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On the error-sum function of Pierce expansions

Min Woong Ahn

Abstract. We introduce the error-sum function of Pierce expansions. Some basic properties of
the error-sum function are analyzed. We also examine the fractal property of the graph of it by
calculating the Hausdorff dimension, the box-counting dimension, and the covering dimension
of the graph.

1. Introduction

The notion of the error-sum function was first studied by Ridley and Petruska [21]
in the context of regular continued fraction expansion. For any real number x, the
error-sum function of the continued fraction expansion is defined by

Pe) = Y gt (x = ),

= qn(X)

where

1
Pn(x) = lao(x);a1(x), az(x), ..., an(x)] 1= ao(x)+
qn(x)

ap(x)+

1

an(x)
is the nth convergent (or approximant) of the continued fraction expansion, with
Pn(x), gn(x) coprime, ag(x) an integer, and a;(x), ..., a,(x) positive integers. For
any rational number x, ai (x) are undefined for some point and on, and hence P(x) is
a series of finitely many terms. In such case, x = [ag(x); a1(x),...,an(x)] for some
n > 0 and if, further, n > 1 then a,(x) > 1. In fact, Petruska [18] used the error-sum
function to prove the existence of a g-series F(z) = 1+ Y 2, (]—[Zzl(A — qk))z"

1
az(x) +———
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with the radius of convergence R for arbitrary given R > 1. Here, A = ¢27/P(#) and
g = e?™# where f is some irrational number satisfying certain conditions in terms
of the ¢, (B). Moreover, there are a number of studies using error-sum functions to
obtain number-theoretical results. See, e.g., [1,6-9] for further applications of error-
sum functions.

The continued fraction expansion, along with the decimal expansion, is one of
the most famous representations of a real number. Since there is, as is well known, a
wide range of representations of real numbers (see [13] and [22] for details), it was
natural for intrigued researchers to define the error-sum function for other types of
representations and investigate its basic properties. To name but a few, the error-sum
functions were defined and studied in the context of the tent map base series [4],
the classical Liiroth series [27], the alternating Liiroth series [26], and the o-Liiroth
series [2]. In the previous studies, the list of examined basic properties includes, but
is not limited to, boundedness, continuity, integrality, and intermediate value property
(or Darboux property) of the error-sum function, and the Hausdorff dimension of the
graph of the function.

The Pierece expansion is another classical representation of real numbers intro-
duced by Pierce [19] about a century ago. Since then, a number of studies were
conducted to study the arithmetic and metric properties of the Pierce expansions.
See, e.g., [5, 10, 12, 17, 20, 23-25, 28, 29]. It has proven useful in number theory,
and we mention two applications among others. Firstly, the Pierce expansion pro-
vides us with a simple irrationality proof of a real number (see [25, p. 24]). A real
number has an infinite Pierce expansion if and only if it is irrational. For instance,
the irrationalities of 1 — e ™1, sin 1, and cos 1 follow, respectively, from their infinite
Pierce expansions which coincide with their usual series expansions obtained from the
Maclaurin series. As for the other application, Varona [28] constructed transcendental
numbers by means of Pierce expansions.

Although the Pierce expansion has a long history and is widely studied, different
from other representations mentioned above, its error-sum function has not yet been
studied. In this paper, we define the error-sum function of the Pierce expansion, and
analyze its basic properties and fractal properties of its graph.

The paper is organized as follows. In Section 2, we introduce some elemen-
tary notions of Pierce expansion and then define the error-sum function of Pierce
expansion. In Section 3, we investigate the basic properties, e.g., boundedness and
continuity, of the error-sum function. In Section 4, we determine the Hausdorff dimen-
sion, the box-counting dimension, and the covering dimension of the graph of the
error-sum function.

Throughout the paper, N denotes the set of positive integers, Ny the set of non-
negative integers, and N, := N U {oo} the set of extended positive integers. Follow-
ing the convention, we define co + ¢ := 0o and c¢/oo := 0 for any constant ¢ € R.
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We denote the Lebesgue measure on [0, 1] by A. For any subset A of a topological
space X, the closure of A is denoted by A. Given a function g: 4 — B, we write the
preimage of any singleton {b} C B under g simply as g~ !(b) instead of g~ ({h}).

2. Pierce expansion

This section is devoted to introducing some basic notions of the Pierce expansion. We
refer the reader to [5,10,12,17,19,20,23-25,28,29] or [22, Chapter 2] for arithmetic
and metric properties of the Pierce expansion.

The classical Pierce expansion is concerned with the numbers in the half-open
unit interval (0, 1]. In this paper, we extend our scope to the numbers in the closed
unit interval / := [0, 1]. This extension is consistent with our use of N, instead of N
in this paper.

To dynamically generate the Pierce expansion of x € I, we begin with two maps
di:1 — Ngoand T: 1 — I given by

dl(x)::{Ll/xJ ifx # 0, l—di(x)-x ifx#0,

and T(x):=
00 ifx =0, 0 if x =0,

respectively, where | y | denotes the largest integer not exceeding y € R. Observe that
by definition, for each n € N, we have d;(x) = n if and only if x € I lies in the
interval (1/(n 4 1), 1/n] on which T is linear. For each n € N, we write T" for the
nth iterate of T, and T° := id;. For notational convenience, we write 7" x for 7" (x)
whenever no confusion could arise.

Given x € I, we define the sequence of digits (d, (X))nen by dn(x) :=d (T" ')
for each n € N. Then, for any n € N, by definitions of the map 7 and the digits, we
have

1 T(r"'x) 1 T"x

n—1_ __ _ _
= T T 4 de)

2.1

We recall two well-known facts about the digits in the following proposition. In
particular, part (i) characterizes the digit sequence, and it is stated in any study of
Pierce expansions with or without proof. We include the proof to make it clear that
the replacement of (0, 1] and N by / and N, respectively, does not violate the basic
properties.

Proposition 2.1 (See [25] and [12, Proposition 2.2]). Let x € [ andn € N. Then the
following hold.

(1) dny1(x) = dn(x) + 1.

(i) dp(x) > n.
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Proof. (i) If d,(x) = oo, then T" 'x = 0 and so T"x = 0, which implies that
dpy1(x) =00. Since co=00+ 1 by convention, we conclude that d, 41 (x) =d, (x)+ 1.

Assume d,,(x) € N. Then 7" 'x # 0 and T"'x € (1/(k + 1), 1/ k] for some
k € N. Hence, d,,(x) = k, and by definition of T, it follows that 7" x € [0, 1/(k + 1)).
Now dy4+1(x) =00 if T"x =0, and k + 1 < dy41(x) < oo if T"x # 0. In either
case, dy1(x) > dy(x) + 1.

(ii) Clearly, d1(x) > 1 by definition of d;. If n > 2, using part (i) (n — 1) times,
we obtain dy, (x) > dy—1(x) +1>--->dj(x)+ (n—1),and thus dp,(x) >n. m

We shall consider a symbolic space which is a subspace of NX closely related to
Pierce expansions. Let X¢ := {(0%)ken € {00}N}, and for each n € N, let

%, = {(01)ken € N x {oo}\Mthi ) < ) < o0 < 0},

For ease of notation, we will occasionally write (0% )xen € X5, as (01,...,0,) in place
of (01,...,0p,,00,00,...). We also define

Yoo = {(0%)ken € NN:oy < op4 forall k € N},

Then ¥, n € Ny, consists of sequences with strictly increasing n positive integer-
valued initial terms and oo for the remaining terms, and X, consists of strictly
increasing infinite sequences of positive integers. Finally, let

Y= U Y, U e

neNg

in NI, Each element of X is said to be a Pierce sequence. In view of Proposi-
tion 2.1 (i), for any x € I, the digit sequence (d,(x)),eN is a Pierce sequence. We
say 0 := (0x)reN € X is realizable if there exists x € I such that di (x) = oy for all
k € N, and we denote by X, the collection of all realizable Pierce sequences. Note
that for any (0y)neNn € X, we have

Op>n 2.2)

for all n € N, which is analogous to Proposition 2.1 (ii).
It is well known that for each x € I, the iterations of 7" yield a unique expansion
| 1—---
_ d3(x)

R A ey
= G S am @3
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where the digit sequence (d,(x))neN is a realizable Pierce sequence. (See Proposi-
tion 2.4 below.) The expression (2.3) is called the Pierce expansion, Pierce (ascend-
ing) continued fraction, or alternating Engel expansion of x. We denote (2.3) by

x = [di(x),d2(x),....dn(x),...]P.

