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A combinatorial Fredholm module
on self-similar sets built on n-cubes

Takashi Maruyama and Tatsuki Seto

Abstract. We construct a Fredholm module on self-similar sets such as the Cantor dust, the
Sierpifiski carpet and the Menger sponge. Our construction is a higher dimensional analogue
of Connes’ combinatorial construction of the Fredholm module on the Cantor set. We also
calculate the Dixmier trace of two operators induced by the Fredholm module.

Introduction

In the 1990s, A. Connes [3, Chapter IV] introduced the quantized calculus based
on the Fredholm modules. A Fredholm module on an involutive algebra + is a pair
(H, F) of a Hilbert space H and a bounded operator F such that #4 acts on H and
a(F — F*),a(F? —1),[F,a] € X(H) for any a € 4. The commutator [F,a] is
called a quantized differential of a. The notion and calculus of Fredholm modules
provide many techniques in studying various spaces. Such examples are noncompact
spaces, foliated spaces, noncommutative spaces, and fractal spaces, to name a few.
In the present paper, we study Fredholm modules on a special class of fractal spaces
called self-similar sets.

The first study of quantized calculus on self-similar sets is given by Connes [3,
Chapter IV]. Connes defined the Fredholm module (H, F) on C(CS), where CS is
the Cantor set realized in the interval [0, 1], by using vertices of the removed inter-
vals. Specifically, he set H; = £?({a}) @ ¢*>({b}) for an open interval I = (a,b) and
Fr = ] ! on Hj, and constructed (H, F) by taking a direct sum of (Hy, Fr)
on all removed open intervals which appear along the construction of CS. The Fred-
holm module (H, F) defines an element in K°(C(CS)). Connes also calculated the
non-vanishing Dixmier trace Tr,, (|[F, x]|4™# (€9 Here x is the coordinate function
on R (we consider x as a multiplication operator) and dimg (CS) is the Hausdorff
dimension of CS. We call |[F, x]|4™# (©5) the quantized volume measure on CS and
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Tro, (|[F, x]|9m# (€9)) the quantized volume on CS since the commutator [F, x] is a
quantized differential of x.

In this paper, we generalize the quantized volume measure and the quantized
volume to higher dimensional self-similar sets. For the generalization, we construct a
higher dimensional analogue of Connes’ Fredholm module. We now present what we
mean by the generalization of Connes’ quantized volume Tr,, (|[F, x]|4™# (¢5)) When
we have the Fredholm module (Hg, Fx) on a fractal set K C R” such that an algebra
of functions on R” acts on Hg, a commutator of operators [Fx, x%] (¢ = 1,...,n)
for the -th coordinate function x* on R” is obtained. The commutator [Fk, x] is a
quantized differential of x*, hence we say the operator

[Fx.x"[Fg.x?]--- [Fg.,x"]|?

is a quantized volume measure of the volume measure dx'dx?---dx" on R”. Here
p € R is defined by a fractal dimension on K. Then the value

Tro (|[Fx, x'|[Fg. x?] -+ [Fg. x"]|7)

may also be called a generalization of Connes’ quantized volume on K.

Let us explain some examples that motivate us to conduct this work. We con-
struct a Fredholm module on a self-similar set K built on the square in R2. When we
adopt a standard way to construct Fredholm modules on more general K (see [5, sec-
tion 2]), it suffices to choose a subset S C K for (Hg, Fs). As constructed in [4],
when we choose S = {a, b} (2 points), we have the same Fredholm module (Hg, Fs)
as Connes’ one. The Fredholm module (Hg, Fg) gives rise to a Fredholm module
(Hk, Fx) composed by the direct sum over all steps in the construction of K. Then
the commutator [Fg, x] (resp. [Fk, y]) is essentially given by the length of the pro-
jection of a segment ab to the x-axis (resp. y-axis), and we can calculate the value
Tre (|[Fx, X][Fk, ¥]|?). However, the value may vanish: suppose that the vertices of
the square are numbered counterclockwise in the order vg, vy, v2, v3. When K is the
Cantor dust (see Figure 5) and every edge of the square is parallel to either x- or y-
axis, we have [Fk, x|[Fk,y] = 0if § = {v;, vj} is the boundary of an edge of the
square. On the other hand, if we choose S = {vg, v2} to be the boundary of a diag-
onal line of the square, we have the non-trivial value Tr,, (|[Fx . x][Fx ., y]|dim# (K)/2),
Therefore, the subset S = {vg, v2} may look like an appropriate choice for the
Cantor dust. However, the value Tr, (|[Fx. x][Fk, y]|4™# ®)/2) for S = {vg, v2}
is not preserved under the rotation of the square. In fact, for a self-similar set K
obtained by rotation of the Cantor dust with rotation angle /4 around vy, we have
[Fk,x][Fk,y] = 0 for S = {vg, v2}. Thus, the choice of S = {a, b} giving a non-
trivial Try, (|[Fx, X][Fk, y]|?) depends on K. In this paper, we also present a way to
construct a Fredholm module for K that specifies a unified choice of S (not neces-
sarily 2 points) and show that the Fredholm module induces a non-trivial higher



A combinatorial Fredholm module on self-similar sets built on n-cubes 305

dimensional quantized volume measure which is invariant under the Euclidean iso-
metries in R”.

The outline of our construction of the Fredholm module (Hg, Fx) on K is the
following. Let y, = [0, 1]* be the n-cube and { fs: yn — yu} (s = 1,2,..., N) be
similitudes with the similarity ratio 0 < rg < 1. We note that we do not require
the open set condition. We now have a decreasing sequence of compact sets K; =
U(sl,...,sj) fsy ©+++0 fs;(yn) in which each fs, o--- 0o f;. (yn) is a small copy of the
n-cube. Then, the sequence gives rise to the limiting set K = ﬂ;’io K;. Our con-
struction of (Hg, Fk) is made of 2 steps: the first step is the construction of the
Fredholm module (#, F},) on the n-cube; see Section 1.1. In our construction, we use
all vertices (instead of 2 points) of n-cubes, that is, we set # = £2({vertices}) with
a suitable Z,-grading. In the definition of F},, we use induction on the dimension 7.
The resulting Fredholm module represents the Kasparov product (n-times) of Connes’
Fredholm module on an interval. The second step is taking the direct sum of (#, F},)
on all the copies of n-cubes; see Section 2.1. Our Fredholm module (#k, Fk) is
defined over C(Vk), where we denote by Vi the closure of the vertices of all n-cubes
Jsi ©++-0 fs; (yn). Note that, in general, Vk includes K properly, but Vg coincides
with K for some important examples such as the Cantor dust, the Sierpifiski carpet
and the Menger sponge. Dividing by the length of edges of each n-cube, we get the
Dirac operator Dk on K and the spectral triple on K.

