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Existence of Solutions
for some Elliptic
Problems with Critical
Sobolev Exponents

Mario Zuluaga

1. Introduction

Let Q be a bounded domain in R” with n > 3. In this paper we are concerned
with the problem of finding u e H§(Q) satisfying the nonlinear elliptic
problems

(1.1) Au+ |ul"55 + f() =0
in © and u(x) = 0 on 99, and
(1.2) Au+u+ ufs + f(6) =0

in @ and u(x) = 0 on 99, when of fe L*(2Q).

The exponent g = (n + 2)/(n — 2) is critical for the Sobolev embedding of
H}(Q) in L7* (). This embedding is not compact and therefore the operator
F: Hy(Q) = H}(Q), for which its fixed points are solutions of (1.1) or (1.2), is
not compact. For these reasons, standard fixed-points methods can not be
applied to find solutions of (1.1) and (1.2). In this paper we study (1.1) and
(1.2) by making use of a fixed point theorem as well as one from approxima-
tion methods. Problems of type (1.1) and (1.2) have been studied in [2] and
[4]. In these papers the authors find positive solutions. Their methods are
variational and their work is related to the Yamabe Problem. For a complete
description of the Problem of Yamabe, we refer to [6].
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If f= 0, it is well known that the equation (1.1) has no positive solutions.
(See [2 p. 422].) If f# 0 we will see in Theorem 3.3 that the equation (1.1)
has a nontrivial solution and in the case f > 0, by the maximum principle, we
have that the equation (1.1) has a positive solution.

Also, if f= 0, the equation (1.2) has a positive solution in the case that
1 €(0, \;), where \; denote the first eigenvalue of —A with zero Dirichlet con-
dition on Q. (See [2, p. 441].) If f # 0, we will see in Theorem 3.4 that equation
(1.2) has nontrivial solution and that if f> 0 then the solution is positive.

2. Preliminaries

Let g: Q X R — R be defined by g(x, u) = |u|® + fin the case of problem (1.1), or
g(x, u) = u + |u|® + f, in the case of problem (1.2), and 0 < s < (n + 2)/(n — 2).
Then the operator of Nemytsky G: L**(Q) — L¥(Q) defined by G(u)(x) =
g(x, u(x)) is continuous and bounded, so that for every ¢ > 0 there exists
r = r(e) such that if |u|,,. 1@y S 7, then leCx, u) — g(x,0)| ;s + vrsy S € and

we have the following inequality, (see [5, p. 26]),

[l peesey L 770
(2'1) “g(x’ u) ||L(s+1)/5(ﬂ) S |i<’_Ler’ + 1 €+ "f”L(S“' 1)/5(9).

For short, we will indicate [+, ,q, = |*],, for all p>0.

It is well-known (see [1, p. 40]) that if 1 < s+ 1 <2n/(n—2), n >3, the
inclusion H}(Q) — L**1(Q) is completely continuous. If 1 < s+ 1 < 2n/(n — 2)
the inclusion is only continuous and we have

2.2) lulss1 <K®)|uly,2,

where | « [, , is the norm of the space H§(®). In the case s = 1, K(1) = 1/V\;,
where \, is the first eigenvalue of the operator —A.

If
_n+2
T n-2
then
[ n+2 n—-1 1
. Kl ——— )= e
()

(see [1, p. 41]).
Since Measure (Q) = |Q| is finite then

1 _n-2
2.4) Julssr <IQFT7 72 - |u] 20
n—2
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(2.2) — (2.4) yield, for all u € Hy(Q),

2.5) luls1 <K@G)|uly,2,
where
1 n —l 1 n—2
K(s) = —— Qls1 " 722
(s) I n=2 |Qf5=1 77z
SoruTions oF (1.1) anD (1.2). Let
s s n+2
goe,uy=|ul*+f or gl,u)=|ul’+u+f, S<o 5

We say that u € H}(Q) is a weak solution of (1.1) and (1.2) respectively, if for
all ve Hy(Q)

2.6) (u,0)1,2 = [, 80x, u@)o(x) dx.

