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Nonlinear fractal interpolation functions on the Koch curve

Song-Il Ri, Vasileios Drakopoulos, Song-Min Nam, and Kyong-Mi Kim

Abstract. Nonlinear fractal interpolation functions defined on the Koch curve by replacing the
usual Banach contractions used to define (linear) fractal interpolation functions with Rakotch
contractions are considered. This allows to take care of the nonlinear term in the associated
Read–Bajraktarević operator, respectively, the underlying iterated function system. Moreover,
we present an extremely explicit example to demonstrate the effectiveness of the obtained res-
ults.

1. Introduction

The Koch curve, or KC for short, appeared in a 1904 paper entitled “On a Continuous
Curve Without Tangents, Constructible from Elementary Geometry” by the Swedish
mathematician Helge von Koch. It is an example of a compact curve with infinite
length; see [5].

The concept of iterated function system, or IFS for short, was introduced in [4] and
popularised in [2] as a natural generalisation of the well-known Banach fixed-point
theorem (also known as the contraction mapping theorem or contractive mapping the-
orem). The concept of fractal interpolation function, or FIF for short, was introduced
in [1] on the basis of the theory of IFSs. In the development of fractal interpolation
theory, many researchers have generalised the notion in different ways; see [9,11,13].

Interpreting the polynomials of degree 1 as classical harmonic functions on an
interval and replacing them on the KC by harmonic functions, the authors of [7]
obtained an analogue of [2, Theorem VI.2.2] for the KC. The existence of FIFs on
the KC follows from Banach fixed-point theorem. As far as we know, the first sig-
nificant generalisation of that principle was obtained in [8]. A method to generate
nonlinear FIFs by using the Rakotch fixed-point theorem instead of the Banach fixed-
point theorem in presented in [9].

The results of [7] and [9] inspire us to find potential contractions (not necessarily
Banach contractions) for the existence of FIFs on the KC. In this article, in order to
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obtain nonaffine FIFs on the KC, we use Rakotch instead of Banach contractions.
Furthermore, we give an explicit illustrative example to demonstrate the effectiveness
of the obtained results. The rest of this article is organised as follows and can be
generally seen as an extension of [12]. In Section 2, we recall some results needed in
constructing nonlinear FIFs on the KC. In Section 3, we introduce a new type of IFSs
that will be used in our discussion and give a nonlinear FIF on the KC as the fixed
point of certain Read–Bajraktarević operator. The construction is based on previous
generalisations of fractal interpolation by some of the authors. We also give an explicit
illustrative example to demonstrate the effectiveness of the preceding theory.

2. Preliminaries

Firstly, we introduce nonlinear FIFs by recalling some already known results; see also
[11] or [10] and the references therein.

Theorem 2.1. Let X be a complete metric space and f W X ! X be a Rakotch
contraction. Then there is a unique fixed point xf 2 X of f , and for each x 2 X ,
limn!1 f

n.x/ D xf :

Let N be a positive integer greater than one and I D Œx0; xN � � R. Let a set of
interpolation points ¹.xi ; yi / 2 I �R W i D 0; 1; : : : ; N º be given, where x0 < x1 <

� � � < xN and y0; y1; : : : ; yN 2 R. Set In D Œxn�1; xn� � I and define, for all n D
1; 2; : : : ;N , contractive homeomorphisms LnW I ! In by Ln.x/D anx C bn; where
the real numbers an; bn are chosen to ensure that Ln.I / D In. Let 'W .0;C1/ !
.0;C1/ be a nondecreasing continuous function such that for any t > 0, ˛.t/ D
'.t/=t < 1 and the function .0;C1/ 3 t 7! '.t/=t is nonincreasing.

Consider an IFS of the form ¹I �RIwn; n D 1; 2; : : : ; N º in which the maps are
nonlinear transformations of the special structure

wn

 
x

y

!
D

 
Ln.x/

Fn.x; y/

!
D

 
anx C bn

cnx C sny C en

!
;

where the transformations are constrained by the data according to

wn

 
x0

y0

!
D

 
xn�1

yn�1

!
and wn

 
xN

yN

!
D

 
xn

yn

!
for n D 1; 2; : : : ; N , and sn are some Rakotch contractions.

