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Fourier decay behavior of homogeneous self-similar measures
on the complex plane

Carolina A. Mosquera and Andrea Olivo

Abstract. We prove that the Fourier transform of self-similar measures on the complex plane
has fast decay outside of a very sparse set of frequencies, with quantitative estimates, extending
the results obtained in the real line, first by R. Kaufman, and later, with quantitative bounds,
by the first author and P. Shmerkin. We also derive several applications concerning correlation
dimension and Frostman exponent of complex Bernoulli convolutions. Furthermore, we present
a generalization for a particular case on R? , with d > 3.

1. Introduction

Given p a finite Borel measure on the complex plane, its Fourier transform is defined
as

) = /@ ARG g, (o),

The behaviour of 1(§) when |§] — oo is a fundamental characteristic of the meas-
ure 1. Measures for which |1i(£)| — 0 when |&| — oo are called Rachjman measures.
By the Riemann-Lebesgue lemma, every absolutely continuous measure is Rachj-
man, but many singular measures are too. Among the (possibly) singular measures,
an important group are the homogeneous self-similar measures (see Section 2), which
are the measures that we consider in this paper. In particular, we focus on self-similar
measures supported in the complex plane.

We say that 1£(£) has polynomial decay if there exist o, C; > 0 such that |[{(§)| <
Cy|&|7°/2. Furthermore, the Fourier dimension of ju is defined as

dimg(p) := ZSup{o >0: |[i(€)| < Cs|E|7° for some C, > 0 and all § # 0},

and then one can say that [ has polynomial decay if and only if dimg () > 0. For
many purposes, the simple convergence of [i to zero is not enough, and some quantit-
ative decay is needed. For example, if dimp (1) > 0, then p-almost every number is
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normal to any base, see [1, 10], and if dimg (1) > 0 and pu satisfies a Frotsman-type
condition u(B(x,r)) < C r®, then u satisfies a restriction theorem analogous to the
Stein—Tomas theorem for the sphere, see [7, 8].

Regardless of its significance, the Fourier dimension of a measure is particularly
difficult to calculate or even give some estimative and, in some cases, there is no decay
at all for &. Furthermore, in some cases, there are not decay at all for fi. For example,
consider the complex Bernoulli convolutions p,, being the distribution of the ran-
dom series Z::C{ +A", where the signs are chosen independently with probabilities
{1/2,1/2} and A € D, the open unit disk. Also, p, can be defined as the self-similar
measure associated to the iterated function system (IFS) {Az — 1, Az 4 1}. For these
particular measures, Solomyak and Xu [16] proved that if 8 is a complex Pisot num-
berand 1 < |6] < +/2, then |3 (§)] - 0 as || — oo when A = %. This implies that
dimg (uy) = 0 and, in particular, @, is singular for A = 1/6. Recall that a non-real
algebraic integer 9, with |8| > 1, is called a complex Pisot number if all its Galois
conjugates, except 0, are less than one in modulus. On the other hand, Shmerkin and
Solomyak [14] proved that the Fourier transform of complex Bernoulli convolutions
have power decay for all parameter A, outside of an exceptional set of parameters of
zero Hausdorff dimension.

Nevertheless, if a measure 4 has zero Fourier dimension, it may happen that [Z has
fast decay outside of a very sparse set of frequencies. In fact, for self-similar measures
on the real line, Kaufman [5] and Tsujii [17] proved that for any ¢ > 0, there exists
8 > 0 such that the set

{Eel-T.T]: |[5®)| = T~

can be covered by T°? intervals of side length 1. Kaufman treated the homogeneous
case using a version of the well-known Erd6s—Kahane argument whereas the proof of
Tsujii for the non-homogeneous case is based on large deviation estimates. Recently,
the first author and Shmerkin [9] made the dependence of § on ¢ quantitative in the
homogeneous case.

Furthermore, if dimg (1) = 0, Kaufman [5] established, for the case of Bernoulli
convolutions in the real line with parameter A € (0, 1/2), that if F : R — R is a
diffeomorphism of class C2 with F” > 0, then dim g (Fj1) > 0, where here and below
F 1 denotes the push-forward measure, that is, F1(A4) = w(F~1(A)) for all Borel sets
A C R . Later, in [9], the authors extended this result to any non-atomic homogeneous
self-similar measure in the real line.

