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Introduction

In this note we are going to address the question of when is a second order
differential operator «controlled» by a subelliptic second order differential
operator.

By a second order subelliptic operator on a compact manifold M we mean
an operator L that in local coordinates is of the form

L = Za¥(x)dx; x; + Tb'(x) ox; + c(x),

with a¥, b/, ¢ all real and C=, (a¥)" = (a¥) positive semidefinite, and L
satisfies a subelliptic estimate: for some ¢ > 0

|4l ge < c(ILuly + [uly),  ueC™(M)

where H* denote the classical Sobolev spaces and | |, stands for the norm
in L? = L”(M, dp) for some smooth positive measure u on M (fixed from now
on).

Let now P be a second order differential operator on M. We want to know
under which conditions an a priori inequality

*) ”Pu“p < Cp(!lLqu + ”uUp): ueC=(M), I<p<wm

holds.
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IfP= LbY(x) dx;0x; + - - - in local coordinates, then testing with u(x) =
e"™ ¢¢(x) with ¢ € Cjy and letting ¢t > +oo, we see that if the inequality (x)
holds for some p, 1 < p < o, then

IEbY()E:E)| < CTa (0t

i.e. the principal symbol for P is bounded by a constant times the principal
symbol of L.

We will show in this article that if P is selfadjoint (with respect to u), then
this condition is also sufficient.

We will also state a more technical necessary and sufficient condition for
first order operators, much on the flavor of the results of Fefferman an Phong
[1], where some sufficient conditions for the L? estimates are given.

For prior results see [3, 4].

2. Background

We are going to review some facts about subelliptic operators that will be
needed, specially the results of [3] on which this paper relies.

Assume first that L is self-adjoint, L = La"(x) dx;0x; + - - - in local coor-
dinates. We say a tangent vector at x, Lo’ dx;, is subunit if (Za't)? < Za'(x):&;
for all £.

With this, one can associate a distance d to L whose corresponding balls are
given by [2]:

B, (x;\) = {y € M: there exists ¢: [0, \] = M Lipschitz with ¢(0) = x,
¢(\) =y and ¢'(¢) subunit at ¢(¢) for a.e. ¢}.

Observe that B, (x;N\) = B,,, (x; 1). .
In the case of a general L, write L = L** + X, with L** selfadjoint and X,
a vector field we set

By (6N = Byapa,axax, (061 (= B 1)

(a) Standard balls. We are going to recall the construction of the «stan-
dard» balls B,(x) = BE(x) as in [1], [3]. These balls are equivalent to the
metric balls in the sense that

B, (x;c\) € By (x) € B, (x; CN).

Assume for simplicity that x = 0 and L is selfadjoint. Let L = Za¥(x) ox; ox;
+ - .- in local coordinates and consider

)\ZL + >\2NA = )\ZEail(x) BX,- axj + .-,
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where A is the Laplacian 9% + --- + 87 and N> > 1/e (as in [2] the N*"A
term is introduced for technical reasons, mainly to assume we are dealing with
polynomials when convenient).

From all the cubes Q; with center 0 and side 6 = 2 ~* take the biggest one
for which

max max Nay (x) > K62
i 05

where X is a constant much bigger than a bound on the a¥’s and their derivatives
up to order 2. It is no restriction to assume the maximum is reached fori=1.

Since Q,; was not chosen, Nali(x) < 4K5> for x€ Qss, i.e. al(x) < 4K(8/N)
in Q,;. Since |3%a¥| < < K if |a| <2 and ai! >0 then

X) = c(8/N)? in Qs
i) < 10K(/N? in  Qp),
la{(x)| < [af(x)ai (x)]” < 10K(/N? in Qs .

Also [0%a¥(x)| < C,(8/N)? ~lel jp Qs since that is clearly true for |a| =0,
|| > 2 and so for || = 1 by interpolation. After scaling by §/\ and a change
of variables (with bounds independent of §/\) we can assume
ML +2\NA = >\2<a§1 + erif(ul, i) u; Ou; + - - - )
i, j=
i = (uy,...,u,). (Here £c¥9,9; + - -+ = £d¥9,9; + - - - means s(c¥) < (d¥)
< (1/5)(cY) as matrices, s 1ndependent of the parameters). Also one has bounds
for r¥ and its derivatives independent of 8, and 3, . , r¥(uy, Wy, = NN ||
so a Taylor expansion around u, = 0 allows us to assume r¥ is a polynomial
in u; (if |uy| < CN, \ small).
In these coordinates

BL(0) = (—-\,N) x BK(0)
where
_ S R
L= 3 —2—)\[ r(uy, i) du, du; du; +
The process is completed by using induction on the dimension.

Composing all the changes of variables and scaling to the unit cube gives
a map ®: Q; — B, (0). This map is of the form & = ;0 ... 0 &, where

5
<I>_,(u) = <u1, s Uiy Td)j()\uj, Ujppoee oo un)>
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with ¢; and its inverse y; having bounds for its derivatives independent of \.
As a consequence |9°®(u)| < C,\*! and the Jacobian |®’| satisfies |®'(z)| =
w(B)(0))g(2), with ¢ < g(z) < C, |8%2(2)| < C, . Also the scaling & is defined
in a much larger cube and the estimates above hold in Q; = {z: |z;| < s} with
constants depending on s too, of course (see [3] for more properties).