Let us denote by C.I / the set of all real-valued continuous functions defined on
I , i.e., C.I / D ¹f W I ! R j f continuousº and by C �.I / � C.I / the set of con-
tinuous functions f W I ! R such that f .x0/ D y0 and f .xN / D yN , i.e., C �.I / WD
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¹f 2 C.I / W f .x0/ D y0; f .xN / D yN º: Let C ��.I / � C �.I / � C.I / be the set
of continuous functions that pass through the given data points ¹.xi ; yi / 2 I � R W

i D 0; 1; : : : ; N º, that is, C ��.I / WD ¹f 2 C �.I / W f .xi / D yi ; i D 0; 1; : : : ; N º:

Define a metric dC.I/ on C.I / by dC.I/.g; h/ WD maxx2Œx0;xN � jg.x/ � h.x/j for all
g; h 2 C.I /. For all f 2 C �.I /, define a mapping T WC �.I /! C.I / by

Tf .x/ WD Fn.L
�1
n .x/; f .L�1

n .x/// D cnL
�1
n .x/C sn.f .L

�1
n .x///C en

for x 2 Œxn�1;xn� and nD 1;2; : : : ;N . Notice that the above equation can be rewritten
as Tf .Ln.x// D sn.f .x//C cnx C en for x 2 Œx0; xN � and n D 1; 2; : : : ; N .

Theorem 2.2. Let ¹I �RIwn; n D 1; 2; : : : ;N º denote the IFS defined above. Then,
there is a unique continuous function f W I ! R, which is a fixed point of T , such that
f .xi / D yi for i D 0; 1; : : : ; N . If G � I �R is the graph of f , then

G D

N[
nD1

wn.G/:

Secondly, we give the definition of the KC, the harmonic functions on the KC and
the fractal interpolation theorem for the KC. Let V0 WD ¹p1D .p

1
1 ;p

2
1/ WD .0;0/;p2D

.p1
2 ; p

2
2/ WD .1; 0/º (see [3]). Let K0 WD Œ0; 1� � ¹0º � R2 (see [7]). Consider for

i D 1; 2; 3; 4, ui WR2 ! R2 such that

u1.x; y/ D .u
1
1.x; y/; u

2
1.x; y// WD

�x
3
;
y

3

�
D
1

3
..x; y/C .0; 0//;

u2.x; y/ D .u
1
2.x; y/; u

2
2.x; y// WD

�x
6
�

p
3y

6
C
1

3
;

p
3x

6
C
y

6

�
;

u3.x; y/ D .u
1
3.x; y/; u

2
3.x; y// WD

�x
6
C

p
3y

6
C
1

2
;�

p
3x

6
C
y

6
C

p
3

6

�
;

u4.x; y/ D .u
1
4.x; y/; u

2
4.x; y// WD

�x
3
C
2

3
;
y

3

�
D
1

3
.x; y/C

�2
3
; 0
�
:

Then for all i D 1; 2; 3; 4, ui WR2! R2 are Banach contractions, since for all .x0; y0/,
.x00; y00/ 2 R2,

kui .x; y/ � ui .x
0; y0/kR2 D

1

3
k.x; y/ � .x0; y0/kR2 :

Let V1 WD u1.V0/ [ u2.V0/ [ u3.V0/ [ u4.V0/ � R2. Then

V1 D

°
.0; 0/;

�1
3
; 0
�
;
�1
2
;

p
3

6

�
;
�2
3
; 0
�
; .1; 0/

±
:

Also for all n � 1,

Kn WD u1.Kn�1/ [ u2.Kn�1/ [ u3.Kn�1/ [ u4.Kn�1/ � R2;
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Figure 1. K2 and K3.

and KC D limn!1 Kn � R2 (see [7]). So, KC � R2 is the attractor of KC D
u1.KC/ [ u2.KC/ [ u3.KC/ [ u4.KC/: K2 and K3 are illustrated in Figure 1.