The goal of this paper is to extend the results mentioned above for homogen-
eous self-similar measures on the real line to the complex plane. More precisely, we
prove that the Fourier transform of homogeneous self-similar measures on the com-
plex plane have fast decay outside of a very sparse set of frequencies, extending the
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results obtained in [9] in dimension one, making the dependence of § on ¢ explicit (see
Propositions 2.2 and 2.5). Although the approach is similar to the one used in [5, 9],
and is based on the Erd6s—Kahane argument, there are some new features, mainly
because we have to deal with two different cases: when the parameter A € D, the con-
traction ratio of the iterated function system (see Section 2), has non-zero real part
or not. As an application, we obtain a generalization of the Kaufman’s result about
the power Fourier decay of non-linear smooth images of homogeneous self-similar
measures. More precisely, if F is an analytic function with F” # 0 in a neighbor-
hood of the supp u, then f‘ﬁ has polynomial decay, with quantitative estimates (see
Theorem 3.1).

Given v a Borel measure, since convolution (of a measure, of a function, etc.)
with v is a smoothing operation, a natural problem is quantifying the additional degree
of smoothness ensured by convolving with v. In [12], it was proven that uniformly
perfect measures on the real line (which include the Ahlfors-regular measures as a
proper subset) have the property that convolving with them results in a strict increase
of the L4 dimension. A particular case of this was proved before in [9], when v is a
homogeneous self-similar measure on the real line and g = 2, but with quantitative
estimates. Moreover, non-quantitative results could be deduced before from [13]. In
the present work, we prove that convolving with a homogeneous self-similar meas-
ure on the complex plane increases the correlation dimension (see Section 4.1 for the
definitions) by a quantitative amount (see Theorem 4.1) and that the Frostman expo-
nent of complex Bernoulli convolutions tends to 2 as the modulus of the contraction
ratio tends to 1 (see Theorem 4.2).

Besides the real line and the complex plane, the decay properties of the Four-
ier transform of self-similar (or self-affine) measures were also considered in higher
dimensions; see, for example, [6, 11, 15]. Recently, Solomyak in [15] proved that
for almost all d-tuplas (61, ..., 6;), with |#] > 1, the Fourier transform of any self-
affine measure associated to a homogeneous iterated function system of the form
{Ax + w; 7L, in R?, where A~! is a diagonal matrix with entries (6;, ..., 6,),
has power decay at infty. To conclude, we generalized some of our results to higher
dimensions in the particular case when A is a contractive similitude diagonalizable
over R, that is, A = A0, where O is an orthogonal matrix diagonalizable over R and
A € (0, 1) (see Proposition 5.2).

2. Fourier decay outside of a sparse set of frequencies
Given p = (p1,..., pm) a probability vector, i.e., a vector in R™ with p; > 0 for all

i=1,....mand p1+...+ pm=1,w=(wy,...,wy)avectorin C™,and A € D, let
ui’ ,, De the self-similar measure corresponding to the IFS { f;}7_,, with probability
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vector p and where f; = Az 4+ w;. That is, ui’ » 18 the only Borel probability measure
satisfying the relation

m
“f,w = Zp"fiuf{,w'
i=1

On the other hand, ,ui’ » an also be defined as the distribution of the random sum

+o00
> At Xy,
n=1

where X, are random variables i.i.d. with P(X, = w;) = p;.

Throughout the paper, given z € C, we denote by Re(z) and Im(z) its real and
imaginary part, respectively.

By the definition of uf’w as a self-similar measure, we can express its Fourier
transform as follows:

/’Ii”w(s):/(:e2niRe(z-$)dMi”w(Z)

o m _ o0 _
=[] D_ piexp@riRe(X"w;§)) = [ | 2(1"8).
n=0j=1 n=0
where ®(u) := Z}":l pjexp(2miRe(wju)).
Observe that since replacing w; by (w; — w1)/ (w2 — wy) has the effect of apply-

ing a linear map to the measures in question, we may always assume without loss of
generality that w; = 0 and w, = 1.