The main results in the paper are basically twofold: our first result is the con-
struction of a higher dimensional analogue of the Connes’ Fredholm module. This
Fredholm module is also non-trivial in the K° group under additional assumptions,
which are given in Theorem 2.5 as a part of other properties of the Fredholm module
delved in Section 2. The second result is the derivation of concrete values for higher
dimensional variants of the quantized volume measure and the quantized volume for
some self-similar sets. The results are given in Section 3. The calculation is based on
a Clifford algebra’s relation which the commutators [F;,, x*] (@ = 1,...,n) generally
satisfy for the a-th coordinate functions x* on R”. The Clifford algebra’s relation
is quantization of the relation of the exterior differentials dx%; see Propositions 2.8
and 2.9 for the details.

Fredholm modules on self-similar sets were constructed by various researchers
and studied from various aspects. F. Cipirani—J. Sauvageot [2] constructed Fredholm
modules on post critically finite fractals (p.c.f. fractals) by regular harmonic struc-
tures. M. Tonescu-L. Rogers—A. Teplyaev [7] studied weakly summable Fredholm
modules in the cases of some finitely and infinitely ramified fractals. As an unbounded
picture of Fredholm modules, spectral triples on some self-similar sets also have been
extensively investigated. E. Christensen—C. Ivan—L. Lapidus [1] defined a spectral
triple on the Sierpiniski gasket $%, which in turn defines an element in K!(C(8§)),
by using the Dirac operator on the circle. D. Guido-T. Isola [4] defined a spectral triple
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on self-similar sets with the open set condition in higher dimension by using Connes’
Fredholm module on an interval. Guido—Isola [5] also defined a spectral triple on nes-
ted fractals by using Connes’ Fredholm module on an interval. See Introduction in [5]
for more related literatures.

Let us compare our spectral triple with Guido—Isola’s triples. First, our Fredholm
module cannot be constructed on self-similar sets on arbitrary subsets in R”, but on
n-cubes. Our construction also does not require the open set condition. An example
of the case for a self-similar set without the open set condition is given in Section 4.5.
Second, our triple and the triple in [4] are not constructed on the algebra C(K) of
the continuous functions on K. Our algebra C(Vk) coincides with C(K) for some
important examples such as the Cantor dust, the Sierpinski carpet and the Menger
sponge. The calculation of the value Tr,, (| Dg|~?) for our Dirac operator is also given
in Section 3.1. The triple in [5] is defined on C(K) for the class of nested fractals, but
the examples mentioned above are not the case.

Ours G-I’s [4] G-I’s [9]
space self-similar set on n-cube  self-similar set on R”  nested fractal
algebra C(Vk) Cc(C) C(K)

We are going to study more noncommutative geometry of our Fredholm module
(#k, Fr) and the corresponding spectral triple (K, Dg) in future papers.

1. Fredholm module on »n-cubes

1.1. Definition of Fredholm module

In this section, we construct a “good” Fredholm module on n-cubes ;. For the simpli-
city, we set v, = [0, e]” in R” with the length of edge e > 0; the following construction
applies to any n-cubes.

Let V be the set of vertices of y,:

V ={(ai,...,ay) €eR";q; =0o0re (i =12,...,n)}.

We give a number of vertices in V inductively. For n = 1, an interval y; = [0, e] has
two vertices 0 and e. Set vy9 = 0 and v; = e. For an arbitrary n, we assume that we
have a number of vertices of y,_;. Then a number of vertices of y, is as follows:

M vi=(ay,...,an-1,0)=(a,...,ap—1) (0<i < 2"=1 _ 1) under the inclusion
Yn—1 = Yn—1 X {0} C yu.

2) von_1—; = (611, e p—1,e)(0<i < on—l DHifv; = (al,...,an_l,O).
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Example 1.1. We here provide examples of the numbering of vertices forn = 2, 3.

(1) When n = 2, the numbering of vertices is given by vg = (0, 0), v = (e, 0),
vy = (e, e), vz = (0, e); see Figure 1.

(2) When n = 3, the numbering of vertices is given by

vo = (0,0,0), vy =(e,0,0), vy =(e,e,0), vz =1(0,e,0),
vg = (0,e,e), vs=(e,e,e), ve=(e,0,e), v;=1(0,0,¢e).

See Figure 2.
Vg ————————— U5
vy —————— g
U3 1% :
v3 4444444444444444444444444444444444 UZ
Vo U1 /
Uo'..— V1
Figure 1.n = 2. Figure 2. n = 3.

Set Vo = {v;;i = even} and V; = {v;;i = odd}, so we have V = 1, U V;. Set
also
HY = (Vo) = £2(v0) ® L2 (v2) © -+ B £ (v2r_2),
H™=L0V) =) & (3) - & LP(v21-1)
and # = HT @ H~. The vector space # (= C2") is a Hilbert space of dimension
2" with an inner product

2—1

(f.g) =) fl)gw).
i=0

We assume that J is Z,-graded with the grading ¢ = 1 on ¥, respectively. The
C *-algebra C(V') of continuous functions on V acts on # by multiplication:

p(f) = (f(vo) ® f(v2) B ® f(v212)) & (f(v1) ® f(v3) B+ B f(van—1)).
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A Fredholm operator F, on J is also defined inductively. We set

0 X,

X, =1 and X, = [Xn_l ”01} € Myu—1(C) (n >2),
Gi=1 and G,= Gt —Xn-1] My (C)  (n = 2),
Xn—l Gn—l

1
and U, =—=G, n>1).

Proposition 1.2. U, is a unitary matrix.
Proof. Firstly, we have
XnG, — Gu X,
— 0 Xn—l G;,k_l Xn—l _ Gn—l _Xn—l 0 Xn—l
Xn—l 0 _Xn—l G;:_l Xn—l Gn—l Xn—l 0
=X ® (Xn—IG:;_l - Gn—an—l)
==X, ® (X1G] —G1X;) = 0.

L 1

We prove U,U,” = E,n by induction. Clearly, U; = 1 is unitary. Assume that
U, —1 is a unitary matrix. Then we have

Gua1Gi_  + X2, =(n—1)Epo2+ Epn2=nEyua.

Thus, we obtain

(Goy —Xut || G2, Xus
G G* — n n n—1 n
men Xn—l Gn—l :| |:_Xn—1 G, :|

n—1

— Gn—lG;:_l + Xr%—l Gn—IXn—l - Xn—lG;:_l
_Xn—lG:_l - Gn—IXn—l Xr%—l + Gn—lG;_l

Gn_lG,’:_l + X,%_] (Xn—lG;:—l - Gn—1Xn—1)*:| = nEzn—l .