Fix a number n 2 N and consider the iterations uw D uw1
uw2
� � �uwn

WR2 ! R2

for any sequence w D .w1; w2; : : : ; wn/ 2 ¹1; 2; 3; 4º
n. Let Vn � R2 be the union of

the images of V0 � R2 under these iterations. Given any function hWR2 � Vn ! R,
there is an operator Hn, defined by Hn.h/WR2 � Vn ! R, where

Hn.h/.p/ D
X

q2Np;n

.h.q/ � h.p//;

andNp;n � R2 denotes the “neighbourhood” of p in Vn � R2, the set of “next neigh-
bours” of p in Vn � R2, two for p 2 VnnV1 � R2 and one or two for p 2 V1 � R2.
Then hWR2 � Vn ! R is called harmonic on Vn � R2 if Hn.h/.p/ D 0 for all
p 2 VnnV1 � R2. A continuous function hWR2 � KC ! R is called harmonic if
its restriction to Vn � R2 is harmonic for all n 2 N (see [7]).

Lemma 2.3. For two given numbers ˛ and ˇ, there exists a unique harmonic function
h on the KC satisfying h.p1/ D ˛ and h.p2/ D ˇ.

Proof. The proof is similar to that in [5] and it is thus omitted.

Let for n � 1, vWR2 � Vn! R be any given function (not necessarily a harmonic
function on Vn � R2). Let hw WR2 � KC ! R be a harmonic function on the KC
for w 2 ¹1; 2; 3; 4ºn.
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Theorem 2.4 (See [7, Theorem 1]). For any given numbers ˛w .w 2 ¹1; 2; 3; 4ºn/

with 0 < j˛w j < 1, there exists a unique continuous function f WR2 � KC ! R

such that f jVn
D vWR2 � Vn ! R and f .uw.x; y// D ˛wf .x; y/C hw.x; y/ for

.x; y/ 2 KC � R2.

3. Main result

We assume that V0;Vn �R2, ui WR2!R2, vWR2 � Vn!R, 'W .0;C1/! .0;C1/

and hw WR2 � KC ! R keep their meaning from the previous section. Consider
an IFS of the form ¹R2 � R � KC � RIwi ; i D 1; 2; 3; 4º in which the maps are
transformations of the special structure

wi

0B@ x

y

z

1CA D
0B@ u1

i .x; y/

u2
i .x; y/

Fi .x; y; z/

1CA D
0B@ u1

i .x; y/

u2
i .x; y/

si .z/C hi .x; y/

1CA ;
where .x; y/ 2 R2, z 2 R and si WR! R are Rakotch contractions (with the same
function '). We assume that for i D 1; 2; 3; 4, the transformations are constrained by
the data according to

wi

0B@ p1
1

p2
1

v.p1
1 ; p

2
1/

1CA D wi

0B@ 0

0

v.0; 0/

1CA D
0B@ u1

i .0; 0/

u2
i .0; 0/

v.u1
i .0; 0/; u

2
i .0; 0//

1CA ;

wi

0B@ p1
2

p2
2

v.p1
2 ; p

2
2/

1CA D wi

0B@ 1

0

v.1; 0/

1CA D
0B@ u1

i .1; 0/

u2
i .1; 0/

v.u1
i .1; 0/; u

2
i .1; 0//

1CA ;
that is, for i D 1; 2; 3; 4,

si .v.0; 0//C hi .0; 0/ D v.u
1
i .0; 0/; u

2
i .0; 0//

, hi .0; 0/ D v.u
1
i .0; 0/; u

2
i .0; 0// � si .v.0; 0//;

and

si .v.1; 0//C hi .1; 0/ D v.u
1
i .1; 0/; u

2
i .1; 0//

, hi .1; 0/ D v.u
1
i .1; 0/; u

2
i .1; 0// � si .v.1; 0//:

Then, for all .x; y; z0/; .x; y; z00/ 2 KC �R � R2 �R,

jFi .x; y; z
0/ � Fi .x; y; z

00/j D jsi .z
0/ � si .z

00/j

� jsi .z
0/ � si .z

00/j � '.jz0 � z00j/:
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That is, each wi is chosen so that Fi is a Rakotch contraction with respect to the third
variable.

