that £ (&g, j(8,p)) = 0forevery j € [d], for some
8, p > 0. Without loss of generality, assume that j = d. Since &g 4 (8, p) is measur-
able, the desired claim will follow if we prove that every slice of &g 4(8, p) in the
direction of the xz-axis has zero £! measure. Namely, for fixed 8’ = (61,...,04_1),
let

€1.4(5.p.0) = {84 : (8'.6,) € Em.a(5.p)}.
We want to show that £!(Eg.4(8, p, 0”)) = 0 for all 8. Clearly,

oo [e.¢]
€na(.p.0):= () |J Euna(.p.0),
No=1N=Ny
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where

Egnda(8,p,0") = {Gd :(0',0;) € H:

d
1
max —{ne[N]: an@’z <p} >1—8}.
n:1=|ng|<b2 k=1
I7loc=Inal

(2.6)

Lemma 2.4. There exists a constant p > 0 such that for any N € N and § € (0, %),
the set Eg n.4(8, p. 0') can be covered by exp(Opg (81og(1/8)N)) intervals of length
b M.

We first complete the proof of the proposition assuming the lemma. By Lemma 2.4,

xl( U EH,N,d(&p,o’)) < 3 exp(0n(Slog(1/5N)) b7 =0
N=Ny N=Nop

as No — oo, provided § > 0 is so small that logb; > Opg (61og(1/6)). Thus, we have
£'(En,a(8,p,0") = 0. u

Proof of Lemma 2.4. Fix 0’ in the projection of H to the first (d — 1) coordinates
and n € R?, with 1 < |n4| = ||7]leo < b2. Below, all the constants implicit in the O(-)
notation are allowed to depend on H and d. Let 6; be such that (8, 6,;) € H and
write

d
an@f =K, +e,, n=>0,
k=1
where K, € Z is the nearest integer to the expression in the left-hand side, so that
len] < % We emphasize that K, depends on 7 and on 6. Define Af,o) = K,, Z,(,O) =
K, + &5, and then for all n, inductively:

AP = AY7D — ;407D AP =AYV —0; A0V, j=1,....d-1. 27
It is easy to check by induction that

d
W=y

J
1

i=j+1 k=
hence
N d—1 J@-D
AL =g [0a — 60005, 62 = = neN. (2.8)

~d—-1)’
k=1 An
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We have ||]|co < b, and |Xﬁo) — A,(,O)| < |en|, and then by induction, by (2.7),
|4V — AD| < (1 + bo) max{lenl,....lenss1}, j=1.....d=1.  (2.9)
Another easy calculation gives
Kyn+a+1 = 01Kpra + Afllld
= [01Knva + A0y oo+ a7+ AL @210

Since -1 ~d—1)
Anyo ~ Anp — 0,
AL A
we have
) @2y (AT
- n
Knyat1 ~ [1Knta + 02A, ), + -+ 0014, |+ @ (2.11)
n
= R01,...,9d_1 (Kn’ DR Kn+d)7
where R, . 9, ,(Kn, ..., K,14) is a rational function, depending on the (fixed)
parameters 61, ..., 8;_1. To make the approximate equality precise, note that, by

(2.8) and our assumptions,
\A;sd_l)| > Cii—lbn’

where by > 1, and |X;d_l) — A,(,d_l)| < (1 4 by)?"1/2 by (2.9). Hence
|AYD| > d717 /2 forn = ng = no(H), (2.12)

and so
d-1)
n+1
A;,d_l)

=< 0(1)’ n = ny.

In the next estimates we assume that n > no(H). In view of the above, especially
29 forj =d —1,

d-1) d-1) ~(d—1)
‘An—i-l — 0, = An+1 _An—H
Al(1d—1) A;d—l) A“}(1d—1)
d-1 _ 7d-1)
< An+1 _An+1 +|A~(al—1) ‘ 1 _ 1
- A;(fl_l) n+1 Ar(zd_l) /Tfld—l)
_1n-1
< O(1) - max{len]. ... lensal} - ALV
It follows that, on the one hand,
4@-D
gl <o) b (2.13)
Ar(zd_l)
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and, on the other hand,

(A(d_ll))2 -1
%—Anﬂ < 0(1) -max{lenl. ..., |enta+1l}- (2.14)
n
Note that A,(,j), for j € [d — 1], is a linear combination of K, K, 11, ..., K, ; with
coefficients that are polynomials in the (fixed) parameters 61, ..., 8;_1; hence the

inequality (2.13) shows that
given Ky, ..., K, 44, we have an O(1) - by"-approximation of 6. (2.15)
The inequality (2.14) yields, using (2.11) and (2.10), that, for n > ny,
|Kntd+1— Roy...04_ (Kno ... Knya)| < O1) -max{lenl.....|ensat1l}-

Thus we have the following.

(i) Given K,, ..., K, 44, there are at most O(1) possible values for K, 441,
uniformly in 1 and 64, ..., 68;_;. There are also O(1) possible values for
Ki, ..., Ky, since [|n]|e and ||@ || are bounded above by b>.

(i) There is a constant p = p(H) > 0 such that if max{|e,|, ..., |er+a+1|} < p»
then K, ..., K44 uniquely determine K, 441, as the nearest integer to

Ro,.. .6, (Kn,..., Kyiq), again independently of n and 6y, ...,04_;.

Fix an N sufficiently large. We claim that for each fixed set J C [N] with |J| >
(1 —=68)N, the set

{(Kn)nE[N] tEép =

< p for some 6;,nand all n € J}

d
> by
k=1
has cardinality exp(O(§N)). Indeed, fix such a J and let
J={ieho+(d+1),N:iji—1,....i—(@d+1)eJ}.
We have |J| > (1 — (d + 2)§)N —ng — (d + 1). If we set
Aj = (Kiie[j)s

then (i) and (ii) above show that |A; 1| = |A;], if j € J, and [Aj+1] = O(A;)),
otherwise. Thus, |A x| < O(1)@+23N a5 claimed.

The number of subsets A of [N] of size greater than or equal to (1 — §)N is
bounded by exp(O(§log(1/8)N)) (using, e.g., Stirling’s formula), so we conclude
that there are

1

exp(O(S 1og(8)N)) -exp(O(8N)) = exp(0(5 log(é)N))
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sequences Ky, ..., Ky such that |e,| < p for at least (1 — §) N values of n € [N].
Hence, by (2.15), the set (2.6) can be covered by exp(Op (6 log(1/8)N)) intervals of
length bl_N , as desired. ]

The proof of Theorem 1.3 is now complete. |
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