For brevity, if the digit is co at some point and on, i.e., if x = [d1(x),...,d,(x), oo,
00, ...]p with d,(x) < oo for some n € N, then we write x = [d1(X),...,dn(x)]p
and say that x has a finite Pierce expansion of length n. As mentioned in Section 1,
it is a classical result that the Pierce expansion of x € (0, 1] is finite if and only if x
is rational. Since 0 = [00, 00, ...]p, we may write the Pierce expansion of 0 as []|p,
which is of length zero. Thus, x € [ has a finite Pierce expansion if and only if x is
rational.

Proposition 2.2 (See [25, pp. 23-24]). For any x € I, if its Pierce expansion is of
lengthn > 2, then dy—1(x) + 1 < d, (x).

Proof. The result follows from the definition of the digits. To see this, suppose oth-
erwise. Put M = d,,_,(x) for some M € N, so that d,(x) = M + 1 by Proposi-
tion 2.1 (i). Since d,+1(x) = oo, we have T"x = 0. By (2.1), we see that

SE LTy 1 1
Cdn1 (%) dpi () \du(x)  du(x)) M MM +1) M+

and so T~ !x = 0. It follows that d,, (x) = oo, which is a contradiction. [

We denote by f: 1 — X the map sending a number in / to its sequence of Pierce
expansion digits, that is, for each x € I, f is given by

f(x) == (dn(X)nen = (d1(x), d2(x), d3(x),...).

Clearly, f is well defined. We also note that (/) = X,. by definition.
Conversely, we shall introduce a function mapping a Pierce sequence to a real
number in by means of the formula modelled on (2.3). Define a map ¢: ¥ — [ by

oo
—_1rtt 1 1 —1)n+!
@(o) ::ZL: ___+...+L+...
ne1 01°::0p 01 0102 01 :0p

for each 0 := (0,)neN € Z. Observe that ¢ is well defined since Y~ ; 1/(07---0,) <
> o2 1 1/n! < oo, where the first inequality follows from (2.2).

We rephrase [12, Proposition 2.1] in terms of the maps f and ¢ in the following
proposition. According to Fang [12], the proposition is credited to Remez [20]. See
also [5, Section 4.1].

Let E:=1INQand E':= E\{0,1} = (0,1) N Q.
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Proposition 2.3 ([12, Proposition 2.1]). Let x € I. Then the following hold.

(i) Ifx € E’, then we have ¢~ (x) = {0, 0"}, where

0 = (di1(x),d2(x), ..., dn-1(x),dn(x)) = f(x) € Xy N Epe,
0/ = (dl(x),dz(x), ey d,,_l(x),dn(x) - ], dn(x)) € 2n-i-l N (E \ 2:re)’

for some n € N.

(i) Ifxel\ E’, thenwe have o~ '(x) = {0}, where o := f(x). More precisely,
0€Xlifxel\E;o0=(00,00,...)€Xpifx=0;,0=(1,00,00,...) €
Si1ifx =1

The following proposition is a characterization of the set of realizable Pierce
sequences.

Proposition 2.4. Let 0 := (0;)ren € 2. Then o € X if and only if 6 € X, for some
n>2withop—1 + 1= 0y,.

Proof. The reverse implication follows from Proposition 2.2, since there does not
exist x € I whose Pierce expansion is given by [d1(X), ..., d,(x)]p with d,—1(x) =
op—1 and d, (x) = 0,—1 + 1.

Now, for the forward implication, suppose o € X \ X.. Put x ;= ¢(0) € I. Then
0 # f(x) by definition of X.. The preimage ¢~ !(x) contains o and by Proposi-
tion 2.3, it is either a singleton or a doubleton. If ¢~!(x) = {0}, then by Propo-
sition 2.3 (ii), we have 0 = f(x), which is a contradiction. Hence, ¢~!(x) is a
doubleton and by Proposition 2.3 (i), it follows that o € ¥, for some n > 2 with
Op—1 = dp—1(x) — 1 and 0, = dp—1(x), in which case ,—1 + 1 = 0,. ]

For each x € I and n € N, define the nth Pierce convergent or approximant,

sp: I — R by

) ; n (_1)k+1
sn(x) := [d1(x), ..., dn(x)]p = ]; m

Then s, (x) is nothing but the nth partial sum of the Pierce expansion (2.3). Using (2.1)
repeatedly, we find that

v 1 B Tx

Cdi(x)  di(x)

1 1(1 _sz)_ o 1 N T2x

Cdi(x) di(0)\d2(x)  da(x))  di(x)  di(x)da(x)  di(x)da(x)
n _ 1\k+1 _1\nTh _1\nTn

_y (-1) G P G Vi A o

di(x)---dg(x)  di(x)---dn(x) di(x) - dn(x)

k=1
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For every x € I, we define

o
E(x) =) (x —sn(x))
n=1
and call &: I — R the error-sum function of Pierce expansions on I. Note that for
any x € I, by (2.4), Proposition 2.1 (ii), and boundedness of 7', we have

(—1)"T"x

1
di() - dy )| =

— =0
~ n!

|x —sn(x)] = ‘

asn — oo, with Y 72 | 1/n! < co. It follows that & (x) is well defined as an absolutely
and uniformly convergent series (or as a series with finitely many non-zero terms if
T"x = 0 for some n € N).

Defining an error-sum function on X is in order. For each n € N, define the nth
partial sum ¢,: ¥ — R by

n k+1 n+1
—1 1 1 —1
k=1 010k 01 0107 0102 -0y

for 0 := (0% )xen € X. Forevery o0 € X, we define

€*(0) =Y _(¢(0) — ¢n(0)) 2.5)

n=1

and call §*: ¥ — R the error-sum function of Pierce sequences on X. Notice that for
any 0 := (0,)neN € X, by (2.2), we have

1

O"l...o"n

1 > 1 1
lp(0) — gu(0)| = - -
On+1 iz On+1°0n+2j  On+1°""Op4(2j+1)
1 1

< —
o1 0Opt1 ~ (n+1)!

IA

0 (2.6)
asn — oo, with ;2 1/(n + 1)! < co. Hence, the series converges absolutely and
uniformly on X, and it follows that &* (o) is well defined.

3. Some basic properties of & (x)

This section is devoted to investigating some basic properties of the error-sum func-

tion of Pierce expansions &: I — R. It will usually be done by the aid of the symbolic
space X and the error-sum function of Pierce sequences §*: ¥ — R.
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3.1. Symbolic space X

We equip N with the discrete topology and consider (N, ) as its one-point com-
pactification, so that a subset in (N, 77) is open if and only if it is either a subset of
N or a set whose complement with respect to N, is a finite set in N.

For a metric space (X, d), we denote by By (x;r) the d-open ball centered at
x € X withradius r > 0, i.e., Bg(x;r) :={y € X:d(x,y) <r}.

Lemma 3.1. Define p: Nog X Nog — R by

+ = ifx#y,

< |-

1
px.y) =1 x
0 ifx=y,

for x,y € Nuo. Then p is a metric on Ny, and induces T .

Proof. 1tis straightforward to check that p is a metric on N, so we prove the second
assertion only.

Let O € 7. We show that O is p-open. Suppose x € O. Then either x € N or
x =oo.If x e N, then x € {x} = By(x;1/(2x)) € O, and hence O is a neighborhood
of x in the p-topology. Now assume x = co. Then No, \ O € N is finite. So we
can find a K € N such that every n > K isin O. Then x € {oo} U{K + 1, K + 2,
K +3,...} = By(00;1/K) € O. Thus, O is a neighborhood of x in the p-topology.
Since x € O is arbitrary, we conclude that O is p-open.

Conversely, let U € N, be a p-open set. Suppose x € U. Then either x € N
or x = co. Assume first x € N. But then {x}, which is open in (N, 77), satisfies
x € {x} C U. Hence, U is a neighborhood of x in (N, 7). Now assume x = oo.
Since U is p-open, we can find an r > 0 such that B,(co;r) € U. Note that y €
By(oo;r) if and only if y = oo or y > 1/r. Then B,(oco;r) is equal to {oo} U
{L1/r]+1,|1/r] +2,|1/r] +3,...} which is an open set in (N, 7) contain-
ing x = oo. Thus U is a neighborhood of x in (N, 7). Since x € U is arbitrary, it
follows that U is open in (N, 7). [

The Tychonoff’s theorem tells us that NFO is compact in the product topology, as
a (countable) product of the compact space (N, 7). It is easy to see that any non-
empty open set in the product topology contains a non-Pierce sequence, so that X is
not open in Ng. However, X is closed in the product topology.