For u € H{(Q) fixed, the right side of (2.6) defines a linear, continuous func-
tional. Then by Riesz’s Theorem there exists F: Hy(Q) — H () such that, for
all ve Hy(Q),

@7 (F(), 01,2 = [ 80, )0

Then, by virtue of (2.6) and (2.7), u € Hy(Q) is a weak solution of (1.1) or
(1.2) if and only if u is a fixed point of F. It is well-known that only for
s< (n+2)/(n—-2), Fis completely continuous. Our main tool will be the
following Theorem due to Krasnosel’skii.

Theorem 2.1. Let F: H— H be a completely continuous operator defined
on a Hilbert space H. Let D C H be an open and bounded set such that
0 ¢ dD. Suppose that for all uedD, {F(u),u) < |u|*. Then F has a fixed
point in D.

Proor. See [1, p. 271].

3. The Main Results

First, we are concerned with the following general problem

3.1

Au+glx,u) =0 in Q,
u(x)=0 on 09,
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where g: Q@ X R— R is measurable in x, continuous in u and satisfies
(3.2) lg(x, )| < a(x) + blul’,

where a(x) €L$(ﬂ), b>0,1<s5+1<2n/(n—2)and n > 3. Then we have

Theorem 3.1. Suppose that g(x, u) satisfies (3.2) and 0 < s < 1, then (3.1)
has a weak solution.

Proor. In the same way as (2.1) we have

s+1 _j_l_
(3.3) ng<x,u>um<[(Mf—l> +1] e+ 1206 0)] .

r

(2.5), (2.7) and (3.3) give

s

K s+1 5T
B4 (Fu),u), < {[<7 ||u||1,z> + 1] e+ |glx, O)"S+1}K"u"l,2'

s

We claim that there exists y > 0 such that for |u],,=y

K s+1 Fsl“
(3.5) {[<7y> + 1} e+ g, O)IIu}Kysyz-

Since 0 < s < 1 it is easy to see that, for y > 0 sufficiently large, we get (3.5).
For (3.4) and (3.5) we have that {(F(u),u), , < |u|} ,, where |u|, , is suffi-
ciently large. Then Theorem 3.1 follows from Theorem 2.1.

Remark. Theorem 3.1 is a consequence of Theorem 2.5 in [3] (see Example
2.9, p. 122). There, Example 2.9 is done from a variational point of view.

Theorem 3.2. Suppose that g(x, u) satisfies (3.2) and s = 1. Then (3.1) has
a weak solution if \; > b.

Proor. If |u|,<r then |g(x,u)|, < |a®)|, + br. Let € = |a(x)|, + br.
(3.5) yields

(3.6) K+ )%+ g0, 0l < -

It is clear that there exists y > 0 such that y satisfies (3.6) if

(3.7 —>K*—-
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. 1 .
In this case, we know that K2 = o therefore (3.7) is equivalent to
1

(.8) A > ———”“(f)nl +b.

For r sufficiently large we get (3.8). Theorem 2.1 now implies our result.

Now we will return to our main problems (1.1) and (1.2). We have the
following

Theorem 3.3. Assume that f € L*(Q). Suppose that at least one of the follow-
ing inequalities holds

3.9) [fle< B2, if |9]>1,
or

(3.10) |/ < B, if 1e<1,
where

4 [(n-2\"%
-n+2<—n_+_2—>
n-1 1\
<F57—;>

Then problem (1.1) has at least a weak solution if we assume that 0Q is suffi-
ciently smooth.

B(n) = nz3.

Proor. First we will consider the following problem

3.1 Au+ |ul*+f=0 in Q,}

u(x)=0 on 09,

andl<s<n+2-

Let g(x, u) = |u|° + f. As in Theorems 3.1 and 3.2, the problem (3.11) has
a weak solution u, € H3(Q) if there exists y > 0 such that

K s+1 ?:_1.
(3.12) K-r—y> +1} €+ Ilfilus%

where K is the constant in (2.5). In this case, it is easy to see that r = r(e) = €.
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Therefore (3.12) becomes
(3.13) (K21 + €157 + [ f]aan <5,

where x = y/K.
Since we can take e sufficiently small, (3.13) has a solution x > 0 if

(3.14) KX + | fllser <x

has a solution x > 0.
Now, it is easy to see that (3.14) has the solution

1 \s=t
%o =\ k=

if
1 s
G -6)”

N N

(3.15) "f”s_g < 35 = N(s)-
s Ks— 1
Finally,
(3.16) lim N(s) = B(n).
son—2
n—2

n+2

Also, for seR such that 1 <s < > we have

n —
[/ s < 1 fll@ls5T.
Therefore, if |Q]| > 1, (3.9) yields

s n+2
(3.17) 11501 S [flel@5+T < | flo|@ 2 < B(n).
Or, if |2| < 1, by (3.10) we have
(3.18) | fls41 < | flw < B(n).