Xn—lG;_l - Gn—an—l X,%_l + Gn—lG;_l
Therefore, U,, = ﬁGn is a unitary matrix. [ ]
U*
Set F, = U " | € My (C). By Proposition 1.2, we have F;? = En and
n

F,} = F,. We consider that F,, is a bounded operator on a finite dimensional Hilbert
space

H=(02(00) DL (12)B. .. DL (V21-2)) B (L2 (V1) DL (V3)B. .. DL (vpn_1))=C?"
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by the left multiplication of a matrix F},. Because of F,e + ¢F,, = O, (¥, F},) is an
even Fredholm module on C(V).

Example 1.3. We here provide examples of Fredholm operators forn = 1, 2, 3.

1
(1) Whenn = 1, we have F; = |:(1) Oi|, which is introduced by [3, Chapter I'V.

3.¢].
(2) When n = 2, we have

1 -1 1 [1 -1 1 -1 1
G, = , Upy=— , Fh=—
2 [1 1} 2 ﬁ[l 1] SV I
1 1
(3) When n = 3, we have

-1 0 -1

—1 1 *
0 y U3 = —G3 and F3 = |: U3:| .
Us

1
G~ =

> 11—l J/3
0

—_ O = =

Remark 1.4. The components of G,, correspond to the following orientation of edges,
where the correspondence is similar to the adjacency matrices of oriented graphs.
When n = 1, the orientation of the graph y; = [0, e] is from vy = 0 to v; = e; we
denote such an orientation by vy — v;. Assume that we have the orientation of the
edges of y,—1.

(1) Assume 0 < i, j <2""! — 1. The orientation in y, is from v; to Vj; Vi = Vj,
when the orientation in y, 1 is from v; to v;. Here we consider that y, 1 is a
subset in ¥, under the inclusion y,—1 — y,—1 X {0} C yy.

(2) v; = van_1—; (0 <i < 2" 1 —1), which translates to (ay, ...,dn_1,0) —
(ai,...,an—1,e).

(3) van_1—j < van_g_jifv; > v; (0 <i,j <2771 —1).

See Figure 3 (resp. Figure 4) for n = 2 (resp. n = 3). Then the (i, j)-component g;;
1=<i,j< 2”_1) of G, is as follows.

(1) 8ij = 1 when V2j—2 —> VU2i—1.

(2) gij = —1whenvyj_o < v2i_1.

(3) gij = 0when vyj_» and v2;_; do not connect by an edge.
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Vg ———————— V5

S 7

V7 Vg
V3 < Uy :

T T Ué B TEIEY EITTTPPTRPOR Vo
Vg — VU1 B /

Vo ——— U1

Figure 3. Orientation of edges of y» Figure 4. Orientation of edges of y3

1.2. Calculation of the quantized differential form

In this section we calculate an operator [F,,, x*] for the coordinate function x* on R”
(¢ =1,2,...,n). We also show that they satisfy a relation of the Clifford algebra on
the Euclidean vector space of dimension #.

Setd, f = [Fp, f] = L“f dn_f:|.Then

dff=Uf"~-f7U
dy f=U*f"—fTU*=-Uf* - fU)*=-"4d]f

where f+ = f|y,and f~ = f|y,.Denote by A o B = [a;;b;;] the Hadamard product
of two matrices A = [a;;] and B = [b;;] of the same size.

Proposition 1.5. Forany f € C(V), we set fup = f(va) — f(vp) and
Anf = frjri+1lij=o1...0n—1-1 € B Vo), L2 (V1)) = Man—1(C).

We have

1
dnf:_

_Z(AnfOGn)
n| Ay f oGy ’
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Proof. Asin Remark 1.4, we denote G, = [g;;]. We have

S (vo) S(1)
Jid* f =Gy f(v2) | B Sf(v3) | G,
S(van_3) Sf(van—_y)
= [gij f(v2))] = [ f(v2i-1)gif]
= [ f2j2i-18if]
= A, f oGy u

Thus, an (i, j)-component of d, f is 0 if vo;—1 and vp; do not connect by an
edge.

Proposition 1.6. For the coordinate function x* on R" (« = 1,2,...,n), we set
ef‘n) = ‘/TEdnx"‘. We have

1
Ezn—a—l ® |: j|
—1
My ® X,. (1.1)

B 1
—Ezn—nt—l ® |: _1}

1
Here E1/» ® |: _1j| =1

. - X
Proof. By using A, x" 0 G, = —eXj and Proposition 1.5, we have e{ ) = |: ¥ ”:|
—An

Next, we calculate e? n_)1+ = ‘/TEd,;" x"~1, By the definition of the numbering of
vertices and the orientation of edges of y,, for0 <i, j <2" —1, “v; — v; is positive
(resp. negative) with x"~! direction” if and only if “v;  n—1 — v j4on—1 i negative
(resp. positive) with x"~! direction”. So we have

n—1+ e?n_—ll-’)_ 1
e(n) = _ezl—l-i)- = 1 ® (_Xn—1)~
n—1

1
nl = & Xn—l'

This implies
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We calculate e?‘n) (¢ =1,2,...,n — 2) by induction on n > 3. Note that the
calculation of ef‘n) forn = 1,2 is already done. Namely, the beginning of the induction
is the following:

1 ~1 1
1 1 _ 2 _
= [_1 ] ‘@ = | o) = 1

—1

Assume that equation (1.1) holds for n — 1. By the definition of the numbering
of vertices and the orientation of edges of y,, for 1 <a <n —2,“i — j is positive
(resp. negative) with x® direction” if and only if “v; n—1 —> vjon—1 is positive
(resp. negative) with x* direction”. So we have

oot 1
e?lnd)F =| D ot | T Ey® e?ntl) = E2® | Eyorer @ —1|® o
(n—1)

1
= —Ezn—a—l ® |: _1i| &® X(x~

Therefore, we have

€ = 1
—Ezn—a—] ® _1

Equation (1.1) follows from the above calculations foranyn ando = 1,2,...,n. =

1
Ezn—a—l ® |: _1:|
Xy (@=1,2,...,n—-2).

By the explicit formula of e?‘n) in Proposition 1.6, we have a Clifford relation
of d, x“.

Proposition 1.7. We have
—eb el (a#PB)
e‘("n)ef) = e ’
n
—Eon (@ =p)
By dyx® = \/Lﬁe?‘n), we have

_dnxﬂdnxa (a # B)

dyx®d,x? = { ) .
—%-Ean (= p)



A combinatorial Fredholm module on self-similar sets built on n-cubes 313

Proof. Firstly, we have

. 2
2
o]l ) |
€€ = R
2
_Ezn—a—l ® |: _1j|
Setk = a — f > 0, then we have Xy = X1 ® Xg. We can rewrite e?‘n) and efn)
as follows:
i X
Ezn—a—] ® ket
o —Xk+1
€ = ® X,
_E Xi+1
on—a—1 ®
i |: —Xk+1i|
[ 1
Ezn—a—] ® E2k ® |: 1j|
s _
€ = | ® Xg.
—Ezn—oz—l ® Ezk ® _1

1
Now, we set &1 = |: :| and we have

-1

Xk+1 1 _ Xi ® (X281)

] (e[ s
1 Xk+1 | Xk ® (e1X2)

(Ez" ® [ —1}) { —Xk+1] B { X ® (elxz)} '

Thus, the relation e‘("n)e‘("n) = —ef‘n)e‘(’;) (o # B) holds since Xp61 + 61X, = 0. =

Remark 1.8. When we take the limit as the length of edges tends to 0, that is e — 0,

we have )

e
dpyx%d,x* = ——FEm — O.
n

Thus, we regard d, x® as a quantization of the ordinal exterior differential dx® on R”.