Lemma 3.2. The subspace X is closed in the product space Ni, and so X is compact
in the product topology.

Proof. We show that N}i \ X is open, i.e., every point of NEIO \ X is an interior point.
Let 0 := (0y)nen € NY \ . By definition of NJY \ X, we can find an index K € N
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suchthat ox > ox 41 # 00, say M := ok +1 € N. Consider a subset O C NEIO given by
0 = NIK7W 5 (Ngo \ {1,2,... . M — 1}) x {M} x NJ2 K41

Then O is open in N by definition of the product topology, since N \ {1,2,...,
M — 1} and {M} are open in (Noo, 7). It is clear that 0 € O € NX \ =. Thus o is
an interior point of N}i \ ¥, and this proves that ¥ is closed in NEIO.

The second assertion follows immediately since N}i is compact in the product
topology by the Tychonoff’s theorem, so that its closed subspace ¥ is compact. ]

Let 0 := (04)neN and 7 := (Ty)neN be any two elements in Nﬁ. We define

pN: NI x NI — R by

o(On, Tn)
N . nstn

o (0,7) = E —
n=1

where p: Noo X Noo — R is defined as in Lemma 3.1. Notice that we have p(0y,, 7,) <
1/on + 1/t <1/n+1/n <2foreachn € N by (2.2), and Y 2, 2/n! < co. We
deduce that p™ is well defined.

Lemma 3.3. The function pN is a metric on Nﬁ and the topology induced by p~ is
equivalent to the product topology on Nﬁ.

Proof. Tt is straightforward to check that (Ncli, o) is a metric space. The proof of
the second assertion is almost identical to the standard proof of the well-known fact
that any countable product of metric spaces is metrizable. So we omit the details. m

Lemma 3.4. The metric space (X, p") is compact.
Proof. The lemma is immediate from Lemmas 3.2 and 3.3. |

For a given 0 := (0% )ren € X, we define 0™ = (t1)ken € T foreachn € N, by

or ifl<k<n,
Tk = .
oo otherwise,

ie., o™ = (01,...,0p,00,00,...). It is worth pointing out that it is not always the
case that o™ ¢ 3n, since we might have o = oo for some 1 < k < n.
Fixn € N and 0 € ¥,,. Let T, be the collection of sequences in X defined as

Yo i={v e =:v® =0},

and we call Y, the cylinder set of order n associated with o. Then Y, consists of
all sequences in ¥ whose initial n terms agree with those of 0. By Lemma 3.2, it is
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clear that Y is compact in X as a closed set in a compact space. Since Y is open in
3 as well, it follows that X \ Y, is compact by the same lemma. We also define the
Sfundamental interval of order n associated with o := (0% )xen by

Iy :={x el:di(x) =0y foralll <k <n}= f1(Y,).
Then any number x € I, has its Pierce expansion beginning with (o)} _,, i.e.,
x =[di(x),...,dn(x),dn+1(x),dps2(x),...1p
= [0’1, ...,0p, dn+1(x), dn+2(x), .. .]P.

In view of the following proposition, the reason for /; being called an interval should
be clear.

Foreachn € N and 0 := (0y)geN € Zpn, We write 0 := (0k )keN € X, Where the
Oy are given by

N o, +1 ifk=n,
O = .
Ok otherwise,
ie,0 = (01,...,0p-1,0n + 1,00,00,...).

Proposition 3.5 ([25, Theorem 1]). Letn € N and 0 := (0 )reNn € Zn. If 0 € Zpe,
then

B {(w(a),go(o)] if n is odd, -
[¢(0),¢(G)) ifniseven. '

If o & X, we have instead that 1, is an open interval with the same endpoints, i.e.,

_ J (@®@).¢(0)) ifnisodd, G.1)
B (¢p(0),9(0)) ifn is even. B
Consequently, the length of 1 is
~ 1
Als) = lp(0) —¢(0)| = (3.2)

01+ Op—10n(on + 1)

We illustrate the exclusion of the endpoint ¢ (o) in (3.1’) by an example. Consider
two sequences 0 := (2) € X1 N T and o’ := (1,2) € X, N (X \ Zpe). Then (o) =
1/2 and ¢(¢’) = 1/1 —1/(1 -2) = 1/2 are equal, and so they have the same Pierce
expansion, namely, [2]p. It follows by the definition of fundamental intervals that /,
contains ¢ (o), whereas I, fails to contain ¢(c”).

For later use, we record an upper bound for A(/,) derived from (3.2). For each
0 = (0k)keN € 2, since o > k for 1 < k < n by (2.2), we have that

Ay < : :

“ Q) —Dmm+1) @+ (3.3)
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3.2. Mappings ¢: X — I and f:1 — X
By definition, the following observation is immediate.

Observation. We have g o f =idy and f o (¢|x,) =idx,,, where ¢|x,, is the restric-
tion of ¢ t0 Xy, but f o ¢ # idy in general.

For a fixed o0 € ¥, for some n € N, we can explicitly describe the relation between
the cylinder set ¥, € ¥ and the fundamental interval I, C [ in terms of the map
f:1 — . We first observe the following from the definition I, = f~1(Yy).

Observation. Letn € N and o € Xy,. Then f(I5) € Yo.

The inclusion in the above observation is proper, i.e., f(/5) € Y4, and by Propo-
sition 2.4 we explicitly have

Yo \ fUs) = U {1 = (t)keny € Zm:T™ =0 and tp_1 + 1 = 1)
m>n (3.4

c X\ fU).
But f(Iy) is not significantly smaller than Y, in the sense that f(/,) is dense in Y.

Lemma 3.6. Letn € N ando € . Then f(Iy) = T,

Proof. Put o := (0x)reNn € Xp. Itis clear that Yy is closed in X. Since f(I5) € T4
and Y, is closed, it suffices to show that any point in Yy \ f(/y) is a limit point of
fls). Let v := (up)ken € Yo \ f(Us). Then, by (3.4), v is of the form

(017"'1On—170n7---9Um—lvvmvoovoov"')v
where v,—1 + 1 = vy, for some m > n. Consider a sequence (7% )gen in X given by
T = (01, ., 0n,s ooy Un—1, U, U + (kK + 1),00,00,...)

for each k € N. Then 74 € f(I5) for all k € N by Proposition 2.4, since T € Xp,41
and vy, + 1 < vy, + (k + 1). Clearly, T, — v as k — oco. This completes the proof. =

Similarly, any sequence in ¥ can be approximated arbitrarily close by sequences
in f(1).
Lemma 3.7. We have ¥ = f(I).

Proof. Since f(I) C %, it suffices to show that any point in X \ f(/) is a limit point
of f(I). Let 0 = (0k)keny € X\ f(I). Then 0 € ¥ \ X, so by Proposition 2.4,
o € X, for some n > 2 with 0,—1 + 1 = 05,. Now, an argument similar to the one
in the proof of Lemma 3.6 shows that there is a sequence in f(/) converging to o.
Hence the result. |
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We are now concerned with the continuity of two maps of interest. We first show
that p: ¥ — [ is a Lipschitz mapping.
Lemma 3.8. Forany 0,7 € X, we have |¢(0) — ¢(t)| < p™ (0, 7).

Proof. Let 0 := (0p)neN, T = (Tq)neN € 2. If 0 = 1, there is nothing to prove, so
we suppose that o and 7 are distinct. If 07 # 71, then

wm—wm§mw+mms%+%sﬂww

Assume that o and t share the initial block of length n € N, i.e., o™ =t and
On+1 # Tn+1. Then

lo(0) — p(D)] = [(9(0) — p(6™)) — (p(z) — p(z™))|
= |(¢(0) — ¢n(0)) — (9(7) — @ (1))
< 19(0) — @ ()| + l@(1) — @u ()]

1 1 1 1 1 1
+ <— +
01 0n \On+1  Tn+l n'\op+1  Tnt1

1/1 1
< (—+—)§pN(0,r),

n'\o, 1

A

IA

where we used (2.6) and (2.2) for the second and third inequalities, respectively. m

Now we prove that f: ] — X is continuous at every irrational number and at two
rational numbers 0 and 1.

Lemma 3.9. The mapping f:1 — X is continuous at every x € I \ E’.