Using (3.16), (3.17) and (3.18) we get that there exists s, such that 1 < s, <
n+2 . n+2

and, if se | sy
n—2 n—
(3.11) has a weak solution.

> then (3.14) has a solution x > 0 and therefore

+2 .
Now, by Theorem 2.1 we have that for se (soy " 2> the weak solution

u, e Hy(Q) of (3.11) satisfies,

1+s

1
1\s=1
(3.19) lusl 1,2 <y0=Kx0=<;> Ki-s.
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+2
By (3.19) we obtain that for se <s0, " 2> the set {u,}, such that u; is a

weak solution of (3.11), is bounded. Then there exists {u;} C {u,} such that

(3.20) W lim w,=u,,,,
k—o>n+2 n-2
n-2

for some u,,, € Hy(®). (Wlim indicates weak limit.)
n—2

n+2
For simplicity we will use > =

Our next step is to show that u,, is a weak solution of (1.1).

Since fe L™(Q), by an iterative argument called a bootstrapping procedure,
(see [1, p. 50], we can see that u, € H}(Q), the weak solution of (3.11), satisfies
that u, e C% (@), and since 99 is sufficiently smooth, u, is, in particular, con-
tinuous on Q.

As in (2.7) let F,: H)(Q) — H}(Q) be defined as

(3.21) (Fy(u), v)1,2 = Jul’ + £, v,

for all ve Hy(Q).

For s < N, F;is completely continuous. As we saw, there exists s, < /N such
that for s e (sy, N), F(u;) = uy, where u, is a weak solution of (3.11).

Let {u,} a subsequence of {u,}, se(sp, N), such that u, —u, if k- N.
( — denotes weak convergence). By (3.21) we have

(3.22) CFie(), 0312 = Sty 0315 = (ug|* + £, 035,
for all ve H}(Q). And therefore, for all ve Hy(Q)

(3.23) ,}irr}v< lug® + £, 035 = Cup, vy, 5.

On the other hand, u;, k €(sy, N), is continuous. Hence

lim [|u|” — | ™77 = 0,
r-N

and by Lebesgue’s dominated convergence Theorem we have that |u;|" = |u,|"
in an+—"z(9) if r— N. Now, for 2each ve H{(Q) fixed, (v,+), defines a linear
and bounded functional on L7+2z(2). Hence, for all v e H}(Q)

(3.24) lim (] +/,0), = Quel™ + f, v),.

Also, {1} C H}JZ(Q) is bounded, and since H(Q) is embedded in Larz(Q), {u,)
is bounded in L=+z(Q) as well. Furthermore the Nemytsky operator defined by

2n

|u|" is bounded, so that {|u,|"} is bounded in L7+z(Q). Therefore, there exists
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he; 20, +(Q) and a subsequence of {u,}, labeled in the same form, such that
for all ve Hy(Q)

(3.25) lim Jue[N + £, 03, = ¢k + £, 0),.
k—-N

By (3.24) and (3.25) we get
(3.26) Im <(|ue|” + £, v), = (h + f,0),,
r,k—-N

for each ve H}(Q). (3.23) and (3.26) yield
3.27) Ch+ £, 0, = KUy, )5,

for each ve H}(Q).
Also, since u; = u,, in Hy(Q), we have

(3.28) B CJu "+ f,03 = | + £ 033,

for all ve Hy(Q), and r < N. (3.23), (3.26), (3.27) and (3.28) yield

(3.29) lin;,(luNl’+f, V) =<h+ f,0),,

for each ve Hy(9). Since |uy|v < (luy|N + 1)|v|, by Lebesgue’s dominated
convergence Theorem we have :

(3.30) lim CJuy” + £, 03, = Hup™ + £, 035,

for each ve H}(Q). (3.30) and (3.29) yield
(3.31) (IuNlN-l—f, V) = Up, U)g,25

for each v € Hy(). By (3.31) we have that uNeH(l,(Q) is a weak solution of
(1.1).