(b) Fundamental solution for L. In [3] an approximate solution for L was
constructed, that is, an operator K such that LKu = u + Eu + Su with §
smoothing and E a singular integral with respect to d(x, y) whose L? operator
norm can be made arbitrarily small (for p fixed). In particular, it is not dif-
ficult to see that to prove an estimate of the form

|Pul, < C(|Lu, + [u]p)

it suffices to show that PK is bounded in L”.
The operator K is of the form ZK; with

K, /() = [ K;(69).f () dr (9);
here K;(x, y) is smooth and satisfies
(1) suppK; € {(x,¥):d(x,y) < CR™7}.
@ [K;(x,)du() =0.
(3) If ®:Q, = B, _,(x) is one of the scalings then
R~
wB, R
-J

w(B(; R™Y)

@3.1) 102K;(2(W), )| < Cer

(3.2) [05K;(2(W), y) — 9GK;(®(W), )| < Ca day,y")
if d(y,y)<cR™.
(3.3) Similarly for K;(y, ®(w)).

(see [3] for these properties; (3) is not stated explicitely but it follows easily
from the results there).

3. L? Bounds for the Self-Adjoint Case

Assume P is a smooth, selfadjoint second order differential operator in M.

Assume also that P has no zeroth order term. In local coordinates du = A(x) dx,

P = (1/m)Ed,(hbY3;) and L = La¥(x)3,3; + ---, where b(x, §) = TbY(x)E¢;

and a(x, §) = Eaij(x)i,-fj are the principal symbols of P and L respectively.
The basic ingredient in the proof of the estimates in the following
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Lemma. Assume |b(x, £)| < Ca(x, £) and that ®: Q, = B, (), \ small, is one
of the scalings described above. Then the pullback of P by ® satisfies

®*(\*P) = £d"Y9,9; + d’9;
where the d’s and their derivatives have bounds independent of \, ®.

Proor. Assume for simplicity of notation that y = 0. Under ®, 4 is transformed
into A(®(w))|®’(w)|, and this is of the form u(B, (0)).f(W), with0 < c < f(Ww) < C
and |93 f| < C,. Since the constant u(B, (0)) cancels out, we only need to check
how the b¥’s transform. We will do that by induction on the dimension, so
assume the lemma holds in dimension #» — 1 (the initial case of dimension 1
is done as the induction step).

Recall that in the construction of & we have first a change of variables
x = 8¢(u)/\ followed by a scalling by \ in u, (with bounds for ¢, ¢ = ¢ ~! and
their derivatives independent of A\). The change

x=2 60
sends (\2bY(x)) to
. A2 .
(NbY(w)) = N 57 ¢'(¢(u))<b” <% ¢(u)>¢'t(¢(u))> .

Claim. |9°bY| < C,.

To see this, it suffices to prove that |a2b¥] < C,(6/N)?~!*! in Q;, . Since this
is clearly true for |a| > 2, it suffices to show |bY| < C(8/N)? (the derivatives
of order one follow by an easy interpolation argument). Now

IZbY(x)%:5;] < CTa¥(0)E:;,
SO
b¥(0)| < Ca'(x) and |bY(x)| < C@(x) + |a¥(X)| + a¥(x)).

Since by construction |a¥(x)| < C(6/N\)* in Q;,,, that proves the claim.
Now, in the u-coordinates

33 B, @mny| < € 33 rian, @i
ij=2 i,j=2

1 M.
<C — Uy, @) duynm;
i,jZZIZ N j_xr (uy, ) duym;m;
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(the principal symbol of L) since

> ruy, umm; =20
ij=2
is a polynomial in u; . )

If we now change variables u;, = A\w,, i = ®(w), where ®: O, = Br(0) is
the map corresponding to L and we call (5¥(w)) the matrix that (\25Y(u)) is
transformed into, we want to show that |0%bY| < C,.

By the induction hypothesis [d25Y| < C, if i,j =2, so |03bY| < C, for
i,j=2. Also b''(w) = N2B'(\w,, @(W)), so |02b"!| < C,. We are left with
bY, 2 <j < n. To deal with them, recall that ® is a composition of maps of
the form

u— (ub BRI uj’ (61/)\)¢_]()\uj+1, uj+2’ ceey un))'

It is not difficult then to see that |3°bY| < C, (NI *2/(5, - - - 6,)) < CF if |of
is large enough (8, - - - 8, = c\"* /¢ as a consequence of [2]). Again it suffices
then to get the estimates for |a| = 0, i.e. to prove the

Claim. |bY| < C.
To see this, observe that if (F¥(w)) is the matrix for

>0 NrYOwy, it) du; du; + - - -

i,j=<2

after the change of variables # = ®(#) then we know that

2 B <ot 3 rnnt)
i,j=

i,js2
SO
BYW)| < €1 + 7(w) + |1 (w)] + |BF(w)])

From those terms we only have to worry about checking that 7¥(w) is
bounded. However that is a consequence of the induction hypothesis applied

to >, rY(\wy, i) du; du; + - - -, since as it was mentioned
ij=2

lij=2 ij=2 -

, |
! 2 riQwy, ;| < C ) % j rY(uy, ) du;n;m;.
Thus finishes the proof of the Lemma.