Proof. By Proposition 2.3 (ii) it suffices to show that f is continuous at x € I for
which ¢~!(x) is a singleton. Suppose otherwise. Put {0’} := ¢~ (x) for some o € X.
Then f(x) = o by Proposition 2.3 (ii). Since f is not continuous at x, we can find an
e > 0 and a sequence (X, )nen in I such that |x — x,,| < 1/n but pN (o, f(x,)) > & for
alln € N. Since (7,)neN = (f(xn))neN is a sequence in the compact metric space
(Lemma 3.4), there is a subsequence (7,, Jken converging to some 7 € X. Note that
Xn, = @(f(xn,)) = ¢(1s, ) for each k € N. Now, by continuity of ¢ (Lemma 3.8),
we see that x,, — ¢(7) as k — oo. Since x is the limit of (x,)nen, it follows
that x = ¢(7). Thus © = o by the singleton assumption. But then p™ (7, f(x, &) =
oN(z, Tn «) = € forall k € N, by our choice of ¢ and (x)nen. This contradicts the
convergence of (T, )ken to 7. Therefore, f is continuous at x € I for which ¢! (x)
is a singleton, and hence at every x € I \ E’. ]

However, the continuity does not hold at any rational number in the open unit
interval (0, 1). Notice in Proposition 2.3 (i) that 0 & Y4’ and ¢’ & Y.
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Lemma 3.10. Let x € E' and put ¢~ (x) = {0, 7). Then f is not continuous at x, in
particular, we have

lim f(t) =0 and lim f(t) = .

ity ¥l
Proof. The argument is similar to the proof of Lemma 3.9. The main difference in
this proof is the use of compactness of Y, and X \ Y.

Suppose to the contrary that the first convergence fails to hold. We can find an

e > 0 and a sequence (x,)nen in Iy such that |x — x,| < 1/n but pN (o, f(x,)) > ¢
for all n € N. Since (Vy)neN = (f(xn))neN is a sequence in f(I5) € Y, and
Y, is a compact metric space, there is a subsequence (vy, )ken converging to some
v € Y. Note that x,, = @(f(xn,)) = ¢(vy, ) foreach k € N. Now, by continuity of
¢ (Lemma 3.8), we see that x,, — @(v) as k — oo. Since x is the limit of (x,)nen,
it follows that x = ¢(v). Thus v = ¢ or v = t by the doubleton assumption. Since
T & Y by Proposition 2.3 (i), it must be that v = 0. But then p™ (v, f(xy,)) =
pN (v, un,) = e forall k € N, by our choice of & and (x,)sen. This contradicts the
convergence of (U, )ken to v. Therefore, limfe—}; f@) =o.

The proof for the second convergence is similar. First note that since Yy \ f (/)
and f(I) are disjoint by (3.4), we have

JUNIo) = fD)\ fo)
=[f(D)U T\ fUNIN\[fUo) U (Yo \ fUs))] S ZN\ T,

where the first equality follows from the injectivity of f. Now, in the preceding para-
graph, by replacing /, and Y, by I \ I, and ¥ \ Yy, respectively, and exchanging
the roles of o and 7, we obtain the desired result. n

Notice that in the preceding lemma there is no additional assumption for o and 7.
Compare this with Proposition 2.3 (i). Hence, Lemma 3.10 holds for either the case
where o € ¥, witht € ¥\ X, orwhereg € ¥ \ X with 7 € X.

3.3. The error-sum functions & and &*

Now we first establish the relation between two error-sum functions &:/ — R and
E*: Y > R.

Lemma 3.11. We have & = §* o f, i.e., the following diagram commutes:

ILHR{

N
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Proof. Let x € I. Under the mapping f: 1 — X, we obtain the sequence of Pierce
expansion digits, namely, if x =[d;(x), d2(x), ... ]p, then we have that o := f(x) =
(d1(x),d2(x),...) € . Now, by definition of ¢, we have

( 1)k+1
#(0) = Zd( RV Sk

and by definitions of ¢, and s,, we have, for eachn € N,

(— 1)k+1
¢n(0) = Z dl(—dk(x) = sn(x).

Thus (§* o f)(x) = &(x) forallx € [. ]

However, the equality & o ¢ = §* does not hold in general. For instance, consider
(2,3) €e Z, N (X \ Zp). On one hand, ¢((2,3)) =1/2—-1/(2-3) = 1/3 = [3]p,
and so (6 0 ¢)((2,3)) = &([3]p) = 1/3 — 1/3 = 0. On the other hand, §*((2, 3)) =
1/3—1/2)+({1/3—-(1/2—-1/(2-3))) =—1/6.

Lemma 3.12. For any o := (0y)neN € X, the sequence (n/(01 - 0y+1))neN IS
monotonically decreasing to 0 and the series Y - n/(01 -+ Op1) is convergent.

Proof. Notethatn > (n+1)/(n +2) > (n + 1)/op42 foreach n € N by (2.2). Then,
again by (2.2), we have
n n n—+1
> = >0
(n+1)! 01°°°0Op+1 01 0pn+10n+2

for every n € N, with } >, n/(n + 1)! < oco. Hence the result. ]

We derive one simple formula for §*: ¥ — R which will be used frequently in
the subsequent discussion.

Lemma 3.13. Let 0 := (0y)neN € 2. Then

8()—2 L 63

S Op1
Proof. Write

o0 (— 1)k+1 ' (—1)k+1
E*(0) = Z(fﬂ(a) %(U)):Z(Z_: ZU]"'Uk)

j=1 =1 k=1
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Notice that

by Lemma 3.12. Thus, we may change the order of the double series to obtain

)k+1 o
=Y e <

- 0,
n—1 1° n+1

TR o) Sl e o Gl (2 VR G

o) = = — _,
k:2]‘= 0'1...0'k k:2 0'10'k pr 0'1...0'”+1

as desired. m

The boundedness of &: I — R readily follows.

Theorem 3.14. For any o € X, we have —1/2 < §*(0) < 0. Consequently, —1/2 <
E(x)<O0forallx e l.

Proof. We make use of (3.5) and Lemma 3.12 to obtain both the desired upper and
lower bounds. On one hand, for any ¢ := (0y,),eN € X, We have

+Z( C2j 41 )z— R
o0y o1+ 02/+1 01+ 02j42 0102 1-2 2

where the last inequality follows from (2.2). Notice that the equalities hold if and only
ifo=(1,2) € £, N(X\ ). On the other hand, for any 0 := (0,)neN € X, We
have

&%) =

o0

o =-3 (- )<

=1 *02j  01°°:02j+1

The second assertion is immediate in view of Lemma 3.11 and (1,2) ¢ f(/). =
Lemma 3.15. The error-sum function §*: ¥ — R is continuous.

Proof. We showed that the series in (2.5) is uniformly convergent on . But ¢ is
continuous by Lemma 3.8 and ¢, is clearly continuous, and so each term in the series
of &* is continuous. Therefore, &* is continuous as a uniformly convergent series of
continuous functions. u

The A-almost everywhere continuity theorem for & (x) is now immediate.

Theorem 3.16. The error-sum function &: 1 — R is continuous on I \ E' and so &
is continuous A-almost everywhere.
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Proof. Let x € I \ E’. By Lemma 3.9, we know that f: [ — X is continuous at x.
Moreover, §*: ¥ — R is continuous by Lemma 3.15. But § = §* o f by Lemma3.11,
and therefore, & is continuous at x.

For the second assertion, it is enough to recall that E/ = Q N (0, 1) which has
zero A-measure. Thus 7 \ E’ is of full A-measure, and the result follows. ]

On the other hand, we will show that &: I — R fails to be continuous at every
point of E’ (Theorem 3.18). The following lemma plays a key role in the proof of the
theorem.