Theorem 3.4. For fe L*(Q) and for n > 5, suppose that
(3.32) |2|>" < L(n),
and that at least one of following inequalities holds

A(n) .
— |2 >,
o2 |2

| 2n

(3.33) | flw <

or

(3.34) Ifle<A®), if |0I<1,
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where
4 n—2>"12%_ n—-1 1 \?3=
n+2 \n+2 n—2 4/n
(3.35) L(n) =
n—-1 1 \?
n-—2 n
and
<n_z>"’s;“ <n-z>‘—":+’2
(3.36) An) = n+2 n+2

[(::; \/l—>|9| <:—:;71‘n_>2(j)}+2

Then problem (1.2) has at least a weak solution if we suppose that 0% is suffi-
ciently smooth.

PRroOF. As in Theorem 3.3 we will consider here the problem

Au+u+|u*+f=0 in Q,
(3.37)

u(x)=0 on 09,

n+2

with 1 <s< .
n—2

Let g(x,u) = u + |ul’ + f. Then if |ul,.,<r, Ju+ |uff Ilm e and the
relationship betwen r and e can be taken to be

(3.38) MO+ =

As in the Theorem 3.3, problem (3.37) has a weak solution whenever there
exists x > 0 such that

(3-39) (K2 + l——-!- ||f|ls+1 <X

If we take
(3.40) r=K?,

K as in (2.5), then (3.39) becomes

(3.41) O+ 1)srme + | f] 50 <
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Now, it is easy to see that

Xo = <;1;>52_le_(s—11)

is a solution of (3.41) if the following two inequalities hold:

1 s
(3.42) e <i>"" - <-1->"’
S S

and

(3-43) [ flses < T

Now, by (3.38), e = |Ql§:iK2 + K, K as in (2.5). If we take the limit when
s— N, in both sides of (3.42) we obtain (3.32). Then (3.32) implies that there
exists s; €R, 1 <s; <N, such that for all se(s;, N) the inequality (3.42)
holds. Also, by (3.33) or (3.34) there exists s, < N such that, for all s € (s,, N)
the inequality holds. Let s, = Max {s;, s,}; then for all se(s,, N) problem
(3.37) has a weak solution. We may argue as in Theorem 3.3 and repeat all
the formulas in (3.23) to (3.30) and obtain that there exists u,, € A o(Q) a weak
solution of the problem (1.2).

Remarks. If |Q| <1, Theorem 3.4 holds for » > 4 and in that case, for
n > 5, (3.32) is superfluous.
I am gratefult to Dr. Yu Takeuchi who showed me that

lim A(n) = lim B(n) = lim L(n) = .

n—o n—o n—o

Following the same argument of Theorem 3.4 we have the following

Theorem 3.5. For fe L*(Q) and n > 4 suppose that
(3.44) INQ*" < L),
and that at least one of following inequalities holds

(3.45) |lfum<—Ailg|ﬁ'_1§_”, iflel>1

or

(3.46) Ifle <A(N,m), if [2]<1,
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n2—4 (n+2)2

n—2\"sn_ _ n—2\ s
n+2 n+2
n—1

n_1 2 ) _ 1 2("j22) g_;i'
. - Ql= -
[(n—zv; M 10l +<n—z \/;> }

where

(347 A(N,nm) =

p—
N——

Then the problem

Nif_q :
(3.48) Au+Nu+ |ul"+f=0 in Q,]

u(x)=0 on 09,

has at least a weak solution.

If we suppose that f> 0 on Q then, by the Maximum principle for the
operator A, we have that problems (1.1), (1.2) and (3.48) for A > 0, have
positive solutions. o

Finally, in Theorem 3.4, if |Q| is sufficiently small then e = [Q[5+1 + r’ is
small too (r = K?). Then inequality (3.41) holds for some x > | f|.. We con-
clude by saying that Problem (1.2) has a weak solution if |Q| is sufficiently small.
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