Lemma 2.1. The following holds for all z € C and ¢ € (0,1): If |Re(z)| > ¢/2, then
|®(z)| < 1 —n(c, p), where

n(c, p) = p1+ p2— \/pf +2p1p2cos(re) + p3,
and || x|| denotes the distance of a real number x to the closest integer.

Proof. By definition of ®, we have

|B(2)| < |p1 + p2e®™ R 4 (1= py — pa)
= |p1 + p2cos(2mRe(z)) + p2i sin(2wRe(z))| + (1 — p1 — p2)

= [P} + P2 +2p1pacosrRe(2)) + (1 - p1 — pa).

Now, using that |[Re(z)|| > ¢/2, we obtain that cos(2wRe(z)) < cos(rrc) and then
|®(2)] = 1—=nlc. p). L
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The next proposition is the main result of this section. We prove that outside of
a very sparse set of frequencies, the Fourier transform of ,uf{ . has fast decay, with
quantitative bounds. First, we consider the case when the complex parameter A € D
is outside of the real line.

Proposition 2.2. Given A € D \ R and a probability vector p = (p1,. .., pm), there is
a constant C = Cy, > 0 such that for each € > 0 small enough (depending continuously
on M), the following holds for all T large enough: The set of frequencies |§| < T such
that |ﬁf,w (£)| = T~ can be covered by CyT? squares of side-length 1, where

log([1+ ppl)E+1@® log([A)
= —a , €= e &, (2.1
og(7) log(1 = (555 1))
and h(g) = —£log(e) — (1 — €) log(1 — %) is the entropy function.
Proof. Choosing N € N such that [A|"¥~D < T < |1|~" we may assume that T =
|A|7N . We can write § = A=, where t € C and |¢| < 1. We have that

12, @L< [T1e0/ O =[] 10/ 1a~Y)]

j=1 =1
N _ N-1 _

= [[1e@ Vi = [T e 0L
j=1 j=0

Asin Lemma 2.1, we denote by ||x ||, the distance of x to the closest integer. Given
¢ > 0, we let € be as in the statement. Let

S(N,8) = {t eC,|t] <1: |Re(A™1)| < p for at least (1 —E)N integers j € [N]},

|A[2

where we denote [N] ={0,1,...,N —1},and p = p(A) = TSR

Note that if # ¢ S(N, €), by Lemma 2.1, we have
12, &) < (1 =nQp. p)™N = AV < T,
and it follows that
[EeC.lEl <T: |2, (€)= T~} € S(V.5).

Hence, in order to prove that {§ € C, || < T : |’/I/’{’w (§)| = T ¢} can be covered by
a small number of squares of side-length 1, we will estimate the amount and size of
squares needed to cover S(N, £).

Foreacht € C,|t| < 1, we define integers r; (¢) and &; (t) € [-1/2,1/2) such that

Re(A™/1) = rj(t) + &; (1). (2.2)
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Thent € S(N,¥) precisely when |¢; (¢)| < p atleast (1 —€)N times among the indices
J € [N]. We will simply write ; and &; when no confusion arises.

Let Ny =[(1 —%8)N.Foreacht € S(N,¢), there is a subset / C [N] with at least
N elements such that |¢;| < p for all j € I. We shall estimate the size of S(N, €) by
considering each index set I separately, and for this, we define

S8 :={teC,|t| <1:|Re(A /)| < pforall j € I}.