Lemma 3.17. Let x € E' and put 9~ '(x) = {0,0"}, where 0 € £,. N %, and ¢’ €
(X \ Z) N X, 41 for some n € N. Then

(="
di(x) -+ dp—1(X)(dn(x) = Ddn(x)’

lim €(1) = €*(0') = €(x) +
t¢ls

Proof. By Lemma 3.11, the continuity of &* (Lemma 3.15), and Lemma 3.10, we
obtain the first equality as follows:

. 1 * _ex( 1 ok )
lim &) = lim (6% 0 /)(1) = €*( lim /(1)) = &*(@").
tls tdl, téls

Since x € E’, by Proposition 2.3 (i), x has a finite Pierce expansion of positive length,

say x = [d1(x),d2(x),...,d,(x)]p for some n € N. Then, since ¢(¢’) = x, we have
n—1 o]
E*0) =D (x =@+ (x—ga(@) + D (x—gr(0").
k=1 k=n+1

Note that ¢’ = (d1(x),...,dn—1(x),dn(x) —1,d,(x)) € Zp+1 by Proposition 2.3 (i).
Hence, si(x) = gp(0') for 1 <k <n—1and x = @ry1(0’) = si(x) forall k > n.
In particular, we have

="
d1(x) -+ dn—1 (x)(dn (x) — D)dn(x)

X = (pn(OJ) = §0n+1(0/) - Qﬁn(a/) =

Thus

n—1
£5(0) = Y (x —s5t(x)) + (x —¢u(0”)
k=1

=D"
=8&(x) + . [
di(x) ... dp—1(x)(dn(x) — D)dn(x)
Now we are ready to prove that & is discontinuous at every point of the dense
subset E/ C I.
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Theorem 3.18. Let x € E' and put ¢~ (x) = {0,0’}, where o € ;. N X, and o’ €
(2\ ) N Xpyyq for some n € N. Write x = [d1(x),d2(X),....dy(x)]p. Then the
following hold.

(1)  Ifnisodd, then & is left-continuous but has a right jump discontinuity at x;
more precisely,

Jlim_€(1) = €%(0) = (%),
1
() ... dp1 (x)(dn (x) = D)dn(x)

(ii) Ifn is even, then & is right-continuous but has a left jump discontinuity at

;l_if,?+ E(t) =6 = Ei(x)—d1 (3.6)

X; more precisely,

lim &(t) = €*(0) = E(x),

t—xt

Jim €(1) = €7(0) = E(x) + 1

hE) - A D=1y )

7)

Proof. By Proposition 2.3 (i), we have

0 = (di(x),....dn-1(x),dn(x)) € Zp N e,
o' = (di(x).....dn-1(x),dn(x) = 1, dn(x)) € Tps1 N (X \ Zpe).

Then ¢(0) = ¢(0’) = xando = f(x),buto’ & f(I).

(i) Assume 7 is odd. Since I, = (¢(6), ¢(0)] by (3.1) and x = ¢(0), we have that
t — xT if and only if t — x with ¢ & I;. For the right-hand limit, apply Lemma 3.17
to obtain (3.6). For the left-hand limit, note that # — x~ if and only if t — x with ¢ €
I \ {x}. Then, by Lemma 3.11, the continuity of &* (Lemma 3.15), and Lemma 3.10,
we deduce that

lim &() = lim (&% o f)(1) = 8*( lim f(t)) = &*(0).
t—>x— t—>x— t—>x
tels\{x}
But E(x) = (6* o f)(x) = *(0) by Lemma 3.11 and therefore, we conclude that
& is left-continuous at x.
(i1) The proof is similar to that of part (i), so we omit the details. ]

Note that for every point x € E’, we have that lim;_,x— &(¢) is strictly greater
than lim,_, .+ &(¢), regardless of left or right discontinuity.

The following lemma provides us with the maximum and minimum of §*: ¥ — R
on each cylinder set Y. Recall that given o := (01, ...,0,—1,0p) € X, for some
n € N, the sequence ¢ is defined as (01, ...,0,-1,0, + 1) € Z,,.



M. W. Ahn 406

Lemma 3.19. Letn € N and 0 € X,,. Then the following hold.
(i) Ifnisodd, we have

max £*(tr) = €*(0) and mm E*(t) = €%(0) —n-A(y).

h e

(i)  Ifn is even, we have

max §*(t) = §*(0) + n-A(I;) and min £*(r) = £*(0).
€Yo €Yy

Proof. Puto := (0x)keN € Zpn.Let6" := (0} )ken, Where 6, | = 0, + 1 and 67 = oy
forallk e N\ {n + 1}, i.e.,

~

=(01,...,0n-1,04,0, + 1,00,00,...) € V.

Thend € X, and 6’ € T\ X, with ¢(6) = ¢(0”).
(i) Assume 7 is odd. For any 7 := (7 )gen € Yo, We have ™ =g by definition
of the cylinder set, so by using (3.5) and Lemma 3.12, we obtain

(—D¥k - (—D¥k
Z — 2o

**Ok+1 ken OnTn+1-"" " Tk+1

o 1 [ n+@2j—2) n+@2j—1)
") -3 ( - )

L Tn+1° " Ta4+2j—1)  Tn+1°* Tn+2j

< &*(0).

This shows that §*(t) < §* (o) for any € Y, and that §*(7) attains the maximum
whent =0 € Y.

Again by (3.5) and Lemma 3.12, for any t := (7 )ren € Yo, We have
£*(1) = €"(0) - ———

0102 0OnTp41

1 X n+@2j—1 n+2j
n Z( @2j-1 J )
0—10—2'.‘0—’1 .

Tn+1 " Tn+2j Tn+1 - Tn+(2j+1)

j=1
> €*(0) .
N 0102+ OnTp+1
> §*(0) — " — &*(0) —n-A(ly),

0102 -0 (00 + 1)

where we used 7,41 > 0, for the second inequality and (3.2) for the last equality.
Notice that the equalities hold if and only if t,+; = 0, + 1 and 7 = oo for all
k>n+2,ie.,ifand only if t = 6’ € Y. Therefore, §*(t) > §*(0) —n - A(I) for
any T € Yy, and the minimum is attained when t = 6’ € Y.

(i1) The proof is similar to that of part (i), so we omit the details. ]
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Using the preceding lemma, we can describe the supremum and the infimum of
&:1 — R on each fundamental interval /,. We show that approaching the left end-
point from the right yields the infimum, while approaching the right endpoint from
the left yields the supremum. (See Proposition 3.5 for the left and right endpoints of
the fundamental intervals.)

Lemma 3.20. Letn € N and o € X,,. Then the following hold.

(i) Ifnisodd, we have

sup &(t)= lim &(t) and inf &)= lim &(r).
tely, t—)((p((]))_ tely Z—)((p((?))“’

(i) Ifn is even, we have

sup E(t) = lim &) and tienlf &)= lim §&(@).

tels t—=>(@©@)~ t—>(p(0)) T
Proof. (i) Assume n is odd. Put 0 := (0% )ken € 2. Then 6 =(01,...,0p—1,0n + 1) €
3, and by Proposition 2.3 (i), we have ¢(0) = ¢(6"), where 6" := (01, ...,0n—1,0n,

op+1)€ X,y witho € Teand 6’ € X\ Zpe.
By using & = §* o f (Lemma 3.11), f(Is) = YT, (Lemma 3.6), and the conti-
nuity of &* (Lemma 3.15), we find that

sup ()= sup  E*(f(t)) = sup §"(r) = max §*(r) = §"(0), (3.8)
tels f@efy) €Yy €Yy

inf £(t) = inf &*(f(t)) = inf €*(r) = min §*(r) = €*(’), (3.9
nf (1) PORL P (f (@) Inf () [nin (7) (@), 39
where the last two equalities for both (3.8) and (3.9) follow from Lemma 3.19 and its
proof.
For the supremum, notice that, by Proposition 3.5, ¢ — (¢(0))~ if and only if
t - ¢(o) with t € I5 \ {¢(0)}. Then by Lemma 3.11, the continuity of &* (Lem-
ma 3.15), and Lemma 3.10, we obtain
lim &()= lim &)= s*( lim f(t)) — £*(0).
t—>(p(0)~ t—>¢(0) t—>¢(0)
tels\{o(o)} tels\{o(o)}
Combining this with (3.8) gives the result.
For the infimum, notice that, by Proposition 3.5, ¢ — (¢(6))* if and only if
t — @(0) with t & I;. Hence Lemma 3.17 tells us that
lim &(t)= lim &() = &*(5).
t—(p@)* t—¢(5)
téls
Combining this with (3.9) gives the result.
(i1) The proof is similar to that of part (i), so we omit the details. ]
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The following lemma is an analogue of [27, Lemma 2.6], where the error-sum
function of Liiroth series is discussed. This lemma will serve as the key ingredient in
finding a suitable covering for the graph of & (x) in Section 4.