*
Remark 1.9. For any unitary matrix U € U(2"~1), since an odd matrix F = U v :|

defines an operator on #, F defines a Fredholm module on C(V'). Moreover, since
any F is homotopic to Fy, it defines the same K-homology class in K°(C(V)). How-
ever, the general F' sometimes does not have good properties. For example, we have
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[F,x*] = O fora =2,3,...,n when we assume U = E,n—1. Thus, in this case, we
cannot regard [F, x*] as a quantization of the ordinal exterior differential dx* on R”.

By Proposition 1.7, we have the volume element w, = e/, e, -~ €(,, in the Clif-

ford algebra. We can easily calculate its absolute value |w,|. We do not use |wy|
directly, but we use |d,x'd,x?---d,x"|, which is a constant multiple of |w,|; see
also Section 3.2.

Proposition 1.10. We have |[Fy,,x']---[F,.x"]| = ,;;%EZ”' By the definition ofe?n),

we also have |wy,| = En.

Proof. Because of [Fy,, x*]*[F,, x%] = %e(”‘n*;ef‘n) = _Tez(ef‘n))z = %Ezn, we have

|[Fn7x1]"'[Fnaxn]|2 = ([Fnaxl]"‘[Fn’xn])*[Fnaxl]"’[Fn’xn]
= [Fo. X"]* - [Fo, X' [F '] [Fu X"

2\ "
== (e—) Ezn.
n

This implies the claim. ]

2. Fredholm module on self-similar sets built on n-cubes

2.1. Fredholm module and spectral triple

In this section we construct a Fredholm module and a spectral triple on self-similar
sets built on any n-cubes y,,. For the simplicity, we assume that the length of edges of
yn equals 1. Let fs:y, — yn (s = 1,..., N) be similitudes. We define the similarity
ratio of f to be

_ G = SO Ire

[x — ylre

s (<D (x#y).

An iterated function system (IFS) (yn, S ={1,..., N}, {fs}ses) defines the unique
non-empty compact set K = K(y,, S ={1,..., N},{fs}ses) called the self-similar
set such that K = U§V=1 fs(K). We use dimg (K) to denote the similarity dimension
of K, that is, the number d that satisfies

N
Zr;i =1.
s=1

If an IFS (y,, S, { fs}ses) satisfies the open set condition, dimg(K) turns out to be
equal to the Hausdorff dimension dimg (K) of K.
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Set fs = fs, 0---0 f;; fors = (s1,...,5;) € $%° = U;’;OSXJ and fy = id. For
simplicity, we will use i to express the vertex fs(v;) of an n-cube fy(y,) and write Vg
as the vertices of an n-cube f;(y,). We also denote the length of the edge of fs(y,)
by es. As introduced in Section 1.1, we define the Hilbert space #g = £2(V) on an
n-cube of the length ey that consists of the positive part ;" and the negative part
H, . By taking the direct sum on all n-cubes, we define the following data:

Hx =P Hs. Fx= P Fo. Dx= P L,
seSoe seS>® seSoo Cs

Let Vg be the closure of the set of vertices of all n-cubes fs(y,) C R”. That is,
Vi is the closure of | s geo Vs. Then, if V C [JX., £:(V) holds, we have Vi = K. If
not, Vx equals the union of Us esoo Vs and K. We also let Ak be the Banach algebra
of Lipschitz functions Lip(Vg) on Vg with the norm |la||4, = [la]lec + Lip(a),
where the second term is the Lipschitz constant of a Lipschitz function a. The Banach
algebra A acts on K by

px: Ak > B(Hk):  px(@)(EPE) = Paly,) - &.
Lemma 2.1. Define
=
Hy = { D & Hs I D&y = 2 5 D 6O < oo}.
seSo° sesoe S =0
Then, D is a self-adjoint operator of dom(Dg) = H.

Proof. By the inclusions { & € Hx: & = 0 except finite s} C Ky C Hg, Hy isa
dense subset in Hk.
On each n-cube f;(y,), we have

21—1
IFngs 7 = NURET 17 + 10617 = 1515 + 16717 = D 161
i=0

for any function & on Vg, where E;E denote the sti parts of &, respectively. Then,

we have
| 211 .
[Dc@ &), = > 5 2 160OF = D&l
se€ES® TS =0

for @ & € Hg. Thus, we have DK(J(’}() C Hk, and Dk is a symmetric operator
with domain J.
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On the other hand, we set @ ns = P es F & for any P & € Hi. Then, P ns €
HL si
¥ since

1B sl = D 1FEl = D 1E1% = [ & 5, < oo

seS§oo seS>®

This implies DK(%}() D JHg. Thus, we have DK(J(’}() = Jlk. Therefore, Dk is a
self-adjoint operator of the stated domain. |

Note that we have pg (g)(H4) C K and Fx = Dg|Dg|™!. We now prove
some regularity of Fg and Dg.
Lemma 2.2. We have the following regularity properties:

(1) [Fk,a] € K(Hk) for any a € C(Vk).

(2) [Dk.a] € B(Hk) for any a € Ag.

3) |Dk|™" € K(Hx).

@ (Dg + D72 € X (Hk).

(5) |Dk|7? € £V (Hk) <= p > dimgs(K), where £ (Hx) is the set of trace
class operators on Hg.

6) (D% +1)7P/2 € £1(Hk) <= p > dims(K).

Proof. (1) First, we take a € Ag. For any s € $*/, we have

[FK,Q]L;(S =

0 ~(Aa 0 Gy)
Jn | Ayao Gy '

Therefore, the operator norm ||[Fk, a]| g, || is less than

J
Lip(a) - es = Lip(a) - 1_[ Fp-
k=1

Thus, [Fk, a] is compact for a € Ak since we have ]_[,J(.=1 s, < MaXges rsj -0
as j — oo. The case for any continuous function is proved by the denseness of Ag
in C(Vg).