Notice, that the function si is a substantial generalisation of the function ˛iz

.0 � ˛i < 1/ in the FIF on the KC. Obviously, in [7], si .z/ D ˛iz: Hence, each wi

is chosen so that Fi is a Banach contraction with respect to the third variable z. Also,
for i D 1; 2; 3; 4,

˛iv.0; 0/C hi .0; 0/ D v.u
1
i .0; 0/; u

2
i .0; 0//

, hi .0; 0/ D v.u
1
i .0; 0/; u

2
i .0; 0// � ˛iv.0; 0/; (3.1)

and

˛iv.1; 0/C hi .1; 0/ D v.u
1
i .1; 0/; u

2
i .1; 0//

, hi .1; 0/ D v.u
1
i .1; 0/; u

2
i .1; 0// � ˛iv.1; 0/:

Secondly, by using Rakotch contractions, we give a FIF as the fixed point of cer-
tain Read–Bajraktarević operator (see [6]), and we show that the graph of that FIF is
the invariant set of a certain IFS. Let us denote by C.KC/ the set of continuous func-
tions f WKC ! R. Let C �.KC/ � C.KC/ denote the set of continuous functions
f WKC ! R such that f .p1/ D v.p1/ and f .p2/ D v.p2/, that is,

C �.KC/ WD
®
f 2 C.KC/ W f .p/ D v.p/; p 2 V0

¯
:

Let C ��.KC/ � C �.KC/ � C.KC/ be the set of continuous functions that pass
through the points v.p/ (p 2 Vn), that is,

C ��.KC/ WD
®
f 2 C �.KC/ W f .p/ D v.p/; p 2 Vn

¯
:

Define a metric dC.KC / on C.KC/ by

dC.KC /.g; h/ WD max
.x;y/2KC

jg.x; y/ � h.x; y/j

for all g; h 2 C.KC/. Then .C.KC/; dC.KC //, .C �.KC/; dC.KC // and .C ��.KC/;
dC.KC // are complete metric spaces. For all f 2 C �.KC/, define a mapping

T WC �.KC/! C.KC/

by
Tf .uw.x; y// WD sw.f .x; y//C hw.x; y/

for .x;y/ 2KC , where hw are harmonic functions on the KC for allw 2 ¹1; 2; 3; 4ºn.
That is,

Tf .x; y/ WD sw.f .u
�1
w .x; y///C hw.u

�1
w .x; y//
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for .x; y/ 2 uw.KC/ and w 2 ¹1; 2; 3; 4ºn, where hw are harmonic functions on the
KC. The following lemma, similar to [9, Lemma 3.8], is the key element in the proof
of Theorem 3.2.

Lemma 3.1. Tf 2 C ��.KC/ for all f 2 C �.KC/, that is,

T WC �.KC/! C ��.KC/:

Therefore, T nWC ��.KC/! C ��.KC/ for all n � 2.

Proof. Since f 2 C �.KC/, .x; y/ 2 uw.KC/ and w 2 ¹1; 2; 3; 4ºn,

Tf .x; y/ D Fw.u
�1
w .x; y/; f .u�1

w .x; y/// D sw.f .u
�1
w .x; y///C hw.u

�1
w .x; y//

and for all i D 1; 2; 3, ui .p2/ D uiC1.p1/; we obtain that if uiC1.p1/ D ui .p2/ 2