If j =0, Re(t) = ro + &9, so for |z| < 1, there are at most 3 choices for r¢ and at
most 6 choices for r;.
Next, we denote A = a +ib,a,b € R, b # 0, and given j € [N],

At =¢; +id,, (23)

where ¢; and d; depend on j and ¢.
By (2.2), we have
Re(A U1y = rjy1 + 6541 2.4

and, on the other hand

iyl = Re(/\_(j 1)y = Re(A"HRe(A /1) — Im(A~H)Im(A /1)

o teE)+ s b (2.5)
& .
I?LI2 ! I)tl2
where in the last equality we use that A™! = algl’;" . Using again (2.2) and a simple
calculation, we obtain
rji—1 +¢&j—1 =ac; — bdj,
and therefore
aci —ri—1 — &1 1
di =2 ’b I = E(a(rj + &) —rj—1 —&j-1), (2.6)

where in the last equality we use thatc; = r; + ¢;.
Now, combining (2.4), (2.5) and (2.6),

Ej+1 = Cj+1 —Tj+1

b
|A|2(r] +8])+M|2< (a(rj +8]) —&— 1))_rj+1
ri—1t+é&i—1
or, equivalently,
2arj —rj—1 gji—1 2agj

—Trit1 =¢&j41+ o —

e [TER Y
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Taking absolute value in the previous equality and using that |¢;| < 1/2 for all j and
la| <1, we get

2ar; —rj_q ) 1 1 2|al 1 3
L Rkl e § P R S i Y SR
Tit1 e 2( ot |A|2) = 2( + |A|2>

Therefore, given r;_1, rj, we can have at most |'%(1 + ﬁﬂ choices of 7 ¢1.
If j—1.j,j + 1€, then|ej_1],|gj|, |ej+1] < p, so that

lgj—1 | 2lalls)]

A2 A2

lej+1] + <1/2

and at most one value of r; 1 is possible. Also note that

{jeINl:j—1Ljj+1€l}|=N=3N\N|—2>(1-38)N —2.

Thus, the total number of sequences ry, ..., ry is at most
Y 3. 6(l1 3 3EN+2
=361+ —}) .
N ({ HE

Invoking (2.2) and (2.3), we have
ey =Re(A™N1) = ry + en, 2.7

with ey —ry| < 1/2.
On the other hand,

rn—1 + en—1 = Re(A"V"D¢) = Re(AA™N) = acy — bd,
and then, using (2.8), (2.7) and that |¢;| < 1/2 for all j, we obtain

ary _rN-1| _ lal+1
b b | 2

dn — (2.8)

From (2.7) and (2.8), we conclude that, for each pair (ry—1, 7y), the complex
number A=Vt = ¢y + idy belongs to a rectangle of dimensions |‘;‘|le x 1. Then, t is

contained in a rectangle of dimensions |‘;||le IAIY x |A|Y, and we obtain that S(,¥)

can be covered by My rectangles of the mentioned size.

By Stirling’s formula, we can estimate ( 11\)’] ) and we see that the number of index
sets 7 is at most e?®N for large enough N . Therefore, S(N, €) can be covered by

MNeh(g)N

|“2||Z|1 [A|Y x |A|¥. Finally, rescaling, we have that

rectangles of dimensions

eeClel =T 77,1 =T7)
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can be covered by the above number of rectangles of dimensions “;l‘al x 1. Moreover,

since each rectangle can be covered by a finite number of squares of side-length 1, we
conclude the proof. ]

Remark 2.3. Clearly, if Im(1) = 0, the above proof fails, but the exclusion of A € R
may appear artificial. When m = 2, the case A € R reduces back to the family of real
Bernoulli convolutions, treated in [9]. However, it is interesting to consider the case
when m > 3 and the vectors w; are not collinear. More precisely, consider an IFS of
the form {Az + w;}/.,, A € (0,1) and m > 3. In these cases, after an affine change
of coordinates, that does not affect the results we want to obtain, we can assume
without loss of generality that wy; = 0, w, = 1 and w3 = i. For example, here we can
include the self-similar measure supported on the Sierpiniski gasket associated to the
IFS {%z + w; }i3=1, where w; are the vertices of an equilateral triangle centered at the
origin.

To deal with this case, first we need to prove a similar estimation as in Lemma 2.1
but considering the distance of a complex number to the lattice Z? instead of the

distance of its real part to Z.

Lemma 2.4. The following holds for all z € C, and ¢ € (0,1): If d(z, Z?) > 5 then
|®(2)| < 1—n(c, p), where n(c, p) is a positive constant and d(z, Z.?) denotes the
distance of z to the closest point on the lattice 7.%.