With the notation used above we can now state
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Theorem. Let L be a subelliptic second order operator, P a smooth self-
adjoint second order differential operator and 1 < p < . Then the esti-
mate

|Pul, < C(|Lul, + |ulp),  ueC (M)

holds if and only if |b(x, §)| < Ca(x, &) where b(x, £), a(x, §) are the principal
symbols of P and L respectively.

Proor. To show that |b(x, £)| < Ca(x, £) is a necessary condition, take, in
local coordinates, u of the form u(x) = e ¢(x), ¢ € Cy, real. If the estimate
| Pu|, < C(|Lu|, + |u],) holds, we have

2 [ |Z6Y00%1 70007 hx) dx < C (1 [ (Ca"(:£) (A dx + O(t”)
for all ¢, so
[ (1bx, 17 — Calx, )67 dx < 0

for all ¢ € Cy and hence |b(x, £)|” < Cal(x, §)P.

To prove the converse we can clearly assume that P has no zeroth order
therm and, as it was mentioned, we only need to show that PK is bounded
in L”?. Now PK = LPK;, and PK; is given by integration against a kernel
Fj(x,y) = P'K;(x, ).

The L? estimate follows by classical arguments if we show that PK is a
singular integral, i.e. if we prove that

(s.i.1) Fj(x,y) is supported in {(x, y):d(x,y) < cR =/} and
[ Fie,y)dux) = [ Fx, ) dp () = 0.

(s.i.2) |F;(x,»)| < ¢/uB,(x; R™))

and
Jj

—_——d(,y").
W(B, G Ry 1)

|F;(x, ) = F;(, y)| + |F;(y,x) — F;(¥',%)| < C

But (s.i.1) is a consequence of the properties (1), (2) of K;(x, y) and the fact
that P(1) = 0. The estimates (s.i.2) follow from the property (3) of K;(x,»)
and the lemma applied to the scaling ®: Q, = B, _;(x).
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4. First Order Operators

Consider now the case of a smooth vector field ¥ on M. In local coordinates
Y = Zyi(%) dx; and its symbol is y(x, §) = i Eyj(x)éj. If ®: Q, —» B,(m) is a scal-
ing map then the symbol of ®*(Y), the pullback of ¥ by &, is given by
Y(®°(z, 1)), where ®°(z,7) = (®(2), 7(®'(z)) ") is the induced map on the
cotangent space. We can now state

Theorem. Lef 1 < p < «. The estimate
| Yul, < C(|Lul, + |ul,)  ueC™(M)
holds if and only if there is a constant C, such that

max max | y(&°(@ 7))] < Coh~2
WEQl zEQ1

Sfor all scalings ®: Q; — B,(m), N\ small.

Proor. To show that the L? estimate holds under the symbol condition we
can argue as we did for P. We need to prove then that ®*(\2Y) = Zd’(z) 9z;
with |8*d’| < C,,, the C,’s independent of the scaling ®: Q; — B, (). Assume
m = 0. Recalling that ® is a composition of maps

U= Uy oo s U _ 1, O/ Nox Ny, - . ., Uy,))

it is not difficult to check that
la| +2

02dR)| £ Co——
lzd(z)| £¥61..'5n

so if |a| is large 3*d” is bounded. Since by assumption d’(z) is bounded, it
follows that 3%d’ is bounded for all .

To prove the converse, observe that applying the L” inequalities to v © & ™!
we get

| Yo, < C(|Lv|, + N*|v],), veCF(Qy)

where ¥, L are the pullbacks of \>¥, N’L by the scaling of By(m) and | |,
now denotes L” norm with respect to Lebesgue measure (we can do that since
the Jacobian |®’| is of the order of magnitude of u(B\(m)) in Q,, so we can
divide by it).

Taking now v(z) = e*"¢(z) with ne€ Q, and ¢ € C5(Q,) a function with
¢ = 1 on Q, and using the fact that the coefficients of Y have bounds indepen-
dent of & and N we get
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le |Zd/(@m|?dz < C
where ¥ = Edj(z)azj. This, in turn, implies
IN9(@°(z, m)| = |Zd’(2)m;| < C, for zeQ,.
In fact, using that Iaa(Edj(z)nj)l < C, if |o] is large and that

max | /(@] < C(J,, 1@ dz)"”

for polynomials of some fixed degree, we get

max | Zd’(z)n;| < Q(J lzdj(Z)nj]p) VP + C, <Gy
0, Q

This finishes the proof.

5. Final Remarks

The same results hold if L? is replaced by the Hélder spaces
(M) = { f continuous in M: | f(x) — f(»)| < Cd(x,»)*}, O0<a<l.

Also, by reducing it to the case of a compact manifold, one can get similar
results for bounded open sets in R”.
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