Œui .p1/; ui .p2/� for i D 1; 2; 3, then

Tf .uiC1.p1// D Tf .ui .p2// D Fi .u
�1
i .ui .p2//; f .u

�1
i .ui .p2////

D si .f .u
�1
i .ui .p2////C hi .u

�1
i .ui .p2///

D si .f .p2//C hi .p2/ D Fi .p2; f .p2//

D Fi .p2; v.p2// D v.ui .p2// D v.uiC1.p1//;

and if uiC1.p1/ D ui .p2/ 2 ŒuiC1.p1/; uiC1.p2/� for i D 1; 2; 3, then

Tf .ui .p2// D Tf .uiC1.p1// D FiC1.u
�1
iC1.uiC1.p1//; f .u

�1
iC1.uiC1.p1////

D siC1.f .u
�1
iC1.uiC1.p1////C hiC1.u

�1
iC1.uiC1.p1///

D siC1.f .p1//C hiC1.p1/ D FiC1.p1; f .p1//

D FiC1.p1; v.p1// D v.uiC1.p1// D v.ui .p2//:

So Tf is continuous at each of the points of V1nV0. Tf is continuous on the seg-
ment Œui .p1/; ui .p2/� for all i D 1; 2; 3; 4 by definition. Hence, by induction, Tf 2
C ��.KC/ and T nWC ��.KC/! C ��.KC/ for all n � 2.

Theorem 3.2. Let ¹KC �RIwi ; i D 1; 2; 3; 4º denote the IFS defined above, associ-
ated with the points .p;v.p// 2R3, where p 2 Vn �R2 and n� 1. Then the operator
T is a Rakotch contraction (considered as a map T WC �.KC/! C �.KC/). Hence
there is a unique continuous function f WKC ! R which is a fixed point of T , that is,

f .uw.x; y// D sw.f .x; y//C hw.x; y/

for all .x;y/2KC , wherehw are harmonic functions on the KC for allw 2 ¹1;2;3;4ºn.
In particular, f .p/ D v.p/ for all p 2 Vn, that is, f jVn

D v. Moreover, the graph G
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of f is invariant with respect to ¹KC �RIwi ; i D 1; 2; 3; 4º, i.e.,

G D

4[
iD1

wi .G/:

Proof. For all g; h 2 C �.KC/,

dC.KC /.Tg; T h/ D max
.x;y/2KC

jTg.x; y/ � T h.x; y/j

D max
iD1;2;3;4

max
.x;y/2ui .KC /

jTg.x; y/ � T h.x; y/j

D max
iD1;2;3;4

max
.x;y/2ui .KC /

jsi .g.u
�1
i .x; y/// � si .h.u

�1
i .x; y///j

� max
iD1;2;3;4

sup
.x;y/2ui .KC /

'.jg.u�1
i .x; y// � h.u�1

i .x; y//j/;

where ' W .0;C1/! .0;C1/ is some nondecreasing function such that '.t/ < t for
t > 0 and t 7! '.t/

t
is nonincreasing. Since ' W .0;C1/! .0;C1/ is a nondecreasing

continuous function and u�1
i W ui .KC/!KC for all i D 1; 2; 3; 4, we obtain that for

i0 2 ¹1; 2; 3; 4º and .xi0 ; yi0/ 2 ui0.KC/,

'
�
jg.u�1

i0
.xi0 ; yi0/ � h.u

�1
i0
.xi0 ; yi0//j

�
� '

�
max

.x;y/2ui0
.KC /
jg.u�1

i0
.x; y// � h.u�1

i0
.x; y//j

�
� '

�
max

.x;y/2KC
jg.x; y/ � h.x; y/j

�
D '.dC.KC /.g; h//:

Since .xi0 ; yi0/ was arbitrary,

sup
.x;y/2ui0

.KC /

'
�
jg.u�1

i0
.x; y// � h.u�1

i0
.x; y//j

�
� '.dC.KC /.g; h//;

and, since i0 was arbitrary,

max
iD1;2;3;4

sup
.x;y/2ui .KC /

'
�
jg.u�1

i .x; y// � h.u�1
i .x; y//j

�
� '.dC.KC /.g; h//:

Hence, we obtain

dC.KC /.Tg; T h/ � max
iD1;2;3;4

sup
.x;y/2ui .KC /

'
�
jg.u�1

i .x; y// � h.u�1
i .x; y//j

�
� '.dC.KC /.g; h// D '.dC.KC /.g; h//:

So we conclude that T WC �.KC/! C ��.KC/ � C �.KC/ is a Rakotch contraction
(with the same function ') on the complete metric space .C �.KC/; dC.KC //. By
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Theorem 2.1, T possesses a unique fixed point in C �.KC/. That is, there exists a
continuous function f 2C �.KC/ such that for all .x;y/ 2KC , Tf .x;y/D f .x;y/:
Since T WC �.KC/!C ��.KC/ (by Lemma 3.1), we have f D Tf 2C ��.KC/: That
is, there is a continuous function f that passes through the given points .p;v.p//2R3

(p 2 Vn � R2). By definition of T , we can see that

Tf .ui .x; y// D f .ui .x; y// D si .f .x; y//C hi .x; y/

for x 2 KC , for i D 1; 2; 3; 4. Let G denote the graph of f 2 C ��.KC/, that is,
G WD ¹.x; y; f .x; y// W .x; y/ 2 KC º. Since f is a fixed point of the operator T and
if .x; y/ 2 ui .KC/, then

Tf .x; y/ D Fi .u
�1
i .x; y/; f .u�1

i .x; y///;

we obtain that for all x 2 KC ,

f .ui .x; y// D Tf .ui .x; y// D Fi .u
�1
i .ui .x; y//; f .u

�1
i .ui .x; y////

D Fi .x; y; f .x; y//:

Since wi .x; y; z/ D .ui .x; y/; Fi .x; y; z// for all for i D 1; 2; 3; 4, we obtain that

wi .G/ D wi .¹.x; y; f .x; y// W .x; y/ 2 KC º/

D ¹wi .x; y; f .x; y// W .x; y/ 2 KC º

D ¹.ui .x; y/; Fi .x; y; f .x; y/// W .x; y/ 2 KC º

D ¹.ui .x; y/; f .ui .x; y/// W .x; y/ 2 KC º

D ¹.x; y; f .x; y// W .x; y/ 2 ui .KC/º:

Hence,

G D ¹.x; y; f .x; y// W .x; y/ 2 KC º

D

4[
iD1

¹.x; y; f .x; y// W .x; y/ 2 ui .KC/º

D

4[
iD1

wi .G/:

The function described in Theorem 3.2 generalises the FIF on the KC because in
[7], Fi .x; y; z/ D diz C hi .x; y/ for all i D 1; 2; 3; 4, and so for all t > 0, '.t/ WD
maxiD1;2;3;4 jdi jt; where jdi j < 1 for all i D 1; 2; 3; 4. Hence, each function Fi is
a Banach contraction with respect to the third variable z because for all .x; y; z0/;
.x; y; z00/ 2 R3,

jFi .x; y; z
0/ � Fi .x; y; z

00/j � max
.x;y/2KC

jdi jjz
0
� z00j:
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Figure 2. A nonlinear fractal interpolation function on the KC.

We now present an extremely explicit example to demonstrate the effectiveness of
the obtained results. Let '.t/ WD t

1Ct
for t 2 .0;C1/. Then 'W .0;C1/! .0;C1/

is a nondecreasing continuous function and t 7! '.t/
t

is a nonincreasing continuous
function. Let points .p; v.p// 2 R3 .p 2 Vn � R2/ be given. For z 2 Œ0;C1/ and
i D 1; 2; 3; 4, let

si .z/ WD
z

1C iz
:

Then, for z0; z00 2 Œ0;C1/,

jsi .z
0/ � si .z

00/j D j
z0

1C iz0
�

z00

1C iz00
j �

jz0 � z00j

1C i jz0 � z00j

�
jz0 � z00j

1C jz0 � z00j
D '.jz0 � z00j/:

That is, each si is a Rakotch contraction (with the same function ') that is not a
Banach contraction on Œ0;C1/. So, by Theorem 3.2, there exists a continuous func-
tion f WKC ! R that interpolates the given .p; v.p// 2 R3 (p 2 Vn � R2/. A graph
of a nonlinear fractal interpolation function that is a nonlinear fractal interpolation
function on the KC is given in Figure 2.
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