Proof. Recalling the definition of ® and using that wy = 0, w, = 1 and w3 = i, we
have

|®(2)| = [p1 + p2exp(2riRe(z)) + p3exp(2wiRe(iz)) + (1 — p1 — p2 — p3)|
< 1 — ¢y max(|[Re(2)], [Re(iz)[))?
= 1 — ¢y max(|Re(2)]. || — Im(2) )
= 1 — ¢y max(|[Re(2) |, [Im(2)]))?,

for some constant ¢; > 0 depending on p and, as before, || x|| denotes the distance of
x to the closest integer. Since

d(z,7%) = |Re(2)[?> + [[Im(2)||* < 2max(|[Re(z)]|. |Im(z)]))?,
and d(z,7Z?) > c¢/2, we obtain

1D(z)| < 1— %dZ(z,Z% <1-n(c.p). "

Next, we present the analogue of Proposition 2.2 for the case A € R, with |A| < 1.
The statement is similar, but of course the dependence of § on ¢ is different. Since the
proof follows directly from the one given in [9] for the real case, we omit it.
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Proposition 2.5. Given A € (0, 1) and a probability vector p = (p1,..., pm), m >3,
there is a constant C = Cy > 0 such that for each ¢ > 0 small enough (depending
continuously on M) the following holds for all T large enough: The set of frequencies
|| < T such that |/'If,w (£)| = T ¢ can be covered by C; T® squares of side-length 1,
where

s ¥log([24+ ) +h® elog(})

log(%) 7 log(1 — ’7(%’ p))

’

and h(g) = —€log(e) — (1 — &) log(1 — ¥) is the entropy function.

3. A Kaufman-type theorem in two dimensions
As an application of the results obtained in the previous section, we present a version
of Kaufman’s theorem in the complex plane.

Theorem 3.1. Let 1 be an homogeneous self-similar measure on C which is not a
single atom and let F : C — C be an analytic function with F" # 0 in a neighborhood
of supp . Then there exist 0 = o(u) > 0and C = C(F, u) > 0 such that

IFr(g)] < Clg|™.

For the proof we need the following well-known result (see, for example, [3]).

Proposition 3.2. Let u be a self-similar measure on C which is not a single atom.
Then there exist positive constants C and s, depending on i, such that u(B(x,r)) <
Crs, forall x,r > 0.

Proof of Theorem 3.1. Fix & such that |¢] > 1 and choose N € N such that 1 <
IAINIEF3 < A7

Let us decompose p in the following way:
M= UN *VN

where uy = >l<,1:]=l (Z;”:l Pjéany;) and vy is a rotated and scaled down copy of 1
by a factor AV,
For the next calculation, we will write e(z) = e27Re(@) for simplicity.

Fii(§) = [ O g

- / / e(F(z + w)é) duy (2)dvy (w)
cJcC
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- / / (F(2) + F' (2w + O(wP)E) duw (2) dvy (w)
Cc JcC

- / / (F()E + F'(2)wBe(O(IEl|w]) diw (2)dvy (w)
CcJcC

- / / (F()E + F'(2)w)(1 + O(El|w?) diw (2) dvy (w)
CcJcC

— [ eF@B( [ et @ud dvnw) dun )
C C
T / / o(F'(2)wE + F()E)0(E][wP) di (2) dvy (w)

CcJC

= [ er@B( [ etF @b dvyw) duy () + O(EIAPY),

C C

where in the third equality we replace F' by its linear approximation (where, as usual,
O(X) denotes a quantity bounded by C X in modulus) and in the the fifth equality we
use that |e(§) — 1| = O(6).

