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We shall prove the following

Theorem. Let F;and F, be two continuous transverse foliations with uniformly
smooth leaves, of some manifold. If f is uniformly smooth along the leaves
of Fgand F,, then f is smooth.

In the case where the foliations are the stable and unstable foliations of an
Anosov diffeomorphism, this theorem is proved in [1] using elliptic theory
and in [2] using Fourier transform. Both proofs make use of the fact that the
foliations are absolutely continuous. For the applications of [3] one does not
even have foliations: only two transverse submanifolds through each point
with continuity of the tangent spaces, and f is assumed smooth along these
submanifolds. Our proof is the only one which can handle these assumptions
and moreover, is totally elementary.

In order to avoid notational complications we present the proof in dimen-
sion 2. The modifications needed in higher dimensions are very minor and will
be omitted.

Let neN and a €]0, 1[. We shall prove the C™“ version of the theorem,
which is sufficient, and this will show that there is no loss in regularity. The
problem being local we may work in some open set U € R2. Let f be uniformly
C™“ along the leaves of F; and F,. To show that fis C™*, by a lemma of
Campanato [4], it is enough to show that at each point M in U we can find
a C™* function f,, such that | f,,(P) — f(P)| < O(|PM|"**) for all Pin U,
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all constants being locally uniform. After a C™* change of variables we can
assume that the leaves L, and L, passing through M are the coordinate axes,
and that f vanishes on these two leaves by replacing f(x, ») by f(x,») — f(x, 0)
— f(0,y) + f(0,0). In these new coordinates we shall look for f,, to be a
polynomial of total degree n. Then it will have to be the Taylor polynomial of
order n of fat M. This polynomial will be obtained as the limit of polynomials
of degree n in each variable, determined by interpolating f on sets of points
converging to M.

For r < 1, let x, = y, = r* for k e N. For every point P, let L*(P) and L(P) be
the two leaves of F; and F, containing P. Let M} ; be L*((x, 0)) N L*((0, y))).
Let S(k,)={(0,0)} U {0k <k'<k+n}U{,y):I<l'<l+n}U
{My ) k<k'<k+nI<!'<l+ n}. Wewant for kand / large enough, with
I =kor k + 1, a polynomial of degree n in x and in y which interpolates f on
S(k, !). In one variable, in order to interpolate a function g by a polynomial of
degree n one needs (n + 1) distinct reals zo, . . . , z,. If R denotes sup, _;,_, |zl
and 7 denotes inf,_, |z; — z)|, and c,, 0 < p < n are the coefficients of the
interpolating polynomial, then
1) 2. ||RP<C sup |e(z)],

O<p=n O<i=sn
where C remains bounded if R/% remains bounded. In dimension 2 one can
interpolate a function by a polynomial of degree n in each variable on the
cartesian product of two sets of (n + 1) real numbers. However, we will need
to interpolate on sets of the type S(k, /), which are not products, but close
enough, because the foliations are continuous. The following lemma, which
is probably well known, will allow us to do so.

Lemma 1. Foreach B > 1, there exist ¢ > 0 and C > 0 with the following pro-
perties. There exists e > 0 with the following property. Let (2 )o<k<n,0<i<n
be a collection of points in R* for which there exists 2n + 2 real numbers
(xk)o <k=n and (}’1)0 =l=<n> such that

|Zke,1 — Ctw, YD)| < em,
where

n= inf |Zk,1 - zk',1'|-
Kk, #=(k', 17

Let

R = sup |z |
k,l

and suppose R/n < k.
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polynomial

P, Y) = 20 cpgxty?

O<sp=n
O=sg=n
such that p(z,)) = by,,. Also
(2) Z Icp,q|Rp+q S CsuD |bk,1!'
p.q k,1)

Proor. We fix B > 1. By iterating one-dimensional interpolation one can
construct a polynomial P, , of degree n in x and in y, such that P, (x, ;) = by,
for 0 < k,I/ < n. Then it is easy to see that for ¢ > 0 small enough

1
—SU}ID [Dk. |-

sup ‘bk,l - P1(Zk,1)‘ < 2
k1 k

Then one replaces by , by by ; — P;(z4,,) and constructs similarly P,. Then

—

51:1113 |br,1 = P1(zx,)) — Pr(z,,)| < ‘SUII) |br,1 — P12, )

2
<lsu |by. 4]
\4k,llj kol

It is clear that repeating the process will yield a convergent series whose sum
will be P. The inequality (2) will follow from (1) and uniqueness follows from
(2). We omit the details.

The continuity of the foliations implies that [M, ; — (xx, ¥)| = O(|(xx, ¥)I)-
It follows that for &, large enough and k > k,, S(k, k) and S(k, k + 1) satisfy
uniformly the assumptions of the lemma. Let k£ > k, be fixed and P be the
polynomial of degree # in x and in y which interpolates f on S(k, k) and let
P’ be the same for S(k, k + 1) and let ¢, , and c,, , denote their coefficients.