Lemma 3.21. Letn € N and o € X,,. Then

sup |E@) —EW)| =n-A(ly).

tucly

Proof. By Lemmas 3.11, 3.6, and 3.15, we have, as in (3.8) and (3.9),

sup |&(t) —E(u)| = sup &(r) — tienlf E@) = max E*(t) — rrngn &*(1).

tuely tels
Notice that the last term equals 7 - A(I,) by Lemma 3.19. This proves the lemma. m

One might be tempted to say that &: / — R is fairly regular in the sense of A-
almost everywhere continuity (Theorem 3.16). However, the following theorem tells
us that & is not well behaved in the bounded variation sense.

Theorem 3.22. The error-sum function &: 1 — R is not of bounded variation.

Proof. Let V7 (&) denote the total variation of & on /. Let n € N. We consider the col-
lection I := {l,:0 € ¥,}, i.e., the collection of all fundamental intervals of order 7.
Note that ) ;. A(Iy) = 1. Then, by Lemma 3.21, we have

n=n Y Al)= Y sup [6(t)—Em)| <Vi(E),

geX, geX, tucls

where the inequality follows from the fact that the /, € I are mutually disjoint inter-
vals. Since n € N is arbitrary, it follows that V7 (&) is not finite. This completes the
proof. ]

We prove that &: I — R enjoys an intermediate value property in some sense,
which is an analogue of [21, Theorem 4.3]. A similar result can also be found in [26,
Theorem 2.5]. In fact, every result aforementioned is a consequence of the following
theorem.

Theorem 3.23. Suppose that g: J — R is a function on an interval J C R satisfying
the following conditions.

(1)  There exists a subset D of the interior of J such that g is continuous on
J\ D.

(il) For any x € D, g is either left-continuous or right-continuous at x with
lim/x— g(t) > lim, .+ g(7).
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Leta,b € J witha <b. If g(a) <y < g(b), then there exists an x € (a,b) \ D such
that g(x) = y.

Proof. Consider the set
S :={tela,bl:gk) <y}

and let tp := sup S. Since g(a) < y by assumption, we have a € S, and hence S is
non-empty. So ¢y # —oo and fy € [a, b]. Our aim is to show that #y is a desired root,
that is, g(to) = y and tp € (a,b) \ D.

We claim that #p > a. We consider three cases depending on the continuity at a.
Casel. Assume a € J \ D, so that g is continuous at a by condition (i). Then, since
g(a) < y,thereisann; € (0,b —a) suchthat g(t) < y forallt € (a —ny,a + n1) N J.
So ty > a + 1y and hence t9 > a.

Case 1I. Assume that a € D and g is left-continuous at a. Then lim,_,,+ g(¢) <
lim;—4— g(¢) = g(a) < y by condition (ii) and assumption. By definition of the right-
hand limit, there exists an 7, € (0, b — a) such that g(¢) < y forall ¢ € (a,a + n2).
So tyg > a + n and hence ¢y > a.

Case III. Assume that a € D and g is right-continuous at a. Then lim,_, ,+ g(t) =
g(a) < y by assumption. By definition of the right-hand limit, there exists an 73 €
(0,6 —a) suchthat g(¢) < y forallt € (a,a + n3). Sotyg > a + n3 and hence ty > a.

By a similar argument, which we omit here, we can show that 75 < b.

We have shown above that 7o € (a, b). It remains to prove that g(to) = y with
to & D. We show first that fo & D. Suppose ¢y € D to argue by contradiction. Since
to = sup S we can find a sequence (a,)xeN in S such that a,, <ty foreachn € N and
a, — tg as n — oo. (We can choose a,, € S such that tg — 1/n < a, <ty for each
n € N.) Similarly, we can find a sequence (b,)neN in [a, b] \ S such that b, > ¢
for each n € N and b, — ty as n — oo. Then, by our choice of two sequences,
g(ay) < y and g(b,) > y for all n € N. Now note that since #y € D, g is either left-
continuous or right-continuous at zy by condition (ii). If g is left-continuous at #¢, then
by condition (ii), we have

y > lim g(an) = g(to) > lim g(bn) > y,
n—>oo n—->oo
which is a contradiction. If g is right-continuous at #¢, then by condition (ii), we have
y = lim g(an) > g(t) = lim g(bn) > y,
n—>oo n—>oo

which is a contradiction. This proves that o & D, as desired.

Since tp € J \ D, we know from condition (i) that g is continuous at #y. Hence,
g(to) = y by definitions of S and ¢#y. For, if not, say g(fp) < y, we can find a § €
(0, min{ty — a, b — to}) such that g(¢) < y on the interval (fo — 8, to + &), which
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contradicts typ = sup S. Similarly, g(¢9) > y gives a contradiction. This completes the
proof that 7y € (a,b) \ D is aroot of g(x) = y we were seeking. [

Remark 3.24. In Theorem 3.23, the assumption g(a) < y < g(b) for a < b is stricter
than that of the standard Intermediate Value Theorem in R. This additional assump-
tion is necessary because at every discontinuity, g has a sudden drop therein. To be
precise, for every x € D, we have lim;,x— g(¢) > lim,_, .+ g(¢) by condition (ii). For
the same phenomenon for &: I — R, see Theorem 3.18 and equations (3.6) and (3.7)
therein.

Corollary 3.25. Leta,b € I witha < b. If E(a) < y < &(b), then there exists an
x € (a,b) \ E such that &(x) = y.

Proof. By Theorems 3.16 and 3.18, & satisfies the two conditions of Theorem 3.23
with J := I and D := E’. Since (a,b) \ E = (a,b) \ E’, the result follows from
Theorem 3.23. ]

Using Theorem 3.23, we can prove the intermediate value property of P:R — R,
the error-sum function of the regular continued fraction expansion, defined as in Sec-
tion 1. Compare the following corollary with [21, Theorem 4.3], where the authors
considered P |y, the restriction of P to /.

Corollary 3.26. Leta,b € Rwitha < b. If P(a) <y < P(b), then there exists an
x € (a,b) \ Q such that P(x) = y.

Proof. Let x be rational. Then the regular continued fraction expansion of x is of
finite length, say x = [ag(x);a1(x),...,a,(x)] for some n € Ng. By [2], Lemma 1.1]
and [21, Theorem 2.3], the following hold.

(i) Ifnisodd,then P is left-continuous but has a right jump discontinuity at x
with the right-hand limit lim,_, .+ P(¢) = P(x) — 1/gn(x).

@i1) If n is even, then P is right-continuous but has a left jump discontinuity at
x with the left-hand limit lim; .- P(z) = P(x) + 1/gn(x).

Since ¢, (x) > 0 by definition (see [21, p. 274]), we deduce that lim;_,,— P(x) >
lim,_, .+ P(x) for every x € Q. Moreover, by [21, Theorem 2.3], P is continuous at
every irrational point. Therefore, by taking J := R and D := Q in Theorem 3.23, the
result follows. ]

We showed that & is bounded on I (Theorem 3.14) and it is continuous A-almost
everywhere (Theorem 3.16). Hence, & is Riemann integrable on /. Before calculating
the integral, we first find a useful formula for &.
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Lemma 3.27. For every x € I and for each n € N, we have

=D”

—dl(x)---dn(x)g(Tnx)' (3.10)

E(x) =) (x—s(x) +

k=1

Proof. Let x € I and n € N. From the definition of digits, we have d,;(x) =
d;(T"x) for any j € N. Then by making use of (2.4), we obtain

E0) - Y -5k = Y (x—sk(x)
k=1

k=n+1

_ G (—l)kax
- k;f—l dy(x) -+ dp(xX)dps1(x) - di(x)

N o VR W G Vi AP
o dl(x)"'dn(x) j=1 dn+1(x)"'dn+j(x)

(=" o (=1)JTI(T"x)

T () dn(x) (T"x) -+~ d;(T"x)

I Gl SR =
= —dl(x)~-~dn(x);(T x —s;(T"x))
D" &(T"x),

T () dy ()
as desired. [

Theorem 3.28. We have )
1
/ E(x)dx = ——.
0 8

Proof. Note that on the interval (1/2, 1], we have d1(x) = 1 and s1(x) = 1, and hence
&(x) =x—1—&(Tx)by (3.10). By letting Tx = u = 1 — x so that du = —dx on
the interval (1/2, 1], we obtain

1 1/2 1
/0 8(x)dx:/0 8(x)dx+//2(x—1—8(Tx))dx

1
1

1/2 1/2 1
=/ E(x)dx + (x—l)dx—/ Ewu)du = —-. -
0 1/2 0 8

Before we move on to the next section, we prove one lemma which will be used
in Section 4.
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Lemma 3.29. Let 0 := (0;)ren € 2. For any n € N, we have
() 1 * x (s () n
lp(0) —p(c™)] < and |&7(0) — €7 (c"")| < :
01 0n0n+1 01" 0n0n+1