Then, by the assumptions made at the beginning of the proof on £ and N, we have
AV & |€]72/3 and |£||A|2N A |&|71/3. Here, x ~ y means that C"'x < y < Cx.
Then,

PR <| /(C e(F))( /(C e(F/(2)wE) dvy (w)) dpew ()| + O(E| /%)
< [P @Bl dun) + o)
= [ 1RGN F@Bldun) + 051

Consider T = M ||V ||, where M := SUP esupp i | F'(2)| and fix & > 0 to be
determined later. Then, by Proposition 2.2, there is C = C) > 0 such that the set of
frequencies |€| < T for which |f(£)| = T—¢ can be covered by CT? squares with

side-length 1. Let I, ..., I-7s be these squares. Observe that if £ ¢ UJCZT 18 I;, then

) <172,
Consider the set

cr’
r:= {Z esupppu: ANF'(2)E € U Ij}.
j=1

Then
LRGN F@Bldun @) = [+ [ <an@+ 77 < uy (@) + 0Ge )
C T ¢

In order to conclude the proof, we need to prove that zx (') < |£|~# for some g > 0.
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First, observe that I" can be rewritten as

cT?
{Z esuppu: F'(z) € U Jj},

j=1

where J; are squares of side-length IA|7N1E|7! ~ |A|N/2, or which is the same,
r = U]CZTI J}, where J] = (F")~1(J;) N supp p. Using that F” is non-zero in a
neighborhood of supp p, we have that

|21 = 22| S L|F'(z1) = F'(22)]
forall zy,z, € J j’ and L is a positive constant depending on F'. Then, for each j,

diam J; < L diam J; < L|A|"/2. (3.1

~

On the other hand, since v is a rotated and scaled down copy of u by a factor AV,
if the support of w is contained in a ball B¢ (0), for some C = C(A, wq, ..., W), the
support of vy is contained in a ball B|y v ¢ (0). Then, since 4 = un * vy, one has
that for any ball B,

un(B) < u(B + Bjync(0)). (3.2)

Invoking (3.1) and (3.2), for each j there exists a ball B; with the same diameter
of J; such that J € B; and un(B)) < C|/\|%.
Therefore

un(D) < CTA A < ClefPlPle~/% < g5,

Choosing ¢ small enough such that § < s(i) we obtain that

(s—8

Fa) < ClE|5> + ClE™? + Cle ' < clg ™58

=

Remark 3.3. The above theorem allow us to have uniform explicit power decay for
the Fourier transform of F ., the push-forward measure of complex Bernoulli convo-
lutions, even if the measure p ) does not have decay at all. For example when A = 1/6
and 6 is a complex Pisot number such that 1 < || < +/2, it is known that | i, (€)| - 0
when |§] — o0, see [16].

4. Applications

4.1. Improving the L2 dimension under convolution

We begin by recalling the definition of L9 dimensions. Let g € (1, +00), and set
sn(,q) = ZQE 0, M), with {Dy }, the partition of R into dyadic intervals of
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length 27", Define

log(s ,
dimg (1) = lim inf —22Cn U 0)
n—>+oo (¢ — 1)log(27")
The L2 dimension of a measure is also known as correlation dimension. Note that the
Frostman exponent dim, can also be defined as

logmax{u(Q) : Q € Dn}
log(2—") '
It is well known that the function ¢ +— dim, () is continuous and non-increasing on

(1, +o0] and that dimg (1) < dimg(p) for any g € (1, +00], where dimy is the lower
Hausdorff dimension of a measure, defined as

dimeo (@) 1= }llglig(f)

dimy (i) := inf{dimy(4) : u(4) > 0}.

We refer the reader to [2] for the proofs of these facts and further background on
dimensions of measures.

The proofs of the results in this section are similar to the ones given in [9] for the
real case, but we will include them here for the sake of completeness.

Theorem 4.1. Let u be an homogeneous self-similar measure on the complex plane.
Given any k > 0, there is 0 = o(A, p, k) > 0 such that the following holds: Let v be
any Borel probability measure with dimy(v) < 2 — k. Then

dimy (u * v) > dimy(v) + o.