We want to show

3) |C;,,q - Cp,qi = O(I‘k("+°‘”p‘fl))_
By Lemma 1 it is enough to show that if (x, y) € S ¢+
|P'(x, y) — P(x,y)| = O@*"+),

Observe that P and P’ agree on Sy ., except on the n points My ., ,,
k <k’ <k+ n. On these points P’ agrees with f. Hence we just need to
estimate f— P at those n points. Now we fix k' and look at L*((x, 0)),
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which we parametrize by the y-coordinate. A point on L*((xy-, 0)) is denoted
(xx'(3),y) = M, . Since f and P are both C™* along L"((x, 0)), and coincide
on (n + 1) points whose minimum and maximum distance are of the order of
rk, it follows that if |y| < Cr*

O (/= PYM,)| < Creos ™

dr
W(f_P)

By the assumption on f,

f

<ec.
o

a
ay"

So we must estimate

b

d'l
“ dyn‘P(xk'(')’ *) .
where we are only interested in values of y such that |y| < Cr*. If x;.(y) was
constant, this would be zero. The foliations being continuous, X is close to
be a constant, in that for any 6 > 0 and for k large enough |x}.(»)| < 6 if

ly| < Cr*.
Lemma 2. Let 6 > 0. Then for k large enough

< Ca(rk)p+q—n—a
Co[—Crk,Crk]

a" P q
) “ ka(}’)y

if p and q are non-zero and p + q > n.

This follows trivially from Leibniz’ rule. Also one has to use that x; is C™*
and that if y and y’ lie in [—Cr*, Cr¥], then

sup X () = X ()]

LA S AP0 ()
y=y’' ly = »'|

We omit the details.

Notice that because we have set f to be zero on the x and y axes, no term
of the form ¢, ox” or ¢, ,y? appears in P. In the case where p + g < n, instead
of (5) we use

<C.
Co

d'l
p q
Q) “ o
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From (4), (5) and (6) we obtain, if |y| < Cr¥

(P = PYMye, k)| SCre*® 48 30 epgr* PP+ 3 epg|rt® .
p+g>n p+g=n

By Lemma 1, this implies

(D) 2lep.q = ¢p,qlr)"*7

< C{rk("Jra) +8 2 lep r T+ X [Cp,q‘rk(n+a)} :
p+q>n p+q=<n

We denote by P,, for all k the interpolation polynomial corresponding to
S(k, k) and P, , , the one corresponding to S(k, k + 1). Then (7) relates the
coefficients of P,; ., to those of P,,. The same proof shows that the coeffi-
cients of P,, . , are related to those of P,, , ; in the same way. Then, we want
to show by induction on m, that if ¢, , is the coefficient of x”y? in P,, and
m>my,

m—1
(8) |Cp,q| <KZ (rj/Z)n+a_p_q’

J=m,

for K and m, large enough.
Assume that this is true. Then it will be true for m + 1, by (7), if

p+g>n
my<jsm-1

(9) Cirk(n+a) + 6K Z rk(p+q)(rj/2)n+a—p—q

piaen <Krm(n+oz)/2

my<jsm-1

+ K Z (rj/z)_n+o¢—p-qu(n+a)}

where k = [m/2].

The second term is less than C8Kr™"**”2 and the third one is less than
CKr®+®m+mo/2 gq by choosing m, large enough, 6 small enough, and
K large enough so that (8) is satisfied for m = m, + 1, it follows by induc-
tion that (8) is satisfied for all m > m,. Then the same is true for (9), (7)
and (3).

We are going to see that this implies the existence of a polynomial Q of
degree n, independent of m, such that

(10) |Q — P,| < Cr™®*®/2 for |x|,|y| < Cr™?2.

The coefficients /, , of Q are obtained in the following way. If p + g > n,
let [, ,=0.If p+qg<nlet

l,g= lim c,

p.q q°
m-— + o
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From (3) we know that if p + ¢ > n, |c, ,| = O™ **~ 7~ 9% and if p +
as<n, e, ,— 1, | =00"""*"?=9/2) This implies (10).
From (3), (4), (5) and (6), we know that

|(f = P)(M,)| < Crm+=72 if |y| < Cr*.
Using the triangle inequality and (10) we see that
(Q = N (), y)| < Crme+2 if  |y| < Crk.
Therefore if |y| < 2|x| and (x, y) e limU, . , L*(r¥, 0) then:

11 |0(x, y) = f(x,»)| < Cl@x, )" "=

Let € > 0 be a fixed small number. If we replace in the preceding statement the
sequence r* by another sequence «; such that 7! < log | < r*~1forall k and
lag — ag_ | = er® then one obtains the same conclusion with a possibly dif-
ferent polynomial 0. However by mixing two such sequences one sees that the
polynomial Q is actually independent of the sequence and that (11) holds with
the only assumption | y| < 2|x|. Also (11) holds with a possibly different poly-
nomial Q' of degree 7 if |x| < 2|y|. But then [(Q — Q")(x, »)| = O(|(x, »)|" ™)
if |¥|/2 < |x| < 2|y|, so that Q = Q’. Therefore (11) holds with no extra assump-
tion on (x, »). According to the lemma of Campanato already mentioned, this
proves the theorem.

Remark. 1t is easy to see that if one of the two foliations is locally trivial,
—that is, the leaves are, in some coordinates neighborhood, open subsets of
parallel affine subspaces— then one can remove the hypothesis of continuity
on the other foliation. Indeed if it is merely measurable, one can make its local
oscillation arbitrarily small by a rescaling along the direction of the trivial
foliation and this is enough to carry out the proof. It is to be noted that in
this slightly different context the analytic version of the theorem is false. The
counterexample suggests that analytic versions of such results require much
more transverse regularity than their smooth counterparts. For example in
dimension 2, one can show the analytic version of the theorem if the foliations
have the following property: suppose that, in some coordinates, the leaves are
the graphs of functions f,, y €] —R, R[, with f,(0) = y. Then it is enough to
assume that y = f,, which maps ] - R, R[ into H™(Q), for some Q open set of
C containing the origin, is a lipschitzian function.
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