(2) Forany s € §*/, we have

e -1 ~!(Apa o Gp)
[DK,a]Ist=ﬁ<nrsk) {AnaoGn ) }

k=1

So the operator norm ||[Dg, a]|z, || is less than Lip(a), which is independent of ;.
Therefore, [Dg, a] is bounded on Hg.
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(3) Because of | Dg| = Pyegoo %Ezn, we have

|Dk|™" = EB & (]_[ rsk>E2n

J=0se8§>J
Thus, |Dg|™! is compact since we have Hi:l rs, — 0as j — oo.
(4) Because of DIZ{ + 1 =Pseg00 (eiz + 1>E2n, we have

—-1/2

(D§+1)‘1/2=é b (Hr—2+1) Epn.

J=0s5e8>J

Thus, (D%( + 1)~/2 is a compact operator.
(5) Because of | Dk|™? = @24 Byesws ([TL_, r&) Ean. we have

Te(| Dk |77) —Z 2.2 f[r” =2"Z(ir§’)j~

J=0g5e§>J j=0 \s=1
Thus we have

N
|Dk| 7P e £'(Hg) <= Y 1P <1
s=1

This implies part (5).

(6) Because of

j -p/2
(D} + 1772 = @ D (H —2+1) Ean,

J=0s5eS5>J

we have

j —p/2
Tr((DZ + 1)77/?) = Z Z (kl_[ ) .
=1

J=0s5e8§%

Thus we have

J
Z Z " m]‘[rl’ <Tr(D% + 1)~ P/2)<Z Z ]_[

J=0se§>/ J=0gse§>/

that is, we have

[e9) N J e N /
zn—p/zz(z p) < Tr(Df + 177 < 2"2(2 ”) -

j=0 \s=1 j=0 \s=1

317
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This implies

N
(Dx + )72 e 2\ (Hk) < Y 1l <1 < p>dims(K). n

s=1

Theorem 2.3. The pair (Hk, Fx) is an even Fredholm module over C (Vi) with the
Zo-grading ex = @gcgoo € The pair (Hk, Fi) is a ([dims (K)] + 1)-summable even
Fredholm module over Ag. In particular, if we have dimg (K) < n, and the operator

[Fk,a'l[Fk.,a*]--[Fk.a"]

2

is of trace class for any al,a?,...,a" € Ak.

Proof. By the definition of Fg, we have FI% =1, Fl’g = Fg,and Fxeg + g Fg = 0.
[Fk,a] is also a compact operator by Lemma 2.2. Therefore, (Hg, Fk) is an even
Fredholm module over C(Vk).

Next we prove summability of the Fredholm module (#k, Fx) over #Ag. Since
[Dk. a] is a bounded operator for a € Ag and | Dy |~(dims K+ jg of trace class,
we have

[Fx,a'l[Fk,a%]---[Fg,alms ®IH1)
=[Dk,a']|Dg| Dk, a?]|Dk|™' -+ [Dg, alms K1) D g =1
=[Dk,a'][Dk,a?]---[Dg,alms T p | ~Wims KD ¢ p1( g0y

foral,a?, ..., aldims(KI+1 ¢ 40 Here we have [|Dx|™!, T] = 0if T € B(Hk) isa
direct sum of operators on all n-cubes f(yn). Therefore we conclude that (#x, Fg)
is a ([dimg (K)] + 1)-summable even Fredholm module. [

Theorem 2.4. The triple (Ax, Hk, Dg) is an even Q C*°-spectral triple of spectral
dimension dimg (K).

Proof. By the definition of Dg and Lemma 2.2, (Ag, Kk, Dg) is an even spectral
triple of spectral dimension dimg(K). (Ax, Kk, Dk) is also of QC®°-class since
we have [| Dk, T] = 0 for an operator T € B (Hk) of the direct sum of operators on

n-cubes fs(yn). [

We next prove a non-vanishing property of the K°-class of the Fredholm module
(Hk, Fk).

Theorem 2.5. Denote by X1, ..., Xy the connected components of VU| J g f5s(Vn).
Then, if there is a set X; such that

#(Vo N X;) # #(V1 N X;),
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then the Connes—Chern character Chy(Hk, Fx) € H}'"(Ak) induces a non-
zero additive map Ko(C(Vk)) = Ko(Ag) — C by the Connes pairing. Moreover,
[Hk, Fx] € K°(C(Vk)) is not trivial.

Proof. Set
do =#Vo N X;), di=#V1NX;)
and
1 xeX;,
(x) =
P 0 otherwise

for x € Vk. Then p is a continuous function, and we have

index(pFI}Lp: p%; — pHy) = index(pU, p: p@z(VO) — pZz(Vl))
=do—d; #0.

Therefore, we have Ch, (Hg, Fx) # 0 on Ko(C(Vk)). ]

Remark 2.6. The assumption in Theorem 2.5 does not hold for some examples such
as the Sierpifiski carpet (see Section 4.3) and the n-cube y,. In these cases, the
Connes—Chern character induces the 0-map on Ko (Ax).

Remark 2.7. As mentioned in Remark 1.9, we can define a Fredholm module on
C(V) by using any unitary matrix U instead of U,. All properties in Section 2.1 hold
without changing the proofs in such a situation.

2.2. Quantized differential form on self-similar sets

Note that all similitudes on y,, take the form fs(x) = rsTsx + by for an orthogonal
matrix Ty € O(n) and by € R”. It is easy to calculate the quantum differential form
[Fk,x%] in the case for y, = [0, 1]" and Ty = E,, (for any s € §), which is the direct
sum of the matrix d,x%; see Proposition 1.6. We can also express [Fg, x¢] explicitly
for the general case and show that they satisfy “a variation” of the Clifford relation.

Proposition 2.8. We have

—[Fx.xP|[Fg.x*]  «#B.
2

_®SESOO %Ezn o = ﬂ

Proof. Take an orthogonal matrix Ty = [t;;];,; € O(n) and a vector by € R” such that
the image of the affine transformation gg(x) = esTsx + b of [0, 1] equals fs(yy,),

[Fx,x*)[Fk,x?] = {
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and gg(x) preserves the numbering of the vertices of [0, 1] and fs(yy,). If we assume
vn = [0, 1]", we have fy = g5. Note that we have

1 ~(Apx¥ 0 Gp)
Fg, x® = — " "
[ K, X ]lst ﬁ[AnanGn
Recall that vy; — vy;—1 = *esTsex when gs_l(vzj) is connecting gs_l(vz,-_l) by an
edge of the n-cube [0, 1]" parallel with x*-direction and Tye; = > 1 tak€q, and

we have .
es /
[FK7-xa]|J€s = _Ztaje{n)
V=
Thus,
B e\ J S k e J ok
o N M
[Fr, x®][Fk., x"]|5, = 7(2 taje(n)> (Z tﬂke(n)) = . Ztajtﬂke(n)e(n)
j=1 j=1 J:k
2 I 2 "
N N
= D (i 1Bk €y W D lajlp
j#k j=1
2 .
s k
— { % 2Zj¢k ta,itﬁke(jn)e(n) (a # B),
—% Eo (@ = B).
Therefore, we have the claim proven. |

By Proposition 2.8, we get an explicit formula for |[Fx, x']--- [Fk, x"]|.
Proposition 2.9. We have
en

(Fiox')o [Frox®)| = @D 5 Ean.

seSo©

Proof. Similar to the proof of Proposition 1.10. |

Remark 2.10. Setting e§ = P g0 €(y)> We have the Clifford relation

P {—e,’ieﬁz (@ # B),

exex = .
—idiy (@ = B).