More precisely, one can take o = 2¢, where ¢ = (A, p, k) is such that the value of
6 = 6(e, A, p) given in Proposition 2.2 satisfies

Kk —2e=32. 4.1

Proof. First, note that it is possible to choose ¢ < 1/2 such that k — 2¢ = §, using
continuity arguments.
For any Borel probability measure 7 on C we have that dim,(n) = 2 — a(n),

where B
. log f|g\<T m&=dé
a(n) = limsup .
T—00 logT

In [4, Lemma 2.5], the authors prove the above result in the real line, but the same
argument can be extended to higher dimensions. So we omit the proof. Then it is
enough to prove that a(v) > x implies a(u * v) < a(v) — 0.
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Denote kg = a(v) > k. For any g9 > 0 and taking 7 = 2% for some N € N, by
definition of «,

/ PP s < 08()(1)2N(K0+80).

|&|<2V

Split the frequencies into two groups

Ey ={&:1gl <2V @) <27V} and Fy = {¢:[&] <2V, [2®)] > 27V},

Then, applying Proposition 2.2, we have that F can be covered by C 325N squares
of side-length 1 and, in consequence, it has Lebesgue measure bounded by Cj 26N
Using all this, we have

/ TFE)P dE = / RE LRGP e
|E|<2N ENUFN

< [ rVp@pas+ [ 14
En Fy
< 080(1)2—28N2(K0+60)N + CAZsN

< 08() A(1)2(K0_28+80)N,

using that kg > « and the definition of ¢ in the last line. Since this holds for all g9 > 0,
it follows from the definition of « that

a(p xv) < kg —2s,

which gives the claim since 0 = 2¢. |

4.2. Frostman exponent for complex Bernoulli convolutions

Let A € D and p € (0, 1). We denote with Mf the biased complex Bernoulli convolu-
tion, i.e., Mf is the self-similar measure associated with the IFS {1z — 1, Az 4 1} with
probability vector (p, 1 — p). When p = 1/2, we just write p, to denote the usual
Bernoulli convolution.

Theorem 4.2. Given po < 1/2, there exists a constant C = C(pyg) such that

. 1
dimog (112) = 2= C(1 = |A]) log (7= |M)

forall pg < p <1-— pog.

Proof. Fix A € D with modulus close to 1. We define N = N(A) to be the smallest
integer such that |A|¥ < 1/+/2. Then,
A 1
u <N < —

V2 T V2
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In particular, assuming |A| > 1/+/2, we see that [A|V € (1/2,1/+/2).
Fix x € (0, 1), and suppose that dim, (uf{ ) <2 — k. We have the following decom-
position. Let us write Sy (x) = Ax for the map that scales by A, and recall that

Wy = [y n ok SApyy Kk Syn—ipih 4.2)

This is a well-known fact that can be seen from expressing ui’ as an infinite convolu-
tion.
Since the associated IFS satisfies the open set condition,

log(p* + (1 - p)?)
log(JA|™Y)

dimy (Nfzv ) =

In particular, we have that dimz(MfN) > 0. Now, using that dimz(uf) <2 —k and
(4.2), we get dimz(uf{,\,) <2 —k.By Theorem 4.1, thereis 0 = o (A, p,«) > 0 such
that
dimy(u?y * Spuly) > o

ma () § Ay N) Z O
Proceeding inductively according to (4.2), after N — 1 steps, we obtain that if
dimz(uf{) <2 —k, then

dima (1) = (N — D)o

It follows that if « is such that 0 = o(A, p,k) = 1/(N — 1), then
dimy(uf) > 2 — k.

Thus, we just need to estimate such «. By (4.1), we have that x = § 4+ o, where
§ = 8(c/2) is given by (2.1). Note that £ = C(|A|Y, p)o, where C > 0 depends
continuously on [A|Y and p. In what follows, C 7 will denote a positive constant
depending only of py. Since |A|Y € (1/2,1/+/2) and p € [po.1 — po], a calculation
using (2.1) shows that there is a constant Cy such that § < Cy0 log(1/0) provided o
is small enough (which we may assume).
We deduce that

dimy(uf) > 2—k >2—0 - Co log(é) >2_Cyo log(é>, 4.3)
if o is small enough. On the other hand, since [A|/7 = |A|N~! < |A|7'/v/2 < 2/3
(say), we have 0 < log(1/|A|)/log(3/2). Finally, using that log(1/|A]) < 2(1 — |A])
for 1 — |A| small, we deduce that

0 < Ca(1 —[A]).