Proof. Letn € N. The first inequality is immediate from the definitions of ¢ and o™,
Indeed, since o and o™ ghare the initial block of length n, by (2.6), we have

lp(0) — p(@™)| = |p(0) — gu(0)| < .
01 0n0p+1

The second inequality follows from Lemma 3.13. For §*(c™), we just need to
take o = oo for all k > n + 1 in the formula (3.5) to obtain

n—1 k
w (D _ (=D*k
e =y UL
k=1

Thus, by Lemma 3.12, we find that

( ¥k
Z ) *

* O0k+1

n+(2]—1) n+2j
S )

©"Op+2j S On+(2j+1)

€*(0) — €*(6™)| =

01 0On+1

n

IA
|

01"+ Ont1

4. The dimension of the graph of & (x)

In this section, we determine three widely used and well-known dimensions, namely,
the Hausdorff dimension, the box-counting dimension, and the covering dimension, of
the graph of the error-sum function &: / — R. In fact, although & is discontinuous on
a dense subset of / (Theorem 3.18) and is not of bounded variation (Theorem 3.22), it
is not sufficiently irregular to have a graph of any dimension strictly greater than one.
Nevertheless, we show that the Hausdorff dimension of the graph is strictly greater
than its covering dimension. This will lead to the conclusion that the graph is indeed
a fractal according to Mandelbrot’s definition in his prominent book [16], where he
coined the term fractal in a Euclidean space and defined it as a set whose covering
dimension is strictly less than its Hausdorff dimension.

Throughout this section, for a subset F of R or of R2, we denote by #*(F)
the s-dimensional Hausdorff measure of ' and by dimyg F the Hausdorff dimension
of F.In addition, we denote by dimy F and dimg F the lower and upper box-counting
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dimension of F, respectively. If dim; F = dimg F, we call this common value the
box-counting dimension of F' and denote the value by dimg F. Lastly, the covering
dimension of F is denoted by dim¢y, F.

We refer the reader to [11, Chapters 2—4, 6] for details on the Hausdorff measure,
the Hausdorff dimension, and the box-counting dimension, and [3, Chapters 1-2] for
the covering dimension which is called the topological dimension in the book.

4.1. The Hausdorff dimension of the graph of & (x)

Define G: I — I xRby G(x) = (x,&(x))forx e I.Then G(I) ={(x,&(x)):xel}
is the graph of &.

It should be mentioned that the proof idea of the following theorem is borrowed
from earlier studies, e.g., [2,21,26,27].

Theorem 4.1. The graph of the error-sum function &: 1 — R has the Hausdorff
dimension one, i.e., dimg G(I) = 1.

Proof. For the lower bound, we use the projection map onto the first coordinate
Proj: R? — R2 given by Proj((x, y)) = (x, 0) for each (x, y) € R?. Recall the for-
mula (6.1) in [11] which tells us that for any subset F of R? we have dimy Proj(F) <
min{dimy F, 1}. It follows that

1 = dimy I = dimy(Proj(G(1))) < dimy G([I).
For the upper bound, we find a suitable covering for G(I). For any n € N and
o € ¥,, we define a closed interval J, € R by

Jy = [mf &(1), sup 8(t)]

tels

Then I, x §(15) € I5 X Js. We claim that, forany n €N, we have I \ E C Uo‘EZn Iy
where E = I N Q. Indeed, if x € I \ E, then 7 := f(x) € X by Proposition 2.3 (ii).
Clearly, f(x) € Y m with 1™ e ¥, Hence, x € () = L € U(re):n Iy,
and this proves the claim. It follows that, for any n € N, the collection ¢ := {I; X Jy:
0 € X,}isacovering of F:= G(I)\ G(E). Here, we have ) | 5 A(l;) = 1 from
the first coordinate since Y ;o5 A(ls) = AM(Ugesx, I6) = A(I \ E) = 1. Due to
Lemma 3.21, we have A(J,;) = n - A(I5). So we can cover each I, X J, € § by a
rectangle of base A (/) and height n - A(/,). Note that such rectangles have diameter
v/n? +1-A(I5). Lete > 0 be given. Recall from (3.3) that A(I,) < 1/(n + 1)!. Then

P < timinf | 3 (T2

oEX,

<11m1nf[(\/n2 )1+8(( +1)') Z A1y ):|
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The above calculation shows that dimg F' < 1 + €. Since ¢ > 0 was arbitrary, it follows
that dimy F < 1. Now note that the set G(E) = |J,.cg{G(x)} is countable as a union
of singletons over the countable set £ = I N Q. Therefore, by countable stability
of the Hausdorff dimension (the third property in [11, pp. 48-49]), we deduce that
dimy G(I) = sup,cg{dimy F,dimg{G(x)}} < 1, and this completes the proof. =

4.2. The box-counting dimension of the graph of & (x)
We shall establish the following theorem.

Theorem 4.2. The graph of the error-sum function &: 1 — R has the box-counting
dimension one, i.e., dimg G(I) = 1.

We defineI': ¥ — I xR by I'(0) := (p(0), E*(0)) foro € X.

Lemma 4.3. The following two properties hold for T':
i) I':X — I'(2) is a homeomorphism.
@Gi) T'(X) is compact.

Proof. (i) It is enough to show that I' is a continuous injection, since ¥ is compact
(Lemma 3.2) and I'(X) € R? is Hausdorff. Since ¢: ¥ — I and §*: X — R are
continuous by Lemmas 3.8 and 3.15, respectively, it follows that I is continuous.

To prove injectivity, suppose I'(0) = (7). Then ¢(0) = ¢(7) from the first
coordinate. Assume o # 7. Then, by Proposition 2.3 (i), we have either 0 € X
with 7 € X, or T € ¥, with 0 & X,.. In either case, Theorem 3.18 tells us that
&*(0) # &*(7), which is a contradiction. Thus ¢ = .

(i1) Since ¥ is compact by Lemma 3.2, the result follows from part (i). ]

Lemma 4.4. We have I'(X) = G(I).

Proof. First note that since ¢ o f = idy and §* o f = & (Lemma 3.11), we have
(T'o f)(x) = (e(f(x). €7 (f(x))) = (x, E(x))

for any x € I, and hence (I' o f)(I) = G(I). Since ¥ is compact (Lemma 3.2),
the continuity of I' (Lemma 4.3 (i)) tells us that I'(f(/))=T(f(I)). Then, by
Lemma 3.7, we have

LX) =T ) =) =G6U). L

The following proposition gives us a general relation among dimy, dimg, and dimg
for certain subsets of R?.
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Proposition 4.5 ([11, Proposition 3.4]). If F C R? is non-empty and bounded, then
dimyg F < dimyg F < dimg F.

To prove Theorem 4.2, we first find a lower bound for the lower box-counting
dimension.

Lemma 4.6. We have dimz; G(I) > 1.

Proof. By Proposition 4.5, we have dimg G(/) > dimyg G(/). By monotonicity
of the Hausdorff dimension and by Theorem 4.1, we further have dimy G(/) >
dimy G(/) = 1. Combining the inequalities, the result follows. ]

We need the following proposition to find an upper bound for the upper box-
counting dimension. The lemma provides an upper bound for the number of finite
sequences whose length and the product of all terms are dominated, respectively, by
prescribed numbers. The logarithm without base, denoted log, will always mean the
natural logarithm.

Proposition 4.7 ([15, Claim 3]). Let p, m € N. Denote by S(p, m) the set of se-
quences (aj)j.;l e N* of finite length k such that 1 < k < m and H?=1 o; < p,ie,

k
S(p,m) = {(oj)j.‘:l e Nk:1 <k <mand noj < p}.
j=1
Then
1S(p.m)| < p(2 +log p)" .

We use Proposition 4.7 to obtain an upper bound for the number of all strictly
increasing finite sequences of fixed length whose product of digits is bounded from
above by a given number.