Thus, we can regard e% as a 0-Q-form in the sense of [8].
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3. Dixmier traces

In this section we calculate the Dixmier trace of two operators. In general, the value
for the second operator changes if the Fredholm operator F,, changes to a different
Fredholm operator.

3.1. Dixmier trace of |[Dg|™?

In this section we calculate the Dixmier trace of | Dg| 7. This is given by the residue
at the pole of the zeta function {p,. (s) = Tr(|Dx|™*).

Theorem 3.1. For any p > dimg(K), we have |Dg|™? € (1) (Hg) and

. —1
2 (dims (K) i, ™ ®logry ) for p = dims (K),
for p > dimg (K).

Tro(|Dk|™7) =

Thus we have
. N -1
ey (D775 00) = —2"(dims (K) 3 ré™s© togr,) [ fledn
s=1 K

forany f € C(Vk) by the Riesz—Markov—Kakutani representation theorem. Here A
is the dimg (K)-dimensional Hausdorff probability measure of K.
In particular, if all similarity ratios rg are equal, we have

. on
T D —dimg(K)y — )
ro (D[R = =
Proof. By the proof of Lemma 2.2, we have
o N j N _1
(x| =2 Y (o) =2 (1= )
j=0 s=1 s=1
Thus we have
z—1 z—1
(z— DT(Dg| ™) = 2" ———— =" .
1— Zé\’:l rSZP va\’:l (r;th(K) _ rSZP)

N dimg(K) _ zp 1

:2n(2rs z—lrs) ’

s=1
and the value

dimg (K) rzp
s

N
-1
Tro(|Dk|™7) = lim (z = 1) Tr(I1Dg ™) = 2"( Jim =g )

s=1
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converges for p > dimg (K). Finally, we get

Y d
Tro (| Dx| %) = 2" (Zd—

. -1
rsz d1m5(K)>

z=1

N
—1
Y (dlmS(K) Z dims (K) | rs) for p = dimg (K)

and Try,(|Dg|™?) =0 for p > dimg(K). m

3.2. Dixmier trace of |[Fx,x1]---[Fg, x"]|?

In this section we calculate the Dixmier trace of |[Fg, x']--- [Fx, x"]|? by using
Proposition 2.9.

Theorem 3.2. We have |[Fx,x']|[Fx.x?]---[Fg,x"]|? € £1:°)(Hk) for any p >
dimg (K)/n. Moreover, we have

Tro (|[Fx. x'|[Fk. x?] -+ [Fx.x"]|?) = T Tt (| Dk|™"7)
n im -1 .
_ W(dlms(l() Zs T d s (K) log rs) for p = %dlms(K),
0 for p > Ldimg(K).

Thus we have

Tro (f |[Fx. x ' [Fx. x%] -+ [Fg. x| 7 4ms (K0)
—2 < dims (K -1
= —scio7s (Ams (K) Y réms® o) [ flxcan
s=1

1 —dimg (K)
= sz Ho(Dk[~77H) Kf|KdA

ndlm

for any f € C(Vk) by the Riesz—Markov—Kakutani representation theorem. Here A
is the dimg (K)-dimensional Hausdorff probability measure of K.

Proof. By Proposition 2.9 we have

eg?

|[Fk.x"|[Fg.x?]- [Fx.x"]|” = €D —api2 B2

seS>®
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Therefore, we get

o0

L
Tr(|[F, ¥ Fi, 37 [P X" =230 30— [y
J=0(sy,...,57)€S7 k=1

on [e’e} N J
— np
(2
Jj=0 \s=1
and the following condition

1
Tr(|[Fx, x'1[Fx, %] -+ [Fx, x"]|P) < 00 <= p > —dimg(K).
n

If p satisfies the above condition, the LHS can be written as

-1

nnp/2

n N
Tr(|[Fx. V][ Fx. x7) - [Fr. x"]|7) = — (1 - Zré”’)
s=1

Therefore, a proof similar to that of Theorem 3.1 implies
|[Fi., x"[Fx, x*] -+ [Fx, x"]|” € £ (Jg)
for p > %dims(l( ). Moreover, we get

Tro (|[Fx. x'1[Fx. 5% [Fg. x"]|7)
= ZErJI:I(z — 1) Tr(|[Fx. x"1[Fk.x?]--- [Fx.x"]|??)

B on ( N . r;iims(K) _ rdeims(K))_l
B ”dims(K)/Z - z—>+1 z—1
2" : 2\ im (K) -1 1.
= —W<d1mS(K) er S log rs> for p = - dimg (K)
s=1
1
and Tr, (|[Fg.x"|[Fg.x?]-- [Fg.x"]|?) =0 for p > —dimg(K) m

n

4. Examples

In this section we apply arguments of Sections 2 and 3 to some examples.
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4.1. Cantor dust

The Cantor dust is a generalization of the middle third Cantor set to a higher dimen-
sion. Let €D, be the Cantor dust defined on y, = [0, 1]* and the similitudes be

n
Sfi(x) = %x + %;aaea (x €y, s=0,1,2,...,2" = 1).
Here we write a,a,—1 - -+ asa; as a number s in binary, and e is the standard basis
of R”. See Figure 5 for n = 2. Since €D, satisfies the open set condition, we have
dimy (€D,) = dims(€D,) = nlog; 2. We also have Vegp, = €D, since V C
Ufnzgl 5(V). Then we get

Aep, = Lip(€D,) and C(V*@i)n) = C(EDy,).

E O B 3@
E O B 3@
E O B 3@
0 & 0 O

Figure 5. The first 3 steps of the construction of €D».

Since all f5(y,) are disconnected from each other and also #(Vp N f1(y,)) = 1
and #(V1 N f1(yn)) = 0, the K%-class of (¥#ep,, Fep,) in K°(C(€D,)) does not
vanish by Theorem 2.5.

Theorem 4.1. The Connes—Chern character
Ch«(Heop,. Feop,) € Hy " (Lip(€D,))
induces a non-zero additive map Ko(C(€D,)) — C. In particular, [Hep, . Feo,]
is not trivial in K°(C(€D,)).
Since dimg(€D,) = nlogs 2, we also get the next results.

Corollary 4.2. The following properties hold.

(1) (Heop, ., Fen,) is a ([nlogs 2] + 1)-summable even Fredholm module over
Lip(€D,).