Together with (4.3), this yields

. 1
dim (47 = 2 = Cs(1 ~ |4 log (=7 )
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Since we have the decomposition
p P p
Ky = MKy % Skﬂlz,

and scalings do not change L? dimension, using Young’s lemma (see [9, Lemma 5.2]),
we can conclude that

dimoo(115) = 2 = Cs(1 = 2[?) log( ) =2 Col1 — i log(; _lm)' -

1
1—a)2

Corollary 4.3. There is an absolute constant C > 0 such that

. 1
dimas(13) 2 2 = C(1 = 1) og( 7).

Proof. Again, fix A € D with |A| close to 1 and let N = N(X) the smallest integer
such that |A|Y < 1/+/2 and then, |A|N > [A|/V/2.
Since the associated IFS satisfy the open set condition,

| log(3) _ log(2) _ los(fh)
d = = - |
M) = oy AV fog(2l) = log(d)

Proceeding as in the proof of the Theorem 4.2, we obtain that if dimp (1) <2 —«,
then there exists 0 = o (k, 1) > 0 such that
dima(py) > dima(uyn) + (N — 1o
1
~ log(m)
= 2
log(m)

log(/IA) 1
log2/[A) (W1 then

+ (N — Do.

Now, if « is such that 0 =

dimp(pp) = 2 — k.

Then we want to estimate such k. Proceeding as in the proof of the above theorem,
we get
1
dima(py) =2—x>2— Clolog(—).
o
On the other hand, using that |A|/+/2 < [A|Y < 1/+4/2 and that log(1/]A]) <2(1 —]|A|)
for 1 — |A| small, we obtain ﬁ < C,(1 — |A|) and then

o < C3(1—|AD2

Thus,

. 1
dims (113) = 2= Ca(1 = A log(1—57)

Using again Young’s lemma as in the proof of Theorem 4.2 we finish the proof. |
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5. A particular extension to higher dimensions

In this section, we present a generalization to the results obtained in Section 2 in
higher dimensions, but for a particular class of self-similar measures.

Given p = (p1,..., pm) a probability vector, w = (wy, ..., Wy) a sequence of
digit vectors in R and A € (0, 1), let /’Li),w be the self-similar measure associated to
the IFS { f;}72,, with f; = AOx + w; and where O is an orthogonal matrix diagon-
alizable over R.

Since O is a diagonalizable matrix over R, we can assume without loss of gen-
erality that O is the identity matrix. In fact, if we iterate the IFS (replacing f; by
(/i /5)i"j=1), the matrix O is replaced by 0? which has all its eigenvalues equal to 1
and then, there exist some orthonormal basis where it can be written as the iden-
tity matrix. Also, after an affine change of coordinates we can always assume that
w; = (0,...,0) and w = (1,...,1). By definition of the Fourier transform and the
condition of being a self-similar measure, we can write

o0
a2, © =[] o0,
n=0
where ®(y) = Z}"zl p;jexpmi{y,wj)forall y € R,
Next, we present a lemma that is analogous to Lemma 2.1, and also the higher
dimensional version of Proposition 2.2.

Lemma 5.1. The following holds forall y € R%, y = (y1,...,yq) and ¢ € (0,1): If
lly1 + ...+ yall > 5, then ®(y) < 1 —n(c, p), where n(c, p) is a positive constant
and || - || denotes the distance of a real number to the closest integer.

Proposition 5.2. Given A € (0, 1) and a probability vector p = (p1,. .., pm), m =3,
there is a constant C = C, > 0 such that for each ¢ > 0 small enough (depending
continuously on 1) the following holds for all T large enough: The set of frequencies
{Ilflloo < T |;’Zf’w (£)| = T4} can be covered by CyT® squares of side-length 1,
where

_ log([1+ ﬂ)g—{— h(®) 5 log(1)
log(L) ’ log(1 (357 )

and h(g) = —£log(g) — (1 — €) log(1 — ¥) is the entropy function.

)

’

The proof of Lemma 5.1 is analogous to that of Lemma 2.1, and the proof of
Proposition 5.2 is similar to that of the real case in [9].
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