Lemma 4.8. Let p,m € N. Let I(p, m) be defined by

m
I(p,m) = {(aj)_;”:l eN™01 <0y <+ <0y and Hcrj < p},
j=1

i.e., the set I(p, m) consists of all finite sequences of positive integers of length m
whose terms are strictly increasing and the product of all terms is at most p. Then,

we have

2 1 m—1
1(p.my| < LETIEDT
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Proof. Let S(p, m) be as in Proposition 4.7. Obviously, I(p,m) € S(p, m). For any
(oj );”:1 € I(p,m), all the terms 0;, 1 < j < m, are distinct, so that there are m! ways
to form a sequence of length m with the same terms. It is clear that all the sequences
formed so are members of S(p, m). Thus m!|I(p, m)| < |S(p, m)|. Therefore, the
desired upper bound for |/(p, m)| follows from Proposition 4.7. |

The following inequalities are well-known lower and upper bounds for the fac-
torial function. These bounds are rougher than the famous Stirling’s formula, but the
proof is elementary and they are satisfactory enough in our argument.

Proposition 4.9 ([14, Lemma 10.1]). For everyn € N, we have
n" nn+1

<nl<
en—1 =n = en—l'

Proof. The core idea of the proof is the fact that the map x + log x is increasing on
(0, 00). We refer the interested readers to [14] in which the detailed proof is given. m

Now we are in a position to establish the upper bound by considering a suitable
covering of I'(X).
Lemma 4.10. We have dimg G(I) < 1.
Proof. Let ¢ := 2¢™™ with M > 0 large enough. Take n = n(M) € N such that

n—1Nn'< eM < p, Clearly, n — oo as M — oo and vice versa. Then for any
(0%)keN € %, by (2.2), we have
y

0102+ 0nOng1 > (n + D1 > (n + 1)eM. 4.1
We obtain lower and upper bounds for M by means of Proposition 4.9 as follows:
m—Dlogln—1)—(n—-2) <M <(mn+1)logn—(n—1). 4.2)

Since (n — 1)!/e™ — oo asn — oo but (n — 1)!/e™ < 1 by our choice of 7, it must
be thatn < M.
We first write ¥ as a union of finitely many sets. Define

Ay = {(0))jen € Z:0y > M},

and for k > 2, define

k—1 k
Ap = {(aj)jeN e Hoj < (k—1)eM and l_[aj > keM}.

Jj=1 Jj=1

We claim that £ = | J}£] Ax. To prove the claim, we need to show that £ C [ J§X] Ax

since the reverse inclusion is obvious. Let 0 := (0})jen € X and assume 0 € X \
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UZ=1 Ak.Then oy < eM sinceo & Ay, 0102 < 2eM since o & A,, .. ., ]_[;:i 0j <
(n — 1)eM since 0 & A,_1, and ]_[;-’=1 o; < neM since o ¢ A,. Since we have
]_["Jrl 0j > (n + 1)eM by (4.1), it must be that o € A, ;. Therefore, o € | J{E] A
and this proves the claim.

For each 1 <k <n + 1, our aim is to find a covering of I'(Ax) consisting of
squares of side length ¢ = 2¢™ and to determine an upper bound, which we will
denote by ay, of the number of required squares.

Let 0 := (0j)jen € A1. Then ¢(0) < 1/0; by definition of ¢, and so ¢(0) €
[0, e=M] by definition of A;. We know that —1/(0102) < §*(0) < 0 from Theo-
rem 3.14 and its proof. Since o7 > eM and 0, > o4, it follows that

1 1
&* < < <e™ ¢
&7(0) = o100 ~ eM(eM + 1) ¢ ¢
Hence, T'(A ) can be covered by a; := 1 square of side length ¢ = 2¢=M
Letk €{2,...,n+ 1}. Forevery 0 := (0j)jeN € Ag, since ]_[j-c=1 o > keM we
have by Lemma 3.29 that

1
p(0) —p(a* ) < ——— <™
0102 -+ Ok
and b1
1€*(0) = &*(0* V)| < ——— <™,
o’lo'z.u.o'k

This shows that for a fixed 7 := (1j);en € Zg—1, we can cover I'(Ax N Y;) by one
square of side length 2¢=™ = ¢. Since ]—[;:} o; < (k — 1)eM by definition of Ay,
using Lemma 4.8, we see that at most

— 1 M k—2
ay ‘= (k—l)'(k_l)e 2+ M +log(k — 1))
squares of side length 2e™ = ¢ are needed to cover I'(Ag).

Denote by N, the smallest number of squares of side length ¢ needed to cover
['(¥). Clearly, I'(X) = "H —1 I'(Ak). Then, by the discussion so far,

a ”“ DeM 2 + M + log(k — 1))k—2

(k —
N<Zak—1+z k=1

Now note that a1 < a, = eM, and for2 < k < n,

Qi1 k 24+ M +logk \*'24M+logk — 1) it
= A >1-1 -— > 1,

ar 2+ M +log(k — 1) k n
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where the last inequality holds true since M > n. So ay+1 > a, > --+ > ap, and it
follows that

n+1 M n—1
ne” 2+ M +logn
Ngf E Cln+1=(l’l+1) ( 1 g ) .
e n!

Recall that by our choice of n, we have eM < plandn < M, and so

Ne<(n+Dn@+M+1logn)" ' <M+ 1)2Q+ M +logM)" 1.

Now
log N, - 2log(M + 1)+ (n —1)log(2 + M + log M)
log(1/e) — M —log2
_ 2logM +1)  (n—DlogM  (n—1)log((2+1logM)/M + 1)
M —log2 M —log2 M —log2 '

and we will estimate the upper limit of each of the three terms in the second line above.
Clearly, the limit of the first term is 0 as M — oo. For the second term, using (4.2),
we have

(n—1)logM _ (n—Dlog(n + 1) + (n — 1) log(logn)
M —log2 = (m—1)log(n—1)—(n—2)—1log?2

as n — oo. For the last term, notice that log((2 + logM)/M + 1) - 0as M — o0
and n — 1 < M —log?2, to deduce that the limit is 0. Thus, since G(I) = I'(X) by
Lemma 4.4, we finally obtain

dimg G(I) = dimg I'(T) = 1imsupM <1.

s—0 log(l/e)
Proof of Theorem 4.2. In view of Proposition 4.5, combining Lemmas 4.6 and 4.10
gives dimg TI) = dimg G(I) = 1. Since taking closure of a set does not alter the
upper and lower box-counting dimensions by [11, Proposition 2.6], it follows that
dimy G(I) = dimg G(1) = 1 and therefore, we conclude that dimg G(1) = 1. ]

Remark 4.11. We point out that Lemma 4.10 gives an alternative proof of the upper
bound part in Theorem 4.1. In fact, due to Proposition 4.5, we have dimy G(I) <
dimg G(7) < dimg G(I) and, furthermore, dimg G(I) < 1 by Lemma 4.10. But then
monotonicity of the Hausdorff dimension implies that dimy G (/) < 1, which is the
upper bound in Theorem 4.1.
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4.3. The covering dimension of the graph of & (x)

The graph of &: I — R has the same Hausdorff dimension and box-counting dimen-
sion, both equaling one. In this subsection, we show that the covering dimension of
the graph of & is zero, so that it is strictly smaller than the Hausdorff dimension.

Theorem 4.12. The graph of the error-sum function &: 1 — R has the covering
dimension zero, i.e., dimey, G(1) = 0.

We say that a topological space X is totally separated if for every pair of distinct
points x, y € X, there are disjoint open sets U and V such that x € U, y € V, and
X = U U V. The following propositions will be used for the proof of the theorem.

Proposition 4.13 ([3, Theorem 2.7.1]). Let X be a non-empty compact Hausdorff
space. Then X is totally separated if and only if dimg,, X = 0.

Proposition 4.14 ([3, Theorem 1.8.3]). If X is a metrizable space and Y C X, then
dimgoy ¥ < dimgoy X.

The theorem is a consequence of the following lemma.
Lemma 4.15. We have dim¢,, I'(XZ) = 0.

Proof. Obviously, I'(X) € R? is non-empty and Hausdorff, and, furthermore, it is
compact by Lemma 4.3 (ii). By Proposition 4.13, it is sufficient to show that I'(X)
is totally separated. To see this, first recall from Lemma 4.3 (i) that I': ¥ — I['(X) is
a homeomorphism. It is clear that N, is totally separated, and so is its (countable)
product Nol\é. It follows that £ C Ng is also totally separated. Hence its homeomor-
phic image I'(X) is totally separated. This proves the result. ]

Proof of Theorem 4.12. On one hand, since G(I) # @, we have dim., G(I) > 0
by [3, Example 1.1.9]. On the other hand, since G(/) is a subset of the metrizable
space I'(Z) € R2, Proposition 4.14 and Lemma 4.15 tell us that dim.,, G(I) < 0.
This completes the proof. |
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