(2) (Lip(€Dy), Heo,  Deon,) is a QC*-spectral triple of spectral dimension
nlogs 2.
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Corollary 4.3. We have the following.

(1) Te(|Deyp, |7?) = 32;_321; forany p > nlogs 2.

@) Try(|Dep, | "82) = 2

(3) Tro(f|Deg, | "0832) = 2 f&@n f dA forany f € C(€ED,). Here A

nlog?2
is the (nlogs 2)-dimensional Hausdorff probability measure of € D,.

Corollary 4.4. The operator |[Fegp,, x'| [Feo,, x*] -+ [Feo,, x"]°832 is of
£1:%) _class, and we have

2n
n(2+nlogz 2)/2 10g 2°

TI’w(HF‘egDn, xl][F*(?;Dn,Xz] . []4’160(0”7 xn]|log3 2) _

Thus we have

2n
1 21... nyjlogz 2y _
oo (£ [Fe, 6 N, 7]+ [Fep, 3"170%) =~ | J

for any f € C(€Dy,). Here A is the (nlogs 2)-dimensional Hausdorff probability
measure of €Dy,.

4.2. Middle third Cantor set, revisited

In this section we focus on the middle third Cantor set €§ = €D;.

First, we see a relationship between our Fredholm module and Connes’ Fredholm
module defined in [3, Chapter IV. 3. ¢]. We recall Connes’ Fredholm module (H, F)
on C(€S). Let I;,; = (ai,j,bi,;) i € N, j =1,2,...,2") be open intervals in [0, 1]
which are defined as

12 2bi ;1 +ai; bij1+2a;,

Here we set b; o = 0 and a; ;41 = 1. The middle third Cantor set satisfies €S =
[0, 1]\ U; ; Ii,;- Connes defined

H = {ai;.bij}) and F = P Fi.
i,j i,j
Note that H @ £2({0, 1}) = Hes as Hilbert spaces.

Lemma 4.5. Leta < b < ¢ be real numbers. We assume

[(>({a. b}). F1l, [*({b. c}), Fi). [€*({a. c}). F1] € K°(C({a.b.c}))
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under homomorphisms

K°(C({a.b})) — K°(C({a, b, c})),
K°(C({b.c})) — K°(C({a. b, c})),
K°(C({a.c})) — K°(C({a.b.c})),

defined by inclusions {a,b} — {a, b, c}, {b,c} - {a,b,c} and {a,c} — {a,b,c},
respectively. Then we have

[(>({a, b}), Fil + [(2({b, ¢}), Fi] = [*({a, c}), Fi] in K°(C({a, b, c}).
Proof. Setb = by = by, {a,b} ={a,b,},and {b,c} = {b2, c}. We have
[(({a, b1}), il + [ (b2, c}), Fi] = [2({a, b1}) @ L ({ba, c}), Fi @ Fi]

- [ﬂz(m,c}) ® C({b1.ba)). [ . EZH .
2

Here the Z,-grading operator of the last Fredholm module is defined by & = ¢ & (—¢).

Set
|:F1 cost sin ¢ i|
T, = .
sin ¢ —Fj cost
on £2({a, c}) ® €2({by. b3}). Then we have T;& + T, =0, Ty = F; ® (—F}), and

Trpp = % |. Thus we get

E>

[®(a, b1}), Fil + [ ({b2. c}), Fi] = [(*({a.c}) @ €>({b1.b2}), F1 & (—F1)]
= [(*({a. c}). F1] — [(*({b1.b2}). F1]
= [*({a,c}). Fi).

Here the last equality is given by b = b; = b;. [
By Lemma 4.5, we have
[H. F]+ [Hes. Fes] = [Hes. Fes] + [(*({0. 1}). F1].

Therefore, we have [H, F] = [¢?({0, 1}), F1] in K°(C(€S)). On the other hand, if
we set
1 xelo,1/3k1nes,

0 otherwise

Pr(x) = {

for x € €S, then we get ([Hes, Fes],[pr]) = k and ([£2({0,1}), F1],[px]) = 1 by the
index pairing between K-homology and K-theory. Thus, a pair ([Hes, Fes], [H, F])
is linearly independent on Z in K°(C(€S)).
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Second, we set similitudes

A = 3% o) = 3x+ e

for x € y,, and denote by K the self-similar set defined by the IFS (y2,{ f1, f2}). Then
we get K = €8 x {0} as sets (see Figure 6). So the Fredholm module (Hg, Fx) is
a novel Fredholm module of the middle third Cantor set. Note that we have Vg # K
and (Ugesoo Vs) N K # @ in this case.

E O B 3@

Figure 6. The first 3 steps of construction of K.

4.3. Sierpinski carpet and its higher dimensional analogue

The Sierpinski carpet is another generalization of the middle third Cantor set to a
“2-dimensional space”. The Menger sponge is also an analogue of the Sierpifiski car-
pet but in a “3-dimensional space”. In this section we delve into such self-similar sets
in n-dimensional spaces (n > 2). Let S,, C N U {0} be the index set defined by

Sy, ={s e NU{0};0 <s < 3" — 1 and at most one

of its digits equals 1 in ternary expression of s}.
For example, for n = 2,3, we have S, = {0, 1,2,3,5,6,7, 8} and
Sz = S, U{9,11,15,17,18, 19, 20, 21, 23, 24, 25, 26}.

Define similitudes fs:y,, — y, fors € S, by
fs(x) = —1 —1 E
x x + ageqy.
N 3 3 ‘ ato

Here we use a number s to express a,d,—1 ---aza; in ternary. We write 8 €, for the
self-similar set on the IFS (yy,, Su, { fs}ses, ). Whenn =2 and 3, €5, is the Sierpinski
carpet (see Figure 7) and § €3 is the Menger sponge. Since € D, satisfies the open set
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condition, we have dimg (€ D,) = dimg(€D,) = log;(#S,) = log; (2" 1(n + 2)).
We have Vse, = S€, since we have V' C | Jseg, fs(V). Then, we get

Ase, = Lip(§€,), C(Vse,) = C(SCy).

Figure 7. The first 3 steps of construction of €.

Since X =V U Uyes, fs(vn) is connected, we have #(Vo N X) = #(V1 N X);
the assumption in Theorem 2.5 does not hold.

Remark 4.6. The Sierpiiski carpet $€, is a compact set in R?. Furthermore, we
have Ko(C(S€,)) = Z which is generated by (matrix valued) constant functions on
S$€,, and the index pairing between K-theory and K-homology induces the 0-map
Ko(C(8€3)) — Z. Therefore we get [Kse,, Fse,] = 0in K°(C($€3)) by [6, The-
orem 7.5.5].

On the other hand, we can construct a non-trivial Fredholm module corresponding
to the Sierpifiski carpet in a manner similar to the construction shown in Section 4.2.
Define z: y; — y; by z(¢) = t/3 and f; = (fs,2):y3 = y3 for s € S5. Then we
get a new IFS (y3, S2,{ f;} ses,). Denote by se » the self-similar set on the new IFS,
and we get se 2 = €, x {0}. The corresponding Fredholm module (3@52, Fg‘.éz)
represents a non-trivial element in K°(C (V;gz)).

Remark 4.7. The construction of the IFS in Remark 4.6 can be generalized. Let
(Yn» S, {fs}ses) be an IFS and K its self-similar set. Then (v,+1, S, {(fs. 2)}ses)
is a new IFS and the corresponding self-similar set is denoted by K for which K =
K x {0} and [H g, Fg] # Oin KO(C(VE)).

Since dimg ($€,) = log;(2"~!(n + 2)), we get the next results.

Corollary 4.8. The following properties hold.
(1) (Kse,, Fse,) isa ([log;(2" 1 (n + 2))] + 1)-summable even Fredholm mod-
ule over Lip(S€,,).
(2) (Lip($€,), HKse,, Dse,) is a QC>®-spectral triple of spectral dimension
log; (2" 1(n + 2)).
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Corollary 4.9. We have the following.

(1) Te(|Dse,|™?) = spmprtors Jor any p > logz (2"~ (n +2)).
—log3 (2"~ (n+2))y — 2"
(2) Try(|Dse,, |7 108G (2 42)) — e T12)"

(3) Tro(f|Dse, | 0@ (120 — mfsf fdA for f € C(SE,).
Here A is the (log3 (2"~ (n + 2)))-dimensional Hausdorff probability meas-
ure of S€,,.

Corollary 4.10. For d = (log;(2""Y(n + 2)))/n, we have
[Fse,.x"[Fse, . x*]- [Fse,.x"||* € £0°9 (Jese,)

and
2n
n"d/21og(2"1(n + 2))

Tro(|[Fse, x'1[Fse, . x°] - [Fse, . x"]|) =

Thus we have
2n
n"4/21og(2"1(n+2)) Jse

fdA

n

Tro(f|[Fen, %' IFeo,. ¥°]- [Fen, x"1|9) =

forany f € C(S€,). Here A is the (log; (2"~ (n + 2)))-dimensional Hausdorff prob-
ability measure of S€,,.

4.4. With rotations

Let R = Z?nsg _ccs)lsn09j| be a rotation matrix. Let also fi, f2, f3, f4 be four simil-
itudes defined by

1[1]
Js(x) = 2\/_ ( 5[1_)4—[)5.
Here we set

11 1[3 11 13
bl_ZH’ bz‘ZH’ bs =7 3] b“_ZM‘

The IFS (y2,{ f1. f2, f3, f4}) is defined by using a rotation of angle 6. We get the self-
similar set K on the IFS (y2,{ f1., f2, f3, fa}) that satisfies the open set condition (see
Figure 8). Then we have Vg # K and (Useq 2.3.4300 Vs) N K = @. Since {(0,0)} is
a connected component of V' U Use{1,2,3,4} fs(y2), the Fredholm module (Hg, Fx)
defines a non-trivial element in K°(C(Vk)).

Since dimg (K) = log, ;4 = 4/3, we get the next results.
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Figure 8. The first 3 steps of construction of K.

Corollary 4.11. The following properties hold.
(1) (Hk, Fg) is a 2-summable even Fredholm module over Ak.
2) (Ax,Hk, D) is a QC>®-spectral triple of spectral dimension 4/3.

Corollary 4.12. We have the following.
(1) Tr(|Dk|~P) = 4/(23P/2 — 4) for any p > 4/3.
@) Tro(|Dk|*?) = 2/(log2).
(3) Tro(f|Dk|™3) = (2/(l0g2)) [¢ flk dA for any f € C(Vk). Here A is
the 4 /3-dimensional Hausdorff probability measure of K.

By Proposition 1.5, the quantized differential forms [Fg, x*] (¢ =1, 2) are given as

0 0 cos jbO —sinje_
[e.e]
e 0 0 —sin j6 —cos jO
F, . ! = = )
[Fi.x7] jejo@jﬁ —cos jO sin jé 0 0
o< | sinjf  cos j6 0 0 |
[0 0 sin jO  cos j6O ]
[e.e]
e 0 0 cos j8 —sin jo
Fx,x%] = =
[Fi.x7] je=90 @jﬁ —sin j@ —cos jO 0 0
o< | —cos jO  sin O 0 0 |

Thus, we have
1 2 es
Fx, Fg, = —E4.
\[Fk.x"|[Fk, x7]| @24
s€S®

This implies the next result.
Corollary 4.13. The operator |[Fx,x"1[Fx, x2]|?/3 is of £1:°)-class and we have
2

Tro, (|[Fx. x'|[Fg. x])*/?) = ——.
log2
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Thus we have

Tro (f|[Fx. x"|[Fx. x?]*/?) = %[KHK dA

for any f € C(Vk). Here A is the 4/3-dimensional Hausdorff probability meas-
ure of K.

4.5. Without the open set condition

In this section we present an example of a self-similar set that does not satisfy the
open set condition. In this case, we can detect the similarity dimension by using our
Fredholm module but not detect the Hausdorff dimension explicitly.

Let (y2, S = {1,2,3,4,5},{fs}ses) be the IFS defined by

A =tx p = txtZen S = teZen

1 2 2 2 1 1
Ja(x) = 3% + 3¢1 + 362 fs(x) = 3¥ + 5¢! + 5o

Note that this IFS does not satisfy the open set condition. Let K be the self-similar
set on this IFS. Since we have V C Ule fs(V), we have Vg = K. The similarity
dimension s = dimg (K) of K is given by the identity

1\’ 2\’
I -] =1
(:)+(5)
We can easily check that 1 < s < 2.

Corollary 4.14. The following properties hold.
(1) (Hk, Fg) is a 2-summable even Fredholm module over Lip(K).
(2) (Lip(K), Kk, Dk) is a Q C*®-spectral triple of spectral dimension s.

Corollary 4.15. We have the following.

(1) Tt(| Dk |™?) = 5p22p—; forany p > s.

—dimg (K)\ _ 435
(2) Try(|Dg|~4msK)) = 35 5Tog3-255Tog 2"
(3) Tro(f|Dg|~dimsK)y = mf,(fd/\fmf € C(K). Here A is

the dimg (K)-dimensional Hausdorff probability measure of K.
Corollary 4.16. The operator |[Fx,x"1[Fx,x2]|*/? is of £1°)-class, and we have

22—s/2 .38
3sslog3 —25slog?2’

Tro(|[Fx, x'1[Fk, ¥*|7) =
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Thus we have

) oid 22—S/2 .38
T Fg, Fg, = dA\
ol P 1) = 5o |
forany f € C(K). Here A is the dimg (K)-dimensional Hausdor|f probability meas-
